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ON THE GROWTH OF SOLUTIONS OF HIGHER ORDER

LINEAR DIFFERENTIAL EQUATIONS
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Abstract. In this paper, we discuss the growth order of the meromorphic so-
lution of the differential equation An(z)f (n)(z) + · · ·+A1(z)f ′(z) +A0f(z) =

F (z) with meromorphic coefficients A0(z), A1(z), · · · , An(z) in some angular

regions and generalize a result in the complex plane C.

1. Introduction and Main Results

Let f(z) be a meromorphic function on the whole complex plane. We suppose
the readers know the standard notation of the Nevanlinna theory of meromorphic
functions, such as T (r, f), N(r, f),m(r, f), δ(a, f). For the details, see [5, 6, 7].
The order and lower order of f are defined as follows:

σ(f) = lim sup
r→∞

log T (r, f)

log r

and

µ(f) = lim inf
r→∞

log T (r, f)

log r
.

In this article, Ω(α, β) = {z : α ≤ arg z ≤ β}, Ω(α, β) = {z : α < arg z < β}, Ω
denotes an angular region.

In 2003, Belaidi and Hamani [2] investigated the growth of solutions to the
differential equation

f (k) +Ak−1(z)f (k−1) + · · ·+A1(z)f ′ +A0(z)f = 0, (1.1)

where A0, · · · , Ak−1 are entire functions with A0 6≡ 0 in C. They obtained a theorem
as follows:

Theorem A. Let A0, · · · , Ak−1 be entire functions that satisfy

max
0≤j≤k−1

{σ(Aj)} < σ(A1).

Then every solution f 6≡ 0 to (1.1) of finite order satisfies σ(f) ≥ σ(A1).
Let f(z) be a meromorphic function in an angular region Ω(α, β). Recall the

definition of Ahlfors-Shimizu characteristic in an angular region (see [6]). Set
Ω(r) = Ω(α, β) ∩ {z : 1 < |z| < r} = {z : α < arg z < β, 1 < |z| < r}. De-
fine

S(r,Ω, f) =
1

π

∫∫
Ω(r)

(
|f ′(z)|

1 + |f(z)|2

)2

dσ
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and

T (r,Ω, f) =

∫ r

1

S(t,Ω, f)

t
dt.

The order and lower order of f on Ω are defined as follows

σα,β(f) = lim sup
r→∞

log T (r,Ω, f)

log r

and

µα,β(f) = lim inf
r→∞

log T (r,Ω, f)

log r
.

Remark. We remark that the order σα,β(f) of a meormorphic function f on an
angular region here we give is reasonable, because T (r,C, f) = T (r, f) +O(1).

Suppose f 6≡ 0 is a function analytic on for fixed r. We define the maximum
modulus M(r,Ω(α, β), f) = maxα≤θ≤β |f(reiθ)| of f(z) on Ω(r, α, β) and the order

ρα,β(f) on Ω(α, β) by

ρα,β(f) = lim sup
r→∞

log logM(r,Ω(α, β), f)

log r
.

In 1994, Wu [9] studied the growth of solutions to the second order linear differ-
ential equation in the angle and gave Theorem B as follows.

Theorem B. Let A(z) and B(z) be analytic on Ω(α, β). If for any K > 0, the
measure of {

θ : α < θ < β, lim inf
r→∞

(|A(reiθ)|+ 1)rK

|B(reiθ)|
= 0

}
is bigger than zero, then any solution f 6≡ 0 to the equation

f ′′ +A(z)f ′ +B(z)f = 0 (1.2)

has ρα,β(f) = +∞.
In 1992, Wu [8] also obtained a growth theorem in the angular region as follows.
Theorem C. Let A and B be meromorphic in C with σ(A) < σ(B) and δ(∞, B) >

0. Then every nontrivial meromorphic solution f to (1.2) has infinite order. Fur-
thermore, if σ(B) ≤ 1/2 and δ(∞, B) = 1, then σα,β(f) = +∞ for every angular
region Ω(α, β).

In this paper, we consider the following differential equation

An(z)f (n)(z) +An−1(z)f (n−1)(z) + · · ·+A0(z)f(z) = F (z), (1.3)

where A0(z), · · · , An(z), F (z) are meromorphic functions in C. We investigate the
higher order and meromorphic coefficient case and give estimations of the growth
of the solution in some angular regions.

