NEW ZEALAND JOURNAL OF MATHEMATICS
Volume 42 (2012), 195-215

HOPF GALOIS (CO)EXTENSIONS IN NONCOMMUTATIVE
GEOMETRY

MOHAMMAD HASSANZADEH
(Received June 17, 2012)

Abstract. We introduce an alternative proof, with the use of tools and notions
for Hopf algebras, to show that Hopf Galois coextensions of coalgebras are
the sources of stable anti Yetter-Drinfeld modules. Furthermore we show that
two natural cohomology theories related to a Hopf Galois coextension are
isomorphic.

Introduction

The general definition of Hopf Galois extensions was introduced by Kreimer and
Takeuchi [21] around the same time when noncommutative geometry [6] started
to develop with works of Alain Connes in 1980. In fact Hopf Galois extensions
are noncommutative analogue of affine torsors and principal bundles. Descent data
related to a Hopf Galois extension has its roots in works of Grothendieck in algebraic
geometry [9]. Basically there are two well-known homology theories which are
related to a Hopf Galois extension A(B)gy. One is the relative cyclic homology
of the algebra extension B C A, and another one is the Hopf cyclic homology of
the Hopf algebra H involved in the Hopf Galois extension. It is shown in [23]
that these two homology theories are isomorphic where the Hopf cyclic homology
of Hopf algebra H has coefficients in a stable anti Yetter-Drinfeld (SAYD) module.
Not only this isomorphism is given by the canonical isomorphism of the Hopf Galois
extension, but also the SAYD coefficients, which is a module-comodule over H, is
constructed by this canonical map. A great idea here is that the cyclic (co)homology
of (co)algebra (co)extensions which is not easy to compute is isomorphic to the
Hopf cyclic (co)homology of the Hopf algebra of the (co)extension which can be
computed more easily. The dual notion of Hopf Galois coextensions is introduced
by Schneider in [27] and can be viewed as a noncommutative generalization of the
theory of quotients of formal schemes under free actions of formal group schemes
[28].

In this paper we recall the basics of Hopf Galois (co)extensions. Also we study
the module-comodule and specially stable anti Yetter-Drinfeld module structures
over the Hopf algebra involved in a Hopf Galois (co)extension. Furthermore we
study the related (co)homology theories to a Hopf Galois (co)extension and finally
we observe that these (co)homology theories are isomorphic. More precisely, in
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Section 1 we recall the results of Jara and Stefan in [23] for Hopf Galois extensions
and in Section 2 we introduce an alternative proof for the dual case of Hopf Galois
coextensions using the tools and notions for Hopf algebras. Although the main
results of the second section of this paper have been already proved for a general
case of Equivaraint Hopf Galois coextensions for x-Hopf coalgebras in [14], a direct
proof for the case of Hopf algebras using the related concepts and notions, which
has not been appeared in the literature, has its own advantages.

Notations: In this paper we denote a Hopf algebra by H and its counit by e.
We use the Sweedler summation notation A(h) = K" @ h® for the coproduct
of a Hopf algebra. Furthermore the summation notations ¥(h) = h__,_ ® h_,
and V(h) = h_,. ® h_,. are used for the left and right coactions of a coalgebra,

>

respectively.
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1. Hopf Cyclic Cohomology

In this section we review the basics of (co)cyclic modules. We explain cyclic duality
to obtain a cyclic module from a cocyclic module and vice versa. As an example we
study the Hopf cyclic (co)homology with coefficients in a stable anti Yetter-Drinfeld
module.

1.1. Cyclic modules and cyclic duality. A cosimplicial module [6], [22] con-
tains C-modules C™, n > 0, with C-module maps §; : C™ — C™*! called cofaces,
and o; : C" — C™ ! called codegeneracies satisfying the following cosimplicial
relations;

5j6i = 51'5]'—1’ if 1< 7,

00 = 00541, if ) S j7
(SZ‘O'j_l, if i< 7, (11)
0;0; = < 1d, if i=jori=75+1,

§i,10j, if Z>]+1

214
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A cocyclic module is a cosimplicial module with extra morphisms 7 : C" — C™
which are called cocyclic maps such that the following extra commutativity relations
hold.

TO; = 0;1T, 1<1<n+1,
700 = Opt1, TO; = 0;_1T, 1<i<n, (1.2)
TO0 = OpT?, Tt =1d.

Dually a cyclic module is given by quadruple C' = (C,,, d;, 04, 7,) where C},’s, n > 0,
are C-modules and there are C-module maps §; : C,, — C,,_1, called faces, o; :
C, = Cht1, 0 < i < n called degeneracies and 7 : C,, = C,, called cyclic maps
satisfying the following commutativity relations;

(Si(Sj = 6j,1(5i, if i< Js

00 = 04104, if i < g,

Uj,léi, if 1< g, (13)
(SiO'j: Id, lf iZjOT Z:j+1,
oj5i_1, if ’L>]+1,
and;
51'7'27'(51'_1, 1§i§n,
60T = 0Op, O, T =T0;_1, 1<i<n,

1.4
ooT =10, T'T1=1d. (1.4)

Now we recall the duality procedure for (co)cyclic modules [6]. For any cyclic
module C = (Cy, d;,0;,7) we define its cyclic dual by C™ = C,, with the following
cofaces, codegeneracies and cyclic morphisms.

dy : Thop_1, d;j:=0;_1: cn —s Cv’"H, 1<i<n,
$; =0, C" — O™, 0<i<n-—1, (1.5)
ti=7"1

Conversely for any cocyclic module C = (C™,d;, s;,t) one obtains its cyclic dual
denoted by C' where;

57; = Siién—>6n,1, OSZSTL—L 577, = 50Tn,
oii=dip1:Cp — Cppy, 0<i<n—1, (1.6)
=11
1.2. Cyclic cohomology of Hopf algebras. In this subsection, we study some
examples of (co)cyclic modules and their dual theories for Hopf algebras which
will be used later in Sections 2 and 3. Hopf cyclic cohomology was introduced by

Connes and Moscovici in [7] and was generalized to Hopf cyclic cohomology with
coefficients in a stable anti Yetter-Drinfeld module in [12].

