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ABSTRACT

A few decades ago, Waldspurger proved a groundbreaking identity between the
central value of an L-function and the norm of a torus period. Combining this
with the Jacquet—Langlands correspondence gives a relationship between the norm
of torus periods arising from different quaternion algebras for automorphic forms
attached to Hecke characters. In this setting, the torus and the quaternion algebras
can be realized as dual reductive pairs that are compatible in a so-called seesaw.
We exploit the theta correspondence to give a direct proof of the identity of the

torus periods themselves.
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CHAPTER 1
Introduction

One of the central objects of modern number theory is L-functions, which date back to
the influential work of Euler, Riemann, Dirichlet, and many others in the 1700s and 1800s.
Dirichlet L-functions look deceptively simple: determining the zeroes of the Riemann zeta

function
[oe)

L(s,1) = %
n=1
is still one of the greatest mysteries in mathematics (the Riemann Hypothesis!). Over the
last several hundred years, L-functions have established themselves at the center of a rich
web spanning ideas from number theory, representation theory, and algebraic geometry.

In the 1980s, Waldspurger established a formula relating L-values to torus periods, and
this has since inspired an entire industry relating L-functions to periods of automorphic forms,
shaped by the Gan—Gross—Prasad conjecture and the Ichino-Tkeda conjecture. These torus
periods are weighted averages of automorphic forms: for example, if f is an automorphic form
on GLy = {invertible 2 x 2 matrices}, the torus period associated to f and a multiplicative

function y on T' = {diagonal matrices in GLy} is

P(f.x) = / £(9) - x(9) dg.

The diagonal T here is associated to the split quadratic extension £/ = F' & F', though in
general, the torus T can come from any quadratic extension F/F. Waldspurger’s formula
tells us that the behavior of torus periods for quaternion algebras—a family of algebraic
objects similar to GLo—is governed by two independent inputs:

(loc) Branching rules of local representation theory

(glob) Special values of global L-functions

Moreover, these local and global conditions uniquely determine a quaternion algebra B.



The global condition implies that the sign associated to the L-function is ¢ = 4+1. The
local condition at infinity is described by the following dichotomy: if f has weight k& and y
has infinity-type ([, 0), then Waldspurger’s formula has two behaviors:

k> k<l
€oo = —1 €oo = +1
B definite (i.e. B 2 GLy(R)) | B indefinite (i.e. BX = GLy(R))

The purpose of this thesis is to explain how the two sides of this dichotomy can be related in
the special case that the form f comes from automorphic induction.

To this end, we fix a nonsplit torus 7' = E*, select two characters y; and xo of T,
and consider forms f; and f; in their automorphic induction. By Waldspurger, considering
P(f1,x2) and ZP(fo, x1) determines two unique quaternion algebras B; and Bs, and in the
chart above, if By lies on the left-hand side then B, must lie on the right-hand side, and vice
versa. Our main theorem is an identity between the these two periods.

We remark that already for GL,, the study of torus periods Z(f,x) has had deep
applications in arithmetic geometry: the geometry of modular curves, Iwasawa theory,
progress towards the Birch and Swinnerton-Dyer conjecture. Although we do not consider
arithmetic applications here, we plan to explore this in future work.

We now state a vague version of our main theorem.

Theorem (Vague version). Given Hecke characters x1 and X2, one can explicitly construct

a pair of automorphic forms (f1, f2) on By and By such that

g)(fl,XQ) = 32(f2,X1)-

In this statement, we have hidden many details. For example, if y and ' are not
“sufficiently compatible,” then both sides of the equation will always be zero. We now explain
the arc of the thesis in more detail and address the nuances to the Theorem.

We first give an idea of what Waldspurger’s formula looks like. For an irreducible
automorphic representation m of GLy(Af), one has an associated automorphic representation
78 called the Jacquet-Langlands transfer. Denoting by f? an automorphic form in 72, the
torus period associated to a Hecke character 2 of a quadratic extension E* satisfies an
identity of the form

|2(f5,Q)|? :*-L(BC(W)@JQ,%). (1.1)

The asterisk * is comprised of local factors dictated by the local representation theory, and

the global L-function satisfies a functional equation centered at s = % It is in this sense that



Waldspurger’s formula is governed by a local input and a global input. If % is nonzero, the

following central character condition must hold:
Wy - Q|AI>; = 1,

where w, denotes the central character of 7. In this setting, by work of Tunnell and Saito, there
is a unique quaternion algebra B such that the corresponding local factors in Waldspurger’s
formula are nonzero. We will consider the torus periods arising from two symmetric special

cases of this: fixing two Hecke characters x1, x2 of E*, consider
(1) m=m,, and Q = x»
(2) m=m,, and Q =y

As such, the only automorphic representations of GLy we will consider are those that arise
as the automorphic induction 7, of a Hecke character x. As the central character of , is

X| ax " €B/F, the analogue of the central character condition for both (1) and (2) is:

Xtlax - Xelpx - epp = 1. (1.2)

Formally, the Rankin-Selberg L-function for the (GLy x GLj)-representation m,, ® ,,
satisfies
L(BC(my,) ® X2, 8) = L(my, © Ty, 8) = L(BC(my,) @ X1, 8).

On the other hand, as we see in Equation (1.1), Waldspurger’s formula relates (1) to the
left-hand side and (2) to the right-hand side, and therefore one obtains a relationship between
(the norms of) the torus periods arising from our two symmetric cases.

We will invoke the theta correspondence to construct automorphic forms. To this end,
the first key point of our approach to relating these torus periods is that we will construct
a seesaw of dual reductive pairs that precisely realizes the two quaternion algebras By and
By arising from (1) and (2). We then carefully examine the compatibility between the
theta correspondences for B and B;'. After calculating the global theta correspondences
representation theoretically, we are able to exploit the seesaw construction to directly establish

an identity between the torus periods (1) and (2) themselves (not just between their norms!):

Main Theorem (6.19). There exist explicitly constructed pairs of automorphic forms f €
JLA (my,) and f3* € JLBZ (my,) such that

‘@( 1B17X2) = ‘@(][éBQ?Xl)'



We point out an important special case of the Main Theorem. If F' is totally real and
E is an imaginary quadratic extension of F', then the quaternion algebras B; and B, have
complementary ramification at infinity. For example, if B; = My(F') is the split quaternion
algebra, then B; is a totally definite quaternion algebra and the main theorem produces a
pair (fi, f2) of automorphic forms on GLy(Ar) and By, . In this setting we have the following

theorem:

Theorem (9.1, 9.3). If F' is totally real and By = GLy(F), one can arrange for fi to be any
nonzero Hecke eigenform of positive weight and its Petersson inner product can be described
explicitly in terms of a special value of an L-function. Furthermore, the corresponding form

fo on B is an explicitly constructed automorphic form on a definite quaternion algebra.

We now give an outline of the present thesis. We begin by establishing some background.
In Chapter 2, we recall the construction of the Tamagawa measure, the basic definitions
of automorphic forms and representations, and explicitly describe automorphic induction
and the Jacquet-Langlands correspondence. These results will be used in Chapter 6 to
characterize the global theta lifts representation theoretically.

As our main tool is the theta correspondence, we need to understand the Weil representa-
tion, and we spend Chapter 3 recalling these constructions.

In Chapter 4, we give a brief summary of Waldspurger’s formula and the e-dichotomy of
Tunnell-Saito. In Section 4.3, we give a simple description of the relationship between By
and Bs. We then construct dual reductive pairs (Ug(V), Ug(W*)) and (Ug(Res V'), Ug(W))
in Section 4.4 that both capture the behavior of E* C By, By and also map into a shared
symplectic group. The goal of the rest of the paper is to study the following seesaw of

similitude unitary groups with respect to the theta correspondence:

GUp(Res V) GUp(W™*) B B

e

GUg(V) GUp(W) E* ol

In Chapter 5, we use Kudla’s splittings for unitary groups and explicitly study their
compatibility on E* x E*. Many of the calculations are similar to the calculations in [IP16D].
From the compatibility statements about the splittings, we can deduce precise information
about how the Weil representations on GUg(V) x GUg(W*) and GUg(Res V') x GUg(W)
are related.

In Chapter 6, we give a representation theoretic description of the global theta lifts. This

requires a careful study of Kudla’s splittings at the places v where everything is unramified



(Section 5.6). We prove (Theorem 6.1) that the global theta lifts can be described in terms
of automorphic induction and Jacquet—Langlands and that the global theta lift vanishes if
and only if the Jacquet-Langlands transfer does not exist. Combining these results with the
compatibility results of Chapter 5, we obtain our Main Theorem (Theorem 6.19).

In Chapter 8, we explicitly construct local Schwartz functions which are well behaved
under the Weil representation. These Schwartz functions have been considered in various
places before. At the finite places, they have appeared for example in [P06, Proposition 2.5.1],
[X07, N1]. At the infinite places, our choice is constructed from a confluent hypergeometric
function 1 F(a, b, t) of the first type. This is related to the role of hypergeometric functions
in matrix coefficients of representations of SLy(R) (see for example [X07, Appendix], [VK91,
Chapters 6, 7]).

We see in Chapter 9 that in the special case that F' is totally real, F is a CM extension
of F', and B is split, the theta lifts of these Schwartz functions exactly produce all of
the Hecke eigenfunctions of positive weight. We remark that by construction (see Section
6.1), negative-weight Hecke eigenforms are not theta lifts since they are not supported on
GLo(F) GL2(Ap)*. The first step towards showing that the theta lifts give all the Hecke
eigenfunctions is seeing that they are nonzero. This is done by analyzing a doubled seesaw of

the form

| =

to obtain a Rallis inner product (Section 6.2), which has the shape

(01,,(x1),01,5(x1)) = (1, Eis).

Note that to establish such a formula, one first needs to establish compatibility between
the various splittings. Following similar computations in [IP16b], this is done in Section 5.3.
Another point of subtlety in the doubling method is due to convergence problems. In the case
that B is division, there are no issues, and in the case that B is split, this can be handled
by regularizing the theta integral and using the regularized Siegel-Weil formula [GQT] in
the second-term range. This gives us a Rallis inner product formula relating Petersson inner
product of 61 ,(x1) to the L-value L(X1,1). We calculate the associated doubling zeta integral
so that we can completely explicate the formula (Theorem 9.1). We then use Casselman’s
theorem to show that our theta lifts give all the Hecke eigenforms of positive weight (Theorem
9.3), and we prove an algebraicity result in the case F' = Q using Shimura’s algebraicity
theorems (Theorem 9.4).



In the final chapter, Chapter 10, we discuss the above construction for the canonical
Hecke character Xcan of Q(y/—7). This is the simplest example of the theorems, and in this
setting one can calculate the theta lift directly as well. We do this and compare the theta
lift to GL2(Ag) to a classical theta series. Furthermore, we show that the torus period for
the Hecke eigenform on GLg(Ag) of appropriate weight is nonzero. By the Main Theorem
(Theorem 6.19), we have an explicitly constructed automorphic form on a definite quaternion

algebra whose corresponding torus period is nonvanishing.



CHAPTER 2

Automorphic representations

In this chapter, we recall several constructions in the theory of automorphic forms. For a
number field F', let O be the ring of integers of F' and D the different of F' over Q. Let r; be
the number of real embeddings of F' and 27, be the number of complex embeddings of F'.
For each finite place v of F, let O, be the ring of integers of F,,, m, a uniformizer of O,, and
¢y the cardinality of the residue field O, /m,. Let D = D be the discriminant of F' and for
each finite place v of F, let d, be the non-negative integer such that D ®p O, = 7% 0O, Set
6, = m,;%. Then |D| = [T qd.

The main groups in this thesis are A} and A}, where E/F is a quadratic extension, and

B}, where B is a quaternion algebra over F'. For shorthand, we write
[EX] == ARE\AS,  [E']:=E"\AL,  [BX]:=A;B*\B},

where in the last definition, we view A% as the center of By .

2.1 The Tamagawa measure

To begin, one must establish what it means to integrate over an adelic group. There is a
canonical Haar measure on an adelic group known as the Tamagawa measure. We recall this
construction here and explicate the Tamagawa measure for a few special cases we will need
in Chapters 9 and 10.

Fix an additive character ¢ of F'. Let dx = [] dx, be the measure on A that is self-dual

with respect to . For a connected reductive grgup G defined over F' that splits over FE, let
X (G) be the lattice of rational characters on G. Then X(G) ® Q is a Gal(E/F')-module of
dimension n which we will denote by pg and we let L, (s, G) be the v-component of the Artin

L-function corresponding to pg. That is,

Ly(s,G) = det (I, — q;*pa(0,)) 7",

7



where o, is the Frobenius conjugacy class in Gal(E/F'). Following [L.80, 1.7], let w be an
F-rational left-invariant nowhere vanishing differential form of highest degree on G. The

Tamagawa measure on G(Ap) is

L,(1,G)|w|, for finite v,

1
dg = lim dg,, where dg, =
s=1 (s — 1)"L(s, G) 1:[ |wlo for infinite v,
where 7 is the rank of X (G)r. This measure is independent of the choice of additive character
¥ (which determined the measure on Ar) and the choice of F-rational differential form w

(by the product formula).
Our calculations in Chapters 9 and 10 will require some more explicit information about

certain measures in some special cases. We explicate this here now.

2.1.0.1

The standard additive character of F\Ap is ¢ := 1y o Trp/q, where ¥y = ®,1, is the
non-trivial additive character of Q\Ag given by

e2mv-lr o if v = oo,

7vbO,v(:E) ==
e~2™V=1r i g f o0

Observe that if v is a finite place of F, then 1, is trivial on 7, %O, but nontrivial on

7, %~ 1Op,. The measure dr on Ap that is self-dual with respect to 1) has the property that:

- If v is finite, then vol(Og,, dz,) = q;d”/Q.

- If v is infinite, then dx, is the Lebesgue measure.

More generally, if ¢’ is any additive character of Ap, then for any finite place v, we have

vol(O,, dx,) = qf,(w”)/ 2, where ¢(1),) is the smallest integer such that v, is trivial on o F

I

2.1.0.2

For any number field k, put

2" (27)"2h R

pr = Ress—y (r(7) = Dlw

where rq is the number of real places of k, ry is the number of complex places of k, h = hy, is

the class number of k, R = Ry, is the regulator of k, D = Dy, is the discriminant of k, and



w = wy, is the number of roots of unity in k. Then the Tamagawa measure of A} is

X Tam _ -1 X _Tam
d*z ™" = p, ~Hd x, ",
v

where
< Tam (1—q Y ', /|x|, if vis finite,
dx, /x|, if v is infinite.
Observe that if v is finite, then vol(O}, d*zTm) = ¢, ™/?. The Tamagawa number of G, is

1, ie. vol(K™\A[, d*a™™) = 1.

2.1.0.3

The previous example explicitly describes the Tamagawa measure of Ay and Aj. For each

place v of F', one has a short exact sequence

1+ F*—=E—=E -1,

Tam

Tam on Bl as the quotient measure. Then the

and hence we may define a local measure d'g

Tamagawa measure of E} is

dlgTam — p_F . Hdlvaam'
PE

v

Observe that if v is a finite place of F', then

—1/2 . ) :
qr if v ramifies in F,
1 1, Tam v
vol(E, N O ,d x,™) = S o
qr, if v is inert or split in F.

Observe that vol(E, N OF | d'zI™) =1 for all but finitely many places v. If F' is totally real
and E/F is totally imaginary, then one can show (for example by calculating the measure of

an annulus in C containing the unit circle) that
vol(Ch, d'x2*™) = 2.

We also have
PF _

PE

where we write ~ to denote equality up to an algebraic integer; i.e. a ~ b if a/b € Q.



2.2 Automorphic representations

We briefly recall the definition of an automorphic representation of G(Arg), where G is an

arbitrary reductive group over F'.

Definition 2.1. Define L?(G(F)\G(Ar), 1) to be the space of measurable functions ¢: G(Ar) —
C satisfying the following conditions:
(i) For all v € G(F),
¢(vg) = 6(9);

(ii) For all z € Zy = Z(G(Ap)) and g € G(Ap),

P(g92) = ¢(29) = ¥(2)d(9);

i) [ 6(9)? dg < .
Z(AFp)G(F)\G(AF)

Define L2 (G(F)\G(AF),v) to be the space of ¢ € L*(G(F)\G(Ar),v) such that ¢ satisfies

cusp

the cuspidal condition:
/ o(ng)der =0 for almost every g € Gy,
N(F)\N(AF)

where N is the unipotent radical of any proper parabolic F-subgroup of G.

Example 2.2. In this thesis, we will only be concerned with automorphic forms and repre-
sentations of G, = BJ, where B is a quaternion algebra over F. The cuspidality condition
has two distinctive cases: If B = My(F) (i.e. B is split), we say ¢ € L*(GLy(F)\ GLa(Ar), )
if
/ o(({%)g) de =0 for almost every g € GLy(Ap).
F\Ap

If B # M(F), then B is a division quaternion algebra and has no proper parabolics. Hence
the cuspidality condition is empty and L2 (B*\BJ,v¢) = L*(B*\B}, ).

cusp

Definition 2.3 (Automorphic representations and automorphic forms).

- An automorphic representation with central character 1 is an irreducible admissible
representation of G(Ar) which is contained in L2(G(F)\G(Ar), ). A cuspidal automor-
phic representation with central character v is an irreducible admissible representation
of G(Ar) which is contained in L2 (G(F)\G(Ar), ).

cusp

- An automorphic form is an element of an automorphic representation and a cusp form

is an element of a cuspidal automorphic representation.

10



2.3 Hilbert modular forms

In this section we review the relationship between automorphic forms for GLy(Ap), where F
is a totally real field, and classical Hilbert modular forms.

Let h = hp be the narrow class number of F' and let {t;}/_, be elements of Ap whose
infinity part is 1 and that form a complete set of representatives of the narrow class group.

Then

CGLy(Ap) = |__|GL2 ( ; 1)C&ﬂF@ﬁYﬂn% (2.1)
where
= H Ky(n)
Ky(n) = d(my®) ! {Cﬁ;)ecmﬂoﬂ)xma%om}dm;w.
Define

a ti_lb .
Ci(n) = ca€eO0,beD 7, cenD,de O ;.
tiC d

Let v = (71,7 ) € GLa(R)™ and write 7; = (& ZZ) for each i = 1,...,ry. There is a

natural action of v on h™ by

a1z, + bl Apy Zryq + b7’1)
ey .
c1z1 +dy Cry 2y + dyy

VE (21, 2e) = (
For a function f on h™, an element v € GLy(R)", and k = (ky, ..., k,) € Z™, define the slash

operator

Fline(2) = det(y)*?(cz + d)F f(y * 2).

A Hilbert modular form of weight k = (k1,...,k,,) € Z™ is a function f on h™ such that for

some character w of (O/n)*,

Fli (2) = wla)£(2), mnm7:<“b>enmy

We define the Petersson inner product of two Hilbert modular forms f, g of weight & to be

Zu Wt [ R, 22)

11



where du(z) = [}, y; *dx;dy;.
Writing f = (fi1,..., fr,) and using (2.1), one can define the associated function f on

GLQ(AF) by
f(v2igs0k0) = (fi|[goo}k)(i)wf(d)7 (2.3)

where v € GLy(F), g € GL] (Fi), ko = (24) € K(n), i = (i,...,7), and wy is the finite

part of w.

2.3.1 The Shimura—Maass operator

The Shimura—Maass differential operator

5 '—L g+ k
P ori\oz T 2 -2

maps real analytic modular forms of weight £ to real analytic modular forms of weight k + 2.

Define the composite operator
8}, := Oj421 0+ ++ O Opp2 0 I,

mapping real analytic modular forms of weight k to real analytic modular forms of weight
k + 21. Applying this to each coordinate z; € h for a Hilbert modular form on h™ | we see

that we have an operator mapping

real analytic Hilbert modular forms real analytic Hilbert modular forms
— .
of weight k = (ki, ..., k) of weight k + 21 = (k1 + 20, ..., kyy, + 21,))

2.4 The Jacquet—Langlands correspondence

See [BO1], [JL] for more details. Let k be a local field and let D be the unique nonsplit
quaternion algebra over k, if it exists. Note here that if £ = C, then the only quaternion
algebra over k is the split quaternion algebra M;(C), so the Jacquet—Langlands correspondence
is trivial.

We say that g € GLy(k) or ¢’ € D* is regular semisimple if its characteristic polynomial
has distinct roots over k. If g € GLo(k) and ¢’ € D> are regular semisimple elements with

the same characteristic polynomial, we write g ~ ¢'.
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Theorem 2.4 (Local Jacquet—Langlands). There exists a unique bijection

{ irreductble } IL { irreducible discrete sem’es}
—

representations of D™ representations of GLa(k)

such that for any irreducible representation ©' of D*, the central characters of @' and JL(7")

coincide and

X~ (9) = xon(g')  forallg~g'.

The behavior of the representation theory of GLy(k) can be categorized into two cases:

when k = R and when k is a non-Archimedean local field.

- Let £ = R. It is well known that the irreducible representations of D* are of the form
' (h) = Nm(h)" pi.(h),

for some r € C and k € Z>o. Here, Nm: D* — £* is the reduced norm map and

pn = Sym™(C?) for the standard representation C2. Then

JL(7") = o, pa),

where g (t) = [t]"*1/2 and py(t) = [t|"""/?sgn(t)*. Here, o (1, p2) is isomorphic to
the representation of GLg(R) generated by {...,¢_r_3,¢_k—2, Or+2, Pk+4,- ..}, Where
for n € 7Z,

/2
e (2.4)

1

t1 =\ [cos(f) —sin(6) B t
P ((0 tz) (sin(&) cos(0) )) = ma(t)pa(ts) t

Note that this defines ¢, : GLa(R) — C since GLy(R) = (; *) { (C.()S((g)) — sn(léf)) }
* sin Ccos

2

by the Iwasawa decomposition. In summary,

JL(twist of Sym*(C?)) = weight-(k + 2) representation of GLy(R).

- Let k be a non-Archimedean local field. The representation theory of D* and GLy(k)
here is more complicated, and hence the Jacquet—Langlands correspondence cannot
be described as explicitly as in the real case. In this case, the set of square-integrable
representations of GLa(k) consists of twists of Steinberg representations and supercusp-

idal representations. The Steinberg representation St is the representation Fun(P')/C,
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where we view C as the subspace of Fun(P') consisting of the constant functions—it is
the unique nontrivial quotient of the representation obtained by parabolically induc-
ing from the trivial representation. Supercuspidal representations of GLy(k) are the

representations that do not arise via parabolic induction.

There is also a global version of the Jacquet—Langlands correspondence. Let B be a

quaternion algebra over F' and let S be the set of ramified places of B:
S :={v:wvis a place of F and B, is nonsplit}.

Note that S is a finite set of even cardinality.

Theorem 2.5 (Global Jacquet-Langlands). There is a unique injection

L { wrreducible dim > 1 automorphic} { wrreducible cuspidal automorphz’c}
: —

representations of D} representations of GLa(Ag)

such that for any ©’ = ®,7, we have JL(1'), = JL,(n]), where JL, is the local Jacquet—
Langlands correspondence as in Theorem 2.4. The image of JL consists of the cuspidal
automorphic representations m = ®,m, of GLa(Ar) such that m, is discrete series for all

vesS.

2.5 Automorphic induction

In [JL], Jacquet and Langlands construct a special class of automorphic representations of

GLy(Ap) arising from automorphic representations of Ax:

automorphic representations certain automorphic representations
—
of AE of GL2 (AF)

Let 7, denote the automorphic representation of GLy(Ap) corresponding to the character
x: EX\Aj — C*. The representation m, enjoys the following property: at almost all places
v of F,

L(ﬂ-XﬂH S) - H L(Xw7 5)7

wlv
where the product runs through all places of E dividing v.
There is a (conjectural) notion of automorphic induction as well wherein if F/F is

a degree-d extension, each automorphic representation of GL,,(Ag) can be assigned an
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automorphic representation of GL,,4(Ar) satisfying the natural analogue of the above local
L-factor condition. Many people have worked on this problem: Jacquet—Langlands [JL]
(m =1,d = 2), Clozel [C86], Henniart [H12] (m,d general, E/F cyclic).

We return our focus to automorphic induction to GLy(Ap). The automorphic induction
of a Hecke character x of E* can be described at, and is determined by, all but finitely many

places.

- Let v be such that E,/F, = C/R. Suppose

T, m=zn

Xo(2) = (22)"2"Z",
where r € C and m,n are two integers, one zero and the other positive. Then define
Ty = 0(p, pa),  where pa(t) = [t[T™", po(t) =[]

Here, o (1, 112) is the representation defined in (2.4) of weight m + n + 1.

