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ABSTRACT

Volumes and integer points of multi-index transportation polytopes
by

David T. Benson-Putnins

Chair: Alexander Barvinok

Counting the integer points of transportation polytopes has important applications
in statistics for tests of statistical significance, as well as in several applications in
combinatorics. In this dissertation, we derive asymptotic formulas for the number of
integer and binary integer points in a wide class of multi-index k1 X ko X ... X k,,
transportation polytopes. A simple closed form approximation is given as the k;s
go to infinity. A formula for the volume of 4-index transportation polytopes is also
given.

We follow the approach of Barvinok and Hartigan to estimate the quantities
through a type of local Central Limit Theorem. By carefully estimating eigenvalues
and eigenvectors of certain quadratic forms, we are able to prove strong concentration
results for the corresponding multivariate Gaussian random variables. We also esti-
mate correlations between linear functions of Gaussian random variables to produce
concentration results for the distribution of certain exponential functions. Combined,
these techniques allow us to give a complete accounting of the integrals of several
functions that are key to estimating the number of integer or binary integer points in

multi-index transportation polytopes. As an additional result, we transform a stan-

vi



dard concentration of measure on the sphere argument to a concentration result for
Gaussian measures whose quadratic forms contain several small eigenvalues, allowing

a similar calculation for the volume of multi-index transportation polytopes.
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CHAPTER I

Introduction

A v-index transportation polytope is a set of ky x ... X k, arrays of non-negative

numbers with fixed hyper hypercube arrays of non-negative numbers of the form

(Y

satisfying the following relations: Fix some arbitrary j with 1 < j < v, and some
arbitrary m; with 1 < m; < k;. Then there are constants Sfﬁj for each such j and

m; such that

E — QJ
§m17m2 ----- my Smj'

Ty 1y 1 yeeey T
For such a j and m; we call Sgﬁj the m;th margin in the jth direction. In the literature
this is often referred to as a multi-index transportation polytope with fixed 1-margins,
for example in [LLO04], or a planar transportation polytope in the 3-index case, for

example in [L409].

The main results in this paper are asymptotic formulas to approximately count the
number of integer and binary integer points in a wide class of v-index transportation
polytopes. for v > 3, and an asymptotic formula to approximate the volume of certain

4-index transportation polytopes.
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Figure 1.1: An integer point in a 2 x 2 x 2 three-index transportation polytope. The
entries corresponding to the first margin in the second direction are col-
ored green, and the entries corresponding to the second margin in the
second direction are colored red. The polytope this point comes from has
margins S = 14, S3 =19, S7 = 20, S5 = 13, S} = 26, and S5 = T.

Counting the number of binary integer points in a v-index transportation polytope
is a special case of counting v uniform, v-partite hypergraphs. The vertices of the jth
partition are labeled 1 through k;, and an entry in the my, mo, ..., m, position says
there exists an edge connecting vertices my, mo, ..., m,. Work has gone into counting

asymptotically the number of hypergraphs of certain forms, see [DFRS13].

Counting the number of integer and binary integer points in 3-way contingency ta-
bles has applications in algebraic combinatorics. The Kronecker coefficients g(A, p, v)

for partitions A\, u and v of some integer n are defined by the identity

X ext =Y g m )X,

where x“ is the irreducible representation of .S,, indexed by partition . It is known
that the values of g(\, p, V) are non-negative, but a combinatorial interpretation or

simple counting formula is not known. In [AV12] it is shown that the the value of



g(A\, i, v) can be bounded from above by the number of integer points of a 3-way
contingency table whose margins are given by A, pu and v. It is also shown that
g(\, i, v) is bounded from above by the number of binary integer points of a 3-way
contingency table whose margins are given by X', u and v, where )\’ is the conjugate
partition of A\. In [PP3] it is shown that g(\, 1, ¥) can be calculated exactly in terms

of the number of integer points in 3-way contingency tables of various margins.

In statistics, points in a v-index transportation polytopes tables are constructed
from a given dataset in the following way: N objects have v qualities divided into
ky categories for the first quality, ks categories for the second, through k, categories

for the last. The entry x,,, . m, is the number of objects that have quality 1 fall into

category my, quality 2 into category ms, through quality v in category m,. Estimat-
ing the number of integer points contained within the corresponding transportation

polytope is critical for tests of significance in the distribution of contingency tables

and interpretation of those results. See [DE85] for an exposition in the v = 2 case.

Much work has been done in calculating asymptotic formulas for the number of
integer points of multi-index transportation polytopes in special cases. Examples
include two-directional transportation polytopes, in the sparse case in [GMO08], and
in the case of all equal margins in [CM10]. An asymptotic formula for the number
of integer points in certain ”"smooth” - or close in a certain technical sense to the
case of all equal margins - two-directional multi-index transportation polytopes has
been calculated in [BH12]. Formulas for the volume and number of integer points
and binary points for smooth multi-index transportation polytope of five or more
directions was found in in [BH10]. It was not previously known that smooth three
and four directional transportation polytopes allowed the same asymptotic formula.

In addition, the asymptotic error for the case of having five or more directions is



improved over that calculated in [BH10]. We will combine the approaches of these
last two papers, along with improved estimates on the variance of certain Gaussian

random variables to achieve the result.

We also extend the results of Barvinok and Hartigan in [BH10] to estimate the
volume of a large class of 4-index transportation polytopes defined by a similar condi-
tion to being smooth. In [BH10] they estimate the volume of v-index transportation
polytopes for v > 5. We apply well known concentration of measure results on the
sphere to improve estimates of integrals and allow for the general proof technique to

be used on 4-index transportation polytopes as well.

The layout of this paper is: the remainder of Chapter I states the three main
theorems, and discusses future potential work related to them. In the proof of all
three theorems we rely heavily on the eigenspace of quadratic forms of a certain type.
Chapter II calculates the eigenspace of these quadratic forms, and proves several
lemmas and theorems common to the proofs of all three main theorems. The theorems

are then proven in Chapters III, IV, and V.

1.1 The Polytope Constraints

In what follows, a set P C R" is called a polyhedron - and a polytope, if it is

bounded - if it can be defined as

P={zx=(&,...,&) : Az=>b and ¢ >0 forall j}

for some A a d x n matrix of real numbers, and b € R?. In this case the columns of

A will be denoted aq, . ..,a,. For the v-index transportation polytope defined earlier,



we write a point in our hypercube array as

(116120 &k 11121y - o Ehrka. k)

with the coordinate &, ., being the coordinate lying in the mj;th margin of the
jth direction. The transportation polytope then fits the above definition with n =
kiks ... k,, and each a,,, ., being a vector of length ki + ko + ... + k, that has all
0s, except for a 1 in positions my, ki +mao, k1 + ko +mg,..., and k1 + ...+ k,_1 +m,.

In this case the entry of b in position k; + ...+ kj_; +m; is S,le for each j and m;.

It is important to note that the constraint matrix A for a multi-index transporta-
tion polytope does not have full rank. This is easily seen by observing that for each

7, the sum

must be the same value, as it gives the sum of all entries in the hypercube array. This
is the only linear dependency amongst the constraints, and a basis of the constraints
consists of removing the constraint on the k;th margin in the jth direction for j =

2,...,v. If L C RF+-+k ig the subspace

L= {(517 s a€k1+---+ku) : €k1+---+k’j =0 forall 2< J < V} ) (11)

and Q : Rbt-thk _ RFi+-+kv g the orthogonal projection onto £, then QA is a
full rank linear transformation from R¥1*-+k — £ and the system of constraints

QAx = @b is equivalent to selecting a linearly independent set of constraints for P.