A left-right anti Yetter-Drinfeld (AYD) module M over a Hopf algebra H is a left
module and a right comodule over H satisfying the following compatibility condition
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11} ) G) ey

(th)<o> ®(h>m)<1> =h LQUITN ®h m<1>S(h ) (1'7)
This is called stable if m_,_ >m_,. = m for all m € M. We use left-right of
SAYD modules in Section 2 for Hopf Galois extensions. Similarly a right-left SAYD
module M over H is a right module and a left comodule satisfying the following

compatibility condition,
(m<h) =St ym__ h @m_,_ ah”. (1.8)

This type of SAYD modules will be used in Section 3 for Hopf Galois coextensions.
A generalization of Connes-Moscovici cocyclic module for Hopf algebras with co-
efficients in a SAYD module was introduced in [12]. The following cyclic module
is the dual cyclic module of the mentioned cocyclic module for a left-right SAYD
module M over H where C,,(H, M) = H®"*' @y M.

6i(ho® - hn®@gm)=hy® - @e(hy) @ hy, @ m,
oitho® - hp@gm)=ho®- - Q@A) ®- ®h, @ m,
Tnlho ® -+ hy @gm) =hym_,_ @hg® -+ @ hp_1 @ m_,. . (1.9)

We use this cyclic module in Section 2 for Hopf Galois extensions. The authors in
[18] introduced a new cyclic module for Hopf algebras which is a dual of Connes-
Moscovici cocyclic module for Hopf algebras in some sense. Later they have shown
in [19] that this cyclic module is isomorphic to the cyclic dual of Connes-Moscovici
cocyclic module for Hopf algebras. A generalization of this cyclic module with
coefficients in a SAYD module was introduced in [12]. The following cocyclic

module is the dual cocyclic module of the mentioned cyclic module for a right-left
SAYD module M over Hopf algebra H where C"(H, M) = H®" @ M.

i(heom)=h® - Qhi®lg®- - @ h, @m,
Sobam)=h'" @ @h," @8(h" by
ci(h@m)=h1® @ hihis1 @ @ hyp, @ m, (1.10)

<—=1> ® (m<]h)<0> <—1>

)m<71> ® m<0>7

op(h@m)=hy @@ h,_16(h,) @ m,

Tn(ﬁ ® m) _ h2(1) Q- ® hnm ® S(h1(2) B 'hn(2>)m<,1> ® m_,. 4 h1(1>.

Here h = h1 ® -+ ® h,. We use this cocyclic module in Section 3 for Hopf Galois
coextensions. For more about Hopf cyclic (co)homology we refer the reader to [7],
[12], [17] and [16].

2. Hopf Galois Extensions of Algebras

2.1. Preliminaries of Hopf Galois extensions. In this section we recall the
notion of Hopf Galois extensions. We review the results in [23] which imply that
Hopf Galois extensions are sources of producing stable anti Yetter-Drinfeld modules.
Furthermore we study the relation between the relative cyclic homology of the
algebra extension and the Hopf cyclic homology of the Hopf algebra involved in a
Hopf Galois extension.

Let H be a Hopf algebra and A a right H-comodule algebra with the coaction p :
A — A®H. The set of coinvariants of this coaction B = {a € A, p(a) =a®1gx}
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is a subalgebra of A. The algebra extension B C A is Hopf Galois if the canonical
map

B:A®pA— AQH, a®pdvr—ad__ ®d_,_, (2.1)
is bijective. We denote such a Hopf Galois extension by A(B)*.
The map ( is an isomorphism of left A-modules and right H-comodules where the
left A-module structures of A®p A and A® H are given by a(a1 ®pas) = aa; @ as
and a(a’ ® h) = aa’ ® h, respectively, and also the right H comodule structures of
A®pAand A®H are given by a®a’ — a®d’_,_ ®d’_,_ and a®@h — a®h’ ®h",
respectively, for all a,a’,a1,a2 € A and h € H. In fact an extension B C A is Hopf
Galois if A®p A and A® H are isomorphic in 4 M| the category of left A-modules
and right H-comodules, by the canonical map . The first natural question is why
we call this extension Galois and what is its relation with classical Galois extension
of fields.

Example 2.1. Classical Galois extensions of fields:

Let FF C E be a field extension with the Galois group . This extension is Galois
if and only if G acts faithfully on E. This is equivalent to | [E : F] |=| G |.
Let | G |= n and G = {x1, -+ ,2,}. Furthermore suppose {b1,---,b,} be the
basis of E/F and {p!,---,p"} be the dual basis of {z;}; in (kG)* where kG is the
group algebra of G. Since G is finite then (kG)* is a Hopf algebra and p™(x;) = &;;.
Furthermore the action of G and therefore kG on E amounts to a coaction of (kG)*
on E as follows;

E — E® (kG)", ai—>inl>a®pi. (2.2)
i=1
One checks that E is a right (kG)*-comodule algebra by this coaction. We define
the canonical Galois map to be;

n
B:E@pE— E® (kG)*, a®br— Y a(zi>b)@p'. (2.3)
i=1
One uses the independence of {p’} to show that j3 is injective. Furthermore since
both tensor products are finite-dimensional F-algebras then (8 is a surjection.

