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In this paper stress concentrations are studied around circular cylindrical openings or voids in
a linear elastic continuum. The loading is such that a uniform shear stress occurs in the
continuum, which is disturbed by the opening. The shear stress is in the direction of the
centre axis of the opening. The stress distribution has been determined both analytically and
numerically. It is shown that a peak shear stress occurs next to the opening. The peak shear
stress is twice the shear stress at a large distance of the opening. In addition, a lining has been
considered and formulas have been derived to calculate the stresses in the lining.

The results are applied to a reinforced concrete bore tunnel in a soft soil. The soil is deformed
in shear at the connection of the tunnel to a ventilation shaft. It is shown that large shear

stresses can occur in the concrete due to minor differential settlements.
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1 Introduction

The considered situation is shown in Figure 1. A cylindrical opening is enclosed by an
infinite continuum. The continuum is loaded such that a uniform shear stress occurs,
which is disturbed by the opening. The shear stress is in the direction of the opening axis.

Around the opening stress concentrations occur which are analysed in this paper.

Stress concentrations around openings in solids and plates have been studied intensively.
Many of the results are summarised by Savin (1961), Timoshenko et al. (1970), and Pilkey
(1997). Stresses around cylindrical openings, representing tunnels, have been studied by
Mindlin (1939) and Yu (1952). However, as far as the authors know, the situation

considered in this paper has not been published before. This can be considered remarkable
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because the analysis shows to be rather elementary and the result is quite relevant to civil

engineering.

Stress concentration factors for normal stresses or shear stress in planes perpendicular to
the centre line of the cylindrical opening are not considered in this paper. These can be

simplified to two dimensional problems for which solutions are available in literature.!

Analytical solution

The derivation uses both cylinder coordinates x, 7, ¢ and Cartesian coordinates x, y, z (Fig.
2). The reason for using two coordinate systems is that it is convenient to calculate the
boundary stresses in cylinder coordinates and the far field stresses in Cartesian

coordinates, as will be shown. The following displacement field is proposed

u —1(r+ﬁ)sin

G r ¢

u, =0, 1)
u, =0,

The symbols a, r and ¢ are explained in Figure 2. Symbol G is the shear modulus and 7 is a

parameter that will be interpreted below. It will be shown that this displacement field,

Figure 1. Shear stress concentration in a continuum around a cylindrical opening

1 Most stress concentration problems for cylindrical openings can be simplified to a two
dimensional plane strain problem or to a two dimensional plane stress problem. It is noted that

plane strain problems have the same stress solutions as plane stress problems.
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Figure 2. Reference systems, dimensions and displacements for the analytical solution

which has been found by trial and error, provides the correct solution to the problem of

this paper. From Eq. (1) it follows that the displacements in the radial and tangential

directions are

u, =0,

up=0.
The strains in cylindrical directions are

Exx =€ =€gp = Vrp =0
2

_ux | Oy :é(l—f—z)sin(p,

T ox
_Ouy e _ T
Txo rop dx G

2
(1+u—2)cos(p.
r

The stresses are

Oxx = Oy =Ogp =Orp =0
Oxr =Gy »
Oxp =Gy -

At the opening edge (7 = a) the stresses are
Oxx =GOy =Ogp =Orp =0

6y =0,
Oyp =2T€0SQ.
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In Cartesian coordinates u, (Eq. 1) becomes u, = c (1+—5—)z . From this, the strains in
Yy +z

the x, y, z directions can be derived.

Exxzeyyzezz:YyZZO'

ou, OJu, 1T az(y2 —zz)
Xz (L =) 6
’YXZ BZ + ax G ( + (yz + Zz )2 ) ( a)

_duy Oy _

azyz

T
Ty dy  ox - E(y2+22)2 .

2 2
. z . z . . .
Since, y—z - = cos? o— sin? ¢@=cos2¢ and 22Y_» sin@cos @ = sin 2@, the shear strains
oo rr

Yxz and v, can be written as

2
Yiz = %(l +Z—2cos2(p) ,
, (6b)

Ta .
Yxy :—ET—Zsm2(p.