1.2 Quadratic Forms and Inner Products

Recall if ¢(t) is a positive semidefinite quadratic form on R? then there exists a
positive semidefinite symmetric matrix B such that q(t) = 3 (¢, Bt). We define the
eigenvalues and eigenvectors of ¢ to simply be the eigenvalues and eigenvectors of B.
If V C R? is a linear subspace and @) the orthogonal projection onto V, then gy ()
will denote the quadratic form % (t,QBQt). For t € V this conforms with the original
definition, but we will occasionally decompose t into vectors not contained in V which

will make this definition convenient.

If B is positive semidefinite symmetric d x d matrix, then QBQ is a positive
semidefinite symmetric d x d matrix whose kernel includes V*. Therefore there exists a
basis of orthogonal eigenvectors that all lie in V or V*. By det(q) we mean the product
of the eigenvalues of B, and by det(g|y) we mean the product of the eigenvalues of

the eigenvectors of QB(Q) that lie in V.

Lastly, we recall that if ¢ is a positive definite quadratic form on some subspace

Y C R”, then
2 dim(V)/2
/e—q(t)dt — L (1.2)

Vdet(qly)

2
1.3 Maximum Entropy in the Counting Problem

In many counting and volume measurement problems, the problem is reduced
to calculating an integral. Examples include [BH12] and [BH10] in counting inte-

ger points of general polytopes. In [BH13|, the number of graphs satisfying certain

conditions on the degrees of its vertices is counted in a similar manner.

The principle that allows the construction of the integral is inspired by the stan-



dard "Monte Carlo’ or random sampling method. To count the number of integer
points in a polytope P C R’} defined by the system of equations Az = b, we first
construct a random variable X that takes values in Z7}, for which EX € P. We then
express |PNZ" as a function of Pr(X € P). Rather than a numerical sampling
to estimate Pr(X € P), we use X € P if and only if AX =b. If Ais d x n with
n > d, and each row of A has sufficiently many nonzero entries, and each entry of
X is picked independently, then the entries of AX are approximately Gaussian by
the Central Limit Theorem. The integrand of the integral we use to estimate the
number of integer points is simply e~9*), where ¢(t) is a certain quadratic form that

we construct later.

It turns out that a useful choice of X is the random variable of maximum entropy
whose expected value lies in P that takes the relevant values. In the integer point
case the entries of X are independent geometric random variables, in the binary
integer point case the entries of X are independent Bernoulli random variables, and
in the volume case the entries of X are independent exponential random variables.
In Sections 3.1, 4.1, and 5.1, we cite several lemmas and theorems of Barvinok and
Hartigan that describe the choice of a random variable X that is appropriate for
counting integer points, counting binary integer points, and measuring volumes, and
how to construct the probability mass function or density of the distribution explicitly,
but the focus of this paper will be on the application of these theorems to the specific
example of multi-index transportation polytopes. See [BH10] for more details on the

general case.

1.4 Counting Integer Points of Transportation Polytopes

In this section we state the main theorem estimating the number of integer points

in a multi-index transportation polytope. The theorem is



Theorem 1.1. Let P be a ky X ... Xk, multi-index transportation polytope with v > 3
defined as in Section 1.1 by the overdetermined linear equations Ax = b with L the
subspace defining a linearly independent subset of equations, and let n = ky x ... X k,.

Let z = ((1,...,Cy) be the unique point in P on which the strictly concave function
n

g(x) = Z(SJ + 1) In(& +1) =& In(E)  for v=(&,...,&)

J=1

attains its mazimum value. Let D be the matriz whose columns are ((; + C})l/gaj,
where a; are the columns of A, and let q(t) = % (t, DD't). Suppose there exist numbers

0 <w <1, along with k > 0, and R > r > 0 such that the following inequalities hold:
wk <k; <k for 1=1...,v, and

TSQ?—FCJSR fOT jzla"‘7n7

along with the inequalities wk > 2, and R > 1. If k is large enough to satisfy the

following inequalities:

T2 Y3 (1

1
—v’kIn(k) + —vkIn(R) ) k™! <
w”In(1 + m2r) 2" n(k) + 2" n(R)

8122V R?
——In
wyr

(k)k™ 2 < 3/4,
then |P N Z"™| is approzimated by

e9(2)

~1/2
(27) (ka ooty —v+1) /2 det(q|z)

to within relative error

Fk—u+2.5

for some constant I' = I'(R,r,w,v). In particular, if r, R, w and v are fized, there



exists N = N(r, R,w,v) such that for all k > N, we have

AR 41

w?u

r

The conditions of Theorem 1.1 essentially say that P looks similar to the most
symmetric case possible. P is called a polystochastic tensor if ky = ko = ... =k, and
every entry of b is equal to £“~!. In this case we can take k = k; for all j =1,...,v,
and w = 1. Furthermore, by the symmetry of the problem, we get (; = 1 for
j =1,...,n. The value of w measures how far from a hypercube the shape of the
polytope’s arrays are. The values R/r essentially measure how far from equal the
entries of b are, and the magnitude of r (or R) is a measure of how large the entries

of b are.

The assumption that R > 1 is trivial, as R is simply an upper bound on the values
of Gm,,...m, and can be chosen to be larger if needed. If any of the k;s are equal to 1,
then P is a v—1 index transportation polytope, so wk > 2 is also a trivial assumption.
The two non-trivial assumptions on how large k is are generated by the specific proof
we use. Informally, they say if R is too large compared to k, the theorem is not
valid. Fixing R/r and letting r, R go to infinity is equivalent to letting the margin
sums go to infinity. In this case the number of integer points well-approximates the
volume of P [KV97]. As we will see in Theorem 1.3, estimating the volume of multi-
index transportation polytopes is more difficult. As we will discuss in Section 1.8 this
restriction is likely artificial. Under the heuristic described in Section 1.3, we would
expect the problem of estimating the number of integer points to become easier as
the margins go to infinity.

To prove Theorem 1.1, we show that the number of integer points in P can be



expressed using

/ Ft)dt.

where IT C L for £ asin (1.1) is a cube centered at the origin whose sides have length
27, and F(t) is a function that will be defined later. We then split £ into three

regions X7, Xs, and X3. We show that

/ |F(t)|dt and / e_q(t)dt<</6_q“)dt,
z

(XQUXg)ﬂH XoUX3

where ¢(t) is the quadratic form constructed in Theorem 1.1, and that

/ F(t)dt ~ / e 10t ~ / e 10t

X1 X3 L

To facilitate these calculations we will require several results about the probability
distribution whose density is proportional to e=9® on £. Chapter II will contain

these, and the proof of Theorem 1.1 will take place in Chapter III.

1.5 Counting Binary Integer Points in Transportation Poly-

topes

In this section we state the main theorem estimating the number of binary integer
points in a multi-index transportation polytope. We use several pieces of notation
that overlap with Theorem I.1. The usage as in Theorem 1.1 will be restricted to its
proof in Chapter III, and the usage in Theorem 1.2 will be restricted to its proof in

Chapter IV.

Theorem 1.2. Let P be a ki X ... X k, transportation polytope with v > 3 defined by
the overdetermined linear equations Ax = b as described in Section 1.1, with L the

subspace defining a linearly independent set of equations, and let n = ki x ... X k.

10



Let z = ((1,...,C) be the unique point in P 0 [0,1]™ on which the strictly concave

function

g(x) zzgjlné—k(l—fj)lnl_; for z=(&,...,&)
=1 !

&

attains its mazimum value. Let D be the matriz whose columns are (¢; — (2)"%ay,
where a; are the columns of A, and let q(t) = % (t, DD'). Suppose there exist numbers

0 <w <1, along with k > 0 and r > 0 such that
wk<k;<k for j=1,...,v, and

rggj—(} for 7=1,...,n,

along with wk > 2. If k 1s large enough so that

5yoov—l1 1
In(k)k"2 < — d
2rwY n(k) 2 an
10 721/—1
:QT In(k)k™"+2 < 3/4,

then |P N {0, 1}"| is approzimated by

eg(z)
(27) (a by —v1) /2 det(q|.