Example 2.2. A Hopf algebra H over the field F' is a right H-comodule algebra
where the right coaction is given by the comultiplication of H. For A = H we
have B = F1ly. Therefore H(F)y is a H-Galois extension with the canonical map
which is given by;

B:HorH —HopH, hoke—hk ok, hkeH  (24)
with the inverse map f~}(h® k) = hS(k(l)) @ k.
The following example shows that Hopf Galois extensions are algebraic analogue of
principal bundles.

Example 2.3. Principal bundles:

Let P(M, Q) denote the principal bundle of the smooth manifold P over the base
M with the structure Lie group G. There is a smooth right action of G on P
denoted by <: P x G — P which is free, i.e.

udg=u<g =g=9¢, g9 €GucP (2.5)
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If G is finite then freeness of the G-action is equivalent to the injectivity of the
following map;

B:PxXG— PxP, (u,g)+— (u,u<g). (2.6)
One notes that the orbit space is isomorphic to the base space P/G = M and the
canonical projection w : P — M is smooth. Now we apply a noncommutative
approach to the map 8 and we consider the space of functions on the principal
bundle. Let A = C*(P), B=C>*(M) and H = (kG)*. We dualize the action < to
obtain a right coaction ¥: A — A ® (kG)*. Therefore the following induced map

(ma®Id)o(IdQV): AQ A— AR H, (2.7)

is surjective where m 4 denotes the multiplication of A. Now if we restrict the
tensor product in the domain of the previous map to the coinvariant space of the
coaction ¥, we obtain an isomorphism. This example is a motivation to define the
notion of quantum principal bundles. A right H-comodule algebra A is called a
quantum principal bundle if the Galois map [ related to the coaction of H is an
isomorphism. For more about this example we refer the reader to [10], [8], [5] and
[20].

Remark 2.4. There are two major difference between Hopf Galois theory and the
classical Galois theory of field extensions. Classical Galois extensions can be char-
acterized by the normal, separable field extensions without explicitly mentioning
the Galois group. Furthermore, a Galois field extension determines uniquely the
Galois group. There is no similar result for Hopf Galois theory, although a charac-
terization exists for Hopf Galois extensions of Hopf algebroids with some finiteness
conditions. Another difference is that the fundamental theorem of Galois theory of
fields extensions does not hold for the Hopf Galois extensions of algebras. We refer
the reader for more in this regard to [1] and [29].

Hopf Galois extensions were generalized later in different ways. For example the
authors in [4] have introduced the notion of coalgebra extensions. Also see [26].
Furthermore, Galois extensions have been studied for extended versions of Hopf
algebras such as Hopf algebroids in [2] and x-Hopf algebras in [3] and [13].

2.2. Homology theories related to Hopf Galois extensions. Basically there
are two well-known homology theories which are related to a Hopf Galois extension
A(B)g. One is the relative cyclic homology of the algebra extension B C A and
another one is the Hopf cyclic homology of the Hopf algebra H involved in the Hopf
Galois extension. In this subsection we recall that these two homology theories are
isomorphic. Here the Hopf cyclic homology of H has coefficients in a SAYD module
which is constructed by the canonical isomorphism of the Hopf Galois extension.
This shows that Hopf Galois extensions are the sources of SAYD modules. In this
subsection we recall some related results from [23] to be able to compare them with
the similar results in the dual case of Hopf Galois coextensions in Section 3.

Suppose B be an associative algebra over the field of complex numbers. Let M
and N be B-bimodules. The cyclic tensor product of M and N is defined to be
M®pN := (M ®p N) ®pe B, [24]. It can be shown that

M@ N

M®pN = ————_
P77 M @p N, B]

(2.8)
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where the bracket stands for the subspace generated by all commutators. In fact,
M@p N

M@pN = —2—, (2.9)
where ~ is the equivalence relation defined by the following relation;
{bm ®p n = m Q@p nb}. (2.10)
Similarly if My, .-, M,, are B-bimodules then their cyclic tensor product can be
defined as

Now let B C A be an algebra extension and M a B-bimodule. Let C,,(A(B), M) =
M&pA®E. One defines a simplicial module where the faces are given by

ma1®Ba2®B"'®Ban7 ZZO)
d;(mR@pa1®p...Qpa,) = MRpa1R -+ ®pa;a; 1B - Qpan, 0<i<n,
apnMRBa1®p +  @pan_1, i=mn,

and the degeneracies are defined as follows; 21
Si(m®Bal®B ce ®Ban) = m@s%@g s ®31A®B s @Ban. (2.13)
It is shown in [23] that if M = A, then the following cyclic operator turns C, (A(B), A)
in to a cyclic module;
tn(a0®3a1®3 . @Ban) = a,RpaR5 ... Qpan_1. (2.14)

The cyclic homology of this cyclic module is called relative cyclic homology of the
algebra extension B C A and it is denoted by HC,(A(B), A). Although the space
A ®p A has not a well-defined algebra structure, the subspace (A ®p A)? is an
associative algebra by the following multiplication;

(a1 ®p a})(as @p ay) = ajas @p asas. (2.15)
The canonical map 8 induces the following isomorphism;
B:(Aep AP — AP o H.
Therefore in spit of the fact that the canonical isomorphism of the Hopf Galois
extension is not an algebra map, the algebra structure (2.15) enables us to obtain

the following anti-algebra map;

k:H— (Aop A8, k=0 'oi, (2.16)
where i : H — AP ® H is given by h — 14 ® h. We denote the summation
notation k(h) = k'(h) ® k%(h) for the image of the map k. Now let M be a
A-bimodule. We set;

M
MP = M, bm=mb, Vbe B}, Mp=——r-. 2.17
{m S 5 m mo, S }a B [M, B] ( )
The map & enables us to define a right H-module structure on M given by
mh = k' (h)yms>(h). (2.18)

Furthermore a left H-module structure on Mp can be defined by
hm = &' (h)mx'(h). (2.19)
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In a special case when M = A, the quotient space Ap is also a right H-comodule by
the original coaction of H over A. This coaction with the action defined in (2.19)
amounts Ap to a left-right SAYD module over H.

