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Another Archimedean Circlein an Arbelos

Emmanuel Antonio José Garcia

Abstract. The incircle of a triangle associated with an arbelos is Archimedean.

We make an addition to recent contributions to the Archimedean circles associ-
ated to an arbelos. See [1, 3, 4, 5] and the catalogue [2].

Consider an arbelos bounded by semicircles AB, AC, CB of radii a + b, a, b,
and centers O, D, E respectively. Construct the semicircles with diameters AF,
DB (and centers K, L respectively), and the common tangent of these semicircles
touching AFE at M, DB at N, and intersecting the semicircle AB at F' and G (see
Figure 1). If the tangents to the semicircle AB at F and G intersect at H, we prove
that the incircle of triangle F'G H is an archimedean circle of the arbelos, namely,
its radius is -

Figure 1

Let OH intersect the semicircle AB and the chord F'G at I and J respectively.
Since

1
ZIFH = 90° = ZOFI = 90° — £ (180° — ZIOF)

= %AIOF: %4JOF: %AJFH.

FI bisects angle GF H. Since I also lies on the bisector of angle FHG, it is the
incenter of triangle FGH. The radius of the incircle of triangle FGH is I[J =
I0—-0J =(a+b)—0J.
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To find the length of OJ, note that it is parallel to both KM and LN of the
trapezoid KMNL. Since OL = 2and KO =%, OL: KO: KL=a:b:a+b,
and

OL KO
OJ = ;7 KM+ 2— LN
a b b a
= a+b<“+z>+a+b(2+b>
_d’+ab+1?
a+b

It follows that ) . ;
a“ + ab + a
1J = b) — = .
J=(a+b) a+b a+b

This is the radius of an Archimedean circle in the arbelos.
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