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ABSTRACT
TOPICS IN OPTIMAL STOPPING AND FUNDAMENTAL THEOREM OF ASSET PRICING

by
Zhou Zhou

Co-Chairs: Hyun-Soo Ahn and Erhan Bayraktar

In this thesis, we investigate several problems in optimal stopping and fundamen-
tal theorem of asset pricing (FTAP).

In Chapter [T} we study the controller-stopper problems with jumps. By a back-
ward induction, we decompose the original problem with jumps into controller-
stopper problems without jumps. Then we apply the decomposition result to in-
difference pricing of American options under multiple default risk.

In Chapters [[IT and [[V] we consider zero-sum stopping games, where each player
can adjust her own stopping strategies according to the other’s behavior. We show
that the values of the games and optimal stopping strategies can be characterized by
corresponding Dynkin games. We work in discrete time in Chapter [[IT]and continuous
time in Chapter [[V]

In Chapter [V we analyze an optimal stopping problem, in which the investor
can peek ¢ amount of time into the future before making her stopping decision. We
characterize the solution of this problem by a path-dependent reflected backward

stochastic differential equation. We also obtain the order of the value as € 0.

vii



In Chapters [VIJVIII], we investigate arbitrage and hedging under non-dominated
model uncertainty in discrete time, where stocks are traded dynamically and liquid
European-style options are traded statically. In Chapter [VI we obtain the FTAP and
hedging dualities under some convex and closed portfolio constraints. In Chapter [VI]|
we study arbitrage and super-hedging in the case when the liquid options are quoted
with bid-ask spreads. In Chapter [VIII] we investigate the dualities for sub and super-
hedging prices of American options. Note that for these three chapters, since we work
in the frameworks lacking dominating measures, many classical tools in probability
theory cannot be applied.

In Chapter [X]| we consider arbitrage, hedging, and utility maximization in a
given model, where stocks are available for dynamic trading, and both European
and American options are available for static trading. Using a separating hyperplane
argument, we get the result of FTAP, which implies the dualities of hedging prices.

Then the hedging dualities lead to the duality for the utility maximization.

viii



CHAPTER I

Introduction

This thesis is concentrated on two topics: optimal stopping (including Chapters
, , and , and fundamental theorem of asset pricing (FTAP) and hedging
duality (including Chapters [VIHIX]).

Optimal stopping plays an important role in the field of financial mathematics,
such as fundamental theorem of asset pricing (FTAP), hedging, utility maximiza-
tion, and pricing derivatives when American-type options are involved. For the
general theory of optimal stopping and its applications, we refer to [54}71,76] and
the references therein. The most commonly used approach for solving classical opti-
mal stoping problems is to find the Snell envelopes of the underlying processes (see
e.g, [70,/76]). However, there are still lots of specific optimal stopping problems of
interest, which either require very technical verifications when using this method, or
cannot be directly solved by the Snell envelope idea. In the first topic of this thesis,
we consider several such problems of optimal stopping. Apart from Snell envelope,
we shall use various methods to address these problems.

The arbitrage and hedging have been studied extensively in the field of financial
mathematics in the classical setup, i.e, when there is a single physical measure and

only stocks are available for dynamic trading. We refer to |24]34./43] and the refer-



ences therein. Recently, there has been a lot of work on this topic in a setup where
liquid options are also available for static trading, and/or the market is subject to
model uncertainty /independency (see e.g., [1,/17,19,28},32,35-37,45,65]). Compared
to the classical framework, it is more practical to study the arbitrage and hedging
in this new setup. One reason is that nowadays the volume of options in the finan-
cial market is so large that it is not reasonable to ignore the impact of the liquid
options. Moreover, estimation of parameters (e.g., volatilities) often ends up with
confidence intervals instead of points. These intervals will lead to a set of probability
measures which represents the model uncertainty. For the second topic of this thesis,
we investigate several problems on arbitrage and hedging where stocks are traded
dynamically and options are traded statically (semi-static trading strategies). In
particular, most of our work for this topic is done in the framework of model uncer-
tainty. It is worth noting that since the set of probability measures which represents
the model uncertainty may not have a reference measure in general, many classical

tools in probability theory cannot be applied.

1.1 Outline of the thesis

In Chapter [T} we consider controller-stopper problems where the controlled pro-
cesses can have jumps. We assume that there are at most n jumps. Using a backward
induction, we decompose the original problem with jumps into several controller-
stopper problems without jumps. Then we study the indifference pricing of an
American option under multiple default risk. The backward induction leads to a
system of reflected backward stochastic differential equations (RBSDEs). We show
that there exists a solution to the RBSDE system, and the solution characterize

the indifference price of the American option. This chapter is based on [15]. Parts



of the work have been presented at the Financial/Actuarial Mathematics Seminar,
University of Michigan, December 10, 2012.

In Chapter [T, we consider the zero-sum stopping games

B := inf supE[U(p(7),7)] and A :=sup inf E[U(p,7(p))]

pET" 7T reTi PET

on a filtered probability space (2, F, P, (Ft)i=o.... 7), where T' € N is the time horizon
in discrete time, U(s,t) is Fsy-measurable, T is the set of stopping times, and
T? and T* are sets of mappings from 7 to 7T satisfying certain non-anticipativity
conditions. We convert the problems into a corresponding Dynkin game, and show
that B = A =V, where V is the value of the Dynkin game. We also get the optimal
p € T% and 7 € T for B and A respectively. This chapter is based on [16]. Parts
of the work have been presented at the Financial/Actuarial Mathematics Seminar,
University of Michigan, December 10, 2014; Trading and Portfolio Theory, University
of Chicago, November 11-12, 2014.

In Chapter [[V], we extend the results in Chapter [[TI] to the continuous-time case.

That is, we consider the stopping games

G = infsupE[U(p(r),7)] and G = sup inf E[U(p.7(p))]

P reT T PE
on a filtered probability space (2, F, P, (F)o<i<r), where T" € (0,00) is the time
horizon in continuous time, and p,7 : 7 + 7T satisfy certain non-anticipativity
conditions. We show that G = G by converting these problems into a corresponding
Dynkin game. Compared to the discrete-time case, there are noticeable differences
in the continuous-time results regarding the types of the non-anticipativity and the
existence of optimal p and 7. This chapter is based on [6]. Parts of the work have been

presented at the Financial/Actuarial Mathematics Seminar, University of Michigan,



December 10, 2014; Trading and Portfolio Theory, University of Chicago, November
11-12, 2014.

In Chapter [V] we consider the optimal stopping problem

v = sup EB(r_o)+
TET

posed by Shiryaev at the International Conference on Advanced Stochastic Optimiza-
tion Problems organized by the Steklov Institute of Mathematics in September 2012.
Here T > 0 is a fixed time horizon, (By)o<t<7 is the Brownian motion, ¢ € [0, 7] is
a constant, and 7 is the set of stopping times taking values in [0,7]. As a first ob-
servation, v(®) is characterized by a path dependent RBSDE. Furthermore, for large
enough ¢ we obtain an explicit expression for v, and for small £ we have lower and
upper bounds. Then we get the asymptotic order of v(®) as ¢ \, 0, which is the main
result of this chapter. As a byproduct, we also obtain Lévy’s modulus of continuity
result in the L' sense. This chapter is based on [j].

In Chapter we consider the FTAP and hedging prices of options under non-
dominated model uncertainty and portfolio constrains in discrete time. First we
show that no arbitrage holds if and only if there exists some family of probability
measures such that any admissible portfolio value process is a local super-martingale
under these measures. Then we get the non-dominated optional decomposition with
constraints. From this decomposition, we get the dualities of the sub- and super-
hedging prices of European and American options. Finally, we add liquid options
into the market, and get the FTAP and duality of super-hedging prices with semi-
static trading strategies. This chapter is based on [7]. Parts of the work have
been presented at the STAM Conference on Financial Mathematics and Engineering,
November 13-15, 2014; the Financial Mathematics Seminar, Princeton University,

September 11, 2014; Labex Louis Bachelier STAM SMAI Conference on Financial



Mathematics Advanced Modeling and Numerical Methods, Paris, June 17-20, 2014;
the Financial/Actuarial Mathematics Seminar, University of Michigan, March 26,
2014.

In Chapter [VII we consider the FTAP and super-hedging using semi-static trad-
ing strategies under model uncertainty in discrete time. We assume that the stocks
are liquid and trading in them does not incur transaction costs, but that the options
are less liquid and their prices are quoted with bid-ask spreads. We work on the
notion of robust no arbitrage in the quasi-surely sense, and show that robust no ar-
bitrage holds if and only if there exists a certain class of martingale measures which
correctly price the options for static trading. Moreover, the super-hedging price is
given by the supremum of the expectation over all the measures in this class. This
chapter is based on [14].

In Chapter [VIII, we consider the hedging prices of American options using semi-
static trading strategies under model uncertainty in discrete time. First, we obtain
the duality of sub-hedging prices as well as the existence of an optimal sub-hedging
strategy. We also discuss the exchangeability of the sup and inf in the dual represen-
tation. Next, we get the results of duality and the existence of an optimal strategy
for super-hedging. We also compare several alternative definitions and argue why
our choice is more reasonable. Finally, assuming that the path space is compact, we
construct a discretization of the path space and demonstrate the convergence of the
hedging prices at the optimal rate. This chapter is based on [11]. Parts of the work
have been presented at the Financial /Actuarial Mathematics Seminar, University of
Michigan, January 29, 2014.

In Chapter [[X], we consider a financial model where stocks are available for dy-

namic trading, and both European and American options are available for static



trading. We assume that the American options are infinitely divisible, and can only
be bought but not sold. We first get the FTAP with semi-static trading strategies.
Using the FTAP result, we further get the dualities for the hedging prices of Euro-
pean and American options. Based on the hedging dualities, we also get the duality

for the utility maximization involving semi-static trading strategies. This chapter is

based on [8].



CHAPTER II

On controller-stopper problems with jumps and their
applications to indifference pricing of American options

2.1 Introduction

The problem of pricing American options and the very closely related stochastic
control problem of a controller and stopper either cooperating or playing a zero-
sum game has been analyzed extensively for continuous processes. In particular,
[52] considers the super-hedging problem; [12,55H57] consider the controller-stopper
problems, and [64] resolves the indifference pricing problem using the results of [55].
We will consider the above problems in the presence of jumps in the state variables.

The stochastic control problems in the above setup can be solved by Hamilton-
Jacobi-Bellman integro-differential equations in the Markovian setup, or by Reflected
Backward Stochastic Differential Equations (RBSDEs) with jumps, generalizing the
results of [47], which we will call the global approach. We prefer to use an alternative
approach in which we convert the problem with jumps into a sequence of problems
without jumps a la [9], which uses this result for linear pricing of American options,
and |72] which uses this approach to solve indifference pricing problems for European-
style optimal control problems with jumps under a conditional density hypothesis.

One may wonder what the local approach we propose brings over the global ap-

proach in financial applications. Indeed, in the second part of the chapter, where we



give an application of the decomposition results of controller-stopper games to indif-
ference pricing of American options, one may use the methods in [33,/64] to convert
the original problem into a dual problem over martingale measures which could be
represented as a solution of an RBSDE with jumps or integro-PDEs for a non-linear
free boundary problem. Compared to this global approach, what we propose has
several advantages:

(a) Our method tells us how to behave optimally between jumps. For instance,
our stopping times are not hitting times. They are hitting times of certain levels
between jumps. But these levels change as the jumps occur. This tells us how the
investor reacts to defaults and changes her stopping strategies. However, the global
method can provide little insight into the impact of jumps on the optimal strategies.

(b) Like in [50,72], our decomposition approach allows us to formulate the op-
timal investment problems where the portfolio constraint set can be updated after
each default time, depending on the past defaults, which is financially relevant. Nev-
ertheless, in the global approach the admissible set of strategies has to be fixed in
the beginning.

(¢) The decomposition result is useful in the analysis of Backward stochastic
differential equations (BSDEs) with jumps. For example, [58] uses the decomposition
result of [72] to construct a solution to BSDEs with jumps. Similar decomposition
results were used earlier by [30] in understanding the structure of control problems
in a piece-wise deterministic setting. Also, see [10] for example for the application
of the decomposition idea to the solution of a quickest change detection problem.

Following the setup in [50,/72] we also assume that there are at most n jumps.
Assuming the number of jumps is finite is not restrictive for financial modeling pur-

poses. We think of jumps representing default events. The jumps in our framework



have both predictable and totally inaccessible parts. That is, we are in the hybrid
default modeling framework considered by [41,51,72] and following these papers we
make the assumption that the joint distribution of jump times and marks has a
conditional density. For a more precise formulation see the standing assumption in
Section 2.3

In this jump-diffusion model, we give a decomposition of the controller-stopper
problem into controller-stopper problems with respect to the Brownian filtration,
which are determined by a backward induction. We apply this decomposition method
to indifference pricing of American options under multiple jump risk, extending the
results of [72]. The solution of this problem leads to a system of reflected backward
stochastic differential equations (RBSDEs). We show that there exists a solution
to this RBSDE system and the solution provides a characterization of the value
function, which can be thought of as an extension of [46].

Our first result, see Theorem and Proposition [2.2.3] is a decomposition result
for stopping times of the global filtration (the filtration generated by the Brownian
motion and jump times and marks). Next, in Section [2.3] we show that the expec-
tation of an optional process with jumps can be computed by a backward induction,
where each step is an expectation with respect to the Brownian filtration. In Sec-
tion [2.4] we consider the controller-stopper problems with jumps and decompose
the original problem into controller-stopper problems with respect to the Brown-
ian filtration. Finally, we apply our decomposition result to obtain the indifference
buying/selling price of American options with jump/default risk in Section and
characterize the optimal trading strategies and the optimal stopping times in The-
orem and Theorem [2.5.8] which resolves a saddle point problem, which is an

important and difficult problem in the controller-stopper games.
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Since we work with optional processes (because our optimization problem contains
a state variable with unpredictable jumps), we cannot directly rely on the decompo-
sition result of |49, Lemma 4.4 and Remark 4.5] or the corresponding result in [48]
(which is for predictable processes and the filtrations involved are right-continuous)
from the classical theory of enlargement of filtrations. (See also |73, Chapter 6] for an
exposition of this theory in English.) It is well known in the theory of enlargement
of filtrations that for a right-continuous enlargement, a decomposition for optional
process is not true in general; the remark on page 318 of [3] gives a counter example.
See also the introduction of the recent paper by [79]. This is because in the case
of optional processes the monotone class argument used in the proof of |49, Lemma
4.4] does not work for the right-continuously enlarged filtration. The phenomenon
described here is in fact a classical example demonstrating the well-known exchange-
ability problem between intersection and the supremum of o-algebras. In our prob-
lem we work in an enlarged filtration which is not right-continuous. This allows to
get optional decomposition results with respect to the enlarged filtration. On the
other hand, since the enlargement is not right-continuous, no classical stochastic
calculus tools can be used to solve the problem anymore. Therefore, our approach
gives an important contribution to the stochastic optimization literature. Also, as
opposed to [49] we consider a progressive enlargement with several jumps and jump
marks. On the other hand, our decomposition of the controller-stopper problems
into control-stopper problems in the smaller filtration can be viewed as a non-linear
extension of the classical decomposition formulas due to Jeulin [49].

In the rest of this section we will introduce the probabilistic setup and notation

that we will use in the rest of the chapter.



11

2.1.1 Probabilistic setup

Asin |72], we start with (2, F, P) corresponding to the jump-free probability space,
where F = (F;)52, is the filtration generated by the Brownian motion, satisfying the

usual conditions. We assume that there are at most n jumps. Define Ag = ) and
Ak:{(01770k>0§01§0k}, kzl,...77’l,7

which represents the space of first £ jump times. For k = 1,... ,n, let ¢, be the k-th
jump mark taking values in some Borel subset E of RY. For k = 0,...,n, let DF be

the filtration generated by the first & jump times and marks, i.e.,
Dy = Vi (o(lg<sy s <) Voallilggs, s <1)).

Let

Gh=FVDt k=0,... n

Denote by G* = (GF)g2, for k =0,... ,n, and G = G". (One should note that these
filtrations are not necessarily right continuous. When we look at the supremum of two
o algebras, the resulting o algebra does not have to be right continuous. This is due
to the famous exchangeability problem between the intersection and the supremum
of two ¢ algebras.) Then (€2, G*, P) is the probability space including at most the first
k jumps, k = 0,...,n. Let (,G,P) = (2,G",P) which we refer to as the global
probability space. Note that for £ = 0,... ,n, we may characterize each element
in Q as (wy,61,...,0ke1,...,¢e), when the random variable we consider is G -
measurable, where w; is viewed as the Brownian motion argument and G* = U2 GF,
see [22 page 76].

Next we will introduce some notation that will be used in the rest of the chapter.
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2.1.2 Notation

e For any (0,...,0) € Ay, (1,...,4) € E¥, we denote by
0k:(91,...,9k), ‘ek:(ely"'7£k’)7 k:zl,...,n.

We also denote by (x = (¢1,...,(), and € = ({4,... ,¢;). From now on, for
k=1,...,n, we use 0,0y, e, e, to represent given fixed numbers or vectors,

and (g, Ck, Uk, €y to represent random jump times or marks.

e Pr is the o-algebra of F-predictable measurable subsets on R, x €2, i.e., the

o-algebra generated by the left-continuous F-adapted processes.

e Pr(Ay, E¥) is the set of indexed F-predictable processes Z%(-), i.e., the map
(t,w, 0, L) — ZF(w,0),€) is Pr@B(Ay) @ B(EF)-measurable, for k= 1,... ,n.
We also denote Pg as Pr(A, E°).

e Op(resp.Og) is the o-algebra of F(resp.G)-optional measurable subsets on R x
), i.e., the o-algebra generated by the right-continuous F(resp.G)-adapted pro-

cesses.

e Op(Ay, E¥) is the set of indexed F-adapted processes Z*(-), i.e., the map (¢, w, Oy,
0y) — ZF(w,0y,4y) is Op ® B(Ay) ® B(E*)-measurable, for k = 1,... ,n. We
also denote Op as Op(Ag, E°).

e For any G* -measurable random variable X, we sometimes denote it as X =
X(w1,Cr, lr) = X(Ck,8r). Given ( = 6y, £ = e, we denote X as X =
X (wr,0k,€y) = X (0, £y). Similar notations apply for any G*-adapted process
(Zi)i>0 and its stopped version Z,, where T is a G*-stopping time.

e For T € [0,00], Ap(T) := AN [0, Tk

(s,w)Et,TIxQ

o SX[t,T] := {Y . F-adapted continuous, ||Y||sepr) = esssup |Yi(w)| < oo} :
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o SZ®(AL(T), E¥) = {Yk € Op(Ay, E*) : Y" is continuous, and ||Y*||sx(a, (r).2%)
= sup ||Yk(0k7ek)H3§°[9k,T] < 00}7 ]{?:O, y 1.
(O .ex)EAL(T)x EX
2 : T 2
o Li,[t,T]:= {Z: F-predictable, E [ft | Z| ds] < oo}
o L3 (A(T), B*) i= { 2% € Po(Ar, BY) : B[ [, | ZE O, ex)Pdt| < o0, V(B ex) €
AR(T) x Ek} k=0,....n.

o Alt,T) = {K : F-adapted continuous increasing, K; =0, EK7 < oo} .
o A(AW(T),E¥) = {K" : V(0. er) € Ay(T) x E*, K", ex) € Aoy, T},

k=0,...,n.
o We use eq(H, f)s<i<7 to represent the RBSDE
( T T

Y;E:HT_/ f(ﬁKer)d?”‘i‘/ ZrdWr+(KT_Kt>7 SStSTa

t ¢

EEHU S§t§T7

T
/ (Y; - Ht)th =0,
\ Js
and EQ(?H, f)s<t<r to represent the RBSDE
( T T
yt:HT+/ f(TayraZr)dT_/ ZrdWT+(ICT_ICt); SStSTa
¢ ¢

Vi > Hy, s<t<T,

T
/ (yt - 'Ht)d/Ct - O

\ Js

2.2 Decomposition of G-stopping times

Theorem [2.2.1] and Proposition [2.2.3] on the decomposition G-stopping times, are

the main results of this section.

Theorem 2.2.1. 7 is a G-stopping time if and only if it has the decomposition:

n—1

(221) 7 = Tlgocy + D TGk ) Lproscynngrt- san(rt <G )
k=1

+Tn(<n7 en)1{7—024‘1}_”m{7-n712<n}’
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0

for some (7°,... | 7"), where 7° is an F-stopping time, and 7%(Cx, £€y,) is a GF-stopping

time satisfying
(2.2.2) (€ lr) > G, k=1,... ,n.

Proof. If T has the decomposition ({2.2.1)), then

1

S
|

r<ty = JE"zan . n {260t < gl n{t < 1})
l:(l{fo <ayn{r< t}) U ({7'0 >Gyn. > Gt < t}).
For k=1,...,n, since {7% < (411} € G,v, and
("' >¢€Gy TGy, TG, i=1,...,k,
we have

{FP>an. . n{" > o {rF < Gatn{rt <t} e G.
Similarly we can show {7 < (;} N {7? <t} € G; and
{(FP>ain.. {1 >GIn{m <t} €6,

If 7 is a G-stopping time, we will proceed in 3 steps to show that it has the decom-

position (2.2.1)).

Step 1: We will show that for any discretely valued G-stopping time

T = E aila,,
1<i<o0

where 0 < a3 < ag < ... < ao = 00 and (A4; € G,,)1<i<oo 1S a partition of 2, there

exists a G*-stopping time 7% = 7%({, £1), such that

(2.2.3) Tlict = T lirey and {7 < G} = {7% < G},
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for k=0,...,n — 1. First, we have

{7 <Qey1} = U ({7 < G} N{A}) = U ({as < G} N{A}).

1<i<oo 1<i<oo

To complete Step 1, we need the following lemma:

Lemma 2.2.2. Fori=1,... 00, and A; € G,,, there exists A; € GF | such that

(2.2.4) {ai < Ck+1} N /L = {ai < Ck+1} N Al
Moreover, (A,L')lgigoo can be chosen to be mutually disjoint.

Proof of Lemma[2.2.2. Since for j > k + 1,

(0(Lig<sps 8 S @) Vollilig<sy, s < ai)) N{ai < G}

=o(1G <5} (LeCIN{G <) UG > 1), st <a, CeBE))N{a < G

—o((6 =shnfa <Gl ((£€CIN{G <) UG > 0) Nl <Gk
st<a, C € B(E))

= {0, {a; < Gei1}},

we have that

Ga; N{ai < Grra}

- (;f v (\/;?:1 (0(Lie,<ap 8 < @) Vollilg e, 5 < ai))>> N {as < Gopt}

- ((]—"ai N {a; < Geyr}) V (\/;?:1 (0(Li,<aps 8 < ) Vol <ay 5 < a;)) N {a; < gk+1})>
_ ((]—"ai N {a; < G }) V (\/;?:1 (0(Lie,<ap 8 < @) Vollilicea, s < a;)) N{a; < gk+1})>
_ (]-" v <\/§:1 ((Li,<aps 5 < ) Vol ey, 5 < ai)))> N {a; < Coir}

= Gi N{a; < Goa},
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which proves the existence result in Lemma Now suppose (A; € GF )<< are

the sets such that (2.2.4) holds. Define 4, = 4;, A, =0, and

Aerl :Aerl\UAj? m = 1,2,...
j=1
Since for ¢ # 7, (f_lzﬂ{ai < Ck+1}) N (/_ljﬂ{aj < Ck+1}) = (), we have form = 1,2, ...,

At MH{ame1 < G} D A N {amer < Ggr}

s

= (Apas 0 {amer < G DA\ L (A5 0 {amss < Gosr})

<.
Il
-

s

D (Aerl N {ams1 < Ck+1}) \ (Aj N{a; < C’Hl})

<.
Il
—

= (Aps1 N {ams1 < G })-

Therefore, flmﬂﬂ{amﬂ < Ck+1} = Am+1ﬂ{am+1 < Ck—&—l}; and thus (Az € gclfi)lgigoo
are the disjoint sets such that (2.2.4]) holds. This completes the proof of Lemma[2.2.2]

]

Now let us continue with the proof of Theorem [2.2.1l From Lemma we have

{r <G} = U ({ai < G} NA),

1<i<oo
where (/L € gi)lgigoo are disjoint sets such that ([2.2.4)) holds. Define G*-stopping

time

T = E a;lj..

1<i<o0

Since

AN {7 < Gea} = Ain U ({a; < Ck+1}ﬂ121j) ={a; < G }NA; = {7 < G JNA,,

1<j<o0

we have

k
T et} = Z ailAm{T<Ck+1} - Z ailain{r<ciiiy = Tlr<gon)-

1<i<00 1<i<00
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Also,

{r<Gunt= U ({ai < Gr1} N Ai) - U ({ai < Gra} N Ai) = {7" < G}

1<i<o0 1<i<oc0
Step 2: We will show that for any G-stopping time 7, there exists a G*-stopping

time 7%, such that (2.2.3)) holds. Define the G-stopping times
Nl
Tm == Z Tom 1{2%§r<j2%} +00 lrmooy, m=1,2,...
j=0
By Step 1, there exists a G*-stopping time 7% | such that

(2.2.5) Tﬁzl{fm<Ck+1} = Tml{Tm<Ck+1} and {Tm < Ck—i—l} = {TT’Z < Ck+1}-

ko1 k
Define 7% := limsup,, ... T,

(2.2.5)), we have ([2.2.3)).

Step 3: From Step 2, we know that for any G-stopping time 7, there exists

Since 7, \, 7, by taking “limsup” on both side of

0, 7L ., " I being F, G, ... , G" l-stopping times respectively, such that (2.2.3)
holds, for k =0,... ,n— 1. Let 7" := 7, then we have

n—1
T = Tlgcqy + Z Tl <r<cont T Thc.<r)
k=1
n—1
= 7_01{T<C1} + Z Tkl{Ck§T<Ck+1} + Tnl{CnST}
k=1
n—1
- 7—01{7'<C1} + Z Tk1{TZCl}ﬂ--ﬂ{TZCk}ﬂ{T<Ck+1} + Tnl{TZQ}W-ﬂ{TZCn}
k=1
n—1
= lpocey T > T posain.npri-tsaniri <ot + T Lr0¢ ) {136}
k=1

We will modify the decomposition so that it satisfies (2.2.2)). For k =1,... ,n, define

G*-stopping time

k k
~k T, T ZCka

Cka Tk < Ck
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and let 7 := 7% Then for k =1,... ,n, 7 > (., and

{(F" <G} ={" <G} ={r<Gmn}, k=0,...,n—-1

For k=1,... ,n—1,since {¢ <7 < G} C {7 = 7"}, we have

{(F">an. 0 > G0 {7 < G}
={G<T<Gn}={G<T<Guin{r=7"c{rF>¢}.

Also {7 > (,} C {7 = 7,} implies

{F'>ain...n{r ' 2Gt={r2¢G={r>¢In{r=""} c{r" > G}

Therefore, we have
n—1

T o= Tlpocay + Y T s n ko isanirt<c) T T Lo n o136}
k=1

n—1

= Plpocay + Y T Lo n s 1sanirt<c) T 7 Hrosaln.nfm-136,)
k=1

n—1

= ey + Y P lgosynnmotsont<tut T 7 LRGN AF 130
k=1

This ends the proof of Theorem [2.2.1] n

In the rest of the chapter, we will use the notation 7 ~ (7°,... ,7") for the G-
stopping time 7 if it has the decomposition from (2.2.1)). The next result shows that
the decomposition of 7 in (2.2.1]) is unique, in the sense that the terms in the sum of
7’s representation are the same even for different (7%, ... ,7")’s in the representation.

(Note that one can modify the stopping times 7" after the jump times (;1.)

Proposition 2.2.3. Let 7 ~ (7°,... ,7") be a G-stopping time. Then {7° < (1} =

{r<Gh {"">arn...n{r > G {r" < G} = {G% < 7 < G} for

k=1,...,n—1,and {7° > G} n...0{r" 1 > (.} = {¢ < 7}. Therefore,
n—1

0 k n
T=T gy + ZT Lige<r<ceny + 7 Lca<ry-
k=1
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Proof. Let Ag :={m" < (1}, A, :={r">¢G}n...n{r" ! > (.}, and
Ap:={r" >N .n{* > GIn{r" <G}, k=1,...,n—1.

Let By :={7 <G}, By, ={¢ <7},and By :={C <7 < (1}, k=1,...,n—1.
In the set A;, we have 7 = 7¢, which implies (; < 7 < (j41, and thus A; C B, for
i=1,...,n—1. Similarly, Ay C By and A,, C B,. Since (4;)", and (B;)}, are
mutually disjoint respectively, and Q = (J;_, A; = U, Bi, we have A; = B;, i =

0,...,n. O

The last proposition generalizes the decomposition result given in [30, Theorem
(A2.3), page 261] (also see |20, Theorem T33, page 308]) from the stopping times of

piecewise deterministic Markov processes to the stopping times of jump diffusions.

Proposition 2.2.4. Let T > 0 be a constant. 7 is an G-stopping time satisfying
7 < T if and only if T has the decomposition ([2.2.1)), with 7° < T and {¢, < T} =

{th<T}, k=1,...,n.

Proof. If T has the decomposition, then on the set {70 > ¢} N...N{r*t > (.}, we

have
T>">G =T>'=T>GC=..=T>"1 = T>¢ =T>"

Fork=1,... ,n. Thus7t <T.

Conversely, let 7 ~ (79 ... ,7") be a G-stopping time satisfying 7 < T. Let
70 := 70 and
AT, G <T,

T*, G >T.
for k = 0,...,n. It can be shown that 7* is a G*-stopping time. Then for k =
1,...,n—1,

GS<T<(Gu = T"=7<T = 7 =1k
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Similarly, (, <7 = 7" = 7". Therefore,

n—1

~ ~k 7"
T = 7'01{7<C1} + Z T 1{Ck§T<Ck~+1} +7 1{Cn§7'}‘
k=1

Easy to see 7% > (¢, and {( < T} = {7* < T}, k =1,... ,n. It remains to show

A;=B;,i=0,... ,n, where Ay :={7° <}, A, ={r" > G}n...n{r" > (.},
Ay ={">GIn...n{FF >3 n{r* < G}, k=0,...,n—1,

and By = {7 < (1}, B, = {7 > ¢G}n...n {1 > G,
B, ={F>¢}n..n{#>¢In{#F <G}, k=0,...,n—1

Easy to see Ag = By and A, D B,. Nowfor k=1,... ,n—1,

{(FP>¢In...n {7 > 3N {7 < G}

c{>Gkn...n{r" > ¢rn <{Tk <Gt U{T < Ck+1}>~

Since

(FO>¢n. . n{mF > GIn{T < Gt n{r" > G} =0,
we have
{7 > ¢3n. " > GINT < Gen} {7 > G0 {7t > Gt < G}
Hence, for k =1,... ,n—1,

B, C {Tozgl}ﬂ...r\l{Tk_lZCk}ﬁ{%k<Ck+1}

= {F">an. o n{t" > G {TF < G} = A

Since Up_o A = Uj_o Br = Q, and (Ax)}_, and (By)p_, are mutually disjoint

respectively, we have A, = By, k=10,... ,n. n
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2.3 Decomposition of expectations of G-optional processes

The main result in this section is Theorem [2.3.3] which shows that the expectation
of a stopped G-optional process can be calculated using a backward induction, where
each step is an expectation with respect to the Brownian filtration.

Standing Assumption: For the rest of the chapter, we assume there exists a

conditional probability density function a € Op(A,,, E™), such that
(231) ]P)[(Cl, ce ,gn,gl, . 7€n) c d91 ce dQndel Ce d€n|]:t]

=au(01,...,0,,€e1,...,e,)d01...d0,n(dey) ... n(de,), as.,

where dfy, is the Lebesgue measure, and 7(dey) is some probability measure which
may depend on (0y_1,e;_1) (e.g., transition kernel), for k = 1,... ,n. We also assume

that the map ¢ — «; is right continuous and

(2.3.2) [/ / sup s (B, e)d0: - .. dBy(der) . . m(des)| < oo.
nJA,

t>0

Following [72], let us set o} (0,,e,) = a:(6,,e,), and

(2.3.3) o) (), ex) / / (O, Ors1, €5, 1) dOpyin(derss), k=0,... ,n—1.
Note that a = 0 when 6,,... ,6, are not in an ascending order. As a result, for
k=0,... , n—1,

ol (0, er) = / / / . / (0, e,) db, . ..dOk1n(dey,) ... n(degyr).
Ek Jt Ok+1 On—1

Hence P[¢; > t|F] =a?, and for k=1,... ;n—1,

P[CkJrl >t’Ft] :/ / af(@l,... ,Hk,el,... ,ek) d91d9k7’]<d€1)7’](d6k)
Ek Ak

k

Therefore, o can be interpreted as the survival density of ;.

Let us recall the following lemma from [72].
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Lemma 2.3.1. Any process Z = (Zi)i>o0 is G-optional if and only if it has the

decomposition:
n—1
(2.3.4) Zi = Z{eey + O ZECrnl) Lcosiccony + 27 (G ln) Loy
k=1
for some Z% € Op(Ag, E¥), for k =0,... ,n. A similar decomposition result holds

for any G-predictable process.

We will use the notation Z ~ (Z°,... , Z") for the G-optional (resp. predictable)
process Z from the decomposition (2.3.4). Let Z ~ (Z° ..., Z") be a G-optional
process, and 7 ~ (7%,... ,,7") be a G-stopping time. Then from Lemma and

Proposition [2.2.3] Z. has the decomposition:

n—1
(2.3.5) Zr = Zolireay + ) Zplasr<auny + Zinlig,<n).
k=1
The following lemma will be used for the rest of the chapter:

Lemma 2.3.2. 7%((y,€,) is a G*-stopping time satisfying 78 > (. if and only if for
any fized (01, ex) € Apx EX, 75(8),, er.) is an F-stopping time satisfying 7% (0, ex,) > 0y,

and 7%(0y, ey,) is measurable with respect to (O, ey).

Proof. 1f 7%(0y, ;) is an F-stopping time satisfying 7%(0, ex) > 6, and is measurable
with respect to (0x,ex), then 1i g, ey<t) - Lige<ty € Or(Ag, EF). By Lemma
(here n = k), Lir, <ty = Lirkoen<t) * Ha<ty 18 a G*-optional process. Then
{TF(Cr ) <t} = {1pneoen<ny = 1} € GF. Hence, 7%(Cx,€y) is a G*-stopping
time. Conversely, if 7%(Cy,£;) is a G*-stopping time, then the GF-optional pro-
cess 1y-k(c, )<y has the representation from Lemma Thus, for fixed (0, ex),

Lk (9, ex)<t} 15 F-optional, which implies that (0}, ex) is an F-stopping time. ]

The following theorem is the main result of this section.
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Theorem 2.3.3. Let Z ~ (Z°,,... , Z") be a nonnegative (or bounded), right contin-
uous G-optional process, and T ~ (7°,... ,7") be a finite G-stopping time satisfying

T < T, where T € [0,00] is a constant. The expectation ]E[ZT] can be computed by a

backward induction as

E[Z.] = Jo.
where Jy, ..., J, are given by

(2.3.6) Jo(B,,€n) = E[anoﬁn(ﬂn,en)pfgn], @,,e,) € A (T) x E",

(237) Jk(ok,ek) = E|:Zkk04 <0k,6k)

T

(Or.ex)NT
+/ / Jk+1(0k,9k+1,ek,€k+1)77(d6k+1)d9k+1 FHk:|7
05, E
(Ok,ek) S Ak(T) X Ek, fork=0,... ,n—1.

