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ABSTRACT

Restricted mean survival time (RMST) is often of great clinical interest in practice.
Several existing methods involve explicitly projecting out patient-specific survival
curves using parameters estimated through Cox regression. It is often be preferable
to directly model the restricted mean, for convenience and to yield more directly
interpretable covariate effects.

In the first chapter, we propose generalized estimating equation methods to model
RMST as a function of baseline covariates. The proposed methods avoid potentially
problematic distributional assumptions pertaining to restricted survival time. Unlike
existing methods, we allow censoring to depend on both baseline and time-dependent
factors. The methods are motivated by the end-stage liver disease (ESLD) setting
and, in particular, consider survival in the absence of the preferred therapy, liver
transplantation.

In the second chapter, we propose generalized estimating equation methods to
fit RMST models with multiplicative covariate effects. The proposed methods are
applicable to several frequently occurring set-ups not considered in Chapter 1, in-
cluding clustered data and data with a high-dimensional categorical covariate (e.g.,
center). Our proposed methods are motivated by modeling RMST among End-stage
Renal Disease (ESRD) patients, in the presence of a high-dimensional covariate (1
million patients from over 5,000 dialysis facility). Estimation proceeds through a
computationally efficient two-stage algorithm. In addition to evaluating large- and

finite-sample properties, we demonstrate the considerable computational advantages

ix



of the proposed techniques.

The third chapter is motivated by estimating the causal treatment in the presence
of unmeasured confounding. We propose two-stage Instrumental Variable techniques
for censored data. In particular, we develop closed-form, two-stage estimators for
the causal treatment effect using an additive RMST model. Large sample properties
are derived, with simulation studies conducted to assess finite sample properties. We
apply the proposed methods to estimate the causal effect of peritoneal dialysis (PD)

versus hemodialysis (HD) among End-Stage Renal Disease (ESRD) patients.

Keywords: Restricted mean survival time, Dependent censoring, Center effect,

Instrumental variable, End-Stage Liver Disease, End-Stage Renal Disease.



CHAPTER I

Modeling Restricted Mean Survival Time under General
Censoring Mechanisms

1.1 Introduction

The Cox proportional hazards model ( , , ) is the strong default for
analyzing time to event data with covariate adjustment. A key motivation for the
hazard ratio (HR) is its connection to the ordering of the survival functions, un-
der the assumption of proportional hazards. However, when there are departures
from proportional hazards, this connection is lost and it is then difficult to inter-
pret the HR. A HR estimated by ignoring the non-proportionality will be a poorly
specified mixture of the survival distribution and censoring distribution (

, ), such that the resulting inference may then differ for studies with
identical survival time distributions but different censoring patterns. In the pres-
ence of non-proportionality, alternatives to the HR include the ‘average effect’ (

, ), or applying a ‘stopped Cox model’ ( , :
, 2015).

Covariate effects that are cumulative in nature are often of greater interest than
instantaneous effects, especially in the presence of non-proportionality (

: ). In particular, the contrast in restricted mean survival time (RMST) is

a useful alternative. The RMST is defined as the average survival time up to a fixed



point L and can be written as the area under the survival curve on [0, L]. RMST is
an easily interpretable and clinically relevant measure for summarizing the mortal-
ity over a fixed follow-up time period of interest. Most existing methods estimate
RMST indirectly through hazard regression ( , : , :

, ). These approaches start by estimating the regression pa-
rameters and baseline hazard from a Cox model, calculating the cumulative baseline
hazard, transforming it to obtain the survival function and, and finally integrating
the survival function to obtain the RMST. Such indirect RMST estimation is incon-
venient and computationally cumbersome, even for obtaining a point estimate, let
alone its corresponding asymptotic standard error. Hence, it may be preferable to
directly model RMST itself ( , ; , ).

The majority of existing methods for directly modeling RMST require assump-
tions regarding the censoring mechanism, which are often untenable. Censoring may
result from multiple sources in an observational study. The simplest type would be
covariate-independent censoring, which occurs independently of the death time and
all the covariates. When this is the only type of censoring present, one can conduct
regression analysis of RMST using imputed event times based on pseudo-observation
methods ( , ), or one can construct estimating equations for RMST
based on Inverse Probability of Censoring Weighting (IPCW) ( :

: , : , ) as in ( ). However,
in observational studies, censoring will often depend on the covariate vector. Cen-
soring can depend on baseline covariates, but be conditionally independent of the
event time given such covariates; this is referred to as covariate-dependent censoring.
For example, it is common to have a staggered entry in an observational study with

a fixed calendar period, such that subjects who enter later would have a different



censoring distribution than those who enter earlier; e.g., registration date on the wait-
list for a liver transplant. Since mortality is often subject to calendar time trends,
covariate-dependent censoring would be expected to be a frequent occurrence in ob-
servational studies. ( ) and ( ) conducted
simulation studies to examine the bias and efficiency of the pseudo-observations ap-
proach for competing risks, in the presence of covariate dependent censoring. A
third type of censoring is dependent censoring, which is often correlated with the
event time through a mutual association with time varying covariates. Covariate-
dependent and dependent censoring have been overcome in many applications by
IPCW. Through pseudo-observations, ( ) modeled a standard
linear regression of restricted survival time on the logarithm scale and handled de-
pendent censoring through IPCW. Specifically, we connect the RMST and covariate
vector through a user-specified link function, while ( ) model
log restricted survival time through linear regression. In addition, being based on a
pseudo-observation approach, their work has no systematic procedure for evaluating
the asymptotic properties. To our knowledge, there is no existing method to directly
model RMST in the presence of dependent censoring, or even covariate-dependent
censoring.

The setting which motivated the proposed methods involves mortality in the ab-
sence of liver transplantation among End-Stage Liver Disease (ESLD) patients. Since
the number of patients in need of liver transplantation is much greater than the num-
ber of available deceased-donor livers, medically suitable ESLD patients are placed
on a wait-list. Priority for transplantation is then determined by medical urgency,
as quantified by the Model for End-Stage Liver Disease (MELD) score. This score

is calculated using the bounded versions of serum bilirubin, serum creatinine, inter-



national normalized ratio for prothrombin time (INR), and dialysis status (
, : , ). The MELD score has been shown to be strongly
predictive of pre-transplant survival among chronic ESLD patients ( ,
). For a given ESLD patient, the MELD score is updated frequently, such that
MELD constitutes a time-varying covariate. Since wait-listed patients are sequenced
on the wait-list in decreasing order of current MELD score, MELD is strongly associ-
ated with transplant rate. As the organ assignment is correlated with pre-transplant
mortality through its mutual association with time varying MELD score, dependent
censoring occurs through the receipt of a liver transplant, which precludes the ob-
servation of pre-transplant death. We are interested in the effect on pre-transplant
mortality of prognostic factors observed at the time of wait-listing, as such informa-
tion would be useful to hepatologists and transplant surgeons for counseling patients.
We propose semi-parametric regression methods for directly modeling RMST
given baseline covariates in the presence of both covariate-dependent and depen-
dent censoring. The proposed methods can be used to evaluate the cumulative effect
of baseline covariates and to quantify treatment effects in terms of contrast in RMST.
Our proposed methods do not require any distributional assumption on the death
variates and, analogous to generalized linear models, allow for different link functions.
The contribution of our proposed work, compared to ( ), is that
the latter requires that censoring does not depend on the covariate vector. Although
random censoring may be a reasonable assumption in clinical trials, it will often
fail in observational studies. Our methods not only allow for covariate-dependent
censoring, but also allow for dependent censoring (e.g., dependence between the death
and censoring times not captured by the covariates used in the death model). In

( ), the weight function is the inverse of the Kaplan-Meier estimator. In



the methods we propose, we distinguish between covariate dependent and dependent
censoring; in particular, a double inverse weight is required and estimated through
separate Cox models for the two types of censoring.

The remainder of this article is organized as follows. In Section (1.2), we formulate
the data structure, define the necessary assumptions and then describe the proposed
methods. Asymptotic properties are given in Section (1.3). In Section (1.4), we
conduct simulation studies to evaluate the accuracy of the proposed procedures in
finite samples. In Section (1.5), we apply our methods to the motivating ESLD data
to determine the effect on pre-transplant mortality of several clinically meaningful
variables. We conclude this paper with a brief discussion in Section (1.6). Deriva-
tion of the asymptotic properties and additional results for ESLD data analysis are

provided in the Appendix A.

1.2 Proposed Methods

We begin with the necessary notation. Let D; be the treatment-free survival time
for subject ¢ from a cohort of sample size n. We consider two types of censoring.
One potential censoring time, denoted as C}, is independent of D; conditional on the
baseline covariates; this type of censoring includes loss to follow-up or administrative
censoring on the day the database closes. The other potential censoring, denoted as
T;, is not conditionally independent of D; given baseline covariates; one example
would be treatment time, which may dependently censor pre-treatment mortality.
The observation time for subject i is Z; = D;AT;\C};, where aAb = min{a, b}; and the
indicators for at risk status, pre-transplant death, dependent and independent cen-
soring are denoted by R;(t) = I(Z; > t),AP = I(D; < T, AC;), AT = I(T; < D; \C})

and Aic = I(C; < D; NT;) respectively. We denote the covariates predicting D;, T;



and C; by ZP(t), ZT(t) and Z¢ respectively. Although we have defined these nota-
tions to accommodate time varying covariates, some elements of each may be time
constant; e.g., gender or race. In some practical studies, the investigators might
want to use the same covariate set for censoring and death time; however, we will
distinguish these covariate sets for the purpose of generality. Stacking these covari-
ates together and removing any redundancy, we obtain Z;(¢) and the corresponding
covariate history as Z;(t) = {Z;(u) : 0 < u < t}. Our observed data are then given
by {Z;, AP AT AC Z(Z)i=1,...,n}.

Let L be a pre-specified time point of interest, before the maximum follow-up time
T =max{Z; : i = 1,...,n}. Denote the restricted observation time as Y; = Z; A L
and its corresponding indicator A; = I(D; A L < T; A C;). We are interested in the
average survival time up to L and will model this measure through baseline covariates
ZP2(0):

wi(L) == E{D; NL|ZP(0)}.

Analogous to a generalized linear model, we assume a direct relationship between

this RMST and baseline covariates as follows:

(1.1) glu(L) =g [E{D; NLIZ7(0)}] = BpZ(0),

where ¢ is a strictly monotone link function with a continuous derivative within an
open neighborhood Bp of B,. Examples of link functions include g(z) = = (iden-
tity link), g(z) = log(x) (log link) and g(z) = log(z/(L — x)) (logistic link). We
choose to model the impact of baseline covariates for many reasons. First, our in-
tention is to develop a model useful for application at the start of follow-up. For
example, modeling (1.1) such modeling may be used in counseling ESLD patients re-

garding their prognosis in the absence of liver transplantation, given the information



observed at the time of wait-list registration. Second, RMST prediction based on
time-dependent covariates are difficult to interpret, at least for internal time varying
factors ( : ). The role of ZP(t) depends on the model
being considered. In Eq. (1.1), only baseline values are used and we average over the
time-varying process. However, time-dependent values are needed to accommodate
dependent censoring, as explained in the paragraphs below.

The choice of L requires careful thought. One would normally choose a time point
of clinical relevance or, at least, of particular interest to the investigators, respecting
the bound at the maximum follow-up time. If too small an L value is selected,
DAL = L for most subjects, leading to a largely uninformative analysis. Conversely,
if too large an L value is selected, g(L) ~ (. Setting L too large or too small will
generally result in attenuated covariate effects. The choice of link function also
requires some consideration. The identity link is usually most interesting because
of its straightforward interpretation. However, it has the problem of unbounded
predicted values. From this perspective, the logistic link may be a better choice, at
least for the purposes of prediction. In addition, practitioners can conduct sensitivity
analyses and diagnosis procedures to test the performance of different link functions,
as we demonstrate in Section (1.5).

Note that we do not make any assumption about the error structure, in the interest
of flexibility and robustness. Although it might be difficult to envision an arbitrarily
truncated variate having a well-behaved distribution, it is reasonable to assume that
the corresponding mean has a convenient form. Framing the model in terms of
glE(D; A L)] instead of Elg(D; A L)] is very important in our settings. For example,
if log{E(D; A L)} = B,ZP(0), the parameters in 3, can be interpreted as the

multiplicative effect on RMST per unit increase in the corresponding covariate. This



is quite different from the model assumption E{log(D; A L)} = B, ZP(0), where 8,
equals the average change in logarithm of restricted survival time per unit increase
in ZP(0). The latter interpretation is much less intuitive, as back-transforming is
invalid in the light of Jensen’s Inequality.

We now derive the estimating equation for the parameter of interest, B,. In
absence of censoring, based on (1.1), B can be estimated via the following estimating

equation:

n

(1.2) LS 220 DAL — g {BZP(0)}] = 0.

e
Although connected to generalized linear models, (1.2) is more accurately interpreted
as a generalized estimating equation due to the absence of distributional assumptions
on D; A L.

However, we will not observe D; for all patients due to the occurrence of censor-
ing. Instead we may observe either independent censoring time C; or treatment time
T;. For independent censoring, it is reasonable to assume C; is independent of D;
conditional on the baseline covariates Z;(0) after we include a rich set of variables
in Z;(0). This assumption does not hold for T;; however, we can assume that the
dependence of T; and D; occurs through (and only through) the time varying pro-
cess Z;(t), such that conditional on Z;(t) we assume “no unmeasured confounders”,

formulated as,

oy PAZi €Mt t+h). AT =112, > ¢, Zi(t),D;}

h—0 h
_ oy PlZieltt+h) AT =12 > 1, Zi(1)}
— h ‘

This essentially assumes that the hazard of being censored by T; at t depends only

on the observed covariate history up to ¢ and not additionally on future data. For



example, based on the current liver allocation system, the receipt of a deceased-
donor transplant depends only on the patient’s current prognostic factors, and not
the future disease pathology.

Denote the hazard functions for C; and Tj at time ¢ as XY (¢) and A7 (¢), respec-

tively; i.e.,
P{Z, elt,t+h =1Z; > t, Z
) = P E DA = <>}’
h—0 h
P{Z, elt,t+h), =1|Z; >, Z
h~>0 h
with corresponding cumulative hazards, A{ (¢) fo A (u)du and AT (¢ fo A (u

Although E(ZP(0)[Y; — g7 Y{B5ZP(0)}]) # 0 in the presence of censoring, we
can show that under our assumption the IPCW weighted expectation is still zero;

e., B(Z7(OWi(Y)A[Y; — g7 {BpZ7(0)}]) = 0, where Wi(t) = W (WE (1),
WE(t) = exp{AT(t)} and WE (t) = exp{A{(t)}. Therefore, the following equation is

unbiased for Bp:

(1.3) *(B) ==Y ZP(OWi(Y)A; [Yi — g7 {8127 (0)}] =0,

provided that the weight function W;(t) = exp{AT(t)} exp{AY(¢)} is known. How-
ever, AT(t) and A{ (t) are rarely known in practice and therefore must be estimated
from the observed data. For this purpose, we assume Cox models for A(¢) and
M(t). Cox regression is a natural choice for modeling censoring times since it is
a well established approach, especially in the context of IPCW. Besides its compu-
tational convenience, Cox regression can flexibly accommodate both time constant

and time varying covariates.We assume the following Cox models, for 7; through



time-dependent covariates Z7 (t), and for C; based on covariates Z¢:

A (t) = A5 () exp {BrZ (1)} .

A (1) = X5 (1) exp (B0 Z7) -

Using partial likelihood (Cox, ) and the Breslow estimator ( , ), we
can estimate AZ(t) and B, from data {Z;, AT, ZT(t) : t € [0,Z),i = 1,...,n},
and /AXOO(t) and B from data {Z;, AS, Z% : i = 1,...,n} respectively. Plugging

/A\ZT(t), BT, ch(t), Bc into (1.3), we obtain the following estimating equation,
1 =
(1.4) ®(B) = > Z7 (OWi(Y)A; [Yi — g7 {Bp 27 (0)}] =0,
i=1

where W;(t) = WT()WE(t), WT(t) = exp{AT(t)} and WE(t) = exp{A(¢)}. The
solution to (1.4) provides for consistent estimation of 3, with its asymptotic prop-
erties discussed in Section (1.3). The use of a double inverse weight shares some
similarity with ( ). However, unlike our methods, the first
weight in ( ) is derived from Inverse Probability of Treatment

Weighting (IPTW) and serves to balance treatment-specific covariate distributions.

1.3 Asymptotic Properties

Before presenting the asymptotic properties of our proposed estimators, we specify
the following regularity conditions (1)-(7) fori =1,...,n.

[(a)]
1. {Z;, AT ,A® Z.(Z)} are independently and identically distributed.
2. P(R;(t)=1) >0 for t € (0,7].

3. 1Zw(0)| + [y d|Zin(t)] < Mz < oo for i = 1,...,n, where Z;;,(0), Z(t) are the

kth components of Z;(0) and Z,(t), respectively.

10



4. AT(1) < 00, A (1) < oo and AT(t),A%(t) are absolutely continuous for ¢ €
(0, 7].

5. There exist neighborhoods Br of B, and B¢ of B, such that for £ = 0,1, 2,

1 n
sip | =Y exp {827 (0} R ZT (1) —rP(1:8)|| 2 0.
te(0,7],B€Br ni:l
1 n
sup [= > exp (8'2) Ri()) 25— r(1:8)| 0,
te(0,7],B€8c ni:l

where v = 1, v®! = v, v9? = v/v and

ri (6.8) = E [exp {B'2] (1)} Rit) 2] ()]
re)(:8) = E{exp (B2) Ri(1) 27"} .
6. Define h(z) = 0g~'(x)/dz, where h exists and is continuous in an open neigh-
borhood Bp of 8.

