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GLOSSARY

Throughout this glossary, R is a Noetherian ring, and M is an R-module. Whenever we use m,
we assume that R is (Noetherian) local and m its maximal ideal.

local means Noetherian local unless otherwise specified dim(M) is the Krull dimension of R/Ann(M)
er(R) is the Hilbert-Samuel multiplicity of M with respect to the ideal I

gr,,(R) is the associated graded ring of R with respect to m

£(M) is the length of M

H(I; M) is the i*" Koszul cohomology of M with respect to a minimal set of generators of I and
is only used when R is local or nonnegatively graded

v(M) is the least number of generators of M

rank(M) is the torsion-free rank of M when R is a domain

]E\ is the m-adic completion of R

M is the m-adic completion of M

Ln

M is i-effaceable if for every sequence of parameter ideals (z,,) = I,, € m™, we have nh—>Holo (RILE)
0.

The asymptotic depth of M, denoted asydepth M, is k if M is i-effaceable for all ¢ < k and M is
not k-effaceable.

M is asymptotically Cohen-Macaulay if asydepth M = dim M.

M is Cohen-Macaulay on the punctured spectrum if Mp is Cohen-Macaulay for all primes P # m

M is equidimensional if dim(R/P) = dim(R) for every P € min(M)

M is quasi-unmized if M is equidimensional over R

M
Lech-Stiickrad-Vogel ratio is 6(6]\2(/11\)4)

v



ABSTRACT

We consider relationships among Hilbert-Samuel multiplicities, Koszul cohomology,

and local cohomology. In particular, we investigate upper and lower bounds on

. 6[<M)
h R Sl
the ratio K(M/IM)

generated quasi-unmixed R-modules M and, in joint work with Linquan Ma, Pham

for m-primary ideals I of the local ring (R, m) and finitely-

Hung Quy, Ilya Smirnov, and Yongwei Yao, show that the ratio is bounded above
by dim(R)!e(R/Anng(M)) for all finitely-generated R-modules M and away from 0
whenever M is quasi-unmixed. We also, as independent work, give a characteriza-
tion of quasi-unmixed R-modules M whose local cohomology is finite length up to
some index in terms of asymptotic vanishing of Koszul cohomology on parameter
ideals up to the same index. =~ We show that if M is an equidimensional module
over a complete local ring, then M is asymptotically Cohen-Macaulay if and only
if sup{l(H(f1,---,fa; M) | Vfi,---sfa = m,i < d} < oo if and only if M is

Cohen-Macaulay on the punctured spectrum.



CHAPTER I

Introduction

1.1 Outline

This preface consists of statements of the main results, the necessary definitions
and notational conventions, and a brief sketch of others’ previous work together
with an explanation of how the stated results tie together. The summary of results
includes statements of joint work with Linquan Ma, Pham Hung Quy, Ilya Smirnov,
and Yongwei Yao. Proofs of those results can be found in Appendix A, and different
proofs of special cases of those results, which give more or different information than
the joint work, can be found in Chapter II of this thesis. Chapter III focuses on the

proof of Theorem III.1, which is independent work.

1.2 An overview

Broadly speaking, algebraic geometry is the study of solutions to polynomial
equations, and commutative algebra is the study of polynomial functions on these

sets of solutions. One of the primary goals of commutative algebra and algebraic

geometry is detecting and managing singularities. In Calculus, we learn that y = 22

is a very nice function, in large part because it is differentiable everywhere. We

3

also learn that y? = 23 is a much worse function because it has a singularity at the

origin. We can see this different algebraically by the Implicit Function Theorem or



geometrically by graphing the two functions and seeing that y = x? appears smooth
at the origin while y? = 23 has a sharp corner there.

Understanding singularities in broader settings is not only of theoretical interest to
commutative algebraists and algebraic geometers but also has myriad applications,
including phylogenetics [2, 19, 1], disclosure limitation [46, 14, 25|, string theory
[5], and statistics [23, 42, 22, 15, 54|, for example. Mathematicians began to ex-
plore many of the tools of commutative algebra and algebraic geometry in the late
nineteenth and early twentieth centuries with only the goal of understanding pure
mathematics in mind. Then, in the same way that a rigorous notion of the limit
suddenly found an application when Newton and Leibniz invented calculus and were
then able to make vast gains in physics, the already well-developed fields of com-
mutative algebra and algebraic geometry found a wealth of applications in the wake
of the advent of computers, when the the reframing of certain biological, physical,
and statistical questions in terms of algebra became computationally tractable. The
goal of my research is to grow the understanding of the fields of commutative algebra
and algebraic geometry so that they will be broad and deep enough to answer the
questions of applied mathematicians and statisticians when they come asking.

Some primary objects of study in commutative algebra are called rings, which
describe geometric varieties. For example, the ring R = Rz, y]/(y — x?) refers to
polynomials in two variables with real numbers as coefficients with the restriction
that y = 22. The solutions in the Cartesian plane to the equation y = 22 cut out a
parabola, and the ring of functions on this parabola is R. Some tools that we use
in this thesis to study singularities of varieties are the Hilbert-Samuel multiplicity
(or simply multiplicity) and Koszul homology, which can be used to compute the

multiplicity. By computing multiplicity at different points on our variety, we can



see whether or not the variety has a singularity at that point. The multiplicity of
R is 1 at the origin, and we know that the parabola does not have a singularity at
the origin. This relationship is true quite broadly. Under mild hypotheses, a variety
does not have a singularity at a certain point if and only if the multiplicity of its
corresponding ring is 1 at that point. Large multiplicities indicate bad singularities.
For example, the nodal curve graphed below has a multiplicity of 2, which captures
that the graph has a mild-looking singularity at the origin, and the cusp, which is

much pointier, has multiplicity 10.

nodal curve: y® = 23 + 22 cusp: y3!t = 10



Multiplicities have applications within math in areas ranging from Banach-space
operators to Galois theory (see, for example, [29, 38, 11, 20, 32, 18, 21, 13]).

An ideal in a polynomial ring generated by some selected set .S of polynomials is
the set of all finite sums of multiples of polynomials in S. Ideals can be thought of
as a generalization of the notion of the set of multiples of a number in the integers.
For example, the ideal I generated by {z°} in the ring R = R[z, y]/(y — x?) can be
thought of as all polynomials in two variables that can be expressed as the product
of 2° and some other polynomial, where we are allowed to replace any y’s with 2?’s.
The ring R/I, read “R mod I”, is the set of polynomials in two variables in which
y — 2% =0, 2° = 0, and all finite sums of multiples of y — 22 or 2° are equal to 0
as well. Setting all polynomials in I equal to 0 generalizes modular arithmetic, or
“clock arithmetic,” in which we set some integer equal to 0, or start over counting
the hours once we get to 12. Much of my research concerns the relationship between
er(R) and ¢(R/I), where e;(R) denotes the multiplicity of the ideal I on the ring
R and ¢(R/I) is best thought of as the number of independent monomials after we
set the polynomials in I equal to 0. Precise definitions and a more sophisticated
discussion appear in Subsection 1.3.

In our example, we compute ¢(R/I) = 5 because there are five independent mono-
mials that do not use y and are not 0 after we insist that 2> = 0. Those monomials
are 1, z, 2%, x3, and x?. Tt turns out that the multiplicity e;(R) = 5 also. It is the
multiplicity at the ideal generated by the variables (in our case x and y) that tells us

whether or not the variety corresponding to the ring has a singularity at the origin.

R
In this thesis, we will be particularly interested in the ratio ;(1}; ] [)) In the
le of th i h 1d o A5y
example of the previous paragra we would compute = - =1 e
p p paragrapi, p U(R/T) 5

outcome of 1 encodes the information that R either has no singularity at the origin



(which is actually the case) or that it has a relatively mild and well-understood sort of

R
singularity. When ;&é ] I)) = 1, for certain ideals I, we say that R is Cohen—Macaulay.
In 1960, Lech [35] gave an upper bound on the ratio ;(1};1/?])) independent of I. A

lower bound has been sought since at least 1996 [47]. Linquan Ma, Pham Hung Quy,
Ilya Smirnov, Yongwei Yao, and I show that this ratio is bounded away from 0 in
the greatest possible generality (Theorem 1.10), solving the 21-year-old conjecture,
and bounded above for all finitely-generated modules by a constant depending only
on the ring (Theorem 1.9), a result that extends Lech’s result for rings. We also
give an explanation for these bounds in terms of the Koszul homology (Theorem
[.13) that computes the multiplicity. Independently, I give a new characterization
of the property of being Cohen—Macaulay on the punctured spectrum in terms of
Koszul homology. More generally, I describe a certain type of smallness of Koszul
homology, which will be known as asymptotic depth, in terms of a finiteness condition

on another type of cohomology known as local cohomology (Theorem 1.14).

1.3 Preliminaries

All rings in this thesis will be commutative Noetherian rings with unity and all
modules unital and finitely-generated, unless otherwise specified. The primary object
of study throughout this thesis is Koszul (co)homology, especially finite-length Koszul
(co)homology. Let z = x1,...,x, be a sequence of r elements of R, and let G be a
free R module on 7 free basis elements u,...,u,. Let A’‘G denote the i'* exterior

power of G. The Koszul complex of x = z1,..., 2, on R, denoted K,(z; R) is

03 NG oAN IG5 NG NG =0



where the map from A"G to A" 1@ for 1 < n < ris given by

J

(i A= Ay ) = > (=17 (g, Ay, - A,
Jj=1
We may alternatively construct the Koszul complex K,(z; R) as
Ko(v1; R) ®p - @p Ko(wr; R)

where K,(z;; R) is the complex 0 — R =% R — 0 for 1 < i < r. The Koszul complex
of z on an R-module M, denoted K,.(x; M), is defined to be Ko(z; R) ® M.

We use H;(z, M) to denote the i* Koszul homology module, i.e., the i* homology
module of the Koszul complex, of a sequence x on M. We define the cohomological
Koszul complez of x on R, denoted K*(z; R), to be Homg(K,(z; R), R). Then the
i" Koszul cohomology of z on the module M, denoted H(z; M), to be the i
cohomology of the complex K*(z; R) ® M. Because the Koszul complex is self-dual,
ie., K*(z; M) = K,(x; M), we have H'(x, M) = H,_;(x, M). We make regular use
throughout this thesis of the fact that the depth of (x) on M can be characterized
as the least i such that H'(x; M) # 0. These and other well-known properties of the
Koszul complex and Koszul (co)homology can be found in [17, Chapter 17] and [9,
Section 1.6]. When we are interested only in the isomorphism class of H(z, M), for
example when we are interested in its length and we are working over a ring that is
either local or graded, we will use H*(I, M) to mean H'(x, M) for some x minimally
generating the ideal I. Most often, x will be a system of parameters for the local
ring R.

In Chapter II, we will also be interested in the Hilbert-Samuel multiplicity over
the local ring (R,m). We will use /(N) to denote the length of an R-module N
and dim (M) to denote the Krull dimension of the R-module M, which is defined to

be the Krull dimension of the ring R/Ann(M). If M # 0, then ¢{(M/IM) < oo if



and only if V(I)N Supp(M) = {m} if and only if ¢(M/I'M) < oo for all t > 0. If
d = dim(M) and ¢(M/IM) < oo, define the multiplicity of I on M, denoted e (M),

by
O(M/I'M
er(M) =d! lim M

t—00 td
In particular, e;(M) is the product of d! and the leading coefficient of the Hilbert
polynomial of M with respect to I. If I is generated by a system of parameters
x1,...,2q on M, then Lech showed in [34] that it is equivalent to define the multi-

plicity in the following way:

We will be particularly interested in the case where dim(M) = dim(R) and VI = m.
We will use two facts about multiplicity with great frequency. The first is that if [

and J are two ideals with the same integral closure, then
(1.1) er(M) =es;(M).

The second is that if I is generated by a system of parameters z1, ..., x4 on M, then

for any o > 1, there is an equality

(1.2) C(ag,za) (M) = - er(M).
More generally, if (zq,...,z4) and (2],...,x4) are two systems of parameters on
M, then (17}, ...,24) is also a system of parameters on M, and €(4,41.... ) (M) =

e(zr,za) (M) Fer 2y (M). We will be particularly interested in characteristic p > 0
that for any ¢ a power of p, we have e[lq](M) = q%-e;(M). Proofs of these and other
facts about multiplicity can be found in [9, Sections 4.6-4.7] and [28, Chapter 11].

Our last major object of study, which will appear in Chapter III, will be local



cohomology. We define
L;(M):={me M |mI"=0 for some t > 1}.

One may verify that I'; (M) is a submodule of M and that the functor I';(__) is left
exact. It, therefore, has right derived functors. Call the *" right derived functor
of T'y(_), denoted Hi(M), the i*" local cohomology module of M with support in
I. Tt is equivalent to define Hi(M) in terms of Koszul cohomology. Again with

T=x1,...,%, let I = (z) and 2" = (24, ..., 2L). Then
Hi(M) = lim HY(K*(2", M)
-

where the maps in the direct limit system are induced by the maps on complexes

Ko (x;; M) given below

~

0 — R —— R —— 0

| al

0 — R — R —— 0.

t+1

Ty

Local homology depends only on the radical of I. In particular, there is a map
from each i Koszul homology module on each system of parameters on M to the
local cohomology module H! (M). When M is equidimensional (defined below),
((H! (M)) < oo for all i < dim(M) if and only if M is Cohen-Macaulay on the
punctured spectrum. For proofs of these and other facts about local cohomology, see

[30].

1.4 Definitions and Notation

We include below definitions and notation that are either particular to this thesis

(Definitions I.1 and 1.3) or about which there is not uniformity within the commuta-



tive algebra literature (Definitions 1.4-1.6.). Unless otherwise specified, R will denote

the local (Noetherian) ring (R, m), and M a finitely generated R-module.

