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About Two Characteristic Points Concerning Two Nested
Circlesand Ther Usein Research of Bicentric Polygons

Mirko Radi¢

Abstract. This paper is a companion to [8], which primarily deals with two
characteristic points defined for two separated circles and their use in research
of bicentric polygons with excircle. This paper primarily deals with two charac-
teristic points defined for two nested circles and their use in research of bicentric
polygons with incircle. Some useful properties and relations are established and
some old and difficult problems are solved using these points.

1. The characteristic pointsof nested circles

We begin with the following definition.

Definition 1. Let C7 and Cs be two given circles such that Cs is complete inside
C1. Let R, r, d be lengths (positive numbers) such that R = radius of Cq, r =
radius of Cy, d = |OI|, where O is the center of C; and I is the center of Cs. Let
2Oy be a co-ordinate system with origin O, and positive x-axis containing /. The
points S;(s;,0), i = 1,2 where

R2+d® —r* 7 /(R*+ d* — r?)? — AR?d?

51,2 = 5d , (1a)
will be called the characteristic points of the circles C; and C5, or of the triple
(R,7,d).

It is easy to see that lengths s; and s5 given by (1a) can be written as
2 2 2 2

51:R +d —22 —tymtm or s — (tM;dtm) ’ (1b)

where
t2 =(R—d)?*—r% 3, =(R+d)?>*—r )

See Figure 1a. As can be seen, t); is the length of the longest tangent that can

be drawn from C1 to Cy, and ¢,,, is the length of the shortest. These lengths will be
often used in the following.
In this connection see also Figure 1b. Later it will be shown that the characteristic
point S (s1, 0) is the intersection of the chords 7,7} and 7575 of Cy. From this it
will be clear that s; > d if d # 0, but s; = 0 if I = O. Also it will be shown that
the point Ss(s2,0) is the intersection of the line through the points 73 and 75 with
the z-axis.

First we prove the following theorem.
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Figure 1a Figure 1b

Theorem 1. Let Cq, Cy and R, r, d be asin Definition 1. Let P(Q be any given
chord of the circle C; containing the point S;(s1,0), and PT; and Q75 the tan-
gentsfrom P and @ to C and let
ty = |PT|, t1 = |QTy|. (3)
SeeFigure 2. Finally, let the coordinates of P, @), T} and Ty with referenceto zOy
be given by
P(UlaUl);Q(UZa02)7T1($1vyl)7T2($2,?/2)‘ (4)
Then
tit = tmtar, )
thatis,

((ur —21)* + (v1 = 91)?) ((ug — 22)* + (v2 — 2)*) — to,t3, = 0. (6)

Figure 2

Proof. First it is clear that, if v; > 0, then v9 < 0 and

v =/ R? —u3, vy = —y/ R? — u3. (7
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The equation of the straight line through points P(uy,v1) and Sy (s1,0) is given
by

U1

y= w1 — 81 (z — s1). (@)

It can be easily found that

sv% + \/s%vil — ((ug — s1)* + v%)(s%v% — R?(uy — s1)?)

(w1 — 1) + 07 )
vy = — L (ug — s1)
2 = Ul — 51 2 1)-
One solution of the system
(z—d)?+y2 =72 (w1 —d)(z—d)+vy=r (10)
is given by
o —dgqp = d) Vri(u —d)? —r?(r? — o) (0] + (w1 — d)?)
(1 =) oy o
_r? = (u — d)(21 — d)
= )
U1
In the same way, it can be found that a solution of the system
(z—d)?+1y> =712 (ug—d)(z —d) +voy =r? (12)
is given by
oy P2 = d) by — D=2 ) (0 4w — %)
(uz = &) +v3 e

r? — (ug — d) (w3 — d)
Vo '
Starting from relation (6), using relations (7), (9), (11), (13) and with the help

of a computer algebra system, we get, after rationalization and factorization, the
following relation

Y2 =

—4d(R — 51)*(R + 51)* (—dR* + d?s1 — 1%s1 + R%s1 — ds?)
(R — U1>3(81 — U1)4(R + u1)3(d2 + R2 — 2du1)4(R2 + S% — 281U1)7
(—dR2 + d2u1 — 7'2u1 + R2u1 - du%) =0.

It can be easily seen that above relation is valid for every u; if the fourth factor
(—dR? + d%s1 — r?s1 + R%s1 — ds?) is equal to zero, that is, if s1 is given by (1).
This proves Theorem 1. O

This theorem will be proved later in an other way which may be interesting in
itself. See Theorem 13 below.

Examplel. Let R=38,r =3,d = 2. Then
tm = 5.196152423 ..., tpr =9.539392014..., s; =2.357966268... .
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If u; = —2.5, then vy = 7.599342077 ...,

us = 5.847826086 . .., v9 = —5.459205922 . . .,
z1 = 3.908649086 . .., y; = 2.31453262. . .,
Ty = 0.585482934 .. ., yo = —2.64558906.. . .,
t; = 8.306623863 ..., t; = 5.967302209. ...

t1t1 = tytar = 49.56813493 . . . .

Theorem 2 (Converse of Theorem 1). Let R, r, d beasin Theorem 1 and let PQ
be any given chord of C such that

|PT1| - |QT2| = tmtar, (14)

where PT; istangent of C, drawn from P and Q75 is tangent of C', drawn from
Q. Then the chord PQ contains the point S (s1,0).

Figure 3

Proof. Since |PTy|? + |T11)? = |PI|?, we have
(ug — d)? + v} —r? =3

from which follows
R4+ -1

15
w 5 (15)
In the same way it can be seen that
240 g2 _ 2 _§2
R i el (16)

2d
Since

vp =/R2—u?, vy =—/R2—uj, (17)

the equation of the straight line through P and @ can be written as
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where u; and uo are given by (15) and (16). Putting y = 0 we get the following

equation in x
V1 — U2

—v1 =

P— (x —uy). (18)

In this equation we put ¢; = % from (5). After rationalization and factorization
we get

(d®> —r? —2dR + R* — t})(d®> — r*> + 2dR + R? — t?)
(d* — 2d2r2 + r* — 2d°R? — 2R?*r? + R* — t})
(—dR* + d?z — r’z + R?z — dz?) = 0. (19)
Only the fourth factor gives the point of intersection with x-axis and we have
e R2+d —r? — \/(R?> + d? — 1r2)2 — AR2d?
2d '

(20)
First it can be seen that
(R 4+ d?® — %)% —4R*d® = 2 13,. (21)
Concerning the first three factors in (19) it is easily seen that these, respectively,
can be written as
t%n - t%? t%\/[ - t%v t?nt?\/[ - tzll'
The first and the second expressions occur when PQ) = AB (see Figure 3); the

third when t; = #;. Thus, the point of intersection with the z-axis in the general
case is given by (20), with = replaced by s . This proves Theorem 2. O

Theorem 3. Let 77 and 75 be asin Theorem 1 (see Figure 2). The point S; lieson
the Segment ThT5.