The stresses are

Oxx =Oyy =02z = Oy =0,
Oz =GVyz /s @)
Oxy = Gny :

The equilibrium equations are

aGch + any + ao-xz
ox ay oz
9y IOy  Joy,

ox oy oz
aoxz i acyz n aGZZ
ox oy 0z

=0,

=0, ©®)

=0,

which are correctly fulfilled. From Eq. (7) and (6b) follows that in the far field (r — o) the

stresses are

Gxx=(5yy=($zz=0yz=0,
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From Eq. (5) is concluded that the stresses on the opening edge are zero, which is the
correct boundary condition. From Eq. 9 is concluded that 7 is a uniform shear stress in the
continuum which is the correct loading. In addition, all equations of the linear theory of
elasticity have been fulfilled. Therefore, the proposed displacement field Eq. (1) provides
the correct solution to the problem of this paper.
The maximum shear stress occurs at (y =+a, z=0)2

Oy, =27,

Oyy =0. (10)

This follows from both Eq. (5) as Eq. (7).

Numerical solution

A finite element study has been performed using the program Ansys (Weelden 2010). The
opening, with a radius of 2.5 m, is embedded in a square block of 50 x 50 x 50 m. Young's
modulus E = 200000 N/mm? and Poisson’s ratio v = 0.3. The element size is approximately
0.5 m close to the opening and larger at the block edges (Fig. 3). The element types used are
SOLID45, which is an 8 node hexahedron and SOLID92 which is a 10 node tetrahedron. A

shear displacement of 1 m is imposed to one of the block edges deforming it to a rhombic

ulemw

I u, =0 ’ void X ’ u, =0

\ block
u, =0 —
Figure 3. Tetrahedral finite element mesh of the  Figure 4. Imposed deformations on the model
front face edges. In addition, one node is fixed in the y
direction.

2 This maximum shear stress of 21 been suggested before by Hoogenboom et al. (2005).
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shape (Fig. 4).% A static linear elastic analysis has been performed. The results show a
shear stress next to the edges of the block of 1538 N/mm? (Fig. 5). The largest shear stress
is 3102 N/mm?, which occurs in the middle of the block next to the opening. Therefore, the
stress concentration factor is 3102/1538 = 2.017. The analysis has been repeated for
different values of Young’s modulus, Poisson’s ratio and the imposed deformation. This
did not result in significant changes in the stress concentration factor. The analysis has
been repeated for several element sizes. For a very fine finite element mesh the stress
concentration factor is close to two. Also, the analysis has been repeated for several block
sizes. For smaller block sizes both the concentrated stress and the stress in the block edges

increase significantly.

In total 50 finite element analyses have been performed. The mean stress concentration
factor is 1.996. The standard deviation is 0.017. The null hypothesis is, “the stress

concentration factor is two”. A 5% error is accepted in falsely rejecting the null hypothesis.

The reliability boundaries are 2 - 2.01 x 0.017/ /50 =1.995 and 2 +2.01 x 0.017/ /50 =

500

1000
1500
2000
2500

3000

Figure 5. Shear stress G, in the middle section of the block

3 In retrospect, a 1 m slice of the block could have been analysed if a continuity condition would
have been imposed on the boundaries x = 0.5 m and x = -0.5 m. This would enable the use of

meshes of prismatic elements of unity lengths.
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2.005, where 2.01 is 2.5% critical value of the Student distribution of 49 degrees of freedom.
Since 1.995 < 1.996 < 2.005 the null hypothesis cannot be rejected.

Lining stresses

A lining is introduced that covers the surface of the opening (Fig. 6). It has a thickness ¢
and a shear stiffness G;t . The shear deformation y of the lining is the same as that of the
continuum edge.

V= Yro(r=2,9). (1
The constitutive equation of the lining is

n=Gyty, (12)

where 1 is the lining distributed shear force (N/m) in a cross-section of the opening. The
lining is loaded by the shear stress ¢, at the continuum edge. It is assumed that normal
stresses do not occur in the lining, which hereafter is shown to be true.* The lining

equilibrium equation is (Fig. 6)

(n+dn)dx—ndx+06,, adedx=0.

Figure 6. Equilibrium of an elementary part of the lining

4 Problems in elasticity theory have a solution and just one solution (existence and uniqueness).
Therefore, when a solution is found that fulfills all equations than this solution is the solution.
The fact that some stresses are assumed to be zero is not an approximation but just part of the

solution.