For any Hopf Galois extension A(B) g, one iteratively use the map g to transfer the
cyclic structure of C,,(A(B), A) to C,,(H, Ag) = H®" @y H® Ap. The result cyclic
module on C,,(H, Ag) is proved in [23] to be the cyclic module associated to Hopf
cyclic homology of Hopf algebra H with coefficients in SAYD module A which
is introduced in (1.9). The results of this subsection have been later generalized
for Hopf Galois extensions of x-Hopf algebras in [3] and for the Equivariant Hopf
Galois extensions of x-Hopf algebras in [13]. We summarize the headlines of this
section to be able to compare them with the dual case of Hopf Galois coextensions
in the sequel section.

Remark 2.5. For any Hopf Galois extension A(B), we have;
i) The relative cyclic module of the algebra extension is a quotient space given
by,
A®p- - ®p A
) The objects A®p A and A ® H are isomorphic in the category of 4 M.
) The subspace A® is an subalgebra of A.
) The subspace (A ®p A)® is an algebra.
v) The subspace AP is a left (A ®p A)B-module and a right H-module.
)
)
)

B®p ARp®p---@p A= ARp---QpA =

The quotient space Ap is a right (A ®p A)P-module and a left H-module.
The quotient space Agp = B ®pg- A is a left-right SAYD module over H.
HC.(H,Ap) =2 HC.(A(B),A).

3. Hopf Galois Coextensions of Coalgebras

In this section we use the notions and tools for Hopf algebras and Hopf cyclic co-
homology to prove that Hopf Galois coextensions of coalgebras are the sources of
stable anti Yetter-Drinfeld modules. Furthermore we show that the Hopf cyclic
cohomology of the Hopf algebra involved in a Hopf Galois coextension with coeffi-
cients in a SAYD module, which is dual to Apg, is isomorphic to the relative cyclic
cohomology of coalgebra coextension. These are the dual of the results in [23] for
Hopf Galois extensions which are explained in Subsection 2.2. The authors in [14]
have proved similar results for x-Hopf coalgebras.

3.1. Preliminaries of Hopf Galois coextensions. Let H be a Hopf algebra
and C a right H-module coalgebra with the action <: C ® H — C. The set

I ={cah—e(h)c}, (3.1)

is a two-sided coideal of C' and therefore D = % is a coalgebra. The natural

surjection 7 : C'— D is called a right H-Galois coextension if the canonical map
B:C®H — COpC, c@hrc @c <h, (3.2)

is a bijection. Such a Hopf Galois coextensions is denoted by C(D)H. Here the
D-bicomodule structure of C' is given by

(2) (1) ® 7T(C(2)).

c»—>7r(c(1))®c , C—>C (3.3)
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Since by the definition of D for all h € H and ¢ € C' we have
m(c<ah) =e(h)n(c), (3.4)

the map S defined in (3.2) is well-defined. We denote the inverse of Galois map
by the following summation notation;

B (cOpc) :=p_(cOpc)®By(cOpd), (3.5)

where Imf_ € C and ImpBy € H. If there is no confusion we can simply write
B =pP_®pB4. Since C O pC is not a coalgebra, the map £ is not an isomorphism of
coalgebras . Instead it is an isomorphism of left C-comodules and right H-modules.
The map B is a left C-comodule map where the left C-comodule structures of
COpC and C ® H are given by

’ (1) (2) ’ (1) (2)
cOpd—c ®c Opd, c®hr—c ®c &h.

Furthermore it is a right H-module map where the right H module structures of
COpC and C ® H are given by

(cOpcd)<h=cOpc ah, (c®h)ah’ =c®hh'.

The first H-action introduced above is well-defined by (3.4). In fact the coextension
7w : C — D is Hopf Galois if C ® H and C O pC are isomorphic in “Mpy, the
category of left C-comodules and right H-modules, by the canonical map 5. One
notes that the categories My and 4 MH related to Hopf Galois extensions and
coextensions are dual to each other.

Lemma 3.1. Let C(D)¥ be a Hopf Galois coextension with canonical bijection /3.
Then the following properties hold.

i) 6" @87 By =Idon e
i) B_(c’ Opc” ah)®@Bi(c Opc” ah)=c®h, ceC,heH.

) B—(c1dpea) < By(c1 Opes) =e(er)es.
iv) e(B-(c1 0 pe2))e(B(cr Opez)) = e(er)e(ca).

) B (Cl O DC2 < h) ® B+(Cl O pC2 < h) ﬂ,(q O DCQ) ® ﬁJr(Cl O DCQ)h.
vi) w (er0pe)]” @ [8-(a D pep)]” © fi(e1 Opes) =

'® 8- (c1 @ DDCQ) ® 5+(01(2) O pea).

