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Abstract. We compute the Fock kernel for the one-mode (i.e. restricted to a

single interval) and current (i.e. extended to simple functions) Galilei algebra.

We also compute the characteristic function of a family of random variables
naturally associated with the Galilei algebra.

1. The Galilei and RHPWN Lie Algebras

Definition 1. The (one–mode) Galilei algebra G is the Lie algebra with generators
ξ1, ξ2, ξ3, ξ4 and commutation relations

[ξ4, ξ1] = ξ2 ; [ξ4, ξ2] = ξ3.

All other commutators among generators are equal to zero.

If a† and a are a Boson pair, i.e.

[a, a†] = 1 ; (a)∗ = a†

then the Lie algebra generated by {1, p, q, q2}, where

q = i (a− a†) ; p = a† + a

is a Boson form of G since

[q, p] = i ; [q2, p] = 2 i q ; [q2, q] = 0

and, in the notation of Definition 1, we may take

ξ1 =
1

2
q2 ; ξ2 = −i q ; ξ3 = −1 ; ξ4 = p.

Notice that

(q)∗ = q ; (q2)∗ = q2 ; (p)∗ = p.

In order to consider the smeared field form of {1, p, q, q2}, i.e. the current Galilei
algebra, we recall some basic facts about the ∗-Lie algebra of the Renormalized
Higher Powers of White Noise (see [3]-[7]).
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The quantum white noise functionals a†t (creation density) and at (annihilation
density) satisfy the Boson commutation relations

[at, a
†
s] = δ(t− s) ; [a†t , a

†
s] = [at, as] = 0,

where t, s ∈ R and δ is the Dirac delta function, as well as the duality relation

(as)
∗ = a†s.

For a test function f and n, k ∈ {0, 1, 2, ...}, the sesquilinear forms

Bnk (f) =

∫
R
f(t) a†t

n
akt dt,

where dt denotes integration with respect to Lebesgue measure µ, with involution

(Bnk (f))
∗

= Bkn(f̄)

were defined in [9]. In [3] and [4] we introduced the convolution type renormaliza-
tion

δl(t− s) = δ(s) δ(t− s) ; l = 2, 3, .... (1.1)

of the higher powers of the Dirac delta function and, by restricting to test functions
f(t) such that f(0) = 0, we obtained the Renormalized Higher Powers of White
Noise (RHPWN) ∗–Lie algebra commutation relations

[Bnk (f), BNK (g)] = (kN −K n) Bn+N−1
k+K−1 (f g).

2. The RHPWN Form of the Current Galilei Algebra

Lemma 1. Let a†t and at be as in Section 1. Define

qt = i (at − a†t) ; pt = a†t + at.

Then

[qt, ps] = i δ(t− s) ; [q2
t , ps] = 2 i qt δ(t− s)

[qt, qs] = [pt, ps] = [q2
t , q

2
s ] = [q2

t , qs] = 0

and

(qs)
∗ = qs ; (q2

s)∗ = q2
s ; (ps)

∗ = ps.

Proof. The proof follows easily from the commutation and duality relations satis-

fied by the quantum white noise functionals a†t and at.
�
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Proposition 1. For step functions f, g vanishing at zero let

q(f) = i (B0
1(f)−B1

0(f))

p(f) = B0
1(f) +B1

0(f)

q2(f) = 2B1
1(f)−B0

2(f)−B2
0(f).

Then

[q(f), p(g)] = 2 i

∫
R
f g dt ; [q2(f), p(g)] = 4 i q(f g)

[q(f), q(g)] = [p(f), p(g)] = [q2(f), q2(g)] = [q2(f), q(g)] = 0

and

(q(f))∗ = q(f̄) ; (q2(f))∗ = q2(f̄) ; (p(f))∗ = p(f̄).