Proof. For the sake of simplicity, let us assume n = 2. Using (2.3.6)) and -

plugging .J; into Ji, and then J; into Jy, we obtain

7ONT
Jo = E[Z%a, +EU / onen) O en | For | del)déﬁ}

ToAT 1(01,e1)AT
/ / |:/ / E [232(01,92731 e) ‘]:92} d@2)d92
E

On the right side of the equation above, let us denote the fist term by I, the second

]-"91} (del)d01] .

term by II, and the third term by III. We can show that

I = E —/ / ZBO . 1{91>TO} . 047—()(91, 92, €1, 62) d91d9277(d61)17(d62)},
-JE2 J Ay

II = E / / Zi1(01,e1) . 1{01§T} : 1{70291}0{71(91,61)<92} cOlrl d91d92n(del)n(de2)] y
E?2 JAy

Il = E /2/A 2oy 02.e1,03) " L{1.02<T) * 102030 (71 (01 ,01) 260 * Ctr2 d91d9277(d61)77(d€2)]-
E 2

For fixed (61,602, €1,e2) € Ay x E? from Proposition [2.2.3] we have {7° > 6;}n{r! <

O} ={0 <7 <O} C {0 <T} and {7°> 6} N{r! >0} = {0, <7} C {01,0, <



24
T}. Hence,
Z7(01, 0, €1, €2) = Zio - Lzocory + Zy - Lozony - Liianny + 2 - 10201y * Liriza
= Z% - Lgpocoy + Zh - Lgi<ry - Lposonngri<on) + 222 - Loy oa<t) - Liros0010(ri >0}
Therefore, we have
Jo=T+11+1II = E[/E2 /A Z.(01,09,e1,e3) - a (01,04, €1, e3) db1dban(der)n(des)|.
2

We will show in two steps that Jy = E[Z,].

Step 1: IfT:ZaklAk,whereOSao <ap...<oo,and A, € G,,, k=0,1,...,
k=0
then

= Z E[Zu14,]
k=0

ZE{/ / Zak<01;02761762)1Ak(01;02761762)04%(01;‘92761762)d01d9277(d€1)77(d62):|
k=0 Az

=K

/ / (Z Zak 617 927 €1, 62)1Ak (617 927 €1, 62)&ak (617 927 €1, 62)) d91d6277(d61)77(d62)]
E2 J A,

- E[/ / Z(01,02,€1,€2) - ar (01,02, €1, €2) d@ldﬁgn(del)n(deg)],
E2 JA?

where the second equality above follows from |72, Proposition 2.1].

Step 2: In general, let 7 be any finite G-stopping time. Define
Tm = D o i <rcitty, m=12,...
For fixed N € (0,00), Step 1 implies that
E[ZTm/\N |:/E‘2 /A2 . 6’1,62,61,62)/\N) cym (01, 02, €1, €2) dO1dOsn(der)n (d@g):|
Thanks to and the right continuity of Z; and a4, by sending m — oo, we get
E[Z, AN] {/EQ /A2 (01,0, €1,2) AN) - (01,65, €1, €2) d81d027](d61)77(d62)].

Then letting N — oo, the result follows. O
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Remark 2.3.4. When the Brownian motion and the jumps are independent,
and the right continuity of a; in the Standing Assumption trivially holds. In this case,
Theorem [2.3.3]still holds if the assumption of the right continuity of Z; is removed. In
fact, it follows directly from the expectation under the product probability measure

that

JO = E |:/ / ZT(91, 92, €1, 62) . a(@l, 92, €1, 62) d91d9217(d61)77(d62) = E[ZT]
E2 J A,

The same applies for Theorem and Proposition [2.4.4]

2.4 Decomposition of G-controller-stopper problems

Theorem 2.4.2)and Proposition[2.4.4]are the main results for this section, which de-
compose the global G-controller-stopper problems into a backward induction, where
each step is a controller-stopper problem with respect to the Brownian filtration.

A control is a G-predictable process m ~ (7%, ..., 7"), where 7% € Pg(Ax, EF)
is valued in a set A¥ in some Euclidian space, for k = 0,...,n. We denote by
Pr(Ay, E¥; A¥) the set of elements in Pg(Ag, E¥) valued in A%, &k =0,... ,n. We
require that all the G-stopping times we consider here are valued in [0,7], where
T € (0,00] is a given constant. A trading strategy is a pair of a control and a G-
stopping time. We will use the notation (r,7) ~ (7%, 7%)n_, for the trading strategy
if 7~ (7%...,7") and 7 ~ (7°...,7"). A trading strategy (m,7) ~ (7%, 7%)7_,
is admissible, if for k = 0,... ,n, (7%, 7%) € A* x T*, where AF is some seperable
metric space of P(Ag, E¥; A¥), and T* is some set of finite G*-stopping times. By
Proposition , we let T* be such that for any 7% € T*, 7%(0),e,) < T whenever
0, < T. Note that A* and 7% may depend on each other in general. We denote the
set of admissible trading strategies by Ag X Tg.

The following lemma will be used for the measurable selection issue later on.
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Lemma 2.4.1. For k=0,... ,n, define the metric on T* in the following way:

p(rf, 1) = E[/ I 1{759}\6”]7 o,y € TE.
0
Then T* is a separable metric space.

k

Proof. Since for any G*-stopping time 7%, e_tl{.,-kgt} is a GF-adapted process in

L]0, 00) x ), the conclusion follows from the separability of L', see [78]. O

Following [72], we describe the formulation of a stopped controlled state process

as follows:

e Controlled state process between jumps:
(z,7") € R? x A* —s X" € Op(Ay, EY), k=0,...,n,
such that
Xg’x’wo =z, ng”rk (0r,ex) = B, VB Fp,-measurable.

e Jumps of controlled state process: we have a collection of maps I'* on R, x 2 x

R? x AF=! x E, for k=1,... ,n, such that
(t,w,x,a,e) — I (w,x,a,e) is Pr@ B(RY) @ B(A" ') @ B(E)-measurable

e Global controlled state process:

(z,7m~ (7°...,7") €R? x Ag — X*7™ € Og,
where
n—1
(24.1) X7 = XMlgeey + X (Cr ) Lcesiany + X7 (G ln) i<y
k=1

with (X°,..., X") € Op(Ag, E°) x ... x Op(A,, E") with initial data

vO 0,z,m9
X0 = x0en°

k—1 k

_ k-1
Xk(Hk,ek) = Xk,F’gk(ng o, k)T (0k,6k>, k= 1, e, N
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e Stopped global controlled state process: given a trading strategy (m,7) ~
(mk, 7M)r_ in Ag X Tg, let X®™ be the process from (2.4.1)), then the stopped

controlled state process is:

n—1

(242) X2 =X%1reey + 3 X5 (Cro i) g crecrnn + X (G ) ic<ry-

Assume U ~ (U°,... ,U™) is bounded (nonnegative, nonpositive), Og ® B(R%)-
measurable which gives the terminal payoff U, at time ¢ . Consider the two types of

the controller-stopper problems:

(2.4.3) VO(z) = sup sup E[U.(X?7)], z€R?,
T€Te T€AG

(2.4.4) Bo(z) = sup inf E[U,(X57)], z € R
T€EAG 7€Te

We require that for any z € R? and admissible control 7, the map t — U;(X;"™) is
right continuous.
The following theorem provides a decomposition for calculating V° in (2.4.3)). Its

proof is similar to the proof of |72, Theorem 4.1].

Theorem 2.4.2. Define value functions (VF)?_, as

V'™(z,0,,e,) = esssupesssup E [UT”” (X5 0, e,) - (Hn,en)|f9n],

ThET™ mhEAn

0,,e,) € A, (T) x E™, and

(2.4.5) V*(x,0),e;) = esssupess SupE[Ufk(Xf,f’”k,Gk,ek) -k (6, er)

TheTk gkeAk

k+1 k+1 k,xz,m k
/ / v F (Xgoh >7Te,€+1,€k+1),0k,9k+1,6k,€k+1>77(d€k+1)d9k+1‘]:9k}>
O

(01, er) € AL(T) x E*, fork=0,... ,n—1. Then V°(z) = VO(x).
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Remark 2.4.3. In Equation (2.4.5), the first term U, (X]””r ,0i,e;) - (0, ex) can
be interpreted as the gain when there are no jumps between 6, and 7%, which is

measured by the survival density o/jk. The second term

k
/ / Vi Fk“ Xakilﬂ ,ngﬂ, er+1), Ok, Oxr1, €, €k+1)’0(d€k+1)d9k+1
O
can be understood as the gain when there is a jump at time 6, between ), and 7*.

Proof of Theorem[2.4.3. For x € R, (7, 7) ~ (¥, 7%)7_, in Ag x Tg, define

I"(x,0,,€,,7,7) = E[Ufn(x;w",on,en) . aﬁn(Gn,en)}fgn], @n,,) € An(T) x E™,

k k k,x,mk k
I ('T70k76k77r77_) =K |:U7—k(X7-k 70kaek) : OéTk(ok,ek;)
k+1 k+1 szr k
/ / I ngH Brin T Opys Cht1), 9k,9k+1,6k76k+1,7T77>77(d6k+1)d9k+1}f0k ;
Ok

(0r,er) € Ay(T)X E* fork=0,... ,n—1. Set I*(;,e;) = ]k(ng,Hk,ek,w,T), k=
0,...,n. From the decomposition (2.4.2)), we know that (I*)?_, satisfy the backward

induction formula:

"0, e,) = E[Uf( X 0, e0) - Zn(ﬂn,en)]}},n],

fk(Gk, ek) = E |:Uk ( Tk,Gk, ek) Oéik (Gk, ek)
Tk
+/ / [Hl(ak, Or+1, €, €k+1) W(dekﬂ)d@kﬂ ’fek] .
O
From Theorem [2.3.3 we have that
(2.4.6) [’ =1°=E[U,(X>)].
Define the value function processes

(2.4.7) V*(x,0;,ep) = esssupesssup 1°(z, 0y, ey, m,7),
TEAG TeTg
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for k=0,...,n, © €RY (Oy,er) € Ap(T) x E*. Observe that VO defined in
is consistent with its definition in from . Then it remains to show
that V¥ = V¥ for k = 0,... ,n. For k = n, since I"(x,0,,e,,m,7) in fact only
depends on (7", 7"), we immediately have V" = V™. Now assume V*+1 = Vk+1 for

0 <k <n—1. Then for any (7,7) ~ (7%, 7%)7_, in Ag X Tg,

]k<x70k76k77r77—)

< E|:Ufk (Xf,;x’”k,Ok,ek) . Oéﬁk (Gk,ek)

/ /Vk—H 1—‘];:;11 ngilﬂ 7T§k+1,6k+1),0k,9k+1,6k,6k+1> n(dekﬂ)deH)ng]
Ok

S ‘7 (m70kae/€)7

which implies that V* < V.

Conversely, given € R? and (0, e;) € Ax(T) x E*, let us prove V*(z,8;.e;) >
VE(2,05,e;). Fix (7, 7%) € AF x T* and the associated controlled process X5
from the definition of V**!, we have that for any w € € and € > 0, there ex-
ists (7€, 79¢) € Ag x Tg, such that it is an ee%+1-optimal trading strategy for
VEFL(- 0y, 1) at (w FI;;TI (ngjf 7T§k+1,€k+1)). By the separability of the set of
admissible trading strategies from Lemma [2.4.1] one can use a measurable selec-
tion argument (e.g., see [81]) to find (7, 7) ~ (7%, 79%)7_; in Ag x Tg, such that

(w) = 17 (w), dt ® dP-a.e. and 7¢(w) = 7(w), a.s., and thus

k+1 (pk+1 kxm _k —0
4 (F9k+1 (X9k+1 Ty €k11), 0k, O 11, €, ek‘"‘l) —ee

k+1 k+1 kx,om  _k € €
<I (FakH(XekH s T 1> €ht1)s Ok, Oki1, €, €440, T, T ), as.

Consider the admissible trading strategy (7€, 7¢) with the decomposition

€,0 ek—1 _k __ek+1 en
S e S B

e,k—1 Tk Tek-‘,—l ’Te,n)'

o (r90 T
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Since I*(x,0y41,€x11, 7, 7) depends on (m,7) ~ (77, 77)7_ only through their last
components (77, 7/ )i—k41, We have

Vk (ZL’, ak’a ek)

Z -[k(x7 oka €L, ﬁ€7 %E)

= E |:Ufk (Xf;cx,ﬂk,ek’ ek) . O[ﬁk (ak, ek)

k+1 k+1 kax,mF K ~e ~¢
/ /I F9k+1 X9k+1 ,7r9k+1,ek+1),0k+1,ek+1,7r , T >77(d€k+1)d9k+1’f0k:|
O

Z ]E |:U7l-€k: (XfI’cI’W I 6k7 ek) : aik (ak‘; ek‘)

/ / Vk+1 F’g:;ll g}gf—lﬂ- 77T9k+1 s €k+1) 0k+1, ek+1>7](d€k+1)d9k+1 ‘ng‘| — €.
Ok
Therefore, V¥ > V¥ from which the claim of the theorem follows. O

Now let us consider the value function Uy in (2.4.4)). We have the following result:

Proposition 2.4.4. Define value functions (B*)_, as

0" (x,0,,e,) = esssup essinf E [Ufn (Xff”rn,On, e,) - al(6,,e,) |}"9n] ,

aneAn TneT™
0,,e,) € A (T) x E™, and

V¥ (x,0),e) = esssupessme[Uk (Xk““r .05, er) - fk(ﬁk,ek)

rke Ak TheTk

/0 / DU Fk“ 5ki’frk,7rgk+1, ert1), 0k, Ory1, €r, 6k+1)ﬁ(d€k+1)d9k+1‘f0k}a
k
01, er) € AL(T) x E*, fork=0,... ,n— 1. Then Vy(z) = V°(z).

Proof. Given 7w ~ (7%,... ,7") in Ag, define

0" (x,0,,e,,m) = ess 1nfE[U” (X5 0, en) - aﬁn(Gn,en)‘an},

TRET™M

0,,e,) € A, (T) x E™, and

* 2,0y, ex, 7) = essinf [Ufk (Xf,;x’ﬁkﬁk,ek) -k (O, er)

TheTk
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Tk
k41 (k1 yEart
+/ \/'m (Fek <X9k+1 ,79k+1aek—i-l);aka‘9k+1aek;€k+177T>77<d6k+1)d9k+1‘]:0k}a
(% E

(01, ex) € AR(T) x E*, for k=0,... ,n — 1. From Theorem [2.4.2) we have

00(x, ) = inf E U (X57).

T€TG

Define

U (x,0y,e;) = esssup‘iik(x,ek,ek,w), 0r,er) € Ap(T) x E*, k=0,... ,n.

TeEAG
Then the definition for U above is consistent with (2.4.4). Following the proof of

Theorem we can show U* =0* k=0,... ,n. O

2.5 Application to indifference pricing of American options

In this section, we apply our decomposition method to indifference pricing of
American options under multiple default risk. The main results are Theorem
and Theorem [2.5.8] which provide the RBSDE characterization of the indifference

prices.

2.5.1 Market model

The model we will use here is similar to that in [50]. Let T" € (0, 00) be the finite
time horizon. We assume in the market, there exists at most n default events. Let
(1,...,C,and fy,... L, represent the random default times and marks respectively,
with « defined in as the probability density. For any time ¢, if ( < t <
Cer1, k=1,... ,n—1(t < ( for k=0and t > (, for k =n), we say the underlying
processes are in the k-default scenario.

We consider a portfolio of d-asset with a value process defined by a d-dimensional
G-optional process S ~ (S%,...,S™) from (2.3.5)), where S*(8y,e;) € Or(Ay, EF) is

valued in R¢

¢, representing the asset value in the k-default scenario, given the past
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default times {, = 6, and the associated marks £, = ey, for £ = 0,...n. Suppose

the dynamics of the indexed process S* is given by
(2.5.1) de(&k,ek) = Sf(&k,ek) * (bf(&k,ek)dt + af(&k,ek)th) , t > Qk,

where W is an m-dimensional (P, F)-Brownian motion, m > d, b* and o* are in-
dexed processes in Pp(Ag, EF), valued respectively in R? and R*™. Here, for
r=(21,...,279) € R and y = (y1,... ,yq) € R¥4 the expression z * y denotes
the vector (z1y1,...,7qyq) € R Equation can be viewed as an asset
model with change of regimes after default events, with coefficient b*, o* depending
on the past default information. We make the usual no-arbitrage assumption that
there exists an indexed risk premium process \¥ € Prp(Ay, E¥), such that for all

(Bk,er) € Ay x EF,
(252) Uf(Gk,ek))\f(Gk,ek) = bf(ﬂk,ek), t> 0.

Moreover, each default time 6, may induce a jump in the asset portfolio, which will be
formalized by considering a family of indexed processes v* € P(Ay, E¥, E), valued in
[—1,00), for k =0,... ,n—1. For (0y,e,) € Ay xE¥ and e, € E, 7§k+1(9k,6k,€k+1)
represents the relative vector jump size on the d assets at time ¢t = 0,1 > 0, with a

mark ey 1, given the past default events ((x,€x) = (0, ex). In other words, we have:

(253) S]H_l (0k+1>ek+1) = ng (Gk,ek) * <1d + ’ng_H (0k,6k, €k+1)> ,

Ok+1 et1
where 1, is the vector in R? with all components equal to 1.

Remark 2.5.1. It is possible that after default times, some assets may not be traded
any more. Now suppose that after k defaults, there are d assets still tradable,

where 0 < d < d. Then without loss of generality, we may assume b*(0;,e;) =

(B(Ok,ek) 0), a’“(ﬂk,ek) = (5k(0k,ek) O), yk(ﬂk,ek,e) = (ﬁk(ek,ek,e) 0), where
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b(Oy,er), 7"k, er), 7°(0y,ex e) are F-predictable processes valued respectively in
R4, R¥*m RI n this case, we shall also assume that the volatility matrix &% Ok, er)

is of full rank. we can then define the risk premium
N0k, ex) = 5% (Ox, ex)' (5" (Or, )" (Br, ex)) " B*(Bx, ex),

which satisfies (2.5.2)).

An American option of maturity 7' is modeled by a G-optional process R ~
(R°,... ,R") from (2.3.4), where RF(@),e;) is continuous with respect to ¢, and
represents the payoff if the option is exercised at time ¢ € [0, T] in the k-default
scenario, given the past default events ((y,£y) = (0, ex), for k=0,... ,n.

A control in the d-asset portfolio is a G-predictable process m ~ (7%,... 7"),
where (0, ex) € Pr(Ag, E¥) is valued in a closed set A* of RY containing the zero
element, and represents the amount invested continuously in the d assets in the k-
default scenario, given the past default information ({x,£;) = (0x,er). An exercise
time is a G-stopping time 7 ~ (7°,... ,7") satisfying 7 < T', with the decomposition
from Proposition A trading strategy is a pair of a control and an exercise time.

For a trading strategy (m,7) ~ (7%, 7%)7_,, we have the corresponding wealth
process X ~ (X°,...,X"), where X*(0;,er) € Or(Ay, E¥), representing the wealth
controlled by 7%(y, ex) in the price process S*(8y,ey.), given the past default events

(Ck, ) = (Ok,ex). From (2.5.1) we have
d%f(Gk,ek) = Wf(9k76k)/ (bf(Gk,ek)dt + O'k(ek76k)th) , T > 6’k

Moreover, each default time induces a jump in the asset price process, and then also

on the wealth process. From (2.5.3]), we have

(254) %k+1 (0k+1,6k+1) = %57 (0k7 ek) + ng+1 (Ok, ek)’fyng (Gk, €, €k+1>.

Ort1 k+1
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2.5.2 Indifference price
Let U be an exponential utility with risk aversion coefficient p > 0:
U(x) = —exp(—pz), z= € R,

which describes an investor’s preference. We will consider two cases. The first case
is that the investor can trade the d-assets portfolio following control 7, associated
to a wealth process X = X*™ with initial capital Xo- = x. Besides, she holds an
American option and can choose to exercise it at any time 7, 7 < T, to get payoff
R.. So the maximum utility she can get (or as close as she want, if not attainable)

is:

(2.5.5) VO(z) = supsup E [U(X5™ + R,)].

We call ¢ the indifference buying price of the American option, if
Ux) =V%z —2).

The second case is that the investor trades the d-asset portfolio following control
7, while shorting an American option. So she has to deliver the payoff R, at some
exercise time 7, which is chosen by the holder of the option. By considering the

worst scenario, the maximum utility she can get (or as close as she want) is:

(2.5.6) Y (z) = supinf E [U(XL" — R,)].

s

In this case, we call ¢ the indifference selling price of the American option, if

U(z) =0z + ¢).

2.5.3 Indifference buying price

In this sub-section, we will focus on the problem (2.5.5). Theorem is the

main result for this sub-section.
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Definition 2.5.2. (Admissible trading strategy) A trading strategy (m,7) ~ (7%, 7%)7_,

is admissible, if for any (0y,e;.) € Ax(T) x E*, under the control 7*

k Tk

(a) / |7rf(0k,ek)’bf(0k,ek)|dt+/ |7Tf(0k,ek)/0'f(0k,6k)|2dt < 0o, a.s., k =

O Ok
0,...,n,

(b) the family {U(%TATk (0r,ex)) : 7 is any F — stopping time valued in [0y, T]} is

unlformly integrable, i.e., U(X (0, ex)) is of class (D), for k=0,... ,n

/ / J{k (6 ex) + mk (Br, ex) 7L (B, ex, )) U(de)dsl < oo, for k =
O

The notation Ag, Tg, A* and T* from Section are now specified by the above
definition. From Theorem [2.4.2) V? in (2.5.5) can be calculated by the following

backward induction:

(2.5.7) V™ (x,0,,e,) = esssupesssup E [U(%Z’f + H)|Fo, |

TET™  ThEAN

6,,e,) € A, (T) x E", and

(2.5.8) V*(x,0y,e;) = esssupesssup E [U(%f;f + HE)

TheTk nkeAk

/ /V]erl ak+1+ 9,c+1 79k+1(ek+1) 0k+17ek+1)n(d€k+l)d6k+1|f9k )
Ok

(0x,er) € Ap(T) x E* for k=0,... ,n— 1, where

1
H* .= R¥ — “Ino*,
p

in which o” is given by (2.3.3).

Backward recursive system of RBSDESs

Following [46], we expect the value function to be of the following form:

(2.5.9) Vk($,0k,6k) =U (l‘ + %i(ﬂk,ek)) s
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where Y*(0y, e;) is an F-adapted process, satisfying the RBSDE eq(H* (0}, ex), f*)o,<t<,

with f* defined as

(2510) fk(tv Y, %, aka ek’) = lnjk gk(ﬂ-a Ly, 2, 0/6’ ek’)v
TE
where

2
gk(ﬂ-ata%zaak,ek) = g ‘Z - Uf(ok,ek)/ﬂ - bf(akaekyﬂ-

2 U(=y) [ U (59 Brverse) + Y Bt er,0)) (o)
E
k I 2, P ?
= —>\t (Ok,ek) 2= %‘)‘t (Ok,ek)] + =

1
5 z+ ];)\,’f(Ok,ek) — af(Ok,ek)'ﬂ

1
+ U(_y) / U(ﬂ- ' ,Yf(ak’aeka 6) + Y;tk—i_l(elm l,ex, 6))n(d6)7
E

p
for k=0,...,n—1, and

97,1y, 7 00,€0) = £ |2 = 07 (B, €)'l — b} (B, 0)

2

1 1
= N (B en) 2~ 5 N (B en)” + g 24 X (O, en) — o (B e0)'m

In the next two subsections, we will show that: (a) The backward recursive system

of RBSDEs admits a solution; (b) The solution characterizes the values of (V*), i.e.,

[2.5.9) holds.

Existence to the recursive system of RBSDEs

We make the following boundedness assumptions (HB):

(i) The risk premium is bounded uniformly with respect to its indices: there exists
a constant C' > 0, such that for any k = 0,...,n, (O, ex) € AL(T) x EF,
t e [Qk, T],

I\F(Or,er)| < C,  as.
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(i) The indexed random variables (HF); are bounded uniformly in time and their

indices: there exists a constant C' > 0 such that for any £k =0,... ;n, (O, ex) €

AL(T) x EX t € [0, T,
|Hf Ok, ex)| < C, as.

Theorem 2.5.3. Under (HB), there exists a solution (Y*, ZF, K*)t_, € T]_, S
(AR(T), E*) x L2, (AR(T), E*) x A(AL(T), E¥) to the recursive system of indexed

RBSDEs eq(Hk(Ok,ek), fk)ngtST, k= O, .o, n.

Proof. We prove the result by a backward induction on k£ = 0,... ,n. The positive
constant C' may vary from line to line, but is always independent of (t,w, 0y, e;). We

will often omit the dependence of (¢,w,y, z,0, ex) in related functions.

(a) For k = n. Under (HB), |f"| < C(]z|* +1). By [59, Theorem 1], there exists a
solution (Y"(0,,,€,), Z"(0,,€,), K™ (0,,€,)) € S0, T] x Ly, [0, T] x Alf,,,T] for
eq(H", f")e,<t<T, satisfying |Y"| < C. Moreover, the measurability of (Y™, Z") with
respect to (0,,e,) follows from the measurability of H™ and f™ (see [58, Appendix
C] and use the fact that the solution to the RBSDE can be eventually approxi-
mated by the solutions to BSDEs). Therefore, (Y™, Z" K") € S*(A,(T), E™) %

L% (A(T), E") x A(A,(T), E™).

(b) For k € {0,1,... ,n—1}. Assume there exists (Y** Z+1 KF1) € S®(A, 1 (T),
EFLY) x L (Ap(T), EFHY) x A(Ap1 (T), EF1) satisfying eq(H L, f5+1). Since
YEHL € Pp(Agiq, E¥), the generator in (2.5.10]) is well defined. In order to over-
come the technical difficulties coming from the exponencial term in U(—y), we first

consider the truncated generator

fk’N(tayvz70kaek> = ienjkgk(ﬂataN/\yazaekaek)-
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Then there exists a positive constant Cy independent of (0, ey), such that |f5V] <
Cn(1 + 2%). Applying [59, Theorem 1], there exists a solution (Y*V ZkN KrEN) €
S (A(T), E*) x L& (AR(T), E*) x A(Ax(T), E*) to eq(H*, f&N).

Now we will show that Y*" has a uniform upper bound. Consider the generator
7 k Lok 2
f (t7y7za6kvek’) = _)\t (ak’aek) 2 2_p|/\t (akaek>| )

which satisfies the Lipschitz condition in (y, z), uniformly in (¢,w). Then by [40|
Theorem 5.2], there exists a unique solution (Y*(8y,ex), Z%(0, ex), K*(0r,er)) €
SZ[0k, T| x L [0, T) x Alfy, T) satisfying |Y*| < C (see [59, Theorem 1] for the
boundedness). Applying in [59, Lemma 2.1(comparison)], we get Y5~ < Y*. Hence,
Y*®Y has a uniform upper bound independent of N and (6y,e;). Therefore, for N
large enough, we can remove “N” in the truncated generator f%V ie., (Y&N ZkN,

KN solves eq(H*, f*) for large enough N. O

RBSDE characterization by verification theorem

Theorem 2.5.4. The value functions (V*)i_,, defined in [2.5.7) and [2.5.8)), are

given by
(2511) Vk(:c,ﬂk,ek) = U(J? + Ygi («‘)k,ek)),

forVr € R, (Oy,er) € Ap(T) x E*, where (Y*, Z* KF)n_ € [] 8 (Ax(T), E¥) x
k=0
L2, (AL(T), E*) x A(A(T), E*) is a solution of the RBSDE system eq(H*, f*), k =
“k ~k

0,...,n. Moreover, there exists an optimal trading strategy (m,7) ~ (7%, 7)}_,

described by:

ﬁf(amek) € argrj}cingk(mt, Y;tk(okvek)a Zf(amek),ak,ek),
Te

fort € [0, T], and

(2512) %k(ak,ek) = inf {t > Qk . Y;"“(Gk,ek) = Htk(ﬂk,ek)} s
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for (By,er) € Ap(T) x E¥, a.5., k=0,...,n.

Proof. Step 1: We will show
(2513) U(l’ + %’Z(Gk,ek)) > Vk(x,ok,ek), k= O, o, n.

Let (Y* ZF K*) € S®(Ak(T), E*) x L, (Ax(T), E*) x A(Ak(T), E*) be a solution
of the RBSDE system. For (v%,7%) € A* x T* x € R, (0, ex) € Ap(T) x E* and

t > 0, and define

t
et Onent) = U+ e + [ [ U(xE 4k )
0 JE
+Yrk+1(0k, T, e, e))n(de)dr, k=0,...,n—1,

& (r,0,,e,,v") = UX"+Y/0,,e,)).
Applying 1t6’s formula, we get for £k =0,... ,n,
gf(xaok’aek‘a Vk) = pU (:{f@ + Y;k(alwek)) |:( - fk(ta Y;kv Ztkao/mek)

+g" (W Y, ZF O, er))dt + dK [ By, er) + (Zf — 07 (O, €)' vf) - AW, |.

() = inf ¢*(m, ) implies {&*(z, 0k, 5, V* is a local super-martingale, for
e s O, <t<T

k=0,...,n. Since Y* and Y**! are essentially bounded, and ffATk/\pm (z,04, ex, VF)

is uniformly integrable, by considering a localizing sequence of stopping times, we

can show {¢&F

AT <I70k76k7 v

k, . . . _
)}akgth is a super-martingale. Consider when £ = n.

Since Y™ > H", we have
(2.5.14) U(z+Yy (0,.e,) >EU (X5 + H (0, €4)) | Fo,] -

Therefore, (2.5.13)) holds for £ = n. Similarly, it holds for £k =0,... ,n — 1.

Step 2: [, Z¥@;.e) - dW, is a BMO-martingale. Apply Ito’s formula to
o, “s
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exp(—qY/* (0, er)) with ¢ > p and any F-stopping time 7 valued in [0, 77,

1 T

54(a —p)E U exp (—qY" Ok, er)) | Z (B, ex) P dt FT]
T T p

— | [ o (~avtuen) (£ v 2E e - BIZER)

4B [exp (~qF 01 e0)) — exp (<Y (Or.cx)

7]

F|

T
—qE [/ exp (—qY" Ok, er)) dK{ Ok, er)

]-"T} .
Since |f*(t,y, 2,0k, €x)| < g\z|2 — CU(~y), dK* > 0 and Y* is bounded, we have

1 T
54(a = D)E U exp (—qVF(Or.er)) | ZF(Or. er)*dt

7]

T
< qCE { [ e (—avtGen) di

]—“T] +C.

By choosing ¢ large enough, we have

T
E [/ | 25Ok, ex)|” ds

which implies [, Z¥(0y,ey) - dW is a BMO-martingale.

ﬁ} <c

Step 3: Adimissibility of (7% #*). For k = 0,... ,n, define function g* by
gk(,ﬁ’ t,w, 0k7 ek) = gk (71', L, }/;k(ok‘a Ck), Ztk(ak’a ek)aak‘a ek)-

We can show that the map (7, t,w, 0y, ex) — §%(m, t,w, 0, €;) is BIRY)QPrB(AL)®
B(E},)-measurable. Now for k = 0,... ,n, (0, ex) € Ap(T)x E*, if either 0% (6),, ;) =
0 or v*(6y,er,e) = 0, then the continuous function m — §*(m,t,w,0, ;) attains
trivially its infimum of g¥ when 7 = 0. Otherwise, o*(8y,ex) and 7*(6y, ey, e) are
in the form o*(0y,ex) = (5%(0,ex),0), ¥*(Or,er) = (7(0x,ex),0) for some full rank
matrix 6%(@},e;). In this case, we let (7,0) = (o%)" - 7, then we get

2

7" (7,1, 0,0k, ) := §"(m, 1, 0,01, ex) = g

1
Zf(ﬂk,ek) + ];)\f(ak,ek) — T

%U (=Y} /E U (@) 73 (e) + Y Ok, t,ex, €)) n(de),
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for k=0,...,n—1, and

1 2
g7, Onsen) = (7 0,00 0) = 5 |27 (Busa) - X (B, €)= 7
Since

gk(o’ ta W, 0k7 ek) < liminf gk<ﬁ-7 t7 w, oky ek)7

7|—o0
the continuous function ©# — g*(7, t,w, 0, e;) attains its infimum over the closed
set (oF) A% and thus the function 7 — §%(m,t,w,0y,€;) attains its infimum over
A¥(0y,er). For k =0,...,n, using a measurable selection argument (see [81]), one

can show that there exists 7% € Pp(Ay, E¥), such that

ﬁ-f(akvek) € arg min gk(ﬂ-v t70k7ek)7 ek <t< Ta a.s.
ﬂ-eAk(elmek)

Consider 7% defined in (2.5.12)). For k = 0,... ,n, define 7%((y, £;,) as

7= <inf{t > Gt Y(Ch ) = H*(Cr )} A T) Lygo<ry + G- Lggsy

We can show that 7%((x,£;) is a G* stopping time satisfying 7*((x,€r) > ¢ and
{%k(<k,£k) < T} = {gk < T} And giVGIl ((k,fk) = <0k,6k) € Ak(T) X Ek,
%0k, er) = 7(0), ex). Now we will show that (7%, 7%)7_, is admissible in the sense

of Definition [2.5.2]

(a) Since GF(7F,t,0,,e,) < §%(0,t,0y, ex), there exists a constant C' > 0, such that
05O e) 7 Broer)] < C(1+ | ZE@ren)]), by <t<T, as.

for all (8y,ex) € Ap(T) x E*, k=0,... ,n. Since Z* € L}, (A, E¥) and because of

(HB)(i), (7%, #*)1_, satisfies condition (a) in Definition [2.5.2]

(b) Denote by Xk the wealth process controlled by 7*, starting from x at time 6.
We have

fk(ta }/;ka Zfaalmek) = gk('ﬁ'f’ t) }/;fkv Ztkaakaek)a
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for k=0,...,n. Then for 0, <t <T,
U+ YR =U(+Yy) EF (p(ZF — (o")7%)) RY,

where
2

t t
et (2" - @#) = (p [ (28 = @yaty-aw, =B [ 12 obyapas),
gk 9k

for k=0,...,n, and

t
Rf = exp <pKtk - / U<_Y;k)/ U (ﬁ-f ’ ’yf(okaek) + }/;k+1(0k7taek7 6)) W(de)ds) )
0 E

for k =0,...,n—1 and R} = exp(pK}). From Step 2, f9k p(ZF — (a®)7%) - dW
is a BMO-martingale and hence &%, (p(Z* — (o%)'#")) is of class (D). Moreover,
since U is nonpositive and KF = 0 when t < 7%, we have |R. | < 1, and thus

UEss, +vk

tATR tATF

) is of class (D). Sois U (S%k/\ik) since Y* is essentially bounded.

