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UNIFORM CONVEXITY OF KOTHE-BOCHNER FUNCTION
SPACES

M. KHANDAQJI, F. AWAWDEH

ABSTRACT. Of concern are the Kéthe-Bochner function spaces E(X), where
X is a real Banach space. Thus, of concern is the uniform convexity on the
Ké&the-Bochner function space E(X). We show that E(X) is uniformly
convex if and only if both spaces E and X are uniformly convex. It is the
uniform convexity that is the focal point.

1. Basic CONCEPTS

Throughout this paper (T, , 1) denote a J-finite complete measure space
and L° = L°(T) denotes the space of all (equivalence classes) of > -measurable
real valued functions. For f,g € L°, f < g means that f(t) < g(¢) p-almost
every where t € T

A Banach space is said to be a Kothe space if:

(1) For any f,g € L°, |f| <|g|, g € E imply f € E and ||f| < |9l 5
(2) For each A € >, if u(A) is finite then x4 € E. See [12, p. 28].

Let E be a Kéthe space on the measure space (T, , 1) and (X, [|-]| ) be
a real Banach space. Then E(X) is the space (of all equivalence classes of)
strongly measurable functions f : 7' — X such that || f(-)| y € E equipped with
the norm

WA= 1Ol Nl -

The space (E(X),|||-|||g) is a Banach space called the Kéthe-Bochner func-
tion space [11, p. 147]. The most important class of Kéthe-Bochner function
spaces E(X) are the Lebesgue-Bochner spaces LP(X), (1 < p < o) and their
generalization the Orlicz-Bochner spaces L?(X). They have been studied by
many authors [1], [2], [6], [7]. The geometric properties of the Kéthe-Bochner
function spaces have been studied by many authors, (e.g. [1], [5], [10]).
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A Banach space is uniformly convex if and only if for every € > 0, there is
a unique § > 0, such that for all z,y in X, the conditions ||z|| = |jy|]| = 1 and
lz =yl > e imply ||L;W|‘ < 1 — 0. Moreover this definition is equivalent to
the following, [3, p. 127], for every pair of sequences (x,) and (y,) in X with
lznll <1, |lynll < 1 and ||z, + yn| < 2, it follows ||z, — ¥y, || — O.

For a Banach space X, we denote by dx the modulus of convexity

. 1
()=t {1- 3 o4l sy € X, ol =yl =1, ol > e}

for any € € [0,2]. Note that X is uniformly convex if and only if dx(e) >
0 whenever ¢ > 0. If X is uniformly convex, we define the characteristic of
convexity of by

er(X) =sup{e€[0,2]: dx(e) <r}.

The uniform convexity of both the Lebesgue—Bochner spaces LP(X), (1 < p <
o) and the Orlicz—Bochner spaces L?(X) have been studied by many authors
(e.g. see [4], [5], 8], [9], [14]).

In [14], M. Smith and B. Truett showed that many properties akin to uniform
convexity lift from X the Lebesgue-Bochner spaces LP(X), (1 < p < o0). A
survey of rotundity notions in the Lebesgue-Bochner spaces LP(X), (1 < p < c0)
and sequences spaces can be found in [13].

In [10], A. Kaminska and B. Truett showed that many properties akin to
uniform convexity lift from X to E(X). The approach used in their paper is
different than that we used.

This paper is devoted to the study of uniform convexity of the Kéthe-Bochner
function space E(X), where X is a real Banach space.

2. MAIN RESULTS

Let us prove some preliminary results which will allow us in Theorem 4 to ob-
tain a characterization of the uniform convexity of the Kéthe-Bochner function
space E(X).

Lemma 1. If (f,) and (gn) are sequences in the Kithe—Bochner function space
E(X) with [[[folll = llgnlll = 1 and [[|fn + gnlll — 2 then

Il x + llgn(llx 1l — 2-
Proof. Using the following inequalities we get the required result
fn + gnlll = fn () + gnOllx |

< 2Ol + 1lgn Ol x|
<1l + Hgnlll = 2.
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Lemma 2. Let X be a real Banach space and E be a Kéthe space. If (E, ||| z)
is uniformly convexr Kdéthe space and (fn), (gn) are sequences in the Kothe—
Bochner function space E(X) with |[|fulll = [lgnlll = 1 and ||| fn + gull| — 2
then,

@) 2Ol x = Nlgn Ol xllp — O
(i) 2Ol +1gnOllx =12 () +9n Ol xll g = 0-

Proof. Note that (|| fn(-)||x) and (||gn(-)||x) are sequences in E with
ML Olxlls = MgnOlix g =1

Using Lemma 1 and the fact that E is uniformly convex Ko&the space, it is
straightforward to get (i). To prove (ii) we note first the inequalities

2{[[fn + gnlll = 2[[1l£n() + 92Ol x| £
<M Ox +lgnOllx +11Fn () + 90l x|
< 2{1FOllx +llgn Ol x 1
< 2([[[£nlll + [llgnlll) = 4.

