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FORMULATION OF A DUSTY GAS MODEL FOR MULTI-COMPONENT
DIFFUSION IN THE GAS PHASE OF SOIL

YOSHIHIKO HIBIi)

ABSTRACT

Soil vapor extraction and bio-venting have been utilized for puriˆcation of contaminated soil or groundwater. It is
necessary to predict the movement of gas phase components in soil for the design of soil vapor extraction and bio-vent-
ing systems. Though chemical substances migrate with advection and diŠusion in gas phase of soil, we investigated
multi-component diŠusion systems in gas phase of soil. Numerical modeling for multi-component diŠusion is useful to
the prediction of the movement of components. A dusty gas model for multi-component diŠusion systems has not so
far been formulated by the Finite Element Method; furthermore it has not been applied for assessing the movement of
components in the gas phase of soil. Accordingly, a dusty gas model for three gas phase components was formulated
by the Finite Element Method in this study, and the concentrations of components in binary and multi-component gas
systems were calculated by numerical methods developed in this study. As a result, it was found that the dusty gas
model must be applied for study of diŠusion in a multi-component gas system; and the study showed that the diŠer-
ence between molecular weights of gas phase components in‰uenced the movement of components in the gas system.

Key words: dusty gas model, ˆnite element method, multi-component diŠusion, numerical analysis, unsaturated soil
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INTRODUCTION

Soil vapor extraction and bio-venting have been used
to purify contaminated soil and groundwater (Shan and
Javandel, 1992). In soil vapor extraction, gas phase soil
components are extracted by a vacuum pump and harm-
ful gases are adsorbed onto activated carbon. In bio-vent-
ing, oxygen is pumped into the soil to support the growth
of microbes which break down the organic liquid con-
taminants present in the soil. In these cases, the gas
phases present in the soil (oxygen, nitrogen, harmful gas,
etc) disperse and advect in a multi-component gas system.
It is important to predict the migration of components in
the gas phase by a numerical model. The prediction of gas
migration by numerical modeling is useful to the design
of soil vapor extraction and bio-venting systems.

Previous studies (Abriola and Pinder, 1985; Sleep and
Skyes, 1993) have developed a numerical model with mul-
tiphase ‰ow, gas ‰ow, and advective-dispersion transport
of components in the vapor zone. Fick's law was formu-
lated in that model for dispersion of components in the
vapor zone. Moreover, Lenhard et al. (1995), Kneafsey
and Hunt (2004), Jellali et al. (2003), Mendoza and Frind
(1990), Mendoza and Frind (1990), Sleep and Sykes
(1989), Corapcioglu and Baeh (1987), Costanza-Robin-
son, and Brusseau (2002), Baehr and Corapcioglu (1987)
have simulated the migration of trichloroethylene or

hexane gas in a binary gas system composed of air and
these gases by numerical models applying Fick's law.
Fick's law can be applied for diŠusion in a binary gas sys-
tem, and is represented by

Ni＝－Dij;ci (1)

where Ni is the molar ‰ux [mol/L2T] of component i in a
binary gas system, Dij is a binary molecular diŠusion
coe‹cient [L2/T] between component i and component j,
and ci is the molar concentration [mol/L3] of component
i. Actually the components in the gas phase of soil may
diŠuse in a multi-component gas system in most cases,
but there are a few cases in which the components diŠuse
in a binary gas system. The application of Fick's law is
restricted to systems that exhibit binary gas diŠusion. Ad-
vection of chemical components is signiˆcantly in the
multi-component gas system and has been solved for
mass transfer in groundwater. However, multi-compo-
nent diŠusion in gas phase of soil has not been investigat-
ed except for Fick's law. Accordingly, we investigate
multi-component diŠusion in this study.

A diŠusion coe‹cient which considers molecular diŠu-
sion in a multi-component gas system can be employed in
place of the binary diŠusion coe‹cient in Eq. (1) as long
as each component is present in low concentrations. In
this case, the molecular diŠusion coe‹cient can be given
by Blanc's law (Poling et al., 2001) if the concentration of



420

Fig. 1. Schemata of Molecular diŠusion and Knudsen diŠusion
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each component is very low.

Dim＝
1

n

S
J＝1

Xj

Dij

(2)

In the equation, Dim is a molecular diŠusion coe‹cient
[L2/T] in the multi-component gas system, Xj is the molar
fraction [dimensionless] of component j, and n is the
number of components. Hoeg et al. (2004) simulated the
migration of low concentration gas phase 1,1,1
trichloroethane, 1,1,2 trichloroethane, and trichloroethy-
lene in soil by a numerical model applying Eqs. (1) and
(2). The results of the simulation were compared with
results of experiments carried out by Fischer et al. (1996),
and it was demonstrated that the results of simulation
were consistent with experimental results.

Poling et al. (2001) indicated that Eq. (2) was derived
from Stefan-Maxwell equations (Curtiss and Hirschfel-
der, 1949) as follows:

n

S
J＝1
J»i

XiNj－XjNi

Dij
＝;ci (3)

Equation (3) represents the diŠusion of components in
multi-component systems with accuracy, and can be ap-
plied to molecular diŠusion in multi-component gas sys-
tems even if the concentration of each component is high.
The diŠusion in Eq. (3) occurs when molecules collide
with each other, as shown in Fig. 1.