7. The matrices A(Bp), Qr(8r), QLc(Be) are each positive definite, where

[ ()
Qr(8)=E /0 {é))ggi ET(t;B)@}dNiT(t)],
[ (@)
ro (68)  _
Q =F ¢ —Zo(t;B)%% » ANF (1) ],
() / {rg»(t;m o(t:8) } <>]
and
(1)
_ rr (t;ﬁ)
zT(t;ﬁ) = ng))(t; ,6) ;
(1)
_ ro (8 8)
D= )

Condition (1) can be relaxed at the expense of additional technical development.
Condition (2) is needed for the purpose of identifiability. Conditions (3)-(6) ensure

the convergence of several stochastic integrals used in the proofs. The matrices

11



A(Bp), Qr(Br), Qc(Be) in condition (7) are at least non-negative definite and will
be positive-definite under any non-redundant specification of the respective covariate
vectors. Our main asymptotic results are summarized in Theorems 1.1 and 1.2 below,

with the proofs presented in Appendix A.

Theorem 1.1. Under reqularity conditions (1)-(7), as n — 0o, v/n®(Bp) converges
to a zero-mean Normal with variance B(B8p) = E{B;(Bp)%?}, for any subject i =

1,....m,
B.(B) - e(8) + Kx(B)(8,) U (B,) + Kc(B)0c (Be)  U(B,)
+ [ Haw@)rf? ) a0+ [ Holu )r (o) aME ),
where we define
e(8) = AW()IY, — B 2P (0127 (0),
UTo) = [ (20 - Zntuslan )
Ut = [ 12 - Zelu Blavw),
K1(B) = B{e(®)D! (),
Ke(p) = B{e(8)DE(Y'
H 1 8) = Blea(8) exp{8 27 ()} Ro(w),
Ho(u 8) = Ble(B) exp(Bu20) Ri(w)},
DI = [ (710 - Zr( By an! )
DL = [126(0) ~ Zolw BT ),
with Qr(8), Qe (B) defined in Condition (7).

Here we use the usual counting process notations, where NI () = [(Z; < t, AT =

1) and NE(t) = I(Z; < t,AY = 1) are observed counting processes for T; and
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C; respectively, with dMT(t) = dNI'(t) — R;(¢)dAT(t) and dME(t) = dNF(t) —
R;(t)dA%(t) being the corresponding zero mean processes. The proof utilizes various
results derived in Zhang and Schaubel (2011), primarily the asymptotic expression
of the empirical weight in terms of the true weight. The main purpose of Theorem

[.1 is to set up Theorem I.2.

Theorem L.2. Under regularity conditions (1)-(7), as n — oo, By, converges in
probability to B and \/E(BD — Bp) converges to a zero-mean Normal with variance
A(Bp)'B(Bp)A(Bp) ™t with A(B) defined in condition (g) and B(3) defined in

Theorem 1.

The proof of consistency of B p holds by the Inverse Function Theorem ( ,

) while the proof of asymptotic normality follows through the combination of
various Taylor series expansions and the Cramér-Wold Theorem.

We propose two versions of asymptotic standard error (ASE) estimators for our

proposed estimator B p- The first ASE is derived from (1.3) and, as such, treats the

IPCW weights as known:

ASE, = \/%Diag [ﬁ(ﬂD)_lé\*(ﬁD)ﬁ(ﬁD)_l ;

where B\*(ﬁ) = E{ei(ﬁ)@}. The second ASE is based on (1.4) and derived in

Theorem 1.2:

ASE, = \/ L Ding [A(8,) 1 B(8,)A(8,) ]
where B(8) = E{B;(8)®*}. These two ASEs can be obtained by plugging all
the undetermined terms with their respective estimators. More detail about the
calculation procedures is provided in Appendix A. These two versions of sandwich
ASEs share the same second derivative matrix, A(3), but differ with two different

middle matrices. The first version, ASE;, which results from the weight function
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being known as opposed to estimated, treats the weights as fixed and therefore its
middle matrix involves €; only. The second version, ASE,, contains several extra
terms in its middle matrix, in order to account for the variation due to estimating
the weights. Although ASE, should be closer to the truth, it adds the complexity of
middle matrix and is usually more complicated to calculate in practice than ASE;. In
contrast, ASE; can be easily computed with built-in commands from many statistical
software packages (e.g., SAS, R) and therefore serves as a useful approximation of
ASE,. We evaluate the performance of both ASE; and ASE, through the simulations

presented in the next section.

1.4 Simulation Study

We conducted simulations to evaluate the performance of the proposed methods in
finite samples. Two different percentages of right censoring were considered, moder-
ate and heavy censoring. For each simulated subject + = 1,...,n, two baseline covari-
ates Z;1, Z;p were generated from Bernoulli(0.5) distributions. The death time, D;,
was generated from D; = ¢! (ag + 1 Z;1 + aaZin) + €15, where €3; ~ Uniform(—o, o),
a = [ag, a1, ) and o were chosen in accordance with the particular link func-
tion. More specifically, for linear link a@ = [5.5,0.25,0.25])" was tested and for log
link @ = [-0.63,.08,.08]" was tested. This death generator was used to induce
the same mean structure for D; and D; A L, as the mean structure of the former,

Q{E(DZ|Z11, Zz?)} =gy + Oqul + OZQZZ‘Q, is similar to that of the latter,
(1.5) g{E (D; N L|Zy1, Zip)} = Bpo + Bp1Zin + BpaZia + BpsZii Zia.

Because the above model (1.5) is saturated due to an extra interaction term Z;; Z;,
the true values of B, = [Bpo, Bp1, Bp2, Bp3]’ can be determined computationally and

are calculated using Monte Carlo methods with size 10 million. We set L = 10 to

14



yield a reasonable range of P(D > L). We evaluated the linear and log links, since
they would be the most popular choices in practice.
We generated the independent censoring time C; from a Cox model with the

following hazard,
(1.6) XY (8) = A§ exp (BorZa)

where A\ ranged from 1/36 to 1/21 and B¢y ranged from —log(3) to log(2). We
generated a time-dependent covariate which was correlated with death time D; and
treatment time 7; while conditional on baseline covariates Z;;, Z;5. First, let V; =
—Volog{(e;1 + 0)/(20)} + €2, where V; is a constant ranging from 40 to 100 and
€2 ~ Uniform(0,1). Then define a time-dependent variable V;(t) = I(t < V;).
Thus V;(t) is still correlated with D; through €;; even after conditional on Z;;, Z;s.

Treatment time T; was generated from a Cox model with the following hazard,
(1.7) A (1) = AG exp {Br1Zia + BraVi(t)}

where A} ranged from 1/35 to 1/18, fr; ranged from —log(4) to log(3) and Sro
ranged from log(2) to log(3). Therefore T; is correlated with D; conditional on
Zi1, Zio, through a mutual unobserved variable ;.

We present results for samples sizes n = 250 and n = 500, under moderate
and heavy censoring. For the linear link, P(D > 10) ~ 11%, approximately 10%
C; and 21% T; are observed in the moderate censoring scenario, and 15% C; and
36% T; are observed in the heavy censoring scenario. For the log link, P(D >
10) =~ 10%, approximately 8% C; and 24% T; are observed in the moderate censoring
scenario, and 15% C; and 35% T; are observed in the heavy censoring scenario. As
displayed in Tables 1.1 and 1.2, the estimates for 3, are approximately unbiased,

with the magnitudes of any bias generally decreasing with increasing sample size.
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Table 1.1 Simulation results: g(z) =«

Scenario N B, True BIAS ESD ASE; CPy(%) ASE; CPy(%)
Moderate 250 [y 5.452 -0.008 0.505 0.519 94 0.515 94

Censoring 51 0.23 -0.037 0.714 0.72 95 0.735 96
B2 0.227 0.008 0.67 0.686 95 0.711 96
B3 -0.014 0.033 0.928 0.947 95 0.99 96

500 Bp 5452  0.002 0.346 0.368 96 0.364 96
B1 0.23 -0.016 0.503 0.508 95 0.519 95
B2 0.227 -0.018 0.469 0.487 96 0.505 96
B3 -0.014 0.012 0.674 0.671 95 0.701 97

Heavy 250  fBp  5.452 -0.006 0.467 0.486 96 0.577 98
Censoring 51 0.23 -0.042 0.704 0.725 95 0.858 98
B2 0227 -0.037 0.821 0.83 95 0.991 98

Bs -0.014 -0.021 1.271 1.249 94 1.493 96

500 Bo  5.452 0.01 0.328 0.345 96 0.398 98

51 0.23 -0.024 0.512 0.512 94 0.589 96

B2 0.227 -0.043 0.591 0.594 95 0.694 97

B3 -0.014 -0.017 0.924 0.887 93 1.039 97

The calculated ASE;s and ASEgys are very close to their corresponding empirical
standard deviations (ESD), and therefore their empirical coverage probabilities CP4
and CPy are close to 95%. The implication from our simulation studies is that, in
moderate samples, the proposed methods result in unbiased estimation, and that the
easily computed ASE; is a useful approximation to the more complicated ASE,. In
our real-data application presented in Section (1.5), n >> 1,000, the sample size is
far more than 1,000, which would render finite-sample bias in ASE; much less of an
issue than in our simulation studies.

Mis-specification of the censoring model is a common issue in [IPCW methods, in
which case bias will generally exist in the mortality model estimation. To evaluate
how much bias is introduced by such mis-specification, we conducted additional

numerical studies. In particular, we considered 3 different types of mis-specification:

(i) Model for independent censoring, C, is mis-specified: add a covariate, Z;, to

the censoring hazard \¢(t); i.e., Zy was added to the generator, but not the
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Table 1.2 Simulation results: g(z) = log(x)

Scenario N B, True BIAS ESD ASE; CPy(%) ASE; CPy(%)

Moderate 250 [y -0.634 -0.008 0.104 0.104 95 0.102 94
Censoring 81 0.075 -0.007 0.143 0.139 95 0.142 96
B2 0.074 0.005 0.13 0.129 95 0.133 96

B3 -0.004 0.008 0.173 0.172 95 0.179 95

500 Bp -0.634 -0.004 0.068 0.073 97 0.072 96

81 0.075 -0.001 0.095 0.097 96 0.099 96

B2 0.074 -0.001 0.088 0.091 96 0.094 97

B3 -0.004 0.001 0.12 0.121 96 0.126 97

Heavy 250  fBp -0.634 -0.013 0.124 0.125 94 0.125 95
Censoring 81 0075 -0.01 0.183 0.171 94 0.177 94
B2 0.074 0.007 0.157 0.157 95 0.167 96

B3 -0.004 0.01 0.222 0.212 95 0.227 96

500 Bp -0.634 -0.008 0.083 0.089 96 0.088 96

B 0.075 0.001 0.121 0.12 95 0.124 95
B2 0.074 0.001 0.109 0.111 95 0.118 97
Bs -0.004 0.001 0.151 0.15 95 0.159 96

model for C; being fitted.

(ii) Model for dependent censoring, 7', is mis-specified: add a covariate, Z;;, to

censoring hazard A (¢), but not to the T; model being fitted.
(iii) Models are mis-specified for both C' and T" simultaneously.

Figure 1.1 displays the bias for sample size N = 250 calculated with 1,000 repli-

cations for the 4 scenarios in Table 1.1 and 1.2, after introducing mis-specification

(i)-(iii). In general, bias exists when the censoring model is not correctly specified,
and is more pronounced when both types of censoring are incorrectly modeled.
An interesting comparison is between our methods and those proposed by

( ). Their methods were developed in the context of covariate-independent

censoring and, thus, proposed IPCW weights based on Kaplan-Meier estimators.

When the censoring mechanism is more complicated than independent censoring

(i.e., in presence of either covariate-dependent or dependent censoring), then our
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Figure 1.2 Bias comparison between our and Tian’s methods in presence of dependent censoring

methods should perform better than Tian’s methods. We illustrated this with addi-

tional simulations; we ran the simulation studies in Table 1.1 and 1.2 again, applied

( ), and then plotted the resulting bias along with the bias from our

methods. As shown in Fig 1.2, ( ) has quite severe biases for N = 250

cases; similar results were obtained with N = 500. This is expected, since we are
testing ( ) outside the set-up for which the methods were developed.

In presence of only covariate-independent censoring, both our methods and those

of ( ) should apply. In evaluating our methods, we blindly added
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Table 1.3 Efficiency comparison between our and Tian’s methods in presence of only
covariate-independent censoring: g(z) = x

N Bp True Bias; Biass ESD; ESD, ERE

250 Bp 5.148 0.023 <0.001 0.344 0.351 0.963
81 0406 -0.017 -0.002 0.404 0.401 1.012
B2 0.403 -0.009  0.005 0.403 0.402 1.004
500 Bo 5.148 0.012 0.001 0.244 0.25 0.953
B1 0.406 -0.007 < 0.001 0.286 0.286 1.003
B2 0.403 -0.009 -0.002 0.286 0.286 1.002

non-predictive covariates into the censoring model, in order to assess the degree of
efficiency loss. We generated death time with D; = g1 (5.25 + 0.5Z;; + 0.5Z5) + €15,
where Z;1, Zis ~ Bernoulli(0.5) and €¢;; ~ Uniform(—5.25,5.25). We chose L = 9
and introduced a simple censoring pattern (Exponential, rate 0.05). Approximately
79% D’s are observed, with P(D > L) ~ 19%. In Table 1.3, Bias; and ESD; are
bias and empirical standard deviation (ESD) calculated by our methods with futile
covariates Z;1, Z; in the censoring model, and Biasy, and ESD, are calculated using

( ) with a correctly specified non-parametric censoring model. The last
column is Empirical Relative Efficiency (ERE) between ( ) and our
methods, computed as the ratio of mean square error. Examining various replicates,
the estimated regression coefficients for the C' model tends to be very close to 0,
with large p values. In practice, users would feel inclined to drop them from the
model due to their negligible effect on C'. Since these non-zero censoring coefficients
are actually 0, our methods have a little bit greater bias than ( ).
Regarding efficiency, our methods exhibited approximately the same efficiency as

( ), despite including the two irrelevant covariates in the C' model.
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1.5 Analysis of Liver Disease Data

We applied the proposed methods to directly estimate RMST among End-Stage
Liver Disease (ESLD) patients. Of interest was survival in the absence of liver trans-
plantation. We obtained data from the Scientific Registry of Transplant Recipients
(SRTR). The SRTR data system includes data on all donors, wait-listed candidates,
and transplant recipients in the U.S., as submitted by the members of the Organ Pro-
curement and Transplantation Network (OPTN), and has been described elsewhere.
The Health Resources and Services Administration (HRSA), U.S. Department of
Health and Human Services provides oversight to the activities of the OPTN and
SRTR contractors.

The study population consisted of all chronic ESLD patients initially wait-listed
for deceased-donor liver transplantation in U.S. at age > 18 between January 1, 2005
and December 31, 2012. For each patient, the time origin (¢ = 0) is the date of wait-
listing, with each patient followed from that date until earliest of death, receipt of a
liver transplant, loss to follow-up, or the end of the observation period on 12/31/2012.
Independent censoring occurs through loss to follow-up, administrative censoring, or
receipt of a living-donor liver transplant. Note that living-donor transplantation is
usually carried out with a liver segment donated by a family member or a close friend,
such that the process is not systematically influenced by MELD score trajectory
conditional on baseline covariates. As described in Section (1.1), dependent censoring
occurs through the receipt of a deceased-donor transplant, which is correlated with
pre-transplant mortality through its mutual association with time varying MELD
score. A total of n =55,651 patients were included in our study population. Among

them, 13,640 (25%) died before receipt of a transplant, 23,335 (42%) received a liver
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transplant, and 18,676 (34%) were independently censored.

We constructed our independent censoring model and pre-transplant mortality
model using baseline covariates historically reported to be important prognostic fac-
tors, including age, gender, race, blood type, United Network for Organ Sharing
(UNOS) Region, calendar year of listing, underlying diagnosis, body mass index
(BMI), dialysis, sodium, hospitalization status and MELD score at listing (t = 0).
The liver transplant hazard model incorporated additional time-dependent covari-
ates, including MELD score, dialysis, sodium, ascites and encephalopathy. UNOS
has established 11 geographic Regions for administrative purposes. The availability
of deceased-donor organs and the distribution of mortality is quite different across
these 11 Regions. This therefore suggests the necessity of adjusting for UNOS Region

in both our censoring and mortality models:

(1.8) AL (t) = Ay(t)NG;(t) exp {BLZ] (1)},

(1.9) A (1) = G (8) exp (B Z7 )

where the subscript 7 = 1,2,...,11 stands for UNOS Region, while the indica-
tor A;(t) records whether the patient is active and not removed from the wait-list
at time t. Patients generally start follow-up as active, such that A4;(0) = 1, but
may be made temporarily inactive due to illness (A4;(t) = 0), in which case the
patient retains his/her position on the wait-list but cannot receive deceased-donor
liver offers. A patient whose health condition declines to the point where liver
transplantation is considered futile may be permanently removed from the wait-
list (A;(u) = 0 for any time point u after the time of removal). Therefore A;(?)
serves as a time varying at-risk indicator for transplantation. Subintervals during

which a given patient is inactive make no contribution to the fitting of model 7. We
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then compute cumulative hazard functions as Kg(t) = exp{— fg eXp(,@/CZ ZC)dKOC](u)}
and /A\Z(t) = exp[— fot A;(u) exp{,@/TZiT(u)}ngj(u)] and obtain the IPCW weight as
/VIZ(t) = exp{/A\iCj(t)}eXp{/A\;f’;(t)}. Since more than 99% of the estimated IPCW
weights are below 10, we cap the weights by 10 in order to reduce variance.

We modeled restricted mean survival time at L = 1, L = 3, L = 5 years post wait-
list registration, which are reasonable time windows in the ESLD setting. Overall
crude survival probabilities are approximately 79%, 62% and 51% for the 3 time
windows respectively. We present the parameter estimates for the pre-transplant
mortality model using three link functions, including linear, log and logistic. As
shown in Table 1.4, the covariate effects demonstrate the same trends across the
different link functions. The average pre-transplant survival time out of the next
3 years is estimated as approximately 33, 35.8, and 33 months using the three link
functions respectively, for a ‘reference’ patient; i.e., a white male wait-listed at age
50, registered in Region 5 (the Region with the largest population) during year 2005,
diagnosed as none of the listed types, not hospitalized, not on dialysis, with blood
Type O, BMI between 20 and 25, sodium level at 130 mmol/l and MELD score 6 (the
minimum possible value). For another patient with the same profile but a different
MELD score (e.g., MELD=30), the average pre-transplant survival time out of the
next 3 years is estimated as approximately 11.6, 9.8, and 7.5 months respectively.
This discrepancy in predicted RMST underscores the importance of the MELD score.
The linear link does not always result in fitted RMST values within an admissible
range (0, L]. This could perhaps be remedied by transforming various covariates, or
by simply bounding estimated RMST. The remaining parameter estimates for the
1- and 5-year windows are provided in Appendix A.3.

