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Abstract. In this paper, we discuss the growth order of the meromorphic so-
lution of the differential equation An (2)f(™ (2) +- -+ A1(2)f'(2) + Aof(z) =
F(z) with meromorphic coefficients Ag(z), A1(z), -+, An(z) in some angular
regions and generalize a result in the complex plane C.

1. Introduction and Main Results

Let f(z) be a meromorphic function on the whole complex plane. We suppose
the readers know the standard notation of the Nevanlinna theory of meromorphic
functions, such as T'(r, f), N(r, f),m(r, f),0(a, f). For the details, see [5, 6, 7].
The order and lower order of f are defined as follows:

logT
o(f) = limsup oef\ny) (r.f)
r—00 log
and . f)
.. dogT(r,
pf) = liminf =7

In this article, Q(a, 3) = {2z : a < argz < B}, Qo,8) = {2z : a < argz < B}, Q
denotes an angular region.

In 2003, Belaidi and Hamani [2] investigated the growth of solutions to the
differential equation

FR + A1 () fFD 4+ A(2) f + Ao(2) f =0, (1.1)
where Ag, -+ , Ax_1 are entire functions with Ay # 01in C. They obtained a theorem
as follows:

Theorem A. Let Ag,--- ,Aix_1 be entire functions that satisfy
e {o(4)} < o(4y).

Then every solution f #£ 0 to (1.1) of finite order satisfies o(f) > o(A7).

Let f(z) be a meromorphic function in an angular region Q(a, 3). Recall the
definition of Ahlfors-Shimizu characteristic in an angular region (see [6]). Set
Qr) = Qa,f)N{z: 1 < |z| <r} =12 a <argz < f,1 < |z] < r}. De-

fine )
St s) = [@u<1+u o)
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and
T2 = [ S8 T) g,

The order and lower order of f on  are defined as follows

. log 7 (r, 92, f)

Ou =limsup ———=
8(f) msup =

and log T(r.2. f)
T . 0g T3,

fra5(f) = lim inf B T—

Remark. We remark that the order o, g(f) of a meormorphic function f on an

angular region here we give is reasonable, because T (r,C, f) = T(r, f) + O(1).
Suppose f # 0 is a function analytic on for fixed ». We define the maximum

modulus M (r, Q(a, B), f) = maxa<p<p | f(re??)| of f(2) on Q(r, a, B) and the order

Pa,p(f) on Q(a, B) by

. log log M (r, Q(a, B),
() = lim s 1M )
r—00 ogr
In 1994, Wu [9] studied the growth of solutions to the second order linear differ-

ential equation in the angle and gave Theorem B as follows.
Theorem B. Let A(z) and B(z) be analytic on Q(a, 8). If for any K > 0, the

measure of
. (A + 1)
{0.a<9<ﬁ,hrrg£f Bl =0
is bigger than zero, then any solution f Z 0 to the equation

f"+AR)f +B()f=0 (1.2)

has pa,g(f) = +oo.

In 1992, Wu [8] also obtained a growth theorem in the angular region as follows.

Theorem C. Let A and B be meromorphic in C with 0(A) < o(B) and §(c0, B) >
0. Then every nontrivial meromorphic solution f to (1.2) has infinite order. Fur-
thermore, if 0(B) < 1/2 and 6(co0, B) = 1, then 04, 5(f) = +0o for every angular
region O, B).

In this paper, we consider the following differential equation

An(2) M (2) + Anc1 () fV(2) + - + Ao(2) f(2) = F(2), (1.3)

where Ag(2),- -+, An(2), F(2) are meromorphic functions in C. We investigate the
higher order and meromorphic coefficient case and give estimations of the growth
of the solution in some angular regions.

Theorem 1.1. Let Ay(z) be a meromorphic function in C of finite lower order
@ < oo and nonzero order 0 < A < oo and §(c0, Ag) > 0. For any positive and
finite 7 with p < 7 < X\, consider the angular region Q(a, §) with
B—a>2r— éarcsin M.
T 2
IfAj(2)(j =1,2,--- ,n) are meromorphic functions in C with T'(r, A;) = o(T'(r, Ao)),
then every solution f % 0 to the equation

Anf(”) +An_1f(”*1) ++A0f =0
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has the order o, g(f) = +00 in Q(«, B).
It is easy to see that Theorem C is a consequence of Theorem 1.1.