Proof. For t, s ∈ R

qt qs δ(t− s) = −(at − a†t)(as − a†s) δ(t− s)
= −a†t a†s δ(t− s) + a†t as δ(t− s) + at a

†
s δ(t− s)− at as δ(t− s)

= −a†t a†s δ(t− s) + a†t as δ(t− s) + a†s at δ(t− s) + δ2(t− s)− at as δ(t− s)
Taking

∫
R
∫
R f(s) ... ds dt of both sides and using the renormalization (1.1) we have

that ∫
R

∫
R
f(s) δ2(t− s) ds dt =

∫
R

∫
R
f(s) δ(s) δ(t− s) ds dt = f(0) = 0

and so

q2(f) =

∫
R
f(t) q2

t dt = 2B1
1(f)−B0

2(f)−B2
0(f).

For p(f) and q(f) we directly find that

q(f) =

∫
R
f(t) qt dt =

∫
R
f(t) i (at − a†t) dt = i (B0

1(f)−B1
0(f))

and

p(f) =

∫
R
f(t) pt dt =

∫
R
f(t) (at + a†t) dt = B0

1(f) +B1
0(f).

Moreover

[q(f), p(g)] = i [B0
1(f)−B1

0(f), B0
1(g) +B1

0(g)]

= i [B0
1(f), B1

0(g)]− i [B1
0(f), B0

1(g)]

= 2 i [B0
1(f), B1

0(g)]

= 2 i B0
0(f g)

= 2 i

∫
R
f g dt
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and

[q2(f), p(g)] = [2B1
1(f)−B0

2(f)−B2
0(f), B0

1(g) +B1
0(g)]

= 2 [B1
1(f), B0

1(g)] + 2 [B1
1(f), B1

0(g)]− [B0
2(f), B1

0(g)− [B2
0(f), B0

1(g)

= −2B0
1(f g) + 2B1

0(f g)− 2B0
1(f g) + 2B1

0(f g)

= 4
(
B1

0(f g)−B0
1(f g)

)
= 4 i q(f g).

Finally

(
q2(f)

)∗
=

(
2B1

1(f)−B0
2(f)−B2

0(f)
)∗

= 2B1
1(f̄)−B2

0(f̄)−B0
2(f̄)

= q2(f̄)

and, similarly,

(q(f))∗ = q(f̄) ; (p(f))∗ = p(f̄).

�

Definition 2. The current Galilei algebra is the ∗–Lie algebra generated by

{q(f), p(f), q2(f), 1 ; f ∈ S0}
where S0 is the set of step functions vanishing at zero.

3. The Fock Kernel for the One-Mode Galilei Algebra

Definition 3. Let I ⊂ R with µ(I) > 0 and a, b, c ∈ C. The exponential vector
ψa,b,c(I) is defined by

ψa,b,c(I) = ea q
2(χI) eb q(χI) ec p(χI) Φ

= ea (2B1
1(χI)−B0

2(χI)−B2
0(χI)) ei b (B0

1(χI)−B1
0(χI)) ec (B0

1(χI)+B1
0(χI)) Φ

where the Fock vacuum vector Φ is such that

B0
1(χI) Φ = B0

2(χI) Φ = 0 ; B1
1(χI) Φ =

µ(I)

2
Φ

and χI denotes the characteristic function of the set I.

Notice that

q2(χI)ψa,b,c(I) =
∂

∂ a
ψa,b,c =

∂

∂ ε
|ε=0 ψa+ε,b,c(I)

q(χI)ψa,b,c(I) =
∂

∂ b
ψa,b,c =

∂

∂ ε
|ε=0 ψa,b+ε,c(I)

p(χI)ψa,b,c(I) =
∂

∂ c
ψa,b,c =

∂

∂ ε
|ε=0 ψa,b,c+ε(I)
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Lemma 2. For |a| < 1

(1− a)−B
1
1(χI) Φ = (1− a)−

µ(I)
2 Φ.

Proof.

(1− a)−B
1
1(χI) Φ = e− ln(1−a)B1

1(χI) Φ

=

∞∑
n=0

(− ln(1− a))
n

n!

(
B1

1(χI)
)n

Φ

=

∞∑
n=0

(− ln(1− a))
n

n!

(
µ(I)

2

)n
Φ

= e− ln(1−a)
µ(I)

2 Φ

= (1− a)−
µ(I)

2 Φ.