- Let v be a place of F' which splits completely in £ with divisors w and w. Since

E, = Ez = F,, the characters x,,, x& can be viewed as characters of F. Define

Ty = IndgLQ(F”)(Xw, Xw)-

- Let v a place of F' which lies under a single prime w of E. Then FE,, is a quadratic
extension of F, and Y,, is a character of E . If x,, factors through Nm: E — F,
write Y = Xwo(Nm) and define

G v
Ty 1= IndBL2(F )(Xw,Oa Xw,OeEv/Fv)‘

Note that if x,, is unramified (i.e. trivial on Of ), then x,, factors through Nm.

Theorem 2.6 (Jacquet—Langlands). There exists a unique irreducible automorphic represen-
tation T, = @,y of GLa(Ap) such that

Tyo = Ty
for all v such that either v splits completely, or v lies under a single prime w of E and x.,
factors through Nm: E) — E*. If v lies under a single prime w and x., does not factor
through Nm, then , , is a supercuspidal representation of GLo(F,). Furthermore, if x does

not factor through Nm: Ay — AY, then m, is cuspidal.
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We may now combine automorphic induction with the global Jacquet-Langlands corre-

spondence to obtain a mapping

certain automorphic representations certain automorphic representations
—
of A% of B

Note the insertion of the word “certain” in the source: while one could construct an auto-
morphic representation for GLs(Ag) corresponding to each Hecke character of E, not every
automorphic representation of GLy(Af) transfers to a representation of B!

Let B be a quaternion algebra over F' containing E and let Sp be the set of places of F'
where B is ramified. For any Hecke character x of E, let S, denote the set of places of F’
such that x,, does not factor through Nm,,. Then composing Theorem 2.6 with Theorem 2.5

gives:
Theorem 2.7. There exists a correspondence

characters x of A7, certain automorphic representations
—
with Sy, O Sp of B}

given by
X — Wf = JLB (7).

B
X

satisfying either

Moreover, m is the unique automorphic representation of B such that: at every place v

a) v splits completely (in which case B = GLy(F,)), or

b) v lies under a single prime w of E and x., factors through Nm (in which case B0 =
GL(F,) by the assumption Sy, D Sg),

we must have

B

Iav} ~Y
x)” = Typ = T

(7

Remark 2.8. It is interesting to ask what automorphic induction looks like locally. That is,
given a non-archimedean local field k and a degree-n extension L of k, one would like to

construct a map

irreducible representation of GL,,(D)
{characters x of LX} — .

where D is a dimension (n/m)? division algebra over k
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This has been done algebraically by work of many people, including Corwin, Howe, Henniart,
Herb. As Langlands correspondences typically arise in cohomology (as this is often how one
constructs Galois representations), it is interesting to ask whether the above correspondence
can be realized geometrically. In the setting that k& is a finite field, this is answered by (a special
case of) Deligne-Lusztig theory, whose story began in 1976 [DL76]. A few years later, Lusztig
[L.79] proposed a p-adic analogue of a Deligne-Lusztig variety, though now, 40 years past, still
not much is known. It is expected that (a special case of) Lusztig’s geometric construction
should realize the above correspondence for L/k unramified. Following an approach initiated
by Boyarchenko [B12] in 2012, I studied the m = 1 case of this correspondence in a series
of papers [Cl6ad] [C15] [C17si]. In forthcoming joint work with A. Ivanov [CI18], we study
Lusztig’s construction for GL,,(D) and prove an isomorphism between the varieties from [L79]

and certain affine Deligne-Lusztig varieties, which are closely related to Shimura varieties. ¢

2.6 Conductors

In this section we briefly review the notion of the conductor of an admissible representation.
First let k be a non-Archimedean local field with ring of integers Oy and a fixed uniformizer

m. For any integer N € Z>, let

K(/)(N) = { (CL Z) € GLQ(Ok) cE WNOk} .

Cc

Theorem 2.9 (Casselman). Let p be an irreducible admissible infinite-dimensional repre-
sentation of GLa(k) with central character w. Let c(p) € Zso be the smallest integer such
that

a b
{v € p: plg)v = w(a)v for all g = ( d) e Ka<c<p>>} {0},
Then this space has dimension one.

We call ¢(p) the conductor of p. For a smooth character y: k* — C*, define its conductor
c(x) € Z>p to be the smallest number such that

@ if n =0,
1470, ifn>0.

X pe = 1, where U} =

It will be useful for us to have an explicit description of ¢(m,) in terms of ¢(x). The

next proposition follows from facts about Artin conductors of Galois representations and
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the fact that conductors of admissible representations of GLs(k) are compatible with Artin

conductors of Galois representations under the local Langlands correspondence.
Proposition 2.10. Let L be a degree-2 extension of k. Let x be a smooth character of L*.

(a) If L]k is split, then x = x1 ® x2 and
c(my) = c(x1) + c(xa)-

(b) If L/k is unramified, then
c(my) = valg(4) + 2¢(x).

(c¢) If L/k is ramified, then
c(my) = 1+ valg(4) + c(x)-
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CHAPTER 3
Welil representations

Let k be any field. Let V be a symplectic vector space over k. The Weil representation of
Sp(V) is a representation of a cover of Sp(V). It arises in a very natural way, which we briefly
recall. The symplectic space V gives rise to a Heisenberg group H (V) which sits inside the
short exact sequence

0—-k—HV)—=V—=0.

The natural action of Sp(V) on V extends to an action on H (V) fixing the center Z(H (V)) = k.
The Stone—von Neumann theorem says that for every nontrivial character ¢ of k, there exists
a unique irreducible (complex) representation of H(V) with central character 1. Moreover,
given a complete polarization V = X + Y, each such irreducible representation of H(V) can
be realized on the vector space S(X) of Schwartz functions. In particular, by Schur’s lemma,
this means that the action of g € Sp(V) on H (V) induces an automorphism ¢, of S(X) that

is unique up to scalars. We therefore have a group homomorphism
wyl: Sp(V) = PGL(S(X)), g [¢g],

where [¢,] denotes the image of ¢, under the quotient map GL(S(X)) — PGL(S(X)). This
is the projective Weil representation of Sp(V).

It is natural to try to understand when [wy] lifts to a genuine representation of Sp(V).
When k£ = Fy, there exists a lift, but this isn’t the case in general. The assignment g — ¢,

satisfies

Gg0n = 2x(9, h)dgn, for g, h € Sp(V).

It is a straightforward check that (g, h) — 2y(g, h) defines a 2-cocycle in H?(Sp(V),C*). The
2-cocycle zy corresponds to a central extension Mp(V) of Sp(V) and certainly the projective
Weil representation of Sp(V) lifts to a genuine representation of Mp(V). But we can realize
the Weil representation on Sp(V) itself if and only if zy is in fact a 2-coboundary.

In this thesis, we will be interested in the adelic Weil representation, which is comprised
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of Weil representations of local fields. For the rest of this chapter, let k& be a local field of
characteristic zero, fix an additive character ¢ : k — C*, and fix a complete polarization
V=X+Y.

3.1 Metaplectic groups over local fields

Following [R93, Lemma 3.2], there is an explicit unitary lift 7: Sp(V) — GL(S(X)) (a map

of sets) of the projective Weil representation given by

(r(o)p) (z) = / o Jolr ety )

ap

o ), where:

for any ¢ € S(X) and any o = (
e /i, is a Haar measure on Y/ ker -,

e 7 is the coset y + kery € Y/ ker,

o fo(z+y) =¥(g(x +y)), where ¢o(z + y) = 3z, 28) + 5 (yv. yo) + (yv. 2B)).

Moreover, this lift is the unique lift satisfying the properties in [R93, Theorem 3.5]. We then
define the 2-cocycle zy: Sp(V) x Sp(V) — C! by

r(gh) = zv(g,h) ™" - r(g) - r(h).

This represents a class in H*(Sp(V),C') and therefore gives rise to a C'-extension Mp(V)
of Sp(V) which we call the metaplectic group. Explicitly, this group is the set Sp(V) x C!

together with the multiplication rule

We define the Weil representation w, on the metaplectic group Mp(V) to be

wy: Mp(V) = GL(S(X)), (g,2) — z-r(g).
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Oftentimes, it is easier to work with the following description of wy:
Wy ¢ 2| p(x) = 2 - |detal? - p(za) (3.1)
(aT)~!
1, b 1
Wy (( L) p(x) =27 (wa%) X469 (3.2)

wzp((_l ) sﬁ(w)zz-/nw(y)@/ﬁ(ﬂﬂy)dy (3.3)

for p € S(X), v € X = k", a € GL(X) = GL,(k), b € Hom(X,Y) = M,,(k) with b7 = b, and
z € Cl. In (3.3), we take dy = dy; - - - dy,, where dy; is the self-dual Haar measure on k with
respect to .

It will later (for example, in Chapter 8) be convenient to understand how changing the

additive character ¢ affects the Weil representation w,. Define

1
d(v) = ( 0) : for v € k.
0 v

)™ (Z fl) dw) = (cua_l bc?) '

By Equations (3.1)-(3.3), we see that

We have

wy (dW)™H (" @n-1) d(v), 2) ()
wy (dw)™H (™), 2) e(x)
wy (d(v)™" Ly, ') d(v), 2) p(x)

z-|detal'? - p(za),
z- (v tabTz) - (),
wy (V) wy (21, ™) 5 2) ol@)

= [ ey .

Let dy, denote the Haar measure on k™ that is self-dual with respect to ¥, (x) = ¥(vz).
Then dy, = |v|™/2dy, and it follows from the above equations that

wy(d(v) " gd(v), 2) = wy, (g, 2). (3.4)

If for a subgroup ¢: G — Sp(V), the restriction of zy represents the trivial class in

H?(G, C), then via an explicit trivialization s of zy|gxg, we can define the Weil representation
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wy on G as

wy: G — CL(S(X)), g+ wylg,s(g)).

3.2 Weil indices and Leray invariants

One feature that makes the Weil representation computable is the fact that the 2-cocycle zy
can be expressed in terms of the Weil index of the Leray invariant. We review these concepts
and their basic properties. We follow the exposition in [IP16a, Sections 3.1.1, 3.1.2]. We will
use these properties extensively in Chapter 5.

Roughly speaking, the Weil index measures the behavior of characters of second degree
under Fourier transform (see [R93, Theorem A.1]). Let 1) be a nontrivial additive character
of k and let ¢ be a non-degenerate symmetric k-bilinear form. For our purposes, we will
only need a list of properties of the Weil index (¢ o q) € ug attached to the character of
second degree x — 1¥(q(z,x)). In the special case ¢(z,y) = zy, we write v,(¢) 1= v, (¢ o q)
and define yx(a, ) = vi(a)) /v (), where ap(z) := 1(az). Then for a,b € k*, one has the
following list of properties (see [R93, p.367], [[P16a, Section 3.1.1]):

(ab?, ) = yi(a, ),
Ye(ab, ) = y(a, ¥) - vr(b, ) - (a,b)F,
Y(a,bip) = ya, ) - (@, b)x,
(@, ¥)* = (=1, a),
(a, )t =1,
() = w(=1,9)7,
w(¥)® = 1.

Here, (-, ) is the quadratic Hilbert symbol of k (see Section 4.1). Now consider the symmetric

k-bilinear form
q(z,y) = a1y + -+ + AT Y-
Then
V(¥ oq) = n(¥)™ - ve(det q,v) - hp(q),

where

detq = H a;, hr(q) = H (ai, ;).

1<i<m 1<i<j<m

The Leray invariant attaches a non-degenerate symmetric k-bilinear form ¢(Y, Y’ Y”)
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to an ordered triple (Y,Y’,Y”) of maximal isotropic (i.e. Lagrangian) subspaces of V (see
[R93, Definitions 2.4, 2.10]). One first defines the Leray invariant when Y, Y’ Y” are pairwise
transverse. Let Py be the maximal parabolic subgroup of Sp(V) stabilizing Y and let Ny
be its unipotent radical. Since Y,Y’ are transverse, any element of Ny is of the form n(b),
where b € Hom(Y’,Y). There is a unique n(b) € Ny such that Y'n(b) = Y”, and the Leray

invariant is the non-degenerate symmetric k-bilinear form on Y’ given by
a(Y, Y, Y") (', y) = (o', /).
In general, the vector spaces
Yr = (YNRY/R,  Yi:=(YNRH/R,  Yi:=(Y'NRH/R
are pairwise transverse maximal isotropic subspaces of V/R, where
R=(YNY)+ (XY NY)N(YNY").

We define
q(Y, Y Y") := q(Yg, Yi, Yg).

It will also be useful to recall from [R93, Theorem 2.11] that

q(Yq,Y'q,Y"g) = q(Y,Y' Y") for all g € Sp(V).

3.3 The doubled Weil representation

Now consider the doubled symplectic space V& := V + V~, where V~ has the negated
form. Let XY = X+ X~ and YX =Y + Y. Let wf denote the Weil representation on the
metaplectic group Mp(VY) with respect to the complete polarization V& = XY + Y5, We
will also make use of the polarization V5 = V& + VV | where V2 = {(v,v) : v € V} and
VV ={(v,—v) : v € V}. (Note that this polarization is intrinsic to V and that if V comes
from a unitary space, then V& = V2 + VV comes from a natural splitting of the doubled
underlying unitary space.) Identifying Sp(V~) with Sp(V)°P, we can consider the natural

map (a priori of sets)
i Mp(V) x Mp(V)® — Mp(V"),  ((g,2), (h,w)) = (diag(g, k"), zw™).

Lemma 3.1. 7 is a group homomorphism.
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Proof. We have

i((g1,21), (h1,w1)) - (g2, 22), (ha, wa))
= (diag(g1,hi '), 21wy ) - (diag(gz, by '), 20wy )
= (diag(g1g2, hy *hy '), 2120wy 'wy  zyo (diag (g1, hy '), diag(ga, hy 1))

On the other hand,

(g1,21) - (92, 22) = (9192, 21222%(91, G2)),
(hlawl) : (h2,w2) = (h2h17w1w22Y(h27 h1)),

and

[(((g1,21) - (g2, 22), (ha,wy) - (ha, w2)))
= (diag(g1 g2, (hoh1) ™), 2120wy 'wy 2y (g1, g2) 2y (hay ha)™1).

I now claim that
zya(diag(gr, hyh), diag(ge, hy')) = 2v(g1, g2) 2y (R, hy) .
By Theorem 4.1(3) of [R93], we have
aya(diag(gr, hy'), diag(ga, by ') = 2v(g1,62) - 2v(hy, B '),

By Proposition 3.7 of [R93], r(1) = 1, and using this, it is a straightforward chase of definitions

to see that
zy(hi' hy') = zy(ha, hy) 7" O

Corollary 3.2. We have
(Z)%dw = Wy X ww.

Proof. By Proposition 3.7 and Theorem 4.1(3) of [R93], Lemma 3.1 implies

wy (#(01,02)) = wy(01) @ wy(oz ). o
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3.4 Dual reductive pairs and the Howe correspondence

Definition 3.3. A dual reductive pair (G,G") in Sp(V) is a pair of reductive subgroups of

Sp(V) which are mutual centralizers of each other:
Zsp(w)(G) = G/ and Zsp(V)(G,) =G.

In this paper, we will only work with unitary and quaternionic unitary dual pairs, which

are two of the three common classes of dual reductive pairs:

1. Let V, W be vector spaces over k endowed with a nondegenerate alternating bilinear
form (-,-) and a nondegenerate symmetric bilinear form (-, ), respectively. Defining the

isometry groups

Sp(V) :={g € GL(V) : (v19,v29) = (v1,v2) for all vy, vy € V'}|
O(W) :={g € GL,(W) : (qw1, gwz) = (wy,ws) for all wy,ws € W},

the groups (Sp(V'), O(W)) form a dual reductive pair in Sp(V ® W), where V @ W is
the vector space endowed with the alternating bilinear form ((-,-)) := (+,+) ® (-, -).

2. Let D be the quaternion algebra of invariant % over k. Let V be aright D-space endowed
with a nondegenerate Hermitian form (-,-) and let W be a left D-space endowed with

a nondegenerate skew-Hermitian form (-, ). Defining the quaternionic unitary groups

Up(V) :={g € GLp(V) : (v1g,v29) = (v1,v9) for all v1,v, € V'},
Up(W) :={g € GLp(W) : (gw1, gws) = (w1, ws) for all wy,wy € W},

the groups (Up(V), Up(W)) form a dual reductive pair in Sp(Resp,x(V ®p W)), where
Resp/x(V ®p W) is endowed with the alternating bilinear form ((-,-)) = 2 Trp((-,-) ®

(+,+)). Here, we denote the involution on D by a — a.

3. Let k' be a quadratic extension of k. Let VW be vector spaces over k' with a
nondegenerate skew-Hermitian form (-, -) and a nondegenerate Hermitian form (-,-),

respectively. Defining the unitary groups

Up(V) :={g € GLp/(V) : (v19,v2g) = (v1,vy) for all v;,vy € V'},
Up(W) :={g € GLp(W) : (gwy, gws) = (wy, we) for all wy,wy € W},

the groups (U (V), Uy (W)) form a dual reductive pair in Sp(Resy /x(V @i W)), where
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Resy /i (V @y W) is endowed with the alternating bilinear form (-, -)) = 3 T/ ((-, ) ®

(+,-)). Here, we denote the nontrivial element of Gal(k’/k) by a — @.

Given a dual reductive pair (G,G") of Sp(V), there is a natural map
i: Gx G = Sp(V),  (9,9)— (v—=g lvg).

If the cocycle zy can be trivialized on i(G x G") C Sp(V), we can define the Weil representation
on i(G x G') and pull back to a Weil representation of G x G’. In Kudla’s remarkable paper
[K94], he writes down explicit splittings of zy in each of the above three classes of dual
reductive pairs (except in Case 1 with dim W odd). We will make use of this work heavily
(especially the formulas for unitary groups) in the present paper.

It is very interesting to study the Weil representation wy of G x G'. If 7 is an irreducible

representation of G, we may consider

S(r) = 8(X)/ N ker()),

A€Homg (S(X),n)

the largest quotient of S(X) such that G acts by m. Then by [MVW, Chapter 2, Lemma

I11.4], there exists a unique irreducible G’-representation ©(m) such that
S(m) =271 6(r).

We call O(r) the local theta lift of w. In 1979, Howe [H79] conjectured that the assignment
7 — O(7) defines a bijection

irreducible representations 7 of GG irreducible representations 7’ of G’
< .
such that Homg(S(X), 7) # 0 such that Homg (S(X), ) # 0

Howe’s conjecture has since been solved by the work of many people: Howe [H89], Kudla
[K86], Waldspurger [W90], Gan-Takeda [GT].
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CHAPTER 4

Waldspurger, Tunnell-Saito, and a pair of

quaternion algebras

For any Hecke character y: E*\Aj — C*, let 7, denote the automorphic induction of y
to an automorphic representation of GLy(Ar). Now let x’ be another Hecke character of
E*. Recall from Chapter 2 that the central character of Wf is x| AY " €B/F SO that if ' is a

constituent of Wf viewed as a Aj-representation, then y’ must satisfy

Xlax - Xlax - epp =1, (4.1)

where €g/p is the quadratic character of Ay associated to the quadratic extension E/F'.
Explicitly, if we write £ = F(y/u),

GE/F: A;‘i — {il}’ (aU)U = (uaa'v)m

where (u, a,), is the Hilbert symbol. For a quaternion algebra B over F, let 77 denote the
Jacquet-Langlands transfer of 7, to Bf. (If m, does not transfer to B, we take Wf =0.)
In this section, we discuss how the work of Tunnell-Saito implies that for any x’ satisfying
(4.1), there exists at most one quaternion algebra B such that y’ is a constituent of ﬂf viewed
as a representation of Ay. Combining this with Waldspurger’s formula, we see that such a B

exists if and only if

L(BC(my) ® X', 3) # 0. (4.2)

Since

L(BC(my) @ x; %) = L(BC(my) ® X/, %) # 0,

we also see that there exists a unique quaternion algebra B’ such that x is a constituent of

7rf,'. The goal of this chapter is to give a simple description relating B and B’.
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4.1 The Hilbert symbol

We collect some basic facts about the Hilbert symbol. Given a place v of F', define the Hilbert
symbol of a,b € F, to be

1 if there exists a nonzero solution (z,y, z) € F3 to ax? + by* = 22,

(CL, b)v =
—1 otherwise.

One of the most important properties of the Hilbert symbol is that it is bimultiplicative:

(a,b1)y - (a,b2), = (a,b1b2)y, for all a, by, by € F,,
(a1,b), - (az,b), = (aras, b),, for all ay,as,b € F,.

Lemma 4.1. For any a € F, we have (u,a), = €g, /5, (a), where E, = F,(y/u).

v

Proof. First observe that if v splits completely in E, then u is a square in F*. Therefore
(u,a), =1 for all a € F*, and the conclusion follows.

It remains to prove the lemma in the case when F, is a field. Since the Hilbert symbol is
bimultiplicative, the map a — (u,a), is a homomorphism F* — {£1}. It is straightforward
to check that (u,a), = 1 if and only if a« € Nmpg, /p, (E)). Indeed, if uz? + ay* = 22, then
ay® = 2% — ux? = Nm(z + z/u).

By local class field theory, Nmg,  p, (£

) is an index-2 subgroup of F*, and therefore

there exists a € F* such that (u,a), = —1. This implies that a — (u, a), is nontrivial. Again
by local class field theory, there is a unique nontrivial homomorphism F* — {£1} that is

trivial on Nmp, /5, (E), and the lemma follows. O

4.2 Waldspurger’s formula

Let 7 be an irreducible automorphic representation of GLy(Ag) with central character w,
that has a nonzero Jacquet-Langlands transfer 77 to B;. Recall that this means that 7, is
discrete series at all places v of F' such that B, is ramified. Let {2 be any Hecke character of
E* such that Q[,x = w!

Theorem 4.2 (Waldspurger [W85a]). For any f € 7%,

2

F@)Q(t) dt

[Ex]

= {1

2L2 HO‘“ me ),
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where o, = a(fy,, By, Q) are local factors that are equal to 1 for almost all v. Precisely,

a(fo, By, Q) = Cv(z)il - L(BC(m), ® €y, %)71 ) L(EE/FM 1) Lo(my, 1)-

(r () .7l (9)f)
/va \EZ (f, ) () d.

Furthermore, Waldspurger proved that the functional

P2 (7P Q): 7P = C, f— f(t)Q(t) dt
[Ex]

is nonvanishing if and only if the two obvious local and global obstructions do not occur:

Theorem 4.3 (Waldspurger [W85a]). There exists a f € ©P such that 2(wP,Q)(f) # 0 if
and only if:

(i) (local) For each place v of F, Hompx (m,, ;") # 0.
(i) (global) L(BC(m) ® €, 3) # 0.

Observe that for any vector f,B € 2, the EX-representation 72(E*)f, := {rZ(a)f, :
a € EX} is a smooth representation and therefore factors through some compact open
subgroup U C E. Since 7 is irreducible by assumption, F,* acts by a scalar, and we
therefore see that 72(E*)f, is finite-dimensional. It follows that 7#Z(E>)f, is completely
decomposable and so Hom x (7], Q") # 0 if and only if Homgx (1, 77) # 0.

By appealing to a theorem of Tunnell and Saito, the above rephrasing allows us to give a

formulation of the local obstruction in terms of local epsilon factors €,(BC(1) ® Q).

Theorem 4.4 (Tunnell [T83], Saito [S93]). Hom (", 77) # 0 if and only if

v v

+1 if BX = GLy(F,),
e(BC(m) ® Q) - wy(—1) = /By 2(F7)
—1 of B 1is nonsplit.

Combining the above theorems, we obtain:

Theorem 4.5. Let m be an automorphic representation of GLo(Ap) with central character
wWy. If
L(BC(m) ® Q, 1) #0, and  Qyx = w

then there exists a unique quaternion algebra B = B, o over F' such that
P2(7B,Q) #£0.
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Moreover, B is the unique quaternion algebra with ramification set
Sra = {v: (BC(T) © Q) - w,(~1) = ~1}.

Proof. If L(BC(m) ® ©,1) # 0, then ¢(BC(7) ® Q) = +1. Since w is a Hecke character of
A* we must have w(—1) = +1. Therefore, there must be an even number of places v of F’
such that €,(BC(7) ® Q) - w,(—1) = —1, and hence there exists a unique quaternion algebra
B o over F' with ramification set ¥, o, and the conclusion now follows from Waldspurger’s

formula and the local branching criterion of Tunnell and Saito. [

4.3 A pair of quaternion algebras

We now specialize to the setting where 7 comes from automorphic induction. Let y, x’ be

Hecke characters of A} satisfying Equation (1.2). One has
L(BC(my) ® X', 8) = L(my, ® myr, s) = L(BC(my/) ® x, 9),
and let us assume that
L(BC(my) ® X, 3) = L(BC(my) ® X, 3), (4.3)
By Theorem 4.5, B = B _,» and B’ = B, are the unique quaternion algebras such that
PP X)#£0  and  P(xD,y) £0.