Definition I.1. We say that M is i-effaceable if for every sequence of parameter

H? M
el () = 1, € e e gy I E )

=0.
Remark 1.2. As aresult of .12, using ¢(M /1, M) in the denominator for the definition
of i-effaceable in place of ¢(R/I,) yields an equivalent condition when dim(M) =

dim(R) and R is a module-finite over a regular ring.

Definition I.3. The asymptotic depth of M, denoted asydepth M, is k if M is
i-effaceable for all + < k and M is not k-effaceable. We say that M is asymptotically

Cohen-Macaulay if asydepth M = dim M.

Definition I.4. We say that M is equidimensional if dim(R/P) = dim(R) for every

P € min(M). In particular, this condition forces dim(M) = dim(R).

Definition 1.5. We say that M is quasi-unmized if M is equidimensional over ﬁ,

where = denotes m-adic completion. Again, this condition forces dim(M) = dim(R).

Definition 1.6. We say that M is Cohen-Macaulay on the punctured spectrum if Mp
is Cohen-Macaulay for all primes P # m. This property is elsewhere called locally

Cohen-Macaulay.

Definition 1.7. We say that M is generalized Cohen-Macaulay if ((H:,(M)) < oo

for all 0 <14 < dim(MM).

Remark 1.8. Recall that whenever M is equidimensional, which will quite often be an
assumption throughout this thesis, the conditions Cohen-Macaulay on the punctured

spectrum and generalized Cohen-Macaulay are equivalent.
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1.5 Summary of the relevant literature and statements of main results

Lech’s inequality states that for any local ring (R, m, k) of dimension d and any
m-primary ideal I, % < d!'- e, (R) [35, Theorem 3|. Lech’s inequality is used
as an invaluable tool in many areas of commutative algebra, such as in the study of
the minimal number of generators of ideals [7], of first Hilbert coefficients [43], and
of reduction numbers [51]. There has additionally been recent interest in improving
Lech’s inequality, most notably in [24] and [27].

In light of Lech’s inequality, some natural questions to ask are (1) when the same
or a similar inequality holds for finitely generated modules over local rings (2) when

: .oer(M
there is a lower bound for the ratio W

R, and (3) whether there is an explanation for such an inequality in terms of lengths

for finitely generated modules M over

of Koszul cohomology modules. Theorem 1.9 gives an affirmative answer to question

(1) in all cases.

Theorem 1.9. Let M be a finitely generated module over the local ring (R, m, k) of

dimension d. Then
% < d! - em(R/ Annp(M)).
Theorem 1.9 is stated and proved as Theorem A.14 Appendix A.

Substantial work exists exploring questions (2) and (3). Study of the relation-
ship between ¢(M/IM) and e;(M) arose in the context of Buchsbaum modules and
generalized Cohen-Macaulay modules and, separately, in generalizing Bezout’s the-
orem [10, 3, 52, 48, 44]. It was originally conjectured by Stiickrad and Vogel in
1996 that sup {M} < oo whenever M is quasi-unmixed, at which point

Viem U er(M)
they also showed that condition to be necessary [47]. In 2000, Allsop and Tuan Hoa

proved the conjecture when dim(M) < 3 or M is generalized Cohen-Macaulay [3, 4].
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Theorem 1.10 is the general case.

Theorem 1.10. Let M be a finitely generated quasi-unmized module over the local

{E(M/IM)} C

ring (R,m,r). Then sup D)
€r

VIi=m
Theorem I.10 is stated and proved as Theorem A.5 in Appendix A.

We also obtain as a corollary of Theorems 1.10 and 1.9 control of the relationship

between colengths of m-primary ideals and their integral closures:

Theorem 1.11. Let M be a finitely generated quasi-unimzed module over the local

{E(M/IM)

ring (R,m,k). Then sup } < oo where I denotes the integral closure

Vi=m LL(M/TM)
of 1.
((M/IM -
Note that inf {L)} = 1 and is achieved when I = I. More generally, we
VI=m (L(M/IM)
may replace I with any ideal .J such that I = .J in the theorem statement above.
(M) JM)

We will, in particular, be interested in bounding from above when J is

CO(M/IM)
a minimal reduction of I. In the more general formulation, Theorem I.11 is stated

and proved as Lemma A.16 in Appendix A.

An additional corollary of Theorems 1.10 and 1.9 follows:

Corollary 1.12. Let (R, m, k) be a Noetherian local ring that is either equal char-

acteristic or in which char(k) is a parameter, and let M be a finitely-generated R-

U(R/T) }
module. Then sup {— < 00.
Viem L(M/IM)

Corollary 1.12 is stated and proved as Corollary A.20.
Question (3) arises in light of the following equality due to Serre [45] and Lech’s
limit formula, which was generalized to the module case by Northcott [34, 40]. Fix

a local ring R of dimension d and a parameter ideal (z1,...,z4) of R. Serre’s result
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[45] is that

d

(1.3) er(R) =Y (=1)'U(H"(z1,...,24; R)).

=0

The Lech-Northcott limit formula states that

e(aznl z"d)(M)
lim Lot g
Because HY(zy,...,wq; M) = M/(x1,...,24)M, we are led to two possibilities: ei-
ther the lengths of the higher Koszul cohomology modules on (z7',...,z)*) are

all small relative to the length of M/(z7",...,z*)M when the n; are large or the
lengths of the cohomology modules are arbitrarily large relatively to the length of
M/(x}", ..., z}*) M but close in size to each other so that their lengths cancel in the
alternating sum. A result of Kirby’s is that when M/(z1,...,z,)M is finite length,

{E(Hi(x?l, coat M

) r o

sup
r>d
i<r
nj >0
the former explanation. Theorem I.13 demonstrates that that explanation is, in fact,

) )} < 00 [31], which one might interpret as evidence for
nl o .. n""

correct when M is quasi-unmixed and represents a generalization of Kirby’s result.

Theorem 1.13. [33] Let (R, m, k) be a Noetherian local ring of dimension d and M

a finitely generated quasi-unmized R-module. Then for every k > 0,

e e s R

Another natural question is whether the Lech-Northcott formula holds when the
sequence of parameter ideals given by powers of a fixed system of parameters is re-
placed by any sequence of parameter ideals in increasingly high powers of the maximal
ideal. Example I11.9 demonstrates that it does not in general. Moreover, Theorem

((HY(I,,M
IT1.1 gives, under mild hypotheses, precise conditions on when lim M

e
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for all sequences of parameter ideals I,, € m" and all i < dim(M), a condition that

M
directly implies that ,}Eﬁ}o %

= 1 by Serre’s formula (1.3).
Theorem 1.14. If M is an equidimensional module over the complete local ring

(R, m, k) of dimension d > 1, then the following three conditions are equivalent:
1. asydepth(M ) > k,

2. sup{l(H (fr, ..., fe; M) | Vf1,-- s fa=m, i <k} < oo,

3. L(H!: (M)) < oo foralli < k.

Note: It is separately well-known that condition 3 is equivalent to depthpMp >
height(P) + k — d for all prime ideals P # m. It is surprising that requiring that
certain Koszul cohomology modules grow slowly, as in the definition of aymptotic
depth, actually forces it them to have finite length.

Theorem 1.14 is stated and proved as Theorem III.1 in Chapter III.



CHAPTER II

Bounds on the Lech-Stiickrad-Vogel Ratio

Let (R, m, k) be a local ring and M # 0 a finitely generated R-module. We call

M
O (;Ij/ 7 ]\)/[) the Lech-Stiickrad-Vogel ratio. This chapter discusses upper and lower
((HY(I; M
bounds on the Lech-Stiickrad-Vogel ratio as well as the ratios —2 (]\; /}M))) s I

varies among m-primary ideals. Lemma II.1 reduces the mixed characteristic case
of Lech’s inequality to the equal characteristic case. Hanes gave a novel argument
in the equal characteristic case [24], and so this lemma combines with that work to
recover Lech’s result. The remainder of this chapter provides alternative proofs of the
primary results from the paper “Lech’s inequality and Stiickrad-Vogel’s conjecture,”
which is joint work with Linquan Ma, Pham Hung Quy, Ilya Smirnov, and Yongwei
Yao, in special cases. The proofs of the special cases are either simpler than in the

joint paper or give more information on the bounds of interest.

2.1 On Lech’s inequality

Lemma I1.1. Let (R, m, k) be a local ring and I an m-primary ideal. Let S = gr, R,

and let n be the mazximal idea of S. Then for each m-primary ideal I or R, there
GI(R) < GJ(S)
U(R/T) — €S/ )

exists a homogeneous n-primary ideal J such that

14
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Proof. Let

_I+m2@(mzﬂ])+m3@(m3ﬂ])+m4

2 m3 mA )

J:

m

and set n = mS. We note that dim(R) = dim(S). We also note that e,,(R) = e,(5)
because for each t, £(S/n') = ((R/m&m/m*@---m!~! /m') = {(R/m'). We further
claim that ¢(R/I) = £(S/J). We observe that

S R m m? m"

T Tnm e Tnm e O Y Tam) T

where r is the least positive integer such that m’*' C I. Tt is clear that ¢(S/J) is
the sum of the lengths of the direct summands given above. But ¢(R/I) is also the

sum of the lengths of those summands because they are the factors in an m-adic
k
m
filtration of R/I. Each such factor is naturally described as , but
(I + mF+1) Nmk

(I nmk) + mAL = (I +m* 1) nmk~.
Lastly, we must show that e;(R) < e;(.S). To do this, we observe that for each t,

((R/I") is given by the sum

(7)) () v (s

because these are the factors of an m-adic filtration of M/I*M. Meanwhile,

(IT+m)2(m?>NIT+m*)2m*NI+m*)% .. (m/ NI +m/th)u
k1

[k =

some f € N where a; +2as+ - - -+ fay = k. Each term of [J']; has degree at least k
because of the constraint on the sum of the a;. Every term b of the numerator of the
right-hand side above has f factors of the form i+p, for i € INm*~! and p, € m®. If
any such factor has p, = 0 for all u, then b € I'. But if any p, # 0, then every term in
the expansion of b divisible by p, is in m**1. It follows that b € It +m**!. Therefore,

(I+m)(m2NI+m*)2(m3NT+m*)® .. (m/ NI +mfthar C (I +mF )y Nmk =
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k

(mF N 1Y) + mArL Tt follows that (([S/JY) > ¢ ((mk ﬂ;:; —{—m’““) for every

t > 0 and every k > t, from which it follows that ¢(S/J*) > ¢(R/I") and so that

es(S) > e;(R), completing the proof. O

Because gr,, R contains the field R/m, the above lemma reduces Lech’s inequal-
ity to the equal characteristic case. We now work towards special cases of Lech’s
inequality for finitely generated R-modules in 1.2 through II.4.

Let R be any ring, M be a finitely-generated R-module, and I an ideal of R such
that ¢(R/I) < co. Let v(M) denotes the minimal number of generators of M as an
R-module. Then by tensoring the surjection R*™) — M with R/I, it is immediate
from the right exactness of the tensor that ¢(M/IM) < v(M)-¢(R/I). When R is

a domain, let rkgp(M) denote the torsion-free rank of M as an R-module.

Lemma I1.2. Let (R, m, k) be a complete local domain of dimension d, M a finitely
generated d-dimensional module over R, and I an m-primary ideal of R. Suppose

either that
1. M = A C R is generated by a reqular sequence or
2. R is unramified reqular.

Then rkp(M) - ((R/T) < ((M/IM).

Proof. If d =0, then R is a field, in which case the claim is trivial, and so we assume
d > 0. We first reduce to the case where M is torsion-free. Let 7" be the torsion
submodule of M. Because M — M /T and rkr(M) = rkg(M/T), it is sufficient to
show that ¢(M/T®rR/I) > h-f(R/I). Let h =rkg(M). Assuming M is torsion-free,

we now consider the short exact sequence

0> M—R'"—C—0,
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where C' is a torsion module. We now tensor the above sequence with R/IR to

obtain
(2.1) 0 — Tor(C,R/IR) — M/IM — (R/IR)" — C/IC — 0.

Serre showed that dim(C') < d implies that x(C,R/I) = 0 [45], , and theorems
of Lichtenbaum’s [36, Theorems 1 and 2] imply that if either C = R/A with A
generated by a regular sequence or if R is unramified regular, then x,;(M, R/I) > 0

for ¢ > 0. It follows that
(C/IC) —4(Tor (C,R/IR)) = xo(C, R/IR) — x2(C, R/IR) = —x2(C, R/IR) <0
or, equivalently, that ¢(C/1C) < {(Tor (C, R/IR). Hence, using 2.1
h-¢(R/IR) < {(M/IM),
as desired. ]

Lemma I1.3. If (R,m,k) is any local ring, then ((R/I) < ¢(m/Im) for all m-

primary ideals I <0 of R. The restriction I # 0 is only needed when dim(R) = 0.

Proof. When we tensor short exact sequence 0 —+ m — R — k — 0 with any
m-primary ideal I, we obtain 0 — Tor;(R/I,R/m) — m/Im — R/I — k — 0,
from which it follows that ¢(m/Im) = ¢(R/I) + ((Tor (R/I,R/m)) — {(k) > {(R/I)

because Tory (R/I, R/m) # 0. O

Theorem I1.4. If the conditions of I1.2 are satisfied or if M = m, then

6[(M)

(I <d'en(R).