Baehr and Bruell (1990) carried out experiments on the
advective-diŠusion of hexane, benzene, and isooctane in
oxygen and nitrogen gas systems in the vertical direction.
The concentrations of the organic species were predicted
by Fick's law or the Stefan-Maxwell equations, assuming
that the molar ‰ux of oxygen approaches zero over time.
It was found by comparison between the predicted con-
centration and the concentration observed in the advec-
tive-diŠusion experiments that the concentration predict-
ed by Fick's law was similar to the concentration given by
the Stefan-Maxwell equations. Massmann and Farrier
(1992) reported similar results by demonstrating ‰uxes of
trichloroethylene in oxygen and nitrogen gas systems
which were calculated by multi-component equations or a
single-component equation derived from Fick's law. The

multi-component equations (called ``dusty gas'' model
equations) were derived from the Stefan-Maxwell equa-
tions with Knudsen diŠusion ‰ux and viscous ‰ux. Knud-
sen diŠusion occurs when molecules collide with surfaces
of soil particles, as shown in Fig. 1. Massmann and Farri-
er (1992) concluded that it was possible to apply a Fick's
law-type equation when the permeability is more than
10－10 cm2.

The above mentioned results were derived for condi-
tions of restricted permeability, or where some of the mo-
lar ‰uxes in Eq. (3) were zero, i.e., when the ‰ux of some
components was stagnant. However, Eq. (3) cannot be
solved for the molar fraction or concentration and the
molar ‰ux of each component unless it is assumed that
some molar ‰ux is zero, or has a deˆned relationship to
another molar ‰ux.

Therefore it is not suitable to apply Fick's law Eq. (1)
to multi-component gas systems, suggesting the use of the
dusty gas model equations. On the other hand, the dusty
gas model equations have never been completely formu-
lated with either the Finite Element Method (FEM) or the
Fine DiŠerence Method (FDM). This study attempts to
solve the dusty gas model equations by FEM, and several
diŠerent gas systems will be simulated by the numerical
model developed in this study. The results will demon-
strate the diŠerence between the diŠusion coe‹cient cal-
culated by Eq. (2) and the diŠusion coe‹cient calculated
by the dusty gas model in a binary gas system, and the
diŠerence between the concentration simulated by the nu-
merical model using Eqs. (2) and (1) and the concentra-
tion simulated by the numerical model developed in this
study.

NECESSITY FOR THE DUSTY GAS MODEL

Mason (1967) and Mason and Malinauskas (1983) der-
ived multi-component diŠusion equations with diŠusion
‰ux and viscous ‰ux depending on temperature from a
dusty gas model, and Cunningham and Williams (1980)
explained the process of induction for Stefan-Maxwell
equations and multi-component diŠusion equations, add-
ing a term for the Knudsen diŠusion to the Stefan-Max-
well equations. Knudsen diŠusion is a phenomenon
wherein molecules of gas diŠuse by colliding with the sur-
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Table 1. A comparison between conditions for application of each
model

Model Equation Conditions for application

Dusty Gas Model (8) Without any restriction.
In all cases for multi-component gas
system.

Fick's law (9) In binary gas system.
Blanc's law (10) In cases that concentration of the

diŠusing gas is dilute.
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faces of soil particles. Reinecke and Sleep (2002) demon-
strated a relationship between the Knudsen coe‹cient,
soil permeability, and the Klinkenberg parameter
(Klinkenberg, 1941), and Thostenson and Pollock (1989)
investigated the in‰uence of Knudsen diŠusion ‰ux on
multi-component diŠusion in the soil gas phase.

The dusty gas model equation without viscous ‰ux un-
der constant temperature is,

n

S
i＝1
i»j

XiNj－XjNi

Dij
－

Nj

Di
＝;cj (4)

where Di is the Knudsen coe‹cient [L2/T], and the sec-
ondary term of the left side indicates Knudsen diŠusion.

A Comparison between an Equation based on Fick's Law
and an Equation Derived by the Dusty Gas Model

The dusty gas model for a binary gas system can be ex-
pressed for components A and B as follows.
Component A

XANB－XBNA

DAB
－

NA

DA
＝;cA (5a)

Component B

XBNA－XANB

DAB
－

NB

DB
＝;cB (5b)

In these equations, XA and XB are molar fractions
[dimensionless] of component A and component B, NB

and NA are molar ‰uxes [mol/L2T] of components A and
B, and cA are cB molar concentrations of components A
and B [mol/L3], DAB is the molecular diŠusivity [L2/T] of
component A in component B or B in A, and DA and DB

are the Knudsen diŠusivities [L2/T] of components A and
B, respectively.

On other hand, the following equation may be derived
by Graham's law (Cunningham and Williams, 1980) for
binary system when the total gas pressure is constant in
an analytical domain.

NAM 1/2
A ＋NBM 1/2

B ＝0 (6)

where MA and MB are the molecular weights [M/mol] of
component A and component B, respectively.

By substituting Eqs. (6) into (5) and re-arranging, NA

and NB can be obtained as follows,

NA＝－
;cA

XA

DAB
ØMA

MB
»

1/2

＋
XB

DAB
＋

1
DA

(7a)

NB＝－
;cB

XB

DAB
ØMB

MA
»

1/2

＋
XA

DAB
＋

1
DB

(7b)

By comparison between Eqs. (1) and (7), molecular
diŠusion coe‹cients in Eq. (1) correspond with the D*AB

and D*BA deˆned from Eq. (7). Because particles of soil
resist molecular diŠusion in the soil gas phase, the
molecular diŠusion coe‹cient with soil particles present
in the system is generally smaller than the molecular

diŠusion coe‹cient without soil particles (Millingtion,
1959). The D*AB and D*BA take account of tortuosity t
[dimensionless], which in‰uences the paths of compo-
nents in the soil gas phase.

D*AB＝
1

XA

tDAB
ØMA

MB
»

1/2

＋
XB

tDAB
＋

1
DA

(8a)

D*BA＝
1

XB

tDAB
ØMB

MA
»

1/2

＋
XA

tDAB
＋

1
DB

(8b)

A molecular diŠusion equation in the form of Fick's
law taking account of tortuosity can be expressed for the
molar ‰ux of component A as follows:

NA＝－tDAB;cA (9)

Furthermore, a molecular diŠusion coe‹cient taking
account of tortuosity for component A approximates Eq.
(10) when the component is present at low concentration.