Theorem 1.2. Let Ay, -, A,, F be meromorphic functions in the complex plane
C, f £ 0 be a meromorphic solution to equation (1.3) of finite order. If the angular
region Q(«, B) satisfies

T 7r T
ﬁ_a>{ ) ’ ;j:1727"'7n}
0a,8(4;) 0ap(F) 0aps(f)
and mfg{au,ﬂ(Aj)an,ﬁ(F)} < Oats,8-6(Ak), where § > 0 is small enough, then
j
Ta,p(f) 2 Oats,5-5(Ak)-

Finally, we give Theorem 1.3, which is the complex plane case of Theorem 1.2
and is a generalization of Theorem A.

Theorem 1.3. Let Ay,---, A,, F be meromorphic functions in the complex plane
C, f £ 0 be a meromorphic solution of equation (1.3) of finite order. If
Inax;ék{a(Aj), o(F)} < o(Ax),

0<j<n,j

then o(f) > o(Ag).

2. Basic Knowledge and Some Lemmas

In order to prove the theorems, we give some lemmas. The following result is
from [11, 12, 13].

Lemma 2.1. Let T'(r) be a non-negative and non-decreasing real function in (0, 00)
with lower order lou T
w(T) = lim inf log T'(r) < 00
r—oo  logr

and order |
ogT(r) .

0 < M(T) = limsup

r—00 lo
Then for any positive number p < o < X\ and any set E with finite measure, there
exists a sequence {rp} such that
(1) r, ¢ E, nl;néo T = 00;
log T'(ry)
log - 77
(3) T(t) < (1+ (1)) (Z)°T(ra/2),t € [ra/m, nrsl;
(4) T(t)/to=n <2071 (r,,) Jrd—5n 1 < t < nryy, 6 = [logn] 2.

(2) it

The sequence {r,} is called the Pdlya peaks of order o outside E. Given a
positive function A(r) satisfying lim, ., A(r) =0, for » > 0 and a € C, we define

L. A(r)T(r,ﬂ},

r.a) = —m,m):logt ———
Dalra) = {0 € [-mm) g oo

and
Da(r,00) = {0 € [, 7) : log™ | f(re’)[ > A(r)T(r, )}.

The following result is called the spread relation, which was conjectured by Edrei
[3] and proved by Baernstein [1].
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Lemma 2.2. Let f(z) be transcendental and meromorphic in C of the finite lower
order p < oo and the positive order 0 < A < 0o and have one deficient value a €
C:= CU{oo}. Then for any sequence of Pdlya peaks {r,} of ordero > 0,u <o <\
and any positive function A(r) — 0 as r — 400, we have

4 )
lim inf meas Dy (1, a) > min {27r, — arcsin (a,f)} ,
n—oo o 2
where meas denotes the Lebesque measure of the set D (ry,, a).

Nevanlinna theory on the angular domain plays an important role in this paper.
Let us recall the following terms (see [4]):

w [M/1 w . d
Aplrnd) =2 [ (G = 7 ) Do 17| + o™ 10 ) -

™

2w ([P + i0\| o
Ba,g(r,f):m log™ |f(re')|sinw(f — «)db,

1 bl .
Cap(r, f)=2 Z (|b T ‘7"2“" >smw(9n—a),

1<|by|<r

where w = 7/(8 — a), and b, = |b,|e?" is a pole of f(2) in the angular domain
Q(«, B), appears according to its multiplicity. The Nevanlinna’s angular character-
istic is defined as follows:

Soz,ﬁ (T’, f) - Aa,ﬂ(ra f) + Ba,ﬁ (Ta f) + Cozﬁ (Ta f)
The following lemma (see [4]) is the Nevanlinna first and second fundamental

theorem on the angular domains.

Lemma 2.3. Let f be a nonconstant meromorphic function on the angular domain
Q(c, B). Then for any complex number a,

1
S(’“ﬁ(r’ f)= Sa,p <T7 f—a) +0(1), r— oo;
and for any q(> 3) distinct points a; € C (j=1,2,...,q),

q
(0= D505(:1) < 3 Cop (12 ) + Qo )
=1 ’
where

! /!

Qus(r, ) = (A+ Bag <r, J}) + zq:(A + Bag (n ffa]) +0(1).

Jj=1

The key point is the estimation of the error term Qg g(r, f), which can be ob-
tained for our purpose of this paper as follows. And the following is true (see [4]).

Write
Qa,ﬂ("”» f) - OZ,B T, f OZ,B T, f .
Then

(1)Qa,p(r, f) = O(logr) as r — oo, when o(f) < o0;
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(2)Qa,p(r, f) = O(logr + logT'(r, f)) as r — oo and r ¢ E when o(f) = oo,
where E is a set with finite linear measure.