Figure 1.3 plots fitted RMST values (L = 3 years) by MELD score (ranging from
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Table 1.4 Estimated covariate effects on RMST in the absence of liver transplantation (L = 36

months)
Linear Log Logistic
ZP(0) Bp ASE:  p Bp  ASEr  p Bp  ASEL  p
Intercept 32.95 0.5 < 0.01 3.57 0.02 0.8 2.42 0.08 < 0.01
Year-2005 -1.02 005 <0.01 -004 <001 <0.01 -0.16 0.01 < 0.01
Age-50 (Years) -0.2 0.01 <0.01 -001 <001 <001 -0.04 <0.01 <o0.01
Sodium-130 (mmol/1) 0.47 0.02 <0.01 0.02 <0.01 <0.01 0.08 <0.01 <0.01
MELD Score-6 -0.89 0.02 <0.01 -005 <001 <001 -016 <001 <0.01
UNOS Region Reference Group: 5
1 -1.52 049 < 0.01 -0.06 0.02 <0.01 -0.27 0.07 < 0.01
2 -1.35 038 < 0.01 -0.06 0.01 <0.01 -0.22 0.06 < 0.01
3 -3.26 043 <0.01 -0.11 0.02 <0.01 -0.49 0.07 < 0.01
4 0.23 0.34 0.5 0.02 0.01 0.09 0.04 0.06 0.46
6 -0.97  0.54 0.07 < 0.01 0.02 0.95 -0.12 0.09 0.21
7 -0.59 0.42 0.16 -0.02 0.02 0.32 -0.1 0.07 0.14
8 -0.9 0.42 0.03 < 0.01 0.02 0.94 -0.13 0.07 0.06
9 -1.41 0.36 < 0.01 -0.07 0.01 < 0.01 -0.21 0.06 < 0.01
10 -2.24 048 < 0.01 -0.09 0.02 <0.01 -0.39 0.07 < 0.01
11 -2.75 044 < 0.01 -0.1 0.02 <0.01 -0.44 0.07 < 0.01
Gender Reference Group: Male
Female 0.49 0.22 0.02 < 0.01 0.01 0.95 0.06 0.03 0.1
Race Reference Group: White
lack 0.34 0.41 0.41 0.02 0.02 0.23 0.06 0.06 0.31
Hispanic 0.23 0.27 0.4 0.01 0.01 0.21 0.04 0.05 0.33
Asian 1.76 0.55 < 0.01 0.05 0.02 0.01 0.33 0.11 < 0.01
Others -0.57 0.89 0.52 -0.01 0.04 0.74 -0.11 0.15 0.48
Blood Type Reference Group: O
A -0.08  0.21 0.72 -0.01 0.01 0.26 -0.02 0.03 0.63
B -0.02  0.36 0.95 -0.01 0.01 0.59 < 0.01 0.06 0.97
AB -0.59 0.78 0.44 -0.05 0.03 0.08 -0.19 0.11 0.1
Diagnosis Reference Group: No or Yes
Hepatitis C -1.33 033  <0.01 -0.04 0.01 <0.01 -0.26 0.05 < 0.01
Noncholestatic 0.76 0.33 0.02 0.06 0.01 < 0.01 0.12 0.05 0.02
Cholestatic -1.26 045 0.01 -0.05 0.02 <0.01 -0.28 0.07 < 0.01
Acute Hepatic Necrosis — 2.27 0.81 0.01 0.06 0.03 0.04 0.56 0.18 < 0.01
Metastatic Disease -2.95 0.66 < 0.01 -0.11 0.03 < 0.01 -0.53 0.11 < 0.01
Malignant Neoplasm -7.24 037 <0.01 -043 0.02 <0.01 -1.23 0.06 < 0.01
BMI Reference Group: (20, 25]
(0, 20] -2.05 047 <0.01 -0.07 0.02 <0.01 -0.28 0.07 < 0.01
(25, 30] 0.02 0.27 0.95 0.01 0.01 0.25 -0.01 0.04 0.8
> 30 -0.09  0.27 0.74 < 0.01 0.01 0.98 -0.02 0.04 0.57
Hospitalized Reference Group: Not Hospitalized
-1.83 0.65 <0.01 -0.54 0.08 <0.01 -0.82 0.14 < 0.01
not ICU -2.41 042 <0.01 -0.33 0.04 <0.01 -0.49 0.08 < 0.01
Dialysis Reference Group: No or Yes
Yes 1.69 0.564 <0.01 0.13 0.04 < 0.01 0.49 0.09 < 0.01

An offset of . = 36 months is applied for log link.
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Figure 1.3 Fitted RMST (L = 36 months) by MELD score for a reference patient: white, male,
age=50, Region=>5, year=2005, not hospitalized, not on dialysis, blood Type=0, BMI € (20, 25],
sodium=130

6 to 40; i.e., for all possible MELD scores), for the above-described reference patient.
For all the three link functions, RMST decreases strongly with increasing MELD
score, as anticipated. The fitted values based on all the three links result in fitted
values which tail off at higher MELD scores. Among the three link functions, the
linear link may be most appealing in terms of its straightforward interpretation. For
example, for per unit increase in a patient’s MELD score, the average survival time
(capped at 3 years) will decrease approximately 0.9 months; for a 5-year increase
in age at wait-listing, 3-year RMST decreases by approximately 1 month. Analo-
gous trends are also observed in the models using the other two link functions. We
will further compare the model adequacy using different link functions in terms of
discrimination ability and prediction accuracy.

To evaluate each model’s discrimination ability, we compute the Index of Concor-
dance (I0C), also known as the C' statistic ( , ; :

: , ), denoted by:

S S AW YWY |Y; < Y5, 97 {BpZP(0)} < g7 {BpZP(0)}

10C = ——
Dim1 2o AW (Y)W, (V)T (Vi <)
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This statistic converges to a censoring distribution free quantity, P(85Z7”(0) <
BrZ f (0)|D; N L < D; A L), measuring the agreement of predictions with observed
failure order. Quantities frequently used to evaluate model prediction accuracy in-
clude the mean absolute deviation (MAD) and mean squared deviation (MSD) (

; ; , ), formulated as,

e —~ N
MAD = =S"AW.() |1V = ¢ 48, ZzP(0 ’
S AT |- 07 Byz7 0]

Igs | = RPN 2
MSD = E;AiWi(Yi) Y- g {BLZP 0},

which converge to E|D; A L — g~{8,Z"(0)}| and E[D; A L — g-{B,ZP(0)}]
respectively, quantifying the “distance” between predicted and observed outcomes.
Proof sketches of the convergence of IOC, MAD and MSD are provided in Appendix
A2

In Table 1.5, we calculate these three statistics for the 9 models (3 link functions,
with 3 values of L) through 2-fold cross validation. Specifically, we split our data
by randomly selecting half the patients (n =27,825) into a “training” set (to which
the models are fitted), and using the remaining half (n =27,826) as the “validation”
set (to which the discrimination and predictive accuracy measures are applied). For
L =1, 10C=0.82 for all three link functions. For L. = 3 and L = 5, IOC is largest for
the log link, although not by a wide margin. As L increases, the IOCs decrease, for
all link functions; this makes sense intuitively since covariate measurements at times
more distant in the past should correspond to reduced discrimination. In terms of
both MAD and MSD, the logistic link has the best prediction accuracy by a fair

margin.
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Table 1.5 Index of Concordance (IOC), Mean Absolute Deviation (MAD) and Mean Squared
Deviation (MSD): Comparison of link functions by L (years)

Measure L Linear Log Logistic

I0C 1 0.82 0.82 0.82
0.77 0.78 0.77
0.72 0.75 0.74

MAD 1.52 1.67 1.36
7.19 6.56 6.06
MSD 6.66 6.97 6.42

70.10  69.51 66.02

3
5
1
3 5.08 5.05 4.58
5
1
3
5 153.25 145.78 139.75

1.6 Discussion

We have proposed methods to model restricted mean survival time as a function
of baseline covariates, using techniques that are valid under a wide variety of cen-
soring mechanisms. RMST is often of inherent interest to investigators, especially
in settings where cumulative covariate effects are appealing. RMST is also an at-
tractive alternative when the proportional hazards assumption does not hold. We
have constructed double IPCW weights to simultaneously account for independent
and dependent censoring. This general setup is frequently necessary in applications,
and failing to account for either type of censoring may result in biased estimation of
the mortality model. In studies with only one type of censoring, one would need to
calculate the corresponding IPCW weight and set the other to 1. In the interests of
flexibility and robustness, our proposed approach does not assume a model for the
death time D A L but for its mean E(D A L). This, however, sacrifices some efficiency
in settings wherein a (correctly specified) parametric model is assumed.

Stemming from our current work are several interesting directions worth explor-

ing in the future. One is to consider ‘residual’ RMST ( , ),
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i.e. conditional RMST given the patients still being alive at a later time point af-
ter being wait-listed. This could be achieved by applying our methods to landmark
analysis, which incorporates time-varying covariates into the mortality model. The
results from this landmark analysis should be of interest to those who are already
wait-listed for a period of time and want to know, for instance, the effect of MELD
on residual survival time. It would also be interesting to contrast RMST to the
analogous number, expectancy of life lost before time L, which is the area under the
curve of cumulative incidence functions rather than marginal survival functions.

( ) has discussed decomposition of number of life years lost using pseudo-
observations in the context of competing risk. Assuming the absence of time-varying
covariates (as needed in , ) and the use of a simple linear link, we ex-
pect the estimated covariate effects from modeling number of life years lost would
remain the same magnitude but change the sign, and the intercept would change to
L subtracted by the intercept in RMST model. Furthermore, one recent paper by

( ) proposed to infer RMST curves as a function of L. Following this
direction, extension of our methods to RMST curves is a very interesting idea worth
further consideration.

We have applied our proposed method to ESLD data to study pre-transplant
mortality. Such data requires consideration not only of independent censoring, but
also of dependent censoring, where the receipt of a transplant precludes observation
of wait-list mortality. This is the first paper to directly estimate RMST in the ESLD
setting. The R code to implement our methods is available upon request to the first

author.

27



CHAPTER II

Computationally Efficient Modeling of Restricted Mean
Survival Time Based on Clustered Data

2.1 Introduction

Restricted mean survival time (RMST) is often of great clinical interest in prac-
tice and is gaining increased attention among biostatisticians. There are now several
existing methods to model RMST, with the methods distinguished by their estima-
tion approaches and assumptions on the censoring mechanism (

) ; ) ; ) )

, : , : , ). Compared to proceed-

ing indirectly by transforming other pivotal functions into RMST, direct modeling

of RMST is more appealing in terms of parameter interpretation and computational

convenience. We propose generalized estimating equation (GEE) methods to model

RMST as a function of baseline covariates. In the interest of robustness and flexi-

bility, we avoid making any distributional assumptions on the underlying restricted

survival time. To represent covariate effects in the mortality model, we make a regres-

sion assumption on RMST with baseline covariates, usually through a link function
analogous to a Generalized Linear Model (GLM).

Although parametrization of the RMST is generally convenient, computational

difficulties may arise if the dimension of the covariate vector is quite large. Standard
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software packages (e.g., R and SAS) typically handle datasets with tens of thousands
of subjects better than they handle several hundred covariates. Examples include
clustered data, or data with a high-dimensional covariate. In this report, the terms
“cluster”, “facility”, and “center” could be used interchangeably. In the interest of
concreteness, we use the term “center” hereafter, in part due to its connection with
the data which motivated our work in this chapter. A conventional way to adjust for
fixed facility effects in a regression model is to code potentially very large number
of center indicators; this can introduce a high covariate dimension, in turn greatly
increasing the computational burden.

The case we consider in this paper involves data characterized by a large number
of centers and collected in an environment where fixed cluster effects are desired
( , ). The dataset which motivates our proposed methods
consists of End-Stage Renal Disease (ESRD) patients receiving hemodialysis in the
United States. The study population has over 1 million patients from over 5,000
dialysis facilities. We are interested in evaluating the effect on survival of some
variables historically reported to be important prognostic factors, including age,
race, gender, underlying diagnosis, and comorbidity information. However, facility is
reported as a strong predictor of ESRD patient survival, and it is strongly suspected
that the distributions of these prognostic factors are unequal across the thousands of
facilities. Hence, the potential for bias exists if our model does not adjust for facility.

The purpose of this chapter is not to contrast fixed versus random effects as
methods for adjusting for center. Strong cases can be made in either direction,
such that the choice of one over the other depends largely on the data structure
at hand, along with the analytic objectives. In our cases, covariate effects are of

interest, but so are the facility effects. In this particular framework, one reason to
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prefer fixed versus random facility effects is that a key assumption of the random
effect model (i.e., the independence of facility effect and patient characteristics) is
unlikely to hold. Fixed cluster effects are more appropriate to avoid such confounding
issues when we suspect the individual covariates are correlated with facility effects.
Moreover, in addition to estimating covariate effects, an objective of our analysis of
the ESRD data is to identify “unusual” or “interesting” centers with significantly
below or above average performance. Such results are of great interest to various
stakeholders (e.g., regulatory bodies, oversight committees, insurers).

the overseers and payers, fixed effect methods have been demonstrated to yield
less biased estimates of the extreme responses with smaller mean squared error when
the true facility effect is far from that of the average facility ( ,

; , ). We continue discussion in contrasting fixed and random center
effects in Section (2.5).

In the context of ESRD data, conventional methods would involve simultaneous
estimation of the covariate effects and about 6,000 facilities indicators. As will be
demonstrated, the proposed techniques separate the estimation of center specific
baseline RMST from the estimation of covariate effects. As will be detailed, we can
exploit standard software for implementation, but the proposed yield much faster run
times relative to those typically employed in the generalized linear model setting. In
particular, we dissect the model structure and connect it to the estimation procedure

Y ) ) Y

of the stratified proportional hazards model (
).

The novelty of the methods proposed in this report is primarily from two perspec-

tives. First, to the best of our knowledge, no previous work has proposed methods

for estimating center effects through a direct model of RMST. Second, no previous
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report has addressed computational issues likely to arise in large data sets; we focus
on center effects (as a frequently occurring instance of high dimensional categorical
covariates) and propose techniques which greatly reduce computing time and that
should be quite appealing to practitioners (e.g., can leverage standard software).
The remainder of this report is organized as follows. In Section (2.2), we formulate
the data structure, describe the proposed methods, and then propose the estimation
procedures. Large sample properties are derived in Section (2.3), with numerical
studies conducted in Section (2.4) to assess the accuracy of the proposed procedures
in finite samples. We illustrate our methods in Section (2.5) through application to
the motivating ESRD data. Discussion and possible future directions are presented

in Section (2.6).

2.2 Proposed Methods

2.2.1 Notation and assumptions

Let i denote the ’th patient (i = 1,...,n) and g; denote this patient’s center,
where g; = 1,...,J and J is usually a relatively large number (e.g., J = 1,000).
To simplify the notation, we create a vector variable G; = (Gy,...,G,y), where
Gij = I1(9; = j), based on g;, and this vector is all 0 except g;th element equal
to 1. Baseline covariates of interest are denoted by Z;, a vector of length p. Let
D; denote the mortality time, which is subject to right censoring time C;. Due to
the occurrence of censoring, we observe the minimum of death and censoring time,
X; = D; A C;, and hence, we define the death indicator AP = I(D; < C;). Suppose
L is the pre-specified time point of interest; then define restricted observation time
Y, = D; A L and its corresponding indicator AZY = I(D; NL < ;). Our observed
data are then O = {O;; i = 1,...,n}, where O; = {Z;, G;, X;,Y;, AY | AP}

We are particularly interested in the average survival time up to L, i.e., RMST
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at L. Since our intention is to develop a useful tool to evaluate survival based on
the information available at the time origin, we model the RMST as a function of
baseline (i.e., time 0) covariates. Analogous to a GLM with log link, we assume the

following mortality model for the RMST, p;; = E(D; A L|Z;, g; = j)

(2.1) wij = Hojexp (BoZ;),

where By = (Bo1, - - ., Bop)’ is the covariate effect of interest, and py = (po1, - - -, fos)
is the center-specific baseline RMST. Model (2.1) has the same structure as a GLM
with the log link. However, note that the variance structure is unspecified. The
model is equivalent to model with centers represented by J indicator variables; i.e.,
exp{B,Z; + G’log(py)}. For the data structure of our interest in this report, J is
usually a large number, such that fitting the model requires careful consideration
to avoid computational difficulties. In order to avoid estimating the J center ef-
fects simultaneously, we propose a two-stage procedure which allows us to separately

estimate B, and .

2.2.2 Censoring models

In the absence of censoring, E[G;; Z;{D; \L— po; exp(ByZ;)}] = 0. This can serve
as the basis for constructing estimating equations, but requires modification in the
presence of censoring. To accommodate censoring, we employ a variant of Inverse
Probability Censoring Weight (IPCW) ( , ;

, ). In our context, IPCW re-weights the observed death (or at risk
patients) such that the weighted uncensored data represent the (D; A L) distribution
that for the target population. We allow the censoring distribution to depend on
the baseline covariates and to differ across centers. Note that covariate dependent

censoring is quite common, such as the staggered entry in an observational study
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with a fixed calendar period. In this case, subjects who enter later in the observation
window would have a different censoring distribution than those who enter earlier.
Denote the hazard function for censoring time C' by A{(¢) for patient i from center
7, with
AC() = lim P(X;elt,t+h),AP=0|X; >t Z;, 9, = j)’
h—0 h

and denote the corresponding cumulative hazard by A (t) = f(f A5 (u)du. The IPCW
weight is given by can WS (t) = exp{A{;(¢)}. Using the weight value at time Y;,

denoted by W,; = Z}]:1 GijWg(Y;), it can be shown that the following weighted

expectation has mean zero:

In practice, A (t) is rarely known and needs to be estimated from the observed

data. For this purpose, we assume the following Cox model for censoring:
(2.3) AG(t) = NG, (t) exp (6,Z;) .