Proposition 4.6. Let x, X' be Hecke characters of A}, satisfying Equations (1.2) and (4.3),
and let E = F(i) with i* = u. If B = B, is the quaternion algebra that corresponds to the
Hilbert symbol (u, J), then B' = By, x corresponds to the Hilbert symbol (u,—J).

Proof. Tt is a standard computation to show that:
€,(BC(my) @ X) = €,(BC(my) @ x).

By Equation (1.2), we have

Wry " Wr, " €B/F = 1.
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Using Theorem 4.5, we see that EWX,,X can be described in terms of ¥,
v € Xy v and €g, /g, (—1) =1, or
mox — YUt
A v ¢ Y, v andeg, p(—1) =—1.

An equivalent way to state this relationship is the following. The quaternion algebra B can
be given an F basis 1,1, j,ij such that E = F[i]. Write i* = u and j*> = J so that B is the
quaternion algebra associated to the Hilbert symbol (u,.JJ). That is,

(u,J), =—1 = VE Yn

Then, using the bimultiplicativity of the Hilbert symbol, B’ is the quaternion algebra
associated to the Hilbert symbol

(u, J) - egyp(—=1) = (u,J) - (u,—1) = (u, =J). O

4.4 A seesaw of unitary groups

In this section, we introduce the main dual reductive pairs of interest in this paper. We will
define a pair of quaternionic unitary similitude groups and a pair of unitary similitude groups

such that, roughly speaking, captures the following picture:

BX (B/)X

>

E~ E~

This allows us to specialize the framework of Chapter 3 to study the torus periods described
in earlier sections of the present chapter.

Fix i € E with trg/pi =i+1 = 0. Note that E = FJ[i]. Let B be a (possibly split)
quaternion algebra over F' and let 1,1, j, k be a standard basis for B over F.

We consider the following spaces:

e V = B = l-dimensional right B-space with skew-Hermitian form (z,y) = x*iy

e W* = B®g E = 1-dimensional left B-space with Hermitian form (z,y) = zy*

e ResV = 2-dimensional right E-space with skew-Hermitian form (z,y) = pr(z*iy)

e W = E = l-dimensional left E-space with Hermitian form (a,b) = ab
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e 1y = I-dimensional right E-space with Hermitian form (a, b)q = ab
e Wy = B = 2-dimensional left F-space with skew-Hermitian form (z,y)o = —ipr(zy*)
e V=VW"=ResV @ W =Vy ® Wy = 4-dimensional F-space with symplectic form

Then both pairs (Ug(V),Ug(W*)) and (Ug(Res V'), Ug(W)) are irreducible dual reductive
pairs (of type 1) in Sp(V). (See, for example, [P93].) For either of these pairs (G,G’), we
have a natural map

G x G — Sp(V), (g,h) — gh™ .

It is clear that Ug(V) C Ug(ResV) and that Ug(W) C Ug(W™*). Therefore we have the

following seesaw of dual reductive pairs

Ug(Res V) Ug(W*) (E' x (B")Y)/F* B!
> - >
Up(V) Up(W) E'U E7j El

Here, B’ = (%) and the superscript » € Q picks out the norm-r elements.

We now explicate the above identifications of classical groups.
1. Ug(V) = E' U E7j
We have

Up(V) ={¢ € GL(V) : ¢ is right B-linear, (z,y) = (p(z), ¢(y))}.

Since V' is a one-dimensional right B-space, then all such maps are of the form
Yo' U — a-v for some a € B. Write « = A+ Bj. Then ¢, € Ug(V) if and
only if for all z,y € B,

iy = iy.

Equivalently,

We have
o*ia = (A — Bj)i(A + Bj) = (AA + BBJ)i + 2ABij,

so we obtain

AA+ BBJ =1, AB = 0.

32



The second condition implies that either A =0 or B = 0, so the first condition implies
AA =1 or BB = 1. Thus we have an isomorphism E' U E7j — Ug(V) given by
a = pq, where g, (v) =v - a.

2. Ug(W*) = B!
We have

Ug(W™*) = {p € GL(W™) : ¢ is left B-linear, (z,y) = (p(z), ¢(v))}.

All such maps ¢ are of the form ¢, : v+ v -« for some o € B*. Then ¢, € Ug(W*) if
and only if for all z,y € W*,

raay" = xy’.

This implies aa* = 1 and so a € B!. We therefore have an isomorphism B! — Ug(W*)

given by a — ¢4, where p,(w) = w - a.

3. Ug(ResV) = (E' x (B")")/F*!

The right E-space ResV has a natural left-multiplication action by E' and a natural
right (B’)* action such whose stabilizer in the product group is an antidiagonal
embedding of F!. These actions preserve the skew-Hermitian form on ResV and
we therefore obtain a map (E' x (B')!)/F! — Ug(ResV) that turns out to be an

isomorphism. For more details, see Remark 4.7.

4. Ug(W) = E?

This identification is easy to see. W is a l-dimensional E-space and so Ug(W) C
GL;(E) = E*. It is then easy to see that the Hermitian form on W is preserved by
multiplication by o € E* if and only if o € E*. We therefore obtain the isomorphism
E' — Ug(W) via a — ¢4, where ¢, (w) = w - a.

The analogous seesaw with similitudes is

GUg(Res V) GUs(W*)  (B* x (B))/F* B

GUa(V) GUs(W) EXUEj B

where the identifications are determined by similar arguments as in the unitary group setting.

The point of introducing the E-spaces V and W) is that we have natural maps
Up(V)? = Ug(Vy), Up(W*) — Up(Wy).
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This will allow us to compute splittings on the quaternionic unitary groups Ug(V') and
Ugp(W*) by pulling back splittings on Ug(Vy) and Ug(Wp).
For any of the pairs (V, W) given by (V,W?*), (ResV, W), or (Vo, W), we take as our

convention
GL(V) x GL(W) — GL(V @ W), (g,h) = (V@ w > g v @ wh).

This fixes the map from the corresponding dual reductive pairs to Sp(V).

Remark 4.7. The isomorphism GUg(Res V) = (E* x (B')*)/F* can be realized as follows.
Write B’ = E'@® Ej’. Then there is a natural right action of (B")* on ResV = B defined by

1j =i, i =-J

so that explicitly,
(a+ Bj) - (x +yj') = (ax — ByJ) + (ay + BT)j.

This is an action:

(a+85) (1 + yd' )22 + 92d') = (@ + B)) - (2122 — 172 d) + (2192 + 9172)J')
= (a(z122 — 11YsJ) — B(T1Ts + Y1 72)J)
+ (a(z1y2 + n1T2) + B(@1T2 — Y1y2J)])
(a+8j) - (21 + i) - (22 + v2i") = ((ax1 = 87, J) + (ayr + BT1)J) - (2 + ya')
= ((axy — By, J)x2 — (ay1 + B71)YyJ)
+ ((ax1 — By J)y2 + (ay1 + BT1)72)j

Moreover, this action is F-linear and preserves the skew-Hermitian form on ResV up to a
similitude character given by the reduced norm map for B’. Indeed, for o;; + 3;j € B, i = 1,2,
and x + yj’ € B’, we have

(1 + Bij, o + Baj) e = p((an + B1j) (i) (@2 — B2)))
= i(ay @ + B15yJ),
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and

(a1 + Bi) - (x + i), (o + Bof) - (x +yi)) e
= i((nz — BigJ)(@T — BayJ) + (ry + SiT)(@F + Bayx)J)
= (27 + yyJ) (i(u @y + B1By]))
= Npyp(x+yj')(oq + Pij, az + Bo) k.

The left-multiplication action of E* clearly commutes with the above right action of (B’)*

and therefore we have a natural map
E* x (B')* = GUg(Res V), (z,b) = (v a1 v-b).

It is clear that the kernel of this map is exactly the diagonal embedding of F'*. We now prove
that this map is surjective. Note that GUg(Res V) is a connected Lie group, and therefore
the surjectivity of the above map follows from the surjectivity of the induced map on Lie
algebras. (A connected Lie group has no nontrivial open subgroups: If H C G is open, then
Uizgeq/rg - H is open, so H is also closed.) The surjectivity of the induced map on Lie

algebras
E® B — gug(ResV), (X, V)= (v —X-v+0v-Y)

is easy to see. With respect to the basis e; = 1, es = j,
(a8) vy = (o, (4, 8) w) .
and therefore
gug(ResV) = { (55 40, ) rasb € Bra,de F .
On the other hand, for @« € F and a + bj’ € B’, the map v — —a - v+ v - (a + bj’) is given by
v (0 5%) + (5 2) v,

where v € ResV is viewed as a column vector. It is now clear that the map on Lie algebras
is surjective, finishing the proof that (E* x (B')*)/F* =2 GUg(Res V). O
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CHAPTER 5
Splittings for unitary similitude groups

In this section, we define the Weil representation on the dual reductive pairs introduced in
Section 4.4 using the explicit splittings of zy defined by Kudla [K94]. Throughout this section,
we will freely use the properties of the Weil index and the Leray invariant summarized in
Section 3.2 without explicitly referring to the exact property in play. We prove that the
splittings are compatible with the seesaws constructed in Section 4.4. In Sections 5.1, 5.2,
5.3, and 5.4, we fix a place v of F' and suppress v from the notation. In Section 5.5, we
combine the local considerations from these sections into the global picture. Many of these
calculations (especially in Sections 5.3 and 5.4) are motivated by [IP16a], [IP16b].

In order to describe the global automorphic theta lift from a Hecke character to a
quaternion algebra, which we will do later in Chapter 6, we will need to give an explicit
description of the local splittings in Section 5.3 in the special case that the quaternion algebra

is unramified (i.e. split) at the place in question. We do this in Section 5.6.

5.1 Kudla’s splitting for split unitary groups

We first recall Kudla’s splitting [K94] of Rao’s cocycle [R93] for split unitary groups over E.
Let W = E?" (row vectors) be an E-vector space of dimension 2n with e-skew Hermitian

form

((x1,11), (22, 2)) = 1173 — €Y1y,

and let ey, ..., e,, €}, ..., e be the E-basis of W giving the isomorphism W & E?". Let V
be an E-vector space of dimension m with a non-degenerate e-Hermitian form (-,-). (Here,
T denotes the image of x under the nontrivial involution of E over F' and the superscript T
denotes transposition.) Then (Ug(V), Ug(W)) is a dual reductive pair and there is a natural

map
t: Up(V) x Ug(W) = Sp(V @ W), (h,g) = (w®v— hlw®uvg).
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We denote by tw: Ug(V) = Sp(V®g W) and tv: Ug(W) — Sp(V @ W) the restrictions
of L to Ug(V) x {1} and {1} x Ug(W), respectively.
For 0 < j <n, let 7; € Ug(W) be the element defined by

—ee, if 1 <i <y, e, ifl1<71<y,
eiT; = and €T =
é; ifi > 7, e, ifi>j.

Then :
J
W) =| |PrP,
=0

where P = Py C Ug(W) is the parabolic subgroup stabilizing the maximal isotropic subspace
Y :=spang{e],... e, }. If g = p17;p2 € P7; P, then we define

ilg) =7, and  x(g) = det(pipaly) € E

For any E-vector space V, endowed with a non-degenerate Hermitian form, define
Yr(3¢ 0 RVy) == (u,det(Vo)) pyp(—u, 30)"vp(—1, 5¢) ™"
Definition 5.1. Define

§(x(9))vr (59 0 RV) ™) if e = +1,

Bve: Ug(W) — C, g— .
E(x(9))E(A)vr(31 0 RV) VW if e = —1,

where V' is the Hermitian form obtained by scaling the skew-Hermitian form on V by i.

Theorem 5.2 (Kudla, [K94, Thm 3.1]). Let & be a unitary character of E* whose restriction
to F* is €pp, where ep/p(x) = (z,u)p is the quadratic character corresponding to the

extension E/F. Then for the maximal isotropic subspace Y :=V QY of VR W,

2v(iv(91), v (92)) = By g(9192)Bv e(91) " By e(g2) ™"

In other words, with respect to the isomorphism Mp(V@gW) = Sp(V@g W) x C! determined

by zy, the following diagram commutes:

Mp(V @ W)y

|

Ug(W) —5— Sp(V®r W)
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5.2 Changing polarizations

Lemma 5.3 (Kudla, [K94, Lemma 4.2]). Let X+ Y and X' + Y’ be two polarizations of a
symplectic space V. Then

2v(g1, 92) = Mg192)M(91) " M(g2) ™ - 2v(g1, 92),
where \: Sp(V) — C! is given by
Mg) = Ay (9) = yr(3¢ 0 a(Y, Y97 X)) - yp (3¢ 0 (Y, Y, Yg)).
In particular, the bijection
Mp(V)y = Mp(V)y,  (g,2) = (9,2 Ag))

18 an isomorphism.

5.3 Three seesaws of unitary groups

For any two unitary similitude groups GUg(V) and GUg(W), we write
G(Ug(V) x Ug(W)) :={(g9,h) € GUg(V) x GUg(W) : v(g) = v(h)}.

Fix a complete polarization V = X + Y. In this section, we define splittings (of zy or zyo,

depending on context) for the following groups:
(1) G(Us(Vy)) x Up(Wo))
(i) G(Up(Vo) x Up(Wo))
(iti) G(Ug(ResV) x Ug(WH))
(iv) G(Ug(ResV) x Ug(W))
These unitary groups fit into seesaw

Ug(ResV) Ug(Wo)

> oy

Ug(Vo) Ug(W)
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and the two corresponding doubling seesaws:

UE'(VE)D) UE(W()) X UE(W()) UE(RGS V) UE(WD)

| =< >

(5.2)

5.3.1 Splittings for G(Ug(VE) x Up(Wp)) and G(Ug(Vy) x Up(Wy))

Consider the 2-dimensional E-space Vy ®@g Wy with skew-Hermitian form given by (+,-) ® (-, -).
By a straightforward computation, we see that this allows us to identify Vo @ g Wy = W as

FE-spaces endowed with skew-Hermitian forms. Define

i G(Up(Vo) x Up(Wo)) = Ur((Vo @ Wo)™),
(g,h) = (v@w, v @w™ ) — (¢ v @wh,v” @w™)),
i GUg(Vo) x Ug(Wo)) = Ur((Vo ® Wo)),
(g,h) = (v@w,v” @uw )~ (VRw,g v~ @w h)),
i G(Up(Vy) x Up(Wy)) = Up(Vy? © W),
(g,h) = (V@ w— g v @ wh).

We may identify Vj? @ Wy = (Vo @ Wy)" = W, We have natural embeddings

G(Ur(Vo) x Ug(Vo) x Up(Wy)) — G(Ur(Vo) x Up(W)) x G(Ugr(Vo) x Ug(Wy))
G(Ug(Vo) x Ug(Vo) x Up(Wy)) = G(Ug(Vy") x Up(Wp)).

Observe that for (g1, g2, h) € G(Ug(Vh) x Ug(Vy) x Ug(Wy)),

i(g1, h)i~ (g2, 1) = i7(g1, g2, h) € Up(Wy).
We identify Resg, (W) = V- and let

v Ug(W§) — Sp(ResE/F(WOD)) = Sp(VY)

be the natural embedding. We will often identify Ug (W) with «(Ug(W{)).

Definition 5.4. Pick a character £: EX — C! such that £|px = €p/r- Define

B Us(WE) = € g €(a(g)) - (0, — 1) pye (. 5)) 79
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Define

Define

Lemma 5.5.

(a) 8, 37, and 3% are splittings of Zyewd 0N the images of i, i~, and i, respectively.
(b) s is a splitting of zy on the image of i, s~ is a splitting of 25"

sY is a splitting of zyo on the image of i-.

on the image of i~, and

Proof. Observe that det(Vy) = 1 and dim(V;) = 1 so that

Tr(5% 0 RVG) = (u, 1) pye(—u, 30)vr (=1, 59) 7 = (u, = 1) pye(u, 59).

This implies that 3 = By ()¢ (see Definition 5.1) and hence is a splitting of z, D WS Since

5, 57, and 5 are pullbacks of /3, they must also be splittings of the same cocycle. O
Lemma 5.6. For any (g, h) € G(Ug(Vy) x Ug(Wy)),
$7(9,h) = 3(g, h) - €(det(g, h)).
Proof. Let dWOA(—l) = (¢ %) and set
Jwes Us(Wo) = Us(Wy), g+ dya(-1)gdya(=1).

Let g € G(Ug(Vh) x Ug(Wy)). By a straightforward computation, we have

2(i”(g9)) = (-1YWa(i(g)), and (i (9)) =(i(g)).
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Therefore,

5 (g) = € (i (9)))((w, = 1) pyp(u, Lab)) 0@
= £(=1YD¢(2(i(9)) ((u, ~Drr(u, 1¢))fj<z-—<g>>
= &((i(9))) ((u, =D pyr(u, 59y
= (= (i(9)))4(9)
= £(det(g))3(9)- -

Lemma 5.7. For (g1,92,h) € G(Ug(Vy) x Ug(Vy) x Ug(Wh)),
$7(g1, 92, h) = s(g1,h) - (g2, h) - §(det(i(gz, ).
Proof. This is [HKS96, Lemma 1.1]. See also [Lemma D.4, periods2]. O

5.3.2 Splittings for G(Up(Res V)xUp(WD)) and G(Up(Res V)xUp(W))

This section is completely analogous to Section 5.3.1. The 2-dimensional E-space ResV @p W
with skew-Hermitian form (-,-) ® (-, ) can be identified with Res V. Define

i': G(Ug(ResV) x Ug(W)) = Ug(Res V"),
(9,h) = ((v,07) = (g7 wh,v7))
i~ G(Ug(ResV) x Ug(W)) — Ug(Res V"),
(g,h) = ((v,07) = (v, 970" h)
i G(Ug(Res V) x Ug(W)) = Ug(Res V),
(g,h) — (v g_lvh).

We have natural embeddings

G(Ug(Res V) x
G(Ug(ResV) x

(W)
(W)

U X
U X Up(W)) <= G(Ug(Res V) x Ug(WD)).

Observe that for (g, hi, he) € G(Ug(Res V) x Ug(W) x Ug(W)),

(g, h) - i'(g,ha) = i7'(g, h1, ha) € Up(Res V).
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We identify Resg,p(V) = V- and let
/' Ug(Res V7)) — Sp(V")

be the natural embedding. We will often identify Ug(Res V) with «(Ug(Res V7).

Definition 5.8. Pick a character {': £ — C! such that {|p« = €g/p. Define

§ UpResV) = € g €(ag) - (1w, — 1)y, 59) 7.

Define
)\/ = ARGSVA(@WWYD: Sp(VD) — Cl.
Define
§i= (), Sh= )8 = ()
S, = (7:/)*(/6/)\/)7 S—/ = (i_/)*(ﬁl)\/), SD/ — (Z'D/)*(ﬁ,)\/).

Lemma 5.9.

!/

(a) &', 57", and 37" are splittings of 2pesyagw on the images of i', i~', and i, respectively.

/ !/

(b) s is a splitting of zy on the image of i', s~ is a splitting of 25" on the image of i,

my

and s’ is a splitting of zyo on the image of i~'.

Lemma 5.10. For (g,h1, hs) € G(Ug(Res V) x Ug(W) x Ug(W)),

SD,(gv h17 hQ) = S/(g7 hl) ’ S,(gv hQ) ’ gl(det(i,(gv h2)))

5.4 Compatibility between the splittings for the three

seesaws

In this section, we investigate the compatibility of the splittings of the four pairs of unitary
groups relative to the three seesaws presented in (5.1) and (5.2). Compatibility of the
splittings in the two doubling seesaws of (5.2) is explicated in Lemmas 5.7 and 5.10. Hence

it remains to investigate the compatibility of the splittings

s: G(Ug(Vo) x Up(Wy)) — C and s G(Ug(ResV) x Ug(W)) — C.
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Precisely, we would compare s and s’ on the subgroup
G(Up(Vo) % Up(W)) & {(a, B) € B* x E* : Nm(a) = Nm(8)}.

We prove a sequence of lemmas that to break up the long computation that will end in
Proposition 5.14.

Let o, € E* with Nm(a) = Nm(8) so that (a,5) € G(Ug(Vy) x Ug(W)). Let
g € Ug(W§) denote the map (w,w™) + (e lwB,w™) and let ¢’ € Ug(Res V) denote the
map (v,v”) = (@ tvB,v™). Define:

i i
V= <_ﬂ’ %) Ull = (1, 1)
(A G
1&'_'<2uj’ 2uJ) v = 00)
This defines an E-basis of W and of Res V" with the following property:

(vi, U;)o = 0ij, (vi, v3)o = (UZZU;)O =0,
(UM};) = 0ij, (vi,v5) = <U§,U}> = 0.

With respect to the basis {vy, ve, v}, v5},

1+042715 0 I_Z;l’gi 0
1+a~ 18 1—a— 13
g = 0 2 0_1 duJ 1 (53)
(1-a7'p)i 0 Lo 6 0
— —1
0 —(1—a7'B)iJ 0 o 2
b 0 S o
1+a~ 18 1-a 18
g/ — 0 + 2 071 4uJ 1 (54)
(1-a 'p)i 0 e B
0 1-a'piJ o =28

Here, we view each unitary group as a subgroup of GL4(E) with GL4(FE) acting formally by
right-multiplication. Note however that W is a left E-space, and so we interpret the formal
multiplication v - a for v € W and a € E as av. Throughout this section, we write g when

we want to refer to one of g or ¢’ simultaneously.

Lemma 5.11. We have
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Conditions z(g) z(g')

alB=1,a'8=1 1 1
a'f=1,a"'8#1 —(1—a™'p)iJ (1—a'B)iJ
a lf£1, a0 f=1 (1—a ') (1—a'p)i

«BZLaBAL| —(1—a B)(l—a But | (1—a 'B)(1—a 'BuJ

Proof. The proof amounts to giving explicit decompositions

1o,
g = prwpo, where p; € Pya and w =7 = < 1o, —l >
1

There are four cases:

(a) If a™'f=1and a~'f =1, then

1 0 0 0
1+oz_1B
_ 010 2(—14+a~18)iJ
y41
0 01 0
0 0 0 1
1 0 0 0
o (—1+a B 0 eE
P2= 1 0 1 0
a_lg
0 0 0 (—1+a~1p)iJ
1 0 0 0
1+a~1p
p/lz 010 T 2(—1+a 1B)iJ
0 0 1 0
0 0 0 1
1 0 0 0
;o 0 —(-1+a'pis o =278
2 0 1 0
a 1p
0 0 T (e 1B
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(c) f '8 #1and o~ '3 = 1, then

1+a~ 18
010 zie=rs 0 1 071 0
, 100 0 (1-a'p)i 0 22 o
g=4g = STy
000 1 0 0 0 1
a1
001 0 0 0 g5 O
(d) If a™'B # 1 and a™'B # 1, then g = py7ops and ¢’ = p)mop), for
1+a~1p
L0 sa—a=am 0 B
__l4a”'B
P = 0 1 0 2(1—a~1B)iJ
0 0 1 0
0 0 0 1
(1—a~'B)i 0 e 0
0 (1—a~'B)i 0 ]
p2: 1B
0 0 A—a-18)i 0‘15
0 0 L I
1+a—?!
L0 i O
1+a— 18
;|01 0 oo
Py
00 1 0
0 0 0 1
(1—-a~'B)i 0 Lta™p 0
o 0 (1—a'B)iJ 0 Lap
2 = a”'p
0 0 o188 jﬁ
0 0 0 o=

From the above decompositions, we can easily read off the desired information.

Lemma 5.12. Let a« = a; + b1i. Then

R =0
| Ea™h) - (=2byud,u)p - yp(u, 59) - (=1, —u)p  otherwise.
Yaa)= 4 @) (e b =0,

@) (=2biud, u)p - yr(u, 3¢) - (=1, —u)p  otherwise.
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Proof. We use Lemma 5.11 in the two cases where a8 = 1. If o= '@ = 1, then a = @ and

so by = 0. By Lemma 5.11, we have
s, ) =8 (a,a)=1=&@ ™) - (a,u)p =& (™) - (ar,u)p.

If a~'@ # 1, then b; # 0. Note that

1

l-a'a=ata—a)=a"-2bi,

l—-ala=1—-a'la=—-a ! 2hi.