(¢) Because dK} = 0 when ¢ < 7%, the process &* .. (x,0y, ey, e) defined in Step 1

under control 7* is a local martingale. By considering a localizing F-stopping time

sequence (p,)m valued in [0y, T, we obtain:

E

7R Apm R
[ [ (s ot brene) + Y Ot o) n(de)dt]
01 FE

—E[U@EY, +Yh,,) - U+YH)] <E[-U@+Y)],

5 Apm kNpm

By Fatou’s lemma, we get Condition (c) in Definition holds.
Step 4: We will show (2.5.11)) holds and (#*,7%)7_; is an optimal trading
strategy. Consider when k = n. By the admissibility of (7™,7"), the local martin-

gale & »n under the control 7™ is a martingale. Thus,

Uw+Yy)=E [U(ﬁez;f +HD)

fgn] .
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Along with (2.5.14)) this results in

V"(2,0,,e,) = esssupesssup E [U(X7" + Hl (0, €0) | Fo, | < Uz + Yy (0, €,))

meTn gneAn

_E [U(ﬁez;f + Hgn(an,en))\fgn} <V™(z,0,,e,),
which implies (2.5.11]) for £ = n and the optimality of (7™, 7"™). We can show ([2.5.11))
and the optimality of (&%, 7%) for k =0,... ,n — 1, similarly using (2.5.5)). O

2.5.4 Indifference selling price

In this sub-section, we consider the problem (2.5.6), and Theorem is the

main result.

Definition 2.5.5. (Admissible trading strategy) A trading strategy (m, 7) ~ (7%, 7%)7_,
is admissible, if for any (6y,e;,) € Agx(T) x E*, under the control ¥,
T T
(a) / I (O €)' b (B, e0) [t + / 7 O, e) o (Op,e)[2dt < 00, as., k —
05 O

0,....,n,
(b) the family {U(Xf(ak,ek)) : 7 is any F — stopping time valued in [Qk,T]} is
uniformly integrable, i.e., U(X¥ (@}, ey)) is of class (D), for k =0,... ,n,

(c) E M:/E(—U) (X5 (0, ex) + 75Ok, €1) V2 (O, e, €)) n(de)ds} < o0, for k=0,

,n—1.

Remark 2.5.6. Unlike in Definition the admissible trading strategy here is in
fact independent of stopping times. This is because the investor cannot choose when

to stop.

Backward recursive system of RBSDEs

We decompose U in (2.5.6)) into a backward induction as before:

(2.5.15) 0" (x,0,,e,) = esssupessinf E|U (X" — an)|}"gn],

ﬂ-neAn T"GT”
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0.,€,) € A(T) x E™, and

(2.5.16) UV*(z,0;,e;) = esssup ess infE[U(%I:}f —HE)

akc Ak TNETE
Tk
kil pokw k k
+/9 /EfU <f9k+l + 7o, "79k+1<€k+1)70k+17ek+1>7](d€k+1)d9k+1|f0k ;
k

(01, er) € AR(T) x E* for k=0,... ,n— 1, where

1
HE=RF+ —Ina®, k=0,... n.
p

Consider

‘Zik(x,ak,ek) = U(ZL’ — ygk(ek,ek)), k= 0,...,n,

where {VF (0}, ex) }7_, satisfies the RBSDE EQ(H* (05, ex), f*)o, <t<7, with §* defined

as
fk<t7y7 270k76k> = inf gk(ﬂ-7t7 Y, 270k76k>7
reAk
where
k _ b k 112 gk /
g (ﬂ-?tuwa?olmek) — 5 |Z — 0y (0k7ek) 7T‘ o bt (0k7ek> T
+—U(y)/ U (ﬂ-vf(Gk,ek,e) — f“(@k,t,ek,e)) n(de)
E
for k=0,...,n—1, and
g"(mt,y, 2,00, €,) = g |2 — 07 (B, €)' w|" — b (B0, €,) .
Existence to the recursive system of RBSDEs

We will make the same boundedness assumption as (HB) in Section except

that we will replace H* with H*. Let us denote this assumption by (HB’).

Theorem 2.5.7. Under (HB’), there exists a solution (Y%, ZF KFn_ € [] 8
k=0

(AL(T), E*) x L2, (AR(T), E*¥) x A(AL(T), E*) to the recursive system of indexed

RBSDEs EQ(H*,f*), k=0,... ,n.
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Proof. We prove the result by a backward induction on £ =0,... ,n

For k = n. Using the same argument as in the proof of Theorem [2.5.3] we can
show that there exists a solution (Y™, 2", K") € SZ(A,(T), E™) x L}, (A, (T), E™) x
A(A,(T), E™) to EQ(H", ).

For k € {0,1,... ,n—1}. Assume there exists (Y"1, Z¥1 k1) € S*(A,,1(T),
EFY) ) L, (Apsi(T), E¥Y) x A(Ap1(T), EFFY) satisfying EQ(HFH!, §#1). Con-

sider the truncated generator

fk7N(t7yaz70k76k;) = lenjk gk(ﬂ-7ta _N\/y7 270k76k)‘

Then there exists some constant Cy > 0, independent of (0%, ey), such that |[f*V| <
Cn(1 + 2%). Hence, there exists a solution (V¥ ZEN CEN) € S*(AL(T), E¥) x
L2, (AL(T), E*) x A(AR(T), E*) to EQ(H*, V). By Assumption (HB’), Y&V >
HE > —C, where C' > 0 is a constant independent of N and (y,e;). Therefore, for

N large enough, (Y, ZEN KFN) also solves EQ(H*, {*). O

RBSDE characterization by verification theorem

Theorem 2.5.8. The value functions (B*)1_, defined in (2.5.15) and (2.5.16)), are
gien by

(2.5.17) V¥ (2,00, ex) = Uz — Vf (B, er)),

for Vo € R, (Oi,ex) € A x EF, where (Y*, ZF, KF)i_, € T[] 8 (Ak(T), E¥) x

k=0

L, (A(T), E*) x A(A(T), E*) is a solution of the system of RBSDEs EQ(H*,§*),

k=0,...,n. Moreover, there exists a saddle point (m,7) ~ (7%, 7%)1_, described by:
ﬁ-f(oka ek) € arg H}}n gk (71'7 t, ytk(oka ek)7 Ztk<0k7 ek)a 0k7 ek)7
TEAF

fort € [0, T], and

(2.5.18) #*(Ok,e) == 1inf {t > 0, : Y} (Or,er) = H; (O ex)},
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for (O, e) € Ap(T) x E¥, a.s., k =0,... ,n. More specifically, for any admissible
trading strategy (m,7) ~ (7%, 7F)1_,
E [U(X% —HE)|Fo] <E [U(ﬁez;f - Hzn)\fgn} <E [U(ﬁeﬁf . ’an)|f9n] ,

and similar inequalities hold for k = 0,... ,n — 1, where Xk s the wealth process

under control 7%, k=0,... n.

Proof. We follow the steps in the proof of Theorem [2.5.4]

Step 1: We will show for (8,e;.) € Au(T) x EF,
(2.5.19) Uz — Vi (O, ex, V")) > B*(x,0k,e;), k=0,...,n.

Let (VF, ZF KF) € S (Aw(T), E*) x L&, (AR(T), E*) x A(Ax(T), E*) be a solution
of the RBSDE system. For v* € A% V& € R, (0y,ex) € Ax(T) x E*, define (£F)7_,

as:
(2.5.20)  E¥(x,0p, 4, 0%) = U(XP" — VE(Orer))
+/{:/EU (%fx + U Ok, en,e) — Vi e, ek,e)) n(de)dr,
fork=0,... ,n—1, e:nd
(2.5.21) £ (x,0,,e,,0") :=U(X)" = V' (0n,€n)).
Applying Ito’s formula, we obtain, for k =0,... ,n,
dE (@, 01, e,") = pU (X" = Vi O,e) | (— 1(. V%, 2F 0. e1)
+0 (v 8, VF, 2F, O ex))dt — dICE (O, ex) + (2 — 07 Oy, 1) v)) - AW, |,

Define 7% as in (2.5.18)), then dKF ., = 0, 0, < ¢t < T. Therefore, (&F ., ), <i<r
is a local super-martingale. By introducing a localizing sequence of stopping times

(Pm)m, and then letting m — oo, we can show for k =0,... ,n,

‘if/\%k >E [‘ile%k

J—}}, b, <t<s<T.
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In particular,

(2522) Uz — Vi (Bn.e,)) =&p >E [ n

fen} ~E [U(aew —H)

Fn

fgn} .

Hence,

Uz — Yy (0,,€,)) > essinf E[U (X" — H)

7—7l
TneTn

Fo,]-

for any v™ € A". So (2.5.19) follows for k = n. Similarly, it holds for k =0,... ,n—1.

Steps 2&3: Similar to the proof of Theorem
Step 4: We will show (2.5.17) holds and (m,7) ~ (7% 7#%)7_, is a saddle
point. Under the admissible control 7%, the dynamics of (&), defined in (2.5.20))

and ([2.5.21)) are given by
dEf(2.0,0.7) = pU(R}" = VF)| = dK Burer) + (2] = of O, en)'vf) - W),

for k= 0,...,n. By the uniform integrality of &¥, we know &F is a sub-martingale.

Consider when k = n. For any F-stopping time 7" valued in [6,,, T,
(2.5.23) Ule = Vg) <E[UER = V5| Fo,) < BUER —H)|F,),
Therefore, we have

U(x — Yy ) <essinfE [U(iﬁf —H) “Fen} < esssupessinf E [U(%Zf —H) ‘an} .

TeTmn ane AN TneTn

Now, the last equation along with (2.5.19)) implies that (2.5.17)) holds for k£ = n.

By the definition and admissibility of 7", we can show that under control 7",

rsn 1s a martingale. Thus from ([2.5.23]) we have

E UG — M| R, | = E|UGE = V2|, ] = U - V5)
<E

<E [U@e’;ﬁ— m\f@n} [U(ﬁez;f—mn)}fgn].
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And from ([2.5.22) we have

A~

fgn] K [U(%”"” . gn)\fgn} —U(z—Yp)

#n

E U5 - HE)
> E [URE — V5| F,] = E [UEE — #Hia)| Fo,]

Thus, (7™, 7") is a saddle point. Similarly, it can be shown that the corresponding

conclusions hold for £ =0,... ,n — 1 using (2.5.16)). O



CHAPTER III

On zero-sum optimal stopping games in discrete time

3.1 Introduction

goue

(3.1.1) C :=infsupEU(p,7) and C :=supinf EU(p, 1),
T TP

where U(s,t) is Fg-measurable and p,7 are F-stopping times taking values in
{0,...,T}. When U(s,t) = folfs<sy + g¢l{s>y in which f; and g, are bounded
F-adapted processes, the problem above is said to be a Dynkin game (see, e.g., [66],
Chapter VI-6]). It is well-known that if f > g then C' = C.

However, it may fail that C' = C in general even for some other natural choices
of U. Consider U(s,t) = |f; — fi|. This means in the game (3.1.1]), Player “inf”
tries to match Player “sup”. Let f; = ¢, t = 0,...,T and the problem becomes
deterministic. It is easy to see that C' = [T//2] > 0 = C. So the game is not fair.

On the other hand, when playing game , Players “inf” and “sup” can adjust
their stopping strategies according to each other’s stopping behavior. Therefore, it
is more reasonable to incorporate a stopping strategy that can be adjusted according

to the other’s behavior. That is, we consider the stopper-stopper problem

inf sup E[U(p(7),7)] and SlTlpme[U(P»T(P))]v

- P

49
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where p,7 € T, and p(-),7(-) : T — T satisfy certain non-anticipativity conditions,
where T is the set of stopping times.
One possible definition of non-anticipative stopping strategies (we denote the col-

lection of them as T%) would be that, p € T, if p: T — T satisfies
either p(o1) = p(oz) <oy ANos or p(or) Ap(os) > o1 Aoy, Voi,00 €T.

That is, p = p(7) can be adjusted according to the previous (but not current)

behavior of 7. However, using this definition, it may be the case that

A= inf supE[U(p(7),7)] # A := sup inf E[U(p,7(p))].

PET 7¢T reTi PET
Below is an example.
Ezample 3.1.1. Let T = 1 and U(s,t) = |fs — fi| = lgspey with f; = ¢, t =0, 1.
Then there are only two elements, p° and p', in T, with p°(0) = p°(1) = 0 and
p(0) = p'(1) = 1. It can be shown that A =1 and A = 0.
Another possible definition of non-anticipative stopping strategies (we denote the

collection as T%) would be that, p € T%, if p: T + T satisfies
either p(o1) =p(o2) < o1 ANos or p(oy) Ap(og) > 01 Nog, Voy,00 €T.

That is, p = p(7) can be adjusted according to both the previous and the current

behavior of 7. However, under this definition, it may be the case that

B := inf supE[U(p(7),7)] # B := sup inf E[U(p,7(p))].

PETY 7T reTii PET
We still use Example |3.1.1] as an example.
Example 3.1.2. Let T = 1 and U(s,t) = |fs — fi| = l{szgp with f; = ¢, ¢t = 0, 1.
Then in this case T% is the set of all the maps from 7 to 7. By letting p(0) = 0
and p(1) = 1, we have that B = 0. By Letting 7(0) = 1 and 7(1) = 0, we have that

B=1.
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Observe that A = B and A = B in Examples [3.1.1) and [3.1.2l In fact it is by no

means a coincidence as we will see later in this chapter. That is, we always have

B = inf supE[U(p(7),7)] = sup inf E[U(p,7(p))] = A.

pET 7T reTi PET
An intuitive reason for using both T% for p and T* for T above is that, in order to let
the game be fair, at each time period we designate the same player (here we choose
“sup”) to act first. (Note that both “to stop” and “not to stop” are actions.) So this
player (“sup”) can only take advantage of the other’s (“inf’s”) previous behavior (as
opposed to “inf” taking advantage of “sup’s” current behavior in addition).

In this chapter, we analyze the problems associated to B and A. We show that
these problems can be converted into a corresponding Dynkin game, and that B =
A =V, where V is the value of the Dynkin game. We also provide the optimal
p(-) € T% and 7(-) € T’ for B and A respectively.

The rest of the chapter is organized as follows. In the next section, we introduce
the setup and the main result. We provide two examples in Section In Section
3.4] we give the proof of the main result. Finally we give some insight for the

corresponding problems in continuous time in Section [3.5]

3.2 The setup and the main result

Let (€2, F, P) be a probability space, and F = (F;);—¢,.. r be the filtration enlarged
by P-null sets, where 7" € N is the time horizon in discrete time. Let U : {0,... , T} x
{0,..., T} x Q+ R, such that U(s,t,-) € Fs,. For simplicity, we assume that U is
bounded. Denote E;[-] for E[-|F;]. We shall often omit “a.s.” when a property holds
outside a P-null set. Let T; be the set of F-stopping times taking valuesin {t... , T},

and T := Ty. We define the stopping strategies of Type I and Type II as follows:
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Definition 3.2.1. p is a stopping strategy of Type I (resp. II),if p: T — T satisfies
the “non-anticipativity” condition of Type I (resp. II), i.e., for any 01,00 € T,
(3.2.1)

either p(o1) = p(02) < (resp. <) o1 Aoy or p(oy) A p(og) > (resp. >) o1 A 09.

Denote T* (resp. T%) as the set of stopping strategies of Type I (resp. II).
Remark 3.2.2. We can treat T as a subset of T and T* (i.e., each 7 € T can be
treated as the map with only one value 7). Hence we have 7 C T* C T%.

Consider the problem

(3.2.2) B := inf supE[U(p(7),7)] and A := sup inf E[U(p,T(p))].

pET 1T reTi PET
We shall convert this problem into a Dynkin game. In order to do so, let us introduce

the following two processes that will represent the payoffs in the Dynkin game.

(3.2.3) V!i=essinf B, [U(p,t)], t=0,...,T,
pET:
and
(3.2.4) V2 := max {esssupEt[U(t,T)], th} , t=0,...,T—1,
TETi4+1

and V2 = U(T,T). Observe that
(3.2.5) Vi<V? t=0,...,T.

By the classic optimal stopping theory, there exist an optimizer p,(t) € T; for V!,
and an optimizer 7,(t) € Tiy1 for esssup, e, E[U(¢,7)], t = 0,..., T — 1. We let
pu(T) = 7,(T) =T for convenience.

Define the corresponding Dynkin game as follows:

V= inf supE [V 1. V21, = inf E [V 1, V21,
Inf SupE [V 1) + V' Lrop] = sup L E [V 1) + Vo]
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where the second equality above follows from ([3.2.5]). Moreover, there exists a saddle

point (pg, 74) described by

(3.2.6) pg=inf{s >0: V,=V2} and 74:=inf{s>0: V, =V},
where

V; := essinf esssup [E; [VTll{Tgp} + Vfl{wp}} = esssup ess inf [E; [VTll{Tgp} + Vfl{Dp}} .

PETE  reTy reT  PETE

That is,

1 2 : 1 2
V= sup E [V r<pay + Vilirspa] = inf E [Vilir<oy + Virsn] -

Below is the main result of this chapter.

Theorem 3.2.3. We have that
B=A=V.

Besides, there exists p* € T% and 7* : T" — T described by

(3.2.7) P (T) = palirspyy + Pu(T) <y, TET,

and

(3.2.8) ™ =7(p) = Taliry<pra)y + Tu(P(Ta)) Lirgspra)ys P € T,
such that

B = supE[U(p"(7),7)] = inf E[U(p(r"), ")}

TET peTH

Similarly, there exists T** € T and p** : T — T described by

(329) T**(P) = le{pZTd} + Tu(p)l{p<’rd}7 pE T7

and

*k

P =p(1) = palipacroay + Pu(T(p2)) Lpizr oy, T ET,
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such that

A= inf E[U(p,7"(p))] = sup E[U(p™",7(p™))].

rET TET
Remark 3.2.4. In the definition (3.2.8) 7*(+) is a map of p instead of a stopping time.
But once the outside p is given, 7%(p) would become a stopping time, and thus this
shall cause no problem in our definition of 7*. (To convince oneself, one may think
of inf, sup, f(z,y) = inf, f(z,y*(x)).) We shall often simply write 7* and omit its

dependence of p.
Corollary 3.2.5.
B=E[U(p"(7"),7")].
(Here 7 = 7%(p*) as we indicated in Remark[3.2.]) Moreover,
(3.2.10)

pr(T") = Palirg>pay + pu(Td)l{TdSPd} and 7*(p*) = Tal{ri<psy + Tu(pd)l{m>ﬁd}'
Similar results hold for A.

Proof. By ,

P (7a) = Palizs>par + PulTa)liri<pa)-
If 74 > pg, then p*(14) = pa < Tq, which implies that {7y > pa} C {74 > p*(74)}. If
T4 < pg, then p*(74) = pu(74) > 74, which implies that {7y < ps} C {74 < p*(72)}.
Therefore, {14 > pa} = {7a > p*(74)} and {14 < pa} = {74 < p*(74)}. Hence we have

that

7" (p*) = Td]‘{TdSPd} + Tu(p*(Td>)1{Td>Pd} = le{TdSPd} + Tu{pd)1{7d>pd}>

where the second equality follows from that p*(74) = ps on {74 > pa}-
Now if 75 < pg, then 7 = 75 < pg, and thus {7y < ps} C {7* < pa}. I 74 > pa,

then 7 = 7,(pa) > pa since 7,(t) > t+ 1if t < T, and thus {74 > pa} C {7* > pa}.
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Therefore, {74 < pa} = {7* < pa} and {14 > pa} = {7* > pa}. Hence we have that

p*<7—*) = IOd]‘{Td>pd} + pu(T*>1{Td§pd} - pd1{7d>pd} + pu(Td)l{TdSpd}7

where the second equality follows from that 7 = 75 on {74 < pg}. O

3.3 Examples

In this section we provide two examples within the setup of Section [3.2 The
first example shows that in the classical Dynkin game one does not need to use
non-anticipative stopping strategies. The second example is a relevant problem from
mathematical finance in which our results can be applied. This problem is on deter-
mining the optimal exercise strategy when one trades two different American options

in different directions.

3.3.1 Dynkin game using non-anticipative stopping strategies

Let

U(s,t) = folfsety + gelis>n,

where (f;): and (g;); are F-adapted, satisfying f > ¢g. Then we have that
Vieg,t=0,....7, and V2=f, t=0,...,T—1.
Then by Theorem [3.2.3] we have that

it SpE | fyr) Liptr)<r) + 9rLiptr)zr)] = 5up WEE [fol(ocr(an) + 9o Lipzr(on)]
peT™ reTi PET

=sup inf B [f,1(pcr) + gr Loy ] = EsupE [f1(pcry + grlipon] -
reT PET PET €T

Besides, by the property of U, the p* and 7** defined in ([3.2.7]) and (3.2.9)) can w.l.o.g.
be written as

p=ps and T =1y
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Therefore, in the Dynkin game, using non-anticipative stopping strategies is the same
as using a usual stopping time.

Remark 3.3.1. In this example we let p € T% and 7 € T*. The same conclusion holds

if we let p € T® and 7 € T% instead.

3.3.2 A robust utility maximization problem

Let

U<t7 8) = u(ft - 95)7

where U : R — R is a utility function, and f and g are adapted to F. Consider

V := sup inf E[U(p(7),7)].

pETii TeT
This problem can be interpreted as the one in which an investor longs an American
option f and shorts an American option g, and the goal is to choose an optimal
stopping strategy to maximize the utility according to the stopping behavior of the
holder of g. Here we assume that the maturities of f and g are the same (i.e., T).
This is without loss of generality. Indeed for instance, if the maturity of f is t < T,

then we can define f(t) = f(f) for t =t +1,...,T.

3.4 Proof of Theorem [3.2.3

We will only prove the results for B, since the proofs for A are similar.
Lemma 3.4.1. For anyo € T, p,(0) € T and 7,(0) € T.

Proof. Take o € T. Then for t € {0,...,T}

{pulo) <t} = Ui ({o =i} N {pu(i) < t}) € Fi.
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Lemma 3.4.2. p* defined in (3.2.7)) is in T and 7 defined in (3.2.8) is a map from
T to T.

Proof. Take 7 € T. We have that

{p(r) <t}

({7 > pa} N {pa <t}) U {7 < pa} N {pu(r) < t})

= ({7 >pa} " {pa <t} U {7 < pa} N{7 <t} N {pu(7) <t}) € Fi.

Hence p*(7) € T. Similarly we can show that 7*(p) € T for any p € T%.

*

It remains to show that p* satisfies the non-anticipative condition of Type II
in (3.2.1). Take 7,75 € T. If p*(11) < 1 A7 < 7y, then 773 > p,; and thus
p* (1) = pa < 1 AN 1o < T, which implies p*(12) = pg = p*(11) < 7 A 1. If

p*(m1) > 11 AT, then if p*(m2) < 71 ATy we can use the previous argument to get that

p*(m1) = p*(12) < 71 A 12 which is a contradiction, and thus p*(75) > 71 A 7. O

Lemma 3.4.3.

B< sggE[U(p*(T),T)] <V

Proof. Recall p* defined in (3.2.7) and py defined in (3.2.6). We have that

B

IN

sup E[U (p*(7),7)]
TeT

= SUﬂIﬁE [U(Pd; T)l{pd<7'} + U(pu(T), T)l{PdZT}]
TE

B SIEl?E |:1{pd<T}EPd[U(pd7T)] + l{PdZT}ET[U(p“(T)7T)]
2 1
< sugE |:1{Pd<7'}‘/pd + 1{Pd27}v7':|
TE

= V.

Lemma 3.4.4.

s/

> inf E[U(p(7"),7")] > V.

pET
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Proof. Take p € T“. Recall 7* defined in ([3.2.8). By the non-anticipativity condition

of Type Il in (3.2.1)),
either p(7%) =p(1q) < Ta AT or p(77),p(14) > T4 AN T".
Therefore,
it p(ry) > 14, then p(T*)>14NT =710="7",
and
(3.4.1) if p(14) <74, then 7 =1,(p(1a)) >p(ra) = p(ra) <T"NT4
= p(7a) = p(7"),
where in (3.4.1)) we used the fact that 7,,(t) > ¢+ 1if ¢t < T (in the first conclusion).

Besides, if 74 > p(74), then

1 2
Vo) < Votra) < V(ry):

which implies that

Viir = esssup By, [U(p(7a), 7)] = Ep(r [Up(7a), 7u(p(7a))))-

TETi41

Now we have that

sup E[U (p(7), 7))]

TET

> E[U(p(7),77)]

=E [Up(T"), ™) Lra<ptray + UPT), T) rasp(ra)} ]

=FE [U(p(T*), Ta) L ra<pra)y + U(p(72), Tu(p<Td)))1{Td>P(Td)}]

= E [Lr<pra Ev [U (7). 70)] + Lmimpra) Bt [U (P(7a), T (p(72)))]]
> E [1{Td§p(7d)}vé + 1{Td>p(m)}vpz(m)]

= ;&f,E |:1{Td§P}V"tl + 1{Td>p}V92]

=V,
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where the fifth inequality follows from the definition of V! in (3.2.3) and the fact
that p(7*) > 74 on {p(74) > 74}. As this holds for arbitrary p € T%, the conclusion

follows. L

Proof of Theorem |3.2.3. This follows from Lemmas |3.4.1H3.4.4] O

3.5 Some insight into the continuous-time version

We can also consider the continuous time version of the stopper-stopper problem.
If we want to follow the argument in Section [3.4] there are mainly two technical parts

we might need to handle as opposed to the discrete-time case, which are as follows.

e We may need to show that V! and V? defined in (3.2.3)) and (3.2.4) have RCLL

modifications.

e On an intuitive level, the optimizers (or choose to be e-optimizers in continuous
time) p,(-) and 7,(-) are maps from 7 to T. Yet this may not be easy to prove

in continuous time, as opposed to the argument in Lemma (3.4.2

In order to address the two points above, we may have to assume some continuity
of U in (s,t) (maybe also in w). On the other hand, with such continuity, there will
essentially be no difference between using stopping strategies of Type I and using

stopping strategies of Type II, as opposed to the discrete-time case (see Examples

B1.1and 3.1.2).

In the next chapter, we will extent our results to continuous time case. We shall
use the theory of optimal stopping in a general framework, which can help us avoid

the two technical difficulties listed above.



CHAPTER IV

On a stopping game in continuous time

4.1 Introduction

On a filtered probability space (2, F, P,F = (F;)o<t<r), We consider the zero-sum

optimal stopping games

G :=infsupE[U(p(7),7)] and G :=sup in;IE[U(p(T), 7)]

P reT T PE

in continuous time, where U (s, t) is Fg-measurable, T is the set of stopping times,
and p,7 : T — T satisfy certain non-anticipativity conditions. In order to avoid
the technical difficulties stemming from the verification of path regularity of some
related processes (whether they are right continuous and have left limits), we work
within the general framework of optimal stopping developed in [60-62]. We convert
the problems into a corresponding Dynkin game, and show that G = G = V, where
V' is the value of the Dynkin game. This result extends the one in Chapter [[I] to
the continuous-time case and can be viewed as an application of the results in [61],
which weakens the usual path regularity assumptions on the reward processes.

It is worth noting that in Chapter [[II] two different types of non-anticipativity
conditions are imposed for G and G respectively, for otherwise it can be the case
that G # G. Now in the continuous-time case, we still have this inequality in general

(see Remark 2.1). But by assuming U is right continuous along stopping times in

60
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the sense of expectation as in [62], we are able to show that there is no essential
difference between the two types of non-anticipativity conditions.

The rest of the chapter is organized as follows. In the next section, we introduce
the setup and the main result. In Section we give the proof of the main result.

In Section [4.4] we briefly discuss about the existence of optimal stopping strategies.

4.2 The setup and the main result

Let (2, F,F, P) be a filtrated probability space, where F = (F})o<i<r is the filtra-
tion satisfying the usual conditions with 7" € (0, c0) the time horizon in continuous
time. Let 7; and Ty, be the set of F-stopping times taking values in [¢t,T] and (¢, T
respectively, t € [0,T). Denote Ty := Try := {T} and T := To. We shall often omit

2

“a.s.” when a property holds outside a P-null set. Recall the definition of admissible

families of random variables, e.g., in [62].

Definition 4.2.1. A family {X(¢), 0 € T} is admissible if for all 0 € T, X(0) is a

bounded F,-measurable random variable, and for all oy,09 € T, X(07) = X(03) on
{0'1 = 0'2}.
Definition 4.2.2. A family {Y(p,7), p,7 € T} is biadmissible if for all p,7 € T,
Y (p, ) is an F,,-measurable bounded random variable, and for all py, p2, 71,72 € T,
Y(p1,11) =Y(p2,72) on {p1 = p2} N {71 = 72}

Let us also recall the two types of stopping strategies defined in Chapter [ITI]
Definition 4.2.3. p is a stopping strategy of Type I (resp. II),if p: T + T satisfies
the “non-anticipativity” condition of Type I (resp. II), i.e., for any 01,00 € T,

(4.2.1)

either p(01) = p(oa) < (resp. <) o1 Aoy or p(oy) A p(og) > (resp. >) o1 A 09.
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Denote by T (resp. T%) the set of stopping strategies of Type I (resp. II).

Below is an interesting property for the non-anticipative stopping strategies of

Type I (but not Type II).

Proposition 4.2.4. For any p € T¢,

Proof. Since

by (4.2.1]) we have that

]

Let {U(p,7), p,7 € T} be an biadmissible family. Consider the optimal stopping
games

A= inf supE[U(p(7),7)] and A := sup inf E[U(p,7(p))].

PET 7T reTi PET

and

B := inf supE[U(p(7),7)] and B := sup inf E[U(p,7(p))].

pETH reT reTii PE
We shall convert the problems into a corresponding Dynkin game. In order to do so,

let us introduce two families of random variables that will represent the payoffs in

the Dynkin game.

(4.2.2) Vi) :=essinf E.[U(p,7)], T7€T
pET>

and

(4.2.3) V2(p) :==esssupE,[U(p,7)], p€eT,

T€T,
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where E;[-] = E[-|F;]. Observe that
Vo) <U(o,0) <V?*(o), oc€T.

Define the corresponding Dynkin game as follows:

(4.2.4) V = infsupE [VI(7)1r<py + V() 1irspy]
PET reT

(4.2.5) V o= supinf E V(7)< + V(0)lirspy] -
reT PET

Recall the (uniform) right continuity in expectation along stopping times defined

in, e.g., [62].

Definition 4.2.5. An admissible family {X (o), o € T} is said to be right continuous
along stopping times in expectation (RCE) if for any o € T and any (0,,), C T with
on \y 0, one has

E[X(0)] = lim E[X(o,)].

n—oo
Definition 4.2.6. A biadmissible family {Y (p,7), p,7 € T} is said to be uniformly
right continuous along stopping times in expectation (URCE) if for any p, 7 € T and

any (pn)n, (Tn)n C T with p, N\, p and 7, \, 7, one has

lim supE|Y (p,7) =Y (p,7,)| =0 and lim supE|Y(p,7) — Y (pn,7)| =0

n—oo pGT n—oo reT

Below is the main result of this chapter.
Theorem 4.2.7. Assume the biadmissible family {U(p, 1), p,7 € T} is URCE. We

have that

A=A=B=B=V=V.

Remark 4.2.8. Without the right continuity assumption of U, it may fail that A = A

or B = B, even for some natural choices of U. For example. let U(s,t) = |f(s)—f(t)],
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where
0, 0<t<TY/2,

ft) =
1, T/2<t<T.
Then the problems related to A, A, B, B become deterministic.

Let us first show that A = 1. Take p € T°. If p(T') < T/2, then by taking 7 = T
we have that A = 1. Otherwise p(T) > T/2, and we take 7 = T/2; Then by the
non-anticipativity condition (4.2.1]), we have that p(T/2) Ap(T) > (T'/2) AT =T/2,
which implies A = 1. Next, consider A. For any 7 € T, by Proposition m
7(7(T)) = 7(T). Then letting p = 7(T) we have that A = 0. Therefore, A # A.

Now by taking p(7) = 7 we have that B = 0. Let us consider B. Let 7 € T”

defined as
T, 0<p<T)2,
7(p) =
T/2, T/2<p<T.
Then for any p € T, U(p,7(p)) = 1 and thus B = 1. Therefore, B # B.

4.2.1 A sufficient condition for U to be URCE

Let W : [0,T] x [0,T] x R x R — R be B([0,T]) @ B(]0,T]) ® B(R) @ B(R)-
measurable. Assume that W satisfies the Lipschitz condition, i.e., there exists some

L € (0,00) such that
(W(s1,t1, 1, 91) — W(s2, ta, T, ya2)| < L([s1 — sof + [t — ta| + [21 — 22| + |11 — 2]).

Let f = (fi)o<t<r and ¢ = (g+)o<t<r be two bounded and right continuous F-

progressively measurable processes.

Proposition 4.2.9. The family {U(p, 7) := W(p, T, 5, 9:), p,T € T} is biadmissible

and URCE.
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Proof. The biadmissibility is easy to check. Let us check U satisfies URCE: For any

p, T € T and any (7,), C T with 7, \, 7, we have that

lim supE|U(p,7) — U(p,7,)| < L lim E[|7 — 7,| + | fr — fr.|]] = 0.
n—oo

n—oQ pET

4.2.2 An application

Let U(t,s) = U(f: — gs), where U : R — R is a utility function, and f and g are

two right continuous progressively measurable process. Consider

B := sup inf E[U(p(7), 7)].

peTii TET
This problem can be interpreted as the one in which an investor longs an American
option f and shorts an American option g, and the goal is to choose an optimal
stopping strategy to maximize the utility according to the stopping behavior of the
holder of g. Here we assume that the maturities of f and g are the same (i.e., T').
This is without loss of generality. Indeed for instance, if the maturity of f is ¢ < T,

then we can define f(t) = f(%) for t € (,T].
4.3 Proof of Theorem
We will only prove that A =V = V., and the proof we provide in this section also

works for A, B and B. Throughout this section, we assume that the biadmissible

family {U(p,7), p,7 € T} is URCE.
Lemma 4.3.1. V =V.

Proof. The argument below (2.2) in [62] shows that {V!(7), 7 € T} and {V3(p), p €
T} are admissible. By [62, Theorem 2.2], V! and V? are RCE because U is assumed

to be URCE. Then by [61, Theorem 3.6] we have that V = V. O
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Remark 4.3.2. It follows from the construction in [61] that when U is URCE then,

the common value of V and V does not change if we replace {7 < p} and {7 > p} in

(4.2.4) and (4.2.5) with {7 < p} and {7 > p} respectively. In the rest of the chapter

we will also use this replaced version when necessary without pointing this out.