The use of Cox regression is well-established in the context of IPCW, and the above
censoring assumption can accommodate both covariate-independent and covariate-
dependent censoring. After estimating 0 and Kg] (t) through the partial likelihood
(Cox, ) and Breslow ( , ) estimators, respectively, we can estimate the
IPCW weights at time ¢ as ﬁ/\g(t) = exp{exp(@lZi)/A\gj (t)}. With 6 and Kocj(t) from

—~

censoring model (2.3), we can estimate W; as W, = exp{exp(alzi)//igj (Y:)}. We then

substitute the estimated weights W = (/Wl, ..., Wy)" in place of their corresponding

true values W = (Wy, ..., W,)".

33



2.2.3 Estimating equations

Based on the zero-mean property (2.2), we construct the following estimating

equations:

J n
SN GuWiAY (Yi— i) Zi = 0
j=1 i=1

S GuWAY (YVi—py) = 0, j=1,....J

i=1
Substituting W for W, we can estimate B, and p, from following p + J working

estimating equations:

J n
(24) DD GuWAT{Y; —poyexp (ByZ)} Zi = 0,
7j=1 =1
(2.5) > GWAY (Y — pojexp (B2} = 0, j=1,....J

i=1
Solving (2.4) and (2.5) simultaneously implies simultaneous estimation of p + J pa-
rameters, which is subject to numerical instability when J is quite large. Instead,
we propose estimating 3, first through iteration, and then estimating g, through J

separate closed-form expressions. Along these lines, we define:

S GWiAY exp (B'Z,) ZEF

(2.6) s (B wW) = == ; e,
’ Zi:l Gij
_ stV (8, w)
.1 5,8.w) — 2 BW)
Sj (/67 W)
forj=1,...,J,k=0,1,2. For a vector a, a®’ = 1, a®' = a, and a®? = a’a. Using

the defined Sg.k)’s and S;’s, we can rewrite the estimating equations (2.4)-(2.5) as

follows:

n

0y N30, {78, (5 W) Ay = o

j=1 i=1
Yoy Gijﬁ/\iAz/Y;
S GyWAY exp (8'Z,)

(2.9) Poj =
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The algebra underlying the equivalence of (2.4)-(2.5) and (2.8)-(2.9) is provided in
Appendix. Note that (2.8) is free of the center-specific parameters p, and that (2.9)

is a closed-form calculation of p,, allowing us to separately estimate 3, and p.

2.2.4 Fitting proposed model using Cox regression software

We now demonstrate how (2.8)-(2.9) can be easily estimated using standard Cox

regression software. Consider the following stratified Cox model,

)‘Zj (t) = )‘gj(t) exXp (7,Zi) )

for the death hazard of a patient i € {1,...,n} from cluster j € {1,...,J} with
baseline covariate Z;. We set N () and R!(t) as the counting process for death and
at-risk indicator, respectively. Asimplemented by, for example, R and SAS, v and )\g y
can be estimated from the estimating equations given below with weights W, (t) = 1.

A variant of the regular estimating equation is well developed by weighting with

W/ (t) as IPCW weights ( , ).
Our goal is to coerce the software (e.g., cozph in R, phreg in SAS) to fit model
(2.1) by solving the estimating equations (2.8)-(2.9). To do so using such software,

we build connections between (2.8)-(2.9) and the IPCW version of the Cox score

equations:
J n T )
(2.10) ZZ/O G ) {2~ ) (v W)} anlw) = 0,
j=1i=1
t " GuWI(w)dN] (u ,
(211) Zz—l J z( ) 7,( ) _ g](t),j _ 1’ ’J’

0 Yy GiW(u) exp (v'Z5) R (u)

where for £ =0,1, 2,

>, GiyW (1) exp (v Z:) BI(H) Z5
S GyW () exp (v Z:) RI(1)

;" (1, W)

s (ty. W)

Y

(2.12) SWI (v, W) =

(2.13) S (4, W) =

J
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First, remove the integral signs from (2.10)-(2.11), such that only the increment at
time w is considered. Next, replace /I/IZT(u) with /I/IZ»AZYYi, then set Rl (u) = 1 and
dNiT(u) = 1. By this point, it’s clear that w is arbitrary. To conform with the
software, we can set u equal to any positive number; here, we set v = 1. Then
(2.10)-(2.11) are equivalent to our (2.8)-(2.9) after adding an offset —log(Y;) to the
linear predictor.

Combining the above information implies that our proposed model can be fitted
using software for a standard Cox regression with the data set augmented such that:

(a) observation time set to 1 for each subject; (b) /I/IZ-A}/Y; used for a weight; (c)

—log(Y;) used for an offset; (d) center serving as strata.

2.2.5 An efficient algorithm for our proposed methods

Based on the connection between our proposed estimating equations and the Cox
analogous in Section (2.2.4), we propose the following computationally efficient esti-

mation procedure:

(i) Estimate the censoring hazard Kg(t) from model (2.3) by unweighted partial
likelihood and Breslow estimator; construct IPCW weights by W; = exp{/A\iCj (Yo}
fori=1,...,n.

(ii) Create a dataset wherein each patient is observed to die at time 1 and has the

baseline covariate Z;.

(iii) Fit a stratified Cox model to the dataset create in Step (ii), with center serving
as strata, covariate Z;, weight /V[ZAZYYi, and set the offset to —log(Y;). Note
that ties should be handled by Breslow option, which is default in SAS, but not

R.

Step (iii) can be implemented by several statistical software packages (e.g., R, SAS).
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The algorithm is quite fast, even in very large dataset, owing to the stratification.
The resulting coefficient and baseline hazard serve as our proposed estimators ,@ and
.
2.2.6 Center effects

Note that {uo1, ... pos} represent the center-specific baseline RMST and, anal-

ogous to a center-specific intercept, do not represent center-specific contrasts. For

settings where contrasts between centers are of interest, we propose rescaling fu;

to n; = poj/w gy, where w = (wy,...,wy)" is a pre-specified weight vector with
w'l = 1. An example of w would be w = (1,...,1)'/J, i.e., equal weight across all
J centers. The rescaled n = (1, ...,7n) represents covariate-adjusted contrasts be-

tween each center and a weighted average center. Note that the weighted average of
the contrasts equals 1 (i.e., w'n = 1), which is a desirable property for interpretation

purposes.

2.3 Asymptotic Properties

Before presenting the asymptotic properties of our proposed estimators, we specify

the following regularity conditions for i =1,...,nand j =1,1,...,J.

(a) {Oy,...0O, are independently and identically distributed.

(b) P{R;(t) =1} >0 for t € (0, 7], where R;(t) = I(X; > t) is the at risk process.
(¢) |Zu| < Mz < oo, where Z;, is the kth component of Z;.

(d) Af;(1) < oo and Af;(t) is absolutely continuous for ¢ € (0, 7].

(e) There exist neighborhoods C of @ such that for k =0,1,2,j =1,...,J,

sup ‘Rg-k) (t;0) — rg-k) (t; H)H 250,

te(0,7],0€C
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where

Wy v 2oy Gijexp (0'Z) ZE"Ry(t)
(2.14) Rf(0) - =l OR |
=11

(2.15) r(t;0) = E{Gyexp(0'Z;) ZFRi(t)} .

(f) There exist neighborhoods B of 3, such that for k =0,1,2,7=1,...,J,

sup
te(0,7],8€B

50 (8. w) -5 (8)| 20,
where
Sg'k) (ﬁ) =F {GijAzYWi €xp (/BIZz‘) Z?k} =F {Gij €xp (ﬁlzi) Z?k} )

(g) The matrices A(B,), ©(0) are each positive definite, where

j=1 55'0)(5)
! ! r§.2)(t;0) = ®2 | ..(0) c
00) = Y.F{Gs /0 o B LU R CLCL
and 5,(8) = 27(8) " 2(8), 7;(:0) = rO(1;0) vV (1;6).

These conditions can be relaxed at the expense of additional technical development.

Our main asymptotic results are summarized in the following three theorems, with

the proofs presented in the Appendix.

Theorem II.1. Under regularity conditions (a)-(g), as n — oo, B converges in

probability to B, and \/E(B — B,) converges to a zero-mean Normal with variance

A(By)'B(B,)A(B,) " with A(B,) defined in condition (g) and B(B3,) defined as

follows:

B(B,W)=E |> Gy{b(BW)}*|,

J=1
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where

b (BW) = {Z:=8;(BW)} WA (Yi— uy) + K (8,0, W)©(0)"'Ui(0)

¥ / H, “”W)dMﬂu),

K(B3,0W) = Z E{Gje;(B,W)D;(6)'},

Uie) = Gy | (2,7 (u:0)} ME (),
H,(5:8,0,W) = E{e(8 W)exp(0'Z)Ri(t)}.

and M (t) = NE(t) — fot Ri(u) exp(0'Z;)d)§;(u) is the censoring martingale, with

NE(t) = I[(X; <t,AP = 0) being the censoring counting process.

The consistency of B holds by the Inverse Function Theorem ( , ), while
the proof of asymptotic normality follows through the combination of various Taylor
series expansions and the Cramér-Wold Theorem. This sandwich variance with B
as the middle matrix treats IPCW weights as estimated from the data, which well
reflects the reality. However, the calculation of this variance could be complicated.

A wuseful short cut involves replacing the middle matrix B with B™:

B*(B,W) ZGU {b; (B, W)}*?|,

7j=1

where b7(8, W) = Z; — 37, 8;(8, W)W,AY (Y; — p;;) is the first and primary
component of the original b;(3, W). This short cut treats the IPCW weights as
fixed rather than estimated. Although it does not fully reflect the actual estimating
procedure, this short cut is much easier to calculate and should serve as a useful
substitute for the more complicated variance estimator implied by Theorem II.1,

particularly since the primary source of variation is still captured.

Theorem I1.2. Under regularity conditions (a)-(g), as n — oo, p, converges in

probability to p, and \/n(py — py) converges to a zero-mean Normal with variance
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|4

u, Where

GiyWiAY (Yi — pij) 2

n15(8) 7 por ... 0 51(8)
Vu=E : > Gy o L | eew)
— G Wi (Yi — pij) =t 0 ... pos 55(8)

n
nss(B)

Theorem I1.3. Under regularity conditions (a)-(g), as n — oo, M converges in
probability to n, and \/n(n — n,) converges to a zero-mean Normal with variance

Vv

s where

V= (pow) " (pywl; — pow') V., (pywl ; — wps) .
The proofs of Theorems 1.2 and I1.3 proceed by applying the Delta Method to

the results of Theorem II.1.

2.4 Simulation Study

We generated the number of patients across J = 50 centers from a multinomial
distribution with equal weights 1/J and the total sample size n. Three total sample
sizes are tested: n = 2,500, n = 5,000, n = 10,000 and n = 20, 000.

Death times are generated from an Exponential with mean 1/ ,ug)j exp(—ﬁir Zy;i —
5; Zsi), where Z1; and Zs; each follow independent Normal(0, 1) distributions. We set
ﬁI = 0.5, Bg =1 and let ugl, e ,,u(T)J range from 0.158 to 0.550 with an equal incre-
ment. The true parameter values are determined computationally by Monte Carlo
Methods with sample size 10 million. The censoring time also follows an Exponen-
tial distribution with hazard )\OCJ- exp(01Z1; + 0273;), where two censoring patterns
are tested, resulting in ~15% and ~30% censoring. The first censoring pattern uses
0 = (0.4,0.1)" and with Acoq, - - -, Acos ranging from 0.0108 to 0.05 with an equal in-
crement. The second censoring pattern uses 6 = (0.5, —0.5)" and lets Aco1, - - -, Acos
range from 0.712 to 0.810 with an equal increment. The performance of the proposed

methods is evaluated at 5 different truncation points: L = 0.18, 0.57, 1.8, 5.4, 13.4,

40



which represent approximately the 10th, 25th, 50th, 75th, and 90th percentiles, re-
spectively, of the potentially censored death time distribution.

To illustrate the difference in the run time between our proposed methods and a
standard weighted GLM approach (which would simultaneously estimate the covari-
ate and center parameters), we choose L = 1.8 under the first censoring set-up afore-
described. Run times are presented for J = 25, 50, 100, 200, 400, 600, 800, 1000
and on average 50, 60, 70, 80, 90, 100 patients per center, respectively. Each run
time is calculated using the average across 10 replicates. The conventional methods,
which create dummy variables for each center and solve estimating equations (2.4)-
(2.5) simultaneously, are implemented in R using the package geepack (

, ). Relative to the proposed methods, the conventional method runs
much slower and result in approximately a 10— to 3000—fold increase in run time
required to estimate the model. This is depicted in Figure (2.1), when number of
centers ranges from J = 50 to J = 500. The savings in computation time offered by
our proposed algorithm increases rapidly with increasing J and also growing average
number of patients per center.

Another disadvantage of using conventional methods to fit model (2.1) is that
such an approach requires large storage to create the center indicators for a large
data set. For example, the data set which motivated our methods (with > 5,000
centers and >1 million patients), requires R to allocate ~ 50GB to create all the
center indicators using the common data types, and about 10GB if special packages
are used (e.g., sparseMatriz). In contrast, fitting model (2.1) through our proposed
methods does not require the creation of center indicators, which greatly reduces the
storage requirements.

For purposes of simplicity, we present the simulation results for L = 1.8 and
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Figure 2.1 Computational time for our proposed and conventional methods with different J’s
and number of patients per center
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L = 5.4, and relegate those corresponding to the remaining L values to the Appendix.
As shown in Table (2.1), the magnitude of the bias decreases generally as sample
size increases. Average Standard Error (ASE) is calculated using the afore-mentioned
short cut (which treats the estimated W as known), and is on average very close to
empirical standard deviation (ESD). The coverage probability (CP) corresponding
to ASE is quite close to 95%, except in a few scenarios under heavy censoring. We
omit the simulation results corresponding to the standard error estimator derived
from Theorem II.1, since the results are very similar to those presented for the short
cut formula.

Figure (2.2) shows the true and estimated values, and (??) shows ESD and ASD,
for m under light and heavy censoring for L = 1.8 and L = 5.4. As sample size
increases, the distribution of the estimates shifts towards the true values and the

variation decreases. The CPs are always around 95%.
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Estimated Value

Table 2.1 Simulation results: L = 1.8 and L = 5.4 under light and heavy censoring

L | Censoring | Var (True) | n | Bias | ESD | ASE | CP(%)

2500 | 0.002 | 0.01 | 0.009 94
£1(—0.132) | 5000 | 0.001 | 0.007 | 0.007 93
10000 | 0.001 | 0.005 | 0.005 95

2500 | 0.002 | 0.01 | 0.01 93
B2(—0.164) | 5000 | 0.001 | 0.007 | 0.007 95
1.8 10000 0 0.005 | 0.005 94

2500 | 0.004 | 0.01 0.01 93
£1(—0.132) | 5000 | 0.002 | 0.008 | 0.007 93
10000 | 0.001 | 0.005 | 0.005 96

Light

Heavy

2500 | 0.002 | 0.01 0.01 94

B2(—0.164) | 5000 | 0.001 | 0.007 | 0.007 95

10000 | 0.001 | 0.005 | 0.005 96

2500 | 0.004 | 0.014 | 0.014 95

B£1(—0.132) | 5000 | 0.002 | 0.01 0.01 94

. 10000 | 0.001 | 0.007 | 0.007 95
Light

2500 | 0.004 | 0.015 | 0.014 92
B2(—0.164) | 5000 | 0.003 | 0.01 | 0.01 95
5.4 10000 | 0.001 | 0.007 | 0.007 94

2500 | 0.016 | 0.018 | 0.018 86
$£1(—0.132) | 5000 | 0.01 | 0.013 | 0.013 90
10000 | 0.005 | 0.009 | 0.01 92

2500 | 0.006 | 0.017 | 0.016 93
B2(—0.164) | 5000 | 0.003 | 0.012 | 0.012 94
10000 | 0.002 | 0.008 | 0.008 95

Heavy

Figure 2.2 True and estimated values and standard deviation of 77 for L = 1.8 and L =54

Censoring: Light Censoring: Heavy Censoring: Light Censoring: Heavy

Estimated Value

True Value True Value

(a) Estimation for L = 1.8 (b) Estimation for L = 5.4

Censoring: Light Censoring: Heavy Censoring: Light Censoring: Heavy
.- «

ASD

(¢) Standard deviation for L = 1.8 (d) Standard deviation for L = 5.4
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2.5 Application Data Analysis

We analyze survival for end-stage renal disease (ESRD) patients, using data ob-
tained from the United States Renal Data System (USRDS). We include all patients
initiating renal replacement therapy (RRT) on hemodialysis in the United States
between January 1, 2004 and December 31, 2014. We excluded patients with a
prior kidney transplant and patients aged <18 at the time of RRT-initiation. For
each patient, follow-up starts at the date of RRT initiation and continues until the
earliest of the following four events: death, transplantation, loss to follow-up, or
12/31/2014. The event of primary interest is death. We have n = 1,061,403 pa-
tients from J = 5,301 ESRD facilities. Approximately 64% of patients are observed
to die. We choose L. = 5 years as the truncation point. Out of n = 1,061,403
patients, 55% were observed to die before L, 27% were censored before L, and 18%
were truncated at L.

Prognostic factors historically reported as being important and, hence, included in
our analysis include: calendar year of RRT initiation (centered at 2004), age at RRT
initiation (centered at 50 years and scaled by 5), gender, race (Caucasian, Asian,
Black, and Other), ethnicity (Hispanic or not), primary renal diagnosis (glomeru-
lonephritis (GN), diabetes, hypertension, and others), and 8 binary indicators of
comorbidity conditions: cancer, diabetes, athlerosclerotic heart disease (ASHD),
congestive heart failure (CHF), chronic obstructive pulmonary disease (COPD),
cerebrovascular accident (CVA), peripheral vascular disease (PVD), elicit drug use,
smoking status (current/former, non), and alcohol consumption. The RMST model
of mortality includes the afore-mentioned covariates as predictors and J = 5,301

ESRD Network facilities as centers. The Cox model for censoring includes the same
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set of covariates and is stratified by center. Estimated coefficients for the RMST
model are displayed in Table (2.2).