)—1/2
to within relative error
Fk_y+2'5

for some constant I' = T'(r,w,v). There exists some constant N = N(r,w,v) such

that if kK > N, then I' may be chosen to be

r_ 25V144V71
4r2w2V

11



The conditions of the theorem essentially say that P looks similar to the most
symmetric case possible. Suppose k; = ks = ... = k, and every entry of b is equal to

k*~1/2. In this case we can take k = k; for all j = 1,...,v, and w = 1. Furthermore,

1

by the symmetry of the problem, we get (; = 1/2 for j = 1,...,n, and (; — CJZ =7

for all values of j. The value of w measures how far from a hypercube the shape of
the polytope’s arrays are. The value of 7 measures how far from k“~!/2 the entries
of b are - as the entries of b approach the extremal permissible values of £*~! and 0
where the counting problem is trivial, the value of r goes to zero. It is easily seen
r can never be larger than 1/4 as by hypothesis, if z € PN [0,1]" then 0 < (; <1
for all j = 1,...,n. The inequality wk > 2 is trivial, as if any k; = 1, then P is
a v — l-index transportation polytope. The non-trivial relationship between k, r, w
and v is a consequence of how the proof of the theorem is constructed, and is likely
not optimal. However, under the heuristic described in Section 1.3, we also would
not expect Theorem 1.2 to hold if r is small enough compared to k.

To prove Theorem 1.2, we show that the number of binary integer points in P can

/ Ft)dt,

I

be expressed using

where II C £ for £ asin (1.1) is a cube centered at the origin whose sides have length
27, and F(t) is a function that will be defined later. Note that F'(¢) is a different but
similar function to the one described after Theorem 1.1, and each function’s definition
will be restricted to the chapter containing the respective theorems’ proofs. We then

split £ into three regions X;, X5, and X35. We show that

/ |F(t)|dt and / e 10t < / e~ 10t

(XQUXg)ﬁH XoUX3 L

12



where ¢(t) is the quadratic form constructed in Theorem 1.2, and that
/F(t)dt ~ /e‘q“)dt ~ /e—q@dt.
X1 X1 L

To facilitate these calculations we will require several results about the probability
distribution whose density is proportional to e 9® on £. Chapter II will contain

these, and the proof of Theorem 1.2 will take place in Chapter IV.

1.6 Measuring Volumes of Transportation Polytopes

In this section we state the main theorem estimating the volume of a 4-index
transportation polytope. As in the case of Theorem 1.2, we will allow conflicting

notation whose usage will be restricted to the proof of Theorem 1.3 in Chapter V.

Theorem 1.3. Let P be a ki X ky X k3 X kg transportation polytope defined by the
overdetermined linear equations Ax = b as described in Section 1.1, with L the sub-
space defining a linearly independent subset of equations, and let n = kikoksky. Let

z2=((1,...,C) be the unique point in P on which the strictly concave function
glr)=n+Y W& for = (&,....&)
j=1

attains its mazimum value. Let D be the matriz whose columns are (ja;, where a;
are the columns of A, and let q(t) = % (t, DD't) and s(t) = 5 (t, AA"t). Suppose there

exist numbers 0 < w < 1 along with k > 0 and R > r > 0, such that
wk<k;j<k for j=1,...,v,and

r<G<R for j=1....n,

13



along with the inequalities wk > 2, R > 1 and k > 4. Suppose

3072R% »
5 (8k'In(k) + 2k ' In(R)) < 1,
3072R
1— 0
otk
245760 R2
wkfl In(k) <1, and
w3r
2
k> = (2m)e,
> —(27)
Then vol(P) is approximated by
e9?) det(s|z)"/?

(27T)(/€1+k2+k’3+k4—3)/2 det(q|£)1/2

to within relative error

k=2

for some constant T' = T'(R,r,w) > 0. Furthermore, there exists some constant

N = N(R,r,w) such that for k > N, we can let I' = 2R33/2.

The conditions of the theorem essentially say that P looks similar to the most
symmetric case possible. P is called a polystochastic tensor if ky = ko = ... =k, and
every entry of b is equal to k“~!. In this case we can take k = k; for all j =1,...,v,
and w = 1. Furthermore, by the symmetry of the problem, we get (; = 1 for
j =1,...,n. The value of w measures how far from a hypercube the shape of the
polytope’s arrays are, and the values r and R essentially measure how far from equal
the entries of b are.

The inequality wk > 2 is trivial because if any k; = 1, then P is a 3-index
transportation polytope. The inequalities R > 1 and k& > 4 are also trivial as R and
k are upper bounds on values, and can always be taken to be larger if necessary. The

other inequalities are non-trivial and consequences of how the proof is constructed.

14



One consequence of them is that if R is too large compared to k, the theorem is not
valid. As R goes to infinity the volume is well-approximated by the number of integer
points in P, so for similar reasons as in the description following Theorem 1.1, we
expect this restriction to be artificial, and replaceable with a relationship between k

and R/r.

Similar to the proofs of Theorems 1.1 and 1.2, we show that the volume in P can

/ F(t)dt,

L

be expressed using

for £ asin (1.1) and F(t) a function that will be defined later. The F'(t) in the proof
of Theorem 1.3 will be different than the function F'(¢) discussed after Theorems I.1
and 1.2, and the notation will be restricted to the proof in Chapter V. We then split

L into three regions X7, Xo, and X3. We show that

/ \F(1)]dt and / 10t < / 10,
L

(X2UX3) X2UX3

where ¢(t) is the quadratic form constructed in Theorem 1.3, and that

/ F(t)dt ~ / e 1t ~ / e~ 10t

X1 X3 L

Unlike the proofs of the other main theorems, this last approximate equality will
require splitting X; into several pieces as well - this complication is why the volume
calculation cannot be extended to v = 3 readily. To facilitate these calculations
we will require several results about the probability distribution whose density is
proportional to e9® on £. Chapter I will contain these, and the proof of Theorem 1.3

will take place in Chapter V.

15



1.7 Polynomial Time Calculations

In all of Theorems 1.1, [.2, and 1.3, to calculate the given estimate one must calcu-
late the determinant of a known quadratic form, which can be done in time polynomial
in n, and find the extremal value of a strictly concave function. This can be calculated
to within error € in time polynomial in n and In(1/¢), see [NN94]. Combined, this says
that all three theorems give polynomial time algorithms for estimating the number

of integer points, binary integer points, or volume of transportation polytopes.

1.8 Future Work

In Theorems 1.1 and 1.3, the value R cannot be too large or the hypothesis of the
theorem is not satisfied. This is likely an artifact of the proof technique and not a hard
requirement. In [BH12], Barvinok and Hartigan count the number of integer points
in 2-way transportation polytopes as long as R/r is held constant, and R is bounded
by any arbitrary polynomial in k. For very large values of r and R, the polytope
itself is large enough that the volume and number of integer points approximate each
other quite well. The authors use scaling of the polytope to show that any value of R
is admissible, and to estimate the volume of 2-way transportation polytopes as well

with no upper bound on the value of R.

The extra flexibility comes from being able to show that
/ F(t)dt < / e~ qt
XoUX3 L

for a much larger set X5 U X3 than we are able to construct for v > 3. It is an open
question if for v > 3 there is no upper bound on how large R can be for the number

of integer points and volume calculations. It is also an open question if there exists

16



a formula for the volume of 3-way transportation polytopes even in the case when R

is held constant as k grows.