Zheng [13] compared the relationship between T'(r, f) and T'(r, f*)) and ob-
tained
K k f®
T(T7f( )) < N(T‘,f( ))—|—m(r,f)+m(7‘,7)

— f)
= kN(Taf) +T(Taf) +m(raT)
f ()

The following result is useful for our study, the proof of which is similar to
the case of the characteristic function T'(r, f) and T'(r, f*)) on the whole complex
plane, see [12].

Lemma 2.4. Let f(z) be a meromorphic function on the whole complex plane.
Then for any angular domain Q(«, B), we have

Saa(r fP)) < (p+1)Sas(r, ) + Qua(r, f).

Wu [8] established the following which is estimates for the logarithmic derivative
of a meromorphic function in an angular region.

Lemma 2.5. Let f be a meromorphic function on the angular region Q(a, B) with
finite order p, let T' = {(ny1,m1), (n2, ma),--- , (n;,m;)} denote a finite set of dis-
tinct pairs of integers satisfying n; > m; >0 fori=1,2,--- 4, and let € > 0 and
6 > 0 be given constants. Then there exists K > 0 depending only on f, e, such
that

gn—m

< K|z|(nmm) ks +204148) (gin ks (o — o — 6)) 72 7, (2.1)

fm(z)
for all (n,m) €T and all z = re¥ € Q(a+ 6,8 —6) except for an R—set, that is, a
countable union of discs whose total radii have finite sum, where ks = w/(8—a—20).

In order to make it clearly, we give the definition of an R—set.

Definition 2.1. Let B(zy,r,) = {2 : |2—2n| < rn} be an open disk on the complex
plane. If Y- | 7, < oco. We call U2 B(zy,,7,,) an R—set.

The following result was firstly established by Zheng [12, Theorem 2.4.7], which
gives the relation between S, g(r, f) and T (r, €, f), and it is crucial for our study.

Lemma 2.6. Let f(z) be a function meromorphic on Q = Q(«, 8). Then

T(r,Q f " T(,Q, f)
Sap(r, f) < 207 e+ 0(1),
and for e > 0 small enough, putting Q. = {z:a+ec<argz < f —¢e},
<3 ( € f) T t 957 f) T
Sap(r, f) 2 wsin(we) —————= o +w? sin(we) s, ———=dt+0(1), w= o
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3. Proof of Theorem 1.1

Proof. We suppose that there exists a nontrivial meromorphic solution f such
that 04, 5(f) < 4+00. In view of Lemma 2.5, there exists a constant M > 0 not
depending on z such that

‘ f

<|zMfor j=1,2,---,n

(j)(z)
/()
for all z € Q(a+¢,8 — ¢) except for a R—set D. For D, we can define a set
E ={r > 0|3z € D,s.t.|z| = r} thus

meas F£ < oo.

Since u(Ag) < oo, T(r,Ag) satisfies the condition of Lemma 2.1, there exists a
sequence of Pélya peaks {r,} of order 7 of T'(r, Ag) and r,, ¢ E. We define a real
function A(r) by
T(rn,A;) logr
A 2 _ ns 41j no,
09 =max{ T OB
Obviously lim, o, A(r) = 0. In light of Lemma 2.2, for all sufficiently large n and
small € > 0 with § —a > 27 — %arcsin\/ (S(OOT’AO) + 4e, we have

j=12--- ,n}, for r, <r <rpyq.

4 ) A
meas Dy (r,) > min {2#, — arcsin W} —¢,
T

where
Dp(rn) = {6 €[0,2r) : log™ |Ag(rne®®)| > A(rp)T (rp, Ao) }-
We easily see that
meas(Dp(rn) N[a+¢,8 —¢€]) > meas(Dj(r,)) — meas([—m, 7]\ (a+¢,8 —¢))
= meas(Dp(ry,)) — meas([—m,a+¢] U [8 —&,7])
>c
and

B—e ) )
/ bymwwwwz/ log™ | Ao(rne'®)|d6
ate Dp (rp)N[a+te,B—¢]

> eA(rp)T(rp, Ao).
It is obvious that
meas D'y (1,) = meas{6 : r,e"’ € D} = 0.

Set Dy, . = D(rn) N[a+¢€, 8 —e]\D)(rn). We deduce that
S’
j=1

/ log™ |Ag(rne'®)|do < /
Dy« D

< / > log" [Aj(rae)|do + O(log ry)

Dn,s j:1

< A2 (1) T (1, Ag).

n

£9) 1)
f(rnei®)

+ Z logt |A;(rne)| | do
j=1

n,e
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These inequalities imply that
eN(ry) < A%(rp).
This contradicts A(ry,) — 0. O

4. Proof of Theorem 1.2
Proof. Set ¢ = rgga]z({aa”g(Aj),aaﬁ(F)} < 0a+s,8-6(Ak) = p. Suppose that f is a
solution of (1.3) with o(f) < +o0. It follows from (1.3) that