Thus by Lemma 5.11,

Sasa) = £(a) - (=2byud, w)r - ve(u, %w (1, —u)p,

. __ 1
§a,0) =& @) (=2bjud,u)p - vr(u, §¢) (=1, —u)p. O
Lemma 5.13. Let ( = a +bi € E'. Then

§<1,<>{ ya=1
(2—=2a)uJ,u)p ifa#1.
§(1,) = Ja=t
€(0)- (2~ 2a)ul o)y ifa# 1.

Proof. We use Lemma 5.11. If ¢ = 1, this corresponds to the case a '8 =1, a'f =1, and
5(1,() =8(1,0) =1.

If ¢ # 1, this corresponds to the case a8 # 1, a3 # 1, and

5(1,0) =&(=(1 = O = Qud) - (=1, u),
§(1,0) =€ ((1 = O*u) - (=1, u)p.

Now,
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Thus
5(1,¢) = ((2 — 2a)ud,u)F,
§(1,0) =¢(Q) - ((2 — 2a)u, u)p. O

Proposition 5.14. Let g € G(Ug(Vy)xUg(W)) C G(Ug(Vo)xUg(Wy)) and ¢ € G(Ug(Vp) x
Ug(W)) € G(Ug(ResV) x Ug(W)) correspond to (o, ) € E* x E* with Nm(«) = Nm(f3).
Then

Proof. We use the formulas given in Lemma 5.12 and Lemma 5.13 together with Lemma 5.3.
Recall that

g = g1 - 92, g/:gigéu

where g; corresponds to («, o) and gy corresponds to (1, 5/a).

First notice that under the natural maps

i: Ug(Vo @ W) — Sp(V) i Ug(Vo ® Wy) — Sp(V7),
i': Ug(ResV @ W) — Sp(V) i7': Up(ResV @ W) — Sp(VY),

we have
i(ge) = '(92) € Sp(V),  i7(gs) =7 (ga) € Sp(V"),
where g, denotes any of g, g1, g,. This implies that for A := A\ya_yo,

MiZ(ge)) = Mi7'(g2),  and  z(i(gr),ig2)) = 2v(i'(91), 7' (92))-

By definition,

s(g) = 8(g1) - p(g1) - 5(g2) - () - 2v(i(g1),i(g2)),
s'(g) = 8'(g1) - pu(g1) - 8'(g2) - p(g2) - 2v(i'(g1), 7' (g2)),

Thus we have
x(a, 8) = s(g) - 5'(¢") " = 5(g1) - 5(g2) - 8'(g1) " - 8'(g) "

Now we combine the results of Lemmas 5.12 and 5.13 to compute x(«, ). Using the fact

——1

ail'ﬁ'ailzﬁ )
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in the calculation of §'(¢})8 (g5) when a # (3, we have:

(@) - (ar,u)F a€F* a=p

(o) - (a1, u)p - ((2 = 2a)ud,u)p aeF* a#p

5(g1) - 8(92) = § €(a™Y) - (—2b1ud, u) g - i (u, %1/1) (=1, —u)p agd F* a=p
(@) (=2biud, u)p - yr(u, 59) - (=1, —u)p

(2=2a)uJ;u)p ag F* a#p

@) (a,u)p aeF* a=4
) (ar,u)r - (2= 2a)ut, )i acF* ap
8(g1) - 8'(g5) = ¢ @) - (—2byud, u)p - yp(u, 3¢) - (=1, —u)p aglF,a=0
B - (=2t u)p - w(u, 3) - (<1, —u)p
\ (2=2a)uJ;u)p ag F* a#p
Therefore
(€0 €@ acF*a=p
Ea)-€B) acF* a#p
x(a, B) =
{(a™)- @) agF*, a=p
£ €() agF*ats
=&a ™) EB) =€) -g(B7h) - €(B) = aHE (BT, 0

5.5 Product formula

In this section, we put the local considerations of the Sections 5.1, 5.2, 5.3, and 5.4 into the

global picture. Once and for all, pick Hecke characters
&€ EX\Ap - C

such that

QA; = §/|A; = €E/F-
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Note that Ug(Vp) & E* = Ug(V)? and hence we have a natural embeddings

G(Up(V)? x Ug(W)) — G(Ug(Vy) x Ug(Wy))
G(UB(V‘j)O X UB(W>> — G(UE(VOD) X UE(WO))

Thus functions defined on the unitary spaces pull back to functions on the quaternionic

unitary spaces. For each place v of F', by Definition 5.4 and 5.8, we have functions

sy: G(Up(V,) x Ug(W))) — C, s2: G(Ug(V)Y x Ug(W))) — C,
s G(Ug(ResV,) x Ug(W,)) — C, 52" G(Ug(Res V) x Ug(W)) — C.

Lemma 5.15.

(a) Let v € G(Ug(V)(F) x Ug(W)(F)). Then

so(y) = 1 for almost all v and H se(y) = 1.

(b) Let v € G(Ug(VE)Y(F) x Ug(W)(F)). Then

v

s2(y) =1 for almost all v and H s2(y) = 1.

(¢c) Let v € G(Ug(Res V)(F) x Ug(W)(F)). Then

v

st (v) =1 for almost all v and H si(y)=1.

(d) Let v € G(Ug(ResV)(F) x Ug(WE)(F)). Then

v

s3'(y) =1 for almost all v and H s2'(y) = 1.
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Define
s=]]s0: GUBV)(A) x Up(W")(A)) = C,
7= f[s?t G(Up(VT)(A) x Up(W™)(A)) — C,
s' = ]Z[S;: G(Up(Res V)(A) x Ug(W)(4)) — C,
sH = ljsE': G(Ug(ResV)(A) x Ug(WH)(A)) — C.
Proposition 5.16.
(a) [Lemma 5.7] For (91,92, h) € G(Up(V)°(A) x Up(V)°(A) x Up(W)(A)),
$(g1,92.h) = 5(g1, h) - 5(g2, h) - €(det(i(g2, ).
(b) [Lemma 5.10] For (h,g1,95) € G(Ug(ResV)(A) x Up(W)(A) x Ug(W)(A)),
$7(h, g1,92) = 8'(h, 1) - 8'(h, go) - €' (det (7' (R, 92)))-
(¢) [Proposition 5.14] For a, 8 € A} such that Nm(a) = Nm(f3),

s'(a, B) = &(a)€'(B)s(av, B).

5.6 Two splittings on E* x GLy(F))

To calculate the theta lift at all the unramified places, we will have to understand the Weil

representation more concretely. In particular, we will need to explicate the local splittings

defined in Chapter 5 in the case when v ¢ Sp and v ¢ Sp. These exactly correspond,

respectively, to the cases when W, and Res V), are split Hermitian spaces. For notational

convenience, we drop the subscript v in this section.

Consider the group

R:=G(E* x GLy(F)) = {(a,9) € E* x GLy(F) : Nm(cr) = det(g)} .

Assume that the 2-dimensional E-spaces Wy and Res V' are hyperbolic planes (i.e. they are
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split Hermitian spaces). Then we have embeddings

R— G(Ug(Vo) x Ug(Wo)),  (a,g9) = (a,9)
R — G(Ug(Res V) x Ug(W)), (a, g) — (g, ).

Furthermore, any decomposition of Wy or Res V' into maximal isotropic subspaces induces a
complete polarization
V=X +Y.

Recall that in Chapter 5, we defined functions

5: G(Ugp(Vp) x Up(Wy)) — C! such that 2, .ya = 03,
§: G(Ug(ResV) x Ug(W)) — C* such that 2geyagy = 0§

Recall that these were defined by pulling back Kudla’s splitting on split unitary groups along

the maps
i: G(Ug(Vo) x Upg(Wp)) — Up(W5),  i': G(Ug(ResV) x Ug(W)) — Ug(Res V")
defined in Sections 5.3.1 and 5.3.2. If we let X: Sp(V”) — C! be given by
A(g) = vr(5¢ 0 q(VE, Y 971 YD) - (50 g(VE, Y, V2g)),
then we may define functions

A: G(Ug(Vp) x Up(Wy)) — C such that zy = Js,
s':=5-X: G(Ug(ResV) x Ug(W)) — C! such that 2y = 0s’.

In this section, we explicate the values of s and s’ on R.

We work with s first. Let W; and W5 be isotropic subspaces such that Wy = W, 4+ Ws.
Fix w; € W; so that (w;,wy) = 1. Make the analogous definitions for s’: let V; and V5 be
isotropic subspaces such that ResV = V; + V5 and fix w; € V; such that (ws,wy) = 1. Define

* *

W1 = (%wla _%wl)a Wy = (_%w% %wQ)a W = (w27w2)7 Wy = (w17w1)

so that we have

k
79

<Wi,Wj> = <W:‘<,W;>7 <Wi>W;> = 04j, (w Wj> = —0ij,
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and

W =wy + WE, where Wy = span{wy, ws} and W = span{w}, w3},

Res VY = Res VV + Res V2, where Res VV = span{w,, wy} and Res V> = span{w}, w}}.
Then a symplectic basis preserving the complete polarization
VP =VV 4+va

is given by

1 1 % . x * . %
Wi,  —iwy, W, —iwy,  wi, iwy), wj,  iws. (5.5)

5.6.1 A splitting s of zy
For a,d € F*, write D(a,d) := diag(a, d).

Lemma 5.17. Let (o, D(a,d)) € R. Then
s(a, D(a,d)) = &(—(a'a— 1)(a”'d - 1)).
In particular, for a € F* and o € E*,

s(1, D(a,a™ ")) = (u,a)p,
s(a, D(1,Nm(a))) = £(a™).

Proof. We have (1, D(1,1)) = (1,U(0)), and this is proved in Lemma 5.18, so we assume
that (o, D(a,d)) # (1, D(1,1)). This assumption will be necessary when we calculate s.
Recall that (a, D(a, d)) sends wy +— o 'aw; and wy — o~ 'dw,. Recalling that i: Ug(W,) —
Up(Wo+W; ) is defined by Ug(Wy) acting linearly on Wy and trivially on Wy, it is a straight-
forward computation to see that the image of (o, D(a,d)) in Ug(Wy + W) with respect to

the basis wy, wy, Wi, w3 is

o lat1 a"lta—1
2 10 ? 1
a td+1 a td—1
0 2 - 14 0
0 ~(a~1d-1) 0
-1
7((1—1&71) 0 0 Oé—a-‘rl

We have



where

(e 'a+1)? a=la—1 o~latl

0 “tatant 21 T 2 0
_ (a=td+1)? a~1ld—1 a~td+1
Pr=| YaTa—1~ 4 0 0 R ,
0 0 0 (a=td—1)
0 0 —(a"ta—1) 0
a tat1
10 0 2(a—la—1)
— o~ td+1
P2 I ~I1a-1D
00 1 0
00 0 i

This implies that
#(i(a, D(a,d))) = (0'a— 1)(a~'d 1), j(i(, D(a,d))) = 2
and therefore by Definition 5.4,
(i(er, D(a,d))) = E((0™"a — 1)@ d — 1)) - ye(u, 2) > = &(~ (0 a — 1)(a~"d — 1).

With respect to the symplectic basis given in (5.5), the image of i(a, D(a,d)) in Sp(VY) is

zatl _ yau za—1 ya
2 2 4 4
_ya za+l ya za—1
2 2 du
zd+1 _ ydu _ xzd—1 _yd
2 2 4 4
_yd zd+1 _yd _xzd—1
2 2 4u 1 0
g= € Sp(V-).
o _ rd+1 yd
(xd — 1) ydu 5 z
_ _ yd zd+1
yd (xd—1) & 5
— — zatl  ya
ra —1 yau 3 5
_ ya zatl
ya ra — 1 o 5

By definition,
Ala, D(a,d)) = vp(50 0 (V2 Y2971 Y'7)) - ye (31 0 g(VE, Y5, VEg)).

Since g stabilizes Y7,
(590 q(VE, Y g™ YY) = 1.
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To calculate the second factor, notice that

VA = {(07070?07z17 22, 23724)}
Y/D = {(0707 21,22723,24,070)}
Veg = {((xa — 1) 29 + yazy, —yauzs + (xa — 1)zy, —(xd — 1)21 + ydzo, yduz; — (zd — 1) 29,

— il W, Uy ad 2l By, Wy + 222}
and one can see that this implies that R = {(0, 0, *, %, %,%,0,0)} and hence

V(3 0 q(VA, Y0, V2g)) = 1.
We therefore have

s(a, D(a,d)) = 5(a, D(a,d)) = &(—(ata — 1)(a'd — 1)).

This proves the main assertion and the remaining formulas can be deduced as follows:
Assuming a # 1 and a # 1 (observe that if & € E', then = 1 if and only if a = 1),

s(1, D(a,a™)) =&(—(a—1)(a™ = 1)) =¢la—2+a™")
(a™'(a® —=2a+1)) =&(a (a—1)%) =€(a™)

(a) = (u,a)p.

§
§

If « € E*, then

(@t —1)(ataa — 1))
(ot =1)(a-1) =& a—1)(a—1))
= 5(@‘1)6E/F(Nm(a —1)) =¢&(a™). O

s(a, D(1,Nm(a))) = £(—

Lemma 5.18. Leta € F. Then
s(1,U(a)) = 1.

Proof. The matrix U(a) sends w; — wy + awy and wy — wsy. Recalling that i: Ug(Wy) —
Up(Wy + W) is defined by Ug(Wy) acting linearly on Wy and trivially on W, it is a

straightforward computation to see that

| |
s © vl
Ne—OR|

= oo O

o OO =

i(1,U(a)) = <
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We have

a a a a 1
(1510)(1000) 15173 (1 )
0100 0a 101 — 0-10 a1 -1
0010 00 10 001 0 1 !
Oa%l 0 0 Oa 0 0 % 1 1
and therefore
.T(Z(]_, U(G))) = —CL_I, ](1(17 U(a’))) =1

By Definition 5.4, we have

1 ifa=0,

$(1,U(a)) = - Lo L
E(=a) - (u,—Dp - yr(u, 39) 7 = (u,a)p - yr(u, 3¢) 7" ifae FX

We next calculate A(1,U(a)). Since g = (1,U(a)) stabilizes Y'",
Alg) =vr(sv00),  q:=q(V2, Y, Vo).
Working in the F-basis given in (5.5)

VA = {(070:070791792793794)}7
Y,D = {(anvylay27y3ay4a 070)}7
V29 ={(0,0, —ays, “ya, y1 + 23,92 — %ya,ys, Y1) }-

If a =0, then
R = {(0,0,0,0,, %, %, %)}, R+ = {(0,0,0,0, %, %, %, %)},

and therefore we must have
A(1,U(0)) =1,

and the lemma holds. It remains to prove the assertion for when a € F*. Then we have

R = {(0,0,0,0,x*,x,0,0)}, R = {(0,0, %, %, %, %, %, %) }.

So:
(VA)R = {(07 07 Oa 07 07 07 Y1, y2)}7
(Y/D)R = {(07 07 Y1, Y2, 07 Oa 07 O)}?
(VAg)R = {(07 07 —ayi, %y27 07 07 Y1, 3/2)}
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It is clear from the above equations that
(YO)R(§1) = (VA9

where )
a

(1%) € Pyay, C Sp(R/R), brb::(o

)

Qg ©

By definition, ¢ = (Y'¥)g with the symmetric bilinear form given by
q((z1,22), (Y1,92)) = —§$1y1 + 2 T2y
Therefore we have
dimg=2, detq=—2%,  hr(e) = (—1 4)r.
Observe that (—%,%)p = (—a,au)p(—a,a)r = (—a,u)p, and so

AL, U(a) =vr(30)* - yr(—2%, 30) - (=1, 4)p
- ’YF(_L %¢>_1 : /VF(_U7 %¢) : (—CL, u>F

Finally, we have

S(la U(a)) ¢) ’ (_a7u)F

I
=
=
|
2
B!
S
[Nl
&

|

—_
2
|

|
\'H
[N
<
~—

L
)
T

[
£
N |+

Lemma 5.19. We have
s(1L,W) = (u, =1)F - yr(u, 30).

In particular, if ord(u) is even, then
s(1,W) = 1.

Proof. The matrix W sends w; — —w; and wq — —ws. Recalling that (W) acts linearly on

Wy and trivially on Wy, it is a straightforward computation to see that

1 11 1 1711
2 724714 T4 1 20-1 0
: _ 2 2 4 4 _ T4 74 1 1
iW(L,W) = P4l = At 1 005 0
-1 1 5 —% 00 = —= 1
2 72 2 T2 0o o %
_1_1ll 00 1 1 2
2 2 2 2
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Therefore we have

z(i(1L,W) =5, QW) =2,
and by Definition 5.4,
5(LW) =&(5) - ((u, =) - yr(u, 59)) 7% = (u, =2)p. (5.6)

We next calculate A(1, ). With respect to the symplectic basis given in (5.5), the image of
i(1,W) in Sp(VP) is

1 1 1 1
2 T2 1 1

1 1 u u

2 2 1 4
1 1 1 1
2 2 4 4

1 1 u u

_ 2 2 1 1 O
9= L 1 1 € Sp(V-).

- 2 2

_ 1 1

u u . 2 ) B
-t 3 2

1 1

u u 2 2

By definition,

A(9) = vr(39 0 g(VA, Y571, YO)) - yp(iep 0 g(VE, Y'P, VAg)).

We have

{(07 Oa Oa 07 Y1, Y2, Y3, y4)}
{(yh Y2, Y3, Y4, %yi’n _iyéla %yla _in)}
{(07 07 Y1,Y2,Y3, Ya, 07 0)}

VA
Y/Dgfl
Y/D

which implies that R = {(0, 0, %, %, %,%,0,0)} and hence
V(39 0 (V2 Y g 1Y) = 1. (5.7)
Now we calculate the second factor of A(1, ). We have

VA = {<O7070707917927y37y4)}7
Y/D = {(070791;y27y37y4,0, 0)}7
VAg = {(yl’ Y2,Y3, Ya, _%yla ﬁy% _%y?)? iy4)}7
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and hence

R = {(0,0,0,0,*,%,0,0)}, R = {(0,0, %, %, %, %, %, %) }.

This implies that

(VA)R = {(07 07 Oa 07 07 07 Y1, y2)}
(Y = {(0.0,91,92,0,0,0,0)}
(VAQ)R = {(07 07 Y1, Y2, 07 07 _%yh %92)}

and we have

Putting together Equations (5.6), (5.7), and (5.8), we have

S(1, W) = &(1, W) - A(1, W)
= <u7 _2)F : ’VF(U’ %w) ) <u> Q)F
= <u7 _1>F ) W/F(uv %w)

(5.8)

To see the final assertion, first observe that if ord(u) is even, then either E is split or

unramified over F. In either case, (u,—1)r = 1. By [R93, Proposition A.11], ord(u) even

implies that vp(u, 31) = 1.

Lemma 5.20. Let a € F'. Then
s(1, D(—1))s(1,W)s(1,U(a))s(1,W) = 1.
Proof. We have s(1,U(a)) = 1 and

s(1, D(=1))s(1,W)* = (u, =1)p - ((u, =1)p - v (u, 39))*

= (u, —1)p - yr(u, 3¢)* = (u,—1)p - (u,—1)p = 1.
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Lemma 5.21. If F =R and E = C, then

s(a,g) = €&(a™)
for any (o, g) € R.
Proof. Since (o, D(1,Nm(«))) stabilizes Y,
s(a, 9) = s(a, D(1,Nm(a))) - s(1, D(1,Nm(a) 1)g).

By Lemma 5.17, to prove the desired assertion, it remains to show that s(1,¢) = 1 for
g € SLy(R). But this follows from [R93, Proposition A.10(1)]. O

For convenience, we state the explicated values of s in the following table:

(a,9) R s(e, 9)
(a, D(a, d)) {(—(ata—1)(a'd-1))
(1,D(a,a™t)) (u,a)p
(o, D(1,Nm(av))) ()}
(1,U(a)) 1
(L, W) (u, —1)p - vp(u, 50)

5.6.2 A splitting s’ of zy

The computations in this subsection are very similar to the computations of the preceding

subsection. As in the previous subsection, for a,d € F*, write D(a,d) := diag(a, d).

Lemma 5.22. Let (D(a,d),«) € G(GLy(F) x E*). Then
S/(D(aa d)? a) = 6/(_(a_1a - 1)(d_1Oé - 1))
In particular, for a € F* and a € E*,

s'(D(a,a™1),1) = (u,a)r,
s'(D(1,Nm(a)), @) = {'(a).

Proof. The proof is similar to Lemma 5.17 except that (D(a,d), @) sends w; — a 'aw; and
wy — d " awy. Thus the image of (D(a,d),a) in Ug(ResV + Res V™) with respect to the
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basis wi, Wa, W, W5 is

a_ 204+1 0 0 a_ rfl
0 d o+l _dla—1 0
2 4
0 —(d'a—1) el 0
—(a ' —1) 0 0 ot

To be more precise, this proof is the proof of Lemma 5.17 except with a replaced by a™!, b

1

replaced by b=!, and a~! replaced by a. O
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CHAPTER 6

Global theta lifts

In this chapter, we examine the global theta lifts in the similitude seesaw

GUg(ResV) GUz(W*)  ((B)* x EX)/F* BX
> | - | > |
GUg(V) GUgR(W) EXUE%j EX

and their relationship to automorphic induction (see Chapter 2).

Let x: EX\Aj — C* be a Hecke character and let 7, denote its automorphic induction
to a representation of GLy(Ap). Recall that 7, has a Jacquet-Langlands transfer to B* if
and only if the following condition holds:

(JL) If B, is ramified, then x, does not factor through Nm: E — F*.

We write 77 to denote the Jacquet-Langlands transfer to B* if the pair (B, x) satisfies (JL),
and we set 7 = 0 otherwise.

The main theorem of this chapter is:

Theorem 6.1. The theta lifts O(x - &) from GUg(V) to GUg(W™*) and ©'(x'-&'~1) from
GUg(W) to GUg(Res V') can be described in terms of automorphic induction and the Jacquet—

Langlands correspondence:
O(x-&=al,  and Ol oK),

where the right-hand side is viewed as a representation of GUg(ResV) descended from
(B)* x Ap.
To prove Theorem 6.1, we will need two arguments.
(1) If O(x - &) = 0, then 77 = 0.
(2) I O(x - &) #0, then O(x - &) = P,
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To prove (1), we will need to make use of the theory of doubling zeta integrals. As we will
see from Section 6.2, the nonvanishing of the global theta lift ©(x - £) is determined by the
nonvanishing of local doubling zeta integrals. Hence the crux of (1) is to establish that the
functional determined by a local zeta integral is zero if and only if the corresponding local
theta lift is zero. To prove (2), we will need to explicitly calculate the local theta lift from
GU(1), to GU(2), at all places where GU(2), = GU(1,1),. Then, after showing that O(y - ¢)

must be cuspidal if it is nonzero, we can use Jacquet—-Langlands (Theorems 2.5 and 2.6).

6.1 Theta lifts with similitudes

We first recall some general properties of Weil representations. Denote by w, and wg the
Weil representations of Mp(V) on S(X) and of Mp(V”) on S(X") = §(X) @ S(X). We have
a natural map

i: Mp(V) x Mp(V) — Mp(V")

inducing (21, 22) +— 2172 on C', and the Weil representations wy, wj enjoy the following
compatibility:
Wi 0T X wy ® (wy 0Jy),

where jy is the automorphism of Mp(V)y = Sp(V) x C! defined by

jv(g9,2) = (v(9).27"),  iv(g) = dy(=1) - g-dy(-1).

We make the following definitions:

G:=GUp(V)" = E* = GUg(W)

H = GUR(W*) = B* ¢ GUR(Wy)

G = GUg(W)

H':=GUg(ResV) = ((B")* x EX)/F*
G := GUp(V")
GY = GUx(W")

Recall that these groups fit into the following seesaws:

H Hx H H x H GY

\X\ GxG><\ | > |

G’ H' G' x G
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Adding a subscript 1 to any of the above groups indicates that we take the kernel of the

similitude character. If G1,..., G, is a collection of unitary similitude groups, we define

GarxxGy = {(91, s Gn) EGL X x G iv(gr) = = V(gn)}-

We also define

We will also need to consider:

(A)T = v(G(A)) Nv(H(A)) = v(G'(A) Nv(H'(A) = Nmp/r(Af)
(FX)+ = FX N (AY)
= (AP (F)F\(A)F

J’_

—~

Then adding a superscript + to any of the groups G, H, G’, H' means we take the preimage
of (AX)T (or (F*)T, etc.) under the similitude map.

Lemma 6.2. The similitude character induces isomorphisms

Z(A)G{(AGF)N\GA)" =C, Z(A)H(A)H(F)"\H(A)" =,
Z(A)GL(A)G (F)\G'(A)T = ¢, Z(A)VH{(A)H'(F)"\H'(A)* = C.

Proof. The similitude character induces surjections
GA)t =, H(A)" —=C, G'(A)*t = C, H'(A)T —C.