�

Lemma 3. (i) If x, d, N and h satisfy the oscillator algebra commutation relations

[d, x] = h ; [d, h] = [x, h] = 0 ; [N, x] = x ; [d,N ] = d (3.1)

then for all a, b, t, s ∈ C

et d ea x = ea x et d ea t h (3.2)

es (x+a d+b h) = es x es a d e(s b+s2 a/2)h (3.3)

and

eaN eb x = ee
a b x eaN . (3.4)

(ii) If ∆, R and ρ satisfy the sl(2) algebra commutation relations

[∆, R] = ρ ; [ρ,R] = 2R ; [∆, ρ] = 2 ∆ (3.5)

then

et∆ eaR = e
a

1−a t R (1− a t)−ρ e
t

1−a t ∆ (3.6)

and

ea (ρ−R−∆) = e
a
a−1 R (1− a)−ρ e

a
a−1 ∆. (3.7)

Proof. (3.2), (3.3), (3.4) and (3.6) are, respectively, Propositions 2.2.1, 4.1.1 2.4.2
(for N = xD) and 3.3.2 of [10]. For (3.7) we notice that by Proposition 4.3.1 of
[10], for all A,B, s ∈ C

es (R+Aρ+B∆) = eV (s)R eH(s) ρ eU(s) ∆

where
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V ′(s) = 1 + 2AV (s) +B V (s)2 ; V (0) = 0 (Riccati ODE)

H ′(s) = A+B V (s) ; H(0) = 0

U ′(s) = B e2H(s) ; U(0) = 0.

For A = −1 and B = 1 we obtain

V ′(s) = 1− 2V (s) + V (s)2 ; V (0) = 0

H ′(s) = −1 + V (s) ; H(0) = 0

U ′(s) = e2H(s) ; U(0) = 0

which imply that

V (s) = U(s) =
s

s+ 1
; H(s) = − ln(s+ 1)

i.e.

es (R− ρ+∆) = e
s
s+1 R e− ln(s+1) ρ e

s
s+1 ∆

from which (3.7) follows by letting s = −a.
�

Corollary 1. For I ⊂ R and a, b, A, t, T, s ∈ C

et B
0
1(χI) eaB

1
0(χI) = eaB

1
0(χI) et B

0
1(χI) ea t µ(I)

es (B1
0(χI)+aB0

1(χI)+b µ(I)) = esB
1
0(χI) es aB

0
1(χI) e(s b+s2 a/2)µ(I)

eaB
1
1(χI) ebB

1
0(χI) = ee

a bB1
0(χI) eaB

1
1(χI) (3.8)

eT B
0
2(χI) eAB

2
0(χI) = e

A
1−4AT B

2
0(χI) (1− 4AT )−B

1
1(χI) e

T
1−4AT B

0
2(χI)

eA (2B1
1(χI)−B2

0(χI)−B0
2(χI)) = e

A
2A−1 B

2
0(χI) (1− 2A)−B

1
1(χI) e

A
2A−1 B

0
2(χI).

In particular (3.8) implies that, for |a| < 1,

(1− a)−B
1
1(χI) ebB

1
0(χI) = e

b
1−a B

1
0(χI) (1− a)−B

1
1(χI)

Proof. The proof follows from Lemma 3 by noticing that for a fixed I ⊂ R, the
operators x,D,N, h defined by B1

0(χI) = x, B0
1(χI) = D and B1

1(χI) = N and
µ(I) 1 = h, satisfy the oscillator algebra commutation relations (3.1) while the
operators R,∆, ρ defined by B2

0(χI) = 2R, B0
2(χI) = 2 ∆ and B1

1(χI) = ρ, satisfy
the sl(2) algebra commutation relations (3.5) and by letting a

2 = A and t
2 = T in

(3.6) and (3.7).
�

Lemma 4. For I ⊂ R and a, b ∈ C

eaB
0
2(χI) ebB

1
0(χI) Φ = ea b

2 µ(I) ebB
1
0(χI) Φ.
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Proof. In [1] we showed that

B0
2(χ

I
) ebB

1
0(χ

I
) Φ = b2 µ(I) ebB

1
0(χ

I
) Φ.