) f+D =1 f  F(2)

—A(z) = An(z)WJr- - '+Ak+1(Z)W+Ak71(Z)W+' - -+A0(z)f(k) BCh
(4.1)

Hence from Nevanlinna theory of value distribution of meromorphic functions in
the angular region, we have

)
Sap(r A < ) (5047;9(7“, Aj)+ Sap (n %))

0<j<n,j#k

1
+ Sa,5(r, F) + Sa,p <r, f(k)> +0(1)

Y (Sas(rA)) + Sap(r, ) + Sas(r, F)

0<j<n.j#k

IN

1
+(n+1)Sap <7", f(k)> +0(1)
= Z (Sa,5(r, Aj) + Sap(r, f9))
0<j<n,j#k
+ Sap(r, F) + (n+1)Sa5(r, f®) + O(1)

D (Saps(rA)) + (G +1)Sas(r, f) + Sas(r, F)
0<j<n,jk

IN

+(n+1)(k+1)S, g(r, f) + O(logr)
(4.2)

holds for all r outside a set £ C [0,00) with meas E = § < +o0. It follows from
(4.2) that for all r ¢ E

Sap(r, Ak) < Y Sap(r, A) + O(Sas(r, ) + Sas(r, F) + O(logr). (4.3)

0<j<n,j#k
By Lemma 2.6 and (4.3), we have
wsin(we)M +0(1) < QwZM + w3/ C(t;_?)dt + O(logr), (4.4)

where T(t,Q) = 3 0cicp i T(1,Q, Aj) + O(T (r,Q, ) + T (r, Q, F).
Since oa+s,8-5(Ak) = p, by the existence of Pélya peaks, there exists {r,} — oo
outside E such that

log T (1, s, Ai) S

lim inf
Tn—+00 logr,

(4.5)
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Therefore, for any given 0 < e < (p—¢q)/2, and for 0 < j < m,j #k
T (rn, QA7) <718 T(rn, Q, Ag) > r27% T(r,,Q F) < rite (4.6)
hold for sufficiently large r,,. Moreover, putting o = o, g(f), then
T(t,Q,4;) <t T(t,QF) <t T(,Q,f) <t’ ast — oco.

Thus, we have

" T(t’ Q) E—w OT&E—W
e dt < O(r&te=« 4 pgtew), (4.7)

From (4.4), (4.6) and (4.7) we get for sufficiently large r,,
P < O(rdTe +791) + O(r¥ log 1y,). (4.8)

In view of O(rd*¢) < k=%, and O(r% logry,) < 757, we obtain

Hence, 0,.5(f) =0 > p. O

5. Proof of Theorem 1.3

Proof. Set 1 = mjg{{a(Aj),a(F)} < o(Ag) = k. Suppose that f is a solution to
j

(1.3) with o(f) = 0 < 4o00. It follows from (1.3) that

(n) (k+1) (k—1) 7
—Ap(z) = An(z)%—k. . .+Ak+1(z)ffT+Ak,1(z)ffT+. . '+A0(2)JJM_J051?'
(5.1)

Hence from Nevanlinna theory of value distribution of meromorphic functions in
the complex plane,

T(rAn < Y (T(r, AN +T (r, ing)) T F)+T (r, f(lk)) +0(1)

0<j<n,j#k

< > (T A)+T(r f9) +T(r, F)+ (n+1)T <r, (1k)> +0(1)
0<j<n,j#k !

= Y (T A)+ T f9) +T(r, F) + (n+ D)T(r, fP) +0(1)
0<j<n,j#k

< > (T A)+ (G +1)T(r f) + T(r, F)
0<j<n,j#k

+(n+1O)(k+1)T(r, f) +O(ogr)

(5.2)

holds for all r outside a set E C [0,00) with meas F = § < +o0. It follows from
(5.2) that for all r ¢ E

T(r,Ax) < Y T(r,A;) +O(T(r, [)) + T(r,F) + Ologr). (5.3)
0<j<n,j#k
Since o(Ag) = k, by the existence of Pélya peaks, there exists {r,} — oo outside
E such that loa T A
lim inf 08 2\, Ak) (rn, Ak) > K

Tn—00 log 7,
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Therefore for any given 0 < ¢ < (k —¢)/2, and for 0 < j <n,j#k

T(rn, A;) <1t T(rp, Ag) > ri=c, T(r,, F) <rite (5.4)

hold for sufficiently large r,,. From (5.3) and (5.4), we get for sufficiently large r,,,

e <Okt 4791 + O(log ry,). (5.5)

Therefore o(f) = o > k. O
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