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Abstract
We present some improvement methods for Smoothed Particle Hydrodynamics (SPH)
method to obtain accurate solutions for surface wave propagation problems. To verify
the accuracy of this method, a water tank test of wave propagation on an artificial reef
is performed. As a result, simulated wave height histories agreed well with measured
ones even in the case of wave breaking situations in which deformation of wave takes
place strongly.
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1. Introduction

Smoothed Particle Hydrodynamics (SPH) method is a particle method for solving partial
differential equations(1). While it has been used highly successfully in astrophysical applica-
tions, in recent years it has been developed as a method for solving incompressible flows.

There is a problem that the wave height attenuates when the propagation of the surface
wave is simulated for a long duration time by using the SPH method(2). To solve this prob-
lem, we have made several improvements to “conventional” SPH method. Definitions of the
conventional method will be described in §2. For the verification of the improved method, we
conducted the surface wave propagation test using water tank with simple slope. As a result,
measured wave heights agreed well with the simulated values(6), (7).

The objective of this study is to confirm the reliability of the surface wave propagation
analysis in the situation where complicated sea bed topography exists. For this purpose, we
treat wave transformation passing over an artificial reef. We compare numerical computation
results and hydraulics model tests containing an artificial reef, and validate reproducibility of
complicated surface wave propagation phenomena simulated by the SPH method.

An artificial reef is one of the submerged shore protection facilities, which is used on
eroded beaches and protect shore by dissipation of wave. Complicated wave phenomena are
observed near the reef, such as, wave breaking at front of the reef, and wave reformation at
back of the reef, which are hardly to be reproduced by numerical simulations.

In this paper, a numerical method is described in §2. Also, in §3, we show the result of
our simulation of water tank with an artificial reef, and compare the results and experimental
data.
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2. Numerical Procedures

2.1. Discretization method of the SPH scheme
The interpolated value of a function A of a particle a using the SPH methodology is:

Aa =
∑
b

mb

ρb
AbWab (1)

where a, b are indexes of the particles, and m and ρ are mass and density of the particles,
respectively. Wab = W(�rb − �ra, h) is an interpolation kernel function of radius 2h. The sum is
over all particles b within a radius 2h from the particle a.

The gradient of the function A is given by

∇Aa =
∑
b

mb

ρb
Ab∇Wab (2)

As a kernel function we employ the quintic spline(3).

W(r, h) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
α
(
1 − q

2

)4
(2q + 1) (0 ≤ q ≤ 2)

0 (otherwise)
, (3)

where q = r/h, and α is a normalization constant.
In the conventional method, the cubic spline is used, instead of quintic.

W(r, h) = α

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1 − 3

2 q2 + 3
4 q3 (0 ≤ q ≤ 1)

1
4 (2 − q)3 (1 ≤ q ≤ 2)

0 (otherwise)

, (4)

We use a form of the SPH momentum equation as follow(4).

d�va
dt
= −∑

b
mb

(
pb + pa

ρbρa

)
∇aWab

+
∑
b

mb

(
βavφ

2

ρ̄ab

)
∇aWab

+ �g

(5)

Here,�v, p, and �g are the velocity, the pressure, and the gravitational acceleration, respectively.
ρ̄ab is the average of the densities of particles a and b. Second term of right hand side of the
equation (5) represents artificial viscosity, where φ is defined as follows.

φ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
h�rba·�vba

r2
ba+η

2 (�rba ·�vba < 0)

0 (�rba ·�vba ≥ 0)
, (6)

where �rba = (�rb − �ra), and �vba = (�vb − �va). βav and η are tuning parameters, and we set the
values as βav = 0.1 and η = 0.01.

In the conventional method, The momentum equation is as follows.

d�va
dt
= −∑

b
mb

⎛⎜⎜⎜⎜⎝ pb

ρ2
b

+
pa

ρ2
a
+ Πab +

βavφ
2

ρ̄ab

⎞⎟⎟⎟⎟⎠ �∇aWab + �g (7)

Laminar viscosity used in Ref (5) is introduced.

Πab = − ξ
ρaρb

4μaμb

μa + μb

�vab · �rab

r2
ab + η

2
(8)

μ is viscosity, and ξ is a tuning parameter. We use a value of ξ = 4.96333 suggested by (5).
The equation of continuity is as follows:

dρa

dt
=

∑
b

mb
(
�va −�vb) �∇aWab (9)

The pressure is given by the following equation of state.

p = c2
0(ρ − ρ0), (10)

where ρ0 and c0 are initial density and sound speed, respectively. In this study, ρ0 and c0 are
set to 1 g/cm3 and 50 m/sec, respectively.
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Fig. 1 Conceptual diagram of boundary model at surface of fixed structure.

2.2. Time integration scheme
Following symplectic Euler algorithm is used as a time stepping scheme, since it is com-

paratively superior in the energy preservation.
( 1 ) The acceleration at the step n, d�va/dt = �Fn

a is calculated using equation (5).
( 2 ) Update the velocity: �vn+1

a = �vna + Δt �Fn
a

( 3 ) The time derivative of the density at the step n+1, dρa/dt = Dn+1
a is calculated using

equation (9)
( 4 ) Update the density: ρn+1

a = ρn
a + ΔtDn+1

a

( 5 ) Update the position: �rn+1
a = �rn

a + Δt�vn+1
a

Time step size Δt is calculated using;

Δt = 0.1 ×min

⎛⎜⎜⎜⎜⎜⎜⎝ h
c0
,

√
h
g

⎞⎟⎟⎟⎟⎟⎟⎠ . (11)

Leap-frog method is used as a time stepping scheme in the conventional method.