Iterating we find that, for n ≥ 0,

(
B0

2(χ
I
)
)n

ebB
1
0(χ

I
) Φ =

(
b2 µ(I)

)n
ebB

1
0(χ

I
) Φ.

Therefore

eaB
0
2(χI) ebB

1
0(χI) Φ =

∞∑
n=0

an

n!

(
B0

2(χ
I
)
)n

ebB
1
0(χ

I
) Φ

=

∞∑
n=0

an

n!

(
b2 µ(I)

)n
ebB

1
0(χ

I
) Φ

= ea b
2 µ(I) ebB

1
0(χI) Φ.

�

Lemma 5. For all a, b, c ∈ C and I ⊂ R with µ(I) > 0 and |a| < 1
2

ψa,b,c(I) = (1− 2 a)−
µ(I)

2 exp

(
b2 + c2 − 4 a c2 + 2 i b c

2− 4 a
µ(I)

)
exp

(
a

2 a− 1
B2

0(χI)

)
exp

(
c− i b
1− 2 a

B1
0(χI)

)
Φ

Proof. For brevity, in what follows, we drop the use of χ
I
. Using Lemmas 2 and

4, Corollary 1, and the fact that, for all λ ∈ C, eλB
0
1 Φ = eλB

0
2 Φ = Φ we have

ψa,b,c(I) = ea (2B1
1(χI)−B0

2(χI)−B2
0(χI)) ei b (B0

1(χI)−B1
0(χI)) ec (B0

1(χI)+B1
0(χI)) Φ

= e
b2+c2

2 µ(I) e
a

2 a−1 B
2
0 (1− 2 a)−B

1
1 e

a
2 a−1 B

0
2 e−i bB

1
0 ei bB

0
1 ecB

1
0 ecB

0
1 Φ

= e

(
b2+c2

2 +i b c
)
µ(I)

e
a

2 a−1 B
2
0 (1− 2 a)−B

1
1 e

a
2 a−1 B

0
2 e−i bB

1
0 ecB

1
0 ei bB

0
1 Φ

= e

(
b2+c2

2 +i b c
)
µ(I)

e
a

2 a−1 B
2
0 (1− 2 a)−B

1
1 e

a
2 a−1 B

0
2 ec−i bB

1
0 Φ

= e

(
b2+c2

2 +i b c+
a (c−i b)2

2 a−1

)
µ(I)

e
a

2 a−1 B
2
0 (1− 2 a)−B

1
1 ec−i bB

1
0 Φ

= e
b2+c2−4 a c2+2 i b c

2−4 a µ(I) e
a

2 a−1 B
2
0 e

c−i b
1−2 a B

1
0 (1− 2 a)−B

1
1 Φ

= (1− 2 a)−
µ(I)

2 e
b2+c2−4 a c2+2 i b c

2−4 a µ(I) e
a

2 a−1 B
2
0(χI) e

c−i b
1−2 a B

1
0(χI) Φ.

�

Proposition 2. (i) Let I ⊂ R with µ(I) > 0 and a, b, c, A,B,C ∈ C with |a| < 1
2

and |A| < 1
2 . Then, the Galilei Fock space inner product of the exponential vectors

ψA,B,C(I) and ψa,b,c(I) is given by
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〈ψA,B,C(I), ψa,b,c(I)〉 (3.9)

= (1− 2 a)−
µ(I)

2 (1− 2 Ā)−
µ(I)

2

(
1− ā A

4 (2 ā−1) (2A−1)

)−µ(I)
2

exp
(
b2+c2−4 a c2+2 i b c

2−4 a µ(I)
)

exp
(
B̄2+C̄2−4 Ā C̄2−2 i B̄ C̄

2−4 Ā
µ(I)

)
exp

(
µ(I)

4

ā (C−i B)2

(2 ā−1) (2A−1)2
+4

(c̄+i b̄) (C−i B)
(2 ā−1) (2A−1)

+
A (c̄+i b̄)2

(2 ā−1)2 (2A−1)

4− ā A
(2 ā−1) (2A−1)

)
.