Vii) ( O DCQ) ®6 (01 O DCQ) ®ﬁ (01 O DCQ)(3)<]B+ (Cl O DCQ)(I)(X)B, (01 O DCQ)(4)<]

(1) ( ) (2)

&)
Bi(c1Opez) =1 ®c Opes’” & e

Proof. The relations i) and ii) are equivalent to 83~' = Id and 8~!3 = Id,
respectively. The relation iii) is obtained by applying £ ® Id on the both hand
sides of 1). The relation iv) is proved by applying € ® € on the both hand sides
of i) and H-module coalgebra property of C. The relation v) is equivalent to the
right H-module property of the map S~1. The relation vi) is equivalent to the left
C-comodule map property of the map S~! where the left C comodule structures of
C®H and CO pC are given by c®h — ¢ ®c(2) ®h and ¢ ®cg — cl(l) ®cl(2) ®csa,
respectively. The relation vii) holds by applying A¢ ® Ac on the both hand sides
of relation (i) and using H-module coalgebra property of C. (]
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3.2. Hopf Galois coextensions as sources of stable anti-Yetter-Drinfeld
modules. In this subsection we show that Hopf Galois coextensions are sources of
stable anti Yetter-Drinfeld modules.

For any D-bicomodule C, we set

CP={ceC, c, pl,.)= c<0><p(c<71>)}w€D* , (3.6)
where D* is the linear dual of D. We set
C
Cp = R (3.7)

where
W= {C<0> <p(6<1>) — Coo> 90(C<—1>)7 cc C}@GD* '
For any coalgebra coextension 7 : C'— D, we precisely obtain

cP .= {c eC, 6(1)90(77(0

(2) (2)

) =c"e(c), cec) (38)

peD* ’

and
(2) (1)

W:{C(l)go(w(c@)))fc o(r(c)), cec} . (3.9)

peD*
Lemma 3.2. Let C(D)* be a Hopf Galois coextension with the corresponding H -
action < : C®H — C. Then < induces the following H-action, 4 CP@H — CP.

Proof. It is enough to show that cah € CP for all c® h € CP @ H. Indeed,
(can) p(rcan)™)) =" an” p(n(c” an™))
=" anpm(@ (™) = ¢ ahp(n(c™))
_ g h<p(7r(c(1>)) _ 2 h(2)<p(7r(c(l>))e(h(l>)
=" an?o(r(c” ab)) = (cah) plrlcan)y).
We use the H-module coalgebra property of C' in the first equality and ¢ € CP in
the fourth equality.

O
One can define a D-bicomodule structure on C [0 pC' as follows;
cOpc — cOpcd” ® 7r(c’(2>), cOpc — 71'(0(1)) ®c Opc. (3.10)
It is easy to check that the coactions defined in (3.10) are well-defined. We set
cpC
(COPO)p = =7 (3.11)
where ™ @ @) &)
W =(c@ o)) - ¥ @ o)), (3.12)

and ¢ € D*, c®c € COpC. We denote the elements of the quotient by an
over line. Although C'0 pC is not a coalgebra, it is proved in [1, section 6.4, page
93-95] that the quotient space (COpC)p is a coassociative coalgebra where the
coproduct and counit maps are given by

Alcad) = 0pd® @ Ope™. e(c® ) =e(e)e(d). (3.13)

The following lemma can be similarly proved as [14][Lemma 4.4].




HOPF GALOIS (CO)EXTENSIONS IN NONCOMMUTATIVE GEOMETRY 205

Lemma 3.3. If C(D)H be a Hopf-Galois coextension, then B induces a bijection
B:Cp®H — (COpC)p where
B(e® h) = B(c®@h).
The following lemma can be similarly proved as [14][Lemma 4.5].
Lemma 3.4. Let C(D)* be a Hopf-Galois coextension. Define
k:=(e®1dn) of7t: (CopC)p — H.

The map k is an anti coalgebra map.

The anti coalgebra map property of the map « is equivalent to
Kk(e® c’)(l) ® kK(c® c’)(2> =r(c® @)@ k(" @ ). (3.14)
The following lemma introduces some properties of the map x.

Lemma 3.5. If C(D)® be a Hopf Galois coextension then the map k has the
following properties.
i) k(W ahOpc® ag) =¢e(c)S(h)g, ceC, g hecH,
i) k(cOpd)h=r(cOpd<h), heH,
iii) k(c<hOpd)=S(h)k(cOpd), heH,
4 k(c® Opd) =¢e(c)d, cxcdecCOpC.

iv) ¢
Proof. The following computation proves the relation i).
SO DC(Z) qs(hm)g)
= k(e an Opc” < S )g) = k(e «n” Op(c” «h™)<S(h

= r((cah™) Oplcah™)? a8 )g) = e(can™)S(H)g

e )
=e(c)e(h )S(h " )g = e(c)S(h)g.

We used Lemma 3.1(ii) in the fifth equality. The relation ii) is obvious by the right
H-module map property of 57! in Lemma 3.1(v). To prove iii), it is enough to show
that the maps mpy o (Sy ®k) and ko (<®Id¢) o (tw®1d¢), appearing in both hand
sides of iii), have the same inverse in the convolution algebra Homy(H ® COpC, H).
Here my denotes the multiplication map of H. To do this, first we show that the
map my otw o (Idg ®[S~! o k]) is a left inverse for my o (S ® k), with respect to
the convolution product denoted by x. Let h® c® ¢ € H ® (COpC)p. We have;

[mpotwo (Idy @[S ™ ok])xmpo(S®K)|(h®@c® )

=S5 (w(P ® c’(z’))h(DS(h(z))n(c@) ® D)

_ E(h S_l(l'i(c(l) ®CI(2)))I€(C(2) ®c/(l))

n(c(l) ahOpe” ag) = k(e
@)

)9)

(2)
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Here 7 is the unit map of H. In the previous calculation, we use the anti coalgebra
map property of k in the fourth equality and 3.1(iv) in the seventh equality. Now
we show that the map my otw o (Idg ®[S™! o k]) is a right inverse for the map
my o (S ® k). For the convenience in the following computation, we denote 57! (c®

d) =p-® By.