Proof. Itis easy to show that the equation of the line through points 73 (x1, 1) and
Ty (1’2, yg) is satisfied by Sl (Sl, 0), that is —Y1 = Y1=v2 (81 — xl). O

T1—x2

Theorem 4. Let t, and t5 be asin Figure 3. Then toty = 11y, that is,
toty = tmtar.

Proof. The proof is in the same way as the proof of Theorem 1. O

2. Characteristic points associated with bicentric polygons

One corollary of this theorem, which will be stated (see [2,3]), refers to bicentric
polygons. Before stating it let us mention that a polygon which is both chordal and
tangential is simply called a bicentric polygon. The following question can be
raised: If Cy and C5 are circles such that Cy is completely inside C, is there
an n-sided polygon inscribed in C; and circumscribed around Cs? The first who
considered this problem for n = 4 was the Swiss mathematician Nicolaus Fuss
(1755 — 1826). See [2]. He found that for n = 4 the following condition must be
fulfilled:

(R? —d*)? — 2r*(R* + d*) = 0, (22)
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where R = radius of Cy, » = radius of C5, and d = distance between centers of
Cy and Cs.

Fuss also found conditions for n = 5,6, 7, 8 (see [3]). Subsequently, such con-
ditions are also found for many integers n. > 8. In honor of Fuss all such conditions
are called Fuss’ relations.

It seems that many problems concerning bicentric polygons can be proved using
properties of the characteristic points in Theorems 1, 2.

In establishing Fuss’ relations, Poncelet’s celebrated closure theorem [4] plays
an important role.

Theorem (Poncelet’s closure theorem). Let C' and D be two nested conics such
that there is an n-sided polygon inscribed in D and circumscribed around C. Then
for every point 2 € D, there is an n-sided polygon with x as a vertex, inscribed in
D and circumscribed around C.

Remark. (1) In the following we shall mostly deal with two circles C; and Cy,
where C5 is completely inside C. For brevity in the expression in this dealing we
shall say that C and C- are determined by triple (R, r, d) ifand only if (R, r,d) €
R3 and

R>d+r, (23)

where R = radius of Cy, r = radius of C5, d = distance between centers of C;
and Cs.
In the following it will be shown that relations concerning the characteristic
points of these circles are closely connected with bicentric polygons.
Definition A below is a slight modification of Definition 1 in [7].
Definition A. Let S be a set given by
S={(R,r,d): (R,r,d) € R} and R > r+d}.

For a given (Ry, ro,dg) € S, we have

fi(Ro,ro,do) = (R1,71,d1),
f2(Ro, ro,do) = (Ra,72,d2),

where Ry, r1, d1 and Rs, 19, do are given by

R% = Ry <Ro + 7o+ \/(Ro + 7’0)2 — d%) , (24a)

d% = Ry (Ro + 719 — \/(Ro + 7“0)2 — d%) , (24b)

2 = (Ro + 10)% — d2, (24c)



Two characteristic points concerning two nested circles and bicentric polygons 135

R = Ry <Ro 1o+ (Ro—10)? — d%) , (252)
3 = Ry <Ro 1o~/ (Ro —ro)? - d3> , (25b)
= (Ro —r0)* — dg, (25¢)
It can be proved that

Ry >r+di, Ray>ry+ds, (26a)
R1dy = Rady = Rody, (26b)
R4 d?—r}=R:4+d3—r3=RE+d5—rp. (26c)
17y = tprtm, (27a)

where
= (Ro +do)* =18, 15, = (Ro—do)* —1¢. (27b)

Also,
(Ri+d)? =2 =8, (Ri—d)?—ri=12. (28a)
Rt —di R3-dj _ o 2Ridir 2Redary (28h)

27 279 ’ R2 — d% R% — d% ’

R? — &2 2Ridir \?
—(R%+d%—7'%)+< > +<R2_d2>
1 1

2rq
R2 — d2\?  [2Rydors\ >
2 2 2 2 2 odora \© o
_(R2+d2—7“2)+< 5 >+<R2 d2> =1p. (28c)

More about this and the functions f; and f> can be seen in [7, Theorem 1].

Theorem 5. Let Ry, rg, dg and R;, r;, d;, i = 1,2, beasin Definition A. Then

diSi = d()S(), 1= 1, 2, (29)
where
_ (tnm — tm)Q
So = 4d0 s (303.)
(tM - tm)2
;= _m; 30b
s 14, (30b)
Proof. From (28a) and (30) it follows 4dgsg = 4d;s;, i = 1, 2. O

Theorem 6. Let K; and K> be circles determined by triple (R;,dy,r1), where
Ry, 1, dy aregiven by (24). Then characteristic point of thetriple (cRy, cdy, cry),
wherec = %, isthe same asthat of the triple (R, do, ro), that is,

CS1 = 8o, (31)
where sy and s1 are given by (30).
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Proof. We can write
(tM — tm)Q (tM — tm)z (tM — tm)2

csy =¢c¢- id; = 4%d1 = 1d, = S0,
since, by (26b),
1 Rl Rodo
—dy = —dy = = dp.
¢ ' "Ry Ry

O

Relations (25) hold analogously if the triple (R, d1,r1) is replaced by (Ra, da, r2).
In this case we have ¢ = %, and css = so.

Some important properties concerning bicentric n-gons will be now established.
Some of these are extension and completion of theorems proved earlier (see [7, 8]).

Theorem 7. Let n > 4 be an even integer. Let (R1,71,d1) € RY beany given
solution of Fuss' relation F,(R,r,d) = 0. Let C; and Cs be circles (in the same
plane) such that
Ry = radiusof C1,
r1 = radius of O,
d, = distance between points O and I, where O isthe center of C; and I isthe
center of Cs.

Further, let zOy denotes a coordinate system with origin O and positive z-axis
containing I. Finally, let P(u,v) be any given point of C;. Then thereis a unique
point Q(u, v) of C such that

—2R3d; + (R} +di —r})u
2dyu — (R% +d? — r%) ’

b=4/R}—a*or —\/R?-a2, (32b)

and the line determined by points P contains the characteristic point S1(s1,0)
of thetriple (Ry,71,dy).

(323a)

U =

Proof. From the equation of the line through P(u,v) and Q(u, 0), that is,

= (.%' - ﬁ)v (33)
u
putting y = 0, we obtain

u—x
We have to prove that this has solution x = sy if and only if & and © are given
by (32) and s, is given by

(tM_tm)Z (\/(Rl-l-dl)Q—r%—\/(Rl_dl)Q_T%)Q
T A i .G

See also Figure 4.
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Using computer algebra it can be easily shown that the relation

U — S1 . ﬁ
U — 81 W
is satisfied if ¢ and ¢ are given by (32) and s is given by (34). O

We remark that instead of the equation (33), the relation (34) can also be estab-
lished by using the equation of the line through P(u,v) and S;(s1,0), that is

Y (x — s1), (35)

and replacing = and y by @ and v given by (32).

y:
u— 81

A~

Figure 4: (=i +s1): (u—s1) = =0 : .