Lemma 4.3.3. For any e >0 and 7 € T, there exists p. € T,, such that
E‘ET[U(pTa 7_)] - Vl(T)| <Eé&.
A similar result holds for V2.

Proof. First let us show that

V(1) = essinf E.[U(p, 7)].

pETr+
Obviously V!(7) < essinf e, E;[U(p,7)]. To show the reverse inequality, let us
first fix 7 € T. For any py € T, take p, = (po+ (T —po)/n)ANT € Troy,n=1,2,....
Then p, N\, po. By the URCE assumption of U, E|U(p,,7) — U(p,7)| — 0. Hence,

there exists a subsequence (ny)y such that U(p,,,7) — U(po, T) a.s.. Therefore,

essinf E.[U(p, 7)] < ]}Lrgo E- [U(pn,, 7)] = E-[U(po, 7)]

pET+
By the arbitrariness of py, we have that V(1) > essinf e, E.[U(p,7)].
Next, fix 7 € T. Since the family {E.[U(p,7)] : p € T;+} is closed under pairwise
minimization, by, e.g., [54, Theorem A.3], there exists (p,) € T, such that
lim B, [U(pn, 7)] = essinf E[U(p, 7)] = V(7).
Since U and V() are bounded, we have that

lim E|E.[U(p,, )] — V(1) =0,
n—oo

which implies the result. [
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Lemma 4.3.4. A<YV.

Proof. Take ¢ > 0. Let p. € T be an e-optimizer of V, i.e.,

sug]E (115 V2(pe) + Lipsn VIT)] <V +e.
TE

For any 7 € T, by Lemma there exists pl(7) € T,4 such that
E|E,[U(pL(7),7) — V}(1)| < e.
Define p, as

(4.3.1) p(7) = plizopy + pi(T)r<pys TET.

Let us show that p_ is in T®. First, for any 7 € T, p.(1) € T since for any

t € 10,17,

{po(r) <t} = ({r=p}n{p- <thU ({7 <pnip(r) <1})

= ({rzppnfp- <thu({r <p}n{r <thn{p:r) <t}) € F.

Then let us show that p_ satisfies the non-anticipativity condition of Type I'in (4.2.1]).
Take 7,5 € T. Assume that p_(11) <1 AT < 7. If 3 < p. <T, then p_(11) =
pi(m1) > 71, contradiction. Hence 71 > p., and thus p_(71) = p. < 71 A2 < 72, which
implies p_(72) = p. = p.(11) < 71 ATe. Assume that p_(71) > T AT. I p.(12) < TIAT
then we can use the previous argument to get that p_(7) = p.(72) < 71 A 7o which is

a contradiction, and thus p_(72) > 7 A .
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We have that

A < supE[U(p.(7),7)]
TET

= SWE [U(p: 7)< + Up2(r): 7)1 pom)]

= suwk (Lo <y B [U (e, T)] + Lpos g B [U (p2(7), 7))

= Su’I;E [1{ps§7}v2(95) + 1{ps>T}V1(T)} t+e
TE

< V4 2.

[]

Remark 4.3.5. Once we show Theorem [4.2.7, we can see that p, € T C T% defined

in (4.3.1)) is a 2e-optimizer for A and B.
Lemma 4.3.6. A> V.

Proof. Fixe > 0. Let 7. € T be an e-optimizer for V. For any p € T, by Lemma4.3.3

there exists 72(p) € T,4+ such that
E[E[U(p, 72(p)) = VZ(p)| <&
For any p € T, define 7, as

Tp ‘= Tsl{TESP(Ts)} + Tg(p(TE))l{T€>P(TE)}'

Using a similar argument as in the proof of Lemma we can show that 7, is a
stopping time.

Since T C T%, and also in order to let our proof also fit for B, we shall only
use the non-anticipativity condition of Type II for p in (4.2.1]), although p € T. By

(4.2.1) w.r.t. Type II,

either p(7,) =p(7.) <7 AT, or p(1,) Ap(7) > 7o AT,



69

Therefore,

it 7. <p(r.), then p(1,)>T.NTp=1.=T,

and
if 7.>p(7.), then T7,= TE(p(Ta)) > p(1:) = p(12) < AT = p(7) = p(7,).
Now we have that

sup E[U (p(7),7))]
TeT

> E[U<P(Tp)a Tp)]

E

U Tp Tp 1{7-5<p (e} + U(ﬂ(TP)v TP>1{TS>P(TE)}}

U
E [U TP Te 1{7'5<P (ro)} T U(p(7.), T2(p(TE)))1{Ts>P(TE)}:|
E [Lir.<ptr 1 Erc [U(p(75), 7)] + Lirespre} o) [U (p(72), 72 (p(72)))]]

> E [1ir<ptr} V' (7e) + Lrspry VE(p(72))] — €

> inf E [1{7— <p}V (7'5) + ]‘{Ts>p}v ( )} €

pET
2 K - 287
where the fifth inequality follows from the definition of V! in (4.2.2) and the fact

that p(7,) > 7. on {7. < p(7.)}. By the arbitrariness of p € T* and ¢, the conclusion

follows. L

Proof of Theorem [4.2.7. This follows from Lemmas [£.3.1 £.3.4 and 4.3.6, O

4.4 Existence of optimal stopping strategies

If we impose a strong left continuity assumptions on U in addition (see e.g. [60-
62]), we would get the existence of the optimal stopping strategies for B and B. For
example let us consider B. Indeed, the left and right continuity of U would imply

the required left and right continuity of V! and V2, as well as the existence of an
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optimal stopping time pi(7) € T, for V(7). The continuity of V! and V? would
further imply the existence of an optimal stopping time py for V (see [61]). Then

define
Po(T) = polirpo) + Po(T) L r<ppy, TET.

Following the proof of Lemma one can show that p, € T” is optimal for B.
One should note that in this case p, may not be in T® as opposed to p. define in
(4.3.1)), this is because here it is possible that po(7) = 7 on {r < T'}.

On the other hand, the existence of optimal stopping strategies for A and A may
fail in general even if U is quite regular. For example, let U(s,t) = |s —t|. By taking
p(1) = 7 we have that B = 0 which is equal to A by Theorem 4.2.7. Now assume

there exists some optimal p € T for A. That is,

sup|p(1) — 7] =A=0.

Then we have that p(7) = 7 for any 7 € [0,7], which contradicts with the non-

anticipativity condition of Type I by letting o1 # o9 in (4.2.1)).



CHAPTER V

On an optimal stopping problem of an insider

5.1 Introduction

In this chapter we consider Shiryaev’s optimal stopping problem:

(5.1.1) v = sup EB_o+,

T€T0, T
where 7" > 0 is a fixed time horizon, (B;)o<i<r is the Brownian motion, € € [0, 7] is
a constant, and 7. r is the set of stopping times taking values in [¢,T']. This can be
thought of a problem of an insider in which she is allowed to peek € into the future
for the payoff before making her stopping decision.

We show that v®) is the solution of a corresponding path dependent reflected
backward stochastic differential equation (RBSDEs). This is essentially an existence
result, and it shows that an optimal stopping time exists. But the main advantage of
using an RBSDE representation is that we can easily get the continuity of v with
respect to € from the stability of the RBSDEs. However, we want to compute the
function as explicitly as possible, and the RBSDE representation of the problem does
not help. This is because the problem is path dependent (one of the state variables
would have be an entire path of length ¢), and there is no numerical result available

so far that can cover our case.

In fact, we will observe that v() = 4/ @ if e € [T'/2,T], while as far as we know

71
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there is no explicit solution for v if £ € (0,7/2). But for smaller ¢, there are only
lower and upper bounds available. As the main result of this chapter, we provide
the asymptotic behavior of v} as ¢ \, 0 (see Theorem [5.3.1). As a byproduct,
we also get Lévy’s modulus of continuity theorem in the L' sense as opposed to
the almost-surely sense (compare Corollary and, e.g., [53, Theorem 9.25, page

114)).

5.2 First observations

Let "> 0 and let {B;,t € [0,7]} be a Brownian motion defined on a probability
space (2, F,P) and let F = {F;,t € [0,T]} be the natural filtration augmented by
the P-null sets of F. We aim at the problem ([5.1.1). But for the sake of generality,

let us first look at the more general optimal stopping problem of an insider:

(5.2.1) w= sup E Z¢ér—5i)+] :
T€Te,T i—1
where (¢})o<i<7 is continuous and progressively measurable, €' € [0,T],i=1,... ,n,

are given constants, and 7. p is the set of stopping times that lie between a constant
e € [0,7] and T. Observe that 7 — &' is not a stopping time with respect to F for

g’ > 0. The solution to (5.2.1)) is described by the following result:

Proposition 5.2.1. Assume E[supy<,<7(§7)*] < 00, where & = 371, ¢(,_iy,, 0 <
t <T. Then the value defined in can be calculated using a reflected backward
stochastic differential equation (RBSDE). More precisely, w = EY., for any ¢ €
[0, T], where (Y;)o<i<r satisfies the RBSDE

T
&SKZ&—/ ZsdWs + (Kr — Ky), 0 <t <T,
(5.2.2) !

T
/ (Y;f - gt)th = 07
0
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Moreover, there exists an optimal stopping time 7 described by
7=inf{t € [e,T]:Y; = &}.

Remark 5.2.2. One should note that the optimal stopping problem we are considering
is path dependent (i.e. not of Markovian type) and therefore one would not be able

to write down a classical free boundary problem corresponding to (5.1.1)).

We prefer to use an RBSDE representation of the value function instead of directly
using the representation directly from the classical optimal stopping theory because
we want to use the stability result, which we will state in Corollary associated

with the former.

Proof of Proposition [5.2.1, For any 7 € T r,

B¢, = E[E[,|7.]) < E| esssup B[S, | 7]

o€TeT

Therefore,

(5.2.3) w= sup E¢ < E[ess sup]E[fT|]-"6]]

T€Te, T T€TeT
By [40, Theorem 5.2] there exists a unique solution (Y, Z, K') to the RBSDE in ((5.2.2)).

Then by Proposition 2.3 (and its proof) in [40] we have

sup K¢, > E¢: = EY; = EY. = E[ess sup]E[fT\}"E]]

TEE’T TE'TE’T
Along with ([5.2.3)) the last inequality completes the proof. ]

Now let us get back to Shiryaev’s problem ([5.1.1). As a corollary of Proposi-

tion |5.2.1] we have the following result for v®), ¢ € [0, T7.

Corollary 5.2.3. The value defined in (5.1.1) can be calculated using an RBSDE.

More precisely, v° =Yy almost surely, where (Y;)o<i<r satisfies the RBSDE (5.2.2)
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with § defined as § = By_q+, 0 <t <T. Moreover, there exists an optimal stopping

time T described by
(5.2.4) T=inf{t >0:Y, = B(t,g)-s-} > elieery, a.s.
Furthermore, the function ¢ — v, e € [0,T), is a continuous function.

Proof. By Proposition|5.2.1|v®) = Y} a.s., and 7 defined in (5.2.4)) is optimal. Besides,
the continuity of ¢ — v, ¢ € [0,7] is a direct consequence of the stability of
RBSDE:s indicated by |40, Proposition 3.6]. Observe that for € € (0,7") and ¢ € [0, €],

Y; > E[Y.|F] > 0 = Bj_.y+ a.s.. Hence we have that 7 > eli..q} as.. O
Remark 5.2.4. In the above result, since for any § € [0, €]

v® = sup EB_o)+ = sup EB;_.+,

7€T0, T T€Ts,T

we can conclude from Proposition m that v®) = EYj, which implies that (Ye)eepo.q
is a martingale.
Next, we will make some observations about the magnitude of the function ¢ —

v

Remark 5.2.5. Observe that for € € (0,7, insider’s value defined in ((5.1.1)) is strictly
greater than 0 (and hence does strictly better than a stopper which does not posses

the insider information):

2
v(a)ZE[ max Bt}:\/—(e/\(T—e))>v(0):O,

0<t<eN(T—¢) ™

which shows that there is an incentive for waiting. We also have an upper bound

v < IE[ max Bt} = g
0<t<T V 7

In fact when ¢ € [T/2,T], v can be explicitly determined as

U(E):E{ max Bt] = Z(T—_g), e € [T/2,T).

0<t<T—e T



(0]

and we have a strict lower bound for € € [0,7/2)

2
v > E {max Bt} = —6, e€0,7/2).
m

0<t<e

5.3 Asymptotic behavior of v(®) as ¢ \, 0

The following theorem states that the order of v(®) defined in (5.1.1]) is 1/2¢In(1/¢)

as € \( 0, which is the same as Levy’s modulus for Brownian motion. Notice that

v = sup E[B,_. — B,].

T€7—5’T
Theorem 5.3.1.

©)
(5.3.1) lim —— =1

20 (/22 In(1/e)

In order to prepare the proof of the theorem, we will need two lemmas.

Lemma 5.3.2.

(e)
lim inf

v
—_ > 1.
N0\ /2eIn(1/e)

Proof. Let d € (0,1) be a constant, and define 7* € 7.

" :=inf{ne : Bp_1)e — Bpe > d\/2cIn(1/e), n=1,...,[T/e] =1} A T.

Then

sup E[B,_. — B,]

T€TeT

> ]E[BT*—s - BT*]

=E [(B‘r*fs - BT*) 1{T*§5[T/5]—5}:| + E [(BT*ff-Z - B‘r*) 1{T*>5[T/s}—e}]
> dv/2eIn(1/e) P(t* < e[T'/e] — €) + E [(Br—c — Br) Lirese[r/e)—<})

=dy/2cln(1/e) P(t" <¢[T/e] —¢).
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We have that

P(r* <elT)e]—¢) = 1-P (B(n,l)g — By <dy/2eln(1/e), n=1,...,[T/e] — 1)
= 1-[P(B.- By <avEEmE)]

- 1—

o [T/e]—-1
1 —/ L e 2= dx
dy/2eIn(1/e) V 2me

— 11— (1= a)a(T/d-na

(5.3.2)

where

“Edr=——— P14+ 0(1)) =0,

o 1 2 1
o= e
/d« /2cn(1/e) V2TE 2d\/mIn(1/e)

by, e.g., [53, (9.20), page 112]. Since d € (0,1), ([T'/e] — 1)a — oo, and thus

P(t* <e[T/e]—e) =1, e\0.

Therefore,
()
liminf ————= > liminf [d P(7* < ¢[T/e] — )] = d.
N0 /2eIn(1/e) eNO
Then ((5.3.1]) follows by letting d 7~ 1. O

Lemma 5.3.3. The family

SUP.<y<7 | Bi—c — Bi| e (0 T/\l}
2¢In(1/e) T2

1s uniformly integrable.

Proof. Since

Sup.<y<r |Bi—c — Byl < 2max) <n<[7/e]+1 SUP(n_1)e<ttr<ne | Bt — B
2eln(1/e) N 2eln(1/e)
4 maXi<n<[T/e]+1 Sup(nfl)agtgns |Bt - B(n*1)5|

2en(1/e)

IN

Y



(s

it suffices to show that the family

ML= MaX) <n<[T/e]+1 SUP(n—1)e<t<ne | Bt — Bn-1)c| e (0’ T A 1}
eln(1/e)

is uniformly integrable. For a > 0,
(T/e]
P(M. <a) = {P < sup |Bi| <a aln(l/e))]
0<t<e

Hence the density of M., f., satisfies that for a > 0,

fe(a) < ([T/s]+1)[ (Sup |Bt’<a\/W)}[T/E] \/7\/T _n(1/2) ;2

0<t<e

< 4T ln(l/s)e_lng/s)ag,

€
where for the first inequality we use, e.g., [53, (8.3), page 96], and the fact that the
density of supy<;<. |B:| is no greater than twice the density of supy<;. B;. Then we

have that for N > 0,

dx

E [M.1ppon)] :/ o f.(z) 4T\/ 4T'/In(1/¢) / e
N

4T LT
n(1/e) ~ 2% -3y/In2

ie.,

lim sup E [Mel{M8>N}] =0.

N—o0 86(0,%}

Now let us turn to the proof of Theorem [5.3.1]

Proof of Theorem |5.5.1,.

Sup7'€7:_:7T ]E[B'rfs - BT] SUngtST ’Btfs - Bt|

lim sup < limsupE
£\0 2en(1/e) e\0 2eln(1/e)
B, .— B,|]
< E [limsup SuPe<ir | B d
e\0 2eln(1/e)
< 1
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where we apply Lemma for the second inequality, and use Levy’s modulus of
continuity for Brownian motion (see, e.g., [53, Theorem 9.25, page 114]) for the third

inequality. Together with (5.3.1)), the conclusion follows. ]

Using the above proof, we can actually show the following result, which is Lévy’s
modulus of continuity result in the L' sense, as opposed to the almost-surely sense

(see, e.g., |53, Theorem 9.25, page 114]).

Corollary 5.3.4.

SupTETE,T E[BT—E - BT] SupsStST(Bt*E B Bt)

lim = lim

U 2eln(1/e) eNO 2e1n(1/e)
i SUDc<t<T ’Btfs - Bt|

= 1m =
eNO 2e1n(1/¢)




CHAPTER VI

On arbitrage and duality under model uncertainty and
portfolio constraints

6.1 Introduction

We consider the fundamental theorem of asset pricing (FTAP) and hedging prices
of European and American options under the non-dominated model certainty frame-
work of [19] with convex closed portfolio constraints in discrete time. We first show
that no arbitrage in the quasi-sure sense is equivalent to the existence of a set of
probability measures; under each of these measures any admissible portfolio value
process is a local super-martingale. Then we get the non-dominated version of op-
tional decomposition under portfolio constraints. From this optional decomposition,
we get the duality of super- and sub-hedging prices of European and American op-
tions. We also show that the optimal super-hedging strategies exist. Finally, we
add options to the market and get the FTAP and duality of super-hedging prices of
European options by using semi-static trading strategies (i.e., strategies dynamically
trading in stocks and statically trading in options).

Our results generalize the ones in [43, Section 9] to a non-dominated model-
uncertainty set-up, and extend the results in [19] to the case where portfolio con-
straints are involved. These conclusions are general enough to cover many interesting

models with the so-called delta constraints; for example, when shorting stocks is not

79



80

allowed, or some stocks enter or leave the market at certain periods.

Compared to [43, Section 9], the main difficulty in our setting is due to the fact
that the set of probability measures does not admit a dominating measure. We use
the measurable selection mechanism developed in [19] to overcome this difficulty, i.e.,
first get the FTAP and super-hedging result in one period, and then “measurably”
glue each period together to get multiple-period versions. It is therefore of crucial
importance to get the one-period results. In [19], Lemma 3.3 serves as a fundamental
tool to show the FTAP and super-hedging result in one-period model, whose proof
relies on an induction on the number of stocks and a separating hyperplane argument.
While in our set-up, both the induction and separating argument do not work due
to the presence of constraints. In this chapter, we instead use a finite covering
argument to overcome the difficulty stemming from constraints. Another major
difference from [19] is the proof for the existence of optimal super-hedging strategy
in multiple period, which is a direct consequence of Theorem 2.2 there. A key step
in the proof of Theorem 2.2 is modifying the trading strategy to the one with fewer
“rank” yet still giving the same portfolio value. However, this approach fails to
work in our set-up, since the modification may not be admissible anymore due to
the portfolio constrains. In our chapter, we first find the optimal static trading
strategy of options, and then find the optimal dynamical trading strategy of stocks
by optional decomposition with constraints. Optional decomposition also helps us
obtain the duality results for the American options.

We work within the no-arbitrage framework of [19], in which there is said to be an
arbitrage when there exists a trading strategy whose gain is quasi surely non-negative
and strictly positive with positive probability under an admissible measure. In this

framework we are given a model and the non-dominated set of probability measures
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comes from estimating the parameters of the model. Since estimating results in confi-
dence intervals for the parameters we end up with a set of non-dominated probability
measures.

There is another no-arbitrage framework which was introduced by Acciaio et
al. [1]. In that framework, there is said to be an arbitrage if the gain from trading is
strictly positive for all scenarios. Under the framework of [1], the model uncertainty
is in fact part of the model itself and the user of that model does not have confidence
in her ability to estimate the parameters. The choice between the framework of [1]
and the framework of [19] is a modeling issue.

Our assumptions mainly contain two parts: (1) the closedness and convexity of

the related control sets (see Assumptions [6.2.1],16.3.1} |6.4.1{ and [6.5.1]), and (2) some

measurability assumptions (see the set-up of Section and Assumptions m
and . The first part is almost necessary (see Example , and can be eas-
ily verified in many interesting cases (see e.g., Example . The second part is
the analyticity of some relevant sets, which we make in order to apply measurable
selection results and perform dynamic programming principle type arguments. An-
alyticity (which is a measurability concept more general than Borel measurability,
so in particular every Borel set is analytic) is a minimal assumption one can have in
order to have a dynamic programming principle and this goes well back to Blackwell.
These concepts are covered by standard textbooks on measure theory, see e.g. [23].
See also 18] for applications in stochastic control theory and the references therein.

In Section [6.3.3] we provide some general and easily verifiable sufficient conditions

for Assumptions [6.3.1(iii) and [6.5.1(ii), as well as Examples [6.3.7] and |6.3.8]

The rest of the chapter is organized as follows: We show the FTAP in one period

and in multiple periods in Sections [6.2] and [6.3] respectively. In Section we get
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the super-hedging result in one period. In Section 77, we provide the non-dominated
optional decomposition with constraints in multiple periods. Then starting from the
optional decomposition, we analyze the sub- and super-hedging prices of European
and American options in multiple periods in Section [6.6] In Section we add
options to the market, and study the FTAP and super-hedging using semi-static

trading strategies in multiple periods. Finally in the appendix, we provide the proofs

of Lemmas [6.3.2] [6.3.3], [6.5.4] and [6.5.6 these proofs are with a lot of technicalities

and can be safely skipped in the first reading.
We devote the rest of this section to frequently used notation and concepts in the

chapter.

6.1.1 Frequently used notation and concepts

e B(Q) denotes set of all the probability measures on (2, B(Q2)), where € is some
polish space, and B(£2) denotes its Borel o-algebra. (£2) is endowed with the
topology of weak convergence.

o ASi(w, ) = Sii1(w, ) — Si(w), w € Q := Q (t-fold Cartesian product of Q).
We may simply write AS when there is only one period (i.e., t = 0).

e Let P C P(). A property holds P — g.s. if and only if it holds P-a.s. for any

PeP. Aset Aeyis P-polar if suppep P(A) = 0.

o Lot P C B(Q). suppp(AS) is defined as the smallest closed subset A C RY such
that AS € AP — q.s.. Define N(P) := {H € R*: HAS =0, P — ¢.s.} and
NL(P) := span(suppp(AS)) € RY. Then N-(P) = (N(P))* by [68, Lemma
2.6]. Denote N(P) = N({P}) and N+ (P) = N+({P}).

e For H C RY, H(P) :={H : H € projy.py(H)}. Denote H(P) = H({P}).

e For H C R Cy(P) :={cH: H € H(P), ¢ > 0}. Denote Cy(P) = Cyn({P}).
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e &y :={cHER: HeH, c>0}, where H C R%

o (H:8)i =3 Hi(Siv1 — S:).

o R* :=[—00,0].

e || - || represents the Euclidean norm.

e Ep|X|:= Ep|X*| — Ep|X~|, and by convention co — oo = —oo. Similarly the
conditional expectation is also defined in this extended sense.

° Li(P) is the space of random variables X on the corresponding topological
space satisfying X > 0 P — ¢.s., and L'(P) is the space of random variables
X satisfying suppep Ep|X| < oo. Denote LY (P) = LY ({P}), and L'(P) =
L'({P}). Similar definitions holds for L°, L% and L*. We shall sometimes
omit P or P in L9r, L', etc., when there is no ambiguity.

e We say NA(P) holds, if for any H € H satistying (H - S)r > 0, P — ¢.s.,
then (H -S)r =0, P — q.s., where H is some admissible control set of trading

strategies for stocks. Denote NA(P) for NA({P}).

e We write () << P, if there exists some P € P such that Q) < P.

e Let (X,G) be a measurable space and Y be a topological space. A mapping
® from X to the power set of Y is denoted by & : X — Y. We say ® is
measurable (resp. Borel measurable), if
(6.1.1)

{reX: ®(x)NA#D} €G, Vclosed (resp. Borel measurable) A C Y.
® is closed (resp. compact) valued if ®(z) C Y is closed (resp. compact) for all
x € X. We refer to [2, Chapter 18] for these concepts.

e A set of random variables A is P — ¢.s. closed, if (a,), C A convergent to some

a P — q.s. implies a € A.
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efFor®: X - Y, Gr(®) :={(r,y) e X xY: yedx)}

e Let X be a Polish space. A set A C X is analytic if it is the image of a Borel
subset of another Polish space under a Borel measurable mapping. A function
f + X — R* is upper (resp. lower) semianalytic if the set {f > ¢} (resp.

b

{f < ¢}) is analytic. “u.s.a.” (resp. “ls.a.”) is short for upper (resp. lower)

semianalytic.

e Let X be a polish space. The o-algebra Npegp(x)B(X)F is called the universal
completion of B(X), where B(X)¥ is the P-completion of B(X). A set A C X
is universally measurable if A € Npepx)B(X)F. A function f is universally

measurable if f € Npepx)B(X ). “u.m.” is short for universally measurable.
e Let X and Y be some Borel spaces and U : X — Y. Then u is a u.m. selector

of U,ifu: X — Y isum. and u(-) € U(-) on {U # 0}.

6.2 The FTAP in one period

We derive the FTAP for one-period model in this section. Theorem is the

main result of this section.
6.2.1 The set-up and the main result

Let P be a set of probability measures on a Polish space €2, which is assumed to
be convex. Let Sy € R? be the initial stock price, and Borel measurable S; : Q — R?

be the stock price at time ¢t = 1. Denote AS = S; — Sy. Let H C R be the set of

admissible trading strategies. We assume H satisfies the following conditions:
Assumption 6.2.1. Cy(P) is (i) convex, and (ii) closed.

Erample 6.2.1. Let H := [[°_,[a’, @] for some a’,@ € R with ¢’ <@, i =1...,d.

Then H satisfies Assumption for any P C PB(Q2). Indeed, H C R? is a bounded,
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closed, convex set with finitely many vertices, and so is H(P). Hence the generated

cone Cy(P) is convex and closed.

Define
Q:={QeP(N): QK P, Eg|AS| < oo and Eg[HAS] <0, VH € H}.

The following is the main result of this section:

Theorem 6.2.2. Let Assumption hold. Then NA(P) holds if and only if for

any P € P, there exists Q) € Q dominating P.

6.2.2 Proof for Theorem [6.2.2]

Let us first prove the following lemma, which is the simplified version of Theo-

rem [6.2.2| when P consists of a single probability measure.

Lemma 6.2.3. Let P € B(Q) and Assumption w.r.t. Cy(P) hold. Then
NA(P) holds if and only if there exists () ~ P, such that Eg|AS| < oo and

Eo[HAS] <0, for any H € H.

Proof. Sufficiency is obvious. We shall prove the necessity in two steps. W.l.o.g. we
assume that Ep|AS| < oo (see e.g., [19, Lemma 3.2]).

Step 1: In this step, we will show that K — LY is closed in L°, where
K :={HAS: H e Cy(P)}.

Let X,, = H,AS —-Y, it X, where H, € Cy(P) and Y,, > 0. Without loss of
generality, assume X,, — X, P-a.s.. If (H,), is not bounded, then let 0 < ||H,, || —

oo and we have that

Hup o Xo | Yo o Yo
[ Il ([l ([ Hy
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Taking limit on both sides along a further sub-sequence, we obtain that HAS > 0 P-
a.s. for some H € R? with ||H|| = 1. Since Cy(P) is closed, HAS € Cy(P). By
NA(P), HAS = 0 P-a.s., which implies H € N(P)NN*(P) = {0}. This contradicts
||H|| = 1. Therefore, (H,), is bounded, and thus there exists a subsequence (H,,);

convergent to some H' € Cy(P). Then
0<Y,, =H,AS X, — HAS— X =Y, P-as.

Then X = H'AS—Y € K — L0

Step 2: From Step 1, we know that K’ := (K — L) N L' is a closed, convex cone in
L', and contains —LY. Also by NA(P), K’ N L} = {0}. Then Kreps-Yan theorem
(see e.g., 43, Theorem 1.61]) implies the existence of @ ~ P with dQ/dP € L(P),

such that Eg[HAS] <0 for any H € H. O

Remark 6.2.4. The FTAP under a single probability measure with constraints is
analyzed in [43, Chapter 9]. However, although the idea is quite insightful, the result
there is not correct: what we need is the closedness of the generated cone Cy(P)
instead of the closedness of H(P). (In this sense, our result is different from [29];
in [29] it is the closedness of the corresponding projection that matters.) Below is a

counter-example to [43, Theorem 9.9].

Ezample 6.2.5. Consider the one-period model: there are two stocks S! and S? with

the path space {(1,1)} x {(s,0): s € [1,2]}; let
H = {(h1,he) : b3+ (hy —1)* < 1}

be the set of admissible trading strategies; let P be a probability measure on this
path space such that S is uniformly distributed on [1,2]. It is easy to see that

NA(P) holds, and H satisfies the assumptions (a), (b) and (c) on |43} page 350]. Let
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H = (hy, hy) such that HAS = 0, P-a.s. Then hy(S]—1) = hy, P-a.s., which implies
hy = hy = 0. By [43, Remark 9.1], H also satisfies assumption (d) on [43| page 350].

Now suppose [43, Theorem 9.9] holds, then there exists @) ~ P, such that
(6.2.1) Eg[HAS) <0, VH eH.

Since Q@ ~ P, Eg(S} — 1) > 0. Take (hy,he) € H with hy,hy > 0 and hy/hy <
Eqo(S{ —1). Then

hiEq(Sy —1) —hy > 0,

which contradicts (6.2.1)).

In fact, it is not hard to see that in this example,
Cq{(P) = {(hl,hg) the >0o0r hy = hy = O}
is not closed.

Lemma 6.2.6. Let Assumption |6.2.1)(ii) hold. Then there exists P" € P, such that

N+(P") = N+(P) and NA(P") holds.

Proof. Denote H := {H € Cy(P) : ||H|| = 1}. Forany H € H C N+(P), by NA(P),
there exists Py € P, such that Py(HAS < 0) > 0. It can be further shown that

there exists ey > 0, such that for any H' € B(H,ey),
(6.2.2) Py(H'AS < 0) >0,

where B(H,ey) = {H” € R : ||H" — H|| < ey}. Indeed, there exists some
d > 0 such that Py(HAS < —J) > 0. Then there exists some M > 0, such that
Py(HAS < =6, ||AS|| < M) > 0. Taking ey := 6/M, we have that for any
H' € B(H,ey), Pu(H'AS <0, ||AS|| < M) > 0, which implies (6.2.2)).

Because H C UpenB(H,ey) and H is compact from Assumption [6.2.1] there

exists a finite cover of H, i.e., H C U B(H;,cn,). Let P' = > "  a;Py,, with
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Yor,a,=1anda; >0, i=1,...,n. Then P’ € P, and P'(HAS < 0) > 0 for any
H e H.

Obviously, N*(P') C Nt(P). If Nt(P') = Nt(P), then let P” = P'. Otherwise,
take H € N*(P) N N(P'). Then there exists R, € P, such that Ri(HAS # 0) > 0.
Let R} = (P'+ Ry)/2. Then P’ < R} € P, and thus N*+(R;) D N*+(P'). Since
H e N(P')\ N(R}), we have that N*(R}) 2 N*(P'). If N*(R}) & N*(P), then we
can similarly construct Ry € P, such that R, > R} and N+(Rj) 2 N*(Rj}). Since
N=+(P) is a finite dimensional vector space, after finite such steps, we can find such
P" € P dominating P’ with Nt(P") = N+(P). For any H € H, P"(HAS < 0) > 0

since P” > P’. This implies that NA(P") holds. O

Proof of Theorem [6.2.2. Sufficiency. If not, there exists H € H and P € P,
such that HAS > 0, P — a.s. and P(HAS > 0) > 0. Take @ € Q with @ > P.
Then Eg[HAS] < 0, which contradicts HAS >0 @ — a.s. and Q(HAS > 0) > 0.

Necessity. Take P € P. By Lemma there exists P” € P such that N*(P") =
N+(P) and NA(P”) holds. Let R := (P + P")/2 € P. Then N*(R) = N*+(P") =
N*(P), and thus Cy(R) = Cyx(P) which is convex and closed by Assumption [6.2.1]
Besides, NA(P") implies that for any H € Cyx(R) \ {0} = Cx(P")\ {0}, P"(HAS <
0) > 0, and thus R(HAS < 0) > 0 since R > P”. This shows that NA(R)
holds. From Lemma [6.2.3] there exists @ ~ R > P, such that Eg|AS| < oo and

Eg[HAS] <0 for any H € H. O

6.3 The FTAP in multiple periods

We derive the FTAP in multiple periods in this section, and Theorem [6.3.1] is our

main result. We will reduce it to a one-step problem and apply Theorem [6.2.2]
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6.3.1 The set-up and the main result

We use the set-up in [19]. Let 7" € N be the time Horizon and let © be a Polish
space. For t € {0,1,...,T}, let Q; := Q' be the t-fold Cartesian product, with the
convention that € is a singleton. We denote by JF; the universal completion of B(£2;),
and we shall often treat €2 as a subspace of Qp. For each t € {0,...,7 — 1} and
w € €, we are given a nonempty convex set Py(w) C P(Q2) of probability measures.
Here P; represents the possible models for the ¢-th period, given state w at time t. We
assume that for each ¢, the graph of P; is analytic, which ensures by the Jankov-von
Neumann Theorem (see, e.g., [18, Proposition 7.49]) that P, admits a u.m. selector,

i.e., a um. kernel P, : Q; — PB(Q) such that P(w) € Py(w) for all w € Q. Let
P = {P0®...®PT_13 Pt() Gpt('), tZO, ,T—l},
where each P, is a u.m. selector of Py, and for A € Qr

P0®...®PT_1(A):/.../1A(w1,...,wT)PT_l(wl,...,wT_l;dwT)...Po(dwl).
Q Q

Let Sy = (S}, ... ,5%) : Q, — R? be Borel measurable, which represents the price
at time ¢ of a stock S that can be traded dynamically in the market.

For each t € {0,...,T — 1} and w € Q, we are given a set H;(w) C R? which
is thought as the set of admissible controls for the ¢t-th period, given state w at time
t. We assume for each ¢, graph(H,) is analytic, and thus admits a u.m. selector;
that is, an F;-measurable function Hy(-) : €; — R, such that H;(w) € H;(w). We

introduce the set of admissible portfolio controls H:

H:={(H)—' : H;isaum. selector of H;, t=0,...,T—1}.