2.3. Smoothing of the density and the pressure
In order to avoid unrealistic oscillation of pressure, the density is smoothed according to

the following equation

ρnew
a =

∑
b mbWab∑

b(mb/ρb)Wab
. (12)

If a particle has sufficient neighboring particles, the denominator should be unity. On the other
hand, at the location where particles have insufficient neighbors (such as surface regions), this
correction compensate deficiency of neighboring particles. Pressure is also updated according
to the equation of state (10). The smoothing was performed once a 20 steps in the present
study.

2.4. Boundary condition at fixed structure
In our simulation, we consider a layer of width d on surface of fixed structure such as

slope and artificial reef. When a particle moves to inside of the layer, the particle is exerted
repulsive force. The repulsive force fn is defined as a similar form of elastic spring fn = ks,
where k is a spring constant, s is distance from surface of the layer. The spring constant k is
defined such that the kinetic energy of a particle with velocity c0 is equal to the elastic strain
energy when s = d, i.e. mc2

0/2 = kd2/2. The acceleration of the particle is then expressed as

v̇n =
(βc0)2

d2
s, (13)

where β is a tuning parameter of order of unity.

2.5. Parallel computation
The simulation program is performed with distributed memory type parallelization by

Message Passing Interface (MPI). The domain decomposition technique is used, in which
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Fig. 2 Water tank used by the hydraulics model test.

Table 1 The hydraulic model test conditions

wave height (m) period (sec)
caseA1 0.02 1.5
caseA2 0.03 2.0
caseA3 0.04 1.5
caseA4 0.06 2.0

each node takes charge of the divided spatial domain and performs only calculation of the
particles contained in the domain. Since particle interactions are limited inside the region with
the smoothing length of 2h, most calculations are independently performed within a node.
However, since the information on the particles contained in an adjacent node is required for
the particles which locate in a domain boundary, it is needed to communicate mutually the
information on the particles at the node boundary.

2.6. Setting of the numerical simulation
In order to validate reproducibility of complicated surface wave propagation phenomena

simulated by the SPH method, we compare numerical computation results with hydraulics
model tests by Oki, Murakami, and Mase(8). The water tank used by the experiment is shown
in Fig. 2. In the experiment, wave gauges are set up at the positions indicated by W1-W6.

Four kinds of sinusoidal wave described in Table 1 are set up as input. In the simulation,
virtual wave maker is set at W1 to generate sinusoidal waves. Motion of the wave maker is
set by the following equation;

ẋ =
ω

Ā
(2ηD − η0), (14)

where ẋ is velocity of the wave maker, ηD is target wave height, η0 is simulated wave height
at the front of the wave maker, and ω is angular frequency. Also,

Ā =
2 sinh2 KH

KH + sinh KH cosh KH
, (15)

where H is still water height, K is wave number. The wave number K can be obtained from
the following equation

ω2

g
= K tanh KH. (16)

Number of particles employed in the simulation is about 280,000. Initial particle distance
is 2.5 × 10−3m and the radius of the kernel function (2h) is 6.25 × 10−3m.

3. Results

3.1. Wave breaking and reformation on the edge of the reef
Fig. 3 and 4 show distribution of fluid particles near the front of the artificial reef and the

back of the reef, respectively. The wave condition is case A4. Small arrows correspond to the
velocity vector of the particles and the color indicates the magnitude of the velocity. It is seen
that the wave breaking occurs at the front of the reef in Fig. 3. Also, in Fig. 4, broken wave
reforms at the back of the reef. These results well correspond with the hydraulic model test.

129



Journal of Computational
Science and Technology

Vol.7, No.2, 2013

Fig. 3 Front of the reef

Fig. 4 Back of the reef
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Fig. 5 The wave height at the point 4,5, and 6 normalized by the value at W2 as a
function of the time (caseA1)

Fig. 6 The wave height at the point 4,5, and 6 normalized by the value at W2 as a
function of the time (caseA2)
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Fig. 7 The wave height at the point 4,5, and 6 normalized by the value at W2 as a
function of the time (caseA3)

Fig. 8 The wave height at the point 4,5, and 6 normalized by the value at W2 as a
function of the time (caseA4)

132



Journal of Computational
Science and Technology

Vol.7, No.2, 2013

3.2. Comparison of the wave height history
In Fig. 5–8, we show wave height histories of the case A1–A4 at the points W4, W5, and

W6, respectively. The wave height is normalized by the mean wave height at the point W2.
The red curves indicate the experimental data, and the blue ones are the results of numerical
simulation.

In case A1 and A2, while the simulated wave height at W5 are larger than those of the
hydraulics model test, the wave height at W6 of the experiment and the simulation are in good
agreement. On the other hand, in case A3, the simulated wave height is well in agreement
with the experiment at W5, and it is smaller than the experiment at W6. It can be seen that
the energy dissipation (it can be thought as the effect of artificial viscosity) of a wave has
occurred from W5 toward W6 in these cases. In case A4, the agreements are very well at all
of W4–W6. This suggest that it is related to the size of wave height, and the reproducibility
of a wave height history. It may be required for the reproducibility of a wave height history
that wave height is large to some extent, which might be related to the particle resolution.

4. Conclusions

(1) We presented an improved SPH method using the symplectic time integration scheme
and the equation of motion derived from the law of the energy conservation.

(2) Wave heights simulated by this method agreed well with measured ones obtained by
the water tank experiments with the artificial reef. Especially, highly nonlinear phenomenon,
i.e. wave breaking and recovering on the reef can be predicted precisely.
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