D*AB＝
1

XB

tDAB
＋

1
DA

(10)

Equation (8a) without a Knudsen diŠusion coe‹cient
is consistent with the binary diŠusion coe‹cient of Eq.
(9) if the molecular weight of component A is equal to the
molecular weight of component B. Then, assuming that
the concentration of component A is very low, XB ap-
proximates 1.0. As a result, Eq. (10) without a Knudsen
diŠusion coe‹cient is almost equal to the binary diŠusion
coe‹cient of Eq. (9). If XB is below 1.0 and Knudsen
diŠusion is taken account of, Eq. (10) is inconsistent with
the binary diŠusion coe‹cient of Eq. (9).

Therefore Eq. (10) has the limitation when the equa-
tion is applied to the binary diŠusion coe‹cient. On the
other hand Eq. (8a) can be applied for every situation en-
countered in a binary gas system without the limitation.
The above mentioned conditions for application of Eqs.
(8), (9) and (10) are arranged in Table 1.

A Comparison with Molecular DiŠusion Coe‹cients in
the Binary Gas System

Molecular diŠusion coe‹cients have been calculated
by Eqs. (8a) and (10), and the results are illustrated in
Figs. 2 and 3. Chemical and physical parameters used in
these calculations are indicated in Table 2.

The binary diŠusion coe‹cient in Eq. (9) has been
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Fig. 2. DiŠusion coe‹cients for binary gas system consisting of
methane gas and air in the gas phase of soil. Circles in case of a
diŠerence between molecular weights, and triangles in case of equal
molecular weights

Fig. 3. DiŠusion coe‹cients for binary gas system consisting of
trichloroethylene and air in the gas phase of soil. Circles in case of a
diŠerence between molecular weights, and triangles in case of equal
molecular weights

Table 2. Parameters for calculation of molecular diŠusion coe‹cients
for binary gas system

Parameter Value and/or Units

Tortuosity, t 0.1
Component A : air Molecular weight, MA 28.75 g/mol
Component B: methane Molecular weight, MB 16.04 g/mol

TCE Molecular weight, MB 131.4 g/mol
Molecular diŠusion coe‹cient between air and

methane, DAB
2.2×10－1 cm2/s

Molecular diŠusion coe‹cient between air and
TCE, DAB

7.6×10－2 cm2/s
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compared with the diŠusion coe‹cient calculated by Eq.
(8a) or Eq. (10) in a binary diŠusion system consisting of
air and methane. This situation implies that methane, of
lower density than air, inˆltrates through the air-gas sys-
tem by molecular diŠusion. Figure 2 shows the relation-
ship between the molar fraction of methane in an air-
methane system and the relative diŠusion coe‹cient
which divides the diŠusion coe‹cient of Eq. (8a) or Eq.
(10) by the diŠusion coe‹cient of Eq. (9).

Relative diŠusion coe‹cients calculated by Eq. (8a) or
Eq. (10) exceed 1.0, and increase with the molar fraction
of methane as shown in Fig. 2. It is found by a compari-

son between the molecular diŠusion coe‹cients calculat-
ed by Eqs. (8a) and (10) that the relative diŠusion
coe‹cient given by Eq. (10) is larger than that given by
Eq. (8a). Actually, the relative diŠusion coe‹cient given
by Eq. (10) should become 1.0 for the case of a molecular
diŠusion coe‹cient in a binary gas system without Knud-
sen diŠusion and a diŠerence in the molecular weight.
The relative diŠusion coe‹cient given by Eq. (10)
becomes 1.02 as shown in Fig. 2 when the molar fraction
of methane is 0.02 and 1.05 when the molar fraction of
methane is 0.05. Therefore, Eq. (2) can be applied only
where the molar fraction of methane is relatively low.
The molecular diŠusion coe‹cient given by Eq. (10) is
not equal to the binary molecular diŠusion coe‹cient for
high concentrations of methane. Equation (10) must not
be employed under conditions of high concentration
components diŠusing in a gas system. The molecular
diŠusion coe‹cient given by Eq. (8a) or Eq. (8b) should
be equal to the diŠusion coe‹cient in Eq. (9) if the
molecular weight of component A is consistent with that
of component B and Knudsen diŠusion does not occur in
gas system. The diŠusion coe‹cient given by Eq. (8a)
diŠers from the diŠusion coe‹cient in Eq. (9) by reason
of the (XA/tDAB)(MA/MB)1/2 term included in the numer-
ator of Eq. (8a). The relative diŠusion coe‹cient given by
Eq. (8a) as shown in Fig. 2 becomes 1.03 when the molar
fraction of methane is 0.05 and 1.06 when it is 0.10.
Therefore the molecular diŠusion coe‹cient is highly in-
‰uenced by the diŠerence in the molecular weight, and
the binary diŠusion coe‹cient of Eq. (9) can not be used
when simulating a system of gases that are of signiˆcantly
diŠerent molecular weights.

Figure 3 shows the relationship between the molar
fraction of trichloroethylene (TCE) and a relative diŠu-
sion coe‹cient obtained by Eq. (8a) or Eq. (10) in a bina-
ry gas system consisting of air and TCE. The molecular
weight of TCE is heavier than that of air, as shown in
Table 2. The relative diŠusion coe‹cient calculated by
Eq. (10) is more than 1.0, similar to the case of the
methane-in-air system, and Eq. (10) can be used for simu-
lations of the molecular diŠusion only if the concentra-
tion of TCE is su‹ciently low. On the other hand, the rel-
ative diŠusion coe‹cient calculated by Eq. (8a) does not
exceed 1.0, and decreases with increasing TCE molar
fraction. The relative diŠusion coe‹cient given by Eq.
(8a) is 0.95 as shown in Fig. 3 when the molar fraction of
TCE is 0.05, and 0.90 when TCE molar fraction is 0.10.
The diŠusion coe‹cient given by Eq. (8a) may become
smaller than that in Eq. (9) if the molecular weight of the
gas diŠusing into the system is heavier than that of the
majority gas.