17



CHAPTER II

Correlations and Variances of the Quadratic Form

For the entirety of this chapter, we will let g(¢) : R**~+* — R be the quadratic

form
k1 1~~~,k1/

Q(t) = — Z Oéml,...,m,, (t1m1 4+ .. .tumu)Q, (21)

mi,...,my=1

where o, .. m, are arbitrary positive constants, such that each k; is at least 2. Note

v

that the quadratic forms in Theorems 1.1, 1.2 and 1.3 are of this form with ay,, . m, =

G oo+ Gy, 10 the first case, aumy,m, = Gny,my — Gy o m,, 10 the second, and

77777

Qmy,smy = Gy, 10 the last. We will let B be the unique positive semidefinite

matrix such that

o(t) = % (t, Bt).

Note that for D as in Theorems 1.1, 1.2, or 1.3, we have B = DD?!. Suppose X is a
random variable whose density is proportional to e=9® restricted to £, where L is as
defined in (1.1). The objective of this chapter is to calculate correlations of random
variables of the form (X, e;) for any standard basis vector e; € L. To do so, we will

carefully bound the eigenvalues of ¢(t) and estimate the eigenvectors of ¢(t).

The application of these results will be applied in the proofs of the main theorems

in two ways. It will allow us to show that the integral of e~%®) outside of a neigh-
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borhood of the origin is negligible. It will also allow us to place bounds on E (eif (t))
for a certain cubic polynomial f(¢) when ¢ is drawn according to the distribution
given by X. In the proofs of each of the main theorems we will show the quantity to
be measured is equal to the integral of a function F(t) (different for each theorem),
which we will approximate near the origin via Taylor polynomial approximations as
F(t) ~ e 9+ The results of this chapter will allow us to then estimate the

integral of F' in a neighborhood of the origin.

We introduce some notation and concepts for the chapter. If C'is a symmetric
matrix, we write \;(C) to be the ith largest eigenvalue of C'. Throughout the entire

chapter we assume that there are values R > r > 0 such that
r <o, . m <R forall my,...,m,.
We also assume there exists w and k& such that
1 <wk<ky,... k <k

For notational convenience we will define
K= 1] *
i=1,...,v
i#£j

We will also denote Q : RFi++kv s Rbi+-+k t5 he the orthogonal projection onto

L.
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2.1 Eigenvalues and Eigenvectors of ¢(t)

In this section we calculate the eigenvalues and eigenvectors of ¢(t) (that is, the
eigenvalues and eigenvectors of B), and the eigenvalues and eigenvectors of ¢(t) when
restricted to the subspace £ defined in Equation (1.1). Throughout we will let @ :
RF1+-+hy s RFit-+kv he the orthogonal projection onto £. The main result of this

section is the following:

Theorem 11.1. Forv > 2, there exists a set of eigenvectors and eigenvalues of QBQ
as follows: there are v — 1 eigenvectors with eigenvalue 0 lying in the kernel of @,

v — 1 unit eigenvectors with eigenvalues that lie between

wufl

]CV_2 d —1kV—2
r—y(y =) an Rw

such that the square of the distance of each eigenvector to ker(B) is smaller than

R
—wVkT,
,

one eigenvalue which lies between
gw”_lyk”_l and Rvk"™!,
and the remaining eigenvalues all lie between
rw’ kY and  REVTL

This theorem describes the eigenvalues and eigenvectors of the quadratic form g/ .
The outline of the proof is as follows: we first calculate all the eigenvectors and eigen-
values of B, and see the eigenvalues are all ©(k”~1). Most of these eigenvectors will

lie in £ and hence be eigenvectors of ¢|, as well. The remaining few eigenvectors will
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be nearly orthogonal to £, which we will use to show that the remaining eigenvalues
are O(k~2).
We require the use of two well known lemmas on comparing eigenvalues of sym-

metric matrices.
Lemma I1.2. Let C' and D be symmetric positive semidefinite m X m matrices such
that C' — D 1is positive semidefinite. Then

Xi(C) > N(D) foralli=1,...,m.

Proof. This is Corollary 7.7.4 of [HJ85]. O

Lemma II.3. (The Weyl Inequalities): Let C' and D be m x m real symmetric
matrices. Then

as long as 1 < 1,7 < m such thatt+ 7 —1 < m.
Proof. This inequality is shown in Section 1.3.3 of [Tal2]. ]

Lemma I1.4. The matriz B has a basis of orthogonal eigenvectors such that v — 1
lie in the kernel of B, one has eigenvalue between rw'~'vk'=' and Rvk*~!, and the

remaining eigenvalues lie between rw’~'k¥=! and Rk~

Proof. 1f q(t) = % (t, Bt) then
Vq(t) = Bt.

Calculating the gradient in (2.1) gives us

Jq
87_]mj = Z am1 ..... my (Tlml + ... —I'_ Tymu)- (22)

m, = 1 for all my,...,m,. Then for all 1 <

.....
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j<vand1l<m; <kj,

ktekgoky
= K T, + D (Timy + oot Tjmy + oot Tom,) - (2.3)
J

M1,y My =1

From this it is immediately clear by substituting in the relevant vectors that for any

1 < j < v, any non-zero vector contained in the subspace

ks
Wi =19(0,...,0 ,Tj1,.- s Tjgys 0,...,0) : Z;sz:o (2.4)
ki4...4+kj 1 kjr1+..+ky =

is an eigenvector of B with eigenvalue k7. As B has a basis of orthogonal eigenvectors,
we can complete the description of its eigenspace by considering vectors orthogonal

to each W;, which are of the form

(01, ,01,09, ..., 09, .., Opyen,0y).
v v

If 0y + ... 4 0, = 0 then this vector lies in the kernel of B, so is an eigenvector with
eigenvalue 0. By dimension counting there is one remaining eigenvector of B, which

has o; = k} for all j and has an eigenvalue of

/
Sk
j=1
If instead we have r < ay,,..m, < R, the set of vectors of the form

(01,...,01,09,...,09,...,0,,...,0,) suchthat o;+...4+0,=0

k1 ko ky

still form the kernel of B, and the remaining eigenvectors will be orthogonal to this

space. Applying Lemma I1.2 and comparing the eigenvalues of ¢(t) with the quadratic

22



forms

g Rk
qz<t>:§ <T1m1+---+7—z/my>2
mi,...,myp=1
for Z = R and Z = r completes the proof. n

At this point we are ready to prove Theorem II.1.

Proof. We will first prove the result when ay,, .., = 1 for all my,...,m,. Then
for W; as defined in Equation (2.4) we immediately get that YW, N L are eigenspaces
of @BQ with eigenvalues k. Furthermore, W N £ = W, has dimension k;, and for
J > 2, the subspace W;NL has codimension 1 in W; so is a subspace of £ of dimension
k; — 1. By dimension counting we are left with v linearly independent eigenvectors
of @BQ in L that are unaccounted for. There must exist a set of eigenvectors of the
form

s=(01,...,01,09,...,09,0,03,...,03,0,...,0,,...,0,,0) (2.5)

v Vv
k1 ko—1 k3—1 ky—1

as they are orthogonal to the eigenspaces of Q) B(Q that we have calculated so far. Let
V be the subspace of all vectors of the form defined in Equation (2.5). We decompose
s into a linear combination of the 2v — 1 remaining eigenvectors of B orthogonal to

W; N L for all j. These are the kernel vectors

1%
(01,...,01,09,...,09,...,0,,...,0,) with E g; =0, (2.6)
k1 ko Ey J
the vector
/ ! / ! / !
'UO: (k17"'7 1y vy oo oy 2,...,kjy7...7kjy) (2.7)
N 7 7 N J/
Vv TV TV
k1 k2 ky

and one vector from each W; for j # 1 of the form

v =(0,0...,0,1,1,...,1,1 — k;,0,0,...,0). (2.8)
—_——— —— ———
k1+...+kj,1 k:j—l k:j+1+...+k’y
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The projection of s onto the span of v; by definition is

<Uj75>
(vj, v5)

Uj.