(ii) If I ∩ J = � then

〈ψA,B,C(I), ψa,b,c(J)〉 = 0

Proof. To prove (i), as in Lemma 5, we drop the use of χ
I
. By Lemma 5

〈ψA,B,C , ψa,b,c〉

= (1− 2 a)−
µ(I)

2 (1− 2 Ā)−
µ(I)

2 e
b2+c2−4 a c2+2 i b c

2−4 a µ(I) e
B̄2+C̄2−4 Ā C̄2−2 i B̄ C̄

2−4 Ā
µ(I)

〈e
a

2 a−1 B
2
0 e

c−i b
1−2 a B

1
0 Φ, e

A
2A−1 B

2
0 e

C−i B
1−2A B1

0 Φ〉.

Using the Feinsilver-Kocik-Schott Fock kernel for the Schrödinger algebra (see [12]),

in [2] we showed that for all a, b, A,B ∈ C, with B1
1(χI) Φ = µ(I)

2 Φ,

〈eaB
2
0 ebB

1
0 Φ, eAB

2
0 eBB

1
0 Φ〉 =

(
1− ā A

4

)−µ(I)
2

e
µ(I)

4
ā B2+4 b̄ B+b̄2 A

4−ā A .

Therefore

〈e
a

2 a−1 B
2
0 e

c−i b
1−2 a B

1
0 Φ, e

A
2A−1 B

2
0 e

C−i B
1−2A B1

0 Φ〉

=
(

1− ā A
4 (2 ā−1) (2A−1)

)−µ(I)
2

exp

(
µ(I)

4

ā (C−i B)2

(2 ā−1) (2A−1)2
+4

(c̄+i b̄) (C−i B)
(2 ā−1) (2A−1)

+
A (c̄+i b̄)2

(2 ā−1)2 (2A−1)

4− ā A
(2 ā−1) (2A−1)

)
and so

〈ψA,B,C , ψa,b,c〉 = (1− 2 a)−
µ(I)

2 (1− 2 Ā)−
µ(I)

2

exp
(
b2+c2−4 a c2+2 i b c

2−4 a µ(I)
)

exp
(
B̄2+C̄2−4 Ā C̄2−2 i B̄ C̄

2−4 Ā
µ(I)

)
(

1− ā A
4 (2 ā−1) (2A−1)

)−µ(I)
2

exp

(
µ(I)

4

ā (C−i B)2

(2 ā−1) (2A−1)2
+4

(c̄+i b̄) (C−i B)
(2 ā−1) (2A−1)

+
A (c̄+i b̄)2

(2 ā−1)2 (2A−1)

4− ā A
(2 ā−1) (2A−1)

)
.

The proof of (ii) follows from the fact that B0
2 and B0

1 commute with B2
0 and B1

0

on disjoint intervals and also B0
2 Φ = B0

1 Φ = 0.
�
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4. The Fock Kernel for the Current Galilei Algebra

Using the commutativity of the Galilei algebra generators on disjoint sets, we may
extend the kernel (3.9) to exponential vectors of the form

Ψ(f, g, h) = eq
2(f) eq(g) ep(h) Φ

=
∏
i

e
ai q

2(χ
Ii

)
e
bi q(χIi

)
e
ci p(χIi

)
Φ

=
∏
i

ψai,bi,ci(Ii)

where f =
∑
i ai χIi , g =

∑
i bi χIi and h =

∑
i ci χIi with Ii ∩ Ij = � for i 6= j,

are simple functions with |f | < 1
2 and, using Proposition 2 (ii) we obtain

〈Ψ(f1, g1, h1),Ψ(f2, g2, h2)〉 =
∏
i 〈ψa1i,b1i,c1i(Ii), ψa2i,b2i,c2i(Ii)〉

= exp

(
− 1

2

∫
ln

(
(1− 2 f1)