It was found in this investigation that Eq. (10) can be
used for simulations of the molecular diŠusion only if the
concentration of gas diŠusing into the system is very di-
lute, and that Eqs. (8a) and (8b) must be used for simula-
tions of systems with gas phase components that diŠer in
molecular weight. The total molar diŠusion ‰ux NT is de-
ˆned as the sum of the molar diŠusion gas ‰ux ND [mol/L
2T], given by Eq. (9) representing Fick's law, and a none-
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quimolar diŠusion gas ‰ux NT [mol/L2T] (Thorstenson
and Pollock, 1989, Cunnigham and William, 1980),
which occurs by reason of the diŠerence in gas molecular
weight. The diŠerence between the diŠusion coe‹cients
given by Eq. (8a) and the binary diŠusion coe‹cient in
Eq. (9) is a reason for the nonequimolar diŠusion.

FORMULATION OF MOLECULAR DIFFUSION
EQUATIONS FOA A THREE-COMPONENT GAS
SYSTEM IN THE GAS PHASE OF SOIL

It was found in the binary gas system that a diŠerence
between molecular weights is very important, and Eq.
(10) must be used when the concentration of the compo-
nents diŠusing into the gas system is very low. Then
migrations of three components in a three-gas system in
the soil gas phase will be simulated by the dusty gas model
and Fick's law with Eq. (9). The results reported here
make it clear that the dusty gas model is very signiˆcant
for multi-component diŠusion in soil gas phases.

The dusty gas model for three components can be ex-
pressed as follows.
Component A

XANB－XBNA

tDAB
＋

XANC－XCNA

tDAC
－

NA

DA
＝;cA (11a)

Component B

XBNA－XANB

tDAB
＋

XBNC－XCNB

tDBC
－

NB

DB
＝;cB (11b)

Component C

XCNA－XANC

tDAC
＋

XCNB－XBNC

tDBC
－

NC

DC
＝;cC (11c)

In these equations, XC is a molar fraction [dimensionless]
of component C, NC is a molar ‰ux [mol/L2T] of compo-
nent C, cC is a molar concentration of component C
[mol/L3], DBC is a binary molecular diŠusion coe‹cient
[L2/T] of component B in component C or C in B, DAC is
a binary molecular diŠusion coe‹cient [L2/T] of compo-
nent A in component C or C in A and DC is the Knudsen
diŠusion coe‹cient [L2/T] of component C, respectively.

The equation of Graham's law for three components
can be expressed as follows.

NAM 1/2
A ＋NBM 1/2

B ＋NCM 1/2
C ＝0 (12)

Arranging (11), NA, NB and NC can be given as the follow-
ing equation.

NA＝－
;cA

Ø XB

tDAB
＋

XC

tDAC
＋

1
DA

»
＋

XA

tDABØ XB

tDAB
＋

XC

tDAC
＋

1
DA

»
NB＋

XA

tDACØ XB

tDAB
＋

XC

tDAC
＋

1
DA

»
NC (13a)

NB＝－
;cB

Ø XA

tDAB
＋

XC

tDBC
＋

1
DB

»
＋

XB

tDABØ XA

tDAB
＋

XC

tDBC
＋

1
DB

»
NA＋

XB

tDBCØ XA

tDAB
＋

XC

tDBC
＋

1
DB

»
NC (13b)

NC＝－
;cC

Ø XA

tDAC
＋

XB

tDBC
＋

1
DC

»
＋

XC

tDACØ XA

tDAC
＋

XB

tDBC
＋

1
DC

»
NA＋

XC

tDBCØ XA

tDAC
＋

XB

tDBC
＋

1
DC

»
NB (13c)

where D*A, D*B, and D*C in Eq. (13) are deˆned as follows:

D*A＝
1

Ø XB

tDAB
＋

XC

tDAC
＋

1
DA

»
(14a)

D*B＝
1

Ø XA

tDAB
＋

XC

tDBC
＋

1
DB

»
(14b)

D*C＝
1

Ø XA

tDAC
＋

XB

tDBC
＋

1
DC

»
(14c)

Substituting Eqs. (13) and (14) into equations of the
conservation of mass law for each gas phase component
of soil, the constituted equations Eq. (15) for each com-
ponent in the soil gas phase can be induced as follows:

ug
&cA

&t
＝;･(D*A;cA)－;･ØD*AXA

tDAB
NB»－;･ØD*AXA

tDAC
NC»

(15a)

ug
&cB

&t
＝;･(D*B;cB)－;･ØD*BXB

tDAB
NA»－;･ØD*BXB

tDBC
NC»

(15b)

ug
&cC

&t
＝;･(D*C;cC)－;･ØD*CXC

tDAC
NA»－;･ØD*CXC

tDBC
NB»

(15c)

where ug is the gas-ˆlled porosity.
A diŠerential equation like Eq. (15) can generally be

solved approximately by means of the Finite Element
Method (FEM) or Finite DiŠerence method (FDM). FEM
has an advantage that any shape of element can be used
for discretization of the analytical domain. On the other
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hand, quadrilateral elements except for the rectangle can-
not be used in FDM, and rectangular elements are gener-
ally employed in FDM. FDM is superior to FEM for
tracking the mass balance between that of a component
injected into or discharged out of the analytical domain
and changes of mass of a component in the analytical
domain. However the Lumping method veriˆed by Milly
(1985) or Celia (1990) is able to improve mass balance
which is calculated from the concentration of the compo-
nent given by means of FEM, and the accuracy of the
mass balance obtained by means of FEM with the Lump-
ing method is as precise as that obtained by means of
FDM. Therefore the Galerkin Finite Element Method
(GFEM) is applied to solve Eq. (15) in this study, and if
Fi is a basic function at node i for discretization of the
analytical domain, each variable in Eq. (15) may be ap-
proximated by Fi as follows.