For s € im(Q)), we have (v;, s) = (Qu;, s). If P; is the projection onto v;, then
QBQs = QBQ (Pgs +) Pjs>
=2

can be rewritten as

<QU0> > ija

QBQs = >@BQO+Z oy QBQu; (2.9)
Let
= Quo = (K, K Ko K 0K KL 0, KK 0), (2.10)
N ~— —
k1 ko—1 k3—1 ky—1
and for 7 > 1,

wj=Qu;=(0,...,0,1,...,1,0, 0,...,0 ). (2.11)

—— — ——

k1+...+kj,1 k-].,l kj+1+.u+ky

By the eigenvalues of the v;s calculated in Lemma II.4, plugging Equations (2.10)

and (2.11) into Equation (2.9), we get

QBQ|V = Zj ! ]Uouo—i‘z

(vo =2 (vj, UJ

We can then write QBQ|y = C' + D, where

zj 1k§ t

UoU
<U07U0> ot

C:
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is a rank one symmetric matrix with nonzero eigenvector uy and eigenvalue

Ao = <U0>Uo> Zk;’

<U07 UO> =1

and

_ J ot
D = g (O

is a rank v — 1 symmetric matrix that has nonzero eigenvectors u; for j > 2 of

eigenvalue
{wu)k,
T {v)
By Equations (2.7) and (2.10),
1 —1v-1 W -1
_ v=lpr=l <« 3\ < (1= 2 v .
(1 k)uw k _Ac_<1 k)uk: , (2.12)

and by Equations (2.8) and (2.11), for all j > 2 we have
W <N < w TR (2.13)
By Lemma II.3, we get by plugging in ¢ = 2 and 7 = 1 that
A2 (QBQly) < Mo (Cly) + A (D]y) < w™ k2 (2.14)

Furthermore,

M (QBOl) > A (Cy) > (1 - %) e

Also, the largest eigenvalue of QBQ|y must be smaller than the largest eigenvalue of
B, which is vk*~!. Taking the largest eigenvalue of QBQ|y and the eigenvalues we

have calculated previously, we find that all but v — 1 eigenvalues of QBQ on L lie
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between

W and vV

Furthermore, by (2.14), to complete the proof on the magnitude of the eigenvalues it

suffices to show that
v—1

M (@BGY) 2 o

If t € L is an eigenvector of QBQ)|y with eigenvalue A, then ¢(t) = LA||¢||%. Decom-

k2.

posing t = wy + wq with wy € ker(B), and wy L ker(B), we also have ¢(t) = q(wq) >

sw” k7 |ws|? by Lemma I1.4. Combining these gives

[[wa[*

A Z wuflkufl )
[I£]]?

(2.15)

Assume ¢ is of the form given in Equation (2.5). Let T be the orthogonal projection

onto the kernel of B, so wy = Tt. Then

||ws|” (t, u)?
—1- (2.16)
|[£]]? |[¢]]?
Furthermore,
1
Tt = (t,u)u for u wy,
[ wr]]
and
Tt (tu)?
[[£][2 [¢]]%
We also use the fact that
2 <t7 U>2

as the projection of u onto L is at least as large as the projection of u onto the span

of t. Combining these along with (2.15), we get that

A (QBQP) > ok (1 - [|QulP) . (2.17)

26



We consider the problem
minimize ||(Id —Q)u||* given wu € ker(B), ||u|| = 1.

Recall that every u € ker(B) is in the form given in Equation (2.6), so the problem

reduces to finding a lower bound for
1(1d=Q)ul]* =) o7
=2

under the conditions that

ijUJQ' =1 and Zaj = 0.

j=1 j=1
Substituting —o; = 09 + ... + 0, we reduce the problem to

14 14 2 v

minimize ZO’? given Kk <Z O'j) + Z k:jo'? =1.
j=2 j=2 j=2

If the minimum is achieved at (o2,...,0,) = (52,...,5,), then every ; must have

the same sign. If not, then

12 2 v 12 2 14
() 3 () < Sont -
=2 =2 =2 j=2
and therefore we can take the vector (|5, .. .,|5,|) and scale it down to find a smaller

minimum satisfying the constraints. By taking negatives if necessary, assume 3; > 0

for all j > 2. If for some ¢ we have 5; > ; for all j > 2, then

v v 2 v
((V — 1)’k + Zky> B>k (Z 5;) + Zk]ﬁjz =1,
=2 =2 =2
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SO

1
Pz (v =102k + > 7o kj
and hence
~ 1
;BJ ~(v—=1)%k + 2522 k;
Therefore
10 =Qul* = ool

which combined with Equation (2.17) completes the proof that on V,

v—1

w
A(QBQly) > m

Combining this with (2.14) completes the proof of the theorem in the case that
m, = 1 for all my,...,m,.

.....

By Lemma I1.2, if » < . m, < R, the eigenvalues of ¢|; are bounded from

.....

above by the previously calculated eigenvalues multiplied by R, and bounded from
below by the previously calculated eigenvalues multiplied by r. Furthermore if t € £

is a unit eigenvector whose eigenvalue is smaller than Rw~'k”~2, then writing
t = ayty + Bits
with ¢; € ker(B), t2 € im(B), we get that
1 —11.v-2 1 2 v—11v—1
§Rw k > q(t) > 5@ rw’ TR

and hence

R
6152 S _wil/kil?
T

28



which completes the proof.

We immediately get the following corollary:

Corollary II.5.
~q(t) L2 1
e 1dt > exp ~7Y kln(k) — éykln(R) :
L

Proof. First, we observe by (1.2) and Theorem II.1 that

| 1
~a(t) g > (7)ol —v+1)/2 ( w )
/ e "dt 2 (2m) \/Rk;H Rukv—1 \ Rk
L

) ki+..+ky,—2v+1

Observing that wk > 1, we can simplify this to

/eq(t)dt > (27T)(k1+...+kl,fu+1)/2i (Rk”’l)_(k1+“'+k”_y+1)/2
v

)

L

which we can further simplify by using the fact that & > 2 to the claim of the corollary.
O

2.2 Variances

In this section we continue to use the notation introduced at the beginning of the
chapter before Section 2.1. In particular the quadratic form ¢(t), the subspace L,
and the constants r, R, w and k introduced there are used extensively, as well as the
notation for k7. We consider the probability density on £ proportional to e~9®  and
show the total measure outside of a small box around the origin in £ is negligible.

The main result is the following:

29



Lemma 1I1.6. Let

Xs={teLl : ||t|le =6}

Then
/eq(t)dt < vkexp (—52/#”1/1“) /eq“)dt,

X, c
where dt is the Lebesgue measure on L, and
AR
I'=—53

wtYTor

To prove Lemma I1.6, we consider random variables of the form (¢, v) for a fixed
vector v when t is drawn from the distribution with density proportional to e~
restricted to £. In general, if ¢(t) is a positive definite quadratic form on a vector
space V of dimension d with unit eigenvectors vy, ...,vq and eigenvalues Ay, ..., \q,

and t is drawn randomly from the distribution whose density is proportional to e~ %)

on V, and u € V is fixed, then (u,t) is a normal random variable, and

Var ((u,t)) = > Al (u, v;)° . (2.18)

Before we begin the proof of the main result we require a technical lemma.