Corollary 8. Therelation (32a) is equivalent to
—2R%d 2+ d?—r?)a
g 2t (it di— ) (36)
2d1a — (R} + d3 —r})

The proof is straightforward.

Theorem 9. Let v and @ be asin Theorem 7. Then

tf = tartm, @37)

where
PR b Bt PoRid-r-wa (9
thr = (Ri+dr)* — 71, t, = (R —d1)* — 7. (39)

Proof. Replacing « in the relation (32a) by
R}+di —r}—12
2dy
obtained from t? given by (38) we easily get the relation
(R} +df —r} — 2da1) % = 3,t2,

or
72,2 2 42
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This theorem can be also proved in the following way.
If in the relation (t{)? = (R} +d3 —r} — 2dyu) (R} + d3 — r{ — 2d, 1) we
replace (t£)% by (tartm)? = (B2 + d2 — r2)” — 4d2R2, then we get
—4diR? = —2d0 (R} + di — r}) — 2dyu (R} + df — r}) + 4diud,
which is equivalent to the relation (32a). O

Remark. (2) As can be seen, proving Theorem 9 we in fact prove Theorem 1 in an
another way which may be interesting in itself.

Theorem 10. Let P(u,v), Q(u,v) and S1(s1,0) beasin Theorem 7. Then
|PS||QS| = Ri — 7. (40)
Proof. First let us remark that 2, > s since

(tar — tm)? _ 2, — 2t + 12, _ RI+d? —r? —tytm

T T Ad; 2d; ’
2Ridy > R + d2 —r? — 2tpty,
— 0> (Ry —d1)? —r? —taty, Or 0> 2 — oty (41)
Now,

IPS)*1QS)* = ((u—s1)? +v?) ((4— s1)* + 9?)
= (R% — 2usy + s%) (R% — 2us1 + s%) .
This is equal to (R? — s%)? if and only if
—2R%0s) — 2Rus) + dudist — 2ust — 2Us5 = 4R%s3. (42)
This can be rewritten as
U (R%s + 53 — QS%U) = 2R%s? — (R%sl + si’) U.
From this,
2R?s1 — (R? + s2)u
—2s1u+ R? + 53
R} +df —ri — tartm
2dy

U=

(43)

Replacing s; by (see (1b)) it is easy to find that the above
relation can be written as

2Ry — (R2+d2—13)u

YT Ddut (R -2
Thus, the relation (40) is valid if 4 is given by (32a). O
Theorem 11. Let P(u,v), Q(u,v) and S1(s1,0) beasin Theorem 7. Then
|PQ| 2Ry

~ = , (44)
t+t \/(Rl—i—dl)Q—’r%—F\/(Rl—d1)2—7‘%

where t and ¢ are given by (38).
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Proof. We have to prove that

(w—a)?+@w—-9)?2 [ 2R \°
(t +1)> B (tM+tm> ’ #9)

where t;; and ¢,,, are given by (39). The proof goes in the same way as the proofs
of the previous two theorems. Of course, in this theorem there is some more cal-
culations since there are some terms which need to be rationalized. If obtained
relation after rationalization is denoted by f(u,u) then f(u,a) = 0 for 4 given
by (32a). This proves Theorem 11. O

Remark. (3) In [6, Theorem1] it is proved that for n = 4 it holds

PO 2R}
- = : 46
t+t R? + d3 (46)

In the following theorem some results in [5, pp. 52-53] will be used. It was
proved that for the lengths of tangents to a bicentric polygons,

(R? = d*)ty £ 7,/ (8, — 8)(# — 12,)
r2 4 t% '

(t2)1,2 = (47)

If ¢, is given tangent length, then one of (¢2)1 2 is consecutive and other is proceed-
ing.

Theorem 12. Let A, ... A,, beany given bicentric n-gon whose circumcircleis C;
andincircle Cs asit isdescribed in Theorem 7. Let xOy be a coordinate system as
in Figure 3 and let the vertices A4, ..., A, begiven by A;(u;,v;), i = 1,...,n.
Finally, let ¢4, ..., t, betangent lengths from the vertices A;(u;, v;) of the n-gon
Aq... A, thatis,

t7 =R+ di —r] —2dywi, i=1,...,n. (48)

Ift2 = R? +d? — r? — 2dyu; isgiven, then the consequent of uy is (uz2); or (u2)2
given by
1
(ug)1 = —duy + 2r2R?u; — Riuy + 242 (r? — 3R?) wy
(d%+R%—2d1u1)2( 1 1441 1 1(1 1)

=2/} (B = )" (df =} + B} — 2damn) (R — )
+2d3 (R +u}) + 2d1 R (R} +uf — 2r}))  (49a)
1

(ug)2 = (B R 2 )2 (—d‘llm + 2r? R¥uy — Rjuy + 243 (r% - BR%) uy
1 1 401Uy

+24/r7 (R? — d)* (@ — 13 + R} — 2dyuy) (R} — u?)
+2d3} (R} +ui) + 2di1RT (R} +ui —2r7)) . (49Db)
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Proof. From relation (47) (rewriting ¢, instead of (¢2)2) it follows that

<t§ L R -dP 4dii(R - ) >
(RI+d? —r? —2dyup)? (R34 d2 —r? — 2dyuy)?
_ < 2(R} — d})tato )2 (50)
R+ d2—2dyu; )
where
=R+ B 122y, ty=\/R+d2—r}2dius. (1)

Replacing t; and ¢, in the relation (50) by the right sides of the above two relations,
we get
aus + bug + ¢ =0, (52a)

where

a = —A4d?r?R? + 4r{ R} 4+ 4d?R} — 4r? R} — 4d3 R3u,

+ 8d172 R3uy — 4dy Riuy + diu? + 2d2R3u?,
b=2(d} —2r} + R} — 2dyu1) (—2d1 R} + diur + Riuq),
c=d+ R? — 2dyu;.

Using computer algebra it can be easily found that the solution of the equation
given by (52) are given by (49). O

(52b)

Here is an example.

Example2. Letn = 6 and (Ry, 71, d;) be asolution of Fuss’ relation Fs(R, r,d) =
0 such that

Ry =8.340410321 ..., r = 6.812488532..., d; = 1.198981793 ... .

(For brevity in the following the points (sign) ... after calculated values will be
omitted.)
The values t;; and t,,, are given by

ty = \/(R1 +dy1)? —r? = 6.7677574552,

b = \/(R1 —dy)? — r} = 2.14242886.

Let t; be a length such that ¢, > ¢; > t,,, Say t1 = 4. Then, as can be easily
concluded, there is a bicentric hexagon A; ... Ag such that its first tangent is t; =
4. The other tangent lengths of this hexagon can be calculated using formula (47)
and find that

to = 2.3947586766, t3 = 2.2572852505, tq4 = 3.5765564793,
ts = 5.973973936, te = 6.3378015311.
These tangent lengths can also be calculated using u, given by
_RP+di—ri—t]
2d;

u — 3.58220619 (53)



Two characteristic points concerning two nested circles and bicentric polygons 141

and formulas given by (49). For example, taking u; given by (53) and using rela-
tion (49a) we get
(ug)1 = 7.862976314, (ugz)2 = 6.49623254.
It can be verified that
R} +d} — 17 — 13 R} +d} —r} — 13
;o (u2)2 = -
2d1 le

(u2)1 =

Thus,

9 R% + d% — T% — 2d1(U2)1

(t2)” = o, . (te)?