The center effect is evaluated by both center-specific RMST p; and rescaled 7;.
Figure (2.3) shows the histogram of the J = 5,301 center-specific j1;’s, the majority
of which lie between 3.5 and 5. Figure (2.3) displays the point and interval esti-
mates (95% confidence level) of rescaled 7;’s. A total of 656 (12%) of facilities are
significantly below average 5-year RMST, while 582 (11%) are significantly above
average. There were 4,063 (77%) facilities that were not significantly different from
the average 5-year RMST.

It took R approximately 11.33 minutes to calculate the IPCW weights; 2.65 min-
utes to estimate our proposed methods; then another 4.65 hours to calculate the
standard error for . However, it requires R to allocate about 50GB memory to
create the data needed for conventional methods, which is impossible for most of
the local computers. Thus, in this particular example, storage considerations alone
preclude a meaningful comparison between the proposed and conventional GLM pro-

cedures with respect to run times.

2.6 Discussion

We have developed a computationally attractive way to model RMST in the pres-
ence of a large number of centers. Computational advantages include great reductions
in storage requirements and run times relative to conventional methods. We have
demonstrated that our proposed methods have good finite-sample performance. The
methods accommodate the estimation of fixed center effects through a normalized
center effect measure.

We applied our methods to ESRD analysis and out of J = 5,301 ESRD facilities
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Table 2.2 Estimated covariate effects on RMST (L = 5 years)

~

zZ B8 SE P
(Age-50)/5 (Years) -0.057 0 < 0.001
Initiation year-2004 -0.041 0 < 0.001

Gender Reference: Male
female -0.003 0.002 0.060
Ethnicity Reference: Not Hispanic
Hispanic 0.139 0.003 < 0.001
Race Reference: Caucasian
Asian 0.147 0.004 < 0.001
Black 0.11 0.002 < 0.001
Other -0.041 0.008 < 0.001
PRD Reference: GN
Diabetes -0.025 0.003 < 0.001
Hypertention -0.016 0.003 < 0.001
Other -0.117 0.004 < 0.001
[6]0] Reference: No
ASHD 0.009 0.002 < 0.001
Cancer -0.196 0.004 < 0.001
CHF -0.15 0.002 < 0.001
COPD -0.141 0.003 < 0.001
CVA -0.08 0.003 < 0.001
Diabetes -0.022 0.003 < 0.001
Drug use -0.096 0.007 < 0.001
PVD -0.102 0.003 < 0.001
Tabacoo use -0.011 0.003 < 0.001
Alcohol use -0.132 0.007 < 0.001
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Figure 2.3 Histogram of estimated J = 5,301 center-specific RMST p;’s
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Figure 2.4 Point estimator and confidence interval of J = 5,301 rescaled 7;’s
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detected about 12% facilities significantly below and 11% significantly above average
in terms of 5-year RMST. This proportion might be inflated and a more robust
method empirical null is proposed by ( ) and ( ).
They propose to correct the normalized test statistics by the empirical distribution
and avoid over flags of the significantly different centers. An application example is
shown in ( , ). We expect fewer centers will be flagged as significantly
different from average with empirical null methods employed.

The parameter choice of the weights depends on the research objective of the
analysis. Our data analysis uses equal weight across all the center so that the resulted
weighted average is not dominated by the large centers. This way it is easier to detect
the centers with unusual performance. Some other reasonable choices include center-
size proportional weights, resulting into the national average; this choice carries more

interpretability but is driven by large centers.
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CHAPTER III

Instrumental Variable Methods based on Restricted Mean
Survival Time Models

3.1 Introduction

An important limitation of observational studies is that lack of randomization
and the potential for unmeasured confounding generally results in a disconnect be-
tween association and causation. In non-experimental studies, where important con-
founding variables may be unobserved, the traditionally used covariate balancing
approaches (e.g., matching, inverse probability weighting, stratification) do not suf-
fice, since such approaches only control for measured confounders.

Instrumental variable (IV) methods are a popular approach for consistent esti-
mation in the presence of unmeasured confounders. Unmeasured confounding that
affects both treatment and response induces correlation between treatment and the
error term in a regression model. Explanatory variables which suffer from such cor-
relation issues are referred to as endogenous, which may include the treatment of
interest in an observational study. Explanatory variables which do not suffer from
such confounding issues are termed exogenous variables; i.e., the adjustment covari-
ates. Fitting a regression model with only treatment and adjustment covariates and,
hence, not accounting for unobserved confounders will often result in biased esti-

mation. However, if an instrument is available, it may still be possible to obtain a

49



consistent estimator of the treatment effect. An instrument is a variable that does
not directly impact the response, but is correlated with treatment and condition-
ally uncorrelated with error term, given the adjustment covariates. To control for
unmeasured confounding, IV methods seek to find an instrument, then exploit a ran-
domized experiment embedded in the observational study through which to estimate
the causal treatment effect.

IV methods have a long history in economic applications, typically in the con-
text of uncensored responses. The presence of censoring complicates the extension
of IV methods to survival data and, correspondingly, very few methods have been
developed in this vein. Existing IV methods for censored data can generally be clas-
sified as nonparametric, semiparametric or (fully) parametric. Non-parametric IV
methods are usually used in the context of a binary instrument and treatment, and
target the Local Average Treatment Effect (LATE), also known as Complier Average
Causal Effect (CACE), which is the average causal treatment effect among the sub-
population of compliers ( , ; , ). For example,

( ) makes use of the mixture structure implied by the latent compliance, with
estimation through empirical likelihood. Such nonparametric methods are generally
robust, due to not making any distributional assumptions. However, such methods
are of somewhat limited applicability, in the sense that they require the treatment
variable to be binary and do not permit covariate adjustment. Parametric IV models
which do permit covariate adjustment have been developed for censored outcomes
( , : , ). The treatment effect in a fully paramet-
ric model can be estimated by Maximum Likelihood or Expectation-Maximization
methods. ( ) handled censoring with pseudo-observation

methods, then modeled restricted mean survival time through a linear model. Para-
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metric methods suffer the potential for substantial bias when the assumed model is
incorrectly specified. Semiparametric approaches are generally more flexible, such as
accelerated failure time models ( , : ,
) and, more recently, additive hazards models ( , : , :
| 2017). (2017)

Our proposed methods are semi-parametric, in the interests of both robustness
and covariate adjustment. We propose to model the cumulative measure, Restricted
Mean Survival Time (RMST) ( , ; : ). RMST
is the average survival time up to a pre-specified time point, say L, and can be
expressed as the area under the survival curve over the [0, L] time interval; i.e.,
fOL S(t)dt. RMST is a camulative summary of survival from time 0 to L. Cumulative
treatment effects are often of greater interest than instantaneous effects, especially
in the presence of a treatment effect which changes direction over time (

, ). Mean survival time is generally not identifiable in the presence of
censoring, except under a fully parametric model. Our proposed methods directly
model RMST, which is much more computationally convenient and intuitively inter-
pretable than indirect approaches (i.e., starting by estimating the hazard or survival
function and then integrating the survival function to obtain the RMST). The as-
sumed RMST model only makes assumptions regarding the mean structure and, in
the interests of robustness, leaves the variance unspecified . In addition, we allow
censoring to depend on the observed covariates, a property shared with few existing
IV methods.

IV models are usually estimated by two-stage least squares when the response
model is linear. For non-linear link functions, there are two variations, two-stage

predicator substitution (2SPS) and two-stage residual inclusion (2SRI). The 2SPS
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and 2SRI procedures use different decompositions of the treatment variable and error
term to remove their mutual dependence. For censored data, the 2SPS and 2SRI
procedures rely on different censoring assumptions ( , ).

Our motivating example involves the comparison between hemodialysis (HD) and
peritoneal dialysis (PD) with respect to 5-year RMST among End-Stage Renal Dis-
ease (ESRD) patients. Although kidney transplantation is the preferred treatment
for ESRD, most ESRD patients are placed on dialysis either while awaiting trans-
plantation or as their only therapy ( , ). HD uses a man-made
membrane to filter waste and remove excess fluid from the blood. PD, a newer, less
costly but much less employed method, uses the lining of the abdominal cavity and
a solution to remove waste and excess fluid from the body. It has long been debated
which dialytic method provides better survival. Some studies show that PD is as-
sociated with an initial survival advantage, but no significant difference afterwards
( , 1997; , 2005; , 2002; , 2014). Oth-
ers show that the mortality rate in PD patients is significantly higher than that in
HD patients, especially in older patients ( : ; : ).
Overall, results from the existing literature are conflicting, with a major concern
being the potentially strong selection bias; e.g., PD patients tend to be younger
and healthier. The majority of the above-cited studies only controlled for measured
confounders, which leads naturally to the question we address. Which (if either)
dialytic method emerges as superior in terms of patient survival if one accounts for
unmeasured confounders? We apply IV methods in order to address this question.

Referring to the terminology familiar to the IV setting, the endogenous treatment
in our ESRD data is a binary 0/1 indicator for taking PD rather than HD. We are

interested in the survival difference at 5 years following dialysis initiation. A general
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strategy to find an instrument for comparing treatments A and B is to look for nat-
urally occurring variation in medical practice patterns (e.g., at the physician level).
The instrument could then be defined as degree of PD usage; this IV represents a
preference-based instrument ( , ). In our motivating example, a
possible preference-based instrument would be facility-level mean PD usage (e.g.,
fraction of patients initiating dialysis on PD). This IV may well have a strong influ-
ence on the individual treatment preference, without impacting directly on individual
patient survival.

In the sections that follow, we first formulate the notations and data structure,
describe the proposed methods and estimating procedure, and then derive the asymp-
totic properties in Section (3.2). We conduct simulation studies to evaluate the accu-
racy of the proposed procedures in finite samples in Section (3.3), and then apply our
methods to ESRD data in Section (3.4). We close out the chapter with a discussion

in Section (3.5).

3.2 Proposed Methods

3.2.1 Notations and Assumptions

We denote the treatment variable by A, observed adjustment covariates by Z (a
vector of length p), and unobserved variables by U. We consider only one treatment
variable for simplicity; generalization to more than one dimension is straightforward.
Let time to event be represented by D (i.e., time of death) and let the pre-specified
truncation time be L < 7, where 7 is the maximum censoring time. The death time
D is subject to independent right censoring time, C'. Let X = D A C denote the
observed follow-up time, where a A b = min(a,b), and we let Ap = I(D < C) be
the observed-death indicator. Let Y = X A L denote the observed restricted survival

time, and let Ay = I(D A L < C) be its corresponding event indicator.
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We assume that the underlying RMST follows the following model,
(3.1) E(DNL|Z,AU)=8%Z + BsA+ ByU,

where U is unobserved and correlated with A, and the underlying error is independent
of any other variable. The parameter vector (3, 54) is of primary interest. Fitting
any regression model based on (3.1) with Z and A, but without U, generally leads
to biased estimation of (3, 54), except when either [U L (Z,A)] or [U L D|Z, A]
holds. Note that we do not assume that either condition holds.

To use the IV approach with treatment A, we need to find an observable variate

I, not represented in Eq. (3.1), that satisfies the following two conditions:
Valid: I is uncorrelated with U: Cov(/,U) = 0.

Informative: [ is correlated with A:
(3.2) A=ayZ + ajl + ayU + e,

where ay # 0, E(e) =0and € L (Z,1).

When [ satisfies both the validity and informativeness properties, it is referred to
as an instrumental variable (or instrument), for A. We do not put any restriction
on the distribution of I or A. They can be both continuous, or both discrete, or
having continuous and discrete characteristics at the same time, as long as the second
moments of all variables are finite ( : ).

IV methods estimate the regression parameters from a reduced form of the re-

sponse variate by plugging (3.2) to (3.1) and rearranging as follows:

E(DANL|Z,I) = E[(Bz+Bacz) Z + Baarl + (Bu + Bacw) U + BaelZ, 1]
= (By+ Bacz) Z + Baasl + E|[(Bu + Bacw) U + Bael Z, 1]

= (B + Baaz) Z + Baayl,
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where £ (U|Z, 1) = 0 holds by the definition of observed adjustment and instrumen-
tal variable, and E (¢|Z, 1) = 0 follows from the informative property of instrument
variable. If the parameters in model (3.2) are known, then we define A= oy Z +arl

and can obtain (3, $4) from the following model:
(3.3) E (D AL|Z, ,K) = B,Z + BaA.
3.2.2 Estimation Procedure in the Absence of Censoring

Let 7 be a subject randomly drawn from the whole population of sample size n.
The observed data are denoted by O = {Z;, A;, I,,Y;, Ap; :i=1,...,n}.

In the absence of censoring, we can obtain (3, 54) by a two stage procedure. In
the first stage, we would fit the linear model (3.2) through Ordinary Least Squares
(OLS) by regressing A on Z, I to obtain az,a;. We then calculate the predicted
value of A as A = a'yZ + a;I. At the second stage, we substitute the observed
treatment variable A with its fitted value from the first stage, A. We then estimate

(B, B4) by regressing D A L on Z, A via the following estimating equation,

n . .
1 7

(3.4) > | DinL— lg’z 54 R | =0
=1 A; A;

3.2.3 Estimation Procedure in the Presence of Censoring

The potential for censoring does not allow us to estimate the parameters in model
(3.4) directly because we will not always observe the death time D. Denote the

hazard function for right censoring time C' by Ax(t), where

P{X €[t,t+h),Ap=0/X >t
(3.5) Ac(t) = lim (X elttrh) Ap=01X 2 },
h—0 h

with corresponding cumulative hazards Ac(t) = fg Ac(u)du. We propose to han-

dle censoring by Inverse Probability of Censoring Weighting (IPCW) (
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, : , : , ). The weight W (t) =
exp{Ac(t)} reweights the observed death times by ghosting for the prognostically
similar but censored observations. With the help of this weight at time Y, denoted

by W = W¢(Y), it can be shown that the following weighted expectation holds,
(3.6) E{AYW(D/\L) |Z,,Z} = B,7Z + BaA.

Since A¢(t) is rarely known in practice, we usually need to estimate it from
the observed data. For this purpose, we assume a Cox model for censoring. Cox
regression is a well-established approach, especially in the context of IPCW. Since
our model (3.3) holds conditional on Z and I, we allow censoring to depend on these

variates though the model,
(3.7) Ac(t) = Aco(t) exp{VzZ + 11}

Using partial likelihood (Cox, ) and the Breslow estimator ( , ), we
can estimate Aco(t) and (v, 7;). Plugging Aco(t) and 44, 7; into W= exp{foy dAc(u)},

we obtain the following estimating equation:

L Z; Z;
(3.8) AW | Y- [g/Z BA} R | =0
i=1 A, A

3.2.4 Variance Estimation

A naive variance estimator can be obtained by ignoring the variability associated
with A. Since this short-cut would generally result in variance estimation that is at
least somewhat inaccurate, we instead derive the asymptotic properties and propose

a more accurate sandwich variance estimator. To begin, we stack the estimating

56



equations from the two stages together and solve the parameters 8 = (3', o’ ),.

1 & Z;
o} (95 O) = - €vi | | = 0,
[ A;
1 < Z;
P2 (0;0) = — > e =0,
n <
=1 [Z

where ey; = AW, {1@- - (ﬁ’ZZi + BAJZLL)} and ey = A; — (a’ZZZ- —l—alﬁ). Let
the true parameter value be 0, and the solution be our estimator 9. The Taylor

expansion of ¢ = (¢, ¢)’ at 8 around 0 is:

¢(0)=0+8¢;#(0—5>+o(||0—5||)
= Vi(0-0)= —% Vi (0) +o ([0 1)) .

For purposes of simplicity, we treat the IPCW weights as fixed in this chapter,
exploiting the findings from Chapter 1 that very little accuracy is lost. The derivation

of the large-sample distribution follows:

_—_> ,
00 0 M2A2
where
( - ®2
Z;
MY = E{AW; ,
A,
L L
/ !
" Z; Z; 0O O
\ Al L Z; I,
®2
Z;
M1242 — E ;
I;
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1\, B
Vne (0) = ﬁzz i 2 Normal 0 S MP | mP = ey, Z ymEP = en Zi ,
%g > my 0 A I;
where
_ 92 -
Z; Z;| | 4;
®2 G%i €yi€Aq
my EZ fAlz I;
M2 =F = F ) 5o
mP Z;| | Z; Z;
€y i€a; 5y
L | |4 I;

Summarizing the above results, we have

~ 0 _ "
Vi (6-6) B Normal (MY B (T
0
_ _ Vii Vi
where the variance matrix (MA) "M (MA) ! can be written as F ,
Vie Vo

Vi = {(i) " mP - ()7 (M) (M) mp L
Vie = (M) (mf) (mf) (M) " = (M) (M) (M) (mf)™* (M)

Ve = (M) (m)™ (M)

The asymptotic variance of B is then Vi, = E { (M7) “Imb - (M7) - (M1}) (M3y) “'mb }®2

and, therefore, the finite-sample variance of ,[A'i can be estimated as

®2
Zi 7

— €A (Mﬁ)il (Mﬁ) (Mglz)il

1 « A1
39)  ~> (e (MH) R
g A; I;
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3.3 Simulation Study

We generated each of Z, I and U though a standard Normal distribution, then

generated the treatment variable A by:

A=05+2Z+051+U+¢(,

where ¢ ~ N(0,1). We then simulated the death time D from an Exponential

distribution with mean,

E(D|A,Z,U) =5 — 0.84 + 0.8Z + 0.8U.

We generated the censoring time C' from a Cox model with the following hazard,

/\C(t) = >\CO exp (’)/Zz +’7][) .

Three scenarios, each with different censoring patterns, are evaluated:
Case I: No censoring.
Case II: D L C: A\gg = exp(—3), vz =77 = 0, resulting in ~ 19% censoring.