It remains to compute the corresponding kernels. We will do this for G; the computations
are completely analogous in the other situations. Recall that G(A) = A%. Since the norm
maps on B and B’ restrict to the norm map on E, we have G(A)" = G(A). Pick x € A
such that v(z) € (AX)*(F*)*. By multiplying by an element of Ar, we may assume that
v(xz) € (F*)*. This condition implies that each place z, of z = (z,), is a local norm, and
thus there exists z € E* such that v(z) = v(z). Then z- 27! € AL, = G1(A), and so we've
shown that

ker(G(A)" — C) = AFALE* = Z(A)G,(A)G(F)*. O

Fix sections

C— GA)T, C— H(A)T, C— G'(A)T, C— H'(A)*.

63



We write g, he, g., h.. for the images of ¢ € C under these sections.

Lemma 6.3. The similitude character induces isomorphisms

H(A)/(H(F)H(A)") = H'(A)/(H'(F)H'(A)") = Gal(E/F),
GZ(A)/(GR(F)GP(A)T) = GT(A)/(GT'(F)GT'(A)) = Gal(E/F).

Proof. The proof is very similar to that of Lemma 6.2. We first argue that
v (F* Nm(AR)) = H(F)H(A)*

for v: H(A) — A}. Indeed, suppose that h € v™}(F* Nm(A%)). By multiplying & by an
element of AL, we may assume that v(h) € F*. Since v: H(F) — F* is surjective this
implies that there exists an b’ € H(F') such that v(h') = v(h). Hence h = h'h; for some
hy € Hy(A). We have hence shown that v~ (F* Nm(A})) = H(F)H(Ar)".

Now, by class field theory, A% /(F* Nm(Aj)) = Gal(E/F), so that F* Nm(Aj) is an
index-2 subgroup of A%. Since v: H(A) — A} is surjective, then the desired isomorphism
follows from the preceding paragraph. This proves the assertion for H, and the proofs for H’,

G", and GV’ are completely analogous. n

Recall that in Chapter 5 (see Definitions 5.4 and 5.8), for each place v of F', we defined
splittings of zy, and zyo on certain unitary groups. Recall also that the discussion in Section

5.5 allowed us to multiply the local splittings to obtain global splittings of zy
s: Gaxu(A) — C, s Gurvar (A) — C,
and global splittings of zyo
s7: Gaoyy(A) — C, 57" Gy (A) — CL

These allow us to define corresponding Weil representations wy, w{p, wf, wg’ . By Proposition
5.16,

Wy (g1, 92, h) = wy(g1, h) © E(det(ga, h))wy(g2, h), (91,92, 1) € Gaxaxu(A),  (6.1)
wy'(h, g1, 92) = wiy(h, g1) @ €' (det(h, ga))wly(h, g2), (B, 91,92) € Gurxarxar (A),  (6.2)
wy(9,9') = £(9)¢'(9")wy (9, 9), (9,9) € Gaxa (A). (6.3)
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Define a theta distribution

0:S(X(A) = C, o= > ()

zeX(F)

Let ¢ € S(X(A)) and let x be a Hecke character. For h = hih. € H(A)" where hy € Hi(A),
define

0,(x)(h) = / O (9190, h)2)x(9160) dgi.
G1(F)\G1(A)

Here, dg =[], dg1,, is the Tamagawa measure on G(A). Note that 0,(x)(vh) = 0,(f)(vh)
fory€ H(F)N H(A)* and h € H(A)". By declaring

0,(x)(vh) = 0,(x)(h), for all v € H(F) and h € H(A)*,

we obtain an automorphic form on the subgroup H(F)H(A)T of H(A). Let p € S(X(A))
and let y’ be a Hecke character. For b’ = hjh. € H'(A)* where b} € H{(A), define

0,(x) (W) = / O(wy, (7', 919.) )X (919.) dg.-
PG ()

Here, dgy = [], dg} , is the Tamagawa measure on G (A).

Let ©4(x) be the automorphic representation of H(F)H(A)" generated by 6,(x) for
¢ € S(X(A)) and let ©’_(x’) be the automorphic representation of H'(F)H'(A)* generated
by 0,,(x') for all p € S(X(A)). Define

O(x) = Indjy(p) yaye (O4(0),  ©'(X) = Indpp () s (O4(X)) -

By Lemma 6.3, [H(A) : H(F)H(A)"] = 2, and hence 0,(x) extends to an automorphic form
on H(A) via

oy o P00 b E HF)H(A)"

0 otherwise.

Similarly, 0/, (x') extends to an automorphic form on H'(A) by setting

6.(xX')(W,) if ' =4I, for v € H'(F) and I, € H'(A)*,

0 otherwise.

Observe that 6,(x) € ©(x) and 0 (x') € ©'(x).
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Analogously, define a theta distribution

0: S(X”(A)) — C, o — ().

x€XH(F)

The corresponding theta lifts for similitude unitary groups are defined completely analogously

to above.

6.2 The Rallis inner product formula

In this section, we will write down an equation relating the Petersson inner product of a
theta lift to a theta lift to a doubled unitary similitude group. To this end, we will use the

doubled seesaw

GD Hx H GUB(VD) GUB(W*) X GUB(W*)

| > | ]

GxG H GUR(V)° x GUR(V)° GU(W™)

to write down such a formula for the theta lift 6,(x - &) to B* = GUg(W*) C GUg(W)), and

use the doubled seesaw

H « H’ ao GUg(ResV) x GUg(Res V) GUg(W")

> ] - ]

bk G x G GUg(ResV) GU(W) x GUR(W)

to write down such a formula for the theta lift Q;(W) to B’ C (B x EX)/F* =
GUg(Res V).

For automorphic forms f, f, on H(A) = B} and automorphic forms fi, f; on H'(A) =
(By* x Ag)/A%, define

<f1> f2>H = - fl(h) : f2(h) dh,
(fls fo)w = | fi(K) - f3(I') dh,

[H']

where dh = [[, dh, and dh' = [], dh, are the Tamagawa measures of H(A) and H'(A),

respectively.
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Recall from Proposition 5.16 that the splittings
s: Gaxn(A) — Ch s7: Gaoyy(A) — C!
enjoys the property that for (g1, 92, h) € Goxaxnu,
(91,92, h) = s(gn, 1) - (g2, 1) - €(det(i(go, ).

This compatibility implies that for any hy € Hy, g1, 9] € G1, and (ge, he) € Gaxu(A),

O(wy(g19e:hhe) 1) - O(wy (g1 ge, hihe)w2)
= 0wy ((919c, 919¢), hihe) o1 ® By) - E(det(hahe)) ™ - £(glge)-

Hence for ¢, ps € S(X(A)) and Hecke characters i, x2 of £, by formally switching the
integrals at the equality, we have

<9<,01 (Xl : 5)7 9902(X2 : £)>H
- /[H] (1~ E)(h) - By (xa - €) ()

- / / 0, (x1 - €)(hihe) - O (2 - ©)(hahe) dhy de
C J[H1]

[ L] et midetdio
[H1] J[G1] Y [GH]
O(wy (91 ge: hihe)p2)(x2€) (91 9c) dgr dgy dh de

//Gl] /G1 X18)(gege) - (Xa€)(9190)- (6.4)

/[ | @(ww ((glgca gllgc)v hlhc) (901 ® @2)) ’ g(det<h1h’c))_l dhl dgl dgi de.
Hy

(6.5)

The inner integral in Equation (6.5) is the theta lift of £(det)™ to GUg(VY), but to make
actual sense of the above, one must be careful about convergence issues. In the case that B
is division, the quotient B*\ B, is compact, and therefore the integral in (6.5) is absolutely
convergent. Hence the formal manipulation above is completely justified. In the case that B
is split (i.e. B = My(F')), (6.5) does not converge absolutely in general.

The idea of the Siegel-Weil formula is to interpret the integral 6.5 as an Eisenstein series.
When (6.5) is absolutely convergent, this dates back to classical work of Siegel that was later
extended by Weil in 1965 [W65]. An important idea of Kudla and Rallis in the late 1980s
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was that one can regularize 6.5 and interpret the resulting absolutely convergent integral as
an Eisenstein series, thereby obtaining a regularized Siegel-Weil formula. After the work of
many people (Ikeda, Ichino, Yamana, Gan—Qiu-Takeda), the regularized Siegel-Weil formula
has now been established for all dual reductive pairs.

The Siegel-Weil formula supplies half the distance between the Petersson inner product of
theta lifts and special values of L-functions. The missing ingredient is the theory of doubling
zeta integrals, which was initiated by Piatetski-Shapiro and Rallis [PSR87]. They studied the
integral (6.4), with the automorphic theta distribution ©(¢"(g, h)®) in (6.5) replaced by an
Eisenstein series, and proved that it gives rise to standard L-functions. The relation between
the Petersson inner product of a theta lift and special values of L-functions is known as the

Rallis inner product formula.

6.2.1 The Siegel-Weil formula for division quaternion algebras

In this section, we explain how to obtain a Rallis inner product formula in the case that B is
division. For ¢ € S(XV(A)), define

and form

This is the value of an Eisenstein series at s = % In this case, the Siegel-Weil formula states
that for g,¢’ € GU(1) such that v(g) = v(¢'),

Ei(g.9), F) = [H (0.9 B ) - et ()

where i: G(U(1) x U(1)) — U(1,1) and ¢ € S(VV(A)) is the partial Fourier transform of
01 ® P, € S(XP(A)). We now see that, continuing from (6.4), (6.5), we have

s (316, Oy (x2-€)) 1 = / /[G | /[G (00190 (o) 0 Bli(0100 6100, ) doy ol e

We have F,(i(g19c, 919.)) = F(i(g; 7 g1,1))€%(g}), and hence unfolding the above integral
and making the substitution g = ¢g1g., ¢’ = ¢, g1 gives

- / / ()99 - (o) g) - Foli(g. 1)) dg dg'
G1(A) JI[G]
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The Tamagawa measure on G1(A) can be written as a product of local measures dg; ,, on G,

times a global factor pr/pp (see Section 2.1). Hence if y; = x2 = x and p1 = g = ¢ = R, 0y,

we have
(Op,(x - ), 0s(x - &) = -~ Fo(i(g, DU () (XE), (xE))icy dg’
=0 T12G Fou)
where
Z(%afgava Xv) = /G <w¢(gl,v)¢: ¢> : (ngv)(gl,v) dgl,v- (66)

6.2.2 The regularized Siegel-Weil formula for (£, GL(2))

In this section, we follow [GQT] and describe how to make sense of (6.5) and obtain a Rallis
inner product formula in the case that B is split. We will need to translate between the
quaternionic unitary groups (GUg(V)°, GUg(W*)) = (E*,GLy(F)) and the dual reductive
pair (GO(2),GSp(2)) = (E*, GL2(F)). In the notation of [GQT], we have n =m =2, r = 1,
€ = 1, which puts us in the second term range since 1 <2 < 2-1.

Recall that we have an embedding
G(Ug(V)?, Ug(W™)) — G(Ug(Vh) x Ug(Wy)).

When B is split, then there is a decomposition W, = W; + Wy of the E-space Wy into

isotropic subspaces of dimension 1. Set
X’ZRGSE/F(‘/O(@Wl), Y’ZRGSE/F(‘/O(@WQ)

so that V = X'+ Y’ forms a complete polarization. In Section 5.6, we explicated a splitting s

of zy,. Comparing s to the splitting

s©o@.sp2): G(O(2) x Sp(2))s — C'
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defined in [K94], we see that for « € E*, a € F*, and d' € F,

s(a, d(Nm(a))) = (@)™ - soe)spe) (@, d(Nm(a))),
s (1,diag(a,a™")) = &(a)™" - sco@)sp@) (1, diag(a,a™)),
s(L,(§9)) = so@sr@) (1, (§9))
s(L(%6)) =so@spe) (L (%))

Now set V¥ := {(v,—v) : v € Vo} and V" := {(v,v) : v € Vy} so that
VYV = Resg/r(Vy @ W), VA = ResE/F(VOA ® W)

gives a complete polarization V& = VV 4V of the doubled symplectic space. Let 5(0(2,2),p(2))
denote the splitting of zya defined in [K94] and define

5(0(2,2),5p(2)) (h g) (O(2,2),Sp(2))<h7 g) : )‘;(IIDWVA (ga h) for (g7 h) S G(O(2, 2)7 Sp(2))7

where A := Ayo_,ya is the change-of-polarization function defined in Lemma 5.3. Then using
Proposition 5.16(a),

5(91, 92, )
=57(g1,92:1) - My1, 92, h)
= s(g1,h) - (g2, 1) - £(det(i(ga, 1)) - Mg1, g2, h)
= 5(0(2),5p(2)) (91, )E(91) 7" - S(02),8p2)) (92, h)E(g2) 71 - E(g2) 2E(det(R)) - A(g1, g2, h)
) - £(91) 7 €(g2) € (det(h)) - Mg, g2, )
= 5(0(2.2).50(2)) (91, 92, 1) - €(91) 'E(92) - A(g1, ga, D)
(0(22).50(2)) (91, 92, 1) - £(91) ""€(92) " (6.7)

= 5(0(2),90(2)) (91, 1) * 5(0(2),5p(2)) (92, I

V25

Define Po € GO(Resg,/r Vy?) = GO(2,2) to be the stabilizer of the totally isotropic
subspace Resgp V2 of Resg /r Vy'. For ¢ € S(VV(A)), define the Siegel-Weil sections

®(9)(9) = (W5 (9)9)(0), for g € GO(2,2)s C GUR(V)a
O3 (¢)(g) = (wy > (9)9)(0) for g € GO(2,2)a.

Observe that ®(¢)(g) = 5(9) - S0@2).sp@)(9) " - POP(¢)(g). We make the analogous
definitions for the local objects ®,(¢,) and ®9P(¢,). The Siegel-Weil section O5P(¢) €
Indgg(Q’Q)(det) -| det |'/? determines a standard section ®9:5P(¢) € Indgs(z’m (det) - | det |* and
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we may form the associated Eisenstein series

E(s,®*%(¢))(g) == Y, ®0™(yg),  for g € GO(2,2)a.
YEPo (F)\ GO(2,2)
Define
Z(s,@,y) = / E(s,®)(g1, 92) - x(91) - X(g2) do do.
[G(O(2)x0(2))]

If ¢ =®,P,, define
Zu(5, By x0) = / By (g0: 1) - xolg0) dgo.
E}l

By construction of the Tamagawa measure of A}, (see Section 2.1), one has

Z(s,®,x) = Z—Z I 2.5, @0, x0)-

Define the partial Fourier transform
§: S(X'M(A)) = S(VV(A))

by

0(p)(u) = p(@)y (3G, y) — (u,v))) dv,

/((VAQY'D)\VA)(A)
where we write v +v =z +y with u € VV(A), v € VA(A), z € X'P(A), y € YT(A), and dv

is the Tamagawa measure.
Observe that if ¢ € S(VV(A)) is the partial Fourier transform of ¢ ® @, for ¢, s €
S(X'(A)), then for the Siegel-Weil section ® = ®O5P(§(p; ® B,)), we have

Zy(3, Py, Xo) = vOl(E}) /El OO (6(1 © ) (910, 1)) * Xu(g0) dgo

— vol(EY) / @A (g 1501 © B5))(0) - Xulg) dgs
El

v

—vol(E}) [ (0, D861 99))(0) - xa(g2) - 60

v

= VOI(Ei) /El <Ww<9v)%017 ©a) - (Xo€)(9v) dgo (6.8)

v

Proposition 6.4. For ¢1,ps € S(X'(A)), we have

(B (XE), By (XE)) = Z_Z JI 2.5, 205601 © 7)), x0)-
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Proof. We use (6.7) to translate between our setting and that of [GQT, Proposition 11.1].
We have

(O (X - €), 00, (X - €)1t
//H o1 (X - E)(Pihe) - O, (x - €)(hahe) dha de

:// / O (wy (9196, hihe) 1) (XE) (g19e)-
[H1] J[G1] J[G1]
O(wy (g1 ges hihe)w2)(xE) (91 9c) dgr dgy dh de

//S / /2)]@ Wy (G196, hihe) 1) (XE) (919e)-
O™ (g1 ger hihe)ps) (XE) (h9e) - € (91)E (g}) dgn d' dh de
~Val.i [ / / B(5, Do, 550 (01 © ) (0100 6102

(9196) - X(919.) dgr dg de
= Valy—1/2 Z(5, 2(0(01 ® P5)), X)- L

6.3 Local doubling zeta integrals

Let v be a nonsplit place of F'. For notational convenience, we drop all subscripts v in this
section. We preemptively note that the notation we use to describe the zeta integrals in this
section differ from the notation used to describe the same (local) zeta integrals in the rest of
the thesis. In this section, we temporarily assume that £ is unitary.

Consider the Siegel parabolic subgroup

P = {(g (;)_1) € GLQ(E)} c U(1,1),

and for any unitary character n: U(1) — C!, consider the functional

Z(s,m,&): 1(s,6?) = C,  Fe | Fli(g,1))n(g) dyg,

El
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where ¢: U(1) x U(1) — U(1,1) is the natural map and
I(5,€%) 1= Ind V(€2 | 1)

__ 2 s+1/2
= {]—": U(1,1) = C Fpg) = &a)laly " F(g) }
)EP

for all g € U(1,1) and p = (§ ;2

is the normalized principal series representation. One has an intertwining operator

M(s,€%): I(s,&%) = I(—s,62) 2 I(—s,£?)

given by
M(s,£)F(g) = [ F(wng)dn,

Np
where w = diag(1, —1) and Np is the unipotent radical of the parabolic P.
Following Lapid—Rallis (see also Gan—Ichino, Section 10), after normalizing the intertwining

operator by some rational function ¢, (s, &%),

MqlzR(Sv 52) = 07/1(57 62)M(Sa g)

has a functional equation of the shape

Z(=5,1m,8) (M (s,8)F) =y (s + 5.0,6 ) - Z(s,1,6)(F), (6.9)

where x denotes some nonzero factors. In particular, if we understand the behavior of the
intertwining operator M (s, n) and if y(so + 3,7) # 0, the functional equation gives a relation
between the nonvanishing of Z(—sg,n, £?) and the nonvanishing of Z(sg, 7, £?).

We take a short detour to examine when the local theta lift to the nonsplit unitary group
U(2) vanishes. Define
Vt.=H,, V. =D& H,_,,

n

where H,, is the 2n-dimensional split Hermitian F-space and D is the nonsplit quaternion
algebra over F' viewed as a 2-dimensional Hermitian E-space via (x,y) = pry(z*y). For a
character n: U(1) = E' — C', denote its theta lift to U(V;¥) by Ox(n). To make tower
“compatible” one takes the Weil representation for U(1) x U(V,F) to be such that the splitting
on U(1) is given by £. In particular, the Weil representation on U(1) x U(V;") = U(1) x {1}

is given by the one-dimensional representation . The first occurrence of the theta lift in the
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towers {U(V,") : n > 0}, {U(V,7) : n > 0} is defined to be

n* =min{n : O+ (n) # 0}, n~ =min{n : O-(n) # 0}.

The following result is a special case of a theorem of Sun—Zhu [SZ15]:
Theorem 6.5 (Sun-Zhu). n*(n) +n"(n) = 2.

We can describe the first occurrence in this setting more explicitly. By the compatible
choice of splittings in the tower of unitary groups U(V,"), we have that @VO+(X§) £ 0
if and only if y is the trivial character. Hence we must necessarily be in the setting
nt(x€) +n~(x§) = 0+ 2, and in particular, @Vf (x§) =0.

Now suppose that x is nontrivial. Then by the previous paragraph, @VJ (x¢) = 0. We
now argue that O+ (x¢) # 0. One explicit way to see this is as follows. Let V" = V}¥ + Ve
be a decomposition of V| into totally isotropic E-subspaces. For the Schwartz function
p(z) = x(2)Lpx(z) € S(Resg/r 1}7), we have

[ @ula)o)0)- (0)a) dg 0.

which proves that there is a nontrivial E'-equivariant map
(S(Resp/r V1Y), wy) — (C, x§).

Hence ©y+(x§) # 0 by definition of the local theta lift. This now implies that we must
necessarily be in the setting n*(x&) +n~(x§) =1+ 1, and @V; (x§) #0.

In summary, the above arguments prove:
Lemma 6.6. (a) ©,-(x{) # 0 if and only if x: E' — C! is nontrivial.
(b) If x: E' — C! is nontrivial, Oy+(x§) # 0.

We now discuss the relationship between the theory of the doubling zeta integral and the

local theta correspondence. Consider the two doubling seesaws for V;" and V; :

U(1,1) U(Vi") = U(V;)

| >

U(1) x U(1) U(vi)

If we have U(1,1) = U(W), then one has a decomposition W = W, + Wy of W into 1-

dimensional isotropic E-spaces, and hence by viewing V;* as the F-space Resy FW1®E ViE) =
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Resp/p(ViT), the Weil representation wy for U(1,1) x U(V) can then be modeled on the

space of Schwartz functions S(V/*). Define

SViH) = 1(3.6%), ¢ (g (wylig,1)¢)(0)),

where i: U(1) x U(1) — U(1, 1) is the natural map. Let R(V*) denote the image of this map.
Since £2|px = 1, there is a unique one-dimensional representation 52 of U(1,1) extending the

representation defined by (§ .*1) + £2(a). For the O-dimensional Hermitian space V!, we

define a map
SV =C—1(-3¢), 2z~ (9—&(9)

Let R(Vy") denote the image of this map. We say that Oy (x§) # 0 if and only if
HomU(l)(gQ,Xf) # 0. Since £ is one-dimensional, we have HomU(l)(?,Xf) # 0 if and
only if Z(—1, X§7€2)|R(VO+) # 0. Observe also that @VO+()(§) # 0 if and only if y = 1.

The goal of the remainder of this section is to prove the following:

Proposition 6.7. Let &: AY — C! be a character such that §|A; =eg/p. 1If @Vf(xg) # 0,
then Z(%7X§7§2)‘R(v1—) # 0.

We first remark that the converse of Proposition 6.7 is true and straightforward to see: If
Z(3,X&, )| gy # 0, then this immediately implies that Homuy ) (wyliua)xq1y), (x§) ") # 0.
But since wy = wy ® Wyé? (see Lemma 5.7) as a representation of U(1) x U(1), we have
Homy 1y (wy, (x§) ™) # 0, and so @v;(Xf) # 0 by definition.

The statement of Proposition 6.7 is actually quite surprising. The nonvanishing of the
theta lift ©y,- (x¢) is equivalent to the existence of a nontrivial element of Homy i (wy, (x€)™).
But wg is an infinite-dimensional representation! What we see from Proposition 6.7 is that
the functional Z (%, X&,€%) on the image of the Siegel-Weil section can detect the vanishing
of the theta lift.

Before we prove Proposition 6.7, we recall a special case of a theorem of Kudla—Sweet:.
Theorem 6.8 (Kudla—Sweet, [KS97, Theorem 1.2(1),(4)]).
(i) R(Vy) is the unique irreducible submodule of 1(—3,&2).
(it) 1(—3,€%)/R(0,&?) is an irreducible representation of U(1,1).
(iii) R(Vy") = 1(3,¢).
() R(Vy") is the unique mazimal submodule of ](%,52) and is iwrreducible of codimension 1.

We are now ready to prove the proposition.
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Proof of Proposition 6.7. By Lemma 6.6(a), we may assume that x,: E} — C* is nontrivial.
Since x£€ = x and Y&€ = X, by the “Ten Commandments” for y-factors [LR05, Theorem 4],

we have

H’Yv XS ’U7§U7¢’U) LS<1 - Sa%%

vES
where S is a finite set of places containing all the archimedean places and all places where Y,
is ramified. Now, since y is nontrivial, we must have L°(0,x) # 0 and L°(1,%) # 0 , and

therefore

711(07 (Xé.)va gv; ¢v) ?é 0

This implies that Equation (6.9) gives
Z (3:x6,6%) (M (=5,8)(F)) = * - Z (—5.x6,€7) (F), (6.10)
where * is nonzero. We now investigate the intertwining operator
M (=35,6): 1(=5,€%) = 1(3,€°).

We refer to Theorem 6.8 for the decomposition of the U(1, 1)-representations I(+1,£?). By
[KS97, Proposition 6.4],

ker(My"(—5,€%)) = R(0,6%),  im(M"(—5,€)) = R(V)).

Since x is nontrivial, O+ (x§) = 0, and therefore Z(—%,X§,§2)|R(VO+) = 0. On the other
hand, Z(—3, x§, &%) is a nonzero functional, and therefore one can find F € I(—1,£?) such
that MR (—3,£%)(F) # 0. By Theorem 6.8(iv), it follows that Z(3, &y, Ny #0. O

6.4 Unramified local theta lifts from GU(1) to GU(1, 1)

For convenience of notation, in this subsection we drop the subscript v. We denote by T the
image of z € E under the nontrivial involution of E/F.