Proof. We compute e;(M) = h-e;(R) < d!-e,(R)-h-U(R/I) <d!-e,(R)-{(M/IM)

where the last inequality follows from I1.2 or 11.3. O]
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((HY(I; M)) CO(M/IM)

2.2 Upper bounds on the ratios ((M/TA) an er (M)

For the remainder of Chapter II, we will give bounds on the above ratios in special
cases. Recall from Appendix A that both are bounded whenever M is quasi-unmixed.
In all of the questions described in the remainder of this chapter, we may replace the
local ring (R, m) by R(t) so that the residue field of R is infinite. This replacement
can only increase the suprema we study, and so we will always assume in the proofs
throughout the remainder of this chapter that the residue field of R is infinite, which
guarantees that every minimal reduction of every m-primary ideal R is generated by
dim(R) elements [28].

We reproduce from [33] a key lemma for the convenience of the reader.

Lemma I1.5. [33] Let (R, m) be a local ring and M a finitely generated R-module.
If (y1, ... yn) C (21, ...,2q4) are m-primary ideals of R, then for all 0 < i < d,

d
(Hi(zy,...,2q; M)) < (Z)Z(Hi—k(yh”-ayn;M))

Proof. It f = f1,..., fs is any sequence of elements of R and f~ = fi,..., fs_1, then

there is a short exact sequence for each 0 <i <s—1

%M%H'U'M)%Ann (fs) =0
szz<i7, M) L Hi 1 (f5M)\Js .

0
Using that each y; € (z1,...,24) so that y;H;(x1,...,24,¥1,...,y;—1; M) = 0 for
1 <j<nandy Hi(z1,...,x4; M) =0, it follows from the first injection in the short

exact sequence above that
Z(Hi@jla <o Xd; M)) < Z(Hl(xh <oy Ly Y1, M)) <s< Z(Hl(xb <o Tds Y1y -5 Ynj M))

Now using that for 1 < j <d—1,

l( Hi(xlw"axjvyla'"7yn;M)
ZE]‘_HHZ‘(J]l, N S TR AR ,yn;M

)) SZ(HZ<I177x]7y17Jyn7M>>
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and that

l( Hi(y1,. .., yns M)

<IU(Hi(T1,91, - Yn; M)),
lei(%,yl,...,yn;M)) < I(Hi(1,11 Y )

W(Hij(x1, .o agy Y1y e Yns M)

< Z(Hi(lﬂl, ey dg—1,Y15 - - - JJn%M)) + Z(Hi—l(wla ey Tdg—1,Y15 - - - 7yn;M))-

and that, by iterating, the previous expression is bounded above by

1 /d

S () ikt )

k=0
completing the proof. O

C(H;(J;
Lemma I1.6. Fiz a quasi-unmized local ring (R, m, k) of dimension d. [f%
H;(I;

15 bounded for all 0 <1 < d and all parameter ideals J, then w 1s bounded

((R/T)

for all 0 < i < d+ k and all m-primary ideals I with at most d + k generators.
Proof. Fix an m-primary ideal I minimally generated by at most d 4+ k generators
and an index i. Let Iy be a minimal reduction of I. By Lech’s inequality, 1.3, and

our hypotheses,

K(R/I)> 61(R> o 610(R>

= dlem(R)  dlen(R) = Cr - UR/To)

for some positive constant Cg, which exists by 1.10. A bound from above for
((Hi(I; R))
((Hi(Io; R))
that if I is generated by fewer than d 4+ k elements, the bound is only smaller, so it

for each 0 < 7 < d + k independent of I follows from II.5. It is clear

is sufficient to consider the case in which I is generated by exactly d + k elements.

We combine the two bounds described above to see

((H(I; R)) i () e(H ™I (I; R))

= Cn WR/To) ’

WHLR) _
"THR) S

(R/T)

which is bounded independent of Iy by assumption. O
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Lemma I1.7. [16, discussion following the Special Lemma/ Let R be a ring of char-
acteristic p > 0 and N a finitely generated R-module of dimension d. There exist
prime cyclic filtrations of the NY? for j > 0 and a constant Cy such that the only
primes occurring in any of these filtrations are a finite family Py, ..., Py and such
that R/ P; occurs at most Cyp® times in the filtration of N/ for 1 <i < k. Fur-
thermore, whenever dim(R/P;) = d, R/P; occurs at most p* times in the prime

cyclic filtration of NY*° for each e > 0.

An precise explanation of how this statement follows from Dutta’s discussion can

be found in [6].

Theorem I1.8. If M is a finitely generated module over the local ring (R, m, k) of

equal characteristic p > 0, then for each k > 0,

P i B

vr(M)<d+k
0<i<d

Proof. The question is unaffected by completion, and so we assume that M = M.
Let R/Py,...,R/P, be the (not necessarily distinct) factors appearing in a prime

cyclic filtration of M. We note that for each 0 < i < d and every m-primary ideal I,

(H(I M) _ > iy L(H'(I; R/ Py)) "(I; R/ P))
URIT) U(R/T) = Z ((R/(I+ Py))

we may assume that M = (R, m, k), a d-dimensional local domain, which we have
taken to be complete, and that every module of dimension < d satisfies the outcome
of the theorem. By II.6, it suffices to consider the case k = 0, and so we fix a
parameter ideal I.

We consider the map 0 — R — R'Y/? — N — 0 with dim(N) < d. The long

exact sequence for Koszul cohomology yields for each i > 0

H™YI;N) — H'(I;R"") — H'(I; RV")
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from which we see

(HTULN)) | AHNLRY?)  (HT(LN))  (H(IY R)

(' (1 R) < 25— - = pd

By iterating, we find that for each e > 1

((H'(I;R)) < (Z i N))> y UL R)

i+1)d ed
o p(] ) P

S O(HTYINYY)) ) ((H (TP R))
- Z G+1)d + ed :
~ p

Because d’ < d — 1, it follows from II.7

“ O(HY(I; NYP))

é P4 ((H NI R/ P,
> Doy (o S )

b ((H=Y(I; R/P,

Z( Z ( ;/ >>>'

Because each dim(R/P,) < d, by the inductive hypothesis there exists some B, such
(HIR/P) _ ((H (I R/P)
(R/I) = UR/(I+PF))
((H(I¥); R))
ped
Hochster, and Ma [6]. Hence, for each parameter ideal I and each 0 < i < d,

(H(I;R)) _ . “k-B ((HY(IP); R))
((R/I) s lm (CN' (;Zo pd+j> + ped )

C,-k-B Cn-k-B

TP =1/p)  p—1/p)

that

< B, independent of I. Set B = max, B,.

Separately, lim = 0, which is shown in forthcoming work of Bhatt,
€e— 00

where k - B depends only on the cokernel of the map R < RY? and not on I. O

Corollary I1.9. Ifi = 1, then the same proof, together with the fact that H°(I; N) <

HY (N) for each parameter ideal I, shows that

WH'(LR) <Y (g(Hm(N))) _ U(HY(N))

=\ p(1=1/p)
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Lemma I1.10. [3/ Fiz a module M over (R,m,x) with dim(R) = dim(M) and

(), )

|k| = 00. Then sup

VI=m I parameter

((M/IM ((M/IM

Proof. The inequality sup {L} > sup {M
Viem U €r(M) I parameter er(M)

because parameter ideals are m-primary. To see the other inequality, fix an m-

} 1s automadtic

primary ideal I and a minimal reduction J of I, which will be parameter because s
O(M/JM)
es(M)

UM/IM) < 6(M/JTM) < C-ey(M) = C - er(M).

is infinite. If < (), then using 1.3

[]

Cn-k-B < 1, then inf cr(R)

1 1/p w7

Corollary 11.11. With notation as above, if

Proof. If I is parameter, then if follows from Serre’s expansion of multiplicity as the
alternating sum of the lengths of Koszul homology modules 1.3 and the positivity

of xi(I; R) = S0 (—1)"*Y(H,(I; R)) [45] that, with the same notation as above,

er(R) Co k-B _ Co-k-B , er(R)
>1— It 1, th

W(RIT) = 1~ 1/p = 1p < 1, then we obtain a bound on o

below whenever [ is parameter. By I1.10, this bound in the case when [ is parameter

from

is also a bound whenever I is m-primary. O



CHAPTER III

Characterizing finite length local cohomology in terms of
bounds on Koszul homology

The purpose of this chapter is to prove Theorem III.1:

Theorem 111.1. If M is an equidimensional module over the complete local ring

(R, m, k) of dimension d > 1, then the following three conditions are equivalent:
1. asydepth(M ) > k,

2. sup{l(H (fr, ..., f; M) | Vfi,. s fa=m, i <k} < oo,

3. L(H! (M)) < oo foralli < k.

We note that condition 2, which requires an absolute bound on the lengths of
Koszul homology modules, is prima facie much stronger than condition 1, which
merely requires that these lengths grow somewhat slowly. For that reason, their

equivalence is quite surprising.
3.1 The regular case

We first address the case in which either R contains a field or in which the char-
acteristic of k is a parameter in R. We will then separately discuss the modifications

necessary for the remaining mixed-characteristic case. In the former case, we will

begin by showing that over a large class of complete rings if M is asymptotically

23
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Cohen-Macaulay, then M is generalized Cohen-Macaulay. We first reduce to the
case where R is regular and then show that if M is asymptotically Cohen-Macaulay,
then M must be torsion-free. Once we have that M is torsion-free, we show that we
may quotient by a non-zero element of M and preserve the asymptotically Cohen-
Macaulay property, at which point we are prepared to show that M is generalized

Cohen-Macaulay by induction.

Lemma IT1.2. [f it is true that all M that are asymptotically Cohen-Macaulay over
a complete unramified reqular local ring are also generalized Cohen-Macaulay, then
the same holds over any complete local ring R of mized characteristic with the char-

acteristic of the residue field a parameter in R or of equal characteristic.

Proof. Suppose M is asymptotically Cohen-Macaulay over R satisfying the hypothe-
ses of the theorem. By Cohen’s structure theorem, R is module finite over an un-
ramified complete regular local ring S. Every parameter ideal I,, of S is a parameter
ideal in R, and every finitely generated R-module M is also a finitely generated S-
module, and Hg(1,,; M) = H.(1,; M). Because ((R/I,) < vs(R) - £(S/1,) for each

n > 1, where vg(R) denotes the minimal number of generators of R as an S mod-

C(H (I; M C(H(I; M) nsoo

(1) o WD)
((S/1) U(R/1)

is asymptotically Cohen-Macaulay over S. By assumption, then, M is generalized

ule, and so

0, which is to say that M

Cohen-Macaulay over S, from which it follows that M is generalized Cohen-Macaulay

over R. O

Lemma IIL.3. If R = k[[z1,...,24]] with d > 3, then M = (z1,...,24-1)R is not
asymptotically Cohen-Macaulay. If R = V][xy,za,...,24-1]] where V.= (V,p, k) is
a complete discrete valuation ring, then neither of M = (p,x1,...,2q_2) nor M =

(1, ...,xq) 18 asymptotically Cohen-Macaulay. Furthermore, if M = (p®, x1,...,T4_2)
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for some s > 1 is not asymptotically Cohen-Macaulay. In all cases, N = R/M is

also not asymptotically Cohen-Macaulay.

Proof. Before giving the general proof, we will compute in detail the case of d = 3

with R = k[[z,y, z]] as a guiding example: Let
I, = (2" = 2"y — 2", " — x4y,

It is easy to see that ¢(R/(I, + (x,y))) = n*, and the computation below will show
that ((R/1,) < (n*+2n)+ (2n+1)3(3n). We claim that 2?1 y?n+1 4220 2237 and
2720 are elements of I,,, and so the elements z* with i < n* + 2n and 2yl 28 with
i < 3n; j, k <2n+ 1 span the quotient R/I, as a k vector space (though they will

not in general form a basis).

The claimed inclusions can be seen in the following identities:

yz*" = 2" ("t — x4 y2") + x(z”4 —2"x")

ZL’Z?m _ _ZQn(yn . an) 4 ynZQn

no__ ($n+1 _ wzn‘l—n + yzn) + Zn4—4n(xz3n)

annJrl — Zn(anrl +yzn) —yz

2n
xnyn — mn(yn . an) + ann—i-l
y2n+1 — yn—i-l(yn _ an) =+ ynx<yzn + xn—i—l) o xQ(mnyn)
4 4
zyz" = —y(2" = 2"a") + y2"
x2n+1 — :L,n(xn—&—l _ xzn‘l—n + yzn) + xn+lzn4—n _ :L,nyzn

4 4
P +2n _ z2n<zn o an,n) o :L,nZSn



26

Elements on the left can be seen to be in [, as they are put in terms of elements

already known to be in [,, on the righthand side of each equation.

Because R is regular, H(I,;; R) = 0 for i < 3, and so the long exact sequence of

Koszul cohomology yields
0 — HY(L; k[[2]]) — H*(I,; M) — 0.

Because 2" is not a zerodivisor on k[[z]] and I,, = (2", 0,0), we have that H'(I,; N) =
HO(0,0; k[[2]]/(2"") = R/(I, + (2,y)), whose length is n*. From the long exact se-

quence above, n' must also be the length of H?(I,,; M). Now because

i (Ui M) e "
nsoo  ((R/I,) — nooont+2n+ (2n+ 1)2(3n)

=1>0,
M is not 2-effaceable and so in particular is not asymptotically Cohen-Macaulay.

We now prove the cases in which p® with s > 1 is not a generator of M in
all dimensions > 3. Let R = k[[z,y,z,v1,...,v4-3]], M = (x,y,v1,...,v4-3)R, or
R =V|y,z,v1,...,v4-3]] and M = (p,y,v1,...,04_3), in which case we will denote
p by x below, or R = V{[z,y,v1,...,v4-3]] and M = (x,y,vy,...,v4-3) in which
case we will denote p by z below. In all cases, take N = R/M. From the short
exact sequence 0 - M — R — N — 0 and the fact that R is regular, we know
H(I,;R) = 0 for all i < d, and so H(I,,; M) = H"Y(I,;k[[z]]) or & H"(I,;V)
for all i < d—1. We aim to show that N is not l-effaceable and so that M is not
2-effaceable.

