Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis
27 (2011), 233-243

www.emis.de/journals

ISSN 1786-0091

CERTAIN ESTIMATES FOR DOUBLE SINE SERIES WITH
MULTIPLE-MONOTONE COEFFICIENTS

XHEVAT Z. KRASNIQI

ABSTRACT. In this paper we obtain estimates of the sum of double sine
series near the origin, with multiple-monotone coefficients tending to zero.
These estimates extend some results of Telyakovski [11] and Popov [7] from
single to multidimensional case.

1. INTRODUCTION AND PRELIMINARIES

Many authors considered the sine series
g(x) = Z a, sin nx
n=1
with monotone coefficients tending to zero. Young [13] was the first to consider
the problem of estimates of g(z) for z — 0 expressed in terms of the coefficients
a,. Then Salem [8], [9], Shogunbekov [10], Aljanci¢, Bojani¢ and Tomié [1]
considered this problem, as well. Later Telyakovski in [11] has proved the
following fact:

Theorem T. Assume that a,, | 0. Then for x € (mLH, %] =1, m=12,...
the following estimate is valid:

g(x) = Zlnanx—i— O ($;n an> :
Likewise, among others Popov [7] has proved

Theorem P. For any nonincreasing sequence of positive numbers ay tending
to zero, the following inequality holds:

1
50 sing <g(x), Vze(0,n].
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The problem shown above is considered by the present author [4]-[6] as well.
The object of this work is to extend these two theorems, formulated above, from
single to multidimensional case. In fact, we shall investigate the behavior near
the origin of the sum of double sine series with multiple-monotone coefficients.

Let us now consider the following double sine series

o0 o0

(1.1) Z Zam,n sin mz sin ny

n=1 m=1

whose coefficients satisfy conditions a,,, — 0 for m — oo and all n fixed, and
for n — oo and all m fixed.
For k1 > 0, ks > 0 denote

k1 ks
Akl,(]am,n - Z <_1)Z < Z )am+i’n7

=0
ko ik
A0,]620/171,71 = Z <_1)] ( 2) Qm, n+j5
— J
j
Akl,kzam,n - Z Z (—]_)Z—i_'7 < ,1) ( 2> am+i’n+j.
=0 j=0 ! J
Parallel with series (1.1) we consider the series of the form
0o 00 . .
(1.2) DD Dhikslma B (@)B, (y),
n=1m=1
where
Ei(m) = D,(z) = sinz +sin2z + - - + sinrz, r > 1;
=V . —v—1
B(x)=Y B, (x),(v=23,...)
pn=1
Let
(13) PIPIL
v=1 p=1
be double numerical series and
Sman =D D o
v=1 p=1

its rectangular partial sums.
If there exists a number S such that for all £ > 0 there exist natural numbers
k and [ such that

| S — S| <€
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for all n > k and m > [, then series (1.3) converges in Pringsheim’s sense to
the number S (see [12], page 27).

It’s well-known (see [3]) that if sequence of numbers {ay,; } satisfies conditions
(A) and Ay, g,ax,; > 0 for all k£ and [, then:

Lemma 1.1. (1) Series (1.1) converges almost everywhere in Pringsheim’s
sense, in other words there exists a function g(x,y) such that the sum
of series (1.1) is g(z,y).
(2) Series (1.2) converges almost everywhere in Pringsheim’s sense to g(x,y).

Throughout this paper the O expressions contain positive constants and
they may depend only on k; and k.

2. MAIN RESULTS

To prove our main results we need first the following lemma.

Lemma 2.1. Forv=1,2,3,... and x € (0, 7] the following inequality is true

v—1
Bl(z) > I il
2 2

Proof. For the proof we shall use mathematical induction. Namely, for v =1
we have

—1 ~ cosﬁ—cos(r—i-l)x cost -1
B, (z) = D,(z) = —2 2/ - > 2
(@) r(@) 2 sin % — 2sin %
1 T . T
= ——tan— > ——sin —.

2 4 = 2 2
Assuming that

we obtain

v—1

. r o 1 r
B, (z) = ZBM 1(:15) > —3 simgz,u”_2 > _7’2 sing,
p=1 p=1
which completes the proof of the Lemma 2.1. [l

We shall prove two theorems. The first theorem gives an estimate of the sum
g(z,y) near the origin from above, while the second one gives the estimate from
below.

Theorem 2.2. Assume that {a,,,} satisfies conditions (A) and D, kyQmn >
0, forky > 1,ky > 1. Then forx € I, andy € Iy, (r,{ =1,2,...) the following
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estimate is valid

r L
(2.1) g(x,y) = Z Zmnxyam,n

T (rn)? 4 (mn)? + (Im)?