ug＝
np

S
i＝1

Fiugi (16a)

ck＝
np

S
i＝1

Ficki for k＝ Component A, B, C (16b)

D*k＝
np

S
i＝1

FiD*ki for k＝Component A, B, C (16c)

Xk＝
np

S
i＝1

FiXki for k＝Component A, B, C (16d)

Nk＝
np

S
i＝1

FiN*ki for k＝Component A, B, C (16e)

In these equations, a subscript i is the nodal number
given at a node in the discrete domain, and the variables
with subscript i are the physical or chemical values at each
nodal number. Then np is the number of nodes.

When GFEM and Green's integral theorem are applied
to Eq. (15), a weight function is equal to the basic func-
tion. Furthermore the time terms in Eq. (15) can be made
discrete by the implicit Euler method, and the Picard iter-
ation method is employed for linearization of the approx-
imate equations of Eq. (15) because these equations are
nonlinear in molar fractions of the components. As a
result, the approximate equations of Eq. (15) with the
Lumping method can be obtained as follows.

1
DtfV

ũg
t＋Dt, mFidVc t＋Dt, m＋1

Ai ＋
np

S
j＝1fV

D̃*At＋Dt, m;Fi･;FjdVc t＋Dt, m＋1
Aj

＝
1
DtfV

ũg
t＋Dt, mFidVc t

Ai＋
np

S
j＝1fV

D̃*At＋Dt, mX̃ t＋Dt, m

DAB
;Fi･FjdVNt＋Dt, m

Bj

＋
np

S
j＝1fV

D̃*At＋Dt, mX̃ t＋Dt, m
A

DAC
;Fi･FidVNt＋Dt, m

Cj ＋fV
Fiqt＋Dt
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B
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Cj ＋fV
Fiqt＋Dt
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1
DtfV

ũg
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np
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DtfV
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＋
np

S
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C

DBC
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Bj ＋fV
Fiqt＋Dt

C ･ndV for i＝1¿np (17c)

In the foregoing, unknown variable become NA, NB, NC,
cA, cB and cC, and superscripts t or t＋Dt indicate a time
step in which time t elapses or time is incremented by Dt,
and m or m＋1 is an iteration number of the Picard itera-
tion method. The terms ũg, D̃*A, D̃*B, D̃*C, X̃A, X̃B and X̃C

are averages of the respective values of ug, D*A, D*B, D*C,
XA, XB and XC within each element, V is the whole
volume [L3] of the analytical domain, and V is a bound-
ary of the analytical domain. Furthermore, n is normal
vector to boundary V. The terms qA, qB, and qC are molar
‰uxes [mol/L2T] of components A, B, and C at the

boundaries, respectively, and are deˆned as follows:

qA＝D*A;cA－
D*AXA

tDAB
NB－

D*AXA

tDAC
NC (18a)

qB＝D*B;cB－
D*BXB

tDAB
NA－

D*BXB

tDBC
NC (18b)

qC＝D*C;cC－
D*CXC

tDAC
NA－

D*CXC

tDBC
NB (18c)

The coe‹cients D*A, D*B, and D*C can be calculated from
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molar fractions XA, XB and XC, and each molar fraction
can be divided by the concentration of each component as
follows.

Xk＝ck/c, for k＝component A, B, C (19)

where c is the total concentration (＝cA＋cB＋cC) [mol/L3]
in the analytical domain. Accordingly D*A, D*B, D*C, XA,
XB and XC can be obtained from the concentration of
each component. It is necessary to assign NA, NB, NC for
the solutions of Eq. (17) because there are more unknown

variables than the number of the constituted equations.
Therefore NA, NB and NC in Eq. (17) is given from a
previous iteration step by mean of Picard iteration
method. These variables must be obtained from the latest
concentrations of the components in the Picard iteration
step. Values of NA, NB and NC may be obtained by Eqs.
(11) and (12).

By substituting Eq. (12) into Eq. (11b) and re-arrang-
ing, Eq. (20) can be obtained as follows:

{Ø (MB/MA)1/2

tDAB
－

1
tDBC

»XB＋Ø 1
tDAB

－
1

tDBC
»XB＋

1
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＋
1

DB}NB

＋{
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－

1
tDBC}XBNC＝－;cB (20a)
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»XC＋Ø 1
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－
1
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1
tDBC

＋
1

DC}NC＝－;cC (20b)

Utilizing GFEM for the discretization, the approximate equations substituted for Eq. (20) at each nodal point become:
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NB and NC can be given by the above-mentioned Eq. (21)
from cA, cB, XA, XB and XC which have been calculated on
the previous Picard iteration step. On the other hand NA

can be calculated by Eq. (12) for Graham's law. The
terms NA, NB, and NC given by Eqs. (12) and (21) are sub-
stituted into Eq. (17), and cA, cB, and cC on the latest
Picard iteration step are calculated by Eq. (17). This nu-
merical model is called the DG model hereafter.