We define I, = (f1,..., fs) where fi = 2zt — z2"a"™ fo = 2™ — 22t 4 2",
fa=y"+ 012" — 022" + -+ (=1) Ty + o (1) 20y 32" + (=1)4 322" and
firs = 0 = 0t o (s = tiga 4 () ag) + (S (@) — v+ "

for 1 <i¢<d-—3andsometecN.



27

As in the 3-dimensional case, we may use the first two equation to show that yz?"

and 2" 12" — 22t € I,. We then find

d—3
(=1 ™) + (1) ) = 2y €

j=1

3t linittn

We will now show by induction on ¢ that v;z and

(3 (-1 4 (1)t (g

j=it1

are elements of I, for all 1 <¢ < d— 3. If i = 1, then, using that modulo I,
Ulz?m = ( (_1)j+1vjz3n) + (_1)d71($23n)

implies that modulo I,,,

d—3

(022" = (O (=17 0,2%") + (=1) (@2))".

9

<

We compute

U

-3
U123n2+n — ”Uzgnzin(Zt—ZnIn>+Z3n2f4—|—((0123n)n—( (_1>j+lviz3n>+(_1>d71<x23n>n)7

W,
[\

where the right-hand side consists of elements known to be in [,. It follows that

For the inductive step, we compute

Vit Z3ni+2+ni+1 +-4n2+n
i

_ Z3ni+2+ni+1+m+n2—n(zt — 2" + ani+2+ni+1+-~+n2f,+1 + (U,+1ani+2+n"+1+---+n2+n)n
- (] 1

d—3 "

i+2 il g2 _ i+2 4 il g2

- (( E : ’UjZBn +n' T4 tn +n) =+ (_1)d 1$23n +n' T4t n +n> c Ina
J=i+2

from which it follows that

d—3
( Z (_1)jvj23nz+2+nz+1+...+n2+n) + (_1)d(x23n1+2+n’+1+~~-+n2+n)
J=i+2

i+2 4 il 2 i+2 4 il 2
_ _Z3n +n'T 4 4n +nf3 +U123n +n'T 4 4n+tn c [n



28

In particular, when i + 1 = d — 3, then we have that

3nd_2+nd_1+~~~+n2+n

d—2 pd—1_ ... 4.2
Vg_3% — g3t AT At o

We are now prepared to see

d—14 pd—14 .. 4 2 d—2 4 pd—14 4 n2_
l,z?m +n" 4 nftn Ud_gzgn +n4T 440 n(zt _ an,n)

d—1 dy ... 2 —
+ z3n +ne-4n (Ugj_‘; _ Ud_gzt noy .I'Zn)

3nd_2+nd_1+--~+n2+n)n o ( 3nd_2+nd_1+~-+n2+n)n)

+ Ud_3(<IZ Vq—3%

)

. A1, d—1,. 1,2 d—1 d—1 .. 1.2
which shows that both 223" +7" " ++774n and v _523" 77 41747 gre elements

3nd=14nd=14..1n24p 3nd=14nd=14..in24p
J

of I,. In particular, the elements zz yz and

0230 T e e in T for all 1 < i < d — 3. Tt follows that modulo I,

(xn—i-l)Snd_1+nd_1+v--+n2+n = ( t

_ d—1, ,d—1, . .4 2
Tz n_yzn>3n +n" 4 tn +nEO

and then that
Zt+(3nd’ Lynd=14. . 4n24n)

(3nd_1+nd_1+~--+n2+n)(zt . ann) + (xn—l n)(:L,Z3nd_1+nd_1+-~~+n2+n> cl
n-

=z z

We also note that modulo I,

U

-3
n\3nd14nd=24. 4n24n __ ) n — n\3nd l4nd—lp 4n24n _
(yr)>r T = (Y (1Y ) (1) gt T T =,

1

<.
Il

We will now show by induction on k£ that

1)(3 d—1 d—1_ ... 2
e et

When k = 0, we use f; to see that

1)(3nd—1and—11...1n2 d—1_ ,d—1_ . .42
ufjiE )@=t 4nd g 4n) ( )(n+1)(3n Tt — 0 mod I,.

V32 " v 52 T
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For the inductive step, we see using f;_; that modulo I,

(n+1)(3nd14nd=14.q4n24n) __ t—n
_ = (Vg—3—r2 "+ Va—o—k — Vg—1-k + -

. (—1)3%(%73) 4 (_1>d+i+1($)n " xn)(n+1)(3nd_1+nd_1+---+n2+n) =.

The attentive reader will notice that efforts have not been made to keep mini-
mal the degrees of polynomials appearing in the above expressions. It is now clear
that R/I, is spanned by z2/, y2/, and v;27 for j < (3n® '+ n?2+...+n%+n)
and 1 < i < d — 3 together with 2/ for j < t+ (3n® !+ nd2+...+n?+n)
and z2y™oft---v;"* with « < n(3n? '+ 0t 2+ -+ n? +n) and ag,q <

(n+ 1)(3n4t +nd=t +... +n? +n). Hence,
((R/L) <t+GBnt 024 4024 n) + (n+ DB +nt 2 4 4 n? +n))%
The term ¢ + (3n%~' 4+ n®! + .-+ n? + n) counts powers of z, and

(n+ 1B + 0?2 4. 4 n? 4+ n))?

bounds ways to pick an allowable monomial that is not a power of z. One sees
directly from the Koszul complex that ¢(H'(I,; N)) = t. Any choice of ¢ much larger

than ((n + 1)(3n%! + n=2 + ... 4 n? 4+ n)), for example t = n®*', will give

. U(H'(Iy;N)) . (H*(I,; M)
lim —— "7 iy~ )
oo U(R/L,)  noee U(R/I)
. t
lim
n—oot + ((n+1)(3nd=1 +nd=2 4 ...+ n2+n))d

= 1.

This computation demonstrates that neither N nor M is asymptotically Cohen-

Macaulay.
We now consider the final case: R = V{[zy,...,z4-1]], M = (p°,...,24-2), and
N = R/M = [[x4_1]]. Using the short exact sequence 0 — p*~ !N — N —

(p*)
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%4
=) — 0 and the fact that ﬁ[[xd_l]] has depth 1, we obtain an injection
P P
HY(I;p*~'N) < HY(I;p*"'N) from the long exact sequence of Koszul cohomology

for every parameter ideal I. The result now follows from the isomorphism p*~'N =

k[[z4_1]] and the previous cases.

Proposition IT1.4. Suppose R = k[[x1, ..., x4]] withd > 3 and M = (x1,..., 24 )R
or that R = V[[x1,...,x4-1]] and M = (x1,...,24-p) or M = (p,x1,...,Tg—p_1) OT
M = (p°,x1,...,2q-p_1) for some s > 1 and 1 < h < d— 1. Then neither M nor

N = R/M is asymptotically Cohen-Macaulay. In particular, there exists a sequence

| U(H"(L; M) i (" (L N))
[ 1 ) 1 I S S .
of parameter ideals I, such that lim ((R/LR) 7 0 and et (R/I,R) 70

Proof. We will proceed by induction on h. The base case h = 1 is Lemma II1.3. For

the inductive step, we consider the following short exact sequences

0= (z1,.., Za—p)) R = (x1, .., 2a—n) R = (xagpn)k[[Ta—p; ..., 2q]] = 0
or
0= (z1,.. ., Za—r) R = (0%, 21, - .., Za— (1)) R = (0°)V([Ta—tht1)s - - Ta-1]]) = 0
or
0= (@1, Ta—nr) R = (21, ..., 2g—n) R = (Xg—n)V[[d—p, .., Ta—1]] = 0
or
0= (p° x1,...,xq-n)R —

(p°, 21, .. ,27d—(h—1))R — (xd—(h—l))v[[%—(h—l), o xg)] =0
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for some s > 1. Call the module appearing as the cokernel in each of these sequences
aC where a = xq_p, p°, or Tq_(h—1) and C = k[[xg_p, ..., zal], V[[Ta—(ht1)s - - - Ta-1]],
or V[[Zg—n,...,x4-1]], the middle term of each sequence D, and the left-hand term
E. We observe that the depth of F is h + 2, and the depths of D and aC are h + 1.
We, therefore, have

0 — H"™(I,; D) — H"™(I,;aC)

which shows that (z4_,)C = C'is not (h+1)-effaceable since D is not by the inductive

hypothesis and the latter injects into the former.

We now consider another short exact sequence:
0—-F—-R—->C—=0

for each C' and E defined above. Because R has depth d > h + 2 by assumption, the

long exact sequence of Koszul homology yields
0— H"(1,;C) — H"(1,; E) — 0,

and so E' is not (h+ 2)-effaceable because C' is not (h+ 1)-effaceable, completing the

proof.

Proposition IIL.5. In the same setting as above,

]{?[[Qfl, e ,ZUdH
(a)

V[[xh s 7xd—1]]/(ps> =

= k[[xla e ’xd—l]]7

>
p°)

[[z1,. .. xq1]] for s > 1,

—

and
Ve, o za1]l/(xar) 2 V[[z1, ..., 2q-2]]

are not (d — 1)-effaceable for d > 2.
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Proof. We call the modules we aim to show are not (d — 1)-effaceable N and the
generator of the principle ideal by which we are quotienting in each case a. We note
that the techniques of the previous lemma do not work here because aR = R. Using

the short exact sequence 0 = R % R — N — 0, we get the long exact sequence
0— H*"*(I,;N) = R/I,, = R/I,, = N/I,N — 0

from which we see that ¢(H4 '(I,; N)) = ¢(N/I,N). Tt is therefore sufficient to

4 I
give a family of ideals I, such that lm (Régg/) I:) .

discussed such families for d > 3 since

# 0. We have previously

UR/ (1, ) + 1)) < UR/((a) + ).

For d = 2, we may use the family I, = (27" — 2122, 27" + ) with 25 = p when
R = V[[xy]]. Tt is clear that ¢(R/((x1)+1I,)) = n®, and because neither z; nor 2} — 3

. o . 3
is a zerodivisor on R/(z%" + z7), we may compute

UR/L,) = UR/(z1,25)) + (R/ (] — 23,25 + 7)) =n® +nk

3

, n
Of course, Jirrolo o e R 1 #0.

m
Lemma IIL.6. Suppose (R, m, k) is a complete unramified reqular local ring of di-
mension d > 2. If M is dimension d and asymptotically Cohen-Macaulay, then

M/H? (M) is torsion-free.

Proof. By Cohen’s structure theorem, R = k[[x1,...,24]] or R = V{[[z1,...,24-1]]
where V' = (V,p, k), a complete discrete valuation ring. Because HC (M) is finite
length, either M and M/H? (M) are both asymptotically Cohen-Macaulay or nei-

ther is because the difference between any ¢(H'(I,; M)) and ¢(H*(IL,; M/H? (M)))
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is bounded by ((f) + (Zfll)) 0(H? (M)) from the long exact sequence of Koszul coho-
mology while ¢(R/I,,) — oo. We may, therefore, replace M by M/H? (M). Suppose
T # 0 is the torsion submodule of M. T cannot be supported only at the maximal
ideal because then ' C HY (M) = 0. Let P C R, a prime ideal of height h < d, be
minimal in Supp(7’). We will show that M is not h-effaceable.

Let (y1,...,yn) or (p,y1,-.-,Yyn—1) be local generators of P that extend to a
system of parameters yi,...,yq Or p,¥y1,...,yq—1 of R, and form the regular ring
S = E[[y1,-..,ya4)] if R is equal characteristic or S = V{[yi,...,ya—1]] if R is mixed
characteristic. (By clearing denominators, we may without loss of generality assume
that the local generators of P are elements of R.) This can be done in equal character-
istic by prime avoidance by choosing each y; a minimal generator of P not in the min-
imal primes of (y1,...,y;—1) for each h4+1 < i < d. In mixed characteristic, we choose
y; to avoid (p,yi,...,yi—1) and the minimal primes of ((y,...,yi-1) + P?)Rp N R
for h+1 < i < d—1so that p will also be a parameter in S. Because P was a
minimal prime of 7', we have S/(PNS) — R/P — T — M. More concretely, we
have S = S/(PNS) = k[[yns1,- .-, va]] = M or S = S/(PNS) = V[yni1,---,Ya1]]-

We aim to use these injections to split off as a direct summand of M over a smaller
regular ring a torsion module of the form we have studied in earlier lemmas. Let M’
be a maximal submodule of M disjoint from S and N = M/M’. Then S < N is an
essential extension, and a retraction of the inclusion of S into NV lifts to a retraction
of the map to M.

We begin with the equal characteristic case. For each ¢ < h, there exists k > 1
such that (y;))*N 0 E[[yni1,---5vdl] = ()" " (WEN OV E[[ynit, -, ya)]) = 0 by the
Artin-Rees Lemma. But (y;)*N N k[[yni1, .., ya)] = 0 implies that (y;,)*N = 0 be-

cause the extension is essential. Therefore, after replacing each y; with yf", we may



34

assume without loss of generality that y;N = 0 for all i < h and view N as a mod-
ule over k[[yni1,---,ya4]]- Now because Frac(k[[yni1,--.,vq4]]) is a maximal essential
extension of k[[yni1,-..,va4]], we may view N as a finitely generated submodule of
Frac(k[[yns1,---,vd4]]), i.e. N = E[[ypsa,- - ,yd]][%] for some f € k[[ynt1,---,vdl]-
Equivalently, the essential extension we have been studying may be described as
Ellyn+1, -, yall ER E[[Yn+1,---,ya)]]. Choosing t > 0, we may take f to be part of a
basis of k[[ynt1, - ., vd]] over k[[y} 1, .., y5]], which means that our map splits as a
maps of A = k[[y}.,,...,y4]] modules.