(
1− 2 f̄2

) (
1− f̄1 f2

4 (1−2 f̄1) (1−2 f2)

))
dµ

)
exp

(∫ ( g2
1+h2

1−4 f1 h
2
1+2 i g1 h1

2−4 f1
+

ḡ2
2+h̄2

2−4 f̄2 h̄
2
2−2 i ḡ2 h̄2

2−4 f̄2

)
dµ
)

exp

(
1
4

∫ f̄1 (h2−i g2)2

(2 f̄1−1) (2 f2−1)2
+4

(h̄1+i ḡ1) (h2−i g2)

(2 f̄1−1) (2 f2−1)
+

f2 (h̄1+i ḡ1)2

(2 f̄1−1)2 (2 f2−1)

4− f̄1 f2
(2 f̄1−1) (2 f2−1)

dµ

)
.

5. Random Variables Associated with the Galilei Algebra

Definition 4. Let a† and a be a Boson pair as in Section 1. The Boson-Schrödinger

algebra is the Lie algebra generated by {1, a, a†, a2, a†
2
, a† a} with commutation re-

lations given in the table (see also [12])

a a† a2 a†
2

a† a 1
a 0 1 0 2 a† a 0
a† −1 0 −2 a 0 −a† 0
a2 0 2 a 0 2 + 4 a† a 2 a2 0

a†
2 −2 a† 0 −2− 4 a† a 0 −2 a†

2
0

a† a −a a† −2 a2 2 a†
2

0 0
1 0 0 0 0 0 0

Lemma 6. Let a† and a be a Boson pair. Let also L ∈ R and M,N ∈ C. Then
for all s ∈ R

ei s (La2+La†
2−2La† a−L+M a+N a†) Φ = ew1(s) a†

2

ew2(s) a† ew3(s) Φ

where

w1(s) =
Ls

2Ls− i

w2(s) =
i L (M +N) s2 +N s

2Ls− i
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and

w3(s) =
(M +N)2 (L2 s4 − 2 i L s3)− 3M N s2

6 (2 i L s+ 1)
− ln (2 i L s+ 1)

2
.

Proof. The proof can be found in [2].
�

Corollary 2. Let I ⊂ R with µ(I) > 0. Let also α ∈ R and u, v ∈ C. Then for all
s ∈ R

ei s (αB0
2(χI)+αB2

0(χI)−2αB1
1(χI)+uB0

1(χI)+v B1
0(χI)) Φ

= ew1(s)B2
0(χI) ew2(s)B1

0(χI) ew3(s) Φ

where

w1(s) =
α s

2α s− i

w2(s) =
i α (u+ v) s2 + v s

2α s− i
√
µ(I)

and

w3(s) =
(u+ v)2 (α2 s4 − 2 i α s3)− 3u v s2

6 (2 i α s+ 1)
µ(I)− ln (2 i α s+ 1)

2
.

Proof. Using the correspondence,

B1
0(χI) =

√
µ(I) a† ; B0

1(χI) =
√
µ(I) a ; B0

0(χI) = µ(I)

B2
0(χI) = a†

2
; B0

2(χI) = a2 ; B1
1(χI) = a† a+ 1

2

we see that

αB0
2(χI) + αB2

0(χI)− 2αB1
1(χI) + uB0

1(χI) + v B1
0(χI)

= La2 + La†
2 − 2La† a− L+M a+N a†

where L = α, M = u
√
µ(I), N = v

√
µ(I) and the proof follows from Lemma

6. �

Proposition 3. (Characteristic Function) Let λi ∈ R ; i = 1, 2, 3. In the notation
of Corollary 2, and in view of Proposition 1, consider the random variable (i.e.
self-adjoint operator on the Galilei Fock space)

X = λ1 q
2(χI) + λ2 q(χI) + λ3 p(χI)

= αB0
2(χI) + αB2

0(χI)− 2αB1
1(χI) + uB0

1(χI) + v B1
0(χI)

where α = −λ1, u = λ3 + i λ2, v = λ3 − i λ2.