Theorem 1.1. Let A0(z) be a meromorphic function in C of finite lower order
µ < ∞ and nonzero order 0 < λ ≤ ∞ and δ(∞, A0) > 0. For any positive and
finite τ with µ ≤ τ ≤ λ, consider the angular region Ω(α, β) with

β − α > 2π − 4

τ
arcsin

√
δ(∞, A0)

2
.

If Aj(z)(j = 1, 2, · · · , n) are meromorphic functions in C with T (r,Aj) = o(T (r,A0)),
then every solution f 6≡ 0 to the equation

Anf
(n) +An−1f

(n−1) + · · ·+A0f = 0
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has the order σα,β(f) = +∞ in Ω(α, β).

It is easy to see that Theorem C is a consequence of Theorem 1.1.

Theorem 1.2. Let A1, · · · , An, F be meromorphic functions in the complex plane
C, f 6≡ 0 be a meromorphic solution to equation (1.3) of finite order. If the angular
region Ω(α, β) satisfies

β − α >
{

π

σα,β(Aj)
,

π

σα,β(F )
,

π

σα,β(f)
; j = 1, 2, · · · , n

}
and max

j 6=k
{σα,β(Aj), σα,β(F )} < σα+δ,β−δ(Ak), where δ > 0 is small enough, then

σα,β(f) ≥ σα+δ,β−δ(Ak).

Finally, we give Theorem 1.3, which is the complex plane case of Theorem 1.2
and is a generalization of Theorem A.

Theorem 1.3. Let A1, · · · , An, F be meromorphic functions in the complex plane
C, f 6≡ 0 be a meromorphic solution of equation (1.3) of finite order. If

max
0≤j≤n,j 6=k

{σ(Aj), σ(F )} < σ(Ak),

then σ(f) ≥ σ(Ak).

2. Basic Knowledge and Some Lemmas

In order to prove the theorems, we give some lemmas. The following result is
from [11, 12, 13].

Lemma 2.1. Let T (r) be a non-negative and non-decreasing real function in (0,∞)
with lower order

µ(T ) = lim inf
r→∞

log T (r)

log r
<∞

and order

0 < λ(T ) = lim sup
r→∞

log T (r)

log r
≤ ∞.

Then for any positive number µ ≤ σ ≤ λ and any set E with finite measure, there
exists a sequence {rn} such that

(1) rn /∈ E, lim
n→∞

rn
n =∞;

(2) lim inf
n→∞

log T (rn)
log rn

≥ σ;

(3) T (t) < (1 + o(1))( 2t
rn

)σT (rn/2), t ∈ [rn/n, nrn];

(4) T (t)/tσ−εn ≤ 2σ+1T (rn)/rσ−εnn , 1 ≤ t ≤ nrn, εn = [log n]−2.

The sequence {rn} is called the Pólya peaks of order σ outside E. Given a
positive function Λ(r) satisfying limr→∞ Λ(r) = 0, for r > 0 and a ∈ C, we define

DΛ(r, a) =

{
θ ∈ [−π, π) : log+ 1

|f(reiθ)− a|
> Λ(r)T (r, f)

}
,

and
DΛ(r,∞) = {θ ∈ [−π, π) : log+ |f(reiθ)| > Λ(r)T (r, f)}.

The following result is called the spread relation, which was conjectured by Edrei
[3] and proved by Baernstein [1].
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Lemma 2.2. Let f(z) be transcendental and meromorphic in C of the finite lower
order µ < ∞ and the positive order 0 < λ ≤ ∞ and have one deficient value a ∈
Ĉ := C∪{∞}. Then for any sequence of Pólya peaks {rn} of order σ > 0, µ ≤ σ ≤ λ
and any positive function Λ(r)→ 0 as r → +∞, we have

lim inf
n→∞

measDΛ(rn, a) ≥ min

{
2π,

4

σ
arcsin

√
δ(a, f)

2

}
,

where meas denotes the Lebesgue measure of the set DΛ(rn, a).

Nevanlinna theory on the angular domain plays an important role in this paper.
Let us recall the following terms (see [4]):

Aα,β(r, f) =
ω

π

∫ r

1

(
1

tω
− tω

r2ω

)
[log+ |f(teiα)|+ log+ |f(teiβ)|]dt

t
,

Bα,β(r, f) =
2ω

πrω

∫ β

α

log+ |f(reiθ)| sinω(θ − α)dθ,

Cα,β(r, f) = 2
∑

1<|bn|<r

(
1

|bn|ω
− |bn|

ω

r2ω

)
sinω(θn − α),

where ω = π/(β − α), and bn = |bn|eiθn is a pole of f(z) in the angular domain
Ω(α, β), appears according to its multiplicity. The Nevanlinna’s angular character-
istic is defined as follows:

Sα,β(r, f) = Aα,β(r, f) +Bα,β(r, f) + Cα,β(r, f).