In mixed characteristic, we consider the case of p € P and p ¢ P separately. We
first assume p ¢ P. Call A = V{[ypt1,...,Ya1]]. Because A injects into M, A,
injects into M(,). Because f_l(p) is a discrete valuation ring, Mp must be free over
fl(p), and so we may choose an element u of a free basis of M,y over A, and note
that u ¢ pMy. Then Ay — Mgy, given by 1 +— u is a splitting. Now because
Hom (M), Ay) = Hom(M, A),), the retraction M, — Ag) with u — 1 gives a
map o : M — A with a(u) ¢ (p)A. Therefore, there exists a map 6 : M < F where
F is a free A module and 6(u) ¢ (p)F. Now because ", (p, ¥h.1,- -, yo1)F = (p)F
and 6(u) ¢ (p)F, we may choose t sufficiently large that 6(u) ¢ (p, )1, .., y51)F,
which is to say that f(u) is not in the maximal ideal of B := V{[y; 1,..., vy} 4]]
expanded to F. Because F is free over A and A is free over B, F is free over B. It
follows that there is a retraction F — A as B modules. Composing with a retraction
A — B and restriction to M, we obtain a splitting of B < M as B modules.

Lastly, we suppose p € P, in which case A = k[[yp,...,yqs_1]]. Fix k so that
p*M = 0 but p*~'M # 0. As in the previous cases, we replace each y; with some
yfl for h < i < d—1 so that each y;,M = 0, and think of M as a module over

V V
B = —|[Yn,---,Ya—1]]. For each t > 0, set B, = —[[y},..., 45 {]]. We aim to

(p*) (p*)
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find a t such that a copy of B; splits from M as a Bi-module. Because B, is a
0-dimensional Gorenstein ring, it splits from M,). As in the previous case, this gives
amap « : M — B with an element v € M such that a(u) ¢ (p)B. Again, choose
t sufficiently large that a(u) ¢ (p, 4, ...,y.)B. Now B is free over B; and «(u) is
not in the expansion of the maximal ideal of B, to B, so there is a B; module map
B — B, such that a(u) — 1, and so the composite map M — B — B; sends u to 1,
which gives a splitting of B; from M as a B; module.

We now have a module of the form of of I1I.4 or III.5 as a direct summand
of M over an unramified regular ring, which we will rename A. Because R is
module finite over A, a system of parameters in A is a system of parameters in

R, and so it is sufficient to find a sequence of parameter ideals I, in A such that
d—h(T .

L H 1 M)

n—oo  U(R/I,R)

# 0. Because R is module finite over A, by I1.2, it is sufficient

Hah(T - M Hi=h([.: M
to show that ,}E{}O 4t g(A/(I:;l) ) # 0, and we know that 711520 “ E(A/(I:;l) ) #0

because by I11.4 and II1.5 and the fact that Koszul homology splits over direct sums.

It follows that M is not (d — h)-effaceable and in particular is not asymptotically
Cohen-Macaulay, a contradiction.

]

Lemma II1.7. Let (R, m, k) be a complete Cohen-Macaulay local ring of dimension
d that is either equal characteristic or in which char(k) is a parameter, M a finitely
generated d dimensional module over R, and x € R a non-unit, non-zerodivisor on
M. If M is asymptotically Cohen-Macaulay over R, then M/xM is asymptotically

Cohen-Macaulay over (R/z, ).

Proof. Fix R, M and x as in the theorem statement. Using the short exact sequence
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0 — syz'(M) — R" — M — 0, from the long exact sequence of cohomology we have
0— H'(I+ (zN); M) — H™ (I + (2V);syz"(M)) — 0

for every i < d — 1 and every parameter I of R. It follows that syz'(M) is asymp-

totically Cohen-Macaulay whenever M is. Similarly, from
0 — syz' (M/xM) — (R/z)? — M/xM — 0
with g < h, we have
0— H'(J;M/x) — H ' (J;syz" (M/xM)) — 0

for all ¢ < d — 2. It follows that if M/zM is not i-effaceable for some i < d — 2,
then syz! (M/xM) = syz' (M) /x - syz' (M) is not i + 1-effaceable. But syz'(M) must
be asymptotically Cohen-Macaulay because M is. Therefore, we may assume by
induction that ¢ = d — 2.

Let ¢ > 0. We aim to show that there exists N’ € N such that for all parameter
C(H2(I'; M/xM))
((R/z)/I'(R/x))

Fix P € min(syz'(M)) and fix an unramified regular ring A over which R is module

ideals I' C u?',

< e. We claim that syz!'(M) is quasi-unmixed.

finite. By Lemma II1.2, syz' (M) is also asymptotically Cohen-Macaulay over A and
so by Lemma III.6 torsion-free. Hence, A N P must also be an associated prime
of A, which is to say AN P = 0 because A is regular. But then d = dim(A) =
dim(A/(AN P)) = dim(R/P), as desired. It, therefore, follows from Theorems 1.1
and 1.4 that there exists a constant cgyz1(ay) such that £(R/1) < cgyz1(ary-er(syz' (M)
for any m-primary ideal I of R. Now because M is asymptotically Cohen-Macaulay

over R, we may fix N € N such that for all parameter ideals I C m®, we have
((HY(I; M) €+ Cyz! (M)
((R/T) 2 - vr(syz'(M))

as an R module. Fix an arbitrary parameter ideal J C pV and fix a (d — 1)-generator

where v denotes the least number of generators
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lift J of J to R with J C m”. Note that for any t > 1, J + () is a parameter ideal
of R. For each t > N, we observe

C(H2(J; M/aM))  t-(H"(J + (x); M))

(R/(J+(2))) t-éj(R/(JJr(I)’))

t-L(H" (T + (2); M))

AR/ + (1)

- LHTHT + () M) L(HTN(T A (2f); M)

CUHTNT +(2); M) LR/ + (a1)))
t-L(HTH(T + () M) € Csyzi
C(H(T + (2t); M) 2-vg(syz(M))

Hence, it suffices to show that there exists ¢ > N such that

(HN(T 4 (2): M) _ 2 vglsyz (M)
C(H(T + (2t); M)/t — Csyz ()

From 0 — syz' (M) — R" — M — 0 and the fact that R is Cohen-Macaulay, the

long exact sequence of Koszul cohomology gives

syz' (M)
(J + (z))syz' (M)

0— H"NJ + (z); M) —

from which it follows that ((HY1(J + (z); M)) < vr(syz(M)) - £(R/(J + (x))). We
now consider for each ¢ > 1 the short exact sequence

H=2(J: M)
b H2(J; M)

0— — HY2(J; M/ (2" YM) — Annp g (2') — 0,

from which we see that

é(Hd‘l(J+(:vt);M))=e(Hd—2<J;M/(xt)M))ze( H A M) )

xt- H=2(J; M)
Because H41(.J; M) is a one-dimensional R/J module, there exists some 7' € N such

that for all t > T,

, ( H2(J; M)

o HT(J: M)> [t = e (H?(J; M) /2.



syz' (M)
Jsyz' (M)
and J is generated by (d — 1) elements. It follows that

Now H®2(J; M) = HY(J;syz' (M) = because R is Cohen-Macaulay

syz' (M)

e (H M) = e 5oy

> e+ (8y2' (M) > esyzany - ((R/ (T + (2)).

Hence,

C(HY(T + (x); M)

M) _ 2-vr(syz (M) - L(R/(J + (x))) _ 2-va(syz' (M)
CCHTH(T + (1), M)/

Csyz! (M) UR/(J + (x)) a Csyzt(Mm)

<

as desired. [

Theorem IIL.8. If (R,m, k) is any complete (Noetherian) local ring that is either
equal characteristic or mized characteristic with char(k) a parameter in R and M
is dimension d and asymptotically Cohen-Macaulay, then M is generalized Cohen-

Macaulay.

Proof. We assume that M is asymptotically Cohen-Macaulay. By II1.2, we may
assume that R is regular and unramified. Having replaced M by M/H? (M), we
may assume that M is torsion-free by II1.6. Because all torsion-free modules of
dimension 1 are Cohen-Macaulay, we may assume that d — 1 > 0. Fix a prime P
of R of height d — 1. We aim to show that some system of parameters on Mp is a
regular sequence on Mp. We claim that depthMp > 0. If Mp has depth 0, then P is
an associated prime of M (equivalently, of Mp). Then because M is torsion-free, P
must be an associated prime of R, but because R is regular, P = 0, but P has height
d—1 > 0. Therefore, we may fix x1, ..., ), a system of parameters of Mp with z; not
a zero-divisor and, by prime avoidance, z; ¢ (char(k)) in the mixed characteristic
case. By II1.7, M /x1 M is asymptotically Cohen-Macaulay. Because x; ¢ (char(k)),

char(k) remains a parameter in R/z; in the mixed characteristic case, and so M /x M
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is locally Cohen-Macaulay by induction. Hence (M /z1M)p = Mp/x1 M P is Cohen-
Macaulay. Now because xs, ..., x; is a system of parameters on Rp/x1Rp, it must

also be a regular sequence. It follows that x1, ...,z is a regular sequence on Mp.

]

Example II1.9. We now give an application of the above theorem. In particular,

((R/I,

we give an example showing that % need not approach 1 as I,, — oo. Let
€]n

R = (%@k[u,v])[w] localized at the homogeneous maximal ideal. Because

R is normal, it is in particular S5, and so its only nonvanishing Koszul homology
modules are i = 3, 4. It is not generalized Cohen-Macaulay and so not asymptotically

Cohen-Macaulay. Therefore, we may pick a sequence of parameter ideals I,, such that

H?*(I,; R) er,(R)  H*(I,;R)— H*(I,; R)
m #» 0. It follows that WR/L) (1 ) A 1.

We will now undertake the backward direction of one of this chapter’s main the-
orems. In particular, we will now show that if M is equidimensional, then M gener-

alized Cohen-Macaulay implies M asymptotically Cohen-Macaulay.

Lemma II1.10. Let (R, m, k) be a complete (Noetherian) local ring of dimension d,

and let M be at finitely generated R-module. Then for each 0 < s < d,

LA

((H(I; M) < Z:; (S oy
Proof. By Cohen’s structure theorem, R = T'/J for some regular local ring (T, n) of
dimension d + h and ideal J of T of height h. Let A® be a dualizing complex for R
over T'. Fix a parameter ideal I of R, fix a set of parameters that generate I. By

tensoring the Koszul complex on our set of generators of I with Homg(M, A*), we

get the grid below.
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0 0
0 —— Homp(M, A% —— - —— Homp(M, AY) —— 0
d d
0 —— Homp(M(), 40 —— . —— Homp(M(), 4?) —— 0
0 —— Homg(M,A°) —— -+ —— Homg(M, A —— 0
0 0

where the horizontal maps are the standard maps induced by applying Homg (M, _ ),
and the vertical maps are the maps in the Koszul complex. Taking this double
complex as the E? page of a spectral sequence, we will first compute the homology

of the rows first using local duality and obtain the E' page below:
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0 0
| |
H, (M) H, (M)Y

Each HY (M) is finite length for j < d since HZ (M) =HJ, (M) and M is generalized
Cohen-Macaulay as an R module. Because the E° page is only possibly nonzero in a
(d+1) x (d+1) grid, the E>* = E*. We will use B}; to indicate the module in the i
row and the j column of the the k' page of the spectral sequence with homology
computed first by rows. For k > 2, B, = ker(lS’fj_1 — Bf;jﬁldf(kﬁ))/im(ij_l —

Bf_’é_l)7j+k+2). In particular, for each k& > 0, ((B};) < E(ij’l), and so ((Bf;) <

(1) e(H 7 (M),

We now run the spectral sequence by taking homology of the columns first. The

FE page is below:
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0 —— Ho(l;Homp(M, A%) —— -+ —— Hy([;Homp(M, A%)) —— 0
0 —— H;(I;Homg(M, A°%)) —— --- —— H;(I;Homg(M, A%)) —— 0

0 —— Hy(I;Homp(M, A%)) —— -+ —— Hy(I;Homp(M, A%)) —— 0

Because A’ = Homp (R, E/*") where E/t" is the sum of the injective hulls of the
T/P for P height j+hin T and [ is height d+h, for every j < d one of the generators
of I is not an element of any of the P of height 7 + h by prime avoidance and so acts
invertible on A’ and so on Hompg (M, A%). Tt follows that the grid above is 0 except
in column d. It follows that the E! = E°°.
We now fix some 0 < s < d. For each I, we must have

d—s d—s
B1) L Rom(AY) = Y B ) < X () e on)

r=0 =0
We note that this bound in independent of [.

Now let E = E(T/n), the injective hull of T'/n. Because A? = Homy (R, E), we
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have Hompg(M, A?) = Homg (M, E), and so for each 1 < i < d,
((H;(I; Hom(M, A%)) = ¢(H,;(I; Hom(M, E)))
= ((Hom(H'(I; Hom(M, E)), E)))
= (Hom(H;(K*(I; R) ® (M")), E))
= (((H:i(K*(I; R) ® M"))")
= ((Hi(K*(I;R) ® M""))
= ((Hi(K*(I; R) @ M))
= ((H;(I; M))
= ((H"™'(I; M))
where Y := Hom(__, F') and K* indicates the Koszul complex. We may, therefore,
rewrite 3.1 for 0 < s < d as
“~ (d
(3.2 ((H (T M)) < ( )aH’“ (a1)).
=0
O
Theorem II1.11. Let (R, m, k) be a complete (Noetherian) local ring of dimension
d, and let M be at finitely generated R-module. If M is generalized Cohen-Macaulay
and equidimensional, then M is asymptotically Cohen-Macaulay. Furthermore, in

this case

sup{¢(H*(I; M)) | I parameter ,0 < s < d} < occ.