Consider the 2-dimensional E-space V' = V/ 4+ VJ with skew-Hermitian form
((z1,22), (Y1, Y2)) = T1y2 + Tath
for (z1,22), (y1,y2) € V{ + V4. Then

GU(V')=GU(1,1) = {g € GLyo(E) : g7 (% §) g = v(g) (% §) for some v(g) € F*}.



The upper-triangular matrices in GU(V”) form a parabolic subgroup
Pi= {<8lf//§)€GL2(E):aEEX, veF”, V’EF}.

Let Pr denote the Borel subgroup of GLy(F') consisting of upper-triangular matrices in
GLy(F). Observe that there are natural inclusions GLy(F) — GU(V’) and E* — GU(V)
given by

GLy(F) ={(2%) e GU(V') s a,b,c,d € F}, EX={(",)eGU(V") :a€ E*}.

We have GU(V') = (GLy(F) x EX)/F* (see Remark 4.7) and P = (Pp x E*)/F* (an easy
direct computation).

Endow E with the Hermitian form

(.Qf,y) =Ty

so that
GU(E) =GU(1) = E~.

Note that the similitude character on GU(FE), which we also denote by v, is given by
v: B — F*, x +— 2T = Nm(z).
Now consider the group
Ri={(h,g) € B x GU(V"): w(g) = v(h)}.

Endow the 4-dimensional F-space V' = Resg/p(V’) with the symplectic form

(o) = 3 Trgr (o, 0)).

There is a natural map
t: R — Sp(V), (h,g) = (v hvg).
The decomposition V{ + V3 of V’ into isotropic subspaces induces a polarization of V' given

by
V=X+Y, where X' = Resg/p(V{) and Y' = Resg/p(V3).
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Choose a basis ey, ey, €7, e5 of V' such that
X' = Fe; + Fe,, Y' = Fej + Fej, {(ei, €5) = dy;.
The function

! / 1 ! ! — !
2y Sp(V) x Sp(V') = C', (g1, 92) '—>7F(§OQ(Y7Y9217Y91>)

defines a 2-cocycle and therefore uniquely determines a Cl-extension of Sp(V’), which we
denote by Mp(V’)y:. Explicitly,

Mp(V')y = Sp(V’) x C*

with the group law
(91721) : (92722) = (919272122 : ZY’(glaQZ))-

Now assume that we have a function 3: R — C! satisfying

2y (t(g1), 1(g2)) = B(g192)B8(91) " Blg2) "

Then the map
R— Mp(V)y, g~ (ug),8(9))

is a group homomorphism and the Weil representation w, on Mp(V')y, pulls back to a
representation of R, which we also denote by wy.

Abusing notation, define
B: EX = Cl he Bhd(v(h)).
Observe that this defines a character since 1(h, d(v(h))) stabilizes Y’ and therefore
zy(e(h, d(v(h))), u(H, d(v(h)))) =1
for any h,h' € E*. Define
L(h)¢(x) := wy(h, d(v(h))¢(x) = B(R)| k|~ 2p(xh™")
for h € E* and ¢ € S(X'). Then for any (h,g) € R,
w(h, 9)o(x) = L(P)wy(d(v(9)~")g)d(x) = B(h) || (wy(d(v(9)")g)o)(zh™").  (6.11)
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Lemma 6.9. For any h € E* and g € U(V"),

L(h™ " wy(9)L(h) = wy(d(v(h))gd(v(h) ™).
Proof. For convenience of notation, set v := v(h). Observe that for g = (25%),

diag(h™!, h)g diag(h, 7 ) = (L) =dv)gdv™).

vt d

Now, diag(h,ﬁ_l) and its inverse are elements of U(1, 1) and
wy(diag(h™", h))(x) = L(h)(x).
It now follows that
L(h™ )y (9) L(R) = wy(diag(h™, h)g diag(h, 7)) = wy(d(v)gd(v). O
Consider the semidirect product E* x U(V”) with multiplication
(h1,g1) * (ha, g2) = (hiha, d(v(he))gid(v(hy) ™) ga), where h € E* and g € U(V').

This defines a group multiplication since the map d is multiplicative and v is a group

homomorphism to F'*, an abelian group. Lemma 6.9 implies:

Lemma 6.10. The Weil representation wy on R extends to a representation of E* x U(V')
defined by
wy(h, g) = L(h)wy(g), he E*, geUWV.

In particular, the Weil representation on the quotient

O (triv) := S(X)/ ﬂ ker(«)

acHom g1 (S(X),triv)

extends to a representation of GU(V')T =2 {d(v) : v € Nm(E*)} x U(V') satisfying

where h € E* is any element such that v(h) = v.

Proof. By Lemma 6.9,

L(hn)wy(g1) L(hz)ws(g2) = L) L{hz)wy (d(v(ha)) grd(v(h2) ™) )wy (g2).
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The assertion about ©)(triv) holds since the Weil representation of E* x U(V') factors
through the norm map E* — F*. O]

Definition 6.11. For any character ng: F* — C and any ¢ € S(X'), define
Fom: GUV') = C*, g [u(g)] ™ 200(v(9)) " (wu(d(v(9)~1)9)9)(0).
Lemma 6.12. For any p= (24) € GU(V’),
Fomn(pg) = lal"2|d| " *no(ad) " B(a) ™ Fi (9)

for all g € GU(V") so that
Fom € ndi™ (o).

where
M (88) = mno(ad) ' fa)™".
In particular, Fgnolasp) s an element of the (normalized) principal series representation
GSp(2) [ —1 p— _
Indp v )(770 B h).

Proof. First note that v(p) = ad € F*. We have

Fom(p9) = lv(pg)|"*no(v(pg)) ™ (wy(d(v(pg) " )pg)$)(0)
= lv(p)| " *no(v(p)) ' B(a) (@) * Fu(9)
= |d|7|a]"*no(ad) " B(a) ™ Fpm. O

Lemma 6.13. The assignment
¢ = f¢’770

defines a nonzero R-equivariant map
(w5, S(X)) = Ind2™" (7o) © (o (Nm) - ).
The right-hand side is irreducible and we have an isomorphism
Ind2"" (7o) = I (g @ (0 - 8)71) @ (n0(Nan) - )7,

where the right-hand side is a representation of GLy(F) x E* that descends to the quotient
(GLy(F) x E*)/F* = GU(V").
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Proof. 1t is clear by definition that the map is nonzero. To prove R-equivariance of the map

¢ = Fgny, we use Lemma 6.9 to obtain the second equality in:

Fosrrgrom(9) = ()| 2n0(w(9) ™ (wu(d(v(9)™")g) LR Ywy(d(v(g') ") g')9)(0)
= |v(9)I"*n0(v(9)) " (L(A)wy (d(v(99') ") g9')9)(0)
= (@)l ™m0 (9)) M w ()2 B( ) (wy(d(v(9g") ") gg')$)(0)
= B Yo (v (W) v (99|~ ?no((9g") ™ (wy(d(v(9g') ) g9')¢)(0)
= B(h)no(v(R') Fo.n0(99)

The last assertion in the lemma holds since P = (Pp x E*)/F* and GU(V') = (GLy(F) x
E*)/F*. The representation IndGL2 (F) (ﬁo) is irreducible since the character 7' 37 1ny = 7!
is not | - | or | -|~L. It follows that Ind%""") (7, is irreducible. O

The map defined in Lemma 6.13 factors through

oW (p) = S8(X)/ N ker «,

a€Hom g1 (S(X"),B)

the largest quotient of S(X') such that E' acts by 8. Note that by construction, @™ (5), as
a representation of U(V’), is the local theta lift of 5 to U(V").

There are many extensions of ©1)(3) to a representation of £* x GU(V’)T, but specifying
an action of E* determines such an extension. Explicitly, define Oy, 5(5 - 70(Nm)) to be the
unique representation of GU(V’)" such that for g = ({ %) € GU(V')™,

Our,(8 - o (Nm))(g) := mo(Nm(h)) ™" - @ (B)(h, g),
where h € E* is any element such that v(h) = v(g) = v.

Theorem 6.14 (Rallis). The R-equivariant map in Lemma 6.13 factors through O, s(5 -

no(Nm)) and induces an injective map:

(wy, S(X')) —— Ind$"Y(7)

! /

@ur,ﬁ (6 Mo (Nm) )

Moreover,

Ours( - mo(Nm)) = Ind 5" (e @ g ) @ (o (Nm) ™t - 571,
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where the right-hand side is viewed as a representation of GLy(F') x E* that descends to the
quotient (GLy(F) x E*)/F* = GU(V").

Proof. This is due to Rallis [R84, Theorem II.1.1]. By the injectivity of
Our5(8 - 1o (Nm)) = Ind """ ()
and the irreducibility of Inng(V/)(ﬁo), by Lemma 6.13, we have an isomorphism

Ours(B - mo(Nm)) = Indp* (5 47 @ g ) @ (po(Nm) ™" - 7).

Finally, by Lemma 5.17, the restriction of 3 to F'* is exactly the quadratic character egp,
and this completes the proof. O

6.5 Proof of Theorem 6.1

In this section, we use the calculations in the preceding sections to prove Theorem 6.1, the
main theorem of this chapter.

Let x and x’ be Hecke characters of E*. Recall from Section 6.1 that for every Schwartz
function ¢ € S(X(A)) we have automorphic forms 6,(x) and ,(x') on the adelic groups
H(A) = By and H'(A) = ((B))* x A%)/A%, respectively. Let O(y) denote the automorphic
representation of H(A) generated by 6,(x) for all ¢ € S(X(A)) and let ©'(x’) denote the
automorphic representation of H'(A) generated by 0,(x') for all ¢ € S(X(A)).

Define

AL CX, ams(a,d(e)),
AL - Cx, ams(dr(a), ).

Proposition 6.15. [fﬂf # 0, then O(x-&) # 0. Analogously, if7rf,/ #0, then ©'(x'-£') # 0.

Proof. Recall from Theorem 2.7 that 7r;(B # 0 if and only if x,|g # 1 for every place v where
B, is nonsplit. Let v such a place, i.e. B, is nonsplit and x,|g: # 1. By Lemma 6.6(a), we
have ©,(x.&,) # 0, and by Proposition 6.7, we have Z,(3, —, x»&) # 0. Now let v be a place
such that B, is split. By Lemma 6.6(b), we have ©,(x.,&,) # 0, and by Theorem 6.8(c), we
have Zv(%, —, Xv&) # 0. By Rallis inner product formula (Proposition 6.4), ©(y - &) # 0
if and only if all the local zeta integrals Zv(%, —, Xv&») # 0, and hence we have shown that
O(x &) #0. O
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Lemma 6.16. If x, X' are Hecke characters of A}, whose restriction to A}, is nontrivial,
then O(x - £) is a cuspidal automorphic representation of By and ©'(x' - &) is a cuspidal

automorphic representation of B)*.

Proof. If B # M(F), then the statement holds trivially (see Example 2.2). Now assume
B = My(F). We would like to prove that for any Schwartz function ¢ € S(X(A)),

/ 05(x)(n(b)g) db = 0, where n(b) := (1 b). (6.12)
F\Ap 01

Observe that if g ¢ GL3 (Ar), then n(b)g ¢ GL3 (Ar), and hence the integrand in (6.12) is
identically zero. Now assume g € GL3 (Ar) and pick e € A with Nm(a) = det(g). Then by

definition
05 (x)(0(b)g) = Oy (a,9)6(X) ((D)),

and therefore it remains only to show

/F A b =0

Recall that if B is split, then the 2-dimensional E-space W, is a split Hermitian space and
one has a decomposition Wy = W; + W5 into isotropic subspaces of dimension 1. This induces
a complete polarization V = X'4Y’ given by X' = Resg/p(Vo@W;) and Y' = Resg/p(Vo@Ws).
Then AL C U(V}) stabilizes X’ and Y’, and so for a € AL, b € Ap, and ¢/ € S(X'(A)),

wy(a,n(b))¢'(z) = £ (a) - ¥ (5baaT) - ¢/ (zav).

We have

L estomena=[ ] 3 o)) () dads
S

E zeX/(F)

/I;\A 571(06) . w (%bmﬂ) . ¢/(xa) . (Xf)(@) db do

AL 2eX/(F)

_ / (@) - ¢/(0) - (x€)(a) da
EN\AL
= ¢/(0) /El\AlE x(a)da = 0.

This implies that for any ¢’ € S(X'(A)), the global theta lift 8, (x) is cuspidal and the desired

conclusion follows. O
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Theorem 6.17. Assume that x and X' are Hecke characters of A}, whose restriction to AL

18 nontrivial.

(a) If O(x - &) is nonzero, then
O(x &) =
(b) If ©'(x' - &~1) is nonzero, then
O - = md @ (-7,

where the right-hand side is viewed as a representation of H'(A) = ((B})* x A%)/A%

descended from the (Bj)* x A representation written above.

Proof. We prove (a) first. By our normalization (compare the local definition in Section 3.4
to the global definition in Section 6.1), at a place v, the local representation corresponding to
the global theta lift of y - £ is the local theta lift of (x, - &,)~'. That is,

Ox &) 2 0u((xv- &)™) 20,0, - &),
Theorem 6.14 gives a description of the right-hand side for every place v such that
- v splits completely in E, or
- v lies under a single place w of E and x,,: £, — C* factors through Nm: E; — F*.

For each such place v, by Lemma 5.17, we have
s(a, d(v(a))) = &(a) ™, for all « € E°.
Writing x, = Xv0(Nm), we have
0,067 &) 20,1016 ") = Ind5 "™ (vuem, p, ® Xoo),
and therefore by Theorem 2.7, we have that
O(x-f) =my.

The proof of (b) is very similar. In this case, because we conjugate the theta kernel in

the definition of the global theta lift ©' (see Section 6.1), we have

O'(x - &)y = 0,((x, - &) ) = 0u(x, - &)
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At every place v of F' where everything is unramified, by Lemma 5.22,
s'(d(v(a)),a) =& (a), for all o € E.
Writing x;, = x;,o(Nm) at each such place, Theorem 6.14 implies
Ou(X, ™ €)= O, (X, &) = Ind ™ ()06 @ Xoo) ® (oo - €071
By definition, & |.x = €g,/r,, and therefore by Theorem 2.7, we have that
O &) =al (¢, 0
Theorem 6.1 now follows from Proposition 6.15 and Theorem 6.17.

Proof of Theorem 6.1. If ©(x - £) = 0, then by Proposition 6.15 we must have Wf = 0 and
therefore O(x - €) = w7, If O(x - £) # 0, then by Theorem 6.17 we must have O(y - £) = 7.

The same argument holds to conclude the desired isomorphism for ©'(y’ - £'~1). O]

6.6 Period identities of CM forms

We are now ready to prove an identity of toric integrals of automorphic forms in Wf and 7rf,,.
We use the seesaw

' H GUg(ResV) GUg(W™*) (B")* x EX)/F* B~

G G’ GUB(V)O GUE<W) B >< EX

Recall from Proposition 5.14 that our choice of splittings
S: QGXH(A) —)(Cl, s ggfo/(A) —C!

enjoys the property that for («, 5) € Gaxer(A),

Theorem 6.18. For any Hecke characters x and X' of F,

<0<P(X ) 5)7?>G’ = <X7 e(lp(X/ ’ §/_1)>G'
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Proof. Unwinding definitions and using Proposition 5.14, we have

(B~ ). ¥)er = / A 6)(9) V() df
/ / . o (X &) (919¢0) - X' (g19c) dgh de
= / / , /G]@(ww(glgc,gigé)w)-x(glgc)-5(9190)-X’(9192)d91 dg; de

= / /G / ) X(9190)0(wi (9196, 9190)0) - €' (dh90) " - X (919%) dg} dgi de

//G X(919¢) 0/ S 1)(91%) dg, dc
= (X, 0,(x - &71))e-

Combining Theorems 6.17 and 6.18, we obtain the following result:

Theorem 6.19. Let x,x’ be Hecke characters of E and let o € S(X(A)). Then
FE=0.0c- 9 end,  fE =000 &) end,

and we have

/ Flg) - X' (9)dg = / x(9) - fr(g)dg.
AREX\AY AREX\AY
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CHAPTER 7

Interlude

It may be the case that the choices of B, x, X/, and ¢ € S(X(A)) make it so that the two
sides of the identity in Theorem 6.19 are zero. This is possible at many points: Wf could be
zero (see Theorem 2.7), the theta lifts 0,(x - §) or 6,(x' - &'~1), 0,,(x' - &'~') could themselves
be zero, or just the periods could be zero (see Theorem 4.3).

Now start with a totally real number field F' and let F be a CM extension of F. Let x

and Y’ be two Hecke characters of F and assume that
L(?TX & 7TX/, %) 7é 0.
Then there exists a unique quaternion algebra B over F' such that the linear functional

™ =C, fPe [ ]ff(g) -X'(g) dg
E‘X
is nontrivial. Moreover, B’ is the unique quaternion algebra over F' such that the linear

functional

i —c e [ ]x(g)-fff'(g)dg
E‘X

is nontrivial. In the coming chapters, we will choose a Schwartz function ¢ for the special
case when B is the split quaternion algebra over F'. We will see that for our chosen family
of Schwartz functions ¢;, the theta lift 6, (x - £) is a nonzero Hecke eigenform of weight
k 4+ 14 2l occuring in 7, (here k is related to the infinity type of x in a specified way). In
certain cases, for example in Chapter 10, where we consider the special setting with y, x’
being powers of the canonical character of Q(v/—7), one can show by hand that the torus
period is nonvanishing. The significance of arranging for ¢; to give rise to a Hecke eigenform
is that these automorphic forms are exactly the ones in p-adic-limiting families for example
in [BDP13]. Examining the theta lift of ; on the definite quaternion algebra is the subject

of future investigation.
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CHAPTER 8

Special vectors in the Weil representation
Recall that F' is a totally real field and E = F(i) is a CM extension of F. We choose the

trace-free element i € E so that u = i € F' has the property that for any finite place v of F,

0 if E,/F, is unramified
1 if E,/F, is ramified.

val,(u) =

For the rest of the paper, we take 1 to be the standard additive character of F\Ap (see
Section 2.1). Recall that if v is a finite place of F, then 1), is trivial on 7, %O, but nontrivial
on T, &=1),. Furthermore, recall that we let dx be the additive Haar measure on Ay self-dual
with respect to 1) and that

vol(Op,, dx,) = q; /2.

v

In this chapter, we will specify Schwartz functions ¢ for | € Zs( such that if x(2) = 27"

on C!, then the theta lift Og (x§) is a Hecke eigenform of weight [k| + 1+ 2[. Note that by
construction (Section 6.1), negative-weight Hecke eigenforms are not theta lifts since they are
not supported on GLy(F) GLy(Ap)™.

Fix a place v of F. In this section, we work place by place, and drop the subscript v
throughout. Let W be a 2-dimensional E-vector space endowed with the skew-Hermitian

form

((z1,72), (Y1, 42)) = T1y2 — Toyn

with respect to a fixed basis wq, ws of W. Let V be a 1-dimensional E-vector space endowed

with the Hermitian form

(a, 8) = afp.

Setting W; = spang(w;) for i = 1,2, we have a decomposition W = W; + W, of W into

maximal isotropic subspaces, and this induces a complete polarization of V given by
V=X +Y, X =VeoW, Y =V ® W,.
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Fix a splitting
s: G(U(V) x UW)) — C!

of the cocycle zy with respect to the map
t: G(U(V) x UW)) — Sp(V), (h,g9) = (v@w— h v ®@wg).
This determines a homomorphism
2 G(U(V) x U(W)) = Mp(V)y,  (h,g) = (u(h, g),8(h, g)).

Recall from Equation (6.11) and Lemma 5.17 that for ¢ € S(X') and (h,g) € G(U(V) x
U(w)),
wi(h, g)d(x) = 7 (M)A (wy(d(v(9)™)g)d) (@h™"). (8.1)

One can choose a basis of X’ and Y’ so that

By the computations of Section 5.6 and Equations (3.1), (3.2), and (3.3),

wy(L, D(a))p(x) = £(a)~" - | detal - p(za) (8.2)
wy(1,U(a"))p(x) =t (§ Trgyp(a'2T)) - () (8.3)
wy (1, W)p(x) = (u, —1)p - yr(u, 5¢) - /F2 o) (3 Trp/r(2y)) dy (8.4)

If v is a finite place, then recall from Section 2.6 that the conductor of m, is given by a

simple formula in terms of the conductor of x:

valp(4) + 2¢(x) if £/F is unramified,
c(my) = ¢ 1+ valp(4) +c(x) if E/F is ramified,
c(x1) +c(x2) if E=F®F and x = x1 ® xo.
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Recall also that we have the subgroup

K(/)(N) = {(Z Z) c GLQ(OF) 1 C € WNOF},

and writing d(v) = (§9) € GLy(F) for v € F*, define

K|(N) if " has odd residue characteristic,
d(2)Ky(N)d(1/2) if F has even residue characteristic.

Ko(N) :=

8.1 Schwartz functions

8.1.1 Infinite places

In this section, let v be an infinite place of F.

Definition 8.1. For k € Z and [ € Z>, define

VB (=1 k +1,4m27) ke 2722 if £ >0,

¢;c,l(z) = -
VFi(=1, =k 4+ 1,4722)2 %e 2™ if k <0,

where 1 Fi(a, b, t) is the Kummer confluent hypergeometric function for constants a, b

= (a); 1
1F1(th Zb_]_7

Jj=0

where
(@o:=1, (a)j=ala+1)(a+2) - (a+j—1),

denotes the rising factorial. Observe that 1 F(a,b,t) is entire in ¢ so long as b ¢ Z<, so that

in particular, ¢}, is entire for all k € Z and | € Zxo.

Example 8.2. We give some explicit examples of | Fy(—1, |k| + 1,1):

1 F1(0,2,8) =1
VFi(=1,2,t) =1 —
1F1(—2,2,t):1—t+ 142
1Fi(=3,2,t)=1-3t+ 1 - L
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Also note that the Laguerre polynomial

205

J
is the function | Fy(—1,1,1). O
The following lemma is well known.

Lemma 8.3. (a) The function 1Fi(a,b,t) is a solution to the differential equation
tf7 () + (0= 1)f'(t) —af(t) =

(b) If Re(ar) > 0 and Re(c) > 0, then

where

> 1/ 1\’
gFlaozb —(——>.

Lemma 8.4. For a € C' and r(0) = (lesr(l?g) :;2%) € S0(2),

wy (e, 7(0))0y = E(a™ ahel g,

Proof. We follow a similar proof strategy to [X07, Proposition 2.2.5]. We compute on the
Lie algebra sly(R). It is well known that

wy(X1)p = 2mizzZo, X, = (8 (1)> ,
1 0 [0 0 0
wy(X-)¢ = 55, (gﬁb) X = (1 O) :

We first handle the case £ > 0. For any doubly differentiable function f satisfying the
differential equation

tf7(8) + (k+ 1 =) f'(t) = =Lf (1),
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we have, following from a long calculus computation,

wy( Xy — X ) (f(dmzz)zhe2™7)
= i[(k+1)f(4n22) — 2((k + 1 — 4722) f' (472Z) + 4dn2Zf" (472Z))] ZFe 2"
= i(k 4+ 1+ 20) f(4m27)ZFe 2",

By Lemma 8.3(a), 1 F1(—!I,k + 1,t) is such an f(¢) and hence the desired conclusion follows.
Now assume k& < 0. For any doubly differentiable function f satisfying the differential

equation

tf'(t) + (=k+1=1)f'(t) = —1f(1),
we have
we(Xy = X_)(f(4m22) 2 ke 2m7%)

=i [(=k+1)f(4n2Z) — 2((—k + 1 — 4722 f'(4n2Z) + An2Zf" (4n2%))] 2~ Fe 275"
=i(—k+ 1+ 20) f(4m22)2 Fe 2",

By Lemma 8.3(a), 1 F1(—I,—k + 1,t) is such an f(¢), and so the desired conclusion follows.
Finally, it is easy to see that

wy (o, 1)gy, = f(a_l)a_kﬁb;g,z,

and it follows that
wy(a, 7(0)) ¢y = E(a™)a R R0 O

8.1.2 Finite nonsplit places

In this section, let v be a finite nonsplit place of F' lying under a single prime w of E. Then
E, is a field and E,/F, is either unramified or ramified. Assume that E,, F, have odd

residue characteristic. We drop the subscripts w and v throughout this section.

Definition 8.5. Define

¢/($) ,: IL(’)E (ZL’) if X is unramiﬁed,

x(x) Lox (x) otherwise.