Figure 4 shows a calculation ‰owchart for this numeri-
cal model. As presented in Fig. 4, molar fractions of each
component are calculated from the initial concentrations
of each component. Then the initial molar ‰uxes NB and
NC are obtained based on the initial molar fractions by
Eq. (21), and the initial NA is calculated from NB and NC

by Eq. (12). The values of NA, NB, and NC given here are
utilized to calculate cA, cB and cC by Eq. (17) on the next
Picard iteration step. NA, NB, and NC are then updated by
calculating from the new cA, cB and cC values. The ˆnal
values for cA, cB and cC are determined when these con-
centrations converge to within a pre-set tolerance, and
the simulation can be advanced to next time step.
However the simulation is interrupted when cA, cB and cC

do not converge within the desired tolerance. The
simulation is complete when the elapsed time in the simu-
lation is equal to the speciˆed maximum time.

VALUATION OF THE DEVELOPED NUMERICAL
MODEL FOR THE MULTI-COMPONENT GAS
SYSTEM IN GAS PHASE OF SOIL

In this section we illustrate diŠerences between the nu-
merical model developed in this study (the DG Model)
and the numerical model with a diŠusion coe‹cient cal-
culated by Eq. (2) which can be used when the concentra-
tions of components diŠusing into gas phase of soil are
very low. It has been described for the binary gas system
in this study that a diŠerence between molecular weights
of components in‰uences the diŠusion in multi-compo-
nent gas system, and that the diŠusion coe‹cient of Eq.
(2) derived from the dusty gas model could only be ap-
plied under restricted conditions, i.e., when the gas con-
centration is very low. However, Eq. (2) is very con-
venient for simulation of multi-component gas systems
because the constituted equations are simpler and the
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Fig. 4. The ‰owchart of the numerical simulation developed from the
dusty gas model in this study for mass transfer of multiple compo-
nents in the gas phase of soil

Table 3. Parameters for simulations of multi-component gas systems
if the molecular weight of gas diŠusing into an analytical domain is
lighter than that of other gas

Parameter Value and/or Units

Tortuosity, t 0.4
Component A Oxygen Molecular weight, MA 32.00 g/mol
Component B Nitrogen Molecular weight, MB 28.01 g/mol
Component C Methane Molecular weight, MC 16.04 g/mol
Molecular diŠusion coe‹cient between oxygen

and nitrogen, DAB
2.08×10－1 cm2/s

Molecular diŠusion coe‹cient between oxygen
and methane, DAB

2.27×10－1 cm2/s

Molecular diŠusion coe‹cient between nitrogen
and methane, DBC

2.13×10－1 cm2/s
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eŠort of computation can be decreased. The concentra-
tion at which Eq. (2) can be applied for multi-component
gas systems can be decided by a comparison between the
concentrations of components calculated by use of the
DG model and the concentration given by Eq. (2), and it
shall be veriˆed that the DG model developed in this
study is useful for multi-component gases in the gas
phase of soil.

The constituted equations with diŠusion coe‹cient cal-
culated by Eq. (2) can be obtained from the conservative
law and Fick's law. These constituted equations were al-
ready formulated by means of GFEM to compute the
concentration of components in the soil gas phase. This
numerical model is called modiˆed Fick's law model (the
MF model) thereafter.

The Case of Gas with Lower Molecular Weight than the
Surrounding Gases

A simulation of methane diŠusing into a region full of
oxygen and nitrogen was carried out in this study because
it illustrates the diŠerence between distributions of con-
centrations given by means of the DG model and those

given by means of the MF model. One dimensional
elements were employed for both numerical models. The
analytical domain speciˆed over 0 mÃXÃ10 m, and
elements with nodal spacing of 0.05 m were used for both
numerical models. The initial concentrations were:
oxygen, 8.3 mol/m3; nitrogen, 33.3 mol/m3; and
methane 0 mol/m3 in 0ºXÃ10 m, except for X＝0 m as
an initial condition. The total concentration was 41.6
mol/m3 in 0 mÃXÃ10 m.

Methane molar fractions of 0.05, 0.10, 0.20 or 0.50
were speciˆed at X＝0 m during the simulations. The
concentrations of oxygen, nitrogen, and methane were
speciˆed to be 8.3, 31.22, and 2.08 mol/m3 respectively
when the molar fraction of methane was 0.05; 8.3, 29.14,
and 4.16 mol/m3 respectively when methane was set to
0.10; 8.3, 24.98, and 8.32 mol/m3 respectively when 0.20;
and 8.3, 12.54, and 20.8 mol/m3 respectively when 0.50.
On the other hand the molar ‰uxes of each component at
10 m were speciˆed to be zero during the simulation, thus
ensuring that no component was injected into the analyti-
cal domain or discharged from the analytical domain on
the boundary located at 10 m.

Table 3 indicates the physical and chemical parameters
used for simulations in the present study. DiŠusion
coe‹cients of each component are similar, however the
molecular weight of methane is approximately half that
of oxygen or nitrogen as shown in Table 3.

Figure 5 shows the concentration distributions of
oxygen, nitrogen, and methane at an elapsed time of 8000
seconds when the molar fraction of methane is 0.05 at
X＝0 m. As shown in Fig. 5, no diŠerence can be distin-
guished between the distributions of the methane concen-
trations given by means of the DG model and that given
by the MF model, and it can be seen that both concentra-
tions are similar. On the other hand the concentration of
oxygen given by means of the DG model is 1.4 mol/m3

smaller than that given by the MF model at 10 m, and in-
versely the concentration given by the DG model for
nitrogen is 1.4 mol/m3 larger than that given by means of
the MF model. These tendencies of migrations with
oxygen and nitrogen can be conˆrmed in Fig. 6 which il-
lustrates the distributions of the concentrations of oxygen
and nitrogen when the molar fraction of methane is 0.10
at X＝0 m, but the diŠerence between the concentrations
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Fig. 5. Distributions of concentrations of oxygen, nitrogen, and
methane after 8000 seconds of simulation for a molar fraction of
methane of 0.05. White circles represent concentrations given by
DG model, and ˆlled circles the case of MF model

Fig. 6. Distributions of concentrations of oxygen, nitrogen, and
methane after 8000 seconds of simulation for a molar fraction of
methane of 0.10. White circles represent concentrations given by
DG model, and ˆlled circles the case of MF model
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given by the two models for methane is not distinct be-
cause this diŠerence becomes 0.08 mol/m3 at X＝10 m.