[mpo(S®k)xmyotwo (Idg R[S ok (h®c® )
( @

= S(h )r(e? @ ¢P)ST k(P @ ¢D))h

= S(h")r(B-" © BT 4B P)S T (m(B-" @ BT ap)n”
= S(h" )R8 @ BT B ) (B-P)5 D)

= 5" )R(B-P @ 57 B )S (B )h”

= S(h)e(B-)8: 7 STHB I = e(B)e(B)S ()R

=¢e(c)e()e(h)lg =noe(h®@c® ).

We used Lemma 3.1(vii) in the second equality, Lemma 3.1(ii) and definition of
 in the third and fifth equalities and Lemma 3.1(iv) in the penultimate equality.
Therefore we have shown that my o tw o (Idy ®[S™! o k]) is a two-sided inverse for
my o (S ® k). Now we check mp otwo (Idg ®[S~!ok]) is a left inverse for the
map o (< ® Id¢) o (tw ® Ide) with respect to the convolution product.

[mg otwo (H®[S T ok])xko(a®1de) o (tw R Ide)](h®c® )
™ o c’m)))n o(a® C)(C@)
K)(C(Z) an”? ® c'(l))
CEREYECPTR (2’))h(1)n(ﬁ,<2) ah® @ B_® B, D)
w(B- @ -7 a BT Nh e (8-S (h )8y
A8 @ BT a5 P)e(n)sy
(8-)8+ " e(m)Bs”
e(B-)e(Me(B)ln = e(c)e(h)e(d)ly = toe(h®@c@ ).

:mHotwo(h(l) ® S (k(c ®h” ®c’(1))

_ g1 /<;( ,<2>))h<1)

1

(
ST
S7H(
ST
ST

K

1

1

€

We used Lemma 3.1(vii) in the third equality, Lemma 3.5(i) in the fourth equality,
definition of x and Lemma 3.1(ii) in the sixth equality and Lemma 3.1(iv) in the
eighth equality. Here we show that my otwo (Idy ®[S™! o k]) is a right inverse for
K O (<1 ® Idc) (t’LU ® Idc)
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[ko(a®Ide) o (tw®Ide) *my otwo (Idy @[S o k)] (h®c® )
k(e ah” @) s n(” @ ™M)
5(6,(” <]h(1) ®ﬁ7<4) 45+(2))S 1( (5 (2) ®5 (3) <]5 (1)))
R(B-7 ah @ B a . P) s (88 )n”
m(ﬂ,“) <h(1> ® B @) < B (2)))5 1(,6’+(1))
(B)S(h")3 " s71 (B, )n”
e(B-)e (B8R )"
=e(c)e(de(h)ly =1oe(h®@c® ).

(2)

(2)

e

We used Lemma 3.1(vii) in the second equality, Lemma 3.5(i) and the definition of
% in the third equality, Lemma 3.5(i) in the fifth equality and Lemma 3.1(iv) in the
penultimate equality. Therefore my o tw o (Idg ®[S™! o K]) is a two-sided inverse
for Ko («®1Id¢) o (tw ® Ide) with respect to the convolution product. Therefore
we have shown

o(pec®C)o(tw® C) = p o (S®kK).

To prove the relation iv), we apply Id ®e ® Id on the both hand sides of Lemma
3.1(vi) and therefore we obtain;

B (cRd)®B(cad)=eB(P @) @B (P &)
=’ k(P @) (3.15)

By applying the right action of H on the previous equation we obtain;

C(1) 4 I{(C(z) Q C/) _ 5(6— (c(z) Q c,))c(l) <1ﬁ+(c(2) ® C’)

— B (c® ) 1B (cBT) = (o).

We used the Lemma 3.1(iii) on the last equality.

]

Lemma 3.6. IfC(D)H be a Hopf Galois coextension, then CP is a right (COpC)p-
comodule and a left H-comodule by the following coactions,

ve’ .ol —cPg (CopC)p, cr+— ¢’ ®d® Opc?”,
and

(2)

v’ .cP — HeCP, cr— k(c? Opd)®@c (3.16)

Proof. First we show that the coaction ¥ is well-defined. The following com-
putation proves P ol e ecPeCC.

& p(n(c™) 9T G = ¢ & T B AT p(n(C))

-7 Po(r(PPV)@e(d)d? = 02)<p( ( (3))) ®d” ®c?.
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We used the definition of W given in (3.12). Furthermore since C' is a coalgebra on
a field then ¢ € CP implies e 71'(0(2)) =7 w(cm). Therefore we have;

(1) 3

(2) ( 4)
c ®®c QKc

(2) (3

) @ @
J=c ®c ®c Qmu(c

‘@ w(c ), (3.17)

which implies

P 9@ el eCcecnpC.

The following computation shows that vC" defines a coassociative coaction.
D D D (2) —_—
[VC Y Id(CDDC')D] © vC (C) = (VC Y Id(CDDC)D)(C ® 0(3) ® C(l))
(3)
= (C

= (Idgp ®A) (0(2) ®® ") = Idep ®A) o ve” (o).

R P R @) = 9PN g DB g HE o M

The counitality of the coaction induced by vC” can be shown as follows.

6(2)6(6(3))5(6(1)) =Iden(c).

Therefore CP is a right coassociative and counital (COpC') p-comodule.

(Ideo ®e) 0 0° (¢) = (den @e)(¢” ® @ @ V) =

The following computation shows that vC” defines a coassociative H-coaction on
ch.