Lemma IL.7. Let e; be a standard basis vector of RF* % and let T be the or-
thogonal projection onto the kernel of q(t). Then there exist constants vy(w,v) > 0,

I'(w,v) > 0 such that

v r
L < |Teilloo < —.
k — | ‘ e] ‘ ‘ — k
The constants may be chosen to be
w21/71 1
Y= 9 3 and T = W
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Proof. For notational simplicity we assume that e; corresponds to one of the first k;

entries. An orthogonal basis of the kernel of ¢(¢) can be written as follows:

Uy1=1(0,...,0 ,—k/,..., —k,’j,k,’j,...,k,’j),
S—— ~~ ~N~ -
k1+---+ku—2 ky—l ku
Uyo=1(0,...,0 ,—(KE_, +K),..., + KK KKK,
2 ( \(yl l/)v ( -1 Z\ulvul zzvu)
k1+-~~+ku—3 ky_o ky_1 ky
and for any 2 <14 < v, we have u;_; given by
(0,...,0, —(Ki+...4+k,),....,—(ki+...+ k), ki,....ki,....k,,.... k),
—— N\ ~ —— N——
ki+...+ki—2 ki1 ki ky
culminating with
uy = (—(ky+ ...+ k), o, —(ky+ .o+ K)) kg kg kSRS KK,
) Y k k k
1 2 3 v

It is easy to see by construction that each w; lies in the kernel of ¢(¢), and by dimension
counting they therefore form a basis. To see that they form an orthogonal set, for

any ¢ < [ we have

(s w) = —kik, (Z k) + Z i (K1)?

p=I+1 p=I+1

As kyk, = kiko ...k, for any p, we can re-write this as

—(kiky . .. (Z k:) + (kiks ... k) Z K, = 0.

p=I+1 p=I+1

Then e; is orthogonal to w; for all ¢ > 1, and therefore the projection of e; onto the
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kernel of ¢(t) is simply

<€j,'LL1> —(ké—{'—i-k’ly)
= . 2.19
(ul,u1>u1 ky(kh+ ..+ k)2 + ko2 + ... + kyk'ful (2.19)
Using the inequality wk < kq,... Lk, < k, we get
1w — (K, + ...+ K
(V )w LV S (k2 + + fu) , and
(v—12+v -2 ky(kh+ ...+ k)2 + koklE 4+ ..+ kK2
—(kb+...+ k) (v—1) —
ky(kh+ .o+ k)2 4+ kokZ + .+ k k2|~ w0 (v—1)24+v—-2)
Combining these with
(v— 1w R < |u|oo < (v — 1)k
in (2.19) and simplifying bounds completes the proof. ]

Lemma I1.8. Suppose t is drawn from the distribution with density proportional to
e~ restricted to L. Then if e; s a standard basis vector contained in L, there exists

a constant I' = T'(w, v, r, R) > 0 such that

r
Var ((t,e;)) < =
The constant I' may be chosen to be
144R
I'= or—3p2°

Proof. We apply Equation (2.18) with V = L, letting u = e; be any standard basis
vector contained in £ and ¥(t) = q(t) restricted to £. Let vy,...v,_1 be the unit
eigenvectors whose distance to ker(B) was calculated in Theorem II.1. Substituting in

the lower bound for the eigenvalues of the remaining eigenvectors from Theorem II.1
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into Equation (2.18), we get the variance is bounded from above by

v—1

1 viv—1)
rwv—1lkv—1 rwv—1kv—2 :: 6],’02

=1

For any such v;, we can decompose it as
v; = a; + b;, where

a; € ker(B), ||la;|| <1, and

b; L ker(B), ||bi]| < \/Ew—%_m.
r

Then

<ejv Ui>2 = <ej7 ai>2 + <€]7 bi > +2 <6]’ al> <€j7 bi> .

If T is the orthogonal projection onto the kernel of B, then

(e, ai)| < || Tej]| < VVE[[Te;l]o.

Applying Lemma I1.7,

Also,

R
b < b || < 4 — k12,
[{ej, bi)| < |[bd]] SV

Combining these into Equation (2.21) yields

(e 0)" < (W oy t2 —w5y_2,,,) b
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Simplifying the bound to be

4vR =

2
(ej,vi)” < w2y

plugging this into Equation (2.20) and simplifying again completes the proof. O
To calculate bounds on probabilities we use the following lemma.

Lemma I1.9. Let X be a normal variable with variance o* and E(X) = 0. Then
Pr(|X|>7) <e 7/,
Proof. We use the well known result that if X is a standard normal variable then
Pr(|X|>7)<e /2
If X has variance o2, then X/o is the standard normal variable, so
Pr(|X|>7) = Pr(|X|/o > 7/0) < e 7/,

]

Combining Lemmas I1.8 and I1.9, along with a union bound, gives Lemma II.6.

2.3 Correlations

In this section we continue to use the notation introduced at the beginning of this
chapter before Section 2.1, in particular the quadratic form ¢(t), the subspace L, the

constants 7, R, w and k, and the definition of k}. If we draw
t= (7-117' cey Tl T215 o oo 3 T2kgy o o o5 Twly - v - 77—l/k1,)

34



from £ with density proportional to e~9®) then we can treat the individual coordi-
nates 7;; as random variables. In this section we will calculate the correlation between

pairs of coordinates. The main result is the following:

Theorem I1.10. Let M be any subspace of R¥1¥+F5 of codimension v — 1 such that
M nker(q) = {0}. Suppose thatt € M is drawn from the distribution with density

proportional to e~ restricted to M. Then there exists some constant I'(r, R, w,v) >

0 such that
r
[E(T1my + Toms + oo Tom, ) (Tipy + Topy + -0+ 7oy, )| < v—1
for allmq,...,my,,p1,...,p,, and
r
[E(Timy + Toms + oo+ Tom, ) (Tipy + Topy + o0+ T, )| < 3
as long as m; # p; for all j =1,...,v. The constant I' may be chosen to be
4 4 P2
po R
r3TV—5

We will make use of two basic lemmas.

Lemma II.11. Let My, My be any subspaces of codimension v — 1 such that My N
ker(q) = My nker(q) = {0}. Then

E1(Tim, + o+ Tomy) (Tipy + -+ Topy) = Ea(Timy + oo+ Tom ) (Tapy, + -+ Tupy),

where By 1s taking the expected value over the distribution with density proportional
to e=9Y) restricted to My, and Ey the expected value over the distribution with density

proportional to e~1Y restricted to M.

Proof. Let S : M; — M, be the restriction of the orthogonal projection onto M,
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whose kernel is ker(q):

St=t+u with wu€ker(q) forall te M.

As det(q|rq, ) det(S) = det(q|ag,), and e™?® = 7958 we get that the push forward
of the probability measure with density proportional to e4® restricted to M; by S
is equal to the probability measure with density proportional to e~9® restricted to

M. Furthermore, (71, +. . .+ Tym, ) for any my, ..., m, is unchanged when replacing

t by St. Therefore

Ev1(Tim, + -+ Tom) (Tipy + oo+ Topy) = Ea(Timy + o+ Tom ) (Tapy, + -+ Tupy)

as required. O

Lemma I1.12. Let vy,v9 € R”, and C' : R* — R" be a positive definite self-adjoint

linear transformation, and let there exist absolute constants 1, v, I'1, I's, I's, and

'y so that

1.

|Cvi —vivi|| KTy for i=1,2,
2.

[(Cvi — yivi,v5)| < T for i # j,
3.

[{(v1,v9)| < T3, and

4.
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where A\, (C) is the smallest eigenvalue of C'. Then

Iy Iy n I ‘
T oy el

Informally, the lemma states that if v; and vy are very close to being orthogonal

eigenvectors of C, then C~!v; is close to being orthogonal to v,.