The following lemma (see [4]) is the Nevanlinna first and second fundamental
theorem on the angular domains.

Lemma 2.3. Let f be a nonconstant meromorphic function on the angular domain
Ω(α, β). Then for any complex number a,

Sα,β(r, f) = Sα,β

(
r,

1

f − a

)
+O(1), r →∞;

and for any q(≥ 3) distinct points aj ∈ Ĉ (j = 1, 2, . . . , q),

(q − 2)Sα,β(r, f) ≤
q∑
j=1

Cα,β

(
r,

1

f − aj

)
+Qα,β(r, f),

where

Qα,β(r, f) = (A+B)α,β

(
r,
f ′

f

)
+

q∑
j=1

(A+B)α,β

(
r,

f ′

f − aj

)
+O(1).

The key point is the estimation of the error term Qα,β(r, f), which can be ob-
tained for our purpose of this paper as follows. And the following is true (see [4]).
Write

Qα,β(r, f) = Aα,β

(
r,
f (p)

f

)
+Bα,β

(
r,
f (p)

f

)
.

Then
(1)Qα,β(r, f) = O(log r) as r →∞, when σ(f) <∞;
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(2)Qα,β(r, f) = O(log r + log T (r, f)) as r → ∞ and r /∈ E when σ(f) = ∞,
where E is a set with finite linear measure.

Zheng [13] compared the relationship between T (r, f) and T (r, f (k)) and ob-
tained

T (r, f (k)) ≤ N(r, f (k)) +m(r, f) +m(r,
f (k)

f
)

= kN(r, f) + T (r, f) +m(r,
f (k)

f
)

≤ (k + 1)T (r, f) +m(r,
f (k)

f
).

The following result is useful for our study, the proof of which is similar to
the case of the characteristic function T (r, f) and T (r, f (k)) on the whole complex
plane, see [12].

Lemma 2.4. Let f(z) be a meromorphic function on the whole complex plane.
Then for any angular domain Ω(α, β), we have

Sα,β(r, f (p)) ≤ (p+ 1)Sα,β(r, f) +Qα,β(r, f).

Wu [8] established the following which is estimates for the logarithmic derivative
of a meromorphic function in an angular region.

Lemma 2.5. Let f be a meromorphic function on the angular region Ω(α, β) with
finite order ρ, let Γ = {(n1,m1), (n2,m2), · · · , (nj ,mj)} denote a finite set of dis-
tinct pairs of integers satisfying ni > mi ≥ 0 for i = 1, 2, · · · , j, and let ε > 0 and
δ > 0 be given constants. Then there exists K > 0 depending only on f, ε, δ such
that ∣∣∣∣ f (n)(z)

f (m)(z)

∣∣∣∣ < K|z|(n−m)(kδ+2ρ+1+ε)(sin kδ(ϕ− α− δ))−2n−m
, (2.1)

for all (n,m) ∈ Γ and all z = reiϕ ∈ Ω(α+ δ, β− δ) except for an R−set, that is, a
countable union of discs whose total radii have finite sum, where kδ = π/(β−α−2δ).

In order to make it clearly, we give the definition of an R−set.

Definition 2.1. Let B(zn, rn) = {z : |z−zn| < rn} be an open disk on the complex
plane. If

∑∞
n=1 rn <∞. We call ∪∞n=1B(zn, rn) an R−set.

The following result was firstly established by Zheng [12, Theorem 2.4.7], which
gives the relation between Sα,β(r, f) and T (r,Ω, f), and it is crucial for our study.

Lemma 2.6. Let f(z) be a function meromorphic on Ω = Ω(α, β). Then

Sα,β(r, f) ≤ 2ω2 T (r,Ω, f)

rω
+ ω3

∫ r

1

T (t,Ω, f)

tω+1
dt+O(1),

and for ε > 0 small enough, putting Ωε = {z : α+ ε < arg z < β − ε},

Sα,β(r, f) ≥ ω sin(ωε)
T (r,Ωε, f)

rω
+ω2 sin(ωε)

∫ r

1

T (t,Ωε, f)

tω+1
dt+O(1), ω =

π

β − α
.
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3. Proof of Theorem 1.1

Proof. We suppose that there exists a nontrivial meromorphic solution f such
that σα,β(f) < +∞. In view of Lemma 2.5, there exists a constant M > 0 not
depending on z such that∣∣∣∣f (j)(z)

f(z)

∣∣∣∣ < |z|M for j = 1, 2, · · · , n

for all z ∈ Ω(α + ε, β − ε) except for a R−set D. For D, we can define a set
E = {r > 0|∃z ∈ D, s.t.|z| = r} thus

measE <∞.