OIn order not to burden the reader with further notation we prefer use the same notation P for the set of probability
measures in one-period models and multi-period models. We will do the same for other sets of probability measures
that appear later in the chapter and also for the set of admissible strategies.



90

Then for any H € H, H is an adapted process. We make the following assumptions

on H.
Assumption 6.3.1.
(1) 0 € Hy(w), forwe Q, t=0,...,T—1.
(i) Cpip(w)(Pe(w)) is closed and convex, for w € 4, t =0,... T — 1.
(111) The set

Uy, o= {(w, Q) € & x P(Q) : Eq|ASi(w, )| < o0,
and EqlyASi(w,-)] <0, Vy € H(w)}
s analytic, fort =0,...,T — 1.
Define
(6.3.1) Q:={Q ePB(Qr): Q K P, Egl[|AS| |F] < 00 Q-a.s. for
t=0,...,T—1, H-Sis a Q-local-supermartingale VH € H}.
Below is the main theorem of this section:

Theorem 6.3.1. Under Assumption NA(P) holds if and only if for each

P € P, there exists QQ € Q dominating P.

6.3.2 Proof of Theorem [6.3.1]

We will first provide some auxiliary results. The following lemma essentially says
that if there is no arbitrage in T" periods, then there is no arbitrage in any period. It
is parallel to |19, Lemma 4.6]. Our proof shall mainly focuses on the difference due

to the presence of constraints and we put the proof in the appendix.

Lemma 6.3.2. Lett € {0,...,T — 1}. Then the set

(6.3.2) Ny :={w € Q: NA(Py(w)) fails }
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is w.m., and if Assumption|6.3.1/(i) and NA(P) hold, then Ny is P-polar.

The lemma below is a measurable version of Theorem It is parallel to |19

Lemma 4.8]. We provide its proof in the appendix.
Lemma 6.3.3. Let t € {0,...,T — 1}, let P(-) : 4y — P(Q) be Borel, and let
Qi O — P(Q),
Qi(w) :={Q € P(Q) : Q K Pi(w), Eg|ASi(w,-)| < o0,
EglyASi(w, )] <0, Yy € Hi(w)}.
If Assumption[6.3.1(i1) (iii) holds, then Q; has an analytic graph and there exist u.m.

mappings Q(-), P(-) : Q — P(Q) such that

P(w) < Q(w) < P(w) for allw € Q,
P(w) € Py(w) if P(w) € Py(w),

Qw) € Qi(w) if NA(Pi(w)) holds and P(w) € Py(w).

Proof of Theorem [6.3.1). Using Lemmas [6.3.2] and [6.3.3] we can perform the

same glueing argument Bouchard and Nutz use in the proof of |19, Theorem 4.5],

and thus we omit it here. O]
6.3.3 Sufficient conditions for Assumption [6.3.1](iii)

By [18, Proposition 7.47], the map (w,Q) = SUP, ey, () ElyASi(w, )] is us.a.,
which does not necessarily imply the analyticity of W4, as the complement of an

analytic set may fail to be analytic. Therefore we provide some sufficient conditions

for Assumption [6.3.1f(iii) below.

Definition 6.3.4. We call $; : Q, — R? a stretch of H,, if for any w € €,

Ch,w) = Gy(w)-
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It is easy to see that for any stretch £; of H,,

Uy, = Ty, = {(w, Q) € UxP(Q) : Eg|ASy(w, )| < oo, sup yEg[AS,(w,-)] <0}

yeNt(w)
Therefore, in order to show Wy, is analytic, it suffices to show that there exists a

stretch $); of H;, such that the map pg, : 2 X P(Q) — R*

(633) P (w7 Q) = Sup yEQ[ASt(wa )]

yENL(w)

is L.s.a. on J = {(w,Q) € Q4 x P(Q) : Eg|AS;(w, )| < oo}

Proposition 6.3.5. If there exists a measurable (w.r.t. B(R?)) stretch $; of H;
with nonempty compact values, then pg, is Borel measurable, and thus Wy, is Borel

measurable.
Proof. The conclusion follows directly from [2, Theorem 18.19]. O

Proposition 6.3.6. If there exists a stretch $; of H; satisfying
(1) graph($);) is Borel measurable,

(ii) there exists a countable set (y,), C R?, such that for any w € Q; and y € $H;(w),

there exist (Yn, )k C (Yn)n N $H converging to vy,

then vg, is Borel measurable, and thus Wy, is Borel measurable.
Proof. Define function ¢ : R? x J — R*,

Eo|AS(w, - if (W),
) — ) VRSSO ity € ai(e)

—00 otherwise.

It can be shown by a monotone class argument that ¢ is Borel measurable. So the

function ¢ : J — R

o(w, Q) = sup ¢(Yn, w, Q)
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is Borel measurable. It remains to show that ¢ = @g,. It is easy to see that ¢ > g, .
Conversely, take (w,Q) € J. Then ¢(yn,w, Q) = yEglAS(w, )] < ¢g,(w, Q) if

Yn € ﬁt(w)u and (b(yn?w?Q) = -0 < Soﬁt(w>Q) if Yn ¢ ﬁt(w)Q i.e., 90((")7@) =

sup,, ¢(Yn, w, Q) < g, (w, Q). O
Example 6.3.7. Let a, @ : Q; — R be Borel measurable, with a! <@}, i =1,... ,d.
Let

d

How) = [ [ldb(w), @(w)], w e

i=1

Then both Propositions [6.3.5/ and [6.3.6| hold with $; = H; and (y,), = Q<.

Ezample 6.3.8. Let d = 1 and H; be such that for any w € €, H(w) C (0,00). We
assume that graph(H;) is analytic, but not Borel. Then H, itself does not satisfy the

assumptions in Proposition [6.3.5| or [0.3.6, Now let $H,;(w) = w € Y. en $;
ptions in Propositi 6:3.6 Now let (w) = [1,2], w € 2. Then §

is a stretch of H;, and $); satisfies the assumptions in Propositions [6.3.5| and [6.3.6

with (y,)n = Q.

6.4 Super-hedging in one period

6.4.1 The set-up and the main result

We use the set-up in Section [6.2] Let f be a u.m. function. Define the super-

hedging price

w(f):=inf{w: IH € H, st. 2+ H-S> [, P—q.s.}.
We also denote 77 (f) = n{F}(f). We further assume:
Assumption 6.4.1. H(P) is conver and closed.

Remark 6.4.1. It is easy to see that if H(P) is convex, then Cy(P) is convex.

Define

Q:={Q cP(): QK P, Eg|AS| < 0o, AY := sup Eg[HAS] < oc}.
HeH
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Below is the main result of this section.

Theorem 6.4.2. Let Assumptions|6.2.1)(ii) & and NA(P) hold. Then

(6.4.1) 7P (f) = sup(Eqlf] - A9).
QeN

Besides, 77 (f) > —oo and there exists H € H such that 77 (f)+ HAS > f P —q.s..

6.4.2 Proof of Theorem [6.4.2]
We first provide two lemmas.

Lemma 6.4.3. Let NA(P) hold. If H(P) and Cx(P) are closed, then

" (f) = sup 7" (f).

pPecP

Proof. 1t is easy to see that 77 (f) > suppep w7 (f). We shall prove the reverse

inequality. If 77(f) > suppep 77 (f), then there exists € > 0 such that

(6.4.2) Q= Wp(f)/\l—€> sup 7 (f).
€ peP

By Lemma there exists P” € P, such that N*(P”) = N*+(P) and NA(P")
holds.

Moreover, we have that the set
Ay :={H€H(P): a+HAS > f, P"—as.}

is compact. In order to prove this claim take (H,), C A,. If (H,), is not bounded,

w.l.o.g. we assume 0 < ||H,|| — oo; then

Q H, f
(6.4.3) + AS > )
[Hul| || Hal| || Hal|

Since Cy(P) is closed, there exist some H € Cy(P) = Cy(P") with ||H|| = 1 such

that H,, /||H,,|| — H. Taking the limit along (ng)x, we have HAS > 0 P"-as.
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NA(P") implies HAS = 0 P"-a.s. So H € Cy(P")NN(P") = {0}, which contradicts

||H|| = 1. Thus (H,), is bounded, and there exists H” € R?, such that (H,); — H".

j
Since H(P) is closed, H"” € H(P), which further implies H" € A,.

For any H € A,, since o < w”(f) by (6.4.2)), there exist Py € P such that
Pg(a+ HAS < f) > 0.
It can be further shown that there exists dy > 0, such that for any H' € B(H,dy),
Py(a+ H'AS < f) > 0.

Since A, C Ugea,B(H,dy) and A, is compact, there exists (H;)!; C A,, such that

A, C U B(H;,0m,). Let

Pl = ZCLZ'PHZ."‘CLQPHGP,

i=1
where > ja; = 1 and a; > 0, i = 0,...,n. Then it is easy to see that for any

H e H(P) =H(P") =H(P),
P'(a+ HAS < f) >0,
which implies that

a <7 (f) < sup ' (f),
Pep

which contradicts (6.4.2]). O

Lemma 6.4.4. Let NA(P) hold. If H(P) and Cy(P) are closed, then the set
(6.4.4) K(P):={HAS—-X: HeH, X €L)(P)}

1s P — q.s. closed.
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Proof. Let W™ = H'"AS—X" € K(P) - W P—q.s., where w.l.o.g. H* € H(P) and
X" e LY(P), n=1,2,... If (H"), is not bounded, then without loss of generality,

0 < ||H"|| = oo. Consider

wn H" X"

6.4.5 = AS — —.
(6.4.5) & S

As (H™/||H™||),, is bounded, there exists some subsequence (H™ /||H"*||); converg-
ing to some H € R? with ||H|| = 1. Taking the limit in (6.4.5) along (n;)x, we
get that HAS > 0 P — ¢.s.. Because (H" /||[H™||);, € Cy(P) and Cy(P) is closed,
H € C4(P). Hence HAS =0 P — q.s. by NA(P). Then H € Cy(P) N N(P) = {0},
which contradicts ||H|| = 1.

Therefore, (H™),, is bounded and there exists some subsequence (H"/); converging
to some H' € R Since H(P) is closed, H' € H(P). Let X := H'AS —W € LE(P),

then W = H'AS — X € K(P). O

Proof of Theorem [6.4.2. We first show that 77 (f) > —oo and the optimal super-

hedging strategy exists. If 77(f) = oo then we are done. If 77 (f) = —oo, then for

any n € N, there exists H" € H such that
H'AS > f4+n>(f+n)A1l, P—gs.

By Lemma [6.4.4] there exists some H € H such that HAS > 1 P — ¢.s., which
contradicts NA(P). If 77(f) € (—o00,00), then for any n € N, there exists some
H" € H, such that 77 (f) +1/n+ H"AS > f. Lemma implies that there exists

some H € M, such that 7P (f) + HAS > f.
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By Lemma [6.4.3]
(6.4.6)
7 () = supa(f) = sup 5() = sup sup (Eo[f] ~ AY) < sup(Eqlf] - 49))
pep QeQ QEQ Q'en, Qen

Q'~Q
where we apply Theorem for the second equality, and |43, Proposition 9.23]

for the third equality. Conversely, if 77(f) = oo, then we are done. Otherwise let
x> 7" (f), and there exist H € H, such that z + HAS > f P — ¢.s.. Then for any
Qeq,

v > B[f] — EqIHAS] > Eg[f] — A.

By the arbitrariness of x and (), we have that

77 (f) > sup(Eq[f] — A%),

Qe
which together with (6.4.6)) implies (6.4.1]). O

6.5 Optional decomposition in multiple periods

6.5.1 The set-up and the main result

We use the set-up in Section [6.3] In addition, let f : Q7 — R be u.s.a. We

further assume:

Assumption 6.5.1.
(1) Fort € {0,..., T —1} and w € Q, (Hi(w))(Pe(w)) is convex and closed;

(11) the map Ay(w, Q) : Q X P(N) — R*,
Ai(w,Q) = sup yEo[ASH(w,-)]
yGHt(w)

is l.s.a. on the set {(w, Q) : Eg|ASi(w, )| < oo}.

Remark 6.5.1. Observe that WUy, defined in Assumption satisfies

(6.51) Uy, = {(w,Q) € U xP(Q) : ElAS,(w,")] < 00, Ayw,Q) < 0}.
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Therefore, Assumption [6.5.1](ii) implies Assumption [6.3.1]ii).
Remark 6.5.2. If Proposition or hold with §; = H,, then since A, = g,
(g, is defined in (6.3.3])), Assumption |6.5.1(ii) holds. See Example for a case

when this holds.

For any @ € PB(2r), there are Borel kernels Q; : € — P(Q) such that Q =
Qo ® ... ® Qr_1. For EQAS| |F] < oo Q-as., define A2(:) := A,(-,Qq(-)) for
t=0,....,T—1, and

t—1
B =Y AP t=1,..,T
i=0
and set BY = 0. Let
Q:={Q € P(Qr) : Q K P, Eg[|AS: |Fi] < 00 Q-a.s. for all t, and Bj@ < 00 Q-a.s.}.

Then it is not difficult to see that Q C 9, where Q is defined in (6.3.1) [ Also if for
eacht € {0,..., 7 — 1} and w € Q, Hi(w) is a convex cone, then Q = Q. Below is

the main result of this section.

Theorem 6.5.3. Let Assumptions |6.3.1 € (6.5.1 and NA(P) hold. Let V be an

adapted process such that Vi is u.s.a. fort = 1,...,T. Then the following are

equivalent:
(i) V — B9 is a Q-local-supermartingale for each Q € Q.

(11) There exists H € H and an adapted increasing process C with Cy = 0 such that

‘/t:‘/o‘i‘(HS)t—Ct, P—qs

LA rigorous argument is as follows. Let Q = Qo ® ... ® Qr_1 € Q, where Q; is a Borel kernels, 0 <t < T — 1.
It can be shown by a monotone class argument that the map (w,y, Q") — yEqg/[AS(w,-)] is Borel measurable for
(w,y,Q") € U x R x P(Q). Hence the map (w,y) — YEQ, (w)[AS(w, )] is Borel measurable for (w,y) € Q¢ x R,
Since Graph(#;) is analytic, by |18, Proposition 7.50] there exists a u.m. selector H]*(-) € H¢(-), such that

AZ(w) An—1/n < HMNw)Eq,w)[ASt(w,)] <0, for Q-as. w € Q,

where the second inequality follows from the local-supermartingale property of H™ - S with H" =
(0,...,0,H?,0...,0) € H. Sending n — oo we get that A? <0Q-as. fort=0,...,T—1, and thus Q € Q.
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6.5.2 Proof of Theorem [6.5.3]

We first provide three lemmas for the proof of Theorem We shall prove

Lemmas & in the appendix.

Lemma 6.5.4. Let Assumption |0.5.1)(ii) hold, and define Q; : € — P(Q) by
(6.5.2) Q(w) :={Q € P() : Q K P(w), EglASi(w,-)] < o0, Ai(w,Q) < oo}.
Then ; has an analytic graph.

The following lemma, which is a measurable version of Theorem [6.4.2] is parallel
to |19, Lemma 4.10]. Given Theorem [6.4.2 the proof of this lemma follows exactly

the argument of [19, Lemma 4.10], and thus we omit it here.

Lemma 6.5.5. Let NA(P) and Assumption hold, and let t € {0,...,T — 1}

and f: Qp x Q — R* be u.s.a.. Then

A A

E(f): Q=R E(NW) = sup (Eglf(w,")] - Alw,Q))
Qe (w)

is u.s.a.. Besides, there exists a u.m. function y(-) : Q; — R% with y(-) € Hq(-),

such that
E()w) + y(@)ASy(w,) = f(w,:) Pilw) —g.s.

for all w € Qy such that NA(P,(w)) holds and f(w,-) > —oo Py(w) — ¢.5..

Lemma 6.5.6. Let Assumptions &1[6.5.1 and NA(P) hold. Recall Q, defined
in (6.5.2)). We have that

Q= {QO ®...QQr_1: Qi) is a um. selector of Q;, t=0,...,T — 1}.
Proof of Theorem [6.5.3. (ii) = (i): For any Q € 9,

Vi = Vi + HAS, — (C2, — CP) <V, + H/AS,, Q-as..
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Hence,
EolVii|F) < Vi+ HiEQ[AS|F) < Vi + A2 =V, + B, — B?,

ie.,

EQ[Viga — Bt%ﬂ]:t] <V, - B
(i) = (ii): We shall first show that

(653) St<‘/t+1) < ‘/t, P — q.s.

Let Q = Q1®...®@Qr—1 € Qand e > 0. The map (w, Q) = Eg[Vit1(w, )] —Ai(w, Q)
is u.s.a., and graph(£;) is analytic. As a result, by [18, Proposition 7.50] there exists
a um. selector Q5 : € — P(N), such that Q5(-) € Qu(-) on {Q; # 0} (whose

complement is a @-null set), and

EQ?(')[VtJrl] — A, Q7 () = E(Vigr) A é —e, Q-as.

Define
Q=0Q1®...0Q11®Q; Qi1 ®Qr_1.

Then @’ € Q by Lemma[6.5.6 Therefore,
EgVis1 — BE|F] <Vi— BY, Q-as.
Noticing that Q = @’ on ;, we have
Vi > Eg[Vi|F] - AY = Ege(y[Vin] = A+, Q5 (1)) = E(Via) A é —&,  Q-as.

By the arbitrariness of € and @), we have (6.5.3) holds.

By Lemma there exists a u.m. function H, : €, — R? such that

E(Ver) (W) + Hy(w)ASp1(w, ) 2 Vigi(w, ) Pe(w) — g.s.
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for w € Q; \ N;. Fubini’s theorem and (6.5.3) imply that
‘/t"'HtASt Z ‘/;erl P_QS

Finally, by defining C; := Vi + (H - S); — V4, the conclusion follows. O

6.6 Hedging European and American options in multiple periods

6.6.1 Hedging European options

Let f: Qr — R be a u.s.a. function, which represents the payoff of a European

option. Define the super-hedging price
7(f)=inf{z: IH e H, st. a+ (H-S)r > f, P—q.s.}.

Theorem 6.6.1. Let Assumptions[6.5.1] €[6.5.1 and NA(P) hold. Then the super-

hedging price is given by

(6.6.1) n(f) = sup (Eqlf] - EqlBY))
Qe

Moreover, m(f) > —oo and there exists H € H, such that n(f)+(H-S)r > f P—q.s..

Proof. It is easy to see that m(f) > supgeq(Eqlf] — Eq [B]). We shall show the

reverse inequality. Define Vi = f and
W:gt(‘/;+1), t:O, ,T—l

Then V; is u.s.a. by Lemma fort =1,...,T. It is easy to see that (V; — BtQ)t
is a @-local-supermartingale for each ) € Q. Then by Theorem [6.5.3] there exists
H € H, such that

‘/E)—i_(HS)TZVT:f: P_qs

Hence Vy > 7w(f). It remains to show that

(6.6.2) Vp < sup (EQ[f] - EQ[BgZD .
Qe
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First assume that f is bounded from above. Then by |18, Proposition 7.50],
Lemma and Lemma we can choose a u.m. ¢ optimizer @5 for & in each

time period. Define Q° :=Q ® ... ® Q7_, € Q,

Vo=Epo...0&r1(f) < Eg-|f — B 4+ Te < sup Eg|f — BE] + Tk,
QeN

which implies (/6.6.2]).

In general let f be any u.s.a. function. Then we have

Eo...o&r_1(f An) <sup (EQ[f/\n] - EQ[B$]> .
Qe

Obviously the limit of the right hand side above is supgcq (EQ [f] — EQ[BjQ]) To
conclude that the limit of the left hand side is & o ... 0 Epr_1(f), it suffices to show

that for any t € {0,... ,T — 1}, and F;;;-measurable functions v™ 7 v,
v :=sup&(v") = &(v), P —q.s..

Indeed, for w € € \ N, by Theorem V" (w) — v(w) € K(P(w)), where N,
and K(-) are defined in and ((6.4.4) respectively. Since K(P(w)) is closed
by Lemma [6.4.4] v(w) — v(w) € K(P(w)), which implies y(w) > &(v)(w) by Theo-
rem (0.4.2

Finally, using a backward induction we can show that V; > —oo P — ¢.s., t =

0,...,7—1by Lemma|6.3.2land Theorem[6.4.2] In particular, 7(f) = Vj > —oco. O

Corollary 6.6.2. Let Assumption and NA(P) hold. Assume that for any

te{0,..., T —1} and w € Q, Hi(w) is a convex cone containing the origin. Then

m(f) = sup Eq[f].
QeQ

Proof. This follows from (6.5.1)) and that Q = Q and BY = 0 for any Q € Q. O
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6.6.2 Hedging American options

We consider the sub- and super-hedging prices of an American option in this
subsection. The same problems are analyzed in Chapter [VIII] but without portfolio
constraints. The analysis here is essentially the same, so we only provide the results

and the main ideas for their proofs. For more details and discussion see Chapter

(VITIL

Fort € {0,...,T — 1} and w € Q, define
Q' (w) ={Q(w)® ... ® Qr_1(w,-) : Q; is a u.m. selector of Q;, i =t¢,...,T —1}.

In particular Q° = Q. Assume graph(£?) is analytic. Let 7 be the set of stopping
times with respect to the raw filtration (B(€2;));, and let 7; C T be the set of stopping
times that are no less than ¢.

Let § = (f;)¢ be the payoff of the American option. Assume that §;, € B(€), t =

1,...,T, and f, € L}(Q) for any 7 € T and Q € Q. Define the sub-hedging price:
w(f) :=sup{z: I(H,7) e L x T, st.f+(H -S5);, >z, P—gq.s.},
and the super-hedging price:
7(f) =inf{z: IH e H, st. a+(H-5), >§,, P—q.s., VT €T}
Theorem 6.6.3. (i) The sub-hedging price is given by
(6.3 7(7) = sup inf Eqlf, + B

TET Qe

(ii) Fort e {1,...,T — 1}, assume that the map

T—1
¢ QX P(Qr_) = R, ¢yw, Q) =sup Eg [fr(w,) = Y AP (w, )

TET:
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1s u.s.a. Then

(6.6.4) 7(f) = sup sup Eglf, — BY],
TET QEN

and there exists H € ‘H, such that 7(f)+ (H - S); > §.,P —q.s., VT € T.

Proof. (i) We first show that
a(f)=sup{z: IH,7)eHXT, st. f,+(H-S)r>x, P—gq.s.}=:p.

For any = < m(f), there exists (H,7) € H x T, such that f. + (H -S5), >z P —g.s..
Define H' := (Hilgg<ry)e. Fort =0,... T — 1, since {t < 7} € B(€), H{(-) is u.m.;
besides, H,(-) is equal to either H,(-) € H.(-) or 0 € H,(-). Hence H' € H. Then
fr+(H -S)r =f,+(H-S), > 2 P — q.s, which implies z < 3, and thus =(f) < 8.

Conversely, for z < (3, there exists (H,7) € ‘H x T, such that f, + (H - S)r >
x P — q.s. Then we also have that §f. + (H - S), > x P — ¢.s.. To see this, let us

define D := {f, + (H - §), <z} and H' := (Hlu>nnp): € H. We get that
(H -S)r=[(H-S)r—(H-S);]1p >0P —q.s., and (H - S)r >0 P —q.s. on D.

NA(P) implies D is P-polar. Therefore 2 < x(f), and thus g < =(f).

It can be shown that

=

(f) = B =supsup{z: IH € H : §,+(H-S)p >z, P—q.s.} = sup inf Eq[f,+BY],
TeT TeT QER

where we apply Theorem for the last equality above.

(ii) Define

T—1
Vii Q=R V= sup sup Eg |Fo(w,) — > A%, )| .
QeQt 7Ty i—t

It can be shown that V;isu.s.a. fort =1,... ,T and (V}—BtQ)t is a ()-supermartingale

for each Q € Q. By Theorem [6.5.3] there exists H € H such that

Vot+ (H-S), >§.,P—q.s., VT eT.
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Therefore, sup,c7 supgeq Eolf- — BE] = Vo < 7(f). The reverse inequality is easy to

see. OJ

Remark 6.6.4. In (6.6.3) and (6.6.4), the penalization terms are BY and B2 respec-

tively. In fact, similar to the argument in (i) above, one can show that

a(f) = inf{e: VreT, IHeH, st. 2+ (H -9); >, P—q.s.}
= supinf{z: 3H e H, st. e+ (H-5); >f,, P—q.s.}
TeT
(6.6.5) = supinf{z: IH € H, st. x+(H-S)r > f,, P—q.s.}
T€T

— supsup Eglf, — BY]
TET Qe

Even though the definition of 7(f) is less useful for super-hedging since the stopping
time should not be known in advance, it suggests that Bj(‘? comes from knowing 7
in advance (compare 7(f) and 7(f)). It is also both mathematically and financially
meaningful that 7(f) < 7(f). However, it is interesting that when B? vanishes (e.g.,

when H,(-) is a cone), then 7(f) = 7(f).

6.7 FTAP and super-hedging in multiple periods with options

Let us use the set-up in Section[6.3] In addition, let g = (g%, ... ,¢°) : Qp — R be
Borel measurable, and each g' is seen as an option which can and only can be traded
at time ¢t = 0 without constraints. Without loss of generality we assume the price of

each option is 0. In this section, we say NA(P)? holds if for any (H,h) € H x R®,
(H-S)r+hg>0P—-qs. = (H-S)r+hg=0P —q.s..
Obviously NA(P)¢ implies NA(P).

Definition 6.7.1. f: Qp — R is replicable (by stocks and options), if there exists

some r € R, h € R® and H € H, such that

r+(H-S)r+hg=f or z+(H -S)r+hg=—f.
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Let

Q, ={Q € Q: Eylg] =0}.
Below is the main result of this section:

Theorem 6.7.2. Let assumptions in Corollary hold. Also assume that g is
not replicable by stocks and other options, and g* € L'(Q), i = 1,... ,e. Then we
have the following.

(1) NA(P)? holds if and only if for each P € P, there exists Q) € Q, dominating P.
(ii) Let NA(P)? holds. Let f: Qr — R be Borel measurable such that f € L'(Q).
Then

(6.7.1)

7(f) :=inf{z € R: 3I(H,h) € HXR® s.t. x+(H-S)r+hg > f, P—q.s.} = sup Eg[f].
QeQy

Moreover, there exists (H,h) € H x R®, such that 7(f)+ (H-S)r+hg > f P —q.s..
(1ii) Assume in addition H = —H. Let NA(P)Y hold and f : Qr — R be Borel
measurable satisfying f € L*(Q,). Then the following are equivalent:

(a) [ is replicable;

(b) The mapping QQ — Eq[f] is a constant on Q,;

(¢) For all P € P there exists Q € Qg such that P < Q and Eq[f] = n(f).

Moreover, the market is completcﬂif and only if Qg4 is a singleton.

Proof. We first show the existence of an optimal super-hedging strategy in (ii). It

can be shown that

7(f) = inf inf{r eR: dH e H st. x+ (H-S)r > f—hg, P—q.s.}

heRe

= inf sup Eglf —h
AuL, sup Eglf = hl,

2That is, for any Borel measurable function f: Q7 — R satisfying f € L;(Q), f is replicable.
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where we apply Corollary for the second equality above.

We claim that 0 is a relative interior point of the convex set

T:={Eqlgl: Q€ Q}.

If not, then there exists some h € R® with h # 0, such that Eg[hg] < 0 for any
Q € Q. Then the super-hedging price of hg using S, 7°(hg), satisfies 7°(hg) < 0 by
Corollary [6.6.2, Hence by Theorem there exists H € H, such that (H - S)r >

hg P — q.s.. As the price of hg is 0, NA(P)Y implies that
(H-S)r —hg=0P —q.s.,

which contradicts the assumption that each g* cannot be replicated by S and the
other options, as h # 0. Hence we have shown that 0 is a relative interior point of Z.
Define ¢ : R¢ — R,

¢(h) = sup Eglf — hg],
Qe

and observe that

7w(f) = inf ¢(h) = inf o(h).

heRe hespan(Z)

We will now show that there exists a compact set K C span(Z), such that

(6.7.2) 7(f) = inf ¢(h).

heK

In order to do this, we will show that for any h outside a particular ball will satisfy
¢(h) > ¢(0), which establishes the claim.

Now, since 0 is a relative interior point of Z, there exists v > 0, such that
B, :={vespan(Z): ||| <~} CZ.

Consider the ball K := {h € span(Z) : |[|h|| < 2supgeg Eglf|/7}. Then for any

h € span(Z) \ K, there exists Q € Q such that —hEg[g] > 2supgeq Folf| (pick Q
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s.t. Eglg] is in the same direction as —h and lies on the circumference of B, ). This
implies that
¢(h) = sup Eq[—hg] — sup Eq|f| > sup Eqlf] = ¢(0).
QeQ QeQ QeQ

Since such h are suboptimal, it follows that

7(f) = inf o(h).

hek

On the other hand, observe that

|6(h)—¢(h)| < sup |Eglf —hgl—Eq[f—h'g]| < sup E|(h—h")g| < ||h—F'|| sup Eq]l|gll],
QeQ QeQ Qe

i.e. ¢ is continuous (in fact Lipschitz). Hence there exists some h* € K C R¢, such

that

n(f) = jnf sup EQlf — hy]

= sup Eg[f — h'g]
QeQ

= inf{r eR: dHeHst. x+H-S> f—h%g, P—q.s.}.

Then by Theorem there exists H* € H, such that «(f) + (H* - S)r > f —
h*g P —q.s..
Next let us prove (i) and (6.7.1]) in (ii) simultaneously by induction. For e = 0,

(i) and (6.7.1) hold by Theorem and Corollary [6.6.2l Assume for e = k (i)
and (6.7.1) hold and we consider e = k + 1. We first consider (i). Let m*(¢*1) be

k+1

the super-hedging price of g®*! using stocks S and options ¢’ := (¢',...,¢%). By

induction hypothesis, we have

k+1>: sup EQ[gk+l].

QEQg/

™(g
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Recall that the price of g""! is 0. Then NA(P)? implies 7*(¢g**1) > 0. If 7% (g**1) = 0,
then there exists (H,h) € H x R¥, such that (H - S)r + hg' — g*™* > 0 P — ¢.s..
Then by NA(P)9,

(H-S)p+hg —g*t =0, P—qs.,

k+1

which contradicts the assumption that g"*" cannot be replicated by S and ¢’. There-

fore, 7%(g*™) > 0. Similarly 7*(—g***) > 0. Thus we have
inf Eg[g"™] <0< sup Eglg"].
o Folg™] oo Qlg™™]

Then there exists Q_, Q4+ € Qg satisfying

(6.7.3) Eq [¢"™] <0< Eq. [¢"").

Then for any P € P, let Q € Q, dominating P. Let
Q =2 _Q_+2Q+).Q,.

By choosing some appropriate A_, A\, A\, > 0 with A_ + A+ A\, = 1, we have P <
Q' € Q,, where g = (¢',... ,g""").
Next consider (6.7.1)) in (ii). Denote the super-hedging price 7*(-) when using

S and ¢', and 7(-) when using S and ¢, which is consistent with the definition in

(6.7.1)). Tt is easy to see that
(6.7.4) 7(f) > sup EQ[f],

Qe

and we focus on the reverse inequality. It suffices to show that
(6.7.5) Q. € Qy, s.t. Eg,[¢"™] — 0 and Eg, [f] — 7(f).
Indeed, if (6.7.5)) holds, then we define

QL =N"Q_+\N'Q, +\N'Qy, st. Eg g =0, ie., Q, € Q,
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where @4, Q_ are from (6.7.3) and A", A", X\ € [0,1] such that A" + X" + A7} = 1.

Since Egq,[¢"™] — 0, we can choose X} — 0. Then Egq [f] — «(f), which implies

m(f) < supgeo, Eolf].

So let us concentrate on proving ((6.7.5)). By a translation, we may w.l.o.g. assume

7(f) = 0. Thus if (6.7.5) fails, we have

0¢ {Eol(g*', f)]: Q€ Qy} CR™.
Then there exists a separating vector (y, z) € R? with ||(y, 2)|| = 1 such that

(6.7.6) sup Egolyg"™™ + zf] < 0.
QGQg/

By the induction hypothesis, we have that

0> sup Eqlygd™™ + 2f] = 7" (yg" ™" + 2f) = w(yg" ™ + 2f) = 7(2f).
c g’

Obviously from the above z # 0. If z > 0, then by positive homogeneity 7(f) < 0,
contradicting the assumption 7(f) = 0. Hence z < 0. Take Q" € Q, C Q. Then
by 0 > Egrlyg®™' + zf] = Egr|zf], and thus Egv[f] > 0 = 7(f), which
contradicts .

Finally, let us prove (iii). It is easy to see that (a) = (b) = (c¢). Now let (c)
hold. Let (H,h) € H x R® such that ©(f)+ (H -S)r+hg > f P —q.s. If there exists
P € P satistying

P{x(f)+ (H-S)r+hg>f}>0,
then by choosing a @) € Q, that dominates P, we would have that 7(f) > Eg[f] =
7(f), contradiction. Hence 7(f)+ H -S +hg= f P — q.s., i.e., f is replicable.

If the market is complete, then by letting f = 14, we know that Q — Q(A) is
constant on Q for every A € B({2) by (b). As any probability measure is uniquely
determined by its value on B(Q2), we know that Q is a singleton. Conversely, if Q is

a singleton, then (b) holds, and thus the market is complete by (a). ]
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VI.A Proofs of Some Technical Results

VI.A.1 Proof of Lemma [6.3.2]

Proof. Fix t € {0,...,T — 1} and let
(VILA1) A°(w):={yecR?: yv>0, forall v ¢ SUppp() (ASi(w, )},  w € Q.
It could be easily shown that

Nf = we i Agw) € —A(w)},

where A3, = A° N H;. For any P € P(), by [19, (4.5)], there exists a Borel-
measurable mapping A% : Q; — R? with non-empty closed values such that A% = A°
P-a.s.. This implies that the graph(A$) is Borel (see |2, Theorem 18.6]). Then it can
be shown directly from the definition that A3 p == Ap NH; is um. Thanks

to the closedness of —A°, the set
Nip = {0 A3p(w) © ~A2(0)} = Nyeqelw : dist(y, A3 p(w)) > dist(y, —A°(w)))

is u.m. Therefore, there exists a Borel measurable set Nf p, such that Nf p=Nip=
Nf P-a.s. Thus Nf is u.m. by [18, Lemma 7.26].