161



This can be evaluated to

@+acxr(r:a,(p):0. (13)
do

The following displacement field is proposed

u —l(r+ﬂ ﬁ)sin

TG Tk T

u, =0, (14)
u, =0,

where k is a parameter that is interpreted below. It is noted that when k = 0 the
displacement is equal to that of the previous chapter. It will be shown that Eq. (14), which
has been found by trial and error, provides the correct solution to the problem of this
paper including a lining.
It can be shown that for this displacement field the equilibrium conditions, Eq. (8), are
fulfilled too. Also the far field conditions, Eq. (9), are fulfilled. The shear strains in the
radial and tangential directions are

du, Ju, T 1-k a°

=X 4 T - (1-——— —)si ,
Yar or oJx G 1+k rz)sm(p

) (15)
Yo = Oty +au—(P = 1(1+ﬂ u—)cosq)
T re ox G 1+k 2 '
In the continuum edge (r = a) the shear stresses are
Gy =1 2k sing
xr — Yo 4
1 ; k (16)
GX(P = Tm COs Q.
Substitution of Eq. (11) and (15) in Eq. (12) gives
Gt 2
il . 17
n=1t G 1ek cos @ 17)
Substitution of Eq. (17) and (16) in Eq. (13) and evaluation gives
Gt
k=—. 18
Ca (18)
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Apparently, k is a dimensionless parameter that describes the stiffness properties of the
lining compared to the continuum. With this result, all equations of the continuum and the
lining are fulfilled. Also, the far field stress state (Eq. 9) is fulfilled. Also, compatibility (Eq.
11) and equilibrium (Eq. 13) between the continuum and the lining are fulfilled. Therefore,
the proposed displacement field Eq. (14) provides the correct solution to the problem of

this paper including a lining.

The resulting shear stress in the edge of the continuum can be obtained from Eq. (16)

N/c%,ﬂsiq, :rixlkz sin2q>+cos2(p. (19)

1+k

For 0 < k <1 the extreme value is

2
T =1T——, 20
max 1+k ( )

which occurs at ¢ =0 . For k =1 there is no extreme value because there is no disturbance

in the continuum stress field. For k > 1 the extreme value is

2k
Tmax = Tm ’ (21)

which occurs at ¢ = i%n . This result is shown in Figures 7 and 8.

From Eq. (17) and (18) the maximum shear stress in the lining is obtained

n_pe 2k (22)
t t1+k

which occurs at ¢ = 0 for any k.

, ,
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7

0<k<1 k=1 k>1

soft lining stiff lining

Figure 7. Continuum and lining deformation for three types of stiffness k
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Figure 8. Stress concentration factor —22% in the continuum as function of the lining stiffness k
T

It can be practical to express k in Young’s modulus E; of the lining and Young's modulus E

of the continuum, provided that Poisson’s ratio of lining and soil are the same.

k=—L= (23)

5  Tunnel stresses

Bore tunnels in soft soils often have reinforced concrete linings with a thickness of
approximately radius/10. The lining typically consists of connected concrete segments.
Young’s modulus of concrete including the connections is approximately 10000 N/ mm?2.
The stiffness of soil strongly depends on the confinement pressure. At a depth of 10 m soil
can be modelled as an elastic continuum with Young’s modulus 100 N/mm?.

Consequently, the stiffness parameter k can be calculated by (Eq. 23).

k= E t_ 10000 4/10 _ 10

Ea 100 a
At regular intervals a tunnel is interrupted by vertical ventilation shafts. A shaft is loaded
differently than the tunnel parts. Also, the shaft foundation is in different soil layers than
the tunnel. Consequently, shaft and tunnel experience different settlements (Fig. 9). This
situation can be modelled by the problem that is solved in this paper. The soil deformation

is approximated with a homogeneous shear strain. Due to this a homogeneous shear stress

7 occurs which is disturbed by the tunnel.