Since µ(A0) < ∞, T (r,A0) satisfies the condition of Lemma 2.1, there exists a
sequence of Pólya peaks {rn} of order τ of T (r,A0) and rn /∈ E. We define a real
function Λ(r) by

Λ(r)2 = max

{
T (rn, Aj)

T (rn, A0)
,

log rn
T (rn, A0)

; j = 1, 2, · · · , n
}
, for rn ≤ r < rn+1.

Obviously limr→∞ Λ(r) = 0. In light of Lemma 2.2, for all sufficiently large n and

small ε > 0 with β − α > 2π − 4
τ arcsin

√
δ(∞,A0)

2 + 4ε, we have

measDΛ(rn) ≥ min

{
2π,

4

τ
arcsin

√
δ(∞, A0)

2

}
− ε,

where

DΛ(rn) = {θ ∈ [0, 2π) : log+ |A0(rne
iθ)| > Λ(rn)T (rn, A0)}.

We easily see that

meas(DΛ(rn) ∩ [α+ ε, β − ε]) ≥ meas(DΛ(rn))−meas([−π, π] \ (α+ ε, β − ε))
= meas(DΛ(rn))−meas([−π, α+ ε] ∪ [β − ε, π])

> ε

and ∫ β−ε

α+ε

log+ |A0(rne
iθ)|dθ ≥

∫
DΛ(rn)∩[α+ε,β−ε]

log+ |A0(rne
iθ)|dθ

≥ εΛ(rn)T (rn, A0).

It is obvious that

measD′Λ(rn) = meas{θ : rne
iθ ∈ D} = 0.

Set Dn,ε = DΛ(rn) ∩ [α+ ε, β − ε]\D′Λ(rn). We deduce that∫
Dn,ε

log+ |A0(rne
iθ)|dθ ≤

∫
Dn,ε

 n∑
j=1

log+

∣∣∣∣f (j)(rne
iθ)

f(rneiθ)

∣∣∣∣+

n∑
j=1

log+ |Aj(rneiθ)|

 dθ

≤
∫
Dn,ε

n∑
j=1

log+ |Aj(rneiθ)|dθ +O(log rn)

≤ Λ2(rn)T (rn, A0).
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These inequalities imply that

εΛ(rn) ≤ Λ2(rn).

This contradicts Λ(rn)→ 0. �

4. Proof of Theorem 1.2

Proof. Set q = max
j 6=k
{σα,β(Aj), σα,β(F )} < σα+δ,β−δ(Ak) = p. Suppose that f is a

solution of (1.3) with σ(f) < +∞. It follows from (1.3) that

−Ak(z) = An(z)
f (n)

f (k)
+· · ·+Ak+1(z)

f (k+1)

f (k)
+Ak−1(z)

f (k−1)

f (k)
+· · ·+A0(z)

f

f (k)
−F (z)

f (k)
.

(4.1)
Hence from Nevanlinna theory of value distribution of meromorphic functions in
the angular region, we have

Sα,β(r,Ak) ≤
∑

0≤j≤n,j 6=k

(
Sα,β(r,Aj) + Sα,β

(
r,
f (j)

f (k)

))

+ Sα,β(r, F ) + Sα,β

(
r,

1

f (k)

)
+O(1)

≤
∑

0≤j≤n,j 6=k

(Sα,β(r,Aj) + Sα,β(r, f (j))) + Sα,β(r, F )

+ (n+ 1)Sα,β

(
r,

1

f (k)

)
+O(1)

=
∑

0≤j≤n,j 6=k

(Sα,β(r,Aj) + Sα,β(r, f (j)))

+ Sα,β(r, F ) + (n+ 1)Sα,β(r, f (k)) +O(1)

≤
∑

0≤j≤n,j 6=k

(Sα,β(r,Aj) + (j + 1)Sα,β(r, f)) + Sα,β(r, F )

+ (n+ 1)(k + 1)Sα,β(r, f) +O(log r)

(4.2)

holds for all r outside a set E ⊂ [0,∞) with measE = δ < +∞. It follows from
(4.2) that for all r /∈ E