Proof. We can write this expression as
1
|<C_1U1, 1}2>} = % ’<C_1 (’}/17}1 — CU1 + CUl) ,U2>| .
By linearity and the triangle inequality,
1 1 1 4
‘<C Ul,U2>{ S I|<U1,U2>|+% ‘<O (’}/1’01 —CU1>,U2>‘ . (222)

Using that O~ is self adjoint, and by linearity and the triangle inequality again we

get
1
’<C_1 (’711)1 - CUl) ,U2>‘ < % (‘<’71U1 - CUl,UQH + ‘<’71’U1 - C’Ul,C_l (’}/QUQ - CU2)>‘) .

By conditions (1) and (4), we have

2

I
}<71’01 — Cvy, C71 (ypug — CU2)>| < F—i-

Combining this with condition (2) yields

r 2
}<C*1 (’Yl’Ul — CUl) ,U2>‘ < 7—2 + P4’1)/2.

This along with condition (3) and Equation (2.22) completes the proof.
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We use this lemma to prove the following:

Lemma I1.13. Let By be the linear transformation B restricted to M = im(B),
and let S : R+t s RR+-+kv pe the orthogonal projection onto M. Then there
exist constants k1 = Ki(r,w,v) > 0 and ko = kao(r, R,v,w) > 0 such that for any

choice of i and j, we have
‘<BX/tIS€j7 S€i>| < /ﬁ(;ijk_yﬂ + Kok

If v > 3, the constants may be chosen such that

2R T2 R?

K1 = and Ky =

r2(y2v—2 ? ,,a3w71/75 :

If v = 2 the same result holds, but the algebraic simplifications to arrive at ko

requires an extra multiplicative factor greater than 7.

Proof. We apply Lemma II.12, with v; = Se;, vo = Se;, and C' = By,. By Lemma

I1.4, we get condition (4) is satisfied with
)\k1+m+kyfy+1 (BM) Z F4 = wllilff’kllil. (223)
By Lemma II.7, we can write

Se; = e; +wj, where (2.24)

1

[w;]]oo < qu.

This gives condition (3) of Lemma I1.7,

|<S€j7S€Z‘>| < F3, with
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2 1 1 g
3 = 0ij + w21 k o2
We can simplify this to be
3 .
F3 = (5@' -+ Wk: .

(2.25)

By (2.2), we can see that the entries of B are bounded by the following: the diagonal

entries are bounded from above by Rk”~! and the off-diagonal entries are bounded

by Rk”~2. Hence,
Bej = 71€; + w;, and Bei = Ye; + w;> where

[[willoos [|wlloe < RE"2,  and
ro’ T < Y1, Yo < REV 1.

Therefore, using that BySe; = BSe; and applying B to (2.24),
BumSe; = mie; + w) + Bwj.
Applying (2.24) again, we get
||1BaSe; —niSes|| < [|will + [[Bw;l| + [[yawsl],
and similarly for e;. By (2.27),
lwjll, [Jwill < VvkRE",

and by (2.24) and Lemma I1.4,

1Bwjl. || Buill < Vok—,— Ruk™>.

<'L)21/—1
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Also, by (2.24) and (2.27),

VVER

w21/71

k2,

Imwill, [lhewl| <

Therefore we get condition (1) is satisfied with

2
Iy =vR (1 + — 1) kY
W=
and 71, 72 as in (2.26). We simplify the bound to be

I, = SVVER kY5 (2.28)

- w2v—1

Also,
[(BSej —v1Sej, Sei)| < |[w]|loo + || Buwj oo + (W, wi) |+ [(Buwj, wi)| +71 {ejis i) + 71| [wi oo

Using (2.24) and the bounds on the entries of B described above we get

(v+1)R

w21/—1

|| Bwl||oo < k2.

This along with (2.27), and the fact that for u,v € R™ we have |(u, v)| < n||u||so] V|00,

gives that condition (2) holds with

v v+1 vv+1) 1
w2ufl w21/71 lelfl w2ufl

Iy < (1 + ) Rk 4 0, RE" .

We can simplify this bound to be

3R

Ty = w21

K2 4 5 REVL (2.29)

Taking (2.23), (2.25), (2.28), (2.26), and (2.29), and applying Lemma I1.12 gives
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us

1 R 3 3°R v R?
B-16c. Se. -~ —v+l -
(B Sej, Sei)| < i <,r.w1/1 - r2w2u2> KT <rw5l’3 T a3 T T3w7u5> K

Simplifying the coefficients completes the proof.

The last observation we need is:

Lemma I1.14. Let 1(z) : R? — R be a positive definite quadratic form, and let D
be the positive definite matriz such that ¢(z) = 1 (z,Dz). Let l;(z) = (v1,2) and
lo5(2) = (vy, 2) for some fized vi,vy € RL. If 2 is drawn from the distribution with

density proportional to e V)| then
E(ll(Z)lg(Z)) = <U1, D_1U2> .

Proof. Let

vi = (v},...,08) for i=1,2.

By linearity of expectation we can write

E(l1(2)la(2)) = Z ViVJB(2427) for 2= (2Y...,29).

ij=1

D~! is exactly the matrix whose entries are E(2'z7), so the sum composes into

(v1, D™1vy) which completes the proof. ]

We are now ready to prove Theorem II.10. For notational purposes it will be

convenient to write ¢ as

= (Xlu s 7Xk1+k2+-..+ky)7

so for example 711 = x1 and T = Xk, 42
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Proof. By Lemma I1.11, it suffices to prove the result only for M = ker(q)*. By
Lemma II.14, if ¢ is drawn from M with distribution with density proportional to

6iq(t) then for ¢ = (Xla s >Xk1+k2+...+ku)7

E(X’LXJ) = <S€i, BX/%S€J> .

We apply Lemma I1.13, noting that we can simplify the bound to be

1412 R?
T3w7u—5

‘<BX415€]',S€Z'>’ < kiqu(sij.

We distribute and use the linearity of expectation and the triangle inequality to get
14
\E(T1my + - 4 Tomy, ) (Tipy + oo+ Tup, )| < Z E |Timi7'jpj‘ .

ij=1

In the event that at least one m; = p;, we can bound all v? terms of the form |E(x;x;)|

by
1402 R? vt
T3w71/—5 ’
giving
14*R?
B (Tuany o+ o) (T + o Tp)| € gk

If there is no j such that m; = p;, we can bound each expression of the form |E(x;x;)|

by
142R*  _,
N A
giving
14*R*
|E(7-1m1+"~+7—l/m1,)(7-1p1+---+Tl/py)| S W!{f .
This completes the proof. n
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2.4 The Third Degree Term

In this section we use the notation and concepts introduced at the beginning of
the chapter before Section 2.1, in particular the quadratic form ¢(¢), the subspace L,

and the constants r, R, w and k. The main result of this section is:

Lemma I1.15. Assume v > 3. Let

Umy..m, = 5m1,...,my (Tlml +...+ Tl/ml,)

be random variables for 1 < m; < k; for each j =1,...,v, wheret = (111, Ti2, ... Tuk,)
is drawn from the distribution with probability density proportional to e~1") restricted

to L. Let 8 > 0 be chosen such that
1By | <0 for allma, ... m,,

and let
k1, ky

_ 3
U= E Upn -

mi,...,my=1

Then there ezists a constant I' =T'(0,v,w, R, ) > 0 such that
|Ee" — 1| < Tk,

The constant I may be chosen to be

3360613 RS

r921v—15

r

We will apply this lemma in the proof of Theorems I.1 and 1.2. In the proof of these
theorems, we will show the points to be counted can be expressed as the integral of a

function F'(¢) (different for each theorem). We will construct a neighborhood, which
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in the proof will be called X, of the origin in which we can use Taylor polynomial
approximations to express F as F(t) = e 9O+FfO+h®) where f(t) is a pure cubic
function in the form of U in Lemma I1.15, and h(t) is small. We will also show that
the asymptotically all of the integral of e"9® is contained in X;. Combining these will
allow us to approximate f X4 F(t)dt, and show it is asymptotically equal to f - 1),

The proof of Theorem 1.3 will proceed similarly but not use Lemma II.15.