Figure 7 shows distributions of each concentration
when the molar fraction of methane is set to 0.20 at X＝0
m, and Fig. 8 shows concentration distributions for a
methane molar fraction of 0.50. As shown in Fig. 7, the
diŠerences between the concentrations given by the DG
and MF models are more obvious than those shown in
Fig. 6, and the diŠerence between concentrations of
methane given by each numerical model becomes 0.35
mol/m3. A larger diŠerence in predicted methane concen-
trations appeared for a molar methane fraction of 0.5, as
seen in Fig. 8. The results shown in Figs. 7 and 8 conˆrm
that the diŠerences between the concentrations of oxygen
and nitrogen given by the DG model and MF model in-
crease with the molar fraction of methane at X＝0 m.

Therefore the diŠusion coe‹cient calculated by Eq. (2)
can be used for the multi-component gas system simula-

tion with a molar fraction of methane of 0.10 or less, if
the diŠusing component has a lighter molecular weight
than those of the components ˆlling the domain. The DG
model composed in this study must be used to simulate
the migrations of each component in a multi-component
gas system if the molar fraction of methane exceeds 0.10.
However, regarding the migrations of components which
initially exist in the domain, the distinct diŠerence be-
tween the results given by the DG and MF models is
present for the entire range of methane molar fraction.

The Case of Gas with Higher Molecular Weight than the
Surrounding Gases

The DG and MF models have been evaluated in the
previous section for the condition of a lower molecular
weight component diŠusing through a domain of higher
molecular weight gases. Applicability of these models will
be examined for the condition of a diŠusing component
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Fig. 7. Distributions of concentrations of oxygen, nitrogen, and
methane after 8000 seconds of simulation for a molar fraction of
methane of 0.20. White circles represent concentrations given by
DG model, and ˆlled circles the case of MF model

Fig. 8. Distributions of concentrations of oxygen, nitrogen, and
methane after 8000 seconds of simulation for a molar fraction of
methane of 0.50. White circles represent concentrations given by
DG model, and ˆlled circles the case of MF model

Table 4. Parameters for simulations of multi-component gas systems
if the molecular weight of the gas diŠusing into an analytical
domain is heavier than that of other gas

Parameter Value and/or Units

Tortuosity, t 0.4
Component A Oxygen Molecular weight, MA 32.00 g/mol
Component B Nitrogen Molecular weight, MB 28.01 g/mol
Component C TCE Molecular weight, MC 131.4 g/mol
Molecular diŠusion coe‹cient between oxygen

and nitrogen, DAB
2.08×10－1 cm2/s

Molecular diŠusion coe‹cient between oxygen
and TCE, DAB

7.60×10－2 cm2/s

Molecular diŠusion coe‹cient between nitrogen
and TCE, DBC

7.60×10－2 cm2/s
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with higher molecular weight than the background gases.
The extent of the analytical domain, the discretization
scheme, and the initial and boundary conditions are
equivalent in the case of methane.

Table 4 indicates the physical and chemical parameters
used for the simulations presented here, with TCE as the
diŠusing gas. The molecular weight of TCE is approxi-
mately four times that of oxygen and nitrogen as shown
in Table 4, and the diŠusion coe‹cient between TCE and
oxygen or nitrogen is approximately 1/3 that between
oxygen and nitrogen.

Figure 9 shows distributions of oxygen, nitrogen, and
TCE concentrations when the mole fraction of TCE is
0.05 at X＝0 m after an elapsed simulation time of 30000
seconds. Figure 10 shows these concentrations for an ini-
tial TCE fraction of 0.10, Fig. 11 for 0.20, and Fig. 12
for 0.50.

It can be seen in Fig. 9 that the concentrations given by
the DG model for oxygen and nitrogen are similar to

those given by the MF model. However, the diŠerences in
predicted TCE concentrations given by the DG model
and the MF model are slightly greater than those predict-
ed in the case of methane. The concentration given by the
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Fig. 9. Distributions of concentrations of oxygen, nitrogen, and
trichloroethylene at 30000 seconds for a molar fraction of
trichloroethylene of 0.05. White circles represent concentrations
given by DG model, and ˆlled circles the case of MF mode

Fig. 10. Distributions of concentrations of oxygen, nitrogen, and
trichloroethylene at 30000 seconds for a molar fraction of
trichloroethylene of 0.10. White circles represent concentrations
given by DG model, and ˆlled circles the case of MF mode
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DG model for TCE is 0.058 mol/m3 lower than that given
by the MF model.

The concentration of TCE given by the DG model is
1.76 mol/m3 at X＝10 m as shown in Fig. 10, while that
given by the MF model is 1.99 mol/m3 at X＝10 m, a
diŠerence of 0.23 mol/m3, just as shown in Fig. 10. The
diŠerence between both concentrations is 5.5 percent of
the boundary value concentration of 4.16 mol/m3 speci-
ˆed and X＝0 m. The oxygen and nitrogen diŠerences of
the concentrations given by the DG model are indicated
in Fig. 10. The concentration of oxygen given by the DG
model is slightly lower than that given by the MF model,
while the DG model predicts a higher nitrogen concentra-
tion than the MF model, as shown in Fig. 10. These
diŠerences in regard to oxygen, nitrogen, and TCE
become greater as the concentration of TCE at X＝0 m
increases, as can be seen by comparing Figs. 10 and 11.
When the molar fraction of TCE is 0.50 at X＝0 m, the
diŠerence between the TCE concentrations given by the

DG model and MF model is 6.37 mol/m3, the diŠerence
between the concentrations for oxygen is 3.3 mol/m3, and
the diŠerence between the concentrations for nitrogen is
3.1 mol/m3, as shown in Fig. 12.