In the same way we can proceed and get t3, ty4, ts.

_ R% + d% — 7’% — 2d1(U2)2
2d; ’

Here, let us remark that the relations (49) may be very useful in some investiga-
tions concerning bicentric polygons.

Theorem 13. Let A; ... A, ben-gonasin Theorem12with vertices A; = A;(u;, v;),

i1 =1,...,n. Letty,...,t, bethetangent lengths of the n-gon from the vertices
A; = Ai(ui,vi), 1=1,...,n, that is
t2 =R} +d?—r? —2dyu;, i=1,...,n. (54)

Let n > 4 bean even integer. Then
. 2R%d1 - (R% + d% - T%) Us

n
Ujpn = , 1=1,...,—. 55
TR 2dyu 4+ (R2 A &2 - ) 2 (5%)
In other words, the chords AiAH%, i = 1,...,5, of the circle C; contain the
points.Sy (s1, 0) such that the points A; (u;, v;) and AH%(UH%,UH%), i=1,...,%,

have the properties asthe points P(u, v) and Q(, v) in the previous theorems, that
is

. n
tltz—‘r% :tth, Zzl,...7§, (56)

where t); and ¢,,, are given by (39).

Proof. First let us remark that the notation used in Theorems 7 and 9 will be used.
So, if w and @ are as in Theorem 7 and ¢ is given by t2 = R? + d? — r? — 2d;u,
then 2 = R? + d? — r? — 2d; .

In the first way we prove that ¢, ¢, are consequent if ¢; and ¢, are consequent.
In other words, we prove that

B+ = (i — @)% + (61 — 02)7, (57)

where ¢1 and t, are consecutive tangent lengths of the n-gon A ... A, that is, the
relation (47) is valid and can be written as

t(R2 —d?) — k

to —
2 r2 + t2

) (58)
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where
k= \/tg (B2 = @) + (12 + ) (4R22 = 1263 — (R2 + @2 = 2)%).

Also let us remark that

=R?—4?, i=1,2
It can be easily shown (even by hand, Wlthout using computer algebra) that the
relation (57) implies the following relation

A ~ A 2
(8F1E20162)% = ((2R§ — ity — 12 — 13)° — 4(f1fa)? — 4(@1@2)2) :
Replacing ;, i = 1,2, with

—2R}dy + (R} +d} — r?) w;
2diui - (R% + d% - 7“%) ’

i=1,2,

respectively, we get
(di — 71— R1)*(di + 71 — R1)*(di — r1 + R1)?(dy + 71 + Ry)?
(diud + 2diurus + diju3 — 4d3 Riuy — 4d Riug — 4diuiuy
—Ad3ugu2 — Ad2r? R? — Ad2r?uyug + 4d2RE + 2d2 R332
+ 12d2 RIujus + 2d3 R3u3 + 4d3uiu3 + 8dyr3 R3uy
+ 8d1r3 R3ug — 4dy Riuy — 4dy Riug — 4dy R3uuy — 4dy R3uqu3
+4r{ R} — 4riR{ — 4ri Riujus + Riuf + 2R{uius + Rju3) = 0.
Now, if in the fifth (last) factor of the above relation we put
(B} 4+ —1}) — 2
2d, ’
instead of u;, 7 = 1, 2, respectively, then we get

(59a)

i=1,2,

(di —2d3r? —2di R +2d3t to+r —2ri RE+r it} +rit3+ R — 2R3t to +1313)

(di—2d3r}—2diRI—2d3t to+ri—2rF RI+rit3+rit3+ RI4+2R t ta+1513) = 0.
(59b)

Finally, if ¢o in the above relation be replaced by the right side of the relation (58),
then the second factor of the above relation vanishes.

This proves the validity of (57).

Now, using this result, the proof of Theorem 13 follows from Poncelet’s closure
theorem. Namely, by this theorem there is a bicentric n-gon whose first tangent
has length ¢; and beginning point Al(al, 01). This n-gon is obtained such that we
proceed in the same way with to, t3, then with ¢3, t4, . . ., finally with ¢,,, ¢1. In this
way we get closure:

{Al,... Ay ={A1... A},
where

~ ~ . n
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Thus, o )
A1A2---AgA1A2---A =A1As--- A, _1A,,.

This proves Theorem 13. O

n
2

Remark. (4) As it is seen, the proof of Theorem 13 is rather involved and we have
solved one of the old and difficult problems concerning bicentric polygons.

Here is an example. With the hexagon A ... Ag from Example 2, we have
tita = tots = tatg = tartm.

Theorem 14. Let thetriple (R, 71, d;) and the bicentricn-gon A; ... A,, beasin
Theorem?7. Lett;, i = 1,...,n, bethetangent lengths of then-gon A; ... A, and
let T;, i = 1,...,n bethetouching points of the segments A;A;11, i=1,...,n,
and the circle Cs, respectively. In other words

(/{/‘ZRl,k‘ZThk‘zdl), 1= 1,2,... (61)
be a set of triples such that
1
= . 62
i (62)
Thenfor eachi = 1,2, ... thereisabicentricn-gonfromtheclassC (k' Ry, k'r1, k'dy)
such that itstangent lengths are k't1, . . . , k't,.

Proof. The triples given by (61) also satisfy Fuss’ relation F,,(R,r,d) = 0 as the
triple (Rl,Tl,dl). O

Corollary 15. Let S;(s;,0) denote the characteristic point of the triple
(k‘iRl, ]{iT‘l, k‘ldl) . Then

s; =k lsq, (63)
where )
o (tM — tm)
S1 = 4d]_ ) (64)
2, =(Ri+d)*—r2 2 =(R—d)*—rl (65)

Proof. This follows from

. (ki—ltM . k,i—ltm)Q B k:i_l(tM - tm)2
v 4k3i71di N 4d1

Example 3. Let n = 6 and let the triple (R1, 71, d1), where
Ry = 8.340410321, r; = 6.812488532, d; = 1.198981793

be a solution of Fuss’ relation Fg(R,r,d) = 0.
Now, using these values we get

ty = 6.67757441, t,, = 2.142428529, Kk = 0.816804971,
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51 = 4.288544723, s = 3.502904648, s3 = 2.86118993,and so on.
Let R;y1, 741, diy1 be given by
Riv1 = k'Ry, rig1=Fkr, digr=kdy,i=1,2,....
Thus
Ry = 6.81248861, 19 = 5.564474498, dy = 0.979334288,
R3 = 5.564474498, r3 = 4.545090431, dz = 0.799925115, and so on.

A(O.R)

X

Figure 5

The following properties may be interesting. In Figure 5,

d
§=di+dy+ds+-- = 1jk — 6.544838032.