Proof. Whenever M is generalized Cohen-Macaulay and equidimensional, then for

each 0 <i<d—1,0(H] (M)) < oo and so the result follows from 3.2. O

Theorem II1.12. If M is an equidimensional finitely generated module over the
complete local ring (R,m,r) where either R is equicharacteristic or char(k) is a

parameter in R, then the following three conditions are equivalent:
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1. M s asymptotically Cohen-Macaulay,

2. sup{l(H (fr, s f; M) |V fis oy fa=m, i < d} < o0,

3. M is generalized Cohen-Macaulay.

Proof. This theorem follows immediately from I11.8 and III.11 together with the fact

that 2 obviously implies 1. O

Corollary II1.13. If M is an equidimensional module over the complete local ring
(R,m,k) of dimension d > 1 and either R is equicharacteristic or char(k) is a

parameter in R, then the following three conditions are equivalent:
1. asydepth(M) > k,

2. sup{l(H (fr, s f; M) |V fis - fa=m, i <k} < oo,

8. ((H! (M)) < oo for alli < k.

Proof. As above, it is clear that condition (2) implies condition (1). To see that (1)

implies (3), fix a regular ring (A, n) over which (R, m, k) is module finite, and take
0 — syzy(M) — A — M — 0

for v = va(M). We first establish the result over A. If k¥ < d — 1, then for any
parameter ideal [ of A, H*(I; M) = H**1(I; M), and H: (M) = H" (syzY,(M)). We
may, then, without loss of generality assume k = d—1, which is the result of Theorem
I11.1, using the fact that syz!, (M) is also equidimensional. If condition (1) is satisfied
over R, then it is certainly satisfied over A because every system of parameters in A
is a system of parameters in R. It then follows that ¢(H} (M)) = ¢(H’.(M)) < oo for
all i < k, which is to say that condition (3) is satisfied over R. Lastly, it is immediate

from equation 3.2 that (3) implies (2). O
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3.2 The Gorenstein case

In this section, we will assume that (R, m, ) is mixed characteristic and that
char(k) is not a parameter in R. This section will both complete the proof of I1I.1
and also will give a roadmap for an alternative proof in the equal characteristic case
than the one described in the previous section. We first notice that is characteristic
independent, and so the we alredy know that ¢(H! (M)) < oo for all i < k implies
sup{l(H(f1,. .., fa; M) | /f1,-.., fa = m, i < k} < oo implies asydepth(M) > k
in all characteristics. The proof that we need to alter is the one that shows that
asydepth(M) > k implies that ¢(H! (M)) < oo. We first reduce to the case where

R is Gorenstein by modifying Lemma II1.2.

Lemma II1.14. If it is true that all finitely-generated modules M that are asymp-
V[[xl, Ce ,Qfd]]

(pPz1)
generates the mazximal ideal of the discrete valuation ring V and s > 1 are generalized

totically Cohen-Macaulay over a Gorenstein ring of the form where p
Cohen-Macaulay, then the same holds over any complete local ring R in which the

characteristic of the residue field of R is not a parameter in R.

Proof. Suppose M is asymptotically Cohen-Macaulay over R satisfying the hypothe-

ses of the lemma. By Cohen’s structure theorem, R is a module finite extension of

V[[xl, Ce ,.’L’d“
(p*21)

eter ideal I, of S is a parameter ideal in R, every finitely generated R-module

a ring S = as described in the lemma statement. FEvery param-

M is also a finitely generated S-module, and Hy([,; M) = HE(I,; M). Because

UR/I,) <vs(R)-£(S/1,) for each n > 1, where vg(R) denotes the minimal number
((H (In; M)) ((H (In; M) nso
—— 17 < yg(R) - > 0

wsimy = Ty /
which is to say that M is asymptotically Cohen-Macaulay over S. By assumption,

of generators of R as an S-module,

then, M is generalized Cohen-Macaulay over S, from which it follows that M is
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generalized Cohen-Macaulay over R. [

VHCL’l, Ce ,l’d]]
(p*21)
and s > 1, and let M be a finitely-generated R-module. Then there exists a sequence

Lemma III.15. Let R = where (V,pV') is a discrete valuation ring

of parameter ideals I,, C m™ such that

(ML, M
(/1)
((R/1)

Proof. Because ((R/1,) < st(R/I, + (pz1)) and ¢(M /I, M) > ((M/(1, + (px1)) M),
we may assume that s = 1. By taking a prime cyclic filtration of M, there exists

some prime P of R such that M — R/P. By possibly quotienting further, we may

replace M by R/P and assume that dim(R/P) = 1. Let z be an element of R whose

image is a parameter in R/P, call x = z;, and extend z to z,2 — p,y,v1,...,V4_3

so that z,x,y,v1,...,v4 3 is a system of parameters in R, = V/(p)[[x1,..., 24|

and p,y,vq,...,04-3 is a system of parameters in R, = V|[xa,...,24]]. Following
V[[l‘7 Y,z,01,... )Ud—?)”

the argument of II1.14, we may replace R by Set I, =

(pz)
(fi,..., fq) where fi = 2t — 2"(x —p)", fo= (x —p)"™ — (x —p)2'™" + y2",

fa=y" +vi2" =gz 4+ (1) o - (1) P02 + (1)1 (@ - p)2”,
and
firs = 08 =02+ (Vi1 — Vigo + -+ (=) T wg_g + (=) (@ —p))" — 02" + 2

for 1 <i<d-—3andsomet¢cN.

First suppose that p € P. Then set A = kl[[z]] < R/P, a regular ring over which
R/P is module finite. If p ¢ P, then R/P is a module-finite extension of the regular
ring A = V. In either case, it follows from I1.2 that ¢(R/(P + I,,)) > ((A/I,) = t.

We now follow identically the computations of Lemma III.3 with x replaced by z —p
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to see that that

((ZL‘ . p)n—l—l)3nd’1+nd’1+~~-+n2+n

9

Zt+(3nd*1+nd*1+m+n2+n)
)

(yn>3nd_1+nd_2+---+n2+n

Y

and

Ulani+1+ni+--~+n
i

for 1 <i < d— 3 are elements of I,. Multiplying the first element by = or by p, we
have

d—1_ pd—1_ ... 12
(xn+2)3n +n +--4n“+n

and

n+2\3n4 "t 4nd=l 4. 4n24n
(")

elements of I, as well. Similarly,

(I _ p)ZSnd_1+nd_1+---+n2+n

yz3n‘i_1+nd_1+---+n2+n

and
3nd—14nd—14.yn24n

Viz

for 1 <4 < d—3 are elements of I,,, and, multiplying the first of these three elements

by x or p, we have that

2 3nd=l4nd=lq4..4n24n

and

2 _3nd=lynd=ly..4n24n

are elements of I,,.
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Hence, counting spanning elements of R/I, as in Lemma II.3, R/I, is spanned
by 2227, p*27, y27, and v;27 for j < Bntt4+n? 24+ ... 4 n?+n)and 1 < i <
d — 3 together with 27, pz’/, and 227 for j < t+ (3n® ' +n? 24 ... +n?+n) and
xoy vt - -vy%3* and oy vt - 0y*3* with oy < n(Bndt +n? 2 + ... 4 n?+n)

and gy, o; < (n+2)(3n% ! +nd=t + ... + n? + n). Therefore,

(R/L) <3(t+Bn 4024 40?4 n)) + (n+2) (B3 40?2 - 4n?4n))?,

((M/I,M
and so, if limy, W exists, then
lim O(M/1,M)
In—oo ((R/I,)
> t
T3+ Bt nd 244 n24+n))+ ((n+2)(B3nt 4 nd=2 + .. + n2 +n))d
=1/3
for every t >> n®. O]

Theorem II1.16. Let (R, m, k) be a Gorenstein ring of dimension d in which char(k)

1s not a parameter in R and M a finitely-generated quasi-unmized R-module. Then

for all 0 < k < d, asydepth(M ) > k implies that ((H! (M)) < oo for all 0 < i < k.

Proof. Suppose that asydepth(M) > k but that ¢(H! (M)) = oo for some 0 < k <
d, and assume that k is minimal with respect to this property. Notice that for
each parameter ideal I, H"(I;syz'(M)) = H(I; M), and so by replacing M by
syz¢*1(M), we have a counterexample when k = d — 1 and ((H' (M)) < oo for all
0 <i<d—1. We now return to the spectral sequence from Lemma 3.2 in order to

improve equation 3.2. Below is the Fy page of the spectral sequence run by taking



homology of columns first omitting maps, which will not be of interest to us:

0

HO(I; Hy (M))

n

H(I; Hy,(M)Y)

n

HY(I;HE(M)Y)

n

0

0

HO(I; Hy (M)Y)

n

H(I3 Hyy (M)Y)

n

H(I;H,) (M)Y)

n

0

We may from here improve equation 3.2 in the case of s =d —1 to

U
—

(CCHH (1 M) = HYI Hy 7 (M) < ) U(HT (15 Hy 7 (M),

ﬁ
I
o

which is to say that controlling the lengths of the H4=!(I; M) is the same task as

controlling the lengths of the H4(I; HS1(M)) because each of the ((H (M)) < oo.

More precisely, the task remaining to us is to show that if dim(H% 1(M)) > 0, then

((Hy  (M)/ T, Hy ™ (M)

there exists a sequence of parameter ideals I,, such that
((R/I,

0 as I,, — oo. Because dim(HZ 1 (M)) < d — 1, the result follows from lemma II1.14

and ITI.15.

Combining II1.13 and II1.16, we have now shown the entirety of I1I.1.
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APPENDIX A

Lech’s inequality and Stiickrad-Vogel’s conjecture

Patricia Klein, Linquan Ma, Pham Hung Quy, Ilya Smirnov, and Yongwei Yao

A.1 Abstract

Let (R, m) be a Noetherian local ring of dimension d and let M be a finitely gener-

ated R-module. We prove that the set {l(e]\é/ ]I\%) }\f is bounded below by 1/d!e(R)
’ I=m

where R = R/AnngM. Moreover, when M is quasi-unmixed (i.e., M is equidimen-

sional), this set is bounded above by a finite constant depending only on M. The

lower bound extends a classical inequality of Lech to all finitely generated modules,

and the upper bound answers a question of Stiickrad-Vogel in the affirmative.

A.2 Introduction

In [35], Lech proved a simple inequality relating the Hilbert-Samuel multiplicity
and the colength of an ideal. It states that if (R, m) is a Noetherian local ring of

dimension d and [ is any m-primary ideal of R, then we have
e(1, R) < die(R)I(R/I),

where e(/, R) denotes the Hilbert-Samuel multiplicty of I and e(R) = e(m, R). In

the same paper Lech conjectured that for every flat local extension (R, m) — (S, n)
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of Noetherian local rings, one has e(R) < e(S). This conjecture is wide open in
general, and Lech obtained a partial estimate, using the above inequality, that we
have e¢(R) < dle(S) where d = dim R [35]. We refer to [27] for some generalizations

of Lech’s inequality and to [37] for recent progress on Lech’s conjecture.

If we consider the set {%}f of positive numbers, then the above Lech’s
’ I=m

inequality is simply saying that this set is bounded below by Fl(R) (and thus is
bounded away from 0). The infimum of this set was investigated by Mumford in

his study of local stability [39]. In a different direction, Stiickrad and Vogel studied

WR/T)
e(I,R)

the supreme of { }f in [47]. A fundamental question they asked is that
I=m
whether the supreme is finite, and they conjectured the following [47, Theorem 1

and Conjecture]:

Conjecture A.1 (Stiickrad-Vogel). Let (R, m) be a Noetherian local ring and let M
be a finitely generated R-module. Let e(I, M) be the Hilbert-Samuel multiplicity' of

M with respect to I. Set

I=m

Then n(M) < oo if and only if M is quasi-unmized (i.e., M is equidimensional).

Stiickrad and Vogel proved the “only if” direction in general and the graded case
of the “if” direction [47, Theorem 1]. In this paper we settle this conjecture in the
affirmative. Furthermore, motivated by Conjecture A.1, it is quite natural to ask

that whether the classical Lech’s inequality can be extended to all finitely generated

I(M/IM)
e(I,M)

modules, i.e., whether there is a lower bound on the set { }\f for a finitely
I=m
generated R-module M. We also answer this question in the affirmative. In sum,

our main result is the following:

n this paper, we define the Hilbert-Samuel multiplicity of a finitely generated module M with respect to I to
be e(I, M) = limp 00 t!mMTfith where ¢ = dim M. This is always a positive integer even when dim M < dim R.
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Main Theorem. (Theorem A.5 and Theorem A.14) Let (R,m) be a Noetherian

local ring of dimension d and let M be a finitely generated R-module. Set

ut (1S ana atan = sup {10

m(M) = It 3 =700 o eI, M)

Then we have

where R = R/ AnngM . Moreover, if M is quasi-unmived, then we also have
n(M) < oo.

We remark that, if dim M = d, then our Main Theorem implies that the set

{ 1(M/IM)

(D) }ﬁ:m is bounded below by ﬁ which is independent of M (and in gen-

R)’
eral, the lower bound m (M) only depends on AnngM). One cannot expect the same

for the upper bound n(M). For example, take R = k[[z, y]] and let M; = m' = (z,y)",

then M, are all faithful R-modules of rank one, but clearly

(My/mM,;) _ I(m'/m"™")

cm M) e(m) ' Th

n(M;) > l

Therefore there cannot exist a constant ¢ such that n(M;) < ¢ works for all M.
This paper is organized as follows: in Section 2 we prove Conjecture A.1, which

is the second part of the Main Theorem, and in Section 3 we extend the classical

Lech’s inequality and prove the first part of the Main Theorem. Some applications

will be given in Section 4.