(I @) 0 v (¢) = (dg @VC ) (k(® @ V) @ ¢

= k(@ @) @K @)@
m

)

& o \® @
® k(@ @) @

(A@Idg)(5(@ @ V) @ c”) = (A®Idg) o v (c).

= #( @)

We used the anti coalgebra map property of x in the third equality. To prove the
counitality of the coaction for all ¢ € CP we have;

(e®Iden) 0 0% (¢) = (e @ Iden) (k(® @ V) @ ¢

(3)
c

) =

cor(@ @) @c =clce(c)@e” =iden(c).

We used the anti coalgebra map property of & in the third equality. Therefore C'”
is a left H-comodule. O

Lemma 3.7. Let C(D)H be Hopf Galois coextension. Then Cp is a left (COpC)p-
comodule and a right H-comodule by the following coactions,

vep SCD*)(CDDC)D(@CD, Cl—>C(1)|:|DC(3)®C<2),
and

VO . Cp — Cp®H, c—c @r( Opc®). (3.18)
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Proof. Since Cp = % is a coalgebra this coaction is well-defined. The following

computation shows that this coaction is coassociative.

(Aco e, ®1de) o Y7 (¢)
— (2 )<1> 2 (@ ®t<3))(2) 212 = (PN g HD o W o @W o
_ t(l) ® t(5) ®t(2) ® t(4) ® t(3) _ t(l) ® t(3) ® t(2)(1) ®t(2)(3) ® t(2)(2)

= (IdCDDCD ®VC) [0} 'C.

The counitality of the coaction is obvious. Similar to Lemma 3.6 we can show that
the anti coalgebra map k turns this coaction to a right coaction of H on Cp. O

The following theorem shows that the Hopf Galois coextensions of coalgebras are
the sources of stable anti Yetter-Drinfeld modules.

Theorem 3.8. Let C(D) be a Hopf Galois coextension. Then CP is a right-

left SAYD module over H by the coaction vC” defined in (3.18) and the action <
defined in Lemma 3.2.

Proof. The AYD condition holds because for all c € CP and h € H, we have

S(h(B))C<7l>h(l> ®C<o> < h(z) _ S(h(s))ﬁ(gc(g) ®70(1))h(1) ®C(2) < h(z)
=1 4P @R @ «b” =@ <P @) <)o 4k

—k((cah)P @ (cah)D)@(cah)” =7 (c ah).

(2)

We used Lemma 3.5(iii) in the second equality, Lemma 3.5(ii) in the third equality
and right H-module coalgebra property of C' in the fourth equality. The following
computation shows the stability condition.

2

2) &5 O
Coor C__,. =C < H(C(m ® C(l)) =
7 < /{(W) = 5(0(2))0(1) =c
The penultimate equality holds by Lemma 3.5(iv). O

The following statement which is proved in [14][Remark 5.4] will be used in the
sequel subsection.

Lemma 3.9. For any coalgebra coextension w: C — D we have;
cP~pOp.C,

where the isomorphism is given by

&(dOpec) =ep(d)e, and € '(c) = w(c(l)) Opec
3.3. Cohomology theories related to Hopf Galois coextensions. In this
subsection we show that the Hopf cyclic cohomology of the Hopf algebra involved
in the coextensions with coefficients in the SAYD module CP is isomorphic to the
relative cyclic cohomology of coalgebra coextensions.
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Definition 3.10. Let D be a coalgebra and let M and N be a D-bicomodules. The
cyclic cotensor product of M and N is defined by

MOpN :=(MOpN)Dp.D = DOp.(MOpN). (3.19)

The cyclic cotensor product also can be defined for a finite number of arbitrary
D-bicomodules My, ..., M, as follows;

(MyOg...0pM,) =M, Op... 0pM,)0peD. (3.20)

One has
(M Og...OpM,) = (M, Oy... OpM,)P. (3.21)

Let w : C — D be a coalgebra coextension and M be a C-bicomodule. Therefore
M is a D-bicomodule by the following comodule structures;

cr— 7. o) ®cC o, cr—co. @m(c ). (3.22)
For all n € N and 0 < ¢ < n, we define cofaces
di: MO pcBom s M oot (3.23)
which are given by
m<0>DDm<1>DD61E|D...DDCn, 1=0,
di(mDDchD...DDcn): mDDclljD---DDA(Ci)DD“-DDCna 0<1i<n,
m_, . OpciOp...Opc,Opm__,_, T =n.
(3.24)
Also for 0 <7 < n — 1 we define the codegeneracies
si: MOpCcPr — MO pcBrn=b), (3.25)
which are given by
si(mOpc10p ...0Opey,) :=mOpc;0p ... 0pe(cir1)0p ... Opey,. (3.26)

One can easily check that for 0 < i < n — 1, the cofaces d; are well-defined. To
show that the last coface is well-defined, one notes that the condition

mea®- --Qc, € (MOCO---00)P,
implies

(1)

(2)
(M., )@m . @1 Q- @y =7(cp )RMOCI @ Cp1®¢ . (3.27)

The following computation proves that the last coface is well-defined.
&) (2
m_g. R Q- cp—1Qcy ®7T(Cn )®m<—1>
=M gy0s @CLOCr1@Cp @ 7r(m<71>) QM gscis
ey @

=My, W Q- Cp1 & 7T(Tn<—1> ) @m__,,

We used (3.27) in the first equality and the coassociativity of C-coaction of M in
the second equality.
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Theorem 3.11. Let m : C — D be a coalgebra coextension and M be a D-
bicomodule. P

a) The module C™(C(D), M) = MO pCPr™ is a cosimplicial object with the co-
faces and codegeneracies as defined in (3.24) and (3.25).

b) Let M = C and set

t:CTpcPen — T peden,
which is given by
th(co®c1®...Qc) =01 ®...0 ¢,  co. (3.28)
Then (C™(C(D),C),d;, si,tn) 18 a cocyclic module.