The maximum shear stress in the soil is (Eq. 21)
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2k 2x10 _

T =T——=1 =181
T4k 1410

which occurs next to the top and bottom of the tunnel lining. The maximum shear stress in

the concrete lining is (Eq. 22)

n a2k a 2x10 _

T— =T—r =
t  tl+k /101410

This is a considerable stress concentration. It is noted that often the soil and concrete
properties cannot be determined accurately. Fortunately, large variations in k have little
influence on the results of this chapter. For example if k = 2, which is only 20% of the
previous value then the concrete lining stress is 11/t = 13.3 1, which is still 73% of the

previous value.

Clearly, both the soil and the reinforced concrete tunnel segments behave nonlinearly,
which is not included in the above linear analysis. Self weight and the construction process
cause stresses in the soil and the lining. In addition, the settlement considered in this paper
can occur. The soil can yield at the connection with the tunnel which might unload the
concrete. Nevertheless, the present linear analysis of the additional settlement load
predicts that before yielding the maximum additional concrete stresses are ten times larger
than the maximum of the additional soil stresses. It is not unlikely that the already heavily
loaded concrete crushes before the soil yields. More research is needed for validation of

this conclusion.

TS T = =="ventilation| —————— "~
jf shaft

L

Figure 9. Differential settlements around a bore tunnel connected to a ventilation shaft
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Conclusions

A factor two stress concentration occurs in a continuum with a circular cylindrical opening
loaded in shear in the direction of the opening centre line. This result does not depend on
the opening diameter or on Young’s modulus. Contrary to spherical openings this stress
concentration does not depend on Poisson’s ratio.

Also for cylindrical openings with a lining, closed form solutions have been derived for the
stress concentration in the continuum and in the lining. The stress concentration factor for
the continuum varies between one and two depending on the lining stiffness.

Application to a typical bore tunnel in soft soil with a reinforced concrete lining shows that
small differential settlements causing small shear stresses in the soil can give large shear
stresses in the lining. The shear stress in the concrete lining can be as much as 18 times

larger than the shear stress in the soil at some distance of the tunnel.
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Notation

A i opening diameter

E Young’s modulus of the continuum

E o Young's modulus of the lining

G v shear modulus of the continuum

Gl e shear modulus of the lining

koo dimensionless stiffness factor of the lining
Mo in plane shear force per unit length in the lining
T radial coordinate (Fig. 2)

P, lining thickness

Uy, Uy, Uy o displacements of a continuum point (Fig. 2)

Up, U woveenneneeens displacements of a continuum point in cylinder coordinates (Fig. 2)
Exxr Eyys Ezz weonn normal strains of a continuum point

Q i angle coordinate (Fig. 2)

Vo shear strain in the lining

Yayr Yazr Yyz -ooeee shear strains of a continuum point

Yars Yag «eeeeeeeees shear strains of a continuum point in cylinder coordinates
OxxsOyys gz woonee normal stresses of a continuum point

Ouxys Oxzs Oyz woonn shear stresses of a continuum point

Oys Oxgp voeeerrmeees shear stresses of a continuum point in cylinder coordinates
T o far field shear stress in the continuum

Tiax «-oceeeeneeneens peak stress in the continuum
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Appendix

In this appendix is shown that Eq. (13) can also be derived from the membrane theory of
thin shells. For this a new reference system x, y, z is selected in the middle surface of the
tunnel lining (Fig. 10). This reference system follows the lining such that the new z-axis is
always perpendicular to the lining. The equilibrium equations for membrane forces in thin

shells are, Calladine (1983)

kM + keyny, + 2kxynxy +p, =0
My, x gy, +Px =0 (24)

My F 1y 2+ Py = 0

In which the factors k are the shell curvatures and the terms p are the shell loading. For the
lining ky =-1/a, k, =0, ky, =0, py =0,4(r =a,9), py, =0y, (r =a,¢) and
p; =6,(r =a,9) . In the notation of this paper the lining shear force is 7, therefore, Moy =11.

In addition, 1y, =,y , 11y =N . Subsequently, Eq. (24) can be written as

—%+(5W(r=u,(p):o

on on

aa(?ff +a7+67¢(r =a,)=0 (25)
on on

o Tt O =a0=0

Since, all derivatives to x are zero, the last line of Eq. (25) can be written as

@+a0x,(r:u,(p):0 ,
do

which was to be proven.

Figure 10. Reference system of the shell equilibrium equations
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