Lemma 8.6. Let ¢’ be an unramified nontrivial additive character of F. For h € O and
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g=(2b) € Ky := Ko(c(py)) such that Nm(h) = det(g), we have
wy(h, 9)¢" = (x§) 7' (h) - (xer/r)(a) - .
Proof. By Equation (8.1),
wyr (hy d(Nm(h)))¢' () = €71 (h) - [A]'/2 - ¢/ (xh™") = (€))7 (W)¢ (@)
It remains to show that for any g € Ko N SLy(Op),
wy (1,9)¢'(x) = (xeg/r)(a) - ¢ (x). (8.5)

We divide the calculation into two cases. Note that the Fourier transform wy (1, W) is given
by integrating against the additive Haar measure dx’ on A that is self-dual with respect to
¢’ and that in this case, vol(Op, dz’) = 1.

Case: y unramified

Assume that E/F' is unramified with odd residue characteristic so that Ky = GL2(Op). It is
well known that SLy(Op) is generated by the matrices

D(a) := <g a(_)l) , Uld) := ((1) Cf) , W= (_01 (1)) ,

for a € OF and ¢’ € Op. Hence it is sufficient to verify Equation (8.5) for these elements.

By equation (8.2), we have

wy (1, D(a))¢(z) = &(a) ™" - ¢ (zva) = (x - emyr)(a) - ¢'(2),

where in the last equality we use the fact that x is unramified by assumption and £|px = €p/p.

By Equation (8.3), we have

wy (L, U(d)¢'(2) = ¢' (3aNm(z)) - ¢'(2) = ¢'(2),

since by assumption 1 is trivial on Or and F has odd residue characteristic. By Lemma
5.19 and Equation (8.4), we have

wy (L, W) ¢/ () = - &' () (zy™) dy' = ; V(zy) dy = lo,(z) = ¢'(2),
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where we use the assumption that 1’ is trivial on Op and nontrivial on 7,'OF. This verifies
Equation (8.5) in the case that Ky = GLy(OpF).
Assume that E/F is ramified with odd residue characteristic. Now Ky N SLy(Op) is

generated by the matrices

D(a), U(@), and V()= (2 2) — D(—1)WU(=b)W,

for a € OF, ' € Op, and b € 7Op. By Equations (8.2) and (8.3), it is easy to see that

wur(1, D(@))d () = (xezye) (@) - &' (2), (5.6)
wur(LU(@)8 () = & (§ Tepye(aam)) - Lo, () = &' (2). (8.7)

We now show that

We have

W (L, W) (&) = (u, ~ 1) - e (as, 1) - /O ¥ (3 Trgyp(a)) dyf

= (u, =1)r - yr(u, %W) : Y’ (T1y1 — ux2Yy2) dy'
Op
= (u, =) - yr(u, 5¢') - Lop(21) - L-1o,(22).

Therefore for any b € 7Op,

(LU= (@) = o' (2 Tepy ba) - wpr(1, W) ()
= ¢, (%b(‘r? - UI%)) ' (u’ _1)F ' ’YF(U; %1//> ’ ILOF(xl) ’ ]l7r*1(9p ($2)
= w¢’(17 W)QZ)I(ZL‘)

Hence we have
wi (L, V(5) (2) = wye(1, D)W U(=b)W)! () = wys (1, D(~ )W)/ () = &' (x).

Now assume that F' has even residue characteristic. Now Ky N SLy(Op) is generated by
the matrices
D(a), U(a'), and  V(b) = D(-1)WU(-b)W,
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20p  if E/F is unramified
2nO0p if E/F is ramified

for a € Of, @’ € 20p, and b € { . Again, by Equations (8.2)

and (8.3),

wy (1, D(a))¢'(x) = (xegr)(a) - ¢'(x), (8.8)
wy (1, U(d"))¢ (z) = ¥ (3 Trp/p(daT)) - Log(z) = ¢/(z). (8.9)

We now show that

We have

wy (LW () = (u, =1)p - e (u, %W)'/O V' (5 Treyr(ay)) dy

= (u,—1)p - yr(u, %wl) : / U (z1y1 — uzeys) dy’

Op
_ (u, =1)p - yp(u, %W) Top(z1) - Lo, (22) E/F unram
(u, =1)p - vp(u, 2¢') - Lo, (%1) - Li-10,(z2) E/F ram.

If E/F is unramified, then for b € 20p,
U (30(aF —ua3)) - Lo, (21) - Lo, (22) = Lo, (21) - Loy (22),
and if F/F is ramified, then for b € 27Op,
U (50(27 — ua3)) - Leiog (1) - Log (2) = Lo (21) - Lr-10, (22).
Therefore for any b € 20p,
i (LU= () = 0 ( Trpyp ba) s (1, W) () = (1, W) ().
Hence we have
wy (L V(1)) (2) = wy (1, D(=1)WU(=b)W)¢'(z) = wy (1, D(=1)W*)¢/(z) = ¢/ ().

Case: Y ramified

We now assume that ¢(x) > 0. The calculation will depend on which of the following cases

we are handling:
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(i) E/F is unramified and n = ¢(x) > 0
(ii) E/F is ramified and n = ¢(x) > 0

We first treat the case when F' has odd residue characteristic. The group Ky N SLy(OFr)
is generated by

D(a), Ula'), and V() := ((1) 2) = D(-1)WU(-b)W,

for a € OF, a' € Op, and b € 7™ Op. As before, Equations (8.2) and (8.3) reduce to
wy (L, D(a))' () = (xep/r)(a) - ¢'(x), (8.10)
wy (1, U(a")¢ (x) = ¢' (3 Trgp baT) ¢ (z) = ¢'(z). (8.11)

It remains to show that

for b € 7™ O k. We have

W¢/(1, W)¢,(x)
= (4, ~1)p -, 34) / N (A Trpye (7)) dy

o
_ @ Deorlni) g /O o (& Toe p o@F ) 0

4

acOg/UR
(u, =D - yr(u, 39) —
= : Z x(a TTE/F(im))/ Y (% TI"E/F(SUW%ZJ)) dy'.
4 acO) /Up Or

Write x = 21 + ix and y = y; + iys for x1, 29, y1,yo € OF so that
1y = (2191 — uxoys) — i(w1y2 — Toy1).

Then
Th(T1y1 — uxays)  in Case (i),
%TYE/F(-??@) = ﬂ?“(flyg —29y;) in Case (ii) with n = 2k + 1,

78 (z1y1 — Tprays) in Case (ii) with n = 2k.
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This implies that

1o p@ns"0p (1, 22) in Case (i),
/ )’ (% TrE/F(xﬂ%y)) dy = I]_W;(k-fl)OF@W;(k-}—l)OF(l’l, x9) in Case (ii) with n = 2k + 1,
O
lw;’“op@w;(’““)oF (21, 22) in Case (ii) with n = 2k.

Using this explicit calculation together with the fact that

L Trp p(ba) = 3b(x] — uz}),

we see that for b € W;gﬂX)OF,
wi (LU(=0)W)¢/ () = o' (3 Treyr(b2T)) wy (1, W)¢' (2) = wyr (1, W) ().

(Observe at this point that c(m,) is the smallest integer such that wy (1,U(—=b)W)¢ =
wy (1, W)¢'!) We can in fact now conclude that

wy (1, V(0))¢' () = wy (1, D(=1)WU(=0)W)¢/ (z) = wy (1, D(-1)W?)¢/ (z) = ¢/ ().

It may be useful to see that one can in fact verify this by calculating directly as well. We do

this now: we would like to calculate
wy (L, WU (=0)W)¢' (z) = (u, =1)F - yr(u, %w’)-/ wy (1, W) ()" (3 Trpr(ay)) dy
F2

in the three cases Case (i), Case (ii) with n = 2k + 1, and Case (ii) with n = 2k. We record

the following easy calculation for reference: for a = a; + asi,

%TrE/F(yE + l’y) = (al + xl)yl — (CZQ + xg)yzu.
In Case (i), we have ¢% = ¢ and so

W (LU (-0)W) ()

_ (w—=Dr / o S @ (5 Tewyr(ya) & (4 Trpye(ay)) dy'
e Op@r"OF

qn
E acOL /UR

= <u> _1)F ’ Z X(CL) ’ 1*a1+ﬂ'?@F<x1) ’ ]1*@2+7T?:OF (xQ)
acO5/Ug

= (u, =) - x(=2) - Tox(x) = (u, =1)p - ¢ (—2).
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In Case (ii) with n = 2k + 1, we have ¢} = ¢&™ - ¢% and so

wy (LWU(=b)W)¢'(x)

(U, _]-)F _ _
Y @ (T m) ¥ (3 o)
E Tp OFEBTFF Of CLEOE/UE
= (u,=Dr- Y x@) 1, k0, (@) 1 gpimtbo, ()
acOL/UR

= (u, =) - x(=2) - Tox(x) = (u, =1)p - ¢'(—2).
In Case (ii) with n = 2k, we have ¢% = ¢2 and so

Wi (LWU(=B)W) ()

u, —1 _ _
_(w-Dr . )r / e Z x(@)y' (3 Trg/p(ya)) ' (3 Trg/p(2y)) dy
qE TI'; OF@WF Op CLEOE/UE
= <u7 _1>F ’ Z X(CL) : 17a1+ﬂ'§(9p (33'1) ’ 1,a2+7r§0F (:CQ)

ac05/UR

= (u,=Dp - x(=2)  lox(z) = (v, =1)F - ¢ ().
Thus we see that in all these cases, for b € Wfp(ﬂX)(’) ,
wir (1, WU (D)) (2) = (u, ~1)p - &' (~).
It finally follows that

wy (1, V(a))¢' () = wy (1, D(=1))wy (1, WU (=a)W)¢/ (z)
= (u,=1)r wy (1, D(=1))¢/ (=) = (u, ~ )i - ¢'(x) = ¢/ (),
and this completes the proof of Equation (8.5) in the odd residue characteristic case.
It remains to show Equation (8.5) when F' has even residue characteristic and x is ramified.

Again, this is very similar to the previous calculations, but we include it here in full detail

for the sake of completion. The group Ky N SLy(OF) is generated by

D(a), U@), and V()= (2 2) — D(—~DWU (=)W,

98



for a € OF, a’ € 20p, and b € 27™)Op. As before, Equations (8.2) and (8.3) reduce to

wir(1, D(@))é!(z) = (xepyr)(a) - & (x), (8.12)
wur(LU@))§ (@) = ¥/ (3 Trgyr baT) ¢ () = &/ (a) (8.13)

It remains to show that

for b € 2r<™)Op. We have

wTﬁ'(la W)<Z>/(SC)
— (1) -y, 1) - / N (b Trgye(ap)) dy

0%
e S ) [ el ) a

2n
1e ac0} /U Os
(u, =1 r - e (u, 39) _ —
- e — Z x(a)¢' (5 Trgp(xa)) / Y (3 Trpyr(zmiy)) dy'.
B o

acO} UL B

Write © = x1 + ize and y = y; + iys for 21, 29, y1,y2 € OF so that

2y = (T1y1 — uTaya) — i(T1y2 — Tay1).
Then
mh(z1y1 — uweye)  in Case (i),
5 Trg/p(emhy) = 76 (@yyy — 291)  in Case (i) with n = 2k + 1,
78 (z1y1 — Tprays) in Case (ii) with n = 2k.

This implies that

ILW;nOF@ﬂ;nOF (21, 22) in Case (i),
/OE )’ (% TrE/F(mr?Ey)) dy = ]17r;<k+1>oF®7r;<k+1>OF(:v1, x9) in Case (ii) with n = 2k + 1,
ILW;;COF@W;(;CH)OF (21, x2) in Case (ii) with n = 2k.
Using this explicit calculation together with the fact that
i Trp/p(ba) = 5b(a] — ua),

2
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we see that for b € 27@(”")(’)1:,

wy (L U(=0)W) ¢ (x) = ' (3 Trp/p (027)) wyr (1, W)¢' () = wyr (1, W)/ (z).

Hence we have

wy (L, V(0)¢' () = wy (1, D(=1)WU(=0)W)¢ (z) = wy (1, D(=1)W*)¢ (z) = ¢/ ().

We have now finally completed the proof of Equation (8.5), and the proof of the lemma is
done. O

Lemma 8.7. For h € OF and g = (¢54) such that Nm(h) = det(g), we have

¢

wy(h, d(8)"'gd(0))¢" = (x&) "' (h) - (xer/r)(a) - ¢

Proof. By construction, the additive character v has conductor . Therefore the additive
character ¢'(x) := 1 (dz) is an unramified nontrivial additive character of F'. By Equation
(3.4) and Lemma 8.6,

wy(h, d(8)"'9d(0))¢" = wy(h, g)¢" = (X&) 7' (h) - (xep/r)(a) - &' 0

8.1.3 Finite split places

In this section we let v be a finite split place of F'. Then E, = F, & F,. We drop the subscript

v throughout this section.

Definition 8.8. For a character xy = y1 ® x2: F* x F* — C*, define

¢ (21, 15) = Log(11)Lop (22) if x is unramified,
1,42) .=

X(@1, 22)Lpx (21)Lox (22)  otherwise.

Lemma 8.9. Let ¢’ be an unramified nontrivial additive character of F'. For h € OF x Of.
and g = (2%) € Ko with Nm(h) = det(g), we have

wy (h, 9)¢" = (x&) ' (h) - x1(a)x2(a) - ¢'.

Proof. The proof is very similar to the proof of Lemma 8.7. By Equation (8.1),

wy (h, d(Nm(h)))¢' (x) = €7 (h) - [B]'/2 - ¢/ (zh™") = (x€) ' (h)¢ ().
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It remains to show that for any g € Ky N SLy(Op),

wy(1,9)¢' () = (xep/r)(a) - ¢/ (2).

We give the proof in the case that F' has odd residue characteristic. The case when F' has
residue characteristic 2 is nearly identical (compare the proof of Lemma 8.7 in the odd and
even residue characteristic cases).

First assume that ¢(x) = 0 so that Ky = GL2(Op). Since SLy(OpF) is generated by D(a),

U(a), and W, it is sufficient to verify the assertion for these elements. We have

ww/(l,D(a))qS’(x) E(a)™t - ¢ (za) = ¢/ (xa) = ¢/ (),

wy (L, U(a))¢(z) = ¢' (5 TTE/F(CLM)) ¢'(x) = ¢/ (),
wy (L, W)¢'(x) = /F? ¢ (Y)Y (3 Trg/r(zy)) dy

/o ®0 (3 Trp/r(27)) dy = Lo (21)lo, (22) = ¢'(2).

Now assume that ¢(x) = n > 0 and set n; = ¢(x1), n2 = ¢(x2). Then Ky N SLy(OF)
is generated by D(a), U(d'), and V(b) = D(—=1)WU(=b)W, where a € O*, ¢’ € O, and
b € mxOp. We have

wy (1, D(a)¢ (x) = &(a)™ - ¢ (za) = x (210, 220) Lo, (110) Lo, (220) = x1(a)x2(a)d' (),
wy (L, U(d")¢' (z) = (}L TrE/F(a'xT)) - (x) = (%a’xlxg) &' ().

We have

Ww'(l, W>¢/<I)

/ N y2)d! (3(ap)) dy
OF POy

/ X1 (W) x2 (W)Y (z1y2 + zay1) dy
OF®O}

1
= § x1(a1)x2(a2) / V' (1(az + 7" y2) + x2(ar + 7" y1)) dy
qF X 7 Or®0OF
aiGOF/UF

1
=— - > xala)xa(a2)d (1102 + 2201) Limao, (71) Ly-mio, (7).
aiGO;/U;i

If b € 7O, then W(% Trg/p(baT)) = ¢/<%bI1$2> =1 for 21 € 7."?Op and z2 € 1."'Op, so
wy (1, U(=b)W)¢' () = wy (1, W) (2).

101



Now,

wy (1L, WU(=0)W)¢/ ()

— n / Z x1(a1)xa(a2)y (yra1 + yaa)y' (z191 + v2ys) dy
"M Opdr 20

qF B aZ'GO;/U;i
1
== ) Xl(a1)x2(a2)/ V' (yi(ar + 210))Y (y2(az + 22)) dy
qdr X 77 Yy, €En "iOp
aieOF/UF

- Z Xl(a1>x2<a2)ﬂ—a1+W"10F (‘Tl)ﬂ—a2+ﬁn20F($2)
a; €0 UL

= X(x1, 22) Lox (—21) Loy (=22) = ¢ (=),

and
wy (1, D(=1)WU(-0)W)¢'(z) = ¢'(x). O

Lemma 8.10. For h € OF x OF and g = (%) € K, with Nm(h) = det(g), we have
wy(h, d(8) "' gd(0))¢" = (x&) 7 (h) - xa(a)x2(a) - &'

Proof. By construction, the additive character v» has conductor . Therefore the additive
character ¢'(x) := 1 (dx) is an unramified nontrivial additive character of F'. By Equation
(3.4) and Lemma 8.6,

wy(h, d(8)"'9d(0))¢" = wy(h, 9)¢" = (x€) 7' (h) - xa(a)x2(a) - ¢'. 0

8.2 Local zeta integrals

In this section, we calculate the local zeta integrals Z (%, ®,, x,) for the Siegel-Weil section
®, = O (5(¢), ® @), where ¢/, is the Schwartz function chosen in Section 8.1.

8.2.1 Infinite nonsplit places
Let v be an infinite nonsplit place. We say that y, has infinity type (ki, k2) if
Xo: C = C*, 2z RizRe

Assume that

k

Xo(2) =2 for z € C!,
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so that either vy, is of type (—k + 7,7) or (—j,k — j) for some integer j. Pick an integer
l € Z>( and take
1F1(—l, k + 1, 471'23)§k€_27rzz if k > O,

8(2) = () = e
1Fi(—=l,—k+ 1,4m2Z)2 e *™* if k <0,

Lemma 8.11. Let v be an infinite nonsplit place. Then

o 27)2 G
ZU(%) (meU) = VOI(Cl)<¢ ’ ¢> - 4|k|(+17;—)k+1 . (l(—i|_ ||]3;|>‘

Proof. By Lemma 8.4,
wy(a, )¢y, = E(a™)a™ ¢,

Thus
23 ) = [ (el 160600080 (0) dy = vol (€60 = 701
We have
(¢, ) = /ClFl(—l, |k| 4+ 1,4m2%)* - (z?)‘k‘ eV 1 dz
= /02” /00 VFL (=1 |k 4 1, 4mr?)? r2kl L e=4m e d9
=2 /00 VEL (=0 R+ 1, 4mr?)? 2R e AT gy

:271-/ lFl(_l,|]€|+1747T5)2.S‘k‘ ,6747rsd8
0

2 oo
0
2 l!(|k|)!2 B o (kD)

(4m) T (L[R! (4m) Rt () O

8.2.2 Finite nonsplit places

Recall from Chapter 8 that we set

¢/ (l‘) . ]lOEU (ZE) if Xv 18 unramiﬁed,
’ Xv(x)log (x) if x, is ramified.
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Lemma 8.12. Let v be a finite nonsplit place. If E,/F, is unramified, then

—dy/2

Qv if Xo 1S unramified,
Zv(%uq)va) = —dy/2 ’
g (1 —q; %) otherwise.
If E,/F, is ramified, then
1 —dv/2 . . .
qy Qv if Xo 18 unramified,
Zv(%y q)m Xv) =

a, g d“/2(1 —q,') otherwise.

Proof. By Lemma 8.7, for g € E},

wy(9,1)¢" = (xo&o) '(9) - &'

This implies that

Zy(3, By, Xo) = VOU(Ey, d'a,*™) [El@w(g,1)¢’,¢’)(X5Y1)v(g) dg

1(E1 dl Tam)Q ¢/’¢/>

(
vol(E}, d*x*™)2vol(Op,,dx,) if x, is unramified,
)

vol(E}, d'z,;*™)?vol(Oy; ,dx,) otherwise.
Since

1 if £, /F, is unramified

1/2 ) vol(Og,, dx,) = ¢, /7,
o it E, / F, is ramified

vol(E}, d*al™) =
the desired conclusion follows.

8.2.3 Finite split places

Let v be a finite split place and write x, = X1, ® X2,,: F) X ) = C*. Recall that

, Lo, (71)lo,, (72) if v, is unramified,
(b ('Tla x2) =

X»U(Il,l’g)l]_(/); (xl)ILO; (x2) otherwise.
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Lemma 8.13. Let v be a finite split place and assume that x., is unramified. Then

Ly(1, X1, ® X;,i)Lv(la Xi’:ll) ® X2,0)

Zv i (I)v v) — —3dv/2 .
( Xo) = L,(2,ep/F)

27

Proof. In this setting, E! = {(a,a™') € F x F}. By Lemma 5.17,

wy((a,a™), 1) (1, 22) = &(a,a )7 ¢ (x1a™", 220)
=&, (a, a_l)_lllon (xla_l)ILOFv (z2a)
= gv(a'a a_l)_l]laOFv (xl)]lafl(’)pv (':EQ)
Hence
(wy((a,a™), D¢, ¢") = | &(a,a™")  Lao,, (21)La-10,, (22) Loy, (21) Loy, (22) doy doy
X/ v v k? v
=&(a,a ) tvol(aOp, N Op,, dz,) vol(a ' Op, N OF,, dz,)

= év(a7 ail)ilm V01<0Fu7 dmv)z = év(av ail)ilmqvidv'

We therefore have, writing = = 7, for a uniformizer of F,,

25 0u) = [ (e ek d)6aa Dana ) da

v

:Z/ (wy(r"a, 7 a1, ¢V (m"a, 7 "a ) o (7" a, 7 "0t da
neL O;‘v

= g 30/2 1

nez Xv (ﬂ-_n> Wn)qll)nl

 sap N 1 3 !
o (Z (quxo(m=t,m))m " Z (qoxo(m, 7T_1)>n>

n=0 n=1
— g3/ 1 LB Xo(m ™t )
! I —gytxo(m,m7t) 1 —grlxo(mt,m)
1—g,?
(1 =g X (7, m))(1 = g5 xu(m, 1))
_ oz, (L0 @ 6.0 Lol x10 © X2)
! Lv(2>5E/F)

_—3dy/2 |

- Hv

Lemma 8.14. Let v be a finite split place and assume that x, is ramified. Then

Zo(3, @0, x0) = ¢, "2 (1 = ¢;1)*
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Proof. We have

wo((a.a™). D) (1, 22) = Ea,a™) Myolaca™) o (21,010 ()

Then
(wy((a,a™), )¢, ¢) = &u(a,a™") xula,a”) " vol(OF, , dxy) Lo (a),

and so
ZU(%’ q)v’ XU) = /I;X (w¢(a, a71)¢/7 ¢/>€v(aa &71)Xv<a7 ail) da

= vol(O}, , dz,)* vol(OF, , d'z,*™)

_ q;3dv/2(1 . q;1)2‘
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CHAPTER 9
An explicit Rallis inner product formula

In this chapter, we calculate the Rallis inner product formula explicitly for the Schwartz
functions chosen in Chapter 8.

Let F' be a totally real number field and let E/F be a CM extension. Let ny,...,n,
be the real embeddings of F. Let x: E*\A% — C* be a Hecke character of infinity type
(k+3j,j) where k = (k1,...,kn),7 = (J1,...,Jn) € Z". Assume that B = My(F) and let
Wy = Resg/p B = Wy + W5 be a decomposition of the E-space W, into totally isotropic
subspaces. Set X' = Resg/p(£ ® W1),Y' = Resg/p(£ ® W), and define a Schwartz function
¢ = ®,¢, € S(X'(A)) as in Chapter 8:

(1F1(—li, ki+1,4m27)zke 2722 if v=mn;|o0and k>0,
VB (=1, =k + 1,4722)2 7 %e 2™ if v = n; | 0o and k < 0,
b () = log, (2) if v is nonsplit and Yy, is unramified,
7 Xv(z)ﬂogv (2) if v is nonsplit and Y, is ramified,
Loy, (21)lo,, (22) if v splits and x, is unramified,
o (21, Z2)_11<9;U (Zl)]logv (29) if v splits and , is ramified.
Define

Y :={v: x, is unramified},

Yg :={v: X, is unramified}.
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For each place v of F, define

(

4Ikil(+2172\1i\+1 ’ l(z'(JL]TkDf)Q' if v=mn,|o0
qv_d’”/Q ifvé¢X,, ve¢ X5, v unram
w1 - q?) if v e Xy, v ¢ g, v unram
@™ if v e X, ve g, vunram
o @™ (1 = ) (1 = Xeo(mw) s ) ifvégX,vé¢ s, vram
e - (- ) (- Nu(m)ey ) ifu € Sy, v ¢ Sg, v ram
qv_d”/zqv’l(l — (1 =gt ifvel,,ve g, vram
g ifv ¢ X, vé¢ s, vsplit
qv—sdu/z(1—(X1,ux5,i)(m)qgi)q(;:)(xiixz,v)(m)qu) ifves, vé s, vsplit
\qv_?’dv/Q(l o/ [ ifveX,, ve Xy, vsplit

Theorem 9.1. The Petersson inner product of the theta lift 84 (x§) is

E L17
05090509 = 22 Zgs T

where C, = 1 at all but finitely many places. In particular, if x is nontrivial on AL, then

Oy (Ex) # 0.