Case III: D | C|Z,I: Aco = exp(—2), 7z = 71 = —0.5, where ~39% censoring

occurs.

The true RMST model is given by

E(DANL|Z,AU) =By + BzZ + BaA+ puU,

where the true limiting values of the regression coefficient are calculated using Monte
Carlo Methods with sample size 10 million. We will look at RMST at 2 different time
points: L = 3 and L = 6, representing approximately the median and third quartile

respectively. The corresponding true values of 4 are —0.12 and —0.311 respectively.
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Table 3.1 Simulation results: L =3, 84 = —0.12

Bias

Scenario  n ASE CP(%)
BM NE  Proposed

500 -0.001 0.052 -0.001 0.093 94.3
1000 -0.002 0.052 -0.003 0.065 95.2

500 0 0.053 -0.002 0.096 95.4
1000 -0.001 0.053 0 0.068 95

500 -0.003 0.051 0.002 0.113 95.2
1000  0.001  0.053 0.008 0.079 95.3

II

III

We compare the proposed IV estimators with two other estimators. The first is
the benchmark estimator (BM), which is based on estimating equations similar to

(3.8) but incorporates the unobserved U,

Z; Z;
S| i [ ] |4 | [a] =0
i=1

Ui Ui

This estimator serves as the gold standard and applies only if we observe U. The
second comparator is the naive estimator (NE) using similar techniques but without

adjusting for the unmeasured confounder,

LN Z; Z;
310) > | v [y o]
i=1 A; A;
This estimator does not correct for unmeasured confounding with IV at all and thus
the estimated treatment effect is expected to be biased.
The estimated treatment effect 54 from three methods are displayed in Tables
(3.1) and (3.2), based on n = 1000 replicates. The benchmark estimators had very
small bias, as expected. The naive estimators have much larger bias, which does not

go away with increasing sample size. The bias of our proposed methods is small and

generally shrinks as the sample size increases. Average Standard Error (ASE) is the
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Table 3.2 Simulation results: L =6, 84 = —0.311

Scenario  n Bias ASE CP(%)

BM NE  Proposed
500 -0.003 0.136 -0.006 0.194 94.5

I 1000 -0.003 0.137 -0.007 0.136 93.8
I 500 -0.003 0.136 -0.007 0.211 95.4

1000 -0.002 0.138 -0.001 0.149 95.7
I 500 0.01 0.14 0.064 0.306 93.9

1000  0.008 0.143 0.055 0.225 94.3

average of n = 1000 proposed standard error estimates. The ASEs are quite close
to the empirical standard deviation, thus making coverage probability (CP) for our

proposed estimators quite close to the target value, 95%.

3.4 Application Data Analysis

We apply our proposed methods to evaluate the effect of hemodialysis (HD) versus
peritoneal dialysis (PD), using data obtained from the United States Renal Data
System (USRDS). The existing literature is conflicting with respect to the survival
advantage of these two dialytic modalities, suggesting the presence of unmeasured
treatment-outcome confounding. From this perspective, IV analysis may provide
useful insight.

The study population consists of adults initiating dialysis between January 1,
2009 and December 31, 2014. For our analysis, each patient is classified by dialysis
type at the time of dialysis initiation. We restrict the analysis to patients from the
929 dialysis facilities with at least 10 PD and 50 total patients during the study
period. The instrumental variable we employed was facility-level PD usage, defined
as the fraction of patients initiating dialysis on PD. We determined this proportion

for each facility during a historical period, 2006-2008, in order to avoid inducing
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Table 3.3 Analysis of USRDS data: Description of the study population by first modality

Covariate HD PD Std Diff
Proportion of death 53 36 -36.3
Age (Years)) 63.6 581  -36.5

Primary Renal Diagnosis
Diabetes 46 43 -5.9
Hypertention 28 26 -4.6
Glomerulonephritis 8 15 22.3
Other 17 15 -5.5
Comorbidities

Alcohol use 2 1 -11.6
ASHD 21 13 -21.3
Cancer 8 5 -11.9
CHF 33 16 -39.5
COPD 10 4 -22.4
CVA 10 6 -13.7
Diabetes 11 7 -12.1
Drug use 1 0 -10.7
PVD 14 9 -17.4
Tabacoo use 7 6 -2.9

patient-level confounding between the instrument and unmeasured variables. The
calculated mean PD usage varies from 1.8% to 54.6% with a mean of 14.2%. Note
that the Pearson correlation between facility-level PD usage in 2006-2008 and 2009-
2014 is 0.57, while the coefficient for facility level PD usage in model 3.2 is 0.77 with
p < 0.001, suggesting the potential for a good instrument candidate.

Table (3.3) confirms that patients treated with PD are generally healthier than
those treated with HD. They are on average 5 years younger and suffer fewer comor-
bidities. There are likely some other unmeasured variables that affect the treatment
choice of PD over HD, and it is likely that a covariate important enough to impact
on treatment selection would also have an effect on survival.

In addition to the treatment indicator, other prognostic factors historically re-
ported as being important and included in our analysis are: year of ESRD incidence

(centered at year 2009), age at dialysis initiation (centered at 50 years, then scaled
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by 5), gender, race (Caucasian, Asian, Black, and others), ethnicity (Hispanic or
not), primary renal diagnosis (glomerulonephritis (GN) diabetes, hypertension, and
others), and 10 binary comorbidity indicators of causes, including cancer, diabetes,
athlero-sclerotic heart disease (ASHD), congestive heart failure (CHF), chronic ob-
structive pulmonary disease (COPD), cerebrovascular accident (CVA), peripheral
vascular disease (PVD), elicit drug use, tobacco use, and alcohol consumption. The
censoring model is a Cox model stratified by incidence year and with all the afore-
mentioned covariates except PD treatment indicator. The calculated IPCW weights
are capped at 100 to stabilize the estimating procedure. The naive estimator is
obtained from estimating equation (3.10) with all the afore-listed prognostic factors.

For our proposed estimator, at the first stage we regressed the PD treatment indi-
cator on all the prognostic factors and the facility level PD usage. This yields a fitted
treatment indicator, which is then included in the second stage with the adjustment
covariates. As shown in Table (3.4), PD is significantly protective compared to HD.
Parameter estimates for are in the same direction for the proposed and naive meth-
ods. Results based on the proposed methods results in an increase in 5-year mean

lifetimes of 0.31 years (p = 0.001).

3.5 Discussion

We have developed methods for employing instrumental variables to control for
unmeasured confounding when modeling survival in terms of RMST. We consider
only the linear link in this chapter. Future work should include extensions to addi-
tional choices for the link function (e.g., log, logistic). For non-linear link functions,
different techniques can be used to estimate the mortality coefficients ( ,

). Another interesting potential extension involves the generalization of the

63



Table 3.4 Estimated covariate effects on RMST (L = 5 years)

Covariates Naive estimator Proposed estimator  SE P
Intercept 4.103 4.09 0.039 < 0.001
PD 0.279 0.308 0.09 0.001
(Age-50)/5 (Years) -0.125 -0.124 0.003 < 0.001
Initiation year-2009 -0.385 -0.386 0.003 < 0.001
Gender Reference Group: Male
female -0.013 -0.015 0.012 0.211
Ethnicity Reference Group: Not Hispanic
Hispanic 0.257 0.26 0.019 < 0.001
Race Reference Group: Caucasian
Asian 0.373 0.373 0.028 < 0.001
Black 0.185 0.187 0.016 < 0.001
Other 0.058 0.058 0.061  0.338
Primary Renal Diagnosis  Reference Group: Glomerulonephritis
Diabetes -0.162 -0.154 0.028 < 0.001
Hypertention -0.136 -0.131 0.028 < 0.001
Other -0.343 -0.341 0.032 < 0.001
Comorbidity Reference Group: No or Yes
ASHD -0.06 -0.06 0.014 < 0.001
Cancer -0.35 -0.349 0.021 < 0.001
CHF -0.357 -0.352 0.014 < 0.001
COPD -0.267 -0.264 0.018 < 0.001
CVA -0.153 -0.15 0.019 < 0.001
Diabetes -0.095 -0.091 0.02 < 0.001
Drug use -0.272 -0.265 0.061 < 0.001
PVD -0.208 -0.207 0.016 < 0.001
Tabacoo use -0.08 -0.077 0.023  0.001
Alcohol use -0.43 -0.428 0.061 < 0.001
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censoring model. This chapter allows the censoring time to depend on adjustment
covariates and instrumental variable. Our estimating procedure is called Two Stage
Predictor Substitution (2SPS), because in the second stage the treatment variable
is substituted by the predicted value from the first stage. Another related estimat-
ing procedure, Two Stage Residual Inclusion (2SRI), is identical to 2SPS for linear
models, but permits a more relaxed censoring assumption. If the censoring depends

on treatment variable, 2SRI is likely a good alternative to 2SPS.
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APPENDIX A

Appendix for Chapter I

A.1 Asymptotic Properties of The Proposed Estimator

A.1.1 Notations

To begin with, we review the essential notations needed for further discussion:
i: subject index, i € {1,...,n}

D;: treatment-free death time

T;: dependent censoring time; e.g. treatment

C;: independent censoring time; e.g. administrative censoring

7: end of follow up time

L: per-specified time point of interest, L < 1

Z; = D; N'T; A\ C;: observation time

Y, = Z; N\ L: restricted observation time by L

A; =I1(D; N L <T; AC;): indicator for restricted survival time D; A L

AP = I(D; < T, AC;): death indicator

AT = I[(T; < D; A C;): dependent censoring indicator

AY = I(C; < D; AT;): independent censoring indicator
ZP(t): time-dependent covariates that predict death D;

ZiT(t): time-dependent covariates that predict dependent censoring T;
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ZiC: baseline covariates that predict independent censoring C;
Z;(t): a covariate set that stacks ZP(t),Z%(t), Z¢ together and removes redun-
dancy

Z,(t) ={Zi(u) : 0 <u < t}: observation history of all the covariates up to time

A (t): hazard rate for dependent censoring T;

AY(t): hazard rate for independent censoring C;

AT (t) = [3 A (u)du: cumulative hazard rate for dependent censoring T}
AC(t) = fot A (u)du: cumulative hazard rate for independent censoring C;
NP(t)=1(Z; <t, AP =1): counting process for death

NI(t) = I(Z; <t, AT = 1): counting process for dependent censoring

NE(t) = 1(Z; < t,AY = 1): counting process for independent censoring

R;(t) = I(Z; > t): at risk process

dMI(t) = dN](t) — R;(t)dAT(t): zero mean process for dependent censoring

dME (t) = dNE (t) — R;(t)dAY (t): zero mean process for independent censoring
A.1.2 Model Assumptions

We have made these assumptions in our paper:

(a) Assume restricted mean lifetime conditional on baseline covariates pu;(L) :=

E{D; A L|ZP(0)} follows the model structure as below,

gl (D) =g [E{D; NL|Z7 (0)}] = B Z (0),

where g(*) is a given smooth and strictly monotone link function and 8 is of

our primary interest.

(b) Assume Cox proportional hazards model for dependent and independent censor-
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ing time 7; and Cj:

A (1) =X () exp {B7Z] (1)},
A (1) =5 (D) exp (BeZ7) -

(c) Assume no unmeasured confounders for dependent censoring 7;: for any t > 0,

P{Z et t+h), AT =12 >t Z: ( D} P{Zie[t,t+h),AiT:1\Zi2t,2¢(t)}
lim = lim .

h—0 h h—0 h

(d) Assume independent censoring time is independent of either death time or dependent censoring
time given baseline covariates; i.e.,

C; LT} Z; (0),C;LD;| Z; (0).

A.1.3 Regularity Conditions

We specify the necessary regularity conditions (i)-(vii) as below.
(i) {Z;, AP, AT AC Z(Z)},i = 1,...,n are independently and identically dis-
tributed.
(ii) P(R(t) =1) > 0fort € (0,7],i =1,....n
(it)) [Z(0)] + [y d|Zi(t)] < Mz < oo for i = 1,...,n, where Zy(t) are the kth
components of Z,(t).
(iv) AT(1) < 00,AY(7) < oo and AT(t), A (t) are absolutely continuous for ¢ €
(0, 7].

(v) There exist neighborhoods By of B, and B¢ of B such that for k = 0,1, 2,

sup ZeXp Bz )} R (t) Z2! () — vl (1:8)|| 0,
te(0,7],B€Br i—1
sup Zexp 3 Zc) L (t) ZE9%F — rgc) (t;: 8)|| = 0,
te(0,7),8€Bc || <=

where v®° = 1, v®! = v, v®? = v/v and

(A.1) r¥ (t;8) = E [exp {B'ZT (t)} R, (t) ZT ()],
(A2) r&) (t:8) = E {exp (B8 Z) R, (t) ZE°*} .
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(vi) Define h(z) = dg~'(x)/0x, where h exists and is continuous in an open neigh-

borhood Bp of 8.

(vii) The matrices A(Bp), Qr(Br), Qc(Be) are each positive definite, where

(A.3) A(B)=E[ZP () h{BpZ" (0)}],
[ o7 (2)
_ ry (68) ®2 T
e (2
B s (t;ﬂ)_z . 23\®2 c
and
(A0 =0 (1) = T4
| D ey
1) (4.
_ re (t8)
A7 Zo (t;8) = < )
( ) C (t ﬁ) Tg)) (t;ﬁ)

A.1.4 Outline of Derivation

Two estimating equation mentioned in our paper are

(A.8)
" (8) = % >_®1(B)= % D AW () [Yi— g7 {827 (0)}] 27 (0) = 0,

where W;(t) = WE)WE(t), WE(t) = exp{AT(t)} and WE(t) = exp{A¥(t)}, and
(A9) B(B) =~ > ®i(B) = . > AW () [Yi— g7 {B27 (0)}] 27 (0) = 0,

where W;(t) = WT(t)WC (t), W () = exp{AT(t)} and WC(t) = exp{AT(1)}.

We will first show (A.8) is unbiased, and then (A.9) satisfies that /n®(8))
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converges to a zero-mean Normal with variance B(3p) = E{B;(8,)%%}, where

(A.10)
B (/BD) = E{Bi (/BD)®2}7
B, (8) = & (8) + K+(8)(87)"'UT (Br) + / H(u; B)ry (u; By) ' dMT (u)

(A1) + Kc(8)Q%(Be) U (Be) + / He(u; B)r (u; Bo) ' dME (u) |

(A12) €. (8) = AW, (V) Y — B ZP 0)))2 (0),
(A13) UT ) = [ (2 ()~ ZusBrlant? ),

(A 14 U (Be) = [ 126~ Zolus B}ME (),

(A15) K1 (8) = B{e; (8) DT (v,

(A.16) Ke () = Ble, (3) DS ()}

(A17) Hy () = Ele; (8) exp{80 27 (0} R (1),

(A.18) H (t;8) = E{e; (8) exp(B0Z7 ) R; (1)},

(A19) pr ) = [ 12! @) -0 8Nt (),
(4,20 DF ()= [ 127~ 0 (w80)}iAf (),

for any subject i = 1,...,n, and Qr(8),Qc(8) are already defined in (A.4) and
(A.5).
Let 3 p denote the solution to (A.9). We will show that

(a) (Consistency) as n — oo, ,@ p converges in probability to 3.

(b) (Asymptotic Properties) as n — oo, \/ﬁ(aD — Bp) converges to a zero-mean
Normal with variance A(3,) ' B(8,)A(Bp) ! with A(B) and B(3) defined in

(A.3) and (A.10).
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A.1.5 Unbiased Estimating Equation

Theorem A.1. Under reqularity conditions (i)-(vii), the estimating equation (A.8)

is unbiased at the true value of Bp; i.e. E{®"(Bp)} =0.

Proof. As defined in our paper, the i, error term in (A.8) are independently and
identically distributed. It would be enough to show that E{e€;(3,)} = 0. This holds

because the conditional expectation on Z7(0) is unbiased:

E{e(8p) 2] (0)}
= Z7(0) E{W, (Y;) AYi|ZP (0)} = 2P (0) g {BpZ! (0)} E{W, (V) AilZ7 (0)}
=Z7 (0) E [E{W; (Y) AYiDi} | Z7 (0)] —

Z7(0) g {BpZ7 (0)} E [E{W; (Y) AilDi} | 27 (0)]

I(T; > D;\NL,C; > D; \L)
=ZP (0O E|FE A e D;ANL)|D; ¢ |ZP
roE B e e e DA D 122 0]

- 220y (BP0} 8 | {3 S G D n 22 o)

P(T;> D; NL,C; > D; AN L)
=Z7(0)E{D; NL|Z7 (0)} = Z7 (0) g~ {BpZ] (0)}

=0.

Then averaging over the baseline covariates, F{€;(8p)} and therefore E{®;(3,)}

will be 0. O

Theorem A.2. Under reqularity conditions (i)-(vii), as n — oo, \/n®(Bp) con-

verges to a zero-mean Normal with variance B(Bp) defined in (A.10).

Proof. As shown in Zhang and Schaubel (2011), the weight involved with dependent

censoring time 7; can be written as

\/H{WzT (t) =W (t)} = LVVZT (t) {DT ) Qr (Br)” ZUT (Br) + Z }+0p 1),
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with defined DT (¢), UT(81), Qr(8), 7 (), Zr(t; 8) in (A.19), (A.13), (A.4) , (A.1),

(A.6) and

Ty () = /O exp {B7Z] (u)} R; (u) v (u; Br) ™" dM] (u).

And we can derive the similar formula for independent censoring time Cj,

n

— 1 n
va{wl w-wlm}= ?Wf <t>{ ) 2¢ (Bo)™ Z S B+ > IS <t>} +op (1),
n j=1 j=1

with defined D (1), US(8), Qc(8), 7% (1), Zo(t; B) in (A.20), (A.14), (A5) , (A.2),

(A.7)and

75 @ = /Cxp R()r()(uﬁc) Lam€ ().