It remains to show that N; is P-polar. If not, then there exists P, € P such that
P.(N;) > 0. Similar to the argument above, there exists a map A : €, — R¢ with

a Borel measurable graph(A?), such that
(VI.LA.2) A, = A° Pi-as..
Let

P(w) :=={(y, P) € (A;NHy)(w) X P(w) : Ep[yASy(w,-)] >0}, we Q.
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Then Ny = {® # 0} P.-a.s. by (6.3.2)), (VI.A.1)) and (VI.A.2). It is easy to see that

(with a slight abuse of notation)

graph(®) = [graph(P,) x R N [PB(€2) x graph(A?)]
N EplyASi(w,-)] > 0} N[FB(€2) x graph(H,)]
is analytic. Therefore, by the Jankov-von Neumann Theorem |18, Proposition 7.49],
there exists a u.m. selector (y, P) such that (y(:),P(:)) € ®(-) on {® # 0}. As
Ny = {® # 0} P, —a.s., y is P,ass. an arbitrage on N;. Redefine y = 0 on
{y ¢ A°NH,;}, and P to be any u.m. selector of P; on {® = (}. (Here we redefine y
on {y ¢ A°NH,} instead of {® # 0} in order to make sure that y(-) € A°(-) so that
yAS; > 0 P — g.s..) So we have that y(-) € Hs(-), P(-) € Pi(-), yAS; > 0 P — ¢.s.,

and
(VI.A.3) P(w){y(w)AS;(w,-) >0} >0 for Pi-a.s. w € N;.
Now define H = (Hy,... ,Hy_1) € H satisfying

H,=vy, and H, =0, s #t.

Also define

P"=Plo,@®PRP1®...0 Pr_1 €P,

where P; is any u.m. selector of Py, s =t+1,... ,T—1. Then (H-S)r > 0P —gq.s.,

and P*{(H - S)r > 0} > 0 by (VI.A.3), which contradicts NA(P). O

VI.A.2 Proof of Lemma [6.3.3]

Proof. Let

(w) = {(R,R) € P(Q) x P(Q): Pw) < R<K R}, we,
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which has an analytic graph as shown in the proof of [19, Lemma 4.8]. Consider
20— P() x P(Q),
E(w) ={(Q, P) € B(2) x P(Q) : Eq|AS,(w,")| < oo,
EglyAS,(w, )] <0, Yy € Hy(w), P(w) < Q < P € Pyw)}.

Recall the analytic set Uy, defined Assumption [6.3.1f(iii). We have that

graph(E) = [Wy, x P(Q)] N [P(2) x graph(Py)] N graph(P)

is analytic. As a result, we can apply the Jankov-von Neumann Theorem |18 Propo-

A

sition 7.49] to find w.m. selectors Q(-), P(-) such that (Q(-), P(-)) € Z(-) on {Z # 0}.
We set Q(+) := P(+) := P(-) on {€ = 0}. By Theorem [6.2.2] if Assumption [6.3.1{ii)
and NA(P;(w)) hold, and P(w) € P;(w), then Z(w) # 0. So our construction satisfies
the conditions stated in the lemma.

It remains to show that graph(Q,) is analytic. Using the same argument for =,

but omitting the lower bound P(-), we see that the map = : Q; — PB(Q) x B(Q),

E(w) = ={(Q, P) € B(Y) x P(Q) : EglASy(w,)| < oo,
Eo[yASy(w,-)] <0, Yy € Hi(w), Q < P € Py(w)}

has an analytic graph. Since graph(Q;) is the image of graph(Z) under the canonical
projection ; x P(Q) x P(Q2) — Q2 x P(Q), it is also analytic. O

VI.A.3 Proof of Lemma [6.5.4]

Proof. Similar to the argument in [19, Lemma 4.8], we can show that the set
J:={(P,Q) € B(Q) x P(Q): Q< P}
is Borel measurable. Thus, for Z: Q, — B(Q)

Ew) ={Q e P(Q): Q K Pi(w)},
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graph(Z) is analytic since it is the projection of the analytic set
[€2¢ x J] N [graph(P;) x P(Q)]
onto €, x P(). By Assumption 6.5.1(ii), the function A : €, x P(Q) — R*,

Alw, Q) = A(w, Q) L{Ezg|as:(w,)<oo} T 0OL{Eg|AS: (w, )| =00}

is l.s.a. As a result,

graph(£;) = graph(Z) N {A < oo}
is analytic. O]

VI.A.4 Proof of Lemma [6.5.6]

Proof. Denote the right side above by R. Let R = Qo ® ... ® Qr_1 € R. Without
loss of generality, we can assume that Q; : € — P(Q) is Borel measurable and
Qi) € () on {Q # 0} Q! = Qr®...0 Qiq-as., t =1,..., T —1. For

we, t=0,...,T—1,let

Oyw) = {(Q, P) € P(Q) x P() : Quw) =Q < P € Py(w)}.

Similar to the argument in the proof of [19, Lemma 4.8], it can be shown that
graph(®) is analytic, and thus there exists u.m. selectors Qy(-), Pi(+), such that
(Q:(-), P(+)) € ®(-) on {®, # B}. We shall show by an induction that for ¢t =

0,...,T—1,
®, #Pfort=0, and {®, =0} isa Q" 'null set fort =1,...7 — 1,

and there exists a universally selector of P; which we denote by Pi(-) : Q; — ()

such that

Qt:QO®®Qt<P0®®Pt
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Then by setting t = T — 1, we know R = Q7! € Q. It is easy to see that the
above holds for ¢ = 0. Assume it holds for t = k < T — 1. Then {®y; = 0} C
{Qr1(+) & Qpi1(4)} is a QF-null set by Lemma and the induction hypothesis.
As aresult, Qri1 = Qi1 QF-a.s., which implies that Q" = Qy®...® Q1. Setting
Py = PkH Lipzoy + ﬁk+11{¢,:@}, where pk_l’_l(‘) is any u.m. selector of Py 1, we have
that Py ®...® Py € P*L. Since Qpy1(w) < Prpr(w) for QF-as. w € Q, together
with the induction hypothesis, we have that Q**' < Py®...® Py;1. Thus we finish
the proof for the induction.

Conversely, for any R € £, we may write R = Qo ® ... ® Qr_1, where Q; :
Q; — P(Q) is some Borel kernel, t =0,... , T —1. Then Q;(w) € Q;(w) for Q' *-a.s.
w € ;1. Thanks to the analyticity of graph(£;), we can modify Q;(-) on a Q*~'-null
set, such that the modification Q,(-) is u.m. and Q,(-) € 9Q,(-) on {Q, # 0}. Using a

forward induction of this modification, we have that R = QO Q... QT_l eR. O



CHAPTER VII

Fundamental theorem of asset pricing under model
uncertainty and transaction costs in hedging options

7.1 Introduction

We consider a discrete time financial market in which stocks are traded dynami-
cally and options are available for static hedging. We assume that the dynamically
traded asset is liquid and trading in them does not incur transaction costs, but that
the options are less liquid and their prices are quoted with a bid-ask spread. (The
more difficult problem with transaction costs on a dynamically traded asset is ana-
lyzed in [4,37].) As in [19] we do not assume that there is a single model describing
the asset price behavior but rather a collection of models described by the convex
collection P of probability measures, which does not necessarily admit a dominating
measure. One should think of P as being obtained from calibration to the market
data. We have a collection rather than a single model because generally we do not
have point estimates but a confidence intervals for the parameters of our models.
Our first goal is to obtain a criteria for deciding whether the collection of models
represented by P is viable or not. Given that P is viable we would like to obtain
the range of prices for other options written on the dynamically traded assets. The
dual elements in these result are martingale measures that price the hedging op-

tions correctly (i.e. consistent with the quoted prices). As in classical transaction
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costs literature, we need to replace the no arbitrage condition by the stronger robust
no arbitrage condition, as we shall see in Section In Section we will make
the additional assumption that the hedging options with non-zero spread are non-
redundant (see Definition[7.3.1]). We will see that under this assumption no arbitrage
and robust no arbitrage are equivalent. Our main results are Theorems and

3.4

7.2 Fundamental theorem with robust no arbitrage

Let Sy = (S},...,5%) be the prices of d traded stocks at time ¢t € {0,1,...,T}
and #H be the set of all predictable R%valued processes, which will serve as our

1., g% be the payoff of e options that can be traded

trading strategies. Let g = (g
only at time zero with bid price g and ask price g, with § > g (the inequality

holds component-wise). We assume S; and g are Borel measurable, and there are no

transaction costs in the trading of stocks.

Definition 7.2.1 (No arbitrage and robust no arbitrage). We say that condition

NA(P) holds if for all (H,h) € H x R®,
H-Sr+h*(g—g9) —h (g—g) >0 P — quasi-surely (—q.s.)ﬂ
implies
H-Sr+h"(g—g9) —h(9g—9) =0 P-qs,

where h* are defined component-wise and are the usual positive/negative part of hE|
We say that condition RNA(P) holds if there exists g’, ¢’ such that ¢, 7] C ri[g, g]

and NA(P) holds if g has bid-ask prices ¢, ¢’ E|

LA set is P-polar if it is P-null for all P € P. A property is said to hold P-q.s. if it holds outside a P-polar set.
2When we multiply two vectors, we mean their inner product.
34ri” stands for relative interior. [g’,g'] C ri[g,g] means component-wise inclusion.
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Definition 7.2.2 (Super-hedging price). For a given a random variable f, its super-

hedging price is defined as
7(f) :=inf{x € R: 3(H,h) € HxR®, s.t. 2+H -Sp+h"(9—g)—h"(9—g) > f P-q.s.}.

Any pair (H,h) € H x R® in the above definition is called a semi-static hedging

strategy.

Remark 7.2.3. (1) Let 7(¢*) and 7(—g') be the super-hedging prices of g* and —¢,

where the hedging is done using stocks and options excluding g*. RNA(P) implies

either
—#(—¢") < ¢ =7 < 7(g")
or
(7.2.1) —#(—¢) < (@) <7 and ¢ <(g) <79

where ¢',g" are the more favorable bid-ask prices in the definition of robust no ar-
bitrage. The reason for working with robust no arbitrage is to be able to have the
strictly inequalities in for options with non-zero spread, which turns out to be
crucial in the proof of the closedness of the set of hedgeable claims in (hence
the existence of an optimal hedging strategy), as well as in the construction of a dual
element (see (7.2.6)).

(2) Clearly RNA(P) implies NA(P), but the converse is not true. For example,
assume in the market there is no stock, and there are only two options: ¢;(w) =
g2(w) = w, w € Q:=[0,1]. Let P be the set of probability measures on 2, g =

g =1/2, g, =1/4 and g, = 1/2. Then NA(P) holds while RNA(P) fails.

For b,a € R®, let

ol .= {Q « P : Q is a martingale measure and Eg[g] € [b, a]}
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where () <€ P means 3P € P such that Q < P Let Q{f’“] ={Q € Q: Egly] <
oo}. When [b,a] = [g,g], we drop the superscript and simply write Q, Q.. Also

define
Q° = {Q < P : Q is a martingale measure and Eg[g] € rilg, 9]}

and Q7 = {Q € Q°: Eglp] < oo}.

Theorem 7.2.4. Let ¢ > 1 be a random variable such that |g'| < o Vi =1,... e.

The following statements hold:

(a) (Fundamental Theorem of Asset Pricing): The following statements are equiv-

alent
(i) RNA(P) holds.
(i1) There exists [¢',G'] C rilg,q] such that VP € P, 3Q € QL%"?'] such that

P<Q.

(b) (Super-hedging) Suppose RNA(P) holds. Let f : Q — R be Borel measurable

such that |f| < ¢. The super-hedging price is given by

(7.2.2) m(f) = sup Eq[f] = sup Eglf] € (—o0,00],
QeQg Q€Qy

and there ezists (H,h) € H x R® such that
T(f)+H-Sr+h*(g=g9)—h (9—9) =] P-gs.

Proof. Tt is easy to show (ii) in (a) implies that NA(P) holds for the market with
bid-ask prices ¢, g’, Hence RNA(P) holds for the original market. The rest of our

proof consists two parts as follows.

4Eqlg) € [b,a] means Eg[g] € [b%,a’] for alli =1,..., e.
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Part 1: 7(f) > —oo and the existence of an optimal hedging strategy in

(b). Once we show that the set

(7.2.3) Co={H -Sr+hT(g—9)—h (g—g): (Hh)eHxRY}—L]

is P — ¢.s. closed (i.e., if (W), C C, and W™ — W P — g.s., then W € C,), the
argument used in the proof of [19, Theorem 2.3] would conclude the results in part
1. We will demonstrate the closedness of C, in the rest of this part.

Write g = (u,v), where u = (g*,... ,¢") consists of the hedging options without
bid-ask spread, i.e, g’ =g fori =1,...,r, and v = (¢"™",... , g°) consists of those

with spread, i.e., g_]i < g fori=r+1,... e for some r € {0,...,e}. Denote

U= (gl, ... ,g") and similarly for v and . Define
C:={H -Sr+a(u—u): (Ha)eH xR} - L.

Then C is P — g.s. closed by [19, Theorem 2.2].

Let W"* — W P — q.s. with
(724) W"=H"-Sr+a"(u—u)+ (") (v—2)— (8") (v —v)—U" €C,,

where (H",a", ") € H x R" x R*" and U™ € LY. If ("), is not bounded, then

by passing to subsequence if necessary, we may assume that 0 < ||f"|| — oo and

rewrite ((7.2.4) as

Hn Oén Wn ﬁn )+ . (Bn )
2 S Y (- _ _ 2 _ C
B o Y = <HB”H =0+ ) mwEC

where || - || represents the sup-norm. Since C is P — g.s. closed, the limit of the right

hand side above is also in C, i.e., there exists some (H,«) € H x R", such that

H-Sr+au—u)>—-Bv—-0)+8 (v-2), P-a.s.,
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where (3 is the limit of (5™),, along some subsequence with ||5]| = 1. NA(P) implies

that
(7.2.5) H-Sr+alu—u)+ B (v—1)—B (v—v)=0, P—as.

As B = (Bry1,.-.,0:) # 0, we assume without loss of generality (w.l.o.g.) that

Be # 0. If 5. < 0, then we have from ((7.2.5)) that

e, H o — 5z+ i =i B i e
g+E~ST+E(U—Q)+i;1{E(g—g)—E(g -9 =9 P—as.

Therefore 7(g¢) < g, which contradicts the robust no arbitrage property (see ([7.2.1)))
of g¢. Here 7(g°) is the super-hedging price of ¢¢ using S and g excluding ¢¢. Similarly
we get a contradiction if 5. > 0.

Thus (5™), is bounded, and has a limit § € R*™" along some subsequence (ny)g.

Since by
H"-Sr+a™(u—u) =W"—(8")"(v-0)+ (") (v-2v) €C,

the limit of the right hand side above along (ng)g, W — 5t (v —0) + 87 (v — v), is
also in C by its closedness, which implies W € C,.
Part 2: (i) = (i¢) in part (a) and (7.3.3)) in part (b). We will prove the results by
an induction on the number of hedging options, as in |19, Theorem 5.1]. Suppose the
results hold for the market with options g!,. .., ¢°>. We now introduce an additional
option f = g“* with |f| < ¢, available at bid-ask prices f < f at time zero. (When
the bid and ask prices are the same for f, then the proof is identical to [19].)

(i) = (i) in (a): Let 7(f) be the super-hedging price when stocks and ¢, . .., g°
are available for trading. By RNA(P) and in part (b) of the induction hy-

pothesis, we have

(126)  F>F >-n(=f)= jnf Eqlf] and f<f <n(f)= sup Eolf
€Ly QeQs,
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where [f’, 7] C (f, f) comes from the definition of robust no arbitrage. This implies
that there exists Q, Q- € Q such that Eq [f] > f” and Eg_[f] < 7 where =
s+, f= %(74—7) By (a) of induction hypothesis, there exists [b, a] C ri[g, g]

such that for any P € P, we can find Q) € QE"” satisfying P < Qg << P. Define

Q, = min(b7 EQ+ [g]v Eq_ [g])v and gl = max(a, EQ+ [g]v Eq_ [g])

where the minimum and maximum are taken component-wise. We have [b,a] C
i o lg",9']

[Q;g]g”[gag] and Q+7Q—€ ng .

Now, let P € P. (a) of induction hypothesis implies the existence of a Qy €

Qg”“] C QLQ,/’?] satisfying P < (o << P. Define

Q= A Q-+ Qo+ A Q.

Then @ € Qg/m and P < ). By choosing suitable weights A_, A\g, Ay € (0,1),A\_ +
Ao + Ay =1, we can make Eg[f] € [i”,fﬂ] C rilf, f].
(7.3.3) in (b): Let £ be a Borel measurable function such that [{] < . Write

7'(€) for its super-hedging price when stocks and g',..., g%, f = ¢°*' are traded,

0, ={Q € Qy: Eglf) € [/, 71} and Q3 = {Q € Q) : Eqlf] € (£.7)}. We want

to show

(7.2.7) m'(§) = sup Eg[¢] = sup Eg[¢].
QeQ’s QeQ,

It is easy to see that

(7.2.8) ™(£) = sup Eglf] > sup Eql]
QeQ, QeQls

and we shall focus on the reverse inequalities. Let us assume first that £ is bounded

from above, and thus 7/(§) < co. By a translation we may assume 7'(&) = 0.



123

First, we show 7'(§) < SUDQcor, Egl¢]. It suffices to show the existence of a

sequence {Q,} C Q, such that lim, Eq,[f] € [f, f] and lim, Ey, [¢{] = 7'(§) = 0.

(See page 30 of [19] for why this is sufficient.) In other words, we want to show that

{EQl(£.9)]: Qe 9.} (If. f] x {0}) #0.

Suppose the above intersection is empty. Then there exists a vector (y, z) € R? with
|(y,z)| = 1 that strictly separates the two closed, convex sets, i.e. there exists b € R

s.t.

(7.2.9) sup Eglyf +2¢] <b and inf ya > 0.
Q€ acl[f.f]

It follows that

(7.2.10)

ytf—y ' (26) < w(yf+26) < myf+26) = Jup Eqlyf+28] <b<y*f—y

where the first inequality is because one can super-replicate 2§ = (yf + 2§) + (—yf)
from initial capital 7'(yf + 2§) —y* f + y~ f, the second inequality is due to the fact
that having more options to hedge reduces hedging cost, and the middle equality is
by (b) of induction hypothesis. The last two inequalities are due to (|7.2.9)).

It follows from that 7'(2§) < 0. Therefore, we must have that z < 0,
otherwise 7'(2€) = zn’(§) = 0 (since the super-hedging price is positively homoge-
nous). Recall that we have proved in part (a) that Q:D # 0. Let Q' € Q; C Q,. The
part of after the equality implies that yFEq [f] +2Eqy[¢] <y f — y~ f. Since
Eglf) € [£.F), we get 2Eq/lé] < y* (f — Ealf]) — y(F — Eg/lf]) 0. Since 2 <0,
Eg[€] > 0. But by (7.2.8), Eq/[¢] < '(§) = 0, which is a contradiction.

Next, we show supgcor Eq €] < suPgeors Lo [€]. Tt suffices to show for any € > 0

and every ) € @/, we can find Q° € QF such that Egs[{] > Eg[¢] —¢. To this end,
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let Q" € Q7 which is nonempty by part (a). Define
Q°=(1-NQ+ )\
We have Q* << P by the convexity of P, and Q° € QF if A € (0, 1]. Moreover,
Eqs[¢] = (1 = N EQ[§] + AEq[§] — Eql¢] as A= 0.

So for A > 0 sufficiently close to zero, the Q)° constructed above satisfies Egs[¢] >
Eq[¢] —e. Hence we have shown that the supremum over @/ and Q7 are equal. This
finishes the proof for upper bounded &.

Finally when £ is not bounded from above, we can apply the previous result to
§ A n, and then let n — oo and use the closedness of C, in to show that
holds. The argument would be the same as the last paragraph in the proof

of [19, Thoerem 3.4] and we omit it here. O

7.3 A sharper fundamental theorem with the non-redundancy assump-
tion
We now introduce the concept of non-redundancy. With this additional assump-

tion we will sharpen our result.

Definition 7.3.1 (Non-redundancy). A hedging option ¢’ is said to be non-redundant
if it is not perfectly replicable by stocks and other hedging options, i.e. there does
not exist z € R and a semi-static hedging strategy (H,h) € H x R® such that
x+ H- ST+Zhjgj =g' P-qs..
J#i
Remark 7.3.2. RNA(P) does not imply non-redundancy. For Instance, having only

two identical options in the market whose payoffs are in [c, d], with identical bid-ask
prices b and a satisfying b < ¢ and a > d, would give a trivial counter example where

RNA(P) holds yet we have redundancy.
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Lemma 7.3.3. Suppose all hedging options with non-zero spread are non-redundant.
Then NA(P) implies RNA(P).

Proof. Let g = (¢%,... ,¢g"™), where u := (g',... ,g") consists of the hedging options

rH ., g™ ) consists of

without bid-ask spread, i.e, g_]i =g fori=1,...,r, and (g
those with bid-ask spread, i.e., g < g for i = r+1,...,r +s. We shall prove
the result by induction on s. Obviously the result holds when s = 0. Suppose
the result holds for s = & > 0. Then for s = k + 1, denote v := (¢g"' ..., ¢g"%),

V= (g'r—l—l"“ g

yand v := (g"*, ... ,g"**). Denote f := g" "+ 1.

By the induction hypothesis, there exists [v/, 7] C (v, 7) be such that NA(P) holds
in the market with stocks, options u and options v with any bid-ask prices b and a
satisfying [v/, 7] C [b,a] C (v,?). Let v, € (v,0'), v, € (V,0), [ > fand f < 7,
such that v, \ v, v, /7, in N\ f and f. / f. We shall show that for some n,
NA(P) holds with stocks, options u, options v with bid-ask prices v,, and v, option
f with bid-ask prices LL and f,. We will show it by contradiction.

If not, then for each n, there exists (H", hy,, i, h’}) € H x R" x R* x R such that

) u’ v

(7.3.1) H" - Sp+ hiy(w—w) + (hy) " (0 = 0,) = (b))~ (v = v,

+(R)(f = o) = (W)~ (f = f

—n

)>0, P—gq.s.,
and the strict inequality for the above holds with positive probability under some
P, € P. Hence h} # 0. By a normalization, we can assume that |h}| = 1. By

extracting a subsequence, we can w.l.o.g. assume that A"} = —1 (the argument when

assuming h} = 1 is similar). If (hy, h}), is not bounded, then w.lLo.g. we assume

that 0 < ¢ := ||(hl, hI")|| = co. By (7.3.1) we have that

u’r v

H™ h™
C C

()™ () 1

(v —71,) —

ch ch
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By [19, Theorem 2.2|, there exists H € H, such that
H - S+ hy(u—u)+h(v—0)—h, (v—2v) >0, P—gqs.,

where (h,, h,) is the limit of (hll/c", h"/c™) along some subsequence with ||(h, hy)|| =

1. NA(P) implies that
(7.3.2) H-Sr+hy(u—u)+hf(v—0)—h (v—2v)=0, P—g.s.

Since (hy, hy) # 0, (7.3.2)) contradicts the non-redundancy assumption of (u,v).

Therefore, (A", ™), is bounded, and w.lo.g. assume it has the limit (A, hy).

u’r v

Then applying [19, Theorem 2.2] in (7.3.1)), there exists H € H such that

A ~ ~ ~

H-Sr+hy(u—u)+hf(v-70)—hy(v—v)—(f—f)>0, P—gs.

NA(P) implies that

~ ~

H - Sp+ hy(u—u) +hf (v =0) = h (v —v) = (f = ) =0, P—g.s.,

which contradicts the non-redundancy assumption of f. O

We have the following FTAP and super-hedging result in terms of NA(P) instead

of RNA(P), when we additionally assume the non-redundancy of g.

Theorem 7.3.4. Suppose all hedging options with non-zero spread are non-redundant.
Let o > 1 be a random variable such that |g'| < @ Vi =1,...,e. The following state-

ments hold:

(a’) (Fundamental Theorem of Asset Pricing): The following statements are equiv-

alent
(i) NA(P) holds.

(1) VP € P, 3Q € Q, such that P < Q.
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(b’) (Super-hedging) Suppose NA(P) holds. Let f : Q@ — R be Borel measurable such

that | f| < ¢. The super-hedging price is given by

(73.3) 7(f) = sup Eglf] € (—o0,00],
QeQ,

and there exists (H,h) € H x R® such that
() +H - Sr+h*(g=9)—h (9—9) = f P-gs.

Proof. (a’)(ii) = (a’)(i) is trivial. Now if (a’)(i) holds, then by Lemma[7.3.3| (a)(i)
in Theorem holds, which implies (a)(ii) holds, and thus (a’)(ii) holds. Finally,

(b’) is implied by Lemma and Theorem [7.2.4{(b). O

Remark 7.3.5. Theorem [7.3.4] generalizes the results of [19] to the case when the
option prices are quoted with bid-ask spreads. When P is the set of all probabil-
ity measures and the given options are all call options written on the dynamically
traded assets, a result with option bid-ask spreads similar to Theorem (a) had
been obtained by [26]; see Proposition 4.1 therein, although the non-redundancy
condition did not actually appear. (The objective of [26] was to obtain relationships
between the option prices which are necessary and sufficient to rule out semi-static
arbitrage and the proof relies on determining the correct set of relationships and then
identifying a martingale measure.)

However, the no arbitrage concept used in [26] is different: the author there
assumes that there is no weak arbitrage in the sense of [32]; see also [1,[31] ] (Recall
that a market is said to have weak arbitrage if for any given model (probability
measure) there is an arbitrage strategy which is an arbitrage in the classical sense.)
The arbitrage concept used here and in [19] is weaker, in that we say that a non-

negative wealth (P-q.s.) is an arbitrage even if there is a single P under which the

5The no arbitrage assumption in [1] is the model independent arbitrage of [32|. However that paper rules out the
model dependent arbitrage by assuming that a superlinearly growing option can be bought for static hedging.
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wealth process is a classical arbitrage. Hence our no arbitrage condition is stronger
than the one used in [26]. But what we get out from a stronger assumption is the
existence of a martingale measure @ € Q, for each P € P. Whereas [26] only
guarantees the existence of only one martingale measure which prices the hedging

options correctly.



CHAPTER VIII

On hedging American options under model uncertainty

8.1 Introduction

We consider the problem of pricing and semi-static hedging of American options
in the model uncertainty set-up of [19]. In semi-static hedging stocks are traded
dynamically and options are traded statically. This formulation is frequently used in
the literature since options are less liquid than stocks (see e.g. [32]). In this setting,
so far only the super-hedging prices of (path dependent) European options under
(non-dominated) model uncertainty were considered: see e.g. |1,/17,[19]. [36] obtained
these results for a continuous time financial market. Some results are available on
the pricing of American options in the model independent framework without the
static hedging in options. See for example [35] for duality results in discrete time
set-up, and [13,39./67] for similar duality results and in particular the analysis of the
related optimal stopping problem.

In this chaper, we consider the problems of sub- and super-hedging of American
options using semi-static trading strategies in the model independent set-up of [19].
We first obtain the duality results for both the sub- and super-hedging prices, as well
as the existence of the optimal hedging strategies. Then for compact state spaces we

show how to discretize it in order to obtain the optimal rate of convergence.

129
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In the first part of this chaper, we focus on the sub-and super-hedging dualities.
For the sub-hedging prices we discuss whether the sup and inf in the dual representa-
tion can be exchanged. We show that the exchangeability may fail in general unless
there is no hedging option. For the super-hedging prices we discuss several alterna-
tive definitions. The correct definition involves “non-anticipative” strategies, which
is quite different from the one in the classical case when there is no hedging option.
As for the existence for the optimal hedging strategies, we first develop a new proof
to obtain the existence of an optimal static hedge. Then we use the non-dominated
optimal stopping to obtain the optimal trading strategy in the stock for sub-hedging
problem, and the optional decomposition for super-hedging.

In the second part of this chaper, we concentrate on how to use hedging prices
in the discretized market to approximate the ones in the original market. This
approximation is useful for numerical computations since in the discretized market
the state space is finite, and thus there exists a dominating measure on it. Our
approximation result is a generalization of [35], but in our case the construction
of the approximation becomes much more complicated due to the presence of the
hedging options. In particular, in contrast to [35], it is not a priori clear that the
discretized market is free of arbitrage. We also show how to pick the prices of the
hedging options in the discretized market in order to obtain the optimal convergence
rate. One should note that, although in [35] the no-arbitrage notions of [?] and [19]
coincide (see Appendix, in our case they are different since there are hedging
options available. We choose to work in the framework of [19)].

The rest of the chaper is organized as follows: We obtain the duality results
for the sub- and super-hedging prices of American options in Sections and [8.3]

respectively. In Section [8.4 we discretize the path space and show that hedging
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prices in the discretized market converge to the original ones. The appendix is
devoted to verify some of the statements we make in Sections [8.1] and Of
particular interest in that section is the analysis of the adverse optimal stopping
problems for nonlinear expectations in discrete time, which resolves the optimal
stopping problems in [35] for more general state spaces (see Appendix . This
result is useful particularly in showing the existence of the optimal sub-hedging
strategy. The existence of the optimal super hedging strategy is a consequence of the
non-dominated optional decomposition theorem [19] and the analysis in Appendix
VIIL.CL

The remainder of this section is devoted to setting up the notation used in the

rest of the chaper.

8.1.1 Notation

We use the set-up in |19]. Let 7" € N be the time Horizon and let §2; be a Polish
space. For t € {0,1,...,T}, let ; := Q! be the t-fold Cartesian product, with the
convention that € is a singleton. We denote by F; the universal completion of B(£2;)
and write (€2, F) for (Qr, Fr). Foreach t € {0,... , T — 1} and w € ;, we are given
a nonempty convex set Py(w) C PB(£21) of probability measures. Here P; represents
the possible models for the t-th period, given state w at time t. We assume that
for each t, the graph of P; is analytic, which ensures that P, admits a universally
measurable selector, i.e., a universally measurable kernel P, : Q, — J(£2;) such that

P,(w) € Pi(w) for all w € Q;. Let
(811) P = {P0®...®PT_1 : Pt() E'Pt(), tZO, ,T—l},
where each P, is a universally measurable selector of P;, and for A € €2,

P0®...®PT_1(A) :/ / 1A(w1,... ,wT)PT_l(wl,... ,wT_l;dwT)...Po(dwl).
1951 Q1
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Let S; : €2, — R be Borel measure, which represents the price at time ¢ of a stock
S that can be traded dynamically in the market. Let ¢ = (¢g1,...,g.) : © — R® be

Borel measurable, representing the options that can only be traded at the beginning

at price 0. Assume NA(P) holds, i.e, for all (H,h) € H x R®,
(H-S)r+hg>0 P —q.s. implies (H-S)r+hg=0 P—qs.,

where H is the set of predictable processes representing trading strategies, (H-S)p =
Z:ol Hy(Sis1 — S;), and hg denotes the inner product of h and g. Then from [19,

FTAP], for all P € P, there exists @) € Q such that P < @), where
Q := {Q martingale measur: Eglg'] =0,i=1,... e, and IP' € P s.t. Q < P'}.

In the next section we will consider an American option with pay-off stream ®. We

will assume that ®: {0,... , 7} x Q2 — R is adaptedﬂ. Let T be the set of stopping
times with respect to the raw filtration (B(€))L,, and 7; C T the set of stopping

times that are no less than t. For t =0,... ,T and w € §;, define
Qi(w) ={Q € P() : Q K P, for some P € Py(w), and Eg[ASii1(w, )] = 0}.

By [19, Lemma 4.8], there exists a universally measurable selector @); such that
Q:(-) € Qi(+) on {Q; # (0}. Using these selectors we define for ¢t € {0,... , 7 — 1}

and w € (),
Mi(w) ={Q:®...®Qr_1: Qi(w,") € Qi(w,) on {Q;(w, ) #0}, i=¢t,..., T —1},

which is similar to (8.1.1)) but starting from time ¢ instead of time 0. In particular

My = M, where

(8.1.2) M := {@Q martingale measure : 3P € P, s.t. Q < P}.

IThat is, Q satisfies Eq[|Si+1| |F¢] < oo and EQ[Si+1|Fe] = Si, Q-as. fort=0,...,T — 1.
2Unless otherwise specified the measurability and related concepts (adaptedness, etc) are with respect to the
filtration (F)T .
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We will assume in the rest of the chapter that the graph of M, is analytic, t =

0,...,7 — 1. Below we provide a general sufficient condition for the analyticity of

graph(M,;) and leave its proof to Appendix |[VIII. Al

Proposition 8.1.1. Fort=0,... ,T —1 and w € ), define
P(w) ={P,®...® Pr_y: Pj(w,-) € Pi(w,-), i=t,..., T —1},

where each P; is a universally measurable selector of P;. If graph(P;) is analytic,

then graph(M,) is also analytic.

For any measurable function f and probability measure P, we define the P-
expectation of f as Ep[f] = Ep[fT] — Ep[f~] with convention co — co = —co. We
use | - | to denote the sup norm in various cases. For w € Q and t € {0,... ,T}, we
will use the notation w! € €, to denote the path up to time ¢. For a given function

f defined on €2, let us denote

and

E(f)w):= sup  Eglf(w™,)], we.
QEM () (W)

We use the abbreviations u.s.a. for upper-semianalytic, 1.s.c. for lower-semicontinuous,

and u.s.c. for upper-semicontinuous.
8.2 Sub-hedging Duality
We define the sub-hedging price of the American option as

(8.2.1)

m(P):=sup{zx e R: I(H,7,h) e HxT xR® st. &+ (H -S)r+hg>z, P—gq.s.}.
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Remark 8.2.1. In the above definition, we require the trading in the stock S to be
up to time 7T instead of 7. This is because it is possible that the maturities of some
options in g are later than 7. When there is no hedging options involved, for sub-
hedging (and in fact also super-hedging) trading S up to time 7T is equivalent to up

to time 7 (e.g. see the beginning of the proof of Theorem [6.6.3]).

We have the following duality theorem for sub-hedging prices.

Theorem 8.2.2. Assume that ®; is l.s.a. fort=1,...,T. Then

8.2.2 ®) = sup inf Fq[d,].
(8:2.2) m(®) = sup inf) Fo[e-]

Moreover, if supge Eqllgl] < 00, supgen Egmaxoci<r |P]] < oo, and for any

heR®andte{0,...,T — 1}, the maps ®; + E,(hg) and ¢ : Q — R® defined by

- ( inf £, (@, + §T<hg>>) (or - ( sup inf Eq (@, + g(hg))))

T€Te41 QeM; 41 TE€T41

are Borel measurable, then there exists (H*,7*,h*) € H x T x R®, such that
(8.2.3) O+ (H*-S)r+h*g > w(®), P—gq.s.
Proof. For any 7 € T, define

7(®;) :=sup{r e R: I(H,h) e H xR st. &, +(H-S)r+hg>x, P—gq.s.}.

Since ®; is u.s.a. and 7 is a stopping time with respect to the raw filtration, it follows

that @, is u.s.a. Then applying [19, Theorem 5.1 (b)], we get

(%) = jof Eol®,] = sup m(®,) = sup Jnf Eql®,].

Since ©(®) > w(P,), Vr € T, it follows that (@) > sup,.ym(P,). Therefore,
it remains to show that 7(®) < sup,.;7m(P;). For any € > 0, there exists z €

(m(®) A (1/e) —e,m(®) A (1/e)] and (HE, 75, h%) € H x T x R® satisfying

O+ (H°-S)r+hg>x, P—gq.s.
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As a result,

1
(PN - —e<x<m(Pre) <supm(P,),
€ TET

from which (8.2.2)) follows since ¢ is arbitrary.
Let us turn to the proof of the existence of the optimal sub-hedging strategies.