In this line, we get

[[ebsatd) . WaOLs , Ll

Due to the uniform convexity of E and the facts that
fn(-);rgn(-) HXHE S 1 and H ”fn(Z)”X + ||9n(2)”X HE S 17 result (11) is completely

E

proved. |

Lemma 3. Let X be a uniformly convex Banach space and E(X) be a Kéthe-
Bochner function space. If f,g € E(X) then

IS = glll = e-(XOUNAN + gl + %(””f(')HX — 9Ol +

M Olx + 19Ol = 1FC) + 90l x g -

Proof. Holding t € T fixed and letting € > 0, we have two inequalities

) @Oy = Nlg@®)l x| < emax {[|f ()]l x , [lg()] x }-
(i) [l x + Ng@®llx = 1£E) +9(®)llx < emax{[|f#)]x 9@ x}-

We have three cases to be considered
Case 1. (i) and (ii) are true. Assuming that ||f(t)||y > |lg(¢)||x and letting

) = %, G0) = %, we find that [g(1)]]y < Hf(t)HX — 1. Further-
more, it is straightforward to verify that
- z If @Ol x + 9@l x —ellf#)llx
gty + Fo)| =
o+ 70 I
lg()lx
£ x

=1+
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14 @l = ellf@)llx

= 170
=2—2¢

and, since X is uniformly convex and || f(¢)| y ,|g(t)| x are elements of X for a
fixed t € T, find that

[Fo-g0, <ex).
Therefore we deduce that

(1) 1) = 9(®)llx < er(X)max {{IF @)l x» lg@)x}-
Case 2. (i) is not true. We imply that if

FOlx = gl x| > max {[[f()]x . 9@l x}-
And so

(2) 1) = 9Ol x < 2max{[|f(O)]x,lg®)llx}

< % HF@Olx = lg@)llx!-
Case 3. (ii) is not true. We can get that
3) 1F(#) =9l x < 2max{[|f ()]l lg(®)llx}

< 20U5@ I + 90l ~ 170) + 900l

Inequalities (1), (2), and (3) give the inequality

1F(#) = 9@ x < e (X Ollx + 9@ x) + %(Ilf(t)Hx +

lg@)lx +I1F Ol x + lg@llx = 1FE) + 9@l x)
and (ii) is completely proved. |

In this line, we are able to introduce the following main theorem about the
uniform convexity of the Kéthe-Bochner function space F(X).

Theorem 4. Let X be a real Banach space and E be a Kéthe space. Then
E(X) is a uniformly convexr Kothe—Bochner space if and only if both X and E
are uniformly conver.

Proof. Suppose E(X) is uniformly convex Kéthe-Bochner function space. Since
both spaces X and E are embedded isometrically into E(X), and due to the
fact that uniform convexity inherited by subspaces, we deduce that both spaces
X and E are uniformly convex.

Conversely, suppose X and E are uniformly convex spaces. Let (f,,) and (g,)
be sequences in E(X) with |||f.|l| = |llgnlll = 1 and ||| fn + gnll| — 2, then by
Lemma 2 it follows that

1 Ollx = llgn(lix g — 0
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and

I Ollx +1gn(Ollx = 12 (C) + 92 O)llx |y — O
Take €* > 0 and choose 0 > 0 such that €,(X) < %. Choose K sufficiently

large so that for all n > K,

L .
FaOllx + 192 Ol + 1Ol +Mgn Ol = 1£a() + 90Ol xll g < e
From Lemma 3 it follows that
2
[1fn = galll = e (XOUNFalll + gnlll) + = Ollx = lgnCllxllp +
I Ollx =+ lgnllx = 12C) + 90 Ollx [ 5)
2.1

< 2¢.(X) + E(Zee*)

< Lo + LI for alln > K

S g€ +ge=¢, foraln .
Consequently ||| fr — gnll| — 0, which means that E(X) is a uniformly convex

Kothe—Bochner space, and thereby the theorem is completely proved. O
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