53)3) ) 3L EAN|

i=1 j=1 m=1n=1

Proof. By the Lemma 1.1 we have

Y/ r
22) g(z,9) =3 Dt satmn B () B ()

n=1 m=1

+ 3" Dy ke B (2) B ()

n=¢+1m=1

l [e's)
—=k1 —ka
+ Z Z Akl,k2am7an (x)Bn (y>
n=1 m=r+1

+ 3 Y Akkna B (0)B, ()

n=~¢+1 m=r+1
= Ay (x,y) + ABR (2, y) + AP (2, y) + ARE (2, y).

The expression AIZT’@ (x,y) can be written as follows

(2.3) A;f;;’@ (z,y)
VA

—k —k
B, (y) =Y Hi*(2)B, (),

n=1

T

4
= Z [ Akl,kzam,ngﬁi (:U)
n=1

m=1

—ky

where Hﬁg’@ () = >0 1 D koOmn By, ().

Since

B (2)— B (x)=B."(x), (s=2.3,...k),
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then

r
—ky

Hf}l’]@ (l‘) = Z [Akl—1,k2am7n - Akl—l,kza’m+1,n] B, (I)

m=1

kl kl

= Z Dts-tbattmn | Bt (@) = Boasy (8)| = Bty-1myri1By (@)

—ki—1 —k
= Z Aklfl,kgam,anl (I) - Aklfl,kgar#»l,nBrl(x)

m=1
- E Alﬁ Zkzamn E Az 1k2ar+1n ( )
i=k1—1
r k1 )
. —i
= N oy O, SINMT — E N1 gy 10 B, ().
m=1 i=1

Applying the relation sinu = u+O(u?), asu — 0, A1 4y > Di 1 hylriin

by our assumption, the well-known estimate B.(z) = O ((r + 1)) for i > 1,
z € [0, 7], and x € I, we obtain

1 r k1
_ 3 7
= MAg joy G @ + O e E Mg kg O + E [SVAVER I, Nyt IS

m=1 m=1 i=1

In a similar way using the same arguments as for Hﬁng (x) we arrive at the
following estimates (y € I):

ZAOkgamn ZAooamnsmny ZAO,] 1am£+1Bg( )

n=1 j=1
Y4 1 ¢ ko
= Z NAm Y + @) (g_s Z n3am,n + Z fjAo,j—Mm,é) )
n=1 n=1 7j=1

and

ZAz lkgarn ZnAz IOarny
+O (63 Zn Az 10arn+2£ Az 1,5— lar€>

7j=1
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Using (2.3), (2.4), and last estimates we get

(2 5) Algler ZE y ZmﬁzAOkgamn )
O <% Z m3 Z A0,k2am,n§22 (y)
m=1 n=1
k1 l "
+ Z 7 Z Ai—u@ ar,nﬁf (?J))

i=1 n=1

r 4 r ¢

= Z Z MNLYCpy,  + O (723 Z Z mn3am,n

m=1 n=1 m=1n=1

+-— ZZmEAOJ 1amg+ Zm Nnamn

mljl mlnl

1 £ f ; 1 o 3,
+Z Z Z nr'Ni_ 1,00, + 7 Z Z nort A 1,00rn

n=1 i=1 n=1 i=1

ki ko
+ Z Z riﬁin_l,j_la,n’g) .

i=1 j=1

But

1 T ko ' 1 T ko '
; Z Z mEJAO,j,lam,g = ; Z Z m@ﬁlfﬁod;lam’g

m=1 j=1 m=1 j—l

—ZZmW 163271 DN j—10m ¢

mlgl

SZT’€4 = szn AO] 10m,n,

m=1n=1

I/\
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and in a similar manner we can ﬁnd
T
3 sz O Lo j-10me < Z 3g4 j ZZ mn)” Do 1,
r m=1 j=1 r m=1n=1
1 .
FD3) USRI IS0 3D DLISEN
n=1 i=1 " m=1n=1
1Lk
/3 Z Zn‘sr’Ai,Loam = Z 4 zgs Z Z mn)* Diy o
n=1 i=1 r m=1 n=1
l 2 1 2
ZZTWAZ 1j-10re < ZZ 4— 1g4 j ZZ mn Bim1,j-1Gm -
=1 j=1 i=1 j=1 r m=1n=1
Therefore,
r ¢
(2.6) AZﬁ;kz(m Y) Z Z MNTY Ay 1,
m=1 n=1
N (rn)? + (mn)? + (¢m)*
+0( D) (r0)3 mnGm,n
m=1 n=1 "
k1 r
2 +n?)m?n
15 5 B PR LN
i=1 m=1 n=1 r
ko r l 2 ) 3
(r* +m?) mn
1535 3 i e KL
=1 m=1 n=1
k:l k‘2 r ¢ (mn)S
15335 3) SELEVIEIN]
i=1 j=1 m=1n=1
Now, we estimate A% (xz,y). Indeed, since Eff (y) = O (y*2) fory € (0, 7],