Sα,β(r,Ak) ≤
∑

0≤j≤n,j 6=k

Sα,β(r,Aj) +O(Sα,β(r, f)) + Sα,β(r, F ) +O(log r). (4.3)

By Lemma 2.6 and (4.3), we have

ω sin(ωε)
T (r,Ωε, Ak)

rω
+O(1) ≤ 2ω2 T (r,Ω)

rω
+ ω3

∫ r

1

T (t,Ω)

tω+1
dt+O(log r), (4.4)

where T (t,Ω) =
∑

0≤j≤n,j 6=k T (r,Ω, Aj) +O(T (r,Ω, f)) + T (r,Ω, F ).

Since σα+δ,β−δ(Ak) = p, by the existence of Pólya peaks, there exists {rn} → ∞
outside E such that

lim inf
rn→∞

log T (rn,Ωδ, Ak)

log rn
≥ p. (4.5)
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Therefore, for any given 0 < ε < (p− q)/2, and for 0 ≤ j ≤ n, j 6= k

T (rn,Ω, Aj) < rq+εn , T (rn,Ω, Ak) > rp−εn , T (rn,Ω, F ) < rq+εn (4.6)

hold for sufficiently large rn. Moreover, putting σ = σα,β(f), then

T (t,Ω, Aj) < tq+ε, T (t,Ω, F ) < tq+ε, T (t,Ω, f) < tσ+ε as t→∞.
Thus, we have ∫ rn

1

T (t,Ω)

tω+1
dt ≤ O(rq+ε−ωn + rσ+ε−ω

n ). (4.7)

From (4.4), (4.6) and (4.7) we get for sufficiently large rn,

rp−εn ≤ O(rq+εn + rσ+ε
n ) +O(rωn log rn). (4.8)

In view of O(rq+εn ) < 1
2r
p−ε
n , and O(rωn log rn) < rσ+ε

n , we obtain

1

2
rp−εn ≤ O(rσ+ε

n ).

Hence, σα,β(f) = σ ≥ p. �

5. Proof of Theorem 1.3

Proof. Set ι = max
j 6=k
{σ(Aj), σ(F )} < σ(Ak) = κ. Suppose that f is a solution to

(1.3) with σ(f) = σ < +∞. It follows from (1.3) that

−Ak(z) = An(z)
f (n)

f (k)
+· · ·+Ak+1(z)

f (k+1)

f (k)
+Ak−1(z)

f (k−1)

f (k)
+· · ·+A0(z)

f

f (k)
−F (z)

f (k)
.

(5.1)
Hence from Nevanlinna theory of value distribution of meromorphic functions in
the complex plane,

T (r,Ak) ≤
∑

0≤j≤n,j 6=k

(
T (r,Aj) + T

(
r,
f (j)

f (k)

))
+ T (r, F ) + T

(
r,

1

f (k)

)
+O(1)

≤
∑

0≤j≤n,j 6=k

(T (r,Aj) + T (r, f (j))) + T (r, F ) + (n+ 1)T

(
r,

1

f (k)

)
+O(1)

=
∑

0≤j≤n,j 6=k

(T (r,Aj) + T (r, f (j))) + T (r, F ) + (n+ 1)T (r, f (k)) +O(1)

≤
∑

0≤j≤n,j 6=k

(T (r,Aj) + (j + 1)T (r, f)) + T (r, F )

+ (n+ 1)(k + 1)T (r, f) +O(log r)

(5.2)

holds for all r outside a set E ⊂ [0,∞) with measE = δ < +∞. It follows from
(5.2) that for all r /∈ E

T (r,Ak) ≤
∑

0≤j≤n,j 6=k

T (r,Aj) +O(T (r, f)) + T (r, F ) +O(log r). (5.3)

Since σ(Ak) = κ, by the existence of Pólya peaks, there exists {rn} → ∞ outside
E such that

lim inf
rn→∞

log T (rn, Ak)

log rn
≥ κ.
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Therefore for any given 0 < ε < (κ− ι)/2, and for 0 ≤ j ≤ n, j 6= k

T (rn, Aj) < rι+εn , T (rn, Ak) > rκ−εn , T (rn, F ) < rι+εn (5.4)

hold for sufficiently large rn. From (5.3) and (5.4), we get for sufficiently large rn,

rκ−εn ≤ O(rι+εn + rσ+ε
n ) +O(log rn). (5.5)

Therefore σ(f) = σ ≥ κ. �
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