First, let us remark that the line determined by points A(0, R;) and B(d1, R2),
where Ry = r1, contains the point C'(4,0) and the points whose coordinates are
(dg, R3), (d3, R4) and so on. Also, let us remark that there are points S;(s;,0), ¢ =
1,2,...,n, on the positive z-axis such that

S1 = ‘051’ <7ry, Sp= |11S2| <Tre, S8S3= |1253| <rs, and so on.

Remark. (5) If instead of £ = 1%1 we take K = f—ll then we have analogous
situation. Only in this case each of the values K*Ry, K'ry, K'd; — oo when
1 — 00.

Theorem 16. Let (R, ro,dp) € R3 bea solution of Fuss’ relation F,,(R,r,d) =
0 andlet (Ry,r1,d1) € R3 begiven by (24), that is,

(R1,7m1,d1) = <\/RO(RO + 79+ 11),71, VRo(Ro + 10 — 7“1))

where

ri =/ (Ro+ro)? — 2.



Two characteristic points concerning two nested circles and bicentric polygons 145

Let (Ry,71,d;) be a solution of Fuss' relation Fy, (R, r,d) = 0 and let Cy, Cy,
K4, K, becircles in the same plane such that O is the center of 'y and K (see
Figure 6). The center of C5 is denoted by Iy and center of K, isdenoted by 7; and

Ry = radiusof C;, 1r¢ = radiusof Cs,
do = distance between centers of C; and Cs.
Ry = radiusof Ky, r; = radiusof Ko,
dy = distance between centers of K, and K.

Let zOy be a coordinate system with origin O and positive z-axis containing the
centers Iy and I;. Then there are bicentric n-gon A; - - - A,, inscribed in C and
circumscribed around Cs and bicentric 2n-goninscribed in K7 and circumscribed
around K5 such that the following is valid:

Ift;...,t, aretangent lengthsof then-gon A; - - - A, andug, . . ., ugy
are tangent lengths of the 2n-gon Bj - - - Bg, then
U2;—1 :ti, = 1,.‘.,7’L. (66)

Figure 6: A; and A are two consequent vertices of an n-gon A; ... A,, inscribed
in Cy and circumscribed around Cs.

Proof. The point A; is given by A;(uy,0), where u; = — Ry, and the point A, (as
a consequent of A;) is given by As(us, v2), where uy (by Theorem 12) is given by

R
up = © (d§ — 2R3rg + R — 2r3dg + 6R3d] + 4Rodf + 4Rdo — 4Rodor3)

(Ro + do)
(67)

Of course, v3 = R3 — u3.
The point B; and Bs are elements of K given by Bj(44,0) and Bs(us, 03),
where

R
u] =cuy = —R1, 13 = cusg, where ¢ = Ril (68)
0
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First we prove that

| ATy | = ‘BlTI ;AT = ‘33T3 ; (69)
where relations
Ry +dj—r§ =R} +dj —ri, Rody=Rid

given by (28b) and (28c) will be used. The proof is as follows:

|A\T1|? = R3 + d% — 13 — 2douy = R% + d2 — 2 + 2dy Ry, (70a)

’Blfl‘Q = R2 4+ d?— 12— 2diiy = R?+d? — 2 + 24, Ry, (70b)
since
R% + d% — 7’% = Rg + d% — 7‘8, 2dicur = 2d1R1};(1)u1 = 2d—(;%}§0u1 = 2dou1.-

In the same way it can be shown that the second relation given by (69) is also
valid. That the tangent length is given by t> = R? + d? — r? — 2du can be seen in
the proof of Theorem 2.

Now we prove that there is a point B, € K between By and Bjs such that Bs
is a consequent of By and B3 is a consequent of B,. The proof is as follows.

By Theorem 12 the consequent of Bj is given by Ba (s, 02), where

N Ry

U =

————— (d{ = 2Rr} + R} — 2rid; 4+ 6R}d; + 4Ry d} + 4R%dy — ARydyr?) .
(R1 + dv) 1)

From this, using computer algebra, it is easy to show that Bs is consequent of Bs.

Now, if we take A3 € C7 which is consequent of A,, then for A, and Ag
analogously holds as for A; and As. So, in this way we can proceed and get
closure, that is, a bicentric 2n-gon inscribed in K7 and circumscribed around K5
whose tangent lengths are such that holds (66). O

For example, from (70) and Figure 6 it can be seen that

ty = A1 T| = ‘Blfl‘ = uy,
ty = |AoTh| = ‘33T3’ = ug,
analogously for A3 and Bs, and so on.

Remark. (6) If we take A, on the x-axis we get (with less calculation) a bicentric
2n-gon inscribed in K and circumscribed around K> symmetric about the z-axis.
By Poncelet’s closure theorem, it follows that for every point X € K; we get a
bicentric 2n-gon inscribed in K7 and circumscribed around K.

Now we state the following corollaries of Theorem 16.

Corollary 17. u;tbjyyn, = tpytm fori=1,... n.
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See Theorem 13.

Corollary 18. A1 As || B1B3 and c|A;1As| = |B1Bs| for ¢ given by (68) (see
Figure 6).

Proof. Let f denote the homothety whose center is O and coefficient ¢ is given
by (68). This homothety maps A, A, onto By Bs. O

Corollary 19. Let B; ... By, be a bicentric 2n-gon as described in Theorem 16.
Then B1B3... By, 1 and ByBj, ... Bs, arebicentric n-gonsinscribed in K7 and
circumscribed around a circle K with center I, and radius crq such that |O1| =
C ‘OI()’ == Cdo.

Proof. Firstit is clear that F,,(Ro, 0, do) = 0 = Fy,(cRo, cro, cdp) = 0, that is,
Fn(Ro,TQ, do) =0= Fn(Rl, cro, Cdg) = 0 since cRy = R;.

Also let us remark that from the Corollary 18 can be concluded that there are
two bicentric n-gons A; ... A, and D; ... D, inscribed in Cy and circumscribed
around C5 such that the first has sides parallel with the corresponding sides of the
n-gon B1Bs ... Bo,_ 1 and the second has sides parallel with the corresponding
sides of the n-gon BoBy . .. Bay,. O

Corollary 20. Let uq,...,us, betangent lengths of the 2n-gon B; ... By,. Then,
cu;, 1=1,3,5,...,2n—1, arethetangent lengths of then- gon B1 B3 . .. Boy,_1,
and

cu;, 1=2,4,6,...,2n, arethe tangent lengths of the n- gon B2 By ... Ba, .

Proof. It follows from the above corollaries. O
Here is an example where n = 3. See Figure 7.

Example 4. The incircle of the triangles B; B3 Bs and By B4 Bg is denoted by Ko.
There are two triangles A1 A5 A3 and DD, D3 inscribed in C; and circumscribed
around C5. The first is similar to the triangle ByBsBs5 and the second is simi-
lar to the triangle BoB4Bg. If uy ..., ug are the tangent lengths of the hexagon
Bj ... Bg, then

u1, us, us are the tangent lengths of the triangle A; A5 As,
ug, u4, ug are the tangent lengths of the triangle D1 Dy Dy,

where, for example, u; = |A1Th|, ug = |A2T1|, us = |AsT3).