Rewrite the target vector as

Vin® f ZA )Y —g7HB'Z7 (0327 () W (V) WE (v)
(A21) v ZA ) Vi — g8 ZP (0)})2P (0) [W] () WE (¥7)
(A.22) FWE () {W; (¥) -l (v}
(A.23) + W (V) {WC (Y;) — WE (Y)}
(A.24) +{WE ) - wE ) {00 - W (0}

e The first part (A.21) is just

(A.21) Zel

where €;(3) was defined in (A.12).

e The second part (A.22) involves the difference between estimated and true
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IPCW weights for T"

1 1T T
(422) = =3 e (8) {Wr vy - wi (vi)}
) {DZ (V) Qr (Br)™" Y U (Br) +_ ;5 <Y>} +0,(1)
(A.25)
— Y > e B D ) (8 UT (B
(A.26)
n15 ZZEZ ZJ +OP<1)
Eq. (A.25) is simplified as
(A.25) n1 g Z Z € ( ) Qr (Br)” UT (Br)
IZ{ Z 8) D] (v, } r (Br) U (Br)

where K1(8) = E{e;(8)D!(Y;)'} was defined in (A.15), then

(A.25) = %KT B)Qr (Br)~ ZUT (Br)

Since JJ} (Y;) can be written as
Yi
T = [ e (8121 () ()l (s B) 7 MY (w)

0

= [ e {8z @122 ) 1AL 20 () M
0

= / Cep {8127 (0} (22 ) (w3 Br) ™ MY (u)
0

= / exp {BrZ7 (u)} Ry () r (u; By) ™" dMT (u),
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Eq. (A.26) is simplified as
(200 = 13- a9 [ [ s (8727 ) () () vt ()

/ [ ZEZ exp {IBITZIT (u)} Rz (u) 7,,(0) U /BT {dZMT } .

where Hr(u; B) = Ele;(8) exp{B,Z! (u)} R;(v)] was defined in (A.17), then

—L - t u T(O) u: -1 T (u
MM—ﬁ;AHﬂ@Tm@>mm»

To sum up, (A.22) can be rewritten as:

*L Y -yt ’ u; r(o) u; -t T (y o
(A.22) = \/ﬁ;[KTm)nT(ﬂT) UT () + [ Hor s ) i ) ] >]+ (1),

e Similarly, (A.23) can be rewritten as:

(423)= = [chmc(ﬂcrluf (B)+ [ Hew ) (o) b (u)] +0, (1),

where K¢(8) = E{e:(8)D{ (Y;)'} and He(u; B) = E{ei(B) exp(BoZ5 ) Ri(u)}

were defined in (A.18).

(6]



e Eq. (A.24) can be rewritten as:

(A.24)
_ % Z A (V) [Yi— g7 {B'Z7 (0)1)Z7 (0)
W (vi) - we (Y-)} (Wi o) = wl ()}

_ anZA g B ZP (0)]27 )
*Wm){DT ) @ (Br)” ZUT (Br) +Z Yo f)}
*mC(Y){DC ZUC (Be) +ZJ£ ) + 0 f)}

:%Zez«ﬁ){DT ) 2 (Br)” ZUTﬁT +Z Yo ﬁ)}

=522 &(B) DI (¥) Q2 (B) " U] (Br) D (Vi) Qc (Bo)™' U (Be)

T ' & (8) J): (Vi) DY (Y;) Q¢ (Be) " UY (Be)



Eq. (A.27)-(A.30) can be shown to be negligible.

To sum up, we can rewrite v/n®(3) as

1 n
n® (8) = W;Bz (B)+0,(1),
where as defined in (A.11), Since we have defined B(8) = E{B;(8)%?} in (A.10),

then we have proven that

Vn® (8)) L Normal (0,B(Bp)),

following that the mean of each term in the summation above is 0 at 3.

A.1.6 Consistency
Theorem A.3. Under regularity conditions (i)-(vii), as n — oo, BD AN
Proof. We use the Inverse Function Theorem (Foutz, 1977) by verifying the following
conditions:

e 0®P(3)/00 exists and is continuous in an open neighborhood Bp of 3.

o —n '0®(8)/08|g=p,, is positive definite with probability 1 as n — oco.

o —n'0®(B)/03 converges in probability to a fixed function uniformly in an

open neighborhood Bp of 3.
o Asymptotic unbiasedness of the estimating function:—®(8p)/n — 0.

We know that
OB — S AT 00 TE (Y 1 {8 2P (0)) 2P (0.
=1

where h(z) = dg~'(x)/0z. We will show that this derivative vector satisfies all the

necessary conditions above.
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e The first condition here holds because of the regularity condition (iv), which

states that h exists and is continuous in an open neighborhood Bp of B,.

e As to the second condition here, we know

10%(8)
n (9,6 |ﬁ:5D

= E[AW] () WE (V) h{BpZP(0)} ZP(0)**] + 0, (1)

[ { P (T, > g //\\([;:)> (lZ;.Ajl)), AL)lDi,z? (0)} h{B'z?(0)} z7 (o)W] +o,(1)
(I, >D; NL)I(C; > D; ANL) D oD Do
E[E{ P> DAL P(C s DinL) P Z (0)}h{ﬁZi (0)} ZP (0) ]+op(1)

E[h{B27(0)} 27 (0)*] + 0, (1)

where A(3) is defined as (A.3). Since we have assumed A(Bp) is positive

definite, the second condition holds here too.
e The third condition holds by the law of large numbers.

e Finally, since we have proven that

Vn®(Bp) 2 Normal (0, B(8p)) .

The last condition holds by Chebyshev’s inequality.

Having verified all the four conditions, we can argue that B » — B, follows from

Inverse Function Theorem. O

A.1.7 Asymptotic Distribution

Theorem A.4. Under regularity conditions (i)-(vii), as n — oo,

N <BD — ,8D> L, Normal (0, A(ﬁp)_lB(BD)A(ﬁD)_I) .
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Proof. Taylor expansion of ® <B D) around 3, is:

02@(&,3) :¢(5D>+&g—f|ﬁ=ﬁ<3D_ﬁD>’

where B lies between B p and Bp. So

vn <BD - 5[)) = {aq;éﬂ) |,efg}l Vn® (Bp)

= H Z AW, (¥) 2P (0 h {827 <0>}]

Vn® (Bp)
= A(Bp) ' Vn® (Bp) +0,(1).

Following Theorem A.2, it holds that

Vit (B — Bp) -2 Nomal (0, A (8,) " B (8,) A(8) ™).

A.2 Model Selection Criteria

We suggest using Concordance Statistics (I0C), Mean Absolute Deviation (MAD)
and Mean Squared Deviation (MSD) to select the proper link function. To simplify
the notation, we denote DF = D; AL and its predicted value as l/)? =g YBHZP ()}
Due to the occurrence of censoring, we observe Z; = DX A T; A C; for subject i.

Our version of IOC is adapted from Frank Harrell’s formula of concordance (Har-
rell, 1996; Heagerty, 2005, Uno et al., 2011):

S Y AW (Y)W, () I (i < Y;, D} < DF)

10C = — —
2l 2oy AW (V) W5 (Vi) 1 (Y; < V)

It converges to a censoring distribution free quantity P(DF < D]-L|DZ»L < DjL ) because
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(i) as to the numerator,
AT (V) W, (v) 1 (i < ¥;, DE < DF)
25 B{I(DE < T A G W, (V) W, (V) 1(Y; < ¥;) 1 (DF < DF) }
— B{I(DF < T,AC)W; (DY) W, (DY) 1 (T ACy > DY) I (DE > DY)
(5 7)

B P(T,NC; > D; NL)P (Ty ANCj > D; A L)

s T (Df < D', DI < Z/);L> \Z?(O),DiH
-2 P(Df < DF, D} < D}).

(ii) Similarly, the denominator follows that
ATV, (V)I(Y; < ¥;) 2 P(DE < DY)
(iii) So
10C 2 P(DE < DEDE < DY),

We can also use the similar trick to prove that

Y

L 1 B = _1 ~/ D p L /\L
MAD := H;AZWZ (V) |Y; — g {ﬂDZi (0)}‘ —>E‘Di _ D]

1 — —~ 2 —~12
MSD = — S AW (V) [vi - g7 {Br2P ()} 2 B [DF - DI
n
i=1
A.3 More Results in Application Data Analysis

Below are the plots of RMST within 1 year and 5 years post wait-list for chronic
ESLD patients with different MELD scores.
Below are the estimated effects of prognostic factors on pre-transplant survival

time within 1 year and 5 year post wait-list for chronic ESLD patients.
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Figure A.1 Fitted RMST (L = 12 months) by MELD score for a reference patient: white, male,

age=>50, Region=>5, year=2005, not hospitalized, not on dialysis, blood Type=0, BMI € (20, 25],
sodium=130
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Figure A.2 Fitted RMST (L = 60 months) by MELD score for a reference patient: white, male,

age=50, Region=>5, year=2005, not hospitalized, not on dialysis, blood Type=0, BMI € (20, 25],
sodium=130
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Table A.1 Estimated covariate effects on RMST in the absence of liver transplantation (L = 12

months)
Linear Log Logistic
Z?P(0) B, ASE,  p Bp ASE,  p Bp ASE,  p
Intercept 12.02 0.14 < 0.01 2.49 0.01 0.44 3.22 0.1 < 0.01
Year-2005 0.1 0.01 < 0.01 0.01 <0.01 <o0.01 0.06 0.01 < 0.01
Age-50 (Years) -0.05 <0.01 <001 <001 <001 <001 -004 <001 <0.01
Sodium-130 (mmol/1) 0.13 0.01 < 0.01 0.01 <0.01 <0.01 0.08 <0.01 <0.01
MELD Score-6 -0.32 <0.01 <001 -0.04 <001 <001 -018 <001 <0.01
UNOS Region Reference Group: 5
1 -0.32 0.12 0.01 -0.02 0.01 0.02 -0.31 0.09 < 0.01
2 -0.52 0.09 <0.01 -0.04 0.01 <0.01 -0.41 0.06 < 0.01
3 -0.63 0.12 <0.01 -0.03 0.01 <0.01 -0.54 0.08 < 0.01
4 -0.08 0.08 0.29 < 0.01 0.01 0.75 -0.09 0.07 0.18
6 -0.01 0.14 0.93 0.03 0.01 0.02 -0.2 0.1 0.05
7 0.06 0.11 0.59 0.02 0.01 0.04 0.03 0.08 0.69
8 -0.15 0.1 0.15 0.01 0.01 0.49 -0.17 0.08 0.04
9 -0.45 0.09 <0.01 -0.04 0.01 <0.01 -0.27 0.08 < 0.01
10 -0.51 0.12 <0.01 -0.04 0.01 <0.01  -0.47 0.09 < 0.01
11 -0.79 0.11 <0.01 -0.06 0.01 <0.01 -0.59 0.08 < 0.01
Gender Reference Group: Male
Female 0.01 0.05 0.88 -0.01 <0.01 0.03 0.03 0.04 0.47
Race Reference Group: White
Black 0.19 0.11 0.07 0.02 0.01 0.02 0.05 0.07 0.5
Hispanic -0.02 0.07 0.76 < 0.01 0.01 0.44 -0.05 0.05 0.34
Asian 0.2 0.12 0.1 0.02 0.01 0.11 0.21 0.11 0.05
Others -0.29 0.23 0.22 -0.02 0.02 0.28 -0.1 0.18 0.57
Blood Type Reference Group: O
A -0.05 0.05 0.3 <0.01 <o0.01 0.44 < 0.01 0.04 0.96
B -0.05 0.09 0.57 -0.01 0.01 0.46 0.01 0.06 0.89
AB -0.28 0.21 0.19 -0.03 0.01 0.04 -0.23 0.15 0.13
Diagnosis Reference Group: No or Yes
Hepatitis C -0.09 0.09 0.32 < 0.01 0.01 0.83 -0.16 0.06 0.01
Noncholestatic 0.29 0.09 < 0.01 0.04 0.01 < 0.01 0.13 0.06 0.04
Cholestatic -0.05 0.12 0.68 -0.01 0.01 0.43 -0.11 0.09 0.25
Acute Hepatic Necrosis 0.9 0.22 < 0.01 0.05 0.02 0.01 0.86 0.17 < 0.01
Metastatic Disease -0.45 0.19 0.02 -0.04 0.02 0.06 -0.27 0.13 0.04
Malignant Neoplasm -1.64 0.1 <0.01 -0.19 0.01 <0.01 -1.02 0.07 < 0.01
BMI Reference Group: (20, 25]
(0, 20] -0.46 0.12 <0.01 -0.04 0.01 <0.01 -0.24 0.08 < 0.01
(25, 30] 0.08 0.07 0.21 0.01 0.01 0.02 0.03 0.05 0.48
> 30 0.08 0.07 0.23 0.01 0.01 0.06 0.04 0.05 0.47
Hospitalized Reference Group: Not Hospitalized
ICU -1.63 0.18 <0.01 -0.57 0.05 <0.01 -0.98 0.1 < 0.01
not ICU -1.43 0.13 < 0.01 -0.3 0.02 <0.01 -0.56 0.06 < 0.01
Dialysis Reference Group: No or Yes
Yes 0.81 0.15 < 0.01 0.11 0.02 < 0.01 0.56 0.08 < 0.01

An offset of L = 12 months is applied for log link.
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Table A.2 Estimated covariate effects on RMST in the absence of liver transplantation (L = 60

months)
Linear Log Logistic
Z?P(0) Bo ASE  p Bp ASE.  p B, ASE.  p
Intercept 46.91 0.88 < 0.01 4.03 0.03 0.06 1.84 0.09 < 0.01
Year-2005 -3.2 0.07r <0.01 -0.13 <0.01 <0.01 -0.32 0.01 < 0.01
Age-50 (Years) -0.3 0.02 <0.01 -0.01 <0.01 <001 -0.03 <0.01 <o0.01
Sodium-130 (mmol/1) 0.66 0.04 <0.01 0.03 <0.01 <0.01 007 <001 <0.01
MELD Score-6 -1.19 002 <0.01 -006 <001 <0.01 -014 <0.01 <0.01
UNOS Region Reference Group: 5
1 -2.37 078 <0.01 -0.07 0.03 0.02 -0.15 0.08 0.07
2 -1.86 0.64 <0.01 -0.06 0.02 0.01 -0.14 0.06 0.03
3 -4.36 0.76 < 0.01 -0.13 0.03 <0.01 -0.34 0.08 < 0.01
4 0 0.63 1 0.02 0.02 0.3 0.04 0.06 0.57
6 0.66 0.94 0.48 0.03 0.03 0.28 0.1 0.1 0.34
7 -0.55  0.68 0.41 -0.02 0.03 0.34 -0.01 0.07 0.86
8 -1.59  0.83 0.05 -0.01 0.03 0.82 -0.07 0.08 0.4
9 -1.05  0.65 0.1 -0.06 0.02 <0.01 -0.1 0.07 0.15
10 -394 083 <0.01 -0.14 0.03 <0.01 -0.37 0.08 < 0.01
11 -346 0.77 <0.01 -0.13 0.03 <0.01 -0.31 0.08 < 0.01
Gender Reference Group: Male
Female 0.54 0.36 0.14 < 0.01 0.01 0.81 0.03 0.04 0.38
Race Reference Group: White
Black -0.99 0.61 0.1 -0.04 0.03 0.16 -0.06 0.07 0.37
Hispanic 0.5 0.49 0.3 0.01 0.02 0.52 0.04 0.05 0.39
Asian 1.63 0.87 0.06 0.02 0.03 0.55 0.14 0.1 0.17
Others -0.86 1.56 0.58 -0.01 0.06 0.89 -0.02 0.16 0.89
Blood Type Reference Group: O
A 0.06 0.36 0.86 0.01 0.01 0.61 0.03 0.04 0.47
B -0.51  0.59 0.38 -0.01 0.02 0.44 -0.04 0.06 0.54
AB 0.55 1.07 0.61 0.01 0.04 0.8 0.03 0.13 0.81
Diagnosis Reference Group: No or Yes
Hepatitis C -1.54 054 <0.01 -0.05 0.02 0.01 -0.21 0.06 < 0.01
Noncholestatic 2.34 0.55 < 0.01 0.1 0.02 <0.01 0.23 0.06 < 0.01
Cholestatic -0.98  0.77 0.2 -0.04 0.03 0.08 -0.15 0.08 0.07
Acute Hepatic Necrosis 2.4 1.5 0.11 0.01 0.04 0.84 0.1 0.15 0.51
Metastatic Disease -2.58 1.41 0.07 -0.07 0.06 0.25 -0.26 0.17 0.12
Malignant Neoplasm -859 0.69 <0.01 -0.44 0.04 < 0.01 -0.99 0.08 < 0.01
BMI Reference Group: (20, 25]
(0, 20] -264 0.86 <0.01 -0.09 0.03 <0.01 -0.22 0.09 0.02
(25, 30] -0.15  0.46 0.75 < 0.01 0.02 0.8 -0.03 0.05 0.59
> 30 -0.12 047 0.8 < 0.01 0.02 0.88 -0.05 0.05 0.33
Hospitalized Reference Group: Not Hospitalized
ICU -1.87  0.75 0.01 -0.63 0.11 <0.01 -0.83 0.16 < 0.01
not ICU -1.76  0.59 < 0.01 -0.27 0.05 <0.01 -0.36 0.09 < 0.01
Dialysis Reference Group: No or Yes
Yes 2.01 0.77 0.01 0.13 0.05 0.01 0.47 0.11 < 0.01

An offset of . = 60 months is applied for log link.
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APPENDIX B

Appendix for Chapter II

B.1 Notations and Assumptions from Manuscript

e The true underlying mortality model for RMST at L is, fori = 1,...,n

1,...,J,

Hij E<D /\L|Zz792: ) MO]eXp<BZ)

e The censoring model follows proportional hazards assumption:
)\icj(t) = )\Ocj(t) exp (0'Z,).

e The working estimating equations are:

J n
(B-1)¢1 (57 Mo W) = Z Z Gij/MZ‘AE/ {Yz‘ — Moj €XP (ﬁ/Zz‘)} Z;=0

j=1 i=1
S GaWiAY {Y; — pojexp (B'Z,)}
(B.2)¢, (57 Ho: W) =
S G Wiy {Y; — pojexp (8'2:)}

e With defined notations,

n

(B.3) S BW) = > GWAY exp(B'Z) 27",
=1
_ S8, W)
B.4 S, (BW) = S0
(B.4) ;i (B, W) 57 (5.w)’
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(2.4)-(2.5) are equivalent to

(B.5) (8 <ﬂ7 W) = i i Gij {Zi - gj (ﬁ, W) } /VIZ-AIYYZ' =0,

=1 i=1

Sr GaWAYY; _
Sy Gil/V[?iAZY exp(B'Z;) Hot

(B.6) v, (5;#07‘/"7> = : = 0.

i GuWiA}/Yi B
A GU/V‘Z-AZY exp(B'Z;) HoJ

e Regularity conditions:
(a) O;’s are independently and identically distributed.
(b) P(R;(t) =1) >0 for t € (0, 7].
(¢) |Zix] < Mz < oo, where Z, is the kth component of Z;.
(d) Af;(7) < oo and Af;(t) is absolutely continuous for ¢ € (0, 7].