Similar to the proof above, we can show that

n(®) = supsupsup{z: JH € H, st. &, + (H-S)r+hg>x, P—q.s.}
heRe €T

= supsup af Bele, + b
We shall first show in two steps that the optimal h* exists for the above equations.
Step 1: We claim that 0 is in the relative interior of the convex set { Eglg], @ € M}.
If not, then there exists h € R, such that Eg[hg] < 0, for any ) € M, and moreover
there exists Q) € M, such that Eglhg] < 0. By [19, Theorem 4.9], the super-hedging
price of hg (using only the stock) is supge Eglhg] < 0, and there exists H € H,

such that

(H-S)r>hg, P—gq.s.
Then Eg[(H - S)r — hg] > 0, and thus, for any P € P dominating @), we have that
P((H-S)r —hg >0) >0,

which contradicts NA(P).

Step 2: Since 0 is a relative interior point of { Eg[g], @ € M}, and

sup Eqlmax |®] < oo,

we know that

w(P) = sup sup inf Eg|®, + hg| = supsup inf Eq|P, + hg|,
m(®) heﬂgvegQEM al 2 heﬂgT@QQEM al 9l



136
where K is a compact subset of R¢. Define the map ¢ : R — R by

h) =sup inf Eq|®, + h).
p(h) =sup inf Eql gl

The function ¢ is continuous since |p(h) — @(h')| < e|lh — B'|supgea Eglg|. Hence,

there exists h* € K C R¢ such that

(8.2.4) x(?) = sup dof Eql®- +h'g] = sup dof Eql®- +£,(hg)],

where the second equality above follows from |69, Theorem 2.3]. Using the measura-
bility assumptions in the statement of this theorem, we can apply Theorem [VIIL.B.T]

and obtain a 7* € T that is optimal for (8.2.4)), i.e.,

n(®) = inf Eo[®r +&.(h"g)] = sup inf) Eq[®; + h'g]

= sup{z: JHeH, st. o+ (H-S)r+h'g>x, P—gq.s.}

Then by [19, Theorem 4.9], there exists a strategy H* € H, such that (8.2.3) holds.

O

8.2.1 Exchangeability of the supremum and infimum in (8.2.2)

When there are no options available for static hedging (then @ = M), Q is
closed under pasting. Using this property we show in Theorem and Propo-
sition that the order of “inf” and “sup” in can be exchanged under
some reasonable assumptions. These conclusions cover the specific results of [35]
which works with a compact path space. (Although, our no arbitrage assumption
seems to be different than the one in [35], we verify in Proposition that
they are the same when there are no options, i.e., e = 0.) The same holds true for
our super-hedging result in the next section.

In general, @ may not be stable under pasting due to the distribution constraints

imposed by having to price the given options correctly. Then whether the “inf” and
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“sup” in (8.2.2) can be exchanged is not clear, and in fact may not be possible as

the example below demonstrates.

S(2)=6
P
1-2
o S(1)=4 : S(2)=4
S(0)=3 :
12
© S()=2 K3 S(2)=2
q
S(2)=0

Figure 8.1: A two-period example

Example 8.2.3. We consider a two-period model as described by the figure above.
The stock price process is restricted to the finite path space indicated by the figure,
where S(t) is the stock price at time ¢, ¢ = 0,1,2. Let P be all the probability
measures on this path space. Then each martingale measure () € M can be uniquely
characterized by a pair (p,q), 0 < p,q < 1/2, as indicated in the figure. Assume
there is one European option g = [S(2) — 3]7 — 5/6 that can be traded at price 0.
Let ® be the payoff of a path-independent American option that needs to be hedged.
In the figure, the number in each circle right below the rectangle (node) represents
the value of ® when the stock price is at that node.

Each Q € Q C M is characterized by (p, ¢) with the additional condition: p+q =
2/3. There are in total 5 stopping strategies: stop at node S(0) = 3, or continue

to node S(1) = k, k = 2,4, then choose either to stop or to continue. It is easy to
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check that

sup inf Eg[P,]

reT Q€Q
11 1 . : p 1 . D
—0v—v |- f v £ Pyl f (— )
24 8 + os;:llesm 03191,231/2 2 * 3 os;al,?ﬁﬂ 2 T4
p+q=2/3 p+q=2/3 p+q=2/3
1
o’
and
inf sup Eol®,] =  inf |~ (pvE420v ) vol =L > sup inf B[]
i su = 1 — - - = — >sup 1n -1
QeQTEE « 0<p,g<1/2 | 2 PYgTetys 2 Te"I;QGQ N
p+9=2/3

8.3 The Super-hedging Duality

We define the super-hedging price as

(8.3.1) 7(®):=inf {x e R: 3(H,h) € H' xR
st.x+(H-S)r+hg>®,, P—gq.s., V7€ T},

where H' is the set of processes that have the “non-anticipativity” property, i.e.,

(8.3.2) H ={H:T—H, st. H(t") = H,(7%), ¥Vt < 7' AT?}.

In other words, the seller of the American option is allowed to adjust the trading
strategy according to the stopping time 7 after it is realized.

The following is our duality theorem for the super-hedging prices.

Theorem 8.3.1. Assume that for (w, P) € Qp X P(Qr_y),

(8.3.3) the map (w, P) — sup Ep[®,(w',-)] is w.s.a., t=1,... ,T.
TET:

Then

(8.3.4) 7(®) = inf sup sup Eg[P, — hg].

heR® reT QeM
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Moreover, if supge Eqllgl] < 0o and supge Eg[maxo<i<r |P¢|] < oo, then there

exists (H*,h*) € H' x R®, such that
(8.3.5) T(P)+(H"-S)r+h*'g>®,, P—qs., VTeT.

Proof. An argument similar to the one used in the proof of Theorem implies

that 7(®) = infege 7(P, h), where
7(®,h)=inf{xreR: dHeH, st.x+(H-S)r+hg>d,, P—qs., VT T}.

It is easy to see that T(®, h) > sup, <7 supge Lo[Pr — hgl. In what follows we will

demonstrate the reverse inequality. Define

(8.3.6) V, = sup &,(®, — hg).

TET:

Using assumption (8.3.3]), we apply Proposition [VIII.C.1| to show that V; is u.s.a.,

Fi-measurable and a super-martingale under each () € M. As a result, we can apply
the optional decomposition theorem for the nonlinear expectations [19, Theorem 6.1],

which implies that there exists H' € H, such that for any 7 € T,

(8.3.7) Vo+ (H - S), >V, =sup (P, — hg) > &, + E(—hg), P —q.s.

pET
Let us also define

Wt = zt(—hg)

Thanks to Proposition |[VIII.C.1| we can apply [19, Theorem 6.1] again and get that

there exists H"” € H, such that for any 7 € T,
(8.3.8)  W,+ (H"-S)er =E(~hg)+ (H"-S),r >Wr =—hg, P—q.s.,

where (H" - S),;r = ZZT;: H![S;41 — S;]. Combining (8.3.7)) and (8.3.8)), we get that

Vot+ (H-S)r+hg>o,, YVreT, P—gq.s.,
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where H; = H{1yory + H{'1>73. Note that H' in (8.3.7) is independent of 7, which
implies that H is indeed in H'. Hence, Vy = sup,csupge s Eq[®r — hg] > T(®, h).

As in the proof of Theorem there exists h* € R that is optimal for (8.3.4):

T(®) = sup sup Eg[®, — h*g] =7(P,h").
TET QEM

Also observe from the proof above that there exists H* € H’, such that
T(P,h )+ (H*-S)r+h*g>®,, P—gqs., VT eT,
which implies (8.3.5]). [

Proposition 8.3.2 (A sufficient condition on the assumption (8.3.3)) of Theorem|8.3.1).
Assume that ®; is l.s.c. and bounded from below for t = 1,...,T. Then for
(w,P) € Qr x P(Qr—¢), the map (w, P) + sup,cr. Ep[®,(w',-)] is Ls.c., and thus

wsa t=1,...,T.

Proof. If ® is uniformly continuous in w with modulus of continuity p, then for

("w, P") — (w, P), we have that

sup Epn [0-(("w)", )] — sup Ep[®;(w', )]

TET: TET:
= sup EP" [ér((nw)ta )] — sup EP" [(I)T(wta )]
TET: TET:
+ sup Epn [(DT(wt? )] — sup EP[(I)T(wt? )]
TET: TET:
(8.3.9) > —p(|["w — ) + Sup Epn [, ()] — sup Ep[®, (w', )]
TET: TET:

Noting that the map P+ sup.c, Ep[®,(w', )] is Ls.c. (see e.g., [42, Theorem 1.1]),
we know that the map (P,w) — sup,c7. Ep[®-(w', )] is Ls.c. by taking the limit in
(8.3.9). In general, if &, be l.s.c. and bounded from below, then there exists uniformly

continuous functions (®}),,, such that &} 7 &, pointwise (see e.g., |18, Lemma 7.14]),
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t=1,...,T. Therefore,

sup Ep[®,(w', )] = supsup Ep[®"(w’, )] = sup sup Ep[®"(w’, )],
TET: T€ET: n n T€T;

which implies that the map (w, P) — sup,c7. Ep[®-(w', )] is Ls.c. O

8.3.1 Comparison of several definitions of super-hedging

In the duality result (8.3.4), one would expect that T(®) = sup, ¢ supgeo Fo[®P-].

More precisely, if the orders in (8.3.4]) could be exchanged for then we would have

7(®) = inf sup sup Eqg[®, — hg] = sup sup inf Eg[®, — hg] = sup sup Eg[P,].
heR® reT QeM €T QeM h€R® T€T QEQ

But the latter is in fact equal to
(8.3.10)

7(®) :=inf{x e R: Vr € T,3(H,h) € HxR®, st. z+(H-S)r+hg > ®,, P—gq.s.}.
That is,

(8.3.11) 7(P) = sup sup Eg[®.].
TET Qe

Since for the definition of 7 in the seller knows the buyer’s stopping strategy 7
in advance (which is unreasonable for super-hedging), we may expect that in general
it is possible 7(®) > 7(®). We shall provide Example [8.3.3| showing 7(®) > 7(®) at
the end of this section.

An alternative way to define the super-hedging price is:
(8.3.12) 7(®) :==inf {z € R: 3(H,h) € H x R",

st.x+ (H-S)r+hg>®,, P—qs., VT €T}

However, this definition is not as useful since any reasonable investor would adjust

her strategy after observing how the buyer of the option behaves. (In fact,  can be
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treated as a subset of H’, and each element in H is indifferent to stopping strategies
used by the buyer, and the non-anticipativity is automatically satisfied.) Due to the
fact that for 7 the seller fails to use the information of the realization of 7, it could
very well be the case that 7(®) < 7(P). We shall see in Example that it is
indeed the case.

If P is the set of all probability measures on a subset ' of 2, then under the
definition of , super-hedging the American option is equivalent to super-
hedging the lookback option max;<r ®;. To wit, suppose for x € R and (H,h) €

H x R¢, we have that
(8.3.13) r+(H-S)r+hg>®, VseQ, VreT,
and
z+ (H-S)r+hg < r%%xét, along some path s* = (sj =1,s7,...,s7) € Q.

Let t* = arg max,.p ®,(s*) and define 7* € T with the property that 7(s*) = t*, i.e.,
the holder of the American option will stop at time ¢* once she observes (s, ... , s}.)

happens. Then (8.3.13)) does not hold if we take 7 = 7* and s = s*. So the super-

hedging price under the definition of (8.3.12)) is:

)= g o |

Example below shows that it is possible that 7(®) < 7(P) < 7(P), which
indicates that the super-hedging definitions in (8.3.10)) and (8.3.12)) are unreasonable.

Example 8.3.3. We will use the set-up in Example [8.2.3] An easy calculation shows



143

that

Gl

(®) = inf sup sup Eg[®, — hg|
heR QeM reT

. p 1 1 P
= inf sup —\/—+q\/——h(—+
heR 0<p,q<1/2 [2 8 3 2

o (Y (B (T Y (3
~ e |\22 73 8 12 12 12 16

2

37

where the infimum is attained when A = 1/2. On the other hand,

3 2 11 41

m(®P) = sup Fp |maxP;| = su —p+-q+ — ) =—>7D),

() Qeg Q[KT t] 0§p7q£1/2 (8p 31 24) 48 (@)
p+q=2/3

and

1 1 )
7(®) = sup sup Eg[®,] = sup (E V-+4gqV —) = — <7(D).
TET QEQ 0<pg<ijz \2 8 3/ 8

p+q=2/3

8.4 Approximating the hedging-prices by discretizing the path space

In this section, we take P to be the set of all the probability measures on 2
and consider the hedging problems path-wise. We will make the same no-arbitrage
assumption and also assume that no hedging option is redundant (see Assump-
tion [8.4.1f(ii)). We will discretize the path space to obtain a discretized market,

and show that the hedging prices in the discretized market converges to the original

ones. We also get the rate of convergence. Theorems [8.4.7] and [8.4.8| are the main

results of this section.
We will now collect some notation that will be used in the rest of this section.
The meaning of some of the parameters will become clear when they first appear in

context.
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8.4.1 Notation

o QO = {1} x[ay,b1] X ... X [ap,br], where 0 < ap < ... < a1 <1 <b <...<
br < co. (This means that the wingspan of the discrete-time model is growing

as for example it does in a binomial tree market.)

o Q" =Qn{0,1/2",2/2", .. }TH1.

e P all the probability measures on (2.

e P" all the probability measures on 2.

e O := {Q martingale measure on Q: Eqg; =0, i=1,... e}

e Q" := {Q martingale measure on Q" : Egg; =, i =1,... ,e}.

e 7 is the set of trading strategies H = (H;)_,' consists of functions H; defined
on H;Zl[ai,bi], i=0,...,T—1.

e H" is the set of trading strategies H = (H;)]_;' consists of functions H; defined

on [T'_y[a2, 02 N {0,1/27,2/2%, ...}, i=0,..., T —1.

1777
e 7 is the set of stopping times 7 : Q — {0,1,... ,T},ie., fork=0,1,... T, s =

(s),... ,sjf)EQ, j=1,2,

if 7(s') =k, and s; =57, i =0,...,k, then 7(s%) = k.

79

e 7™ is the set of stopping times 7 : Q" — {0,1,... ,T}.

o H :={H:T —H, st. H(t') = H(7?), Vt <7 AT?}.

o HY :={H :T"w— H", st. H(t') = H (%), Vt <7 AT?}.
e |- | represents the sup norm in various cases.

o D =U,{0,1/27,2/2", ... }.
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8.4.2 Original market

We restrict the price process, denoted by S = (Sy, ... ,St), to take values in some
compact set 2. In other words, we take S to be the canonical process S;(sg, ... , 1) =
s; for any (so, ... ,sr) € 2, and denote by {F;},—1,. r the natural filtration generated
by S. The options (g;)5_,, which can be bought at price 0, and the American option
¢ are continuous. We assume that NA(P) holds and that no hedging option is
redundant, i.e., it cannot be replicated by the stock and other options available
for static hedging. Besides, from the structure of 2, we know that for H € H, if
(H-S)r >0, Vs € Q, then H = 0. Thus, we will make the following standing

assumption.

Assumption 8.4.1. (i) g and ® are continuous. (ii) For any (H,h) € H x R, if

h # 0, then there exists s € ), such that along the path s,
(H~S)T+hg<0.

Ezample 8.4.1. Consider the market with Q = {1} x [2/3,4/3] x [1/3,5/3], with a
European option (S; —1)T —1/5 that can be traded at price 0. A simple calculation

can show that Assumption [8.4.1]is satisfied.
We consider the sub-hedging price 7(®) and the super-hedging price 7(®) with

respect to (£2,P), i.e.,

7(®) :=sup{z € R: I(H,7,h) € L x T x R",

s.b. @+ (H - S)r+hg >z, Vs € Q},

and

7(®) :=inf {z € R: 3(H,h) € H' xR,

st.x+ (H-S)r+hg>o,, Vse€Q, VreT}.
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Recall that w(®) and 7(P) satisfy the dualities in (8.2.2)) and (8.3.4) respectively.

8.4.3 Discretized market

For simplicity, we assume that a;, b; € D, ¢ =1,... T, in the notation of {2, and

we always start from n large enough, such that 2™ has the end points a;, b; at each

time i. Let {¢" = (c},...,c?)}n be a sequence such that |¢"| — 0. Now for each

n, consider the following discretized market: The stock price process takes values in

the path space Q", and the options (g;)f_; can be traded at the beginning at price

(c])i=1-
We consider the sub-hedging price 7"(®) and the super-hedging price 7" (®) with

respect to (2", P™), i.e.,
(@) :=sup{z € R: I(H,7,h) € H" x T" x R,

st. ®.+ (H-S)r+hg >z, Vs € Q"},
and
7 (@) :=inf {x € R: 3(H,h) € H" x R,
st.x+ (H-S)r+hg> ., Vs€Q", VreT"}.
Recall that 7"(®) and 7" (®P) satisfy the dualities in (8.2.2)) and respectively.

Remark 8.4.2. Assuming a;, b; € D and the points in 2" is equally spaced is without
loss of generality. In fact, as long as Q™" N Q are increasing and U, (Q* N Q) = Q, we

will have the same results with only a little adjustment in the proofs.

8.4.4 Consistency

The following theorem states that for n large enough, the discretized market is

well defined, i.e., NA(P™) holds.

Theorem 8.4.3. For n large enough, NA(P™) holds.
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Proof. 1f not, then there exists (H",h") € H" x R¢, such that
(8.4.1) (H"-S)r+h"(g—c") >0, VseQ"

and is strictly positive along some path in 2". Obviously, h" # 0, so without loss of
generality we will assume that |h™| = 1. On the other hand, since g is continuous on
a compact set it is bounded. Then there exists a constant C' > 0 independent of n,

such that
(8.4.2) (H" - 9)r > —C.

We will need the following result in order to carry out the proof of the theorem.
We preferred to separate this result from the proof of the theorem since it will be

used again in the proof of the convergence result.

Lemma 8.4.4. If (H" - S)r > —C, then there ezists a constant M = M(C) > 0

independent of n, such that |H"| < M.

Proof. Let o := minj<;<r{a;—1 —a;,b; —b;_1} > 0, with ag := by := 1. We will prove
this by an induction argument. Take the path (sg = 1,51 = ay,82 = ay,... ,$7 = a1),

then (8.4.2]) becomes
Hg‘(al — 1) > —C,

which implies Hj < C/«. Similarly, we can show that H} > —C'/a by taking the
path (so = 1,51 = b1, 82 = b1, ..., 87 = by). Hence, HJ is bounded uniformly in n.
Now assume there exists K = K(C') > 0 independent of n, such that |H}| < K, j <
1—1<T —1. Since 2" is uniformly bounded and by the induction hypothesis, we

have that
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where C" > 0 only depends on C. For any (sq,...,s;) € Hézl([aj, bl n{k/2", k €
N}), by taking the paths (1,s1,...,8;,Si41 = @iy1,--. .87 = a;41) and (1,sq,...,8;,

Sit1 = bit1, ..., 87 = biy1), we can show that |H*(sy,...,s;)| < C'/a. O

Proof of Theorem [8.4.3 continued. We proved in Lemma that |[H"| < M
for some M > 0 independent of n. By a standard selection (using a diagonaliza-
tion argument, e.g., see [74, Page 307]), we can show that there exists a subse-
quence (H™ h™) it (H,h), where H = (H;)!_;' consists of functions H; defined on
IT_,([a;,b] ND), i =0,... T — 1, with |[H| < M, and h € R® with |h| = 1. By

taking the limit on both sides of (8.4.1]) along (ny), we have
(8.4.3) (H-S)r+hg>0, VseQnD'

If we can extend the domain of function H from Q N DT*! to Q, such that the in-
equality (8.4.3)) still holds on €2, we would obtain a contradiction to Assumption
since h # 0.

Define
Qi = {1} X [al,bl] X ... X [ai,bi] X ([ai+17bi+1] ﬂ]D)) X ... X ([(IT7bT] QD)

fori=1,...,T —1. We will do the extension inductively as follows (the notation
for H will not be changed during the extension):
(i) For each s1 € [ay, b;]\ D, using the standard selection argument, we can choose

la1,b1] "D > s — sy, such that for any j € {1,...,7 — 1} and (s2,...,s;) €

i:Q ([ak, be] N ]D)), the limit lim,, .o H(s}, s2,... ,s;) exists. Define
Hi(s1,...,s5) = nll—{go H;(sY,s2,...,5)).

Then we extend the domain of H to €. It’s easy to check that (8.4.3) still holds on
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(i) In general, assume that we have already extended the domain of H to €, i <
T — 2, such that holds on it. Then for each (sq,...,s;) € H;zl[aj,bj] and
Siy1 € [aiy1,bi41] \ D, performing the same selection and extension as in (i) (we fix
(s1,...,8;) while doing the selection), we can see that still holds on 1.

Therefore, we can extend H to Qp_q, such that holds. Clearly, (8.4.3) also

holds on 2. n

8.4.5 Convergence

We shall prove the convergence result for sub-hedging (Theorem [8.4.7). The
super-hedging case is similar, and thus we shall only provide the corresponding result

(Theorem [8.4.8]) without proof.

Lemma 8.4.5. For (H", 7" h") € H" x T" x R®, if for x € R
(8.4.4) S+ (H"-S)r+h"(g—c") >z, VseQo

then (H™),, and (h"),, are bounded.

Proof. We first show that (h"), are bounded. If not, by extracting a subsequence,
we can without loss of generality assume that 0 < 8 < |h"| — oo. We consider two

cases:

(a) |[H™|/|h™| is not bounded. Then we can rewrite (8.4.4) as
Hn h" 1 x
—-S) > ——(g—")+ 7—Pm + —, Vs € Q™.
(lh"| r |0 || ||

Since g and ¢ are continuous on a compact set, they are bounded. Hence, there

Hn
2 S) > O,
<|h”| T

exists C' > 0, such that
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which contradicts with Lemma [B.4.4]

(b) |H™|/|h™| is bounded. Let us rewrite (8.4.4) as

H™ h™ z+dn
—-S) +—(g—c")>————, Vs Q"
(!h”\ r o |h" |h"|

Since (z + ®.»)/|h"| — 0, we can follow the proof of Theorem to get a contra-

diction with Assumption [8.4.1

Next we show that (H"), is a bounded collection. Let us rewrite (8.4.4) as
(H"-S)r > P —h"(g—")+x, VseQm

Since (h"),, and (g — ¢"),, are bounded, then right-hand-side is bounded. Therefore,

the conclusion follows from Lemma [R.4.4 m

Proposition 8.4.6. For n large enough, there exists some N > 0 independent of n,

such that

(8.4.5) (@) =sup{z € R: I(H,7,h) € H" x T" xR, |H|,|h| < N,
s.t. @+ (H-S)r+hg>w, Vs eQ'}.

and

(8.4.6) n(®) =sup{z € R: I(H,7,h) € L xT xR, |H| |h| <N,

s.t. ©, + (H - S)r +hg >z, Vs € Q}.

Proof. Let x := ming geq1,... myx0 ®(L,5). It is easy to see that
(8.4.7) (@) =sup{z >z : I(H,1,h) € H" x T" x R",

st. &, +(H-S)r+hg >z, Vs € Q”}
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For n large enough, the set
{(H",h") e H" xR : Ir € T", s.t. &+ (H - S)r+ hg >z, Vs € Q"}

is uniformly bounded in n, which is indicated by Lemma [8.4.5] Since this set of
strategies is the largest among the ones we need to consider for sub-hedging, thanks

to (8.4.7)), there exists a constant N > 0, such that for n large enough,

(@) =sup{z >z : I(H,7,h) e H x T xR, |H"|,|h"| <N

s.b. © + (H-S)r+hg >z, Vs € Q"},

which implies (8.4.5)).

Similarly, we have that the set
{(H/h) e HxR: 37 €T, st. .+ (H-S)r+hg >z, Vs Q}
is bounded. Otherwise, there exists (H™, 7™ h™) € H x T x R¢, such that
Oom + (H™-S)p+h™g> 2, Vs € QNDT,

with |H™|+ |h™| — co. Then we can use a similar argument to the one in the proof

of Theorem to get a contradiction. Now (8.4.6) follows. O

Theorem 8.4.7. Under Assumption|8.4.1, we have

(8.4.8) lim 7"(®) = x(®).

n—oo -

Furthermore, if ® and g are Lipschitz continuous, then

(8.4.9) =" (®) — =(®)] = O(1/2")

by taking |c*| = O(1/2").
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Proof. For x € (n(®)—e, w(P)], there exists (H, 7,h) € HxT xR, with |H|, |h| < N,

such that
O, +(H-S)r+hg >z Vse
Hence,
O, +(H-S)r+h(g—c")>x—eN|c"|, Vs € Q".
Therefore,

m(P) —e —eN|c"| <z —eN|c"| < 7"(D).

By letting ¢ — 0, we have
(8.4.10) 1" (®) > w(P) — eN|c"|.

On the other hand, for 2" € (x"(®) — &,7"(®P)|, there exists (H", 7", h") € H" x

T" x Re with |H"|,|h"| < N, such that
(8.4.11) O+ (H"-S)r+h"(g—c") >a", Vs e Q"
Consider the map ¢" : 2 — Q" given by
" (1,81, .., s7) = (1, |2%s1 /2", ..., |2"s7]/2"), VY(1,s1,...,s7) € Q.
Also define (H,7) € H x T as
(8.4.12) H(s)=H"(¢"(s)) and 7(s) = 7"(¢"(s))

Since ® and ¢ are continuous on a compact set, they are uniformly continuous. Also
(H™,q"),, are uniformly bounded, and ¢ — 0. Then from (8.4.11]) we have that for

n large enough, the trading strategy (H,7) defined in (8.4.12)) satisfies

(8.4.13) O, +(H-S)r+h"g>a"—e, Vse,
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by noting that ¢™(s) — s uniformly and 7(s) = 7(¢"(s)). Thus, 7(®) > z"(P) — 2e.

Combining with (8.4.10f), we have (8.4.14)).
If ® and g are Lipschitz continuous, then we have a stronger version of (8.4.13)):

O, + (H-S)r+h"g>a" —eN|c"|—C/2", Vs € Q,

where C' > 0 is a constant only depends on N, e, T and the Lipschitz constants of ®

and ¢g. Hence,
1" (®) —e —eN|c"| - C/2" < a™ —eN|c"| — C/2" < 7(D).

Letting ¢ — 0 and taking |¢"| = O(1/2"), and combining with (8.4.10]), we obtain

(84.15). O

Similar to the proof of the sub-hedging case, we can show the following convergence

result for super-hedging.

Theorem 8.4.8. Under Assumption|8.4.1, we have

(8.4.14) lim 7(®) = 7(®).

n—o0

Furthermore, if ® and g are Lipschitz continuous, then
(8.4.15) |7T"(®) — 7(P)| = O(1/2")

by taking |c*| = O(1/2").

8.4.6 A suitable construction for ¢" and Q"

In Section we obtained that as long as ¢" — 0, then for n large enough,
NA(P™) holds, which implies Q™ # ) (see [1, Theorem 1.3] or [19, FTAP]). The
theorem below gives a more specific way to construct ¢”, such that Q" # () for all

n with Q™ C Q, when all the hedging options are vanilla. [This analysis would be
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useful for the consistency, when there are infinitely many options and the marginal
distribution of the stock price (at the maturities of the hedging European options)

under the martingale measures appearing in the duality are fixed.]

Proposition 8.4.9. Let g, ... ,ur be the marginal of a martingale measure on
RJTFH. Then there exist a collection of probability measures {u} :i=10,...,T, n €

N} on R such that

(1) pt 5 iy i=0,...,T,
(2) (K" =1, i=0,....T,
(3) For each n € N, M™ # (),

where K™ = {0,1/2",2/2", ...} and M™" is the set of martingale measures on (K™)T+!

with marginals (u)L,.

Proof. Fixi € {0,---,T}. For any n € N, define a measure p" on {0,1/2",2/2" ...}

by

1/27
12({0}) = / (1 — 2°0)dus(x),

k/am (k+1)/2™

(2"x + 1 — k)du(z) +/ (1+k—2"z)du(z), VkeN.

k/2n

W ({k/2}) = /(

k—1)/2n
By construction, we have 2, -y oy 17 ({£/2"}) = fR+ du;(x) = 1. It follows that gl
is a probability measure on {0,1/2",2/2", ... }.

For any function h : R — R, consider the piecewise linear function A" defined
by setting h"(k/2") := h(k/2") for k € NU {0}. We define h"(z) for z € Ry \

{0,1/2",2/2™ - -} using linear interpolation. That is, for any x € R,

1+LG@)

2n

B(2) = (14 |22 — 2"2)h (LQQ—‘”J) L (2" — |22 )k <
iy (ﬁ> (14 k—2°2) + b (E) 2"z — k), Vk € NU{0}.

2n 2n



155

From the above identity and the definition of u}', we observe that

(8.4.16) /hd,u?:/ h™du;.
Ry Ry

Now, if we take h to be an arbitrary bounded continuous function, then h™ — h
pointwise and the integrals in (8.4.16)) are finite. By using and the dominated
convergence theorem, we have fR+ hdu? — fR+ hdp;. This shows that u? = p;. On
the other hand, if we take h to be an arbitrary convex function, then A™ by definition
is also convex. Thanks to [80, Theorem 8|, the convexity of A" imply that th h™dpu;
is nondecreasing in 7. We then obtain form that fR+ hdp? is nondecreasing
in 4. Since this holds for any given convex function h, we conclude from [80, Theorem

8] that M™ # . O

Now we further assume that the finitely many options are vanilla. Take Q) € Q
and let p; be the distribution of S; under @ for ¢« = 1,... ,T. From the theorem
above (and the construction of u!'), there exists a martingale measures " supported

on 0", with marginals p* = y;, for i =1,...,T. Set
e ==Egn[gi] —Eglgi], i=1,... e

Then, we have ¢ — 0 by the weak convergence of the marginals, and Q™ # () for
all n with Q" C €, since Q™ € Q™. In addition, if ¢ is Lipschitz continuous, we have

that |¢"| = O(1/2").

VIIIL.A Proof of Proposition [8.1.1

Proof of Proposition|8.1.1. Following the proof of Lemma|6.5.6] it can be shown that

fort €{0,..., 7 — 1} and w € Qp_4,

Mi(w) ={Q € B(Qr_;) : Q < P for some P € Py(w),
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gooe

Hence, in order to show the analyticity of graph(M,), it suffices to show that the
sets

T:={(w,Q) € xP(Qr—): Q<P for some P € Py(w)}

and

J ={(w,Q) € U xP(Qr—t) : (Sk(w,*))k=t.. 7 is a Q-martingale}

are analytic.
Thanks to the analyticity of graph(P;), we can follow the argument in the proof
of [19, Lemma 4.8] to show that Z is analytic. Now let us consider J. For k =

t,..., T — 1, there exists a countable algebra (A¥)2°, generating F;. Then

T—-1 oo

T= [ NwQ) €xP(Qry): Eg[ASi(w,)1a(w,)] = 0}.

k=t i=1

By a monotone class argument, we can show that for (w,@) € €, x P(Qr_¢), the
map

(w, Q) = EQ[ASk(w, )1 45 (w, )]
is Borel measurable (e.g., see the first paragraph in the proof of [69, Theorem 2.3]).

Therefore, the set J is Borel measurable, and in particular it is analytic. O

VIII.B Optimal stopping for adverse nonlinear expectations

In this section, we analyze both the adverse optimal stopping problems for non-
linear expectations. This result is used in Theorem for showing the existence
of the sub hedging strategy. Note that [13]39,/67] analyze similar problems in con-
tinuous time. Instead of referring to these papers directly, we decided to include a
short analysis here because it is much simpler to carry it out in discrete time using

backward induction.
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For each t € {0,..., T — 1} and w € €, we are given a nonempty convex set
Ri(w) C P() of probability measures. We assume that for each ¢, the graph of R;
is analytic, and thus admits a universally measurably selector. For t =0,... , 7 —1

and w € §;, define
fﬁt(w) = {E®--'®PT—1: Pz-(w,-) GRZ'(M,'>, ’L:t, ,T—l},

where each P; is a universally measurable selector of R;. We write R for Ry for
short. We assume the graph of fR; is analytic for t =0,... ,7 — 1. Let £ be a u.s.a.

function. For w € €, define the nonlinear conditional expectation as

&lflw) = sup Ep[{(w',)].

PeRg(wt)

We also write £ for & for short. By [69, Theorem 2.3], we know that the function
&€] is u.s.a. and Fi-measurable, and the nonlinear conditional expectation satisfies

the tower property, i.e., for 0 < s <t < T, it holds that
(VIIL.B.1) E&E] = &€

Moreover, by Galmarino’s test (see [69, Lemma 2.5]), it follows that if a function is
Fi-measurable, it only depends on the path up to time ¢. Throughout this section, we
will assume that f is an adapted process with respect to the raw filtration (B(€2;))L,.

We consider the optimal stopping problem

I11.B.2 X = inf .
(V ) inf E[f7]
and define the upper value process

(VIIL.B.3) Xi = inf &f,

TE ¢

and the lower value process

(VIIL.B.4) Yi(w):= sup inf Ep[f.(w',")].

PER (wh) TET:
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In particular X = X,. We have the following result:

Theorem VIIL.B.1. Assume fort=1,...,T — 1, &[X11] (or &[Yii]) is B(Qy)-

measurable. Then X, = Y, t = 0,...,T. In particular, the game defined in

(VIIL.B.2) has a value, 1.e.,

(VIIL.B.5) Tlrelfrg[fT] = sup iniE[fT].

PERTE

Moreover, there exists an optimal stoping time described by
(VIIL.B.6) T =inf{t >0: fi =X}

Proof. We shall prove the result under the Borel measurability assumption for &[X;4].
In fact, it could be seen from the proof later on that the Borel measurability assump-
tion on &[X;11] is equivalent to that on &[Y;11].