Proof. We first recall that the local L-factor for a character n on a non-Archimedean local

field k with fixed uniformizer 7 and residue field of size ¢ is

(1 —n(m)g*)~! if n is unramified,
L(s,n) =
1 if n is ramified.

Now let 1 be a Hecke character of E*. For each place v of F', define

L(s,n,) if v is nonsplit in E,
HL S, My where L,(s,n,) =

L(s,nw)L(s,ng) if v = ww splits in E.

Let g, be the size of the residue field of F,,, let 7, be a uniformizer of F,. If a place v of F’
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lies under a single place w of F, let 7, be a uniformizer of F,,.

1
¢(2) =
(1-q"
and
(1
1
Lo(1,%) o
o\ X)) o
o e
(1 — gy,

Recall from the computations of Section 8.2 that

Z(%

29

Dy, xo)

\

(

if v | oo
if vtoo
-2

)1 = (Xoo)(mo)g; )™

(1-¢2)

(1=(x1,0X2.0) (m0)as D (1=(x7 4 X2,0) (7o) gw )
(1—¢,2)

(2m)*

V(s )12

eI
—dy /2
v

q
Qv

4y 4

761,1/2(1

v

—3d, /2

v

_1 —dy/2
alq ™!

(I+ka])!

—q,?)

1 —dy/2

(1

—q,")
(1-¢ %)

We therefore have

if v | 0o
if ¥ is unram and FE, is unram
if ¥ is ram and E, is unram
if x¥ is unram and FE, is ram
if ¥ is ram and E, is ram
1

if X is unram and F, is split

if x¥ is ram and F, is split

if v | 0o

if X is unram and FE, is unram
if ¥ is ram and E, is unram

if X is unram and FE, is ram

if ¥ is ram and E, is ram

if ¥ is unram and E, is split

if x¥ is ram and F, is split

ifv=mn;] o0

if y is unram and E, is unram
if x is ram and F, is unram

if y is unram and E, is ram

if x is ram and FE, is ram

(1=(x1,0X5.0) (0)a ) (1= (X1 yX2,0) (o) 1)

—3d, /2 _
0z / (1—q;1)?
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Then for all places v of F', N
Ly (1, X)
G(2)

where C, is as in the theorem statement. Since all but finitely many places simultaneously

Z(l CI)MXU) = Cv :

29

satisfy the conditions d, =0, v ¢ X,, v ¢ Yy, and v is split or unramified, we see that C,, =1
for all but finitely many places, and the desired equation follows from the doubling method.
Observe that the factor pr/pgr comes from the fact definition of the Tamagawa measure on
AL and the local measures on E! (Section 2.1).

Finally, since C, # 0 for all v, it follows that 4 (x¢{) # 0 if and only if L(1, Y) # 0. But
L(1,X) # 0 if and only if y is trivial on AL, so the final assertion holds. ]

Let f, be the normalized newform of weight |k| +1 = (|k1|+1,...,|k,|+ 1) corresponding
my. Forl=(ly,...,1,), let Ff( denote the automorphic form on GLsy(Afg) corresponding to
the Hilbert modular form (5‘lk‘ e

Proposition 9.2. Let £ and &' be two Hecke characters of E* whose restriction to Aj, is the
quadratic character eg/p. Then for any ¢' € S(X'(A)),

05, (x€)(9) = 05,(x&)(g)  for all g € GLy(Ap),

where «92, and 05, denote the theta lifts correspond to the splitting characters & and &'.

Proof. Let wi and wg denote the Weil representations corresponding to the splitting characters
¢ and &'. Then by Equations (8.2)-(8.4), we have

wi(l,9) =w(l.g)  forall g € SLy(Ap),
and by Lemma 5.17,
Wi (b, d(v(h))) = € (R)E (h)wS; (h, d(v(h))).

The desired equality now follows by construction of the similitude theta lift (Chapter 6). O
Theorem 9.3. If L(1,X) # 0, we have

O (xE) = Dy - F)l<7 for some D; # 0.
Proof. First recall that by Theorem 6.17(a), the theta lift 6, (x€) is an automorphic form in

the automorphic induction m, to GLy(Ap). If f is a Hecke eigenform of weight |k| + 1 4 21
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in 7,, then it must satisfy that for all r(0) = r(6;)---r(6,) with r(6;) € SO(2) and
ko= (%}) € Ko =[], Ko, with det(ky) = 1, we have

n

f(gr(0)d(d) kod(d Hez ks | +14245)0; ( (xer/r)(a)f(g) for all g € GLy(Agr).  (9.1)

J=1

By Casselman’s theorem [C73, Theorem 1], the dimension of automorphic forms satisfying
(9.1) must have dimension 1. Therefore to see that 6y (x€) is a (possibly zero!) multiple of
F!, we need only see that it satisfies (9.1).

We first recall the definition of the theta lift 6, (x¢) on GLa(Ap). If g € GLy(Ap)™ =
{9 € GLa(Ap) : det(g) € Nm(A%)}, then for any h € A}, such that det(g) = Nm(h),

0 (xE) (9 / O(wp(hh, 9)8') - (xE)(hy) dhy.
We define 04 (x€) on GLy(F') GLo(Ap)™ by

Oy (XE)(79) = 0y (XE)(9),  for v € GLa(F), g € GLy(Ap)™.

Note that
GLy(F) GLy(Ap)™ = {g € GL2(Ap) : det(g) € F* Nm(A})}

is an index-2 subgroup of GLa(Afr). We define 04 (x€) on GLy(Ap) by extending by 0 outside
GLy(F') GL2(Ap). Define Ky := [], Ko, where Ky, C GL3(Op,) as defined in Chapter 8.
Note that Ky C GLy(F) GLy(Ap)*. By Lemmas 8.4, 8.7, and 8.10, for r(6) = r(6y) - - - r(6,,)
with 7(0;) € SO(2) and ko = (24) € Ko N GLy(Ap)*,

wy (ho, 7(0)d(2) kod(2))¢) = H e/ R0 (3 &)Y (hho ) (xep ) ()@,

where hy € A% is such that Nm(hg) = det(ko). This implies that for any g € GLa(Ap)* and
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any h € AY with Nm(h) = det(g),

~—

(gr(0)d(®) " kod(2))

O (wy(hhiho, gr(0)d(®) " ked(0)) 1) - (xE)(hhiho) dhy

04 (x§

I
—

(E']

; O(wy (hha, g)wy (ho, 7(0)d(0) " kod(2))¢1) - (x€)(hhiho) dhy

/[El] O (wy(hhy, g)g)) - e WFIT1H200 (v )"V (he) - (xepr)(a) - (xE)(hhihg) dhy

=

1

<.
Il

IS (e ) (@) - [ ©uwu(hh g)6f) - () (k)

1 (E1]

|
=

<.
I

I
—=

oIk | +1+215)0; (xeg/r)(a) - O (x€)(9)-
1

<.
I

This shows that the theta lift 64 (x§) satisfies (9.1) for g € SLy(Ap). Therefore
Os,(x§) = Dy - Fy. O

Theorem 9.4. If F' = Q and k > 0, then 04 (X&) is an algebraic holomorphic Hecke
eigenform of weight k + 1 and level ¢(x), and

|Dl| ~ 7Tl.

Proof. We retain the notation as in Theorem 9.3. First observe that 04 (x§) is an algebraic
holomorphic Hecke eigenform of weight &+ 1 and level ¢(x) by Theorem 9.3. We now examine
the algebraicity of D;. Observe that if x has infinity type (k + 7, 7), then Y has infinity type

||¥ has the property that as a character on ideals,

(k,—k). Hence the character n:=x - || -
n((a)) =a* fora=1 (mod ),

where the ideal ¢ is the conductor of y. By definition, L(s,X) = L(s + k,n) and hence by

Shimura’s algebraicity theorem [S76, Proposition 5], we then have
LLT) = Lk + 1,7) ~ 2102

To apply Shimura’s algebraicity theorem [S76, Proposition 5] to the Petersson inner product

(F)l(, F@, one must first translate between the inner product of the automorphic form and
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the inner product of the classical form. Following [[P16a, Lemmas 6.1, 6.2], we have

_ — . dxdy
(FLFly 7! / 0y P (T e Y (0L Fo B 1),
T1(c(x)\b Y

where the Petersson inner product (f,g) is normalized as in Equation (2.2). (This is the
same normalization as in [S76].) By Theorem 9.1 and again applying Shimura’s algebraicity

theorem [S76, Proposition 5],

<9¢E(X€)> 9¢;(Xf)> ~ 7T_17T_k+1L(17 )?)C(Q)_l ~ gk 7T_192k7
<F>l<’ F>l<> ~ <6§c+1fX75§c+1fx> ~ 7T_2[<fx,fx> ~ 7r—2l—1Q2k”

and therefore
|Dy|? ~ 72 O
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CHAPTER 10

An example: the canonical
Hecke character for Q(\/—7)

Let F'=Q and let E = Q(1/—7). Then E has class number 1 and there is a unique canonical
character Ycan in the sense of Rohrlich [Ro80]. (See page 52 of Tonghai Yang’s thesis [Ya] for

an exposition.) Explicitly, Xcan can be described as follows. First consider the character

e: Op/(V=T) =27/ @ {+£1}.

Then €(—1) = —1 and hence the map on principal ideals
P(vV—7) ={aOg : o € E* is relatively prime to 7} — E*, aOp — e(a)a

is a well-defined homomorphism. Since E has class number 1, then P(y/—7) = I(v/—7), and
the above defines a Hecke character of E*. It’s easy to see that for any positive integer n,

the character x7, has the following properties:
(a) It has oco-type (n,0).
(b) Tt has conductor /=70 if n is odd and conductor O if n is even.
Idelically, we have Xcan = [ [, Xcanw, Where
® Xcanoo(2) = 271

o If [ {7 is inert, then Ycan,; is the unramified character determined by Xcan(l) = —1.

e If [ {7 splits, write [ = v0, and Xcan,» 1S the unramified character of Q° determined by

Xcan,v (l) =".

® Xcan7 18 a character of level 1 on E, the multiplicative group of a ramified extension

of Q7. We have Xcan7(vV/—7) = V-7 and xcan7(—1) = —1.
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One can normalize X, to a unitary character by multiplying by an appropriate power of the

norm character || - ||a,. We explicate the norm character:

e If v is a finite place, define |m,|, 1= 1/#k,.

e If v is a real place, define | - |, to be the norm such that |2| = 2.

e If v is a complex place, define | - |, to be the norm such that 2| = 4.
Now the character X’ ‘= Xecan * || - HX; is unitary.

e Since K is an imaginary quadratic field, the infinite place is complex, and Y/ (z) =
|22 /2.

e If /{7 is inert, then x}(1) = —1/VI2 = —1.

e If [ 1 7 is split and v is a place above [, then Y’ (1) = v/v/1 and x}(1) = X, (1)x,(l) =
vu/l = 1.

e We have x4(v/—7) = vV=7/V7=+v—1 and x4(—1) = —1.

10.1 Two quaternion algebras

We’ll now consider the automorphic induction m» of xg,, to GLy and compute the local
epsilon factors €,(BC(myn ) ® x02,). At v = oo, this calculation depends on whether n < m
or n > m. At the local places, this can be calculated by specializing [T83, Section 1] to our

setting. The interesting place finite place is v = 7.

(a) Momentarily let v be a real place of a number field F', take f to be any automorphic form
of GLy of weight k at v and let Q be a Hecke character of E such that Q,(z) = 217",
Then

+1 ik <l — s,

-1 itk>1l — 1.

€v<f7 Q) : wv(_l) =

Since m,» has weight n + 1, this implies that

+1 ifn+1<m,
EOO(BC(WX?M) ® Xean) " Woo(—1) =
-1 ifn+1>m.

115



(b) Since Xcano factors through Nm for all v { 7, the representation Ind}jvvg ; (Xcan,w) 18

decomposable. By [T83, Proposition 1.6], for any Hecke character (2, we have

€y (BC(Tyen) @ Q) - wy(—1) = +1 forall vt 7.

(c) First observe that Resyy, Ind%g (x) = x ® x” for any character x of Wg. Since base

change on the GL, side corresponds to restriction on the Galois side, we have
€7<BC(7TXcan) ® Q) = 67(ReSWE Indwg (X) ® Q) = 67(XcanQ)€7(X;—anQ>7

where the last equality holds because local e-factors change direct sums to products.

By [Ya, Lemma 3.2], we have

er(Xean?) = — (3) V-1 = er(xTn ).

Since Xcan|px = €g/F, the automorphic representation 7c., has trivial central character
and hence the above calculation shows e7(BC(my.,.) ® Q)w7(—1) = —1. By the above
argument,

+1 if n is even,

e7(BC(myn,.) @ Xean) - wr(=1) =
—1 if nis odd.

We can now discuss the possibilities for the quaternion algebra determined by the
pair of Hecke characters xi, and x7,. First observe that the central character condition
XeanXean€E/F = 1 on A™ implies that n and m must have different parity. We now have two

cases:

(i) If n is odd, then €,(BC(myn ) ® xt,) = —1 if and only if v = 7. This implies that if
L(BC(myn, ) ®Xm,, 5) # 0, then necessarily n+1 > m so that e,(BC(my )@xm,) = —1
and hence

= {7, 00}.

m
xR n ' Xcan

(ii) If n is even, then €,(BC(myn ) ® x&,) = +1 for all finite v. This implies that if
L(BC(myn, ) ®Xma, 3) # 0, then necessarily n+1 < m so that ex(BC(myn, )@ xm,) = +1
and hence

Sr =d.

m
n
X2 'Xcan
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Summarizing, take n, m to have opposite parity, we have the chart

m<n—+1 m>n+1
€o = —1 €xo = +1
n odd n even
6:+1 67:_1 67:—|—1
(definite) | (indefinite—in fact, split!)
n even n odd
e=—1
€7 = —|—1 €7 = —1

The main theorem (Theorem 6.19) gives an identity between the first two boxes. As we see
above, if we start with the top right box, then we are in the setting that B = My(F) and
B’ = B{7,5}- In Sections 8 and 9, we constructed a family of Schwartz functions such that
their theta lifts realize all the Hecke eigenforms of positive weight. In the next section, we

recall this construction.

10.2 Torus periods of a weight-(3 + 2/) CM form

Take the special case n = 2. First let m = 3. In this case, we take ¢{ := ®,¢;, where

1F1(0,3,4m27) 227 2m%% = 2272 if v | oo,

Po,0(2) = .
Loy, (21) - Loy, (22) if v 1 o00.
Then
8123724 = iy if v | oo,
Cy=141 ifv#£7,

(l-p) -3 =5 fv="7,

so that by Theorem 6.17(b) and Theorem 9.3, the theta lift 0, (x§) a Hecke eigenform on
GLy(Aq) in 7. Furthermore, by Theorem 9.1,

1 L(1,>z):< 2 )1 1 LX)

(05, (X€) 00, (XE)) = po - P - 8-16-72  ((2) VT2

By Theorem 6.18,

/{Ex] 4y (- )(9)  Xonl) dy = /{E X(9) - 0 (€ )(9) do,

*]
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B/
3
XZan’

where by Theorem 6.17(b) the theta lift 0;"6 (X2, - €71 is an automorphic form in 7
where B’ is the quaternion algebra ramified at 7 and oo.
Now let m = 3 + 2I, where [ > 0. We take ¢ := ®,¢;, where

1Fi(=1,3,472Z) 2% 2% if v | oo,

Pr(2) = '
Log, (21) - Lo, (22) if v 1 o0.
If we set £ = Xcan,
(2m)? na 1 .
Brt " 12 = 2012 (D)2 if v | oo,
Co=+<1 if v £ 7,
I1—-49 11 -7 =3¢ ifv=7,

so that by Theorem 6.17(b) and Theorem 9.3, the theta lift 04 (x¢) is a Hecke eigenform on
GL3(Ag) in m,. Furthermore, again by Theorem 9.1,

o 1 L(1,%)

(0 (XE), 01 (x€)) = (ﬁ.g) T B SR

And as before, by Theorem 6.18,

/ Os (X - )(g) - Xk (g) dg = / X(g) - 0, (i € -1)(9) dg,
E¥) E%)

where by Theorem 6.17(b) the theta lift 9;; (x3+2 - €-1) is an automorphic form in 7Tfé ot
where B’ is the quaternion algebra ramified at 7 and oo.

Let f, denote the normalized newform of weight 3 in 7. Then by the definition of the
Shimura—Maass operator & (see Section 2.3.1) and by Shimura’s algebraicity theorem [S76,
Proposition 5(ii)],

<5éfx> 5éfx> ~ 772[_1947

where ~ denotes equality up to an algebraic number. Combining Theorem 9.1 with Shimura’s

algebraicity theorem [S76, Proposition 5(i)] and Euler’s algebraicity theorem [7Z],
(0 (), 0 (X€)) ~ 7 °C(2) T L1, X) ~ 7t~
By Theorem 9.3 and Casselman’s theorem [C73, Theorem 1],

9¢§(Xf) =D Fi, where |D;| ~ mt.
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10.3 Relation to classical theta series

Consider the theta lift 04 (x2,,&) on SLa(Ag). In this section we will give a direct proof of
Theorem 9.4 in this setting by unfolding the integral defining the theta lift and relating this
form to a classical modular form. See [H11, Chapter 4] for a detailed exposition on unfolding
the theta lift from an orthogonal group to SLs(Ag).

By definition, for any g € SLy(Ag),

0o, (X2 (9) = | O(wy(h, 9))) - (X2an) () dh.

[E1]

Now, since £ = Q(1/—7) has class number 1, we have the decomposition

E} if v is nonsplit,
AL = E'Ks,  where Ky = [[ Ko Ko =4 P
v Op, if v is split.

Therefore

011 () (9) = /K Owy(h, 9)68)) - () () dhn.

By strong approximation for SLo, we know that

SLa(Ag) = SLy(Q) SLy(R) [ K,

p<oo

where K, = SLy(Z,,) for all but finitely many p. In this setting, since the conductor of 7,2
is 7, we take

SLy(Z,) if p#£7,

{9 €SLu(Z7):g=(3%) (mod7)} ifp=T.
Write g = 7+ goo - k for v € SLa(Q), goo € SLa(R), and k € [],_,
Chapter 8, the action of k, = <Z§ Z’;) € SLy(Z,) on ¢ (21, 22) = 1z, (21)1z,(22) is

K,. By the calculations of

() if p#7,

ww(kp)¢6,p(x) = Xgan(ap)eE/F(ap)gbz),p(x) = .
ep/r(ar)doq(x) ifp=7.

Therefore
w¢(h7 g)¢6 = 6E/F(a’7) : (X?}ané)ilal) ' w¢(17 goo)q%n
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and the integral simplifies to

enr(ar /K Z (1, 9o0)80) (v) dh = €y (a7) VOLL) Y (wu(1, goo) D o) (0)-

Ayex/(F veOE

(1 =Y\ (yvy O
\o1)\o

Jo t=x+iyeh:={z€C:3(z)>0}.

Observe that if

for y > 0, then

For this g, we have

w1, 900) 9 (0) = w0y (1L, (5 ) wi (1, (51 )) b )
= Viywy (1,(§7)) $6,00 (1Y)
= VY (2v0) ) o (V4/Y)
— \/—62mxv (U@)Z —2myvvu

y3/2 2 27rz(m+zy)v )

Therefore
0o, (X2an€)(9) = €p/p(ar) vOI(KL) D y*P02e =7,

veQg

where z = x + iy € . Recall that the classical modular form associated to this automorphic
form of GLy(Ap) is the weight-3 form

fxgan( — vol KA Z V22T

veEOQE

Now,

N or \ ' __
vol(Ky) = pr - pig - 772 (2m) = (71/2.2) T2 (2m) = 2,

The space of holomorphic modular forms of level 7, weight 3, with nebentypus (7) has
dimension 1 and (by SAGE!) is generated by the modular form with g-expansion

f(2) =q—3¢+5¢" —7¢" —3¢° +9¢° — 6¢"" + 21¢** — 11¢"® — 27¢"® + O(¢*").  (10.1)
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Using the fact that Op = Z[Hﬁ], it is an straightforward calculation to show that

2
E v = 2a,,

veQg, vv=n

where q,, is the nth Fourier coefficient of the normalized newform. Therefore
e, (2) =4 (normalized newform of level 7, weight 3, with nebentypus <?)> ,

and this shows that
Dy = 4.

We also have the following table. Write

D 1F(=13,2m00(z — 7)) (0y/y) €™ = did'(f),

velg

where

271 z2—Z

1 0 k
5l=5k+2z—20"'05k+205k, O —<8—+ );
z

is the Maass—Shimura operator which raises the weight of the newform f in (10.1) by 2I.
Then calculating directly,

I 0] 1 2 3 4 5 6
Dy | 4|8r/3 | 4x?/3 | 873/15 | 87 /45 | 167°/315 | 47°/315

That is,

DlNT['l.

We have hence given a direct proof of (a more precise algebracity statement than) Theorem
9.4 in this setting.

Remark 10.1. By performing the unfolding of the theta lift as in this section, one can explicitly

calculate the g-expansion of the classical modular form associated to 4 (Xzan)-

(i) If m is even, then Oy (x@,&) has weight m + 1 and level 7, and is a multiple of the

automorphic form associated to the newform
1 _
- E UmBQWsz.
2
velg

In this case, this is a classical theta series arising from the lattice O, which has rank 2

over Z.
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(ii) If m is odd, then 04 (x,6) has weight m + 1 and level 49, and is a multiple of the

automorphic form associated to the newform

1 _
5 Z G(U)vme%rzvv’

vEOQp\V—T0Fg

where €: Op/(v/=7) = Z/TZ — {£1} is the character given by (%). (See the beginning
of this section.) O

10.4 Nonvanishing torus periods

Using the same unfolding argument as in the preceding section, we can show explicitly that
/[ o O (Xean) (9) - X2 (9) dg # 0.

As before, setting

E! if v is nonsplit,
K, =
Op, if v is split,

we have
/[ }%; (XZnE)(9) - X2 (9) dg = Z—Z 1T / 0y (X2an) (90) - Xoml (90) dgo,
B K,

where dg, is the Tamagawa measure as in Section 2.1. Recall that y2,, is unramified at every

place v and that Xca, is unramified at every place v { 7. We now proceed place-by-place:

(i) If v { oo is unramified, then both ., and x2,, are unramified. Writing g, = a, + b, 1,

by Lemma 8.7,

/ 05 (X2an) (90) - Xem' (90) dgy = / Xoan(00)€8/7(a0) - 05 (X2an€) (1) - X552 (90) dgo
El Ej

= vol(E,) - Oy (Xean€) (1)-

(ii) If v { oo is ramified, then v = 7, and so x2,, is unramified, but xcan = €g,/r, has
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conductor 1. Writing g, = a, + b,i, by Lemma 8.7, we have

/ O (Xean€) (90) - Xo (90) dgo = / Xoan (@) epr(ay) - 0y (X2an€) (1) - Xor (90) dgo
El B}

- /E (@) O (1) - exyr(90) do

= VOl(EL) - By (X2 (1).

(iii) If vt oo is split, then both Xcan and x?2,, are unramified and by Lemma 8.7, we have

[ 000 2 @0) dgy = 0l(OF,) -6 0O,

Fy

(iv) If v | oo, then

/ O (X2an©) (90) - Xoil (90) dgo = / gt O (26 (1) - g, 1) dg,
C? C?

= vol(C) - Oy (X2an€) (1)-
Then we see that
/{El} O (X2an) (9) - X552 (g) dg # 0 — Oy (%) (1) # 0.

On the other hand, if 6 (xZ,,£)(1) = 0, then necessarily 0, (x2,,&) is identically zero, which
contradicts Theorem 9.1. Combining the above with Theorems 6.19, we obtain:

Corollary 10.2. Let B’ = B, denote the definite quaternion algebra over Q ramified at
exactly 7 and oo. Define

ff(?an = 9¢2<X§an£)7 f 3+gl = 9/’(X2;;12l£,)

Then:
(a) f 542 1s an automorphic form in the Jacquet-Langlands transfer 7TX3+21,

can

(b) there is an identity of nonzero torus periods

0# [ fY (9) Xiulg)dg = /[ ]Xian(g)- iai(g) dg.
E'X

[E X ] can can
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