Therefore the concentration calculated for the compo-
nent diŠusing into the domain is diŠerent depending on
the type of numerical method used, even if the molar
fraction of TCE is very low (0.05) at X＝0 m, when the
molecular weight of the diŠusing component is higher
than that of the components which initially exist in the
domain. The concentrations simulated by the DG and
MF models for oxygen and nitrogen are similar when the
molar fraction of TCE is 0.05 at X＝0 m; however diŠer-
ences between the concentrations simulated by the two
models for TCE, oxygen, and nitrogen at X＝10 m in-
crease with increasing molar fraction of TCE at the inlet
of the diŠusing component.

Consequently, the diŠusion coe‹cient calculated by
Eq. (2) for a diŠusing component of higher molecular
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Fig. 11. Distributions of concentrations of oxygen, nitrogen, and
trichloroethylene at 30000 seconds for a molar fraction of
trichloroethylene of 0.2. White circles represent concentrations
given by DG model, and ˆlled circles the case of MF mode

Fig. 12. Distributions of concentrations of oxygen, nitrogen, and
trichloroethylene at 30000 seconds for a molar fraction of
trichloroethylene of 0.5. White circles represent concentrations
given by DG model, and ˆlled circles the case of MF mode
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weight than those of the surrounding components must
not be used in the case that the concentration of the
diŠusing component is very low. The DG model devel-
oped in this study may be used in this case.

CONCLUSION

By comparison between a Fick's law of diŠusion
coe‹cient for a binary gas system and a diŠusion
coe‹cient derived by means of the dusty gas model and
Graham's law for the binary gas system with a very dilute
diŠusing gas, it became obvious that the diŠusion
coe‹cient given by means of the dusty gas model and
Graham's law could be used only if the concentration of
the diŠusing gas is considerably dilute. Furthermore, it
was found in this study that the diŠerence in component
molecular weights in‰uences the diŠusion coe‹cient in a
binary gas system when the diŠusion coe‹cient is given

by means of the dusty gas model and Graham's law, as
compared with the diŠusion coe‹cient in Fick's law. The
concentration of an actual gas phase pollutant in the soil
is likely to extend over a large range, since the gas phase
molar fraction will be high in the vicinity of the volatile
liquid pollution source and will drop oŠ with distance
from the liquid source. Consequently it was illustrated in
this study that the dusty gas model must be applied for
multi-component gas systems in the gas phase of soil.

The numerical model to simulate mass transfer of mul-
tiple components in the soil gas phase has been developed
by means of FEM from the duty gas model for a multi-
components gas system. The diŠusion coe‹cient calcu-
lated by Eq. (2) which is applied for gas phase diŠusion of
a component with very low concentration has often been
used instead of the diŠusion coe‹cient in Fick's law.
Complexity of the calculation can be avoided by em-
ploying Eq. (2), reducing the eŠort of computation.
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However, it was found in this investigation that Eq. (2)
could be applied for multi-component gas systems only
for concentrations of the diŠusing component that did
not exceed 0.10, even in the case of methane which is
lighter than the molecular weights of the surrounding
components. It was also found that Eq. (2) could not be
employed to simulate mass transfer for components
which were heavier than the molecular weights of the sur-
rounding components in a multi-component gas system,
even if the molar fraction of this component was 0.05 at a
boundary of the domain. The distributions of the concen-
trations simulated by the DG model were diŠerent than
those simulated by the MF model, and it has been con-
ˆrmed that the DG model developed in this study must be
applied for modeling multi-component diŠusion in the
soil gas phase.

Only diŠusion has been estimated in this study; a com-
plete model must also include advection. It may be possi-
ble to introduce the dusty gas model into the diŠusion-ad-
vection or dispersion-advection equations by means of
the numerical model developed in this study.

NOTATION

c total concentration [mol/L3]
ci molar concentration [mol/L3] of component i
Di Knudsen coe‹cient [L2/T]
Dij binary molecular diŠusion coe‹cient [L2/T] between

component i and component j
Dim molecular diŠusion coe‹cient [L2/T] in the multi-

component gas system

D*A＝1/Ø XB

tDAB
＋

XC

tDAC
＋

1
DA

»
D*B＝1/Ø XA

tDAB
＋

XC

tDBC
＋

1
DB

»
D*C＝1/Ø XA

tDAC
＋

XB

tDBC
＋

1
DC

»
D*AB＝1/Ø XA

tDAB
ØMA

MB
»

1/2

＋
XB

tDAB
＋

1
DA

»
D*BA＝1/Ø XB

tDAB
ØMB

MA
»

1/2

＋
XA

tDAB
＋

1
DB

»
D̃*A average of the respective values of D*A within each

element
D̃*B average of the respective values of D*B within each

element
D̃*C average of the respective values of D*C within each

element
Mi molecular weights [M/mol] of component i
m iteration number of the Picard iteration method
Fi basic function at node i
Ni molar ‰ux [mol/L2T] of component i
ND molar diŠusion gas ‰ux [mol/L2T]
NN nonequimolar diŠusion gas ‰ux [mol/L2T]
NT total molar diŠusion ‰ux [mol/L2T]

n normal vector to boundary V
n the number of nodes
np the number of components
qi molar ‰uxes [mol/L2T] of components i at the

boundary
t elapsed time
V whole volume [L3]
Xi molar fraction [dimensionless] of component i
X̃j average of the respective values of Xi within each ele-

ment
Dt increment of elapsed time
ug gas-ˆlled porosity
ũg average of the respective values of ug within each ele-

ment
t tortuosity [dimensionless]
V boundary of an analytical domain
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