By Theorem 186, this holds analogously for each bicentric n-gon A; ... A, and
the corresponding bicentric 2n-gon By ... Bay,.

Theorem 21. Let the triple (R, ro,dp) be as in Theorem 16 and let the triple
(Ra,12,d2) begiven by (25), that is,

(Rg,r2,d2) = (\/RO(RO — 70 +72),72, v/ Ro(Ro — 10 — 7’2)) , (72a)
where

o = \/(RO — 7"0)2 — dg (72b)
Then an(Rg, 9, dg) =0.
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Figure 7: Ry =5, rqg = 2.1, dy = 2 refers to circle C; and Cs. The chords
B1 B3, B3Bs, BsBi of the circle K are tangential segments of the circle K.

The proof is analogous to that of Theorem 16, and we have analogous corollar-
ies.

3. Then-closure and related consider ations

Let S denote the set of all ordered triples (R, r, d), where (R,r,d) € R} and
R > r+d. Let f1 and f> be functions defined on the set S as in Definition A. We
have

f1(Ro,70,do) = (R1,71,d1), (73)
f2(Ro,m0,do) = (Rz,72,d2), (74)

where (R1,71,d1) and (Ra, 2, d2) are given by (24) and (25) respectively.
Let f be any given composition of the function f; and f,. For example, f =
f2f2f1f3 f1. Then it is appropriate to write this composition as
(Ri1212221, 11212221, d11212221),
since
fifaf1f3 fi(Ro,ro,do) = f7 fafifs(Ry, 1, da)
= f2faf1f3(Ri2,712,d12), and so on.

Concerning such indices let us remark that the situation is in some way con-
nected with fact that there are 2* integers with & digits from the set {1,2}. So, if
k = 3, we have indices

111,112,121, 122, 211, 212, 221, 222.

See also Figure 8, where instead of (R;,r;,d;), i = 0,1,2,..., are (for brevity)
written only corresponding indices.
Before stating some examples, we define some terms which will be used.
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0 0
1/ \ 2 1/ \ 2
VARERVAN S/
11 12 21 22 11 12 21 22
ARV ANVANRY AN A ANVANTAN
11112 121 122 211 212 221 222 11 12 121 122 211 212 221 222

Figure 8:
The Figure 8a geometrically represents functions f;, and
f2 and their compositions, and the Figure 8b
geometrically represents function g given by (80) and its
compositions.

Definition 2. Let (Ry, ro, dp) be a triple such that F,, (R, o, dy) = 0. We say that
this triple has n-closure.

Now, let C and C5 be circles such that C5 is completely inside C, and let Ry
=radius of C1, ro = radius of Cs, dy = distance between centers of C; and C5. Let
Ajp ... A, be an n-gon inscribed in Cy and circumscribed around C5. We say that
this n-gon has k-circumscription if

E arctan — = km,
‘ To
=1
where t1, ..., t, are the tangent lengths of the n-gon A; ... A,. The number % in
this case is called the rotation number for n.

Let (Ro, ro, dp) be as in Definition 2. Then f; (Ro, ro, dp) has 2n-closure. Also,
the triple f2(Ro, 70, do) has 2n-closure for every n > 3. But for n = 3, we get a
bicentric hexagon which is a double triangle.

Here are some examples referred to Theorems 16 and 21 and composition of the
functions f; and fs.

Let n = 3 and let (Ry, 70, dp) = (5,2.1,2). Then

f1(5, 2.1, 2) = (Rl, T, dl),
f£(5,2.1,2) = (Ri1,711,d11),
where
Ry = 8.340410221, 17 = 6.812488532, d; = 1.198981793,
Rq11 = 15.886048415, r11 = 15.105389214, d11 = 0.629483163.
Since ty; = \/(Ro +do)? —rd = 6.67757441, t,,, = \/(RD —dp)2—ri =
2.142428529, we should take ¢; such that ¢,,, < t; < tp;. Let’ssay t;1 = 4.
Now, let A; Ay A3 be a triangle from the class C(Ry, ro,dp), and let By, ..., Bg
and C ... C12 be bicentric hexagon and bicentric 12-gon, the first from the class

C(Ry,71,d;1) and the second from the class C'(Ri1, 711, d11), such that their first
tangent length is also £; = 4. Then the following are valid.
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The tangent lengths of the triangle A; A5 A3 are
t1 =4, to = 2.257285251, t3 = 5.973973936. (75a)

The tangent lengths of the bicentric hexagon By ... Bg are
uy =4, uo = 2.394578677, wuz = 2.257285251,

ug = 3.576556479, w5 = 5.973973936, wus = 6.337801531, (75b)
where uy = t1, ug = t9, us = t3.
The tangent lengths of the bicentric 12-gon C ... Cy5 are
v =4, vy = 3.010399453, w3 = 2.394578677,
vy = 2.148970243, w5 = 2.257285251, wvg = 2.727553891, (750

vy = 3.576556479, wvg = 4.752268309, w9 = 5.973973936,
v10 = 6.657247101, wv1; = 6.337801531, w12 = 5.245075438,

where U1 = U1, V3 = U9, Us = U3, U7 = U4, V9 = U5, V1] = UG-
Here is a partition of the tangent lengths of the bicentric hexagon

{{u1,u3, us}, {ug, us, ue}} . (76)

This partition has the property that there are two triangles from the class C'( Ry, 7o, do)
such that the first has tangent lengths w1, u3, us and the second has tangent lengths
U2, Ug, UG-

Analogously for the tangent lengths v, . . . , v15 0f the bicentric 12-gon C . . . Cyo;
in this case we have the following partition

{{v1,vs,v9}, {vs, v7, 011}, {v2,v6, v10}, {v4, V8, v12}} . (77)

This partition has the property that there are four triangles from the class C (R, ro, dp)
such that their tangent lengths are

v1, Vs, Vg, (78a)
V3, U7, V11, (78b)
V2, Vg, V10, (78c)
V4, Vg, V12, (78d)

respectively.

In the same way we can proceed and find that this holds analogously for the tan-
gent lengths of the corresponding bicentric 24-gon from the class C'(f3(Ro, 70, do)),
that is, from C'(R111, 7111, d111). More generally, for any integer m > 1, there is a
partition of the tangent lengths of the corresponding bicentric 3 - 2"-gon from the
class C(f{"(Ro,r0, do)) such that this holds analogously as for m = 1,2, 3.

Also from Theorem 16 and Theorem 21 analogous results can be concluded if
instead of n = 3 we take n > 3 and any given composition of the function f; and
f2 given by Definition A.