A.3 Finiteness of n(M): resolving Stiickrad-Vogel’s conjecture

To prove the Stiickrad-Vogel’s conjecture, we need the concept of extended degree

of a finitely generated module introduced by Vasconcelos in [50] [49].
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Definition A.2. Let (R,m) be a Noetherian local ring. Let M(R) denote the
category of finitely generated R-modules. An extended degree on M(R) with respect

to an m-primary ideal [ is a numerical function
Deg(l,e) : M(R) — R

satisfying the following conditions:
1. Deg(I, M) = Deg(I, M) + I[(H%(M)), where M = M/H?(M);
2. Deg(I, M) > Deg(I, M/xM) for every generic element x € I —m/ of M;

3. If M is Cohen-Macaulay then Deg(I, M) = e(I, M).

The original definition in [49] only deals with the case I = m. The above definition
was taken from [12, Definition 5.3]. The first question is that, given a Noetherian
local ring (R, m), whether an extended degree function exist. This was settled in
the affirmative by Vasconcelos [50],[49], who showed that the following homological

degree is an example of extended degree.?

Definition A.3. Let (R,m) be a homomorphic image of a Gorenstein local ring
(S,n) of dimension n, and let M be a finitely generated R-module of dimension d.
Then the homological degree, hdeg(I, M), of M with respect to an m-primary ideal

I is defined by the following recursive formula

n

hdeg(I, M) =e(I, M)+ > (

i=n—d+1

d—1

g 1) hdeg (1, Ext’y(M, S)).

We note that the above definition is recursive on dimension since dim Ext’s (M, S) <
n—1<d=dmM forall i =n—d+1,...,n. For a long time, the homological

degree is the only explicit extended degree found in general. Until quite recently

2Here again, Vasconcelos’s papers [50],[49] focus on the case I = m, and in fact the main case Vasconcelos
considered is the graded case. However the proofs in [50],[49] work in the general set up, and we refer to [12] for
more details.
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n [12], Cuong and the third author discovered another extended degree, defined in
terms of their Cohen-Macaulay deviated sequence {Ui(M)}f:_Ol. Roughly speaking,
U;(M) is the unmixed component of M/(x;a,...,x4)M for certain carefully cho-
sen system of parameters w1, ...,x4 of M (note that Uy_1(M) is just the unmixed
component of M), it is shown in [12, Theorem 4.4] that this is independent of the
choice of x1,...,x4 as long as x1,...,x4 is a C-system of parameters of M, which
always exists when R is a homomorphic image of a Cohen-Macaulay local ring. Thus
{U;(M)}=3 are a sequence of finitely generated R-modules depending only on M.

We refer to [12, Section 4] for more details on this.

Definition A.4. Let (R,m) be a homomorphic image of a Cohen-Macaulay local
ring. Let M be a finitely generated R-module of dimension d and let U;(M), 0 <
1 < d—1, be the Cohen-Macaulay deviated sequence of M. We define the unmized

degree of M with respect to an m-primary ideal I, udeg(, M), as follows:

d—1

udeg(I, M) = e(I, M) + Z5i,dimU¢(M)e(Iv Ui(M)).
i=0
It was shown in [12, Theorem 5.18] that udeg(/,e) is an extended degree. We

make an elementary but important observation that, for a fixed finitely generated
module M, hdeg(I, M) (resp. udeg(I,M)) is a finite sum ), e(I, M;), where {M;}
only depends on M (this is clear from definition for udeg(Z, M), and is easily seen by
induction for hdeg(I, M)). Therefore by the associativity formula for multiplicities,
for a fixed finitely generated R-module M, there exists a finite collection of prime
ideals A(M) = A (allowing repetition) such that

(A.1) hdeg(I, M) = Z e(I,R/P), and similarly for udeg(Z, M).
PecA

Now we are ready to state and prove our main result in this section:
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Theorem A.5. Let (R, m) be a Noetherian local ring and let M be a finitely generated

quasi-unmized R-module. Then we have

o = s {5 <o

Proof. First of all by [47, Theorem 1], it is enough to prove n(R) < oo where R is
a complete local domain with infinite residue field. We now consider Deg(I, M) =
hdeg(I, M) (or Deg(I, M) = udeg(l, M)), this is an extended degree and thus by

Definition A.2 (2), we know that for every generic element = € I — mlI we have
Deg(I, R) > Deg(I,R/xR).

Therefore for a generic sequence of elements 1, ..., x4 of I (we may choose x; suffi-

ciently general such that zi,..., x4 is a system of parameters of R), we have

Deg(I7R) = Deg(lv R/‘TlR> > 2 Deg(Iv R/(Ih SR 7‘7:11))

= UR/(z1,...,74)) 2 UR/I),
where the equality is because R/(z1,...,z4) is Cohen-Macaulay and thus
Deg<[7 R/<x17 < 7$d>) = 6([, R/<x17 R 7$d)) = Z(R/(mh s wxd))'
Thus it is enough to prove that
Deg(I, R) }
SUp § — ¢ < 00
ﬁm{ e(l, R)

At this point we invoke (A.1), it is enough to prove that for every P € SpecR,

(4 s { ) <

In order to prove (A.2), we use induction on dim R. If dim R = 0, (A.2) is obvious.

In the general case, if dim R/P = dim R (i.e., P = 0) then (A.2) is again obvious.
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Now we assume dim R/P < dim R, we pick 0 # x € P and a minimal prime @ of (z)
such that @@ C P. Since R is a complete local domain, R/(z) is equidimensional, in
particular dim R/(z) = dim R/Q and thus e(I, R/(z)) > e(I, R/Q). Now we write:

e(IR/P) _e(I,R/P) e(I,R/Q) e(I,R/(x)) _ e(I,R/P) e(I,R/(x))
e(l,R)  e(l,R/Q) e(l,R/(x)) e(,R) ~ el,R/Q) e(l,R)

Since dim R/Q < dim R, sup ;_, {Zgg;g;} < oo by induction, which means
e(I,R/P)

there exists a constant ¢; such that STR/Q)

< ¢; for all m-primary ideal I. Since x

is a nonzerodivisor in a complete local ring R, by Lemma A.6 below, we know that

e(l,R/(z))

there exists a constant ¢y such that o(T.R)

< ¢y for all m-primary ideal I. Thus

putting ¢ = c;co we see that

e(l,R/P)
(IR =€

for all m-primary ideals /. This finishes the proof. O

Lemma A.6. Let (R,m) be a Noetherian complete local ring and let x be a nonze-
rodivisor on R. Then there exists a constant k such that for all m-primary ideals I,

we have

e(I,R/(x)) < k-e(l,R).

Proof. We consider the short exact sequence:

R = B R
Iz 17 Int(x)

0— — 0

Note that if y € I"™ : z, then zy € I" N (z). By Huneke’s uniform Artin-Rees
lemma [26], there exists a constant k such that for all I C R, I" N (z) C 1" *x.
Thus 2y € I" %2 and hence y € I"* since  is a nonzerodivisor. This shows that

I" : x C I"* for all m-primary ideals I. By the short exact sequence above, we

(rw) = ()~ ()

know that
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Now we let n — oo and compute the corresponding Hilbert function, we see that
e(I,R/(x)) <k-e(l,R)

for all m-primary ideal I. O]

A.3.1 Localization and local flat extension

Theorem A.7. Let (R,) be a Noetherian ring and M be a finite R-module. Assume
that R/ Ann(M) is catenary and locally equidimensional. Then for any p € Supp(M),

then ng,(M,) < nr(M).

Proof. Without loss of generality, we assume that M is faithful, and by easy induction
we may assume that dim(R/p) = 1. As R, has infinite residue field, it suffices to

show

g, (M,/IM,)
n(M) = e([,pMp) ,,

for all ideals I generated by a system of parameters in R,,.

For any such ideal, by prime avoidance, we can find elements z,...,24 1 € R
such that they form a part of a system of parameters in R and I is generated by their
images in Ry,. So, perhaps abusing notation, we will call I = (z1,...,24-1) € R.

Suppose € R is such that (/,z) is m-primary. Since zy,...,24 1,z form a
system of parameters, we have

UM/(I,2)M) = e(z, M/IM) = Y e(w, R/Q)I(Mq/IMy),
QEMin(M/IM)
where the last equality holds by the associativity formula. By Lech’s associativity
formula for parameter ideals

e((I,x),M)= > e(z,R/Q)e(IRq, Mg).
QEMin(M/IM)
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Therefore, by definition,
(M) (I, z)M)
e((,z), M)
S ZQeMin(M/IM) e(z, R/Q)lr,(Mg/IMg)
— 2geminuynn €8, R/Q) e(I Rg, Mq)

Now, let y ¢ p be an element that belongs to all p # Q € Min M/IM and z € p

n(M) =

but not in any other element of Min(M/IM). Observe that for any n we can use

r = y" 4+ z to complete I to a system of parameters. In this case

Yool R/Q)lry (Mg/IMg)
>ogelz, R/Q)e(IRqg, Mg)
e(y", R/p)lr,(My/IMy) + >, o e(2z, R/Q)lry (Mq/IMg)
e(y™, R/p)e(I Ry, My) + 3,10 e(2, R/Q) e(IRq, M)

Since e(y™, R/p) = ne(y, R/p), if we pass to the limit as n approaches infinity we

obtain that

w5 RO/ 1)

. L]
~ e(IRy, M,)

As a corollary, we show that the invariant n(—) is non-decreasing under local flat

extension.

Corollary A.8. Let (R,m) be a local ring and (S,n) be a faithfully flat extension of
R. Suppose M is a finite R-module such that R/ Ann(M) is locally equidimensional

and catenary. Then n(M) < n(M ®g 5).

Proof. Let P be a minimal prime of mS. By the theorem
ns, (M ®r S)p) < ng(M ®r S),

so we may assume that S is local and mS' is n-primary. For any m-primary ideal its
extension 1.5 is n-primary ideal and tensoring the composition series with S we see
that

Lp(M/IM)ls(S/mS) = ls(M/IM & S)
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for any finite R-module M. Thus e(/)ls(S/mS) = e(S) and

C(M/IM) 15 (M @r $)/T(M 98 5))
n(M)-sng—sgp & o(I5) <n(M®grs). O

Question A.9. Let (R,m) — (S,n) be a local flat map and M a finitely generated
R-module. Is it true that n(M ®gS) < n(M)n(S/mS) ¢ (Here we may either assume

infinite residue fields or just define n(—) with parameter ideals.)

For example, is it true when S is module-finite and free over R. A concrete case
could be S = R[z]/(x?). The above question has a positive answer if both M and

S/mS are CM, as 1 = 1-1. We also have the following

Lemma A.10. Let (R, m) be a local ring and (S,n) be a faithfully flat extension of
R. Suppose M # 0 is an R-module with [r(M) < co. Thenn(M®pgS) < n(S/mS) =

n(M)n(S/mS).

Proof. Say [(M) = ¢, hence M has a filtration of length ¢ with each consecutive
quotient isomorphic to R/m. Thus there is an induced filtration of M ® S of length
¢ with each consecutive quotient isomorphic to S/mS.

Let I be any n-primary ideal of S. Via the above filtration, we see

(M ®S)/I(M®S)) < c-U((S/mS)/I(S/mS))

e(I,M ®5S) - c-e(l,S/mS)
_ U(S/mS)/I(S/mS))
- o(I.5/mS) < n(S/mS).
Therefore n(M @z S) < n(S/mS) = n(M)n(S/mS). H

Lemma A.11. Let (R, m) be a local ring and (S,n) be a faithfully flat extension of
R. Suppose M # 0 s a finitely generated R-module, and denote Mg = M ®pg S.

Then for all (full) sop x of M and all (full) sop y of S/mS,

ls(Ms/(x,y)Msg)
(o) M) = M) n(S/mS).
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Proof. Denote N = M /xM, so that N has finite length over R. By Lemma A.10

and associativity formula, we see

ls(Ms/(z,y)Ms) = ls(Ns/(y)Ns)

e((y), Ns) n(S/m5)

IN

= Ze((y), S/P)I(Ns,)n(S/mS) (associativity formula)
=Y e((y), S/ P)U(Ms, /(x) Ms,,) n(S/mS)
<3 e((), 8/P)el(x), Ms,) n(M) n(S/mS)

=e((z,y), Mg)n(M)n(S/mS) (associativity formula)

Therefore % < n(M)n(S/mS). O

A.3.2 Modding out by a sop

We say that a sequence z is a (partial or full) sop on an R-module M if x is a

(partial or full) sop on R/Ann(M).

Theorem A.12. Let (R, m) be a Noetherian local ring with infinite residue field and
M be a finite R-module. Then for any x = x1,...,x. that form a (partial) sop of

M, we have n(M/(x)M) < n(M).

Proof. Without loss of generality, we assume M is a faithful R-module. Hence x is
a partial sop on R as well. Choose any y = vy, ..., ys_ such that z,y together form
a (full) sop of R, where d = dim(R).

Ase((y), M/xM) > e((x,y), M), we have

(M) (z,y)M) _ UM/(x,y) M)
e((y), M/axM) = e((x,y), M) —

Since |R/m| = oo, we see n(M/(x)M) < n(M). O

n(M).
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A.4 The lower bound: a generalization of Lech’s inequality

Our goal in this section is to generalize the classical Lech’s inequality to all finitely
generated R-modules, thus proving the first part of our Main Theorem in the intro-

duction. We first prove a lemma.