(24), and = € I, y € Iy, then

(2.7) Ak (e,y) =0

_kl

kQ)ZAkl ko—10m 0418, (2)

O (€k2) Z Akl,kg—lam,égial ()

m=1
1 T
O . E ™ N gy—1m e
m=1
1 r k1
3 )k i ok
ts2.m 2 AN py—1Gm e + E Tl DN 10

m=1 =1

).
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It is not difficult to prove that

— mé 2A0k2 1amg_ 1 mngAOJ 1Am,n-
Z Z re JZZ

m=1n=1
and
r ko r V4
i m3ek2 A\ Ao < L A a
m=1 7j=1 m=1 n=1

From last two estimates we have

1 — 1 «
k 3 ok
. E ML DN y—1Gm e + = g L AAN S
m=1 =

3

< Z Z Z r :;Z j dal AO,j—lam,na

j=1 m=1n=1

and

k1 k‘l
ipk i—1,.pk
E r'l 2Ai—1,k2—lar,£ = E 'l 2Ai—1,k2—lar,£

i=1 i=1

k1
E z 1k §

S f 2 — m Az 1,ko— 1am€
=1
k1
E i—1 gk 1 § :2 :

S r = 3 mn z l,kg—lam,ﬁ
=1 m=1 n=1
k1 ko T

16(
szzzzﬂﬂjmwm

i=1 j=1 m=1n=1

Therefore, from these estimates and (2.7) we obtain

3

(2.8) Akl’k”2 ZZZ (r® —:“37; jmn AN j—10m

7j=1 m=1n=1

1 2 T
+ZZZZT4 ipA—j Ai1,j-10mn

i=1 j=1 m=1n=1
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In a similar manner we can find the following estimate

r 2
(2‘9) Ak1,k2 (Z Z Z n :;E%Sm nﬁi_Loamm

i=1 m=1n=1

1 2 T
+zzzzwwzwwq

i=1 j=1 m=1n=1

In the end from Eﬁi(:c) =0 (z7™) ,Eff (y) = O (y™*) for z,y € (0,], and

x € I,y € I, we obtain

(2.10) AMR2(2,y) = O(x_kl —h Z Z Akl,kzamn>

n={(+1 m=r+1

= O (Tklgkzﬁkl_17k2_1ar7g> .

By virtue of the monotonicity of Ay, x,a, ¢, for ky > 1,ky > 1, we get

k1 pk k1—1pka—1
(2‘11) ree QAkl—l,kg—lar,f = T rgAkJ—l,k’Q—laT,K

16 r l ,
= ra—ki pA—ko Z Z (mn) Akl—l,k’z—lar,ﬁ

m=1n=1

].6 r 14 ;
< T Z Z (mn)” Dy 1k —10mn

m=1 n=1

B 16 (
= ZZZZ ri— jZZL] i—1,j—14mn-

i=1 j=1 m=1n=1

Thus, from (2.10) and (2.11) we get

k1 ko r
(2.12)  Ahke(a, (ZZZZT4 i Dii- 1amn> .

i=1 j=1 m=1n=1

Inserting (2.6), (2.8), (2.9) and (2.12) into (2.2) we obtain (2.1). O

As a direct consequence of the theorem 2.2 is the following corollary:
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0. Then for x € I, and y € Iy, (r,{ =1,2,...) the following estimate is valid

r L r 14
(2.13) gle,y) =) D mnwyam, + O T—z{)) > mntan,

m=1 n=1 m=1 n=1

1 T 4 1 T ¢
+ 5 SN mPnag,, + 0P Y (mn)? amn

m=1 n=1 m=1n=1

Corollary 2.3. [4] Assume that {a, .} satisfies conditions (A) and 2Ny 16y n >

Now we prove the statement that gives the estimate of g(z,y) from below.

Theorem 2.4. Assume that ay; satisfy conditions (A) and Ay, g,ax; > 0.
Then the following estimate is valid

1 oo o0
(2.14) 1 sin % sin g Z Z mM R AL < g, y).

n=1 m=1
Proof. Based on Lemma 1.1 and Lemma 2.1 we immediately obtain (2.14). O

Theorem 2.4, for ky = 1, ky = 1, implies the following statement proved in
[4].

Corollary 2.5. Assume that ay,; satisfy conditions (A) and Ay jax; > 0. Then
the following estimate is valid

% sin % sin% < g(z,y).
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