In connection with Theorem 16 and Theorem 21 we state the following conjec-
ture which is a modification of Conjecture 2 given in [5, page 56].
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Conjecturel. Let (Ry,ro,dp) beasinTheorem16andlet P, ... P,and @1 ... Qy
be n-gons from the class C'( Ry, o, do) such that the sum of the tangent lengths of
the n-gon P, ... P, is minimal and the sum of the tangent lengths of the n-gon
Q1...Q, ismaximal. Then both of those two n-gons are axial symmetric in the
x-axis. Let the sum of the tangent lengths of the n-gon P; ... P,, be denoted by a
and the sum of the tangent lengths of the n-gon Q1 .. . @),, be denoted by b. Then
the following is valid:

For every n-gon A; ... A,, fromtheclass C(Ry, ro, do) thereisan
n-gon B ... B,, fromthe same class such that

(t1+ -+ tn)(ur + -+ - + up) = ab, (79)
where t4,...,t, are the tangent lengths of the n-gon A, ... A,
and uq, ..., u, arethetangent lengthsf then-gon B ... B,,.

Let such two n-gons be called conjugate n-gons. Thus for every n-gon from the
class C' (R, 19, do) thereis an n-gon from the same class conjugate to it.

Here are some examples where n = 3 and (Ro, 7o, do) = (5, 2.1, 2).

First, it can be easily found that for axial symmetric triangles from the class
C(5,2.1,2) we have ab = 150.5559966. Now using the tangent lengths u, . . . , ug
given by (75b) and partition given by (76) it can be verified that triangle whose
tangent lengths are uq, us, us is conjugate to triangle whose tangent lengths are
ug, ug, ug, thatis, (u + us + us) (uz + ug + ug) = 150.5559966. Also, using the
tangent lengths given by (75c) (see also (77)) it can be verified that triangle whose
tangent lengths are vy, vs, vg IS coOnjugate to triangle whose tangent lengths are s,
vr, v11, and triangle whose tangent lengths are v, vg, v1g IS conjugate to triangle
whose tangent lengths are vy, vg, v12. In other words,

(v1 + v5 + v9)(v3 + vy +v11) = (V2 + v6 + v10) (V4 + V8 + v12) = 150.5559966.

In order that the rule of obtaining conjugate bicentric polygons be more notice-
able here will be also in short about bicentric 24-gon D1 ... Doy from the class
C(Ri11,7111,d111) obtained starting from the triple (5,2.1,2). Let wy,...,way
denote tangent lengths of this 24-gon and let w; be 4 as in the previous examples.
Then

(w1 + w9 + w17)(w5 + w3 + wgl)
(w3 + w11 + wig) (w7 + wis + wa3)
= (w2 + wio + wig)(we + w14 + wa2)
(wg + w12 + wao) (ws + wie + waq)
= 150.5559966.
Thus in this case there are 4 pairs of conjugate triangles from the class C'(5, 2.1, 2)
which refer to the 24-gon Dy ... Doy.
More generally, for a given m > 1, there are 2! pairs of conjugate triangles

from the class C'(5, 2.1, 2) which refer to bicentric polygons with 3 - 2™ vertices.
Analogously holds if instead n = 3 we take n > 3. Of course, this holds on the



152 M. Radi¢

supposition that Conjecture 1 is true. We hope that the Conjecture will be validated
in the near future.

Figure 7 shows how conjugate bicentric polygons can be constructed. For ex-
ample, A; Ay A3 and Dy D, D3 are conjugate triangles from the class C'(5, 2.1, 2).

Analogously can be concluded if instead of n = 3 we can take n > 3.

Itis clear from Theorem 16 and Theorem 21 that the functions f; and f5 play key
roles in this work. These functions are given in [7], where some of their important
properties are established. In the present article we have established some other of
their important properties given by Theorem 16 and Theorem 21. In this connection
let us mention that in [7] we have also defined a function ¢ such that the following
is valid: If

J1(Ro,70,do) = (Ry,71,d1),  f2(Ro,r0,do) = (R2,72,d2), (80a)
then
Q(Rlﬂ"l,dl) - (R07T07d0)7 g(R27T27d2) - (R[),'I”O,d[)). (80b)
This function is given by

R2? — g2 R2 — d2\? o2Rrd \> 2Rrd
— —(R2 2 _ 2
g(ervd) ( %0 7\/ (R +d T)+< o > +<R2d2) ’RZ?dQ :

(81)

2 2
We have subsequently found that \/—(R2 +d>—r?)+ (W) + (521%_732)

; ; d*—2d?r?—2d?> R?—2r? R4 R*
can be written rationally as o (P —T2) .

See Figure 8b, for example. Starting from the triple (R112, 7112, d112) We get

g*(Ri12, 7112, d112) = (Ro, 70, do).

Thus, using sequences like these in Theorem 16 we can get some other relations
useful in research of bicentric polygons.

Also let us emphasize here that using the function ¢ the following theorem can
be easily proved.

Theorem 22. The converses of Theorems 16 and 21 are also valid, that is, if the
triples (R;,7i,d;), i = 1,2, are such that Fy,(R;,7i,d;) = 0, i = 1,2, then
there is a triple (Ro, 9, dp) such that F,,(Ro,r0,do) = 0 and f;(Ro,r0,do) =
(RZ‘, T, di), 1= 1, 2.
Proof. If the triple (R, r, d) in the relation (81) is one of the triples (R;, i, d;), i =
1,2, then we have a relation which can be written as g(R;, i, d;) = (Ro, ro,dp), i =
1,2, that is, an(Ri,T‘i, dz) =0— Fn(g(Ri,ri, dl)) =0,1=1,2.

Also let us remark that the system

Rd = Rody, R*+d*>—r*=R3+d3—r2, R?—d*>=2Ryr

in R, r, d has two solutions given by (24) and (25), and that the solution of the
above system in Ry, ro, dy is given by (81), that is, g(R, r,d) = (Ro, 70, do).
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O

Corollary 23. Using relation (27a) and (28b) the triple ¢( Ry, ro, dp), where ¢ =
%, can be written as

<R 2R1tth 2R1T1d1>

1, ) )
e

where crg and cdy are also expressed only using Ry, 71, d;.

Of course, the triple ¢(Rq, 79, do) can be also expressed as

2Ry [ R2—d2 R2—d2\”  [2Ryridi\* 2Ririd,
— (R +d2—1? — :
pgdf( oy o\ TErAm (T ) e ) e

4. Another type of characteristic pointsfor two nested circles

About interesting geometrical properties of the triples (Ry, ro, do) and ¢( Ro, 7o, do)
see Corollaries 17-20.