Lemma A.13. Let (R, m, k) be a complete local domain with an algebraically closed
residue field. Let M be a finitely generated R-module with dim(R) = dim(M) and

let J be an integrally closed m-primary ideal. Then we have

I(M/JIM) > 1(R/J) dimg (M ®r K),

where K denotes the fraction field of R.

Proof. First of all, if we let T'(M) denote the torsion part of M, then we have

0—>T(M)—>M— M —0

where M’ is torsion-free. Since (M /JM) > I(M'/JM’) while dimg (M ®@r K) =
dimg (M’ ® K), if the lemma holds for M’ then it also holds for M. Thus in the rest

of the proof we assume M is torsion-free. In this case dimg (M ® K) = rankM.

By [41, Corollary 2.2], we have

(M/JM) > 1(R/J) - rankM,

where [(R/J) denote the length of the longest chain of integrally closed ideals between

J and R. Therefore it is enough to show [(R/J) = [(R/J). To prove this it is enough
to find an integrally closed ideal J" O J in R such that [(J'/J) = 1, because then

I(R/J) =1(R/J) follows from an easy induction. Let R — S be the normalization of

R. Since R is a complete local domain, S is local by [28, Proposition 4.8.2] and thus
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S = (S,n) is a normal local domain with R/m = S/n = k since k is algebraically

closed. Now by [53, Theorem 2.1], there exist a chain
JS=JC S ChC---CJy=n

such that
1. Each J; is integrally closed in S;
2. I(Jiy1/J;) = 1 for every i.

Since J is integrally closed in R and S is integral over R, by [28, Proposition 1.6.1]
we know

JoNR=JSNR=J=.
Let t = max{i|J; " R = J}, obviously 0 < t < n. Set J = Jy1 N R, it is easy
to see that J'" D J is integrally closed in R (one can use [28, Proposition 1.6.1]

again). Moreover, [(J'/J) > 0 by our choice of ¢ while J'/J < J;.1/J; shows that

1(J']J) <U(Jey1/Jr) = 1. Thus we have I(J'/J) = 1. O
We are ready to state and prove the following generalization of Lech’s inequality.

Theorem A.14. Let (R, m, k) be a Noetherian local ring of dimension d. Then for

every finitely generated R-module M and every m-primary ideal I, we have

e(I1, M) < dle(R)I(M/IM)

where R = R/AnnpM.

Proof. First of all we can replace R by R, this does not change the left hand side of
the inequality, and the right hand side only possibly decreases because dim R < d.
Therefore we may assume AnngM = 0 and thus dim M = d. We next take a flat

local extension (R, m, k) — (R',w’, k') such that m' = mR’ and k¥’ = R'/w’ is the
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algebraic closure of R/m = k (such R’ always exists: it is a suitable gonflement of R;

see [8]). Then R — R’ — R'isa faithfully flat extension with mR =m=, so passing

7
from R to R’ and replacing M by M Qg R’ do not affect both sides of the inequality.
Therefore without loss of generality, we may assume (R, m, k) is a complete local
ring of dimension d with k = k and dim M = d.

By the associativity formula of multiplicity, we have

(M) = 3 Inp(Mp)elT, R/P) = 3 lny (Mp)e(TR]P, / P).
dim R/P=d

Using Lech’s inequality [35] for each R/P, we have

(A3) e(1,M) < 3" die(R/P)I ((R/P)/(TR]P)) ln, (Mp).
Claim A.15. For every minimal prime P of R, we have

(A.4) L((B/P)/(TRIP)) - ln,(Mp) < U(M/IM) - I, (Rp).

Proof of Claim. Clearly we have lg,(Mp) < lgr,(Rp) - lr,(Mp/PMp), because
lpp(Mp/PMp) is the minimal number of generators of Mp as an Rp-module. There-

fore

L((R/P)/(TRIP)) -l (Mp) <1 ((R/P)/(TR]P)) - Iy (Mp/ PMp) - L, ().

Now R/P is a complete local domain with algebraically closed residue field k = k
and M/PM is a finitely generated R/P-module. Applying Lemma A.13 and noting

that dim,py(M/PM) ® k(P) = lg,(Mp/PMp), we have

, M/PM
(IR/P)(M/PM)

l (ﬁ) < I(M/IM).

IN

L ((R/P)/(TR]P)) - ln, (Mp/PMp)

IN
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Putting the above two inequalities together we get
L((B/P)/(TRIP)) - ln,(Mp) < U(M/IM) - L, (Rp).
This finishes the proof of the Claim. m

Finally, we plug in (A.4) to (A.3) and apply the associativity formula of multi-

plicity to get:
e(I, M) < Y dle(R/P)lp,(Rp)l(M/IM)

= dI(M/IM) | Y Ip,(Rp)e(R/P)
dim R/P=d

= dle(R)I(M/IM).
This finishes the proof. O

A.5 Some applications

Lemma A.16. If (R,m) a Noetherian local ring and M is a finitely generated quasi-

unmized R-module, then

s i ) <

ICJCI

where I denotes integral closure of I.

Proof. With notation as in (A.5), we use (A.5) and (A.14) to see
I(M/IM) <n(M)e(I, M) =n(M)e(J,M) < n(M)dle(R)I(M/JM).
[

In the above lemma, we particularly have in mind the case where J is a minimal

reduction of I or in characteristic p > 0 to show that

o i <

J=TIx*
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where I* is the tight closure of I.
Lemma A.17. Let (R, m) be a local ring and M a finitely generated R-module. If

Y1y Yn) € (21, ...,2q) are m-primary ideals of R, then for all 0 <i <d,

(Hi(z1,...,2q; M)) < <Z)Z(Hi—k(y17’”7yn;M))

Proof. If f = fi1,..., fs is any sequence of elements of R and /= = fi,..., fs_1, then

there is a short exact sequence for each 0 <7 <s—1

szi(i_;M) T H; 1 (f7;M)\Js .

Using that each y; € (z1,...,24) so that y;H;(z1,...,24,y1,...,y—1; M) = 0 for
1<j<nandy Hi(xq,...,xq; M) =0, it follows from the first injection in the short

exact sequence above that
Z(Hi(xlu -y Td;s M)) < l(Hl<x17 <oy Xdy Y1, M)) <s< l(Hl(xh <oy Xdys Y15 - - -5 Yny M))

Now using that for 1 < j <d—1,

l( Hi(x, .. i, 91,y Yns M)

<UHj(x1,...,25,y1, ..., Yn; M
$j+1Hi(171,-~-7$j,y1;---,yn;M)) < I(Hin i Y )

and that

l( H'L(ylaaynaM)

<lHiSL’, ey n;M7
x1Hi(x1,y1,...,yn;M))—( (1y1 Y ))

W(Hij(x1, . gy Y1y e Yns M)

S Z<H2(Ila ey Tdg—1,Y15 - - - 7yn7M)) + Z(H’L’fl(‘rla ey Tdg—1,Y15 - - - 7yn7M))

and that, by iterating, the previous expression is bounded above by

S ({)ittton i),

k=0

completing the proof. O
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Theorem A.18. Let (R,m,k) be a Noetherian local ring of dimension d and M a

finitely-generated quasi-unmized R-module. Then for every k > 0,

I(H; . ;

{ ( z(xla 7xd+kaM))} < 00.
Z(M/<x17 S 7$d+k)M)

Proof. Using A.17 and A.16, we may assume k = 0. As in the proof of (A.14),

we may make a flat local extension so that R is complete with algebraically closed

residue field. Let R/ Py, ..., R/P; be the (not necessarily distinct) factors appearing

in a prime cyclic filtration of M. We note that for each 0 < i < d,
U(Hy(wy, . ywas M) _ Sy (Hilan, - 50 B/ P))
Z(M/(‘r177xd)M) Z(M/(‘rbaxd)M)

[(Hi(z1, ..., 2a; R/ P}))
Z UM/((z1,...,2q) + Pj)M)’

IA

IA

j=1
Now each M/P;M is a finitely generated faithful module over the complete local
domain R/P; with infinite residue field. It then follows from (A.16) and (A.13) that
we may replace each term [(M/((x1,...,xq) + Pj)M) by (R/((z1,...,24) + P;)R)
without impacting whether the supremum we study is finite. We have now reduced
to the case of M = R a complete local domain of dimension n < d.

Fix A a regular local ring of which R is a module-finite extension. We will first
prove the claim for any finitely generated A-module N. Let (y,...,y,) any system

of parameters in A. We note that for each ¢ > 1 and each j7 > 0,

Hi(y, - yn;syz H(N)) 2 Hy 1 (y1, - - -, Yn; sy7Z (N)),

and so by taking syzygies repeatedly, may assume that ¢ = 1. But then the long

exact sequence for homology gives

0— Hi(y1,...,y; N) — syzl(N)/(yl, o ,yn)syzl(N),
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and we know that I(syz'(N)/(y1, .-, yn)syz (N)) < va(syz'(N)) - A/ (y1, -, yn))

where v denotes the minimal number of generators. With R playing the role of N,

we have now bounded the desired ratio for systems of parameters coming from A.
We now scaffold the general case. Let (yi,...,¥,) be a minimal reduction of

(x1,...,24) N A in A. Because (y1,...,Yn) C (z1,...,24) NA C (y1,...,yn) in
l(R/(SL’l,...,I‘d» B Z(A/(le,,l’d)ﬂA)
independent of the choices of the z; and y;. It, therefore, suffices to bound the

A, we may use (A.16) to bound the

(Hi(z1,...,24; R)) for 0 < i < d from above in terms of the {(H;(y1,...,d,; R)) for
0 < j < n. The result now follows from (A.17) using that each y; € (x1,...,24) for
1 <j <nsothat [(Hj(z1,...,24; R)) <> 1, (Z)Z(Hi_k(yl, ..+, Yn; R)) completing

the proof. O

In [6], it is shown that whenever R is a complete local domain of character-

istic p > 0 and dimension d > 1 with perfect residue field, for every parameter

Hi(z1,. .., 24, RY"") efeo
I(R/1W)

characteristic-free application below together with the fact that H@-(x’fc, e ,CCZG; R)

ideal I = (x1,...,2q) of R, » 0 for each 1 < i < d. The

Hi(z1,. .., 24, RY?") for 0 < i < d shows that the convergence to 0 occurs indepen-

dent of the parameter ideal I.

Theorem A.19. Let R be a quasi-unmized local ring of dimension d > 1. For every
e > 0, there exists ty such that for all t > ty, all parameter ideals I = (x1,...,x4) of

R, and all 1 <1 <d,
Hi(«t, ... 2% R)
UR/(1,. .., 2p))

Proof. Fix R as in the statement of the theorem and € > 0. We replace R by R(s) so

<€

that the residue field of R is infinite. Because we consider only finitely many 4, it is

sufficient to fix some 1 < i < d. By tensoring the dualizing complex for R with the
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Koszul complex on I, = (%, ..., %), we obtain a spectral sequence that bounds the
lengths of the Koszul homology modules H;(z%, ..., x%; R) in terms of the lengths of
the Koszul homology modules of the duals of the local cohomology modules H! (R)

with 1 <17 < d. More precisely,
d—i
I(Hi(z%,... 25 R)) < Z W(H;(oh, ... 2h HEI(R)Y)).
§=0

The details of this computation can be found in [6]. The duals HS9(R)V for
1 <i<dand 0 <5 < d—i have strictly lower dimension than R. By taking a
prime cyclic filtration of each H*7(R)V, it suffices to show that

L(H;(2t, ... 2k D))
I(R/L})

<e/d.

for 0 < j <d-—1and (D,m) a domain of dimension d < d — 1 that is a proper

quotient of R. By A.18, we fix

and by A.16 we fix

o= {iipig <

Let J = (y1,...,ya) be a minimal reduction of [ in D and J;, = (¢¢,...,v}), and

compute for every t > 1

U(H(xy, ... 2y D)) _ Cpal(D/1) _ Cpal(D/J) _ t*Cpal(D/J)

I(R/1I) - UWR/L) T UR/L) T I(R/I})
tYCpal(D/J) - t"Cpal(D/J) _ BoCpal(D/T) _ BpCpal(D/I) _ BpCp.a
e(Iy; R) —  tde(l;R) te(I; R) — tm(R)I(R/I) — tn(R)
dBpChp.q

We may, therefore, take ty > n

n(R)e
Lastly, we return to A.13 to give a result that omits the hypothesis that the

ideal of interest be integrally closed at the cost of precision in the inequality. Define
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Assh(M) = {P € Ass(M) | dim(R/P) = dim(R)} for any finitely-generated R-

module.

Corollary A.20. Let (R,m,k) be a Noetherian local ring that is either equal char-
acteristic or in which char(k) is a parameter, and let M be a finitely-generated R-

. . ((R/I) }
module of dimension d. Then sup {— < 00
Viem U(M/IM)

Proof. Because completing does not change any of the length computations, we may
assume that R and M are complete. We may also replace R by R(t) so that the
residue field of R is infinite. Because R is either equal characteristic or char(k) is
a parameter, R is module finite over some regular local ring A. Because [(R/I) <
va(R)I(A/(INA)), we may without loss of generality assume that R is a regular local
ring. Let T be the torsion submodule of M and M = M/T. Because [(M/IM) >

I(M/IM), we may assume that M is a torsion-free R-module. Recall that because
((R/T)
e(l,R)
follows from Theorem A.14 (to obtain the first inequality) that for every m-primary

R is a regular local ring with infinite residue field, sup, 7_,, { } = 1. It then

ideal I of R

as desired. n

The same cannot be hoped for if R is not module-finite over a regular ring. If

I

R =V][[z]]/(px) where V = (V,p) a complete discrete valuation ring, M = R/(z)
V, and I, = (p — 2") for each positive integer n, then [(R/I,) = n + 1 while

I(M/I,M) =1 for all n > 1.
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