Then, for all s ∈ R, the (vacuum) characteristic function of the random variable
X is given by
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〈Φ, ei sX Φ〉 = (1− 2 i λ1 s)
−1/2

exp

(
4λ2

3 (λ2
1 s

4 + 2 i λ1 s
3)− 3 (λ2

2 + λ2
3) s2

6 (1− 2 i λ1 s)
µ(I)

)
.

Proof. Using Corollary 2 and the fact that for all z ∈ C

ez B
0
2(χ

I
) Φ = ez B

0
1(χ

I
) Φ = Φ

we have

〈Φ, ei sX Φ〉 = 〈Φ, ew1(s)B2
0(χ

I
) ew2(s)B1

0(χ
I
) ew3(s) Φ〉

= 〈ew̄2(s)B0
1(χ

I
) ew̄1(s)B0

2(χ
I
) Φ, ew3(s) Φ〉

= 〈Φ, ew3(s) Φ〉
= ew3(s) 〈Φ,Φ〉
= ew3(s).

Using the formula for w3(s) provided in Corollary 2 we find that

〈Φ, ei sX Φ〉

= (2 i α s+ 1)
−1/2

exp
(

(u+v)2 (α2 s4−2 i α s3)−3u v s2

6 (2 i α s+1) µ(I)
)

= (1− 2 i λ1 s)
−1/2

exp
(

4λ2
3 (λ2

1 s
4+2 i λ1 s

3)−3 (λ2
2+λ2

3) s2

6 (1−2 i λ1 s)
µ(I)

)
.

�

References

[1] L. Accardi, and A. Boukas, Random variables and positive definite kernels as-
sociated with the Schroedinger algebra, Proceedings of the VIII International
Workshop Lie Theory and its Applications in Physics, Varna, Bulgaria, June
16-21, 2009, pages 126-137, American Institute of Physics, AIP Conference Pro-
ceedings 1243.

[2] L. Accardi, and A. Boukas, The centrally extended Heisenberg algebra and its
connection with the Schrödinger, Galilei and renormalized higher powers of
quantum white noise Lie algebras, Proceedings of the VIII International Work-
shop Lie Theory and its Applications in Physics, Varna, Bulgaria, June 16-21,
2009, pages 115-125, American Institute of Physics, AIP Conference Proceed-
ings 1243.

[3] L. Accardi, and A. Boukas, Renormalized higher powers of white noise (RH-
PWN) and conformal field theory, Infinite Dimensional Analysis, Quantum
Probability, and Related Topics, 9 (3) (2006) 353-360.

[4] L. Accardi, and A. Boukas, The emergence of the Virasoro and w∞ Lie algebras
through the renormalized higher powers of quantum white noise, International
Journal of Mathematics and Computer Science, 1 (3) (2006) 315–342.

[5] L. Accardi, and A. Boukas, Fock representation of the renormalized higher pow-
ers of white noise and the Virasoro–Zamolodchikov–w∞ ∗–Lie algebra, J. Phys.
A: Math. Theor., 41 (2008).



142 LUIGI ACCARDI and ANDREAS BOUKAS

[6] L. Accardi, and A. Boukas, Cohomology of the Virasoro–Zamolodchikov and
renormalized higher powers of white noise ∗–Lie algebras, Infinite Dimensional
Anal. Quantum Probab. Related Topics, 12 (2) (2009) 193–212.

[7] L. Accardi, and A. Boukas, Quantum probability, renormalization and infinite
dimensional ∗–Lie algebras, SIGMA (Symmetry, Integrability and Geometry:
Methods and Applications), 5 (2009), 056, 31 pages.

[8] L. Accardi, and A. Boukas, On the Fock representation of the central extensions
of the Heisenberg algebra, Australian Journal of Mathematical Analysis and
Applications, 6 (2) (2009) 1–10.

[9] L. Accardi, Y. G. Lu and I. V. Volovich, White noise approach to classical and
quantum stochastic calculi, Lecture Notes of the Volterra International School
of the same title, Trento, Italy, (1999), Volterra Center preprint 375, Università
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