(e) There exist neighborhoods C of € such that for k =0,1,2,j =1,...,J,

sup ‘Rg-k)(t; 0) — rg-k)(t; H)H 50,
te(0,7],0€C
where
) gy i Gijexp (0'Z,) ZFRi(t)
(B.7) R (t;0) = LY ST a. ,
=11
(B.8) rV(t;0) = E{Gyexp(0'Z) Z7 Ri(t)} .

(f) There exist neighborhoods B of 3 such that for k =0,1,2,j=1,...,J,

s (8.w) = s(8)| L0,

sup
te(0,7],8€B

where

3('k) (5) =F {GijAzYWi €xXp (IBIZi) Zz@k} =FE {Gz’j €xp (ﬁ/Zi) Z;@k} )

J
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(g) The matrices A(3), ©(0) are each positive definite, where

d v s7B) _
o - rfosto (5 )
J (2)
(BAW) = ZE{ / (] E ; T,(t:0)® >r§0)(t;0))\gj(t)dt}.

and

_ 0 1.1
5(8) = 5(8) s (8),
—1
7(t:0) = rVt0) rV(te).
B.2 Unbiased Estimating Equation
B.2.1 Equivalence of ¢ and
Since

= AYY;
¢2</67“07W>:0:>M0j— ZzlG”W yJg=1...,J
Yoy GZJWAYeXp(ﬁZ)

which is the same as 1),(3, o, I//‘\/) Plug this into ¢, (8, s, ﬁ\/)

¢1 (/67 H’Oa W)
J n J n =5
-~ o / > et GriWiAy Yy
= GiiWiAY Y, Z; — GiiWiAY Z)Z; k=l —H
;; ] ;; ’ P52 > i1 GeiWiAyr exp (8'Z)
: s (8. W)
= ZZGUW AY;S; - ZZGk]WkAYkYk(—
Jj=1 i=1 j=1 k=1 <,8 W)
J n
= Y S amalvi{s.-5, (W)}
j=1 i=1
= Ipl (ﬂ? W)

B.2.2 TUnbiased Estimating Equation

—~

The unbiasedness of the estimating equations ¢, (3, p,, ﬁ\/) and ¢,(8, py, W)

follow from the consistency of IPCW weights /I/IZ to W;, which is proven in the next
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section, and each item in ¢, <,8, W) is mean zero:

E [GyWiAY {Y; — pojexp (B'Z:)} Z;]

5 DAL<C)
(J>Y)

I
S

¥~ oy o0 (82} 2121

|
&

Il
&S

E( [ I(DiAL<C))

(o
{£ (e [ ALLLEC) (v, e (920} 22,0 12,) |
{ ”PC’ D/\L){D AL — uojexp(,ﬂZ)}Z|Zl,D}|Z)}
E(E[Gy{DiNL — pojexp (B'Z:)} Zi| Z1])

= E[Gy{E(Di NL|Z;) — pojexp (B8 Z:)} Zi)

= 0.
Since ¢4, ¢, are equivalent to v, 1,, the unbiasedness of the latter holds too.
B.3 Consistency of IPCW Weights Wz

B.3.1 Asymptotic Distribution of 0

From definition (?7?) and (2.6), we define

(D) 4.
R (t; 0)‘
R (t;0

J

R;(t;0) =
and the score residual:

=Gy [ {2~ 70i6) M ).

Then the asymptotic properties of 0 indicates that:

/i(5-0) =0 233 6,000

7j=1 =1

B.3.2 Asymptotic Distribution of Koc;(t)

The difference between 7\3] (t) and AJ;(t) can be separated as
B11)  m{AGH - AG®} = v {AG0) - ATt )]
(B.12) + {ng(t; 0) — A (t: e)} .
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Since

~ b GiydNE (u) - ! 1
AS (t;0) = B ek b = G/ ———~———dNf (u),
Oj( ) ; jj L j ; "Jo n, R(O)(u 0) (W)

J

Through a Taylor expansion,

(B.11) = \/%hj(t; 0)’\/_(0 9) +o,(1),
= — % {/OtFj(u;O)'dAOCj(u; 9)}@(9)—1§njiGile~<9) +op(1),

i=1 =1
where
h(t;0) = Z / R dNZC(U)
i=1
1 Ne;
= —— Gij R (u; 0)dAO](u 0)
nJ i=1

t
L / 7 (u; 0)dAC (u: 9).
0
holds from Slutsky’s Theorem. In addition, since (B.12) = —= ZZ L Gij ft (0) (u; 0) de(u)—k

OP<1)7

\/n_j{/A\g’;-(t)—A(%(t)} - V_ ZZGd / 7(u; 0)'©(6) "' U,(0)dAS, (u; 6)

i=1 [=1

T > Gy /t %de(u) +0,(1).



Since (B.14) \/ijo {exp( ) — exp (H’Zi)} Rl(u)d//ig’;(u) + 0,(1), by a

Taylor expansion, we obtain

(B.14) = \/gexp 0'2,)Z /Ot R;(u)dAS; (u)v/n (5— 0) + 0,(1)

= \/_Z’ dAC( )@(9)1iZleUk(9)+0p(1)
_ @Eﬂjz@ [ 2435)00)1U1(0) 40,1

Plug the result of the above asymptotic Distribution of XOCJ (t) into (B.15) and obtain:
t — .
(B.15) — \/n—j/ exp (0/2,) Rufw)d { K () — AG ()} +0,(1)

— \/_ ZZGM / 7;(4;0)©(0)'U(0) exp (8'Z;) Ri(u)dAF; (u; )

k=1 l=1

e ! /eXpe()RUde()Jrop(n

]kl UO)

= —@ Z Z G / 7 (u; 0 ©(8) U 4(0)dAS (u; 0)

k=1 I=1 0
1 exp ( 0'Z)R()
kj/ (u 0)

+

M (u) + 0,(1).

jkl

Combining the above re-expressions for (B.14) and (B.15) leads to
ARG - a5} - \/_ Gy | {Z:—7;(u;0)} ©(8) ' U4(8)dA (u; 0
Vg A () — = ZZ K { (u;0)} ©(0)"'Uk(6)dA(u; 0)

/eXp (02, )de< )+ op(1)

]kl

Furthermore, at time point Y;, we have

i {350 - 2500} = Y S° Y 6D, (0)0(0) 10,0 e > Gagdal6) 0,1,

k=1 I=1 ]kl
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where

]; )
Tn(0) = 3 GyG / 19 (10)1 exp (6 Z) Ry (w)dME (u).

B.3.4 Asymptotic Distribution of Wl

By definition, W,—W; = exp {Agm)}—exp {AS(Yi)} = exp {AS(V:)} {Ag(m - Ag(n)} .
From the previous result of _/A\g(Y;) — AG(Y;) into this, we get
Vi (Wi=wi) = ymexp {AG()}{RG(V) — AG(v) }

n

k=1 I=1 J k=1

B.4 Consistency of [Ai’

Using Inverse Function Theorem ( ), we need to verify these conditions

to conclude the consistency of B
(a) 0, (B, W)/@ﬂ' exists and is continuous in an open neighborhood of 3.
(b) —n~18¢, (8, W) /93" is positive definite at B with probability 1 as n — oo.

(c) —n~18¢, (8, W)/9B'" converges in probability to a fixed function uniformly in

an open neighborhood of 3.

(d) Asymptotic unbiasedness of the estimating function: —n~'¢, (8, ﬁ\/) 5 0.
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The only quantity in ¢,(3, ﬁ\/) involved with B3 is Z; — S,(83, ﬁ\/), and

a{zi—@ (BVT/)}
o8
0 S GriAyiWiZy exp (B Zy)
08" S GriAyviWiexp (8'Z))

s (8.w)s” (8.w) - s (8.W) -

_ 5 (B, VAV>2
Y (ﬁ)s§°;g3()ﬁ ;sp(ﬂ)@z o
So the derivative of 4, is
W J n 0z, -5, (BW
—%%ﬁ/) = —%;;GijAfWiYi { 8ﬂ’<ﬂ >}
_AB) o), j

So condition (b) holds. And condition (d) holds by law of large numbers. The

remaining conditions would hold under some certain regularity conditions. So it

follows that

B8
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B.5 Asymptotic Distribution of ,/B\

B.5.1 Write (0, ﬁ\/) as a sum of i.i.d. terms

We want to replace Y; in 1, with Y; — p;;, and it works because

Z Z Gij {ZZ — Sj <,87 W) } WiAzY:uU
j=1 i=1
— ;; Gij Z; — :z;o) EZ: ;;3 } WiAzYNOj exp (8'Z)

J
= P (/Ba u’07W> :Z Gij {Zi_gj <,37 W)}WZAB/K
J n /\ .
= > > Gy {Zz' -5 (B, W)} WiAT (Yi — pig)
j=1 i=1
The main estimating equation (3, ﬁ\/) can be further separated as the sum of the
following three components,

(B.i@(ﬁ, W) = % ZZsz {Zi - S;(8, W)} WiAY (Y; - fhij)

i=1 j=1

n J
1 — —~

(B.17) + %ZZGij{Zi_Sj (8. W)} <m_Wz> AY(Yi = pig)

i=1 j=1
1 n J
_ )G, _g. w) LT AY (v — .
(B.18) + oo ZZG {5,(8.W) -5, (8,W)} WAY (¥ - ).
(B.18) can be shown to converge in probability to 0 through the Functional Delta

Method. Through techniques from empirical processes ( , ), it can be

shown that (B.16) is asymptotically equivalent to

(B.16) = % ZZGM {Zi =3, (B.W)} WAL (Y — ) -

i=1 j=1
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Let €,(8, W) = Gi;{Z; — S,;(8, W)}W;AY (Y; — 1;;), then (B.17) can be written as,

(BAT) = fZZ W)

=1

(B.19) = 3ZZZZG’L]le6’L B,W)D;(6)©(0)"'U.(9)

zljlklll

(B.QO) + \/—ZZZ Gl]GkJGZ(IB7 ) ( ) +Op(1>

i=1 j=1 k=1 mj

>

<

The first component can be simplified as (B.19) = \/LEK(,B, 0.W)O0) > ", Z}]:1 G;;U(0)+

0p(1), with the following additional notations:
J J
K(B,0,W)=> K;(3,6,W)=> E{Gye(3W)Di(0)}
j=1 j=1

Let H;(t;3,0,W) = E{e;(8, W) exp(0'Z;)R;(t)}, then (B.20) is equivalent to

n J Iz (u
B20) = 2336 [ P GutB Y izxz)wznm( Ladig (w) + 0,(1)

- % Y Zij/OL j(u;ﬁ’g’w)dec(u)—i-op(l).

0
=1 -1 i (u; 0)

Combining (B.19)and (B.20) together, we can write (B.17) as

. _ “177 "H j(u; 8,0, W) Clu
\/_(B 17) = \/_;;G”{ (3,6, W)©(0) UZ(0)+/O 0 6) dME( )}
+o0,(1).

To sum up, our estimating equation %1,[)1(6, I//‘\/) can be written as a sum of n i.i.d.

terms at a difference of 0,(1): zb (B, W) f Yoy Zj 1 Giibi(B, W) where

b (B.W) = {Z;—5;(B.W)}W,AY (Y; — ;)
+ K(B3,6,W)0(0) 'U(9)

+ / H, “ﬁew)de(u).

93



B.5.2 Asymptotic Distribution of 1,

%1/)1(57 1/?[7) 2 Normal (0,B(B,W)),
where
J
B(B,W)=E |y Gi{bi(B, W)}®2] :
=1

B.5.3 Asymptotic Distribution of B

Taylor expansion of (03, 1/7[\/) around 3 is

oY, (B, W) <A )

0=4,(B.W) ~ v, (B W)+ =175 (8- 8
—~ -1
-~ 10 w 1 — 1 — 1
= Vi (B-8)= [5%] T (B.) = A8, W) o

By Delta methods,

Jn <B - [3) B, Normal (0, A(8)"'B(8, W)A(B8)™) .

B.6 Asymptotic Distribution of p, and n

B.6.1 From 0 to Ji,

Define functions
= S Gy WiAYY,

d4 = — 9

i(8) S GiWAY exp(B'Z;)
N Ciwd _ _ 07 p %
;(8) A i(8) E{Gijw\iAzY exp(,@/Zi)} E{exp(B'Z;)} ’

and d(8) = (di(8), .., ds(8)), d(B) = (d(B),...,ds(8)). Then fiy = d(B) and

o = d(B). The difference between the estimated and true value of p; can be written
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as:

Vil — o) = Vi{d(B)-d(8)} + vu{d(8) - d(B)}

od -~ _
— 220 (B - 8) + Vi (d(B) - d(B)} +o,(1).
where 82(5) is a J % p matrix and its jth row is

(M ) - - [T GWAYY S, G A exp(8'Z,) 21}
B Jn {Z?lGij/MZAfexp(ﬂ’Zi)}Q

PGy enBZON B Gy e B 202 |, )

[E{Gijexp(B'Z,)})

= —H0;5;(B) + 0p(1).
So we can write %(;) as —p,,8(8), where
for .. 0O
Ky = ’
0 ... Mog
51(8)
s(B) =
s,(8)

And the jth element the second part is

_ VS Gy WAY (Y — oy exp(B'Z:)}
dpB)—-d = —= =

n

n Y
Vim0 ; GyWiAi (Yi — paj) -
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So

(
(0) GﬂWA (Y% - Mz’j)
~ 1 < . ! _
Vi (g — o) = % : - Z Gijpys(8)bi (B, W)
i=1 Jj=1
_n__ AY (V. — ..
L njsfjo)(ﬁ) GZJI/VYZAZ (}/; ILLZ]>
+ 0,(1)
Let
© GilWiAzY (Y — Mij)
n1sy  (8) J
v, (B, W) = : — > Gipys(B)b: (B, W),
j=1
mGiJWiA'}/ (Y; - Mz‘j)
then

Vv (fig — o) 2 Normal (0, E{v,; (B, W)®2}) :

B.6.2 From i, to 7

Rescale i, to 7 = p/(p'w) with a pre-specified weight vector w. Define a new

function ¢(p,) = = ((py) and 7 = ¢(p,). Since

0¢(o) _ powly — pow’
Oty (hw)’

By Delta Methods,

vnm—mn) = vn{C() - ¢(ko)}

R Norma1< powls = pyf E{ v, (B, W)®2} powl = wu0>.
(How ) (pow )

B.7 Simulation Result

B.7.1 Bias and Standard Error for B when L =0.18,0.57 and 13.4
B.7.2 Point and interval estimation for n L = 0.18,0.57 and 13.4
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Table B.1 Simulation results: L = 0.18,0.57 and 13.4 under light and heavy censoring

L | Censoring | Var (True) | n | Bias | ESD | ASE | CP(%)

2500 0 0.004 | 0.004 94
B1(—0.025) | 5000 0 0.003 | 0.003 94
Light 10000 0 0.002 | 0.002 94
2500 0 0.005 | 0.005 95
B2(—0.05) 5000 0 0.003 | 0.003 95
0.18 10000 0 0.002 | 0.002 95
2500 0 0.004 | 0.004 94
B1(—0.025) | 5000 0 0.003 | 0.003 94
10000 0 0.002 | 0.002 95
Heavy
2500 0 0.005 | 0.005 93
B2(—0.05) 5000 0 0.003 | 0.003 94
10000 0 0.002 | 0.002 95
2500 | 0.001 | 0.006 | 0.006 95
B1(—0.062) | 5000 0 0.005 | 0.004 92
Light 10000 0 0.003 | 0.003 96
2500 0 0.007 | 0.007 94
B2(—0.125) | 5000 0 0.005 | 0.005 95
0.57 10000 0 0.003 | 0.003 95
2500 | 0.001 | 0.006 | 0.006 95
B1(—0.062) | 5000 | 0.001 | 0.005 | 0.005 95
10000 | 0.001 | 0.003 | 0.003 95
Heavy
2500 0 0.007 | 0.007 94
B=2(—0.125) | 5000 0 0.005 | 0.005 95
10000 0 0.003 | 0.003 95
2500 | 0.009 | 0.02 | 0.02 92
B1(—0.316) | 5000 | 0.005 | 0.015 | 0.014 92
Light 10000 | 0.003 | 0.01 | 0.01 94
2500 | 0.006 | 0.021 | 0.019 91
B2(—0.633) | 5000 | 0.005 | 0.014 | 0.014 94
13.4 10000 | 0.003 | 0.01 | 0.01 93
2500 | 0.045 | 0.03 | 0.026 58
B£1(—0.316) | 5000 | 0.032 | 0.022 | 0.02 63
10000 | 0.021 | 0.017 | 0.016 72
Heavy
2500 | -0.006 | 0.028 | 0.025 91
B2(—0.633) | 5000 | -0.006 | 0.021 | 0.019 91
10000 | -0.004 | 0.016 | 0.014 92
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Figure B.1 Point and interval estimation of  under light and heavy censoring for L = 0.18

Censoring: Light Censoring: Heavy

Estimated Value

Qg True Value

Figure B.2 Point and interval estimation of  under light and heavy censoring for L = 0.57

Censoring: Light Censoring: Heavy

Estimated Value

True Value

Figure B.3 Point and interval estimation of  under light and heavy censoring for L = 13.4

Censoring: Light Censoring: Heavy

Estimated Value
Y,

True Value
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