The cyclic cohomology of the preceding cocyclic module is called relative cyclic co-
homology of coalgebra coextension C(D). The Theorem 3.11 is the dual statement
of [23][Theorem 1.5]. In fact

C™(C(D),C)=D0Op.COp--- OpC. (3.29)
—_———
n+1 times
For any Hopf Galois coextension C(D)* the canonical map 3: C ® H — COpC
induces the following bijection,

A" C @ HO" — ¢7r( )

( (n+1)

O ®... Qhy —s e @c ahy  @c ahy hy @...0c  ahy” by h.

By applying D pe— on the both sides of the map 8" we obtain the following
isomorphism of C-bicomodules;

p:CP @ H®"~DOp.C® H®" — DOp.COpC7P™ = ¢Pontl,
which is given by

COM®...R0 hy —>

) () (1) (3) @, (n)
c ®c <h; ®c <hi hy ®...Qc <h

Y ah™ ey b (3.30)

The inverse map
9071 . CDDnJrl N CD (®I{®n7
is given by

COX...QCcp+H—

(1)

@) @ @) @
o Qk(co ®c1 )k ®co

( )
)®...® Klcn_s ®cnoy )®

K(eno1 @ cp). (3.31)

By Theorem 3.8, the subspace CP is a right-left SAYD module over H. Using the
cocyclic module (1.10), the Hopf cyclic cohomology of H with coefficients in C is
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computed by the following cocyclic module;

5i(c@h) =h1 @ - hi@lg@hiy1® - h,®¢, 0<i<n,
Snr(c®h) = W e oh® e S(hl(Z) '”hn@))ﬁ(m) &
Ui(c®ﬁ):h1®"’®hihi+l®"'®hn®c,

Un(c®}~l) =h® - Qhp_18(hn) D¢,

T(c®h) =hy @ @hy @S by

)m(c“) DDC(I)) ® C(2) a hl(l)a
(3.32)

where c®h = c®h1®- - -@h,. We denote the above cocyclic module by C™(H, CP).
Now using the isomorphism ¢ given in (3.30) we define the following map,

¢ : C"(H,CP) — c™(C(D),C), (3.33)
which is given by

h1®hn®CP—>

(1) (2) (1) (3) (2) (1) (n) (n—1) (1)
c ®c <dhy ®c <dh; hy ®...Qc¢c <h cochp_q

(n+1) (n) (2)

c < h,l e hn—l hn, (334)
with the inverse map;

CHR...RQ¢cpH—

(1) (1)

@) ) (
k(co ’ ® 01(1)) ® K(Cl(z ®cy )®...® k(cp—2 ? ®cCp_1 )®

@) e))
K(eno1 ®cn)®co . (3.35)
Now we are ready to state the main result.

Theorem 3.12. Let C(D)? be a Hopf Galois coextension. The map v introduced
in (3.34) induces an isomorphism between the cocyclic modules C™(H,CP) and
C™"(C(D),C) and we obtain

HC™(H,CP) = HC"(C(D),C). (3.36)

Proof. It is straight forward and easy to prove that the map 1 commutes with
all cofaces, except the last one, and also codegeneracies. Here we show that i
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commutes with the cyclic operator and therefore with the last coface map.

to(P(h1 ®...Q hy, ®c))

=toc’ @’ ah @ AP @0 al T L haly”
Y am™ P ha)
= a9 amnh e 9 ah™ Y
(n+1) a hl(") 3 hn_1(2)hn ® c(l)
_ C(2>h,1(1) ® 0(3)h1(2) h2(1) Q- ® C(n+1)h1(n) L hn_l(l)hn(g)
g H(W)
_ C(Q)hl(l) ® 6(3)h1(2) h2(1) ® - ® C("-H)hl(") o hn(1)®
C(TL+2) hl(n+1)h2(ﬂ) o hn(Z) S(hn(?’)) o S(hl(n+2) )H(W)
_ C(2>h1(1) ® 0(3)h1(2) h2(1) Q- ® C(7L+1)h1(") o hn(1)®
C<n+2> h1<n+1>h2(n> o hn(Z)S(h1(7L+2) . hﬂ(S) )H(m)
_ (0(2)h1(1))(1) ® (C(Z)hl(l))(z)hQ(l) Q- ® (C<2) hl(l))(n) h2(1)(”*1) L hn(l)(1)®
(C(z)h1(1>)(n+1)h2(1)(n) L hn(l)(2)S(h1(2) o hn@))li(m)

(2) 2) (1)

= (s @ @hy @8 by )@ Opc) @c ahy')

=1l ®...® hy @ 0).

We used the Lemma 3.5(iv) in third equality. O

We summarize the headlines of this section in the following remark which are the
dual ones in Remark 2.5.

Remark 3.13. For any Hopf Galois coextension C'(D)| the following statements
hold.
i) The relative cocyclic module of coalgebra coextensions is a subspace which is
given by,

D®p.COp---OpC=COp-- OpC=(COp---OpC)P.
—_———

n+1 times

) The objects C @ H and C'0 pC are isomorphic in the category of © My
) The quotient space Cp = % is a coalgebra.
) The quotient space (C'O pC)p is a coalgebra.
v) The quotient space Cp is a left (C O pC)p-comodule and a right H-comodule.
) The subspace CP is a right (C'0 pC) p-comodule and a left H-comodule.
) The subspace C” =2 D[ p:C is a right-left SAYD module over H.
)

HC*(H,Cp) = HC*(C(D), 0).
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