Step 1: We first show that for s € {0,... T},
(VIHB7) X, = in7f_ 65(f71{7<t} + Xt1{7>t})a 0<s<t<T.
TE s -

We shall prove it by a backward induction. For s = T"—1, since 7 equals either 7"—1

or T, we have from (VIII.B.3) that X7y = fr_1 A&r_1(fr) = fr-1 A Er—1(X7),
and thus (VIIL.B.7) holds. Assume for s + 1 € {0,...,7 — 1} the corresponding

conclusion holds. Let t € {s+ 1,... ,T}. For any 7 € T, using the tower property

(VIIL.B.1)) and the definition of X; in (VIII.B.3)), we have that
gs(ff) = 55 (f71{7'<t} + gt(f'r\/t)l{TZt}) > gs (f71{7'<t} + th{th}) )

which implies the inequality “>" in (VIIL.B.7]).
Let us turn to the inequality “<” in (VIII.B.7]). By the induction assumption, we

have that for £ > s + 1,

(VIIL.B.8) X = 1g7f_ Ee(frliprarryy + Xip1lisiry) = fo A E(Xit)-
T k
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{fs § gs(Xerl)} € B<Qs)a

[{fr < Ee( X))} \ (U A)] = [{fi = X} \ (UIZ0A)] € B(w),

k=s+1,...,T. Note that Ap = (U ' A;)¢ € B(Qr_1). Denoting

(VIILB.9)

T
T = ZklAk €T,
k=s

and using the tower property repeatedly, we obtain that

(VIILB.10)

Xs S gs(fﬂ‘-)

T-2
D felag + fralag, + 5T1<XT)1(U?__81AZ-)C>

k=s

T-2
Z fk]'Ak + XT—l]-(UZT_SQAi)c>

k=s

-3
Z fula, + fr—2la, , + 5T_2(XT—1)1(ka_é?Ak)c>

k=s

== gs (fslAs + Xs+11Ag)

fs N Es(Xsi1)-

On the other hand, for t € {s+1,... , T}, by (VIIL.B.8)) and the tower property, we

have that

(VIILB.11)

712; Es (frlfrety + Xilgrsny)

inf & (frlprarmy + Xemilimiy + E1(Xe) 1rsg)

TETs

inf & (f71{7'<t—1} + Xt—ll{TZt—l})

TETs

inf & (f71{7'<s+1} + Xs+11{7'23+1})

TETs

fs NEs(Xsq1).
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Hence, we have (VIII.B.7]) holds for s.
Step 2: Define 7 = Z;‘::O kla,, same as T defined in (VIII.B.9)) for s = 0. From

(VIIL.B.10) & (VIIL.B.11) in Step 1, we have that X = £(fz). Noting Ay = {fo <

E(X1)}={fo =X}, we have 7 = 7*.
Step 3: Using (VIIL.B.7|), we can follow the proof of [67, Lemma 4.11] mutatis

mutandis, to show by a backward induction that X; =Y;, t =0,... ,T. In particular

(VIIT.B.5) holds. 0

The next remark is concerned with the “sup sup” version of the optimal stopping

problem:

Remark VIII.B.2. For the optimal stopping problem

Z = sup €[],
TET

let us define

Zy:=sup&lf,], t=0,... T.

TET:

In particular Z = Z,. Following Steps 1 and 2 in the proof of Theorem [VIIL.B.1] we

can show that if &[Z;1] is B(€;)-measurable for t = 1,... ,7 — 1, then
Zt:ft\/gt(Zt-i-l)a 2(:207 aT7

and 7 :=inf{t > 0: f, = Z;} is optimal.

VIIL.B.1 An example in which &;[Y;;1] is Borel measurable

Let S = (S;)L, be the canonical process and R be the set of martingale measures
on some compact set K C Qr. Assume R # (). Then for w € K, R;(w') is the set

of martingale measures on K from time ¢ to T given the previous path w’. Proposi-

tion [VIII.B.3| below indicates that the assumption in Theorem [VIII.B.1| is satisfied

provided f is u.s.c. in w.
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Proposition VIIL.B.3. Assume that f; is u.s.c. fort =1,... ,T. Then &[Yi41] is

u.s.c., and thus B(€)-measurable, t =1,... | T.

Proof. Since K is compact, it is easy to check that the set {(w,P) : w € I, P €
R (wh} is closed. By |18, Proposition 7.33], Y; defined in is u.s.c. Fol-
lowing the proof similar to that of Proposition [8.3.2] it could be shown that for
(w, P) € Qp X P(Qr_4), the map (w, P) — Ep[Y(w', )] is u.s.c. Then applying [18,

Proposition 7.33] again, we know that &[Y;;1] is u.s.c. O

VIII.C Upper-semianalyticity and the super-martingale property

The result in this section is used in the proof of Theorem Let us use the
setting in Section [VIILB| Let ¢ = (¢;)L_, be an adapted process, and g be u.s.a.

Define the process U = (U;)L, as

(VIIL.C.1) U := sup &[o, + g].

TET:

We have the following result.

Proposition VIII.C.1. Assume for (w,P) € Qp x P(Qr_;), the map (w, P) —
sup e, Eplor (W', -)] is w.s.a., t =1,... ,T. Then Uy defined in (VIIL.C.I) is u.s.a.
and Fi-measurable for t = 1,... T, and U = (U;)L, is a super-martingale under

each P € R.

Proof. Using the fact that the map (w,P) — E,[g(w’,-)] is us.a. for (w,P) €
Qr x P(Qr—y) (see the last paragraph on page 8 in [69]), we deduce that the map
(w, P) = sup,c7. Ep[o,(w',-) + g(w',-)] is ws.a. Since Ry(w') is the w-section of
an analytic set, we can apply |18, Proposition 7.47] to conclude that U; is u.s.a.,

t=1,...,T. As U; only depends on the path up to time t, it is F;-measurable.
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In the rest of the proof, we shall show that
(VIIL.C.2) Ui 2 E[Uri],

which will imply the super-martingale property of U under each P € R. Fix (t,w) €
{0,..., T} xQr and let P = P, ®...® Pr_; € R(w"). For any ¢ > 0, since
the map (@, P) — sup,cr. Ep[o, (', @,-) + g(w', @, )] is us.a. for (@,P) € Oy x
B(Qr_¢_1), and Ry (W', ©) is the @-section of an analytic set, we can apply theorem
[18, Proposition 7.50] and get that there exists a universally measurable selector

P#(wt, ), such that P*(w', @) = P, (W' @) ®...Q P;_ (W', o,-) € R (W, @), and

1
< sup sup Eplo,(w@,-) + gw', @, )] — ) 1a+ - 1Ac

Pemt+1(wt ~)7—617;«1»1
< sup Epete [¢T(w @, )+ gw', @, )],

TETt+1
where
A={we: sup sup Epl¢, (W @,-) + g(w', @, )] < oo}
Pemt+1(wt,d)) 7'67?+1

Define

Then we have that
; 1
Ep (Ut+1(w s ) — 8) 1A + glAc

= Ep

1
( sup sup Eplo,(w' @, ) + gw', @, )] — 5) 14 + ElAc

PeRyi1(wt,@) TETt+1

< Ep | s Brfon (645 + 00645,

TETt+1

= EP* |: sup EPE(UJt,(:J) [qu(u)t,(:j, ) + g(wt;@a )]:|

TETi+1

= EP* |: Sup EPf(wt,w)[@(Wta@a )]1 + EP* [g<wt7 )]

TETt4+1

< sup Ep[¢; (W', )] + Ep«[g(w', )]

< Ut(w)a
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where the fourth line follows from the fact that P* = P from time ¢ to t + 1, the
fifth line follows from the tower property as P* = P, ® P¢, and the sixth line follows

from the classical optimal stopping theory under a single probability measure P*.
As t,w, P and ¢ are arbitrary, (VIII.C.2)) holds. O

VIII.D No arbitrage when there are no options for static hedging

gooo

K c {1} x RT, which represents the stock price process. We take P to be the set of
all the probability measures on K. In this secton, we assume that there is no hedging

option available, i.e., e = 0. Let us first identify the reasonable path spaces:

Definition VIIL.D.1. K C {1} x R” is called a reasonable path space, if for any
te{0,...,T}and (s =1,s1,...,87) € K,
(i) if s > 0, then there exists (so,...,St,, Sty q,...,8%) € K, i = 1,2, such that
Siy1 < St < 874y
(ii) if s, =0, then s =0, k >t + 1.
Obviously, if K is a reasonable path space, then a martingale measure on I is easy
to construct, and thus the no arbitrage in [1] is satisfied. The following proposition

states that NA(P) also holds. So the no arbitrage definitions in [1] and [19] in fact

coincide in the case when K is a reasonable path space and e = 0.
Proposition VIIL.D.2. If K is a reasonable path space, then NA(P) holds.

Proof. Let H = (Ho, ... ,Hr_1(s1,...,87-1)) be a trading strategy such that
(VIILD.1) (H-S)r>0, Vsek.
We need to show (H - S)pr =0,Vs € K. It suffices to show that

(VIIL.D.2) Hi(s1,...,s,) =0, forsg >0,
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for k=0,...,T — 1. We shall show by the induction.

Assume Hy # 0. Then take s7 > s¢ if Hy < 0, and take s} < s¢ if Hy > 0. In
general, for j = 1,...T — 1, take s}, > s} if H(s},...,s;) < 0 and s},, < s} if
H(st,...,s;) > 0. Then (H - S)r(so,s},... ,s7) <0, which contradicts (VIILD.I).
Hence Hy = 0 and holds for & = 0.

Assume holds for k <t — 1. Then for any (so,...,s;) with s, > 0, by
assumption (ii), we have that s; > 0, i = 0,... ,t—1, and thus H;(sq,... ,s;) =0, i =
0,...,t—1 by the induction hypothesis. If H;(sy,...,s;) # 0, then we can similarly
construct (s;,,...,sy) as above, such that (H - S)r(so,... 8 551, ,57) < 0,
which contradicts . Hence Hy(s1,...,s) = 0 and holds for
k=t. O



CHAPTER IX

Arbitrage, hedging and utility maximization using
semi-static trading strategies with American options

9.1 Introduction

The arbitrage, hedging, and utility maximization problems have been extensively
studied in the field of financial mathematics. We refer to [24}34] and the references
therein. Recently, there has been a lot of work on these three topics where stocks
are traded dynamically and (European-style) options are traded statically (hedging
strategies, see e.g., [32]). For example, [1,/17,|19,132] analyze the arbitrage and/or
super-hedging in the setup of model free or model uncertainty, and [77] studies the
utility maximization within a given model. It is worth noting that most of the
literature related to semi-static strategies only consider European-style options as
to be liquid options, and there are only a few papers incorporating American-style
options for static trading. In particular, [21] studies the completeness (in some L2
sense) of the market where American put options of all the strike prices are available
for semi-static trading, and [27] studies the no arbitrage conditions on the price
function of American put options where European and American put options are
available.

In this chapter, we consider a market model in discrete time consisting of stocks,

(path-dependent) European options, and (path-dependent) American options (we

165
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also refer to these as hedging options), where the stocks are traded dynamically
and European and American options are traded statically. We assume that the
American options are infinitely divisible, and we can only buy but not sell American
options. We first obtain the fundamental theorem of asset pricing (FTAP) under
the notion of robust no arbitrage that is slightly stronger than no arbitrage in the
usual sense. Then by the FTAP result, we further get dualities of the sub-hedging
prices of European and American options. Using the duality result, we then study
the utility maximization problem and get the duality of the value function.

It is crucial to assume the infinite divisibility of the American options just like
the stocks and European options. From a financial point of view, it is often the case
that we can do strictly better when we break one unit of the American options into
pieces and exercise each piece separately. In Section [9.2] we provide a motivating
example in which without the divisibility assumption of the American option the no
arbitrage condition holds yet there is no equivalent martingale measure (EMM) that
prices the hedging options correctly. Moreover, we see in this example that the super-
hedging price of the European option is not equal to the supremum of the expectation
over all the EMMs which price the hedging options correctly. Mathematically, the
infinite divisibility leads to the convexity and closedness of some related set of random
variables, which enables us to apply the separating hyperplane argument to obtain
the the existence of an EMM that prices the options correctly, as well as the dualities
for hedging and utility maximization.

The rest of the chapter is organized as follows. In the next section, we will
provide a motivating example. In Section [9.3] we shall introduce the setup and the

main results of FTAP, sub-hedging duality and utility maximization duality. These

results are proved in Sections and [9.6] respectively.
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9.2 A motivating example

In this section, we shall look at an example of super-hedging of a European option
using the stock and the American option. This example will motivate us to consider

the divisibility of American options.

1/5
B/20 [ mm e mmmeoon g

Figure 9.1: A motivating example

Consider a simple model given by the left graph above. The stock prices S =
(St)t=0.1,2, payoffs of the American option h = (ht);—0.1.2, and payoffs of the European
option v are indicated by the numbers in the circles, squares with straight corners,
and squares with rounded corners, respectively. Let (€2, B(2)) be the path space
indicated by the left graph above, and let (F;):—o 12 be the filtration generated by S.
Let P be a probability measure that is supported on 2. Hence any EMM would be
characterized by the pair (p, q) shown in the left graph above with 0 < p,q < 1/2.

We assume that the American option A can only be bought at time ¢ = 0 with
price h = 0. Then in order to avoid arbitrage involving stock S and American option

h, we expect that the set

Q= {Q is an EMM : sup Egh, < 0}
TET

is not empty, where T represents the set of stopping times. Equivalently, to avoid
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arbitrage, the set

IN

a={wae (0.5)x (05) (5lem v+ jlva-3v-21) v

)
should be nonempty. In the right graph in Figure [0.1] A is indicated by the shaded
area, which shows that A # ().

Now consider the super-hedging price 7(v)) of the European option v using semi-

static trading strategies. That is,
() =inf{z: I(H,e,7) e H xRy X T, st. e+ H-S+ch, >, P—as.},

where H is the set of adapted processes, and H - S = Zi:o Hi(Si41 — Si). One may

expect that the super-hedging duality would be given by

7(¢) = sup Eg.
QeQ

By calculation,

3 5 3 5
sup Eqy = sup (—p+5q——) = (—p+5q——)
0co ¥ paea \ 4 4 4 4

On the other hand, it can be shown that

7(y) = inf inf inf{e: IH e H, st. 2+ H -S> —ch,}

TET ceR4

= inf inf E — ch,
;QTCIEII%KJr (SE,BI Q[?/J C ]

1

8 Y
where M is the set of EMMs. Here we use the classical result of super-hedging
for the second line, and the value in the third line can be calculated by brute force

since we only have five stopping timesﬂ Therefore, the super hedging price is

1For example, when

_J 2, S1=6,
711, Si=2
then

3 3 5
inf sup Eg[t —chs] = inf sup |:(7—7c)p+5q—7+c} = —
c€ER} Qem 6200<p,q<% 4 2 4
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strictly bigger than the sup over the EMMs Q € Q, i.e.,

7(4) > sup Equ.
QeQ

As a consequence, if we add v into the market, and assume that we can only sell ¢
at t = 0 with price ¢ = 1/16 (> 0 = supgeg Eqv), then the market would admit
no arbitrage, yet there is no Q € Q, such that Eg[¢] > ¢.

However, observe that ¢ = 1(h,,, + hs), where

T2 =

This suggests that if we assume that h is infinitely divisible, i.e., we can break one
unit of A into pieces, and exercise each piece separately, then we can show that the
super-hedging price of ¢ is supgeg Eqt = 0. Now if we add ¢ into the market with

selling price ¢ < 0, then we can find Q € Q, such that Eqy > 9.

9.3 Setup and main results

In this section, we first describe the setup of our financial model. In particular, as
suggested by the example in the last section, we shall assume that the American op-
tions are divisible. Then we shall provide the main results, including Theorem [9.3.4

for FTAP, Theorem for sub-hedging, and Theorem for utility maximiza-

tion.

9.3.1 Setup

Let (0, F, (Ft)i=o04,.. 7, P) be a filtered probability space, where F is assumed to
be countably generated, and T' € N represents the time horizon in discrete time. Let
S = (S})i=o....r be an adapted process taking values in R? which represents the stock

price process. Let f',¢° : Q ~ R be Fr-measurable, representing the payoffs of



170

European options, © =1,... ,Land j =1,... , M. We assume that we can buy and
sell each f* at time ¢ = 0 at price f*, and we can only buy but not sell each ¢’ at
time ¢ = 0 with price g/. Let h* = (h});—o_. r be an adapted process, representing
the payoff process of an American option, £ = 1,... , N. We assume that we can
only buy but not sell each h* at time ¢ = 0 with price h*. Denote f = (f',..., f)
and f = (f%, ..., fb), and similarly for g, g, h and h. For simplicity, we assume that

g and h are bounded.

Definition 9.3.1. An adapted process 7 = (1:)i=o,... r is said to be a liquidating

strategy, if n; > 0 for t =0,... ,T, and

T
Znt =1, P-as.
t=0

Denote T as the set of all liquidating strategies.

Remark 9.3.2. Let us also mention the related concept of a randomized stopping time,
which is a random variable 7 on the enlarged probability space (2% [0, 1], FRB,Px\),
such that {y =t} € @ Bfort = 0,...,T, where B is the Borel sigma algebra
on [0,1] and A is the Lebesgue measure. Let T’ be the set of randomized stopping

times. For v € T, its w-distribution & = (&;)i—o,.. r defined by

S =Mv: v(,v)=t}, t=0,...,T,

is a member in T. There is one-to-one correspondence between T and T’ (up to a
increasing rearrangement). We refer to [38] for these facts.

In spite of the one-to-one correspondence, the paths of a liquidating strategy and
a randomized stopping time are quite different. A randomized stopping time is the
strategy of flipping a coin to decide which stopping time to use (so the whole unit is
liquidated only once), while a liquidating strategy is an exercising flow (so different

parts of the whole unit are liquidated at different times).
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Because of this difference, Theorem (FTAP), Theorem [9.3.5] (hedging du-
ality) and Theorem [0.3.§) (utility maximization duality) will not hold if we replace
liquidating strategies with randomized stopping times. (For randomized stopping
times, one may still consider FTAP and hedging on the enlarged probability space,
and the results would be different.) For instance, in the example from last section,
unlike liquidating strategies, we cannot merely use h to super-hedge v (on the en-
larged probability space) via any randomized stopping time. See Remark for

more explanation for the case of utility maximization.

For each € T and American option h*, denote n(h*) as the payoff of h* by using

the liquidating strategy 7. That is,

T
n(h*) = hin.
=0
For = (ut,...,u") € TV, denote

p(h) = (' (hY), ..., g™ (A7)

Let H be the set of adapted processes which represents the dynamical trading strate-
gies for stocks. Let (H-95); := tT:Ol Hy(Si41— St), and denote H - S for (H - S)r for
short. For a semi-static trading strategy (H,a,b,c, ) € H x RE x RY x RY x TV,

the terminal value of the portfolio starting from initial wealth 0 is given by

q)g,E(Hvavb? ¢ :u) =H - S"'a(f - f) +b(g _g) +C(M(h) - h),

where f — f = (f' = f1,..., fF— fF), and af represents the inner product of a and
f, and similarly for the other related terms. For (H,a) € H x RL we shall also use

the notation

O(H,a):=H S+a(f— )
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for short. From now on, when we write out the quintuple such as (H,a,b,c, ), they
are by default in H x R x Rf\f X RJI x TV unless we specifically point out, and
similarly for (H,a).

9.3.2 Fundamental theorem of asset pricing

Definition 9.3.3. We say no arbitrage (NA) holds w.r.t. g and h, if for any

(HJCI’?bJCJlu)J
Q,n(H a,b,c,p) >0 P-as. = &,;(H,a,b,c,u) =0 P-as.

We say robust no arbitrage (RNA) holds, if there exists ¢, € (0,00) and ¢, €
(0,00)" (from now on we shall use €,,&, > 0 for short), such that NA holds w.r.t.

g — &4 and h — e

Define
Q:={Qisan EMM : Eqf = f, Eqg < g, supEqh, < h},
TET
where 7 is the set of stopping times,

sup Egh, := (supEghl, ... ,supEghl),
TET TET TET

and the expectation and equality /inequality above are understood in a component-
wise sense.
Below is the main result of FTAP.
Theorem 9.3.4 (FTAP). RNA < Q # ().
9.3.3 Sub-hedging

Let v : Q +— R be Fpr-measurable, which represents the payoff of a European

option. Let ¢ = (¢¢)i—o,.. r be an adapted process, representing the payoff process
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of an American option. For simplicity, we assume that 1) and ¢ are bounded. Define

the sub-hedging price of
Teu(V) == sup{x : 3I(H,a,b,c,p), s.t. ®;5(H,a,b,c, i)+ >z},
and the sub-hedging price of ¢
Tam(®) :=sup{z : I(H,a,b,c,pu) and n € T, s.t. ®;5(H, a,b,c, ) +n(p) > x}.
Below is the main result of sub-hedging.

Theorem 9.3.5 (Sub-hedging). Let RNA hold. Then

9.3.1 eu(?¥) = inf Eq,

(9.3.1) Teu (V) érelg Q¥

and

(9.3.2) Tam(¢) = inf sup Eqé;.
QeQ TET

Moreover, there exists (H*,a*,b*, c*, u*) such that

Dy (H",a" b, ", 1") + ¥ = meu(V),
and there exists (H**,a™,0**, ¢** u**) and n** € T such that
(9.3.3) Oy (H™,a™, 0™, ™, 1) + 0" (@) > Tam ().

Remark 9.3.6. In fact, from the proof of Theorem (9.3.5] we have that

Tam(¢) = sup inf Eg[n(¢)] = inf sup Eg[n(¢)] = inf supE@qﬁT

neT QEQ Q€Q peT QeQ reT
However, the order of “sup” and “inf” in the duality (9.3.2) cannot be exchanged.

That is, it is possible that

inf sup Eq¢, > sup mf ]EngT
QeQ re1

We refer to Example for such an example.
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9.3.4 Utility maximization

Let U : (0,00) — R be a utility function, which is strictly increasing, strictly

concave, continuously differentiable, and satisfies the Inada condition

lim U'(z) =00 and lim U'(z) =0.

z—0+ T—00

Consider the utility maximization problem

u(r) = sup Ep[U(x + ®,7(H,a,b,c,p))], x>0,
(H,a,b,c,n)€A(x)

where
A(r) :={(H,a,b,c,p) : v+ P;5(H,a,b,c,p) >0, P-as.}, x>0.

Remark 9.3.7. [44] also studies the utility maximization problem involving the liqui-
dation of a given amount of infinitely divisible American options. Unlike the problem
in [44], here we also incorporate the stocks and European options, and we need to
decide how many shares of American options we need to buy at time ¢ = 0. Another
difference is that [44] focuses on the primary problem of the utility maximization,

while we shall mainly find the duality of the value function w.

Let us define

V(y) :==sup[U(z) —zy], y>0,

x>0

[:==V'=U")",
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and for z,y > 0,

X(z) = {X adapted: Xg=uz, Xr =12+ ®;;(H,a,b,c,u) >0
for some (H,a,b,c, 1)},
V() = {Y >0adapted: Yo=vy, (1+(H -9))Ye)i—0,.. 1
is a P-super-martingle for any H € H satisfying
1+ H-S8>0, EpXpYr < zy for any X € X(x)}
(9.34) C(z) = {peL’: p< Xy for some X € X(x)},

(9.3.5) D(y) := {qeL’: q<YrforsomeY € Y(y)},

where LY is the set of random variables that are nonnegative P-a.s.. Then we have
that

u(z) = sup Ep[U(p)], x> 0.
p€eC(z)

Let us also define

v(y) ;== inf Ep[V(q)], y>0.

q€D(y)

Below is the main result of utility maximization.
Theorem 9.3.8 (Utility maximization duality). Let RNA hold. Then we have the
following.

i) u(x) < oo for any x > 0, and there exists yo > 0 such that v(y) < oo for any

Yy > yog. Moreover, u and v are conjugate:

v(y) =suplu(z) —zy], y>0 and wu(zr)=inflv(y)+zy], z>0.

>0 y>0
Furthermore, u is continuous differentiable on (0,00), v is strictly convexr on
{v < o0}, and

. / _ : / —
xlg&u (x) =00 and ylggov (y) = 0.
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ii) If v(y) < oo, then there exists a unique ¢(y) € D(y) that is optimal for v(y).

iit) If U has asymptotic elasticity strictly less than 1, i.e.,

L zU' ()
AEU) = hgl—igp e

<1,
Then we have the following.

a) v(y) < oo for any y > 0, and v is continuously differentiable on (0,00). u’

and —v' are strictly decreasing, and satisfy

. / o 3 / _
xh_)lgou () =0 and ylg&v (y) = —o0.

Besides, |AE(u)| < |AE(U)| < 1.

b) There exists a unique p(x) € C(z) that is optimal for u(z). If ¢(y) € D(y)

is optimal for v(y), where y = u/(x), then

and

Ep[p(x)q(y)] = =y.

c) We have that
. R X .
u'(z) = Ep {M} and '(y) = Es {Q(y)V (Q(y>)] |
o Y
Remark 9.3.9. We cannot replace the liquidating strategies with randomized stopping

times since the two types of strategies yield to very different optimization problems:

r T
EpU(n(¢)) = Ep |U (Z Qﬁmt)] , if n is a liquidating strategy,
L \=0

T
EpnU(¢,) = Ep Z U (o) m] , if n is the w-distribution of v € T".

t=0
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9.4 Proof of Theorem [9.3.4]
Proof of Theorem |9.3.4) “<=": Let Q € Q. Then there exists ¢4, ¢ > 0, such that

Eog < §—¢, and supEgh, <h—¢y,.
T€T

Thanks to the one-to-one correspondence between T and T, we have that for any
QeQ,

supEg[n(h')] = supEgh:, i=1,...,N,
neT TET

see e.g., [38, Proposition 1.5]. Then it is easy to see that NA w.rt. g —e4,h — ¢
holds, and thus RNA holds.
“=—>": We shall proceed in three steps.

Step 1. Define
T :={®(H,a) — W : for some (H,a) and W € L}} NL*>,

where IL*° is the set of bounded random variables. We shall show that Z is sequen-
tially closed under weak star topology in this step.

Let (X™)s2, C Z such that

w*

X" =®(H",a") - W" s X e L™,

where the notation “-” represents the convergence under the weak star topology.
Then there exist (Y)°_, which are convex combinations of (X"),, such that Y —
X as. (see e.g., the argument below Definition 3.1 on page 35 in [75]). Since Z is
convex, (Y™),, C Z. By [19, Theorem 2.2], there exists (H,a) and W € L§ such
that

®(H,a) - W = X,

which implies X € 7.
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Step 2. By RNA, there exist €4,¢, > 0, such that NA holds w.rt. g —¢, and

h — &,. Then NA also holds w.r.t. g —¢,/2 and h — &,,/2. Define
J = {@Q_%Egﬁ_%gh(]i,a,b, c, ) — W for some (H,a,b,c,u) and W € LS)F} N L.

We shall show that J is sequentially closed under weak star topology.

Let (X™)92, C J such that

X"=®,_ 4 (H™, a", 0", ", ") — W™ 255 X e L.

g 259,]_17%6}1
We consider the following two cases:
liminf ||(b",c")|| < oo and liminf||(d", c")|| = oo,
n—oo n—oo

where || - || represents the sup norm.
Case (i) liminf, . [[(0",c")|| < oo. Without loss of generality, assume that
(b, c") — (b,c) € RM™ x RN, By [38, Theorem 1.1], there exists u € T, such that

up to a subsequence p" LN w(ie., up LM py fort =0,...,T). Since h is bounded,

Then we have that
(o) o (-1
2 o= oo (1)
Hence,

®(H", ") — W™ 55 X — b (g— (g— %eg» e (u(h) - (E— %5h>) e L™,

Then by Step 1, there exists (H,a) and W € L% such that

@(H,a)—W:X—b(g— <g—%ag>) —i—c(,u(h)— (ﬁ—%€h>).
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Therefore,
o (Hya,bye,u) =W e J,

I
K
lT\
[
[ul
Q@
k-
|
[SIE

oo. Without loss of generality, Assume that

Case (i) liminfn . [|(07, )|

(6™, ¢™)|| > 0 for any n. We have that
X”_q) i H" o™ b " W"w_*>0
ar o §—%Eg,h—%eh dan ’ dn’ dn’ dn”u dn :

Then by Case (i), there exist (H',a,V', ¢, ') and W’ € LY, such that

d" .=

o, (H' d V) =W =0.

Moreover, b, ¢ > 0 and at least one component of (¥, ') equals 1. Hence

<I>§fsg,f_zfsh (H/7 a/> bla C/a :u/) > Oa ]P’—a.s.,

which contradicts NA w.r.t. g — ¢, and h — .
Step 3. Since J is convex and sequentially closed under weak star topology, it

is weak star closed by |25, Corollary 5.12.7]. Apply the theorem below Remark 3.1

on page 34 in [75], we have that there exists an EMM Q satisfying

Eof = f, Egg<3g —¢&4, and supEgh, < h — e
TET

In particular, Q # 0.

9.5 Proof of Theorem [9.3.5]

Proof of Theorem[9.3.5. We shall only prove the results for ¢. The case for v is
similar, and in fact simpler. Let us first prove (9.3.2). It can be shown that

= inf supEqo,.

am(9) < sup inf Egln(@)] < inf supE
mun($) < sup fnf Eoln(9)] < inf sup Eqln(¢)] = inf sup

If Tam(0) < infgeo sup,c Eqd,, then take ¢ € R such that

um(0) < ¢ < inf sup Eqo,.
Tam(P) < ¢ dnf sup Q¢

(9.5.1)
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Now we add ¢ into the market, and we assume that ¢ can only be bought at time
t = 0 with price ¢. Then since ¢ > Tam(¢), RNA also holds when ¢ is involved. As
a consequence, there exists Q € Q such that sup,.; Eq¢, < ¢ by Theorem m,
which contradicts . Therefore, we have that holds. Similarly we can
show that holds.

Next, let us prove the existence of an optimal sub-hedging strategy for ¢. It can

be shown that

ﬂ_am(qs) = sSup sup Sllp{flf : 3(H7 Cl), s.t. (bg,}_z(H7 a, b> ) ,U) + 77(¢) Z ZB}
beRM ceRY peT neT

= sup sup inf Eq[b(g — g) + c(u(h) — k) +n(9)],

bERf,cERf nETN neT QeQy
where

Q;:={Qis an EMM : Eqf = f},

and we apply Superheging Theorem on page 6 in [?] for the second line. We shall
proceed in three steps to show the existence of (H**, a™ b** ¢** p**) and n™ for
(19.3.3]).

Step 1. Consider the map F : RY x RY — R,

F(b,c) = sup inf Eg[b(g — g) + c(u(h) — h) +n(9)].

Since for (b, c), (b, ) € RY x RY

[F(byc)— F(',¢)] < sup sup Eg[lb—0llg — gl + |c — ¢[|u(h) — Al
neTN neT QeQy

< KM+ N)J|(b,c) — (b, )],

where |[b— | :== (|b* = ¥"|,...,[b™ — ¥™]|) and similar for the other related terms,

and K > 0 is a constant such that

lg() = gl 17 () = Rl [l < K, V(t,w) €{0,..., T} x Q.
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Hence F' is continuous.

Step 2. Now take Q € Q C Qy. Let

€:= min {gi — ]EQgi} A min {Bi — supEth} > 0.

1<i<M 1<i<N et
Then
sup F(b,c) > F(0,0) > -K >—-2K > sup F(bc).
beRY ceRY [(b,c)||>32E
As a consequence,
sup F(b,e)= sup F(b,c).
beRY ceRY [(b,e)||< 32K

By the continuity of F' from Step 1, there exists (b**, ¢**) € R} x RY, such that

Tam(P) = sup  F(b,c) = F(b™,c™)
beRM ceRY

= sup inf Eg[b™(g9 —g) + ™ (u(h) — h) +n(d)].

neTN net QELy

Step 3. For any Q € Qy, the map

(n,m) = Eg[b™ (g —g) + ™ (u(h) — h) +n(¢)]

— E; % (b (g — g) + ¢ (u(h) — k) +n(0))

is continuous under the weak star topology (or Baxter-Chacon topology, see e.g.,

[38]). Then the map

(k,m) = By Eqo[b™ (g9 — g) + ™ (u(h) = h) +n(¢)]

is upper semi-continuous under the weak star topology. By [38, Theorem 1.1], the

set TV x T is weak star compact. Hence there exists (u**,n**) € TV x T, such that

Tam(¢) = sup  inf Eg[b™(g —g) + ™ (u(h) = ) +n(9)]
peTN neT QeQy

= Juf Eqlt™(g —g)+c"(u(h) = h) + 17 (4)

= sup{z: I(H, a), s.t. &;;(H, a, b, c™, u™) + 0" (o) > x},
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where we apply the Superhedging Theorem in [19] for the third line. By the same

theorem in [19], there exists (H**,a**) such that

<I>§771(H**,a**,b**, C**,[L**) + n**(qb) Z 7Tam(¢)~

9.6 Proof of Theorem [9.3.8

Proof of Theorem[9.3.8 Recall C(z) defined in (9.3.4)) and D(z) defined in ((9.3.5),
and denote C := C(1) and D := D(1). By Theorems 3.1 and 3.2 in [63], it suffices to

show that C and D have the following properties:

1) C(1) and ¢D(1) are convex, solid, and closed in the topology of convergence in

measure.

2) Forpe LY,

p€C <= Eplpgl <1 forVgqeD.

0
For q € L7,

q€ D<= Ep[pq] <1 forVpeCl.

3) C is bounded in probability and contains the identity function 1.

It is easy to see that C and D are convex and solid, Ep[pg] < 1 for any p € C and
q € D, and C contains the function 1. We shall prove the rest of the properties in
three parts.

Part 1. We shall show C is bounded in probability. Take Q € Q. Then dQ/dP €
D, and

d
sup Ep {Qp] =supEqgp < 1.
peC dpP peC
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Therefore, we have that

supP(p > C)
peC

dQ dQ
—supP [ S2p > S0
o (dP”dP )

B dQ dQ , dQ 1 dQ dQ . dQ 1
—izg[ﬂ”(d—z@”d—n»ad—ﬁﬁ)”(d—w”d—x@ad—wﬁ)]

Part 2. We shall show that for p € LY, if Ep[pg] < 1 for any ¢ € D, then p € C,
and as a consequence, C is closed under the topology of convergence in measure.
Take p € LY satisfying Ep[pg] < 1 for any ¢ € D. It is easy to see that for any

Q € Q, the process (%2|7)io,.. 7 is in Y(1). Therefore,

d
sup Eqp = sup Ep [;Qp} <1
QeQ geo | dP

Thanks to Theorem |9.3.5] there exists (H,a, b, ¢, ) such that
1 + q)g,fz(H? a, b7 ¢, M) Z b,

which implies that p € C.
Now let (p™)s2, C C such that p” LN p. Then without loss of generality, we

n=1

assume that p” — p a.s.. For any ¢ € D, we have that
Ep[pg] < liminf Ep[p"q] < 1.
n—oo

This implies p € C.
Part 3. We shall show that for ¢ € LY, if Ep[pg] < 1 for any p € C, then ¢ € D,

and as a consequence, D is closed under the topology of convergence in measure.
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Take ¢ € LY satisfying Ep[pg] < 1 for any p € C. Since
CoO{pell: p<1+H-S, for some H € H},

by [63, Proposition 3.1] there exists a nonnegative adapted process Y’ = (V)0 1,
such that ¢ <Y}/, and for any H € H with 1+ H -5 >0, (1 + (H - 5))Y))i=0,.. 1

is a P-super-martingale. Now define

Then it can be shown that Y = (Y})i—.. 1+ € Y(1). Since ¢ = Yr, ¢ € D. Similar
to the argument in Part 2, we can show that D is closed under the topology of

convergence in measure. O]
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