In the following we briefly consider one more characteristic point defined for
two nested circles. Definition 1 will be extended as follows. Instead of R, r, d, we
use Ry, ro, do, and let the points S (s1,0) and Sa(s2, 0) be given by

R+ d ¥ (BT =P — AR

51,2 2 (82a)
or
S1a = R2 + d2 ;drg F tth7 (82b)
since '

(R + d3 — 13)* — 4R35 = ((Ro + do)” = 13) ((Ro — do)® = 13) = 3,82,

Then both of the points S;(s1,0) and Sa(s2,0) can be called characteristic points
determined by the triple (Ro, 7o, do).
It is easy to show that
(tm F tm)”
4dy
The point S1(s1,0) is the intersection of the z-axis and the line through the
points 77 and 77 drawn in Figure 1b given by
r2 rotpr - ot
T (do— —2—, . Ti(do+ =—2—, — m) 83
1(0 Ry + dy R0+d0) 1<0 Ry — dy Ry — dy (83)
The point S (s2,0) is the intersection of the z-axis and the line through the points

T given by (83) and
r2 ot
T, d 0 n_).
2< 0jLRo—do’Ro—do>

S1,2 = (82c)

2
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Now we consider the relation (43) as an equation in s given by
2R%s — (R3 + s*) u
—2su + R2 + 52
where we here use notation Ry, rg dy instead of notation Rq, r1, di. As will be
shown, this relation plays a key role in using characteristic points. First it can be

easily shown that this relation is equivalent to

—2Rjdo + (R§ + dj — 1§) u

2dou — (R% + dZ — 7“8)
Namely, if s in the relation (84a) is replaced by right side of the any of the relations
C(ta —tm)? (tar +t)?
S1 =7, S2= -~ —,
4dy 4dy
(see (82)) we get relation (84b).

Thus, the equation in s given by (84a) has the solutions s; and s,. These solu-
tions can be also written as

it + R3 wi + R2\”
SR _R2
12T TG ¥\/< U+t 0

and it is easily seen that s1s2 = R3.
Also, if w and @ in (84b) are interchanged, then
_ 2Rps; — (R3 + s7) B —2R3do + (R + dj — 1) @
YT T st BB s? | 2den— (REAE—12)
The above relations in u, @, s1, s2 are very important since they open the way

to the use of both of the characteristic points S; and So. The relation (84a) is
connected with both of the characteristic points S; and Ss.

Theorem 24. Let C; and C5 be two nested circles such that

Ry = radius of Cy, r¢ = radius of Cs,

dp = distance between centers of C; and Cs.
Let 2Oy be a coordinate system with origin O at the center of C; and positive
x-axis containing the center of Cs. Let P(u,v) be any given point of C; and let
P(a,%) beapoint of C; such that the chord PP of C; contains the characteristic
point Si(s1,0), that is,

—2R%do + (R + d3 —r3) u

2dou — (R(Q) + d% — rg) ’
Then the point Q (@, —0) of C has the property that the chord PQ of C; contains
the characteristic point S2(s2,0) (see Figure 9).

U= , (84a)

(84b)

U=

i=1,2. (85)

0? = R3 — 4.

U =

Proof. The condition that the line through the points P and () contains character-
istic point S, can be written as

A~

v+
ﬁ(sz—u)

—y =
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P(u,v)

X

Pu,v)

Figure 9. Geometrical interpretation of the points P, P, S; and the points P, Q

Ss.
or
_v_uzs (86a)
v U — 89

The condition that the line through the points P and P contains point S, is given
by
u— 81

= - . (86b)
u— 81

v
0

Thus, the condition that the line through P and P contains the characteristic point
S1 and the line through P and @ contains the characteristic point S, is given by

v\ 2 u—s\2
G -(:=2) @7)
v u—3S
where s = s; in the first case and s = sy in the second case. We make use of the
relations

—2R2dy + (R +d3 — ) u
2dou — (R(Z) + d3 — 7"8)

v? = R:—w? *=R:-4% 4

which hold for any w such that the point P(u,v) belongs to the circle C;. Using
computer algebra we get the following equation in s:

dyR3su — djsu® — d3Rjs — d3 Ryu — d3 REs*u + dy R3u® + diys*u® + disu®
— 2d%rE REsu + 2d3r2su® + dZRS + d2Rys? + 2d3 Rgsu — 2d2R3su® — d2R3u*
— d3s*ut + dorg Rys + dorg Reu + dord REs*u — dord Ru® — dorgs*u® — dorg su®
— doRSs — doRSu — doRgs*u + doRgu® + doRés*u® 4 do R3su* + rg Risu

— rgsu® — 2r3 Rosu + 2r3 R2su® 4+ RSsu — Rjsu® = 0
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whose roots are

R+ d3—r¢—\/(R:+d%—1r2)2 — AR2d2

2dy ’
R Rt IR ) ARE
N 2dg '

S1 =

O

Corollary 25. The eguation in s given by (84) is the same as the equation given
by (87). Each of them has only the solutions s; and ss.

Corollary 26. Let n > 4 be an even integer with Fuss' relation F,,(Ry, o, dy) =
0. There are two bicentric n-gons A; --- A,, and By - - - B,, with the following
properties.

(i1) Ay = P(u,v), BH% = Q(a,—0).

(12) For each Ai(ui,vi), 1=1,...,
the line through the points A; and B; ;. "

(i3) For each A;(ui,v;), i = 1,...,5, thereis A; n (ui+%,vi+%> such that
the chord AZ-AHg of Cy contains point Sy .

(i4) Thepoint A; and B;, i = 1,..., 5, are symmetric about the z-axis.

(is) Foreachi=1,...,3,

thereis BH% (UH%, —ng) such that
contains point .Ss.

n
21
n

AiSa| [ Ay S| = o3~ RS,

|B:S5| ‘BH%SQ‘ = 3 - R%.
Proof. (iz): The proof easily follows from the equation of the line through the
points A; and BH%.

(i4): From the Figure 9 can be easily seen that the chord QP of C1, that is, the
chord By 2 Az, is perpendicular to the z-axes.
(i5): The proof is in the same way as the proof that holds the relation (40). O

Here is an example. Using Example 4, where n = 6, can be easily found that
the vertices of the hexagon Ay - - - Ag (determined by given tangent lengths) are

A1(3.58220619, 7.531948163), Ao (7.862976314,2.781375164),
A3(8.129674451, —1.863018422), A4(4.920109639, —6.734609525),
As(—4.628245672, —6.938428231),  Ag(—6.49623254, 5.230813236).

In this case is A = A4, Ay = As, A3 = Ag, .

The vertices of the hexagon B - - - Bg are such that if A;(u;,v;), i =1,...,6,
then Bi(ui, —UZ'), 1=1,...,6.

In Example 4 it is shown that t); = 6.7677574552, t,, = 2.14242886. Thus
s1 = 4.288544701, so = 16.22052397. It is easy to verify the assertions (i;) —
(i5). Also, the relations like those given by (84) and (85) can be verified.
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Concluding Remark. The main result of the present paper refers to the given def-
inition of characteristic points for two nested circles and their properties useful
in research of bicentric polygons. Some old and difficult problems are solved. It
seems that there are many problems concerning bicentric polygons for which the
characteristic points can be very useful. In this connection we remark that the char-
acteristic points can be also useful in research of bicentric 2n-gons from the class
Caon(Ri,7i,d;) which is obtained from the class C,,(Ry, ro, dp) using function f;
and f> given in Definition A. Some results from this area are given in Theorem 5, 6,
14. Also some results concerning functions f; and f, given in [7] are extended.
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