A version of Lemma II.15 exists for v = 2 as well. In this case the upper bound
does not go to zero as k goes to infinity. This qualitative difference introduces an
extra factor called the Edgeworth correction into the formula for counting integer

points in 2-way transportation polytopes, see [BH12].

The proof of Lemma I1.15 relies on a more general result based on Wick’s formula,
see for example [Zv97|, for the expected value of a product of Gaussian random
variables. Let wq,...,w; be Gaussian random variables with expected value of 0.
Then

E(wy...w) =0 iflisodd, and

E(w...w) = Z (Bw;,wy,) ... (Bw;,_w;,) if [ is even,

where the sum is taken over all unordered pairings of the set of indices 1,2,...,[. In

particular,

Ewiw; =9 (Ew}) (Ew}) (Ewjws) + 6 (BEwyw,)® . (2.30)

Note that the random variables u,,, ., are Gaussian random variables by construc-

7777

tion. We are now ready to prove Lemma II.15.

Proof. By Theorem I1.10,

140** R?

—v+1
r3w7V—5k forall mq,...,m,,p1,...,p,, and

|Eum1,---,muup1,---,pu| <
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14024 R?

‘Eum1 ..... my Upy ..., pl,| < 7”—3(4}7”75 k™7 if m; #pj for all 1 S]g V.
By (2.30), with wy =t m, and we = upy, 5, ,
33600012 R6
‘E(Uil.,.myuil,“m) < I k=32 forall my,...,mu,p1,.... Py, and
33600012 R6
3 3 —3u+l :
|E(um1...myup1...py) < Wk LA my #£py for j=1,... 0
There are no more than k%" total choices of my,...,m,,p1,...,p,, and no more than

vk*~1 of them in which there exists j such that a pair m; and p; are equal, so

) _ 33600°02(v + 1)RS

—v42
EU" < r9,,21v—15 k :
By the Taylor series estimate
i€ ; Ly
‘e - (1—1—25)‘ < 55 for &£ €R,

along with the triangle inequality for expected values, we get that
iU |
|(Ee) —1] < FBU” yields

_ 16806°"2(v + DR

k—u+2
— r921v—15

[E () -1

Applying the simplification v 4+ 1 < 2v completes the proof.
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CHAPTER III

Proof of Theorem 1.1

In this chapter, we complete the proof of Theorem 1.1. For the entirety of this
chapter we use the notation introduced in the statement of the theorem, most impor-
tantly the quadratic form ¢(¢) and the constants r, R, w and k. We also recall the
overdetermined system of equations for a multi-index transportation polytope of the
form Az = b, where A has columns a4, ..., a, as described in Section 1.1, along with
the subspace £ that describes a linearly independent set of equations. The matrix
Q : Rirttk s REit+-+kv wi]] be the orthogonal projection onto £. The outline of
the proof is as follows: we construct a function F'(¢), and show that for a multi-index

transportation polytope P as in Theorem 1.1,

. e9(2)
[PNZ" = (2) k1t by —vt1)/2 /F(t>dt’
I

where Il = £ N [—x, 7]+ We then split IT up into three regions: an outside

region X3, a middle region X5, and an inner region X;. We show that

/ F(t)dt and / e~ 10t

XoUX3 L\X7
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are negligible compared | P e~9Mdt. We show through use of Taylor polynomial ap-
proximations that in X;, F(t) ~ e 1O+ OO where h(t) is small in X;, and f(¢)
is a cubic polynomial in ¢ of the form given in Lemma II.15. We finish the proof by

applying Lemma II.15 to show that

/ |F(t) — e™1P| dt < / e 10t
X1 L

3.1 Integral Expression of the Counting Problem

We use two results of [BH10] to express the number of integer points of P as an

integral of a function F(t). Let I C £ be the cube centered at the origin:
H={tel : [|t|]|oc <7}

We will show that for multi-index transportation polytopes P satisfying the conditions

of Theorem 1.1, the number of integer points satisfies

e9(2) , 1
n| __ _7'<tab>
|P NZ | _ (27T)k1+...+k,,—u+1 /6 H 14+ Cj _ Cjez‘<aj,t) dt. (3~1)

i J=1
Before we do, we recall the concept of a geometric random variable. We say z is a
geometric random variable if for some 0 < p < 1,
Pr(z=j)=(1—-p)p/ forall j€ Zso.
In this case, Ex = ﬁ. Conversely, if Ex = (, then p = é—c The first theorem we
need is the following:

Theorem III.1. Let P C R™ be the intersection of an affine subspace in R™ and the

non-negative orthant R% . Suppose that P is bounded and has a non-empty interior,
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that is a pointy = (1, ...,n,) wheren; > 0 fori =1,...,n. Then the strictly concave

function
g(z) =Y (& + 1) + 1) — & In(E))
j=1
attains its mazimum value in P at a unique point z = (C1,...,C,) such that ¢; > 0
for 5 =1,...,n. Furthermore, suppose x1,...,xT, are independent geometric random

variables with Ex; = (;, and let X = (x1,...,x,). Then the probability mass function

of X is constant on PNZ" and equal to e 9%) at every x € PNZ". In particular,
|IPNZ"| = e?!PPr (X € P).

This is Theorem 4 of [BH10]. This theorem lets us reduce counting the number
of integer points in P to calculating Pr (X € P). We combine this result with the

following:

Lemma IIL.2. Let p;,q; be positive numbers such that p; +¢q; =1 for j =1,....n

and let p be the geometric measure on the set ZI of non-negative integer vectors with
plat =[] pidy  for x=(&,....6).
j=1

Let P be defined by the linear equalities Ax = b, where A has columns aq, ..., a,, and

ayy ... an, b € RY Let Il = [—m, 7|¢ be a cube centered at the origin in RY. Then

Here, {-,-) is the standard inner product in R and dt is the Lebesque measure.

This is Lemma 13 of [BH10]. We combine this with Theorem IIL.1 to derive (3.1) in
the following way: we identify £ with R¥1++k=v+1ip the natural way by identifying

the non-zero coordinates of L with the coordinates of RFit-+kv—v+l — Then P ig
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defined by the linear equations QAx = Qb where () is the orthogonal projection onto
L. We note that for t € £, (Qa;,t) = (a;,t) and (Qb,t) = (b,t) so we can write
the integrand using the vectors aq,...,a,,b instead of Qaq,...,Qa,,b. The random
variable X in Theorem III.1 has probability mass function equal to the geometric
measure y in Lemma II1.2 when (; = ¢;/p; = (1 — p;)/p;. This turns the integrand

of Lemma II1.2 into

P 1
7Z<t7b>
e | | —
j=1 1+ ¢ — el
which proves (3.1). Let

n

- 1
— _Z<t7b>
F(t) =e H 1+ Cj _ <j€i<aj,t> :

Jj=1

The bulk of the proof is dedicated to showing that

/ F(t)dt ~ / e 10t

II L

3.2 A Bound on F(t) Away from the Origin

The main result of this section is the following:

Lemma II1.3. Let

n

. 1
F(t) = e 100 H

TG = Gl

Then there ezists a constant v = y(w,v, R) > 0 such that
|F(t)] < exp (—||t]|Zk""")  forall teL.

If we restrict t such that

MR i
w29v—14,3 - 7
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then v may be chosen to be

w” 2,
’Y:mln(l—f—gﬂ'T)

We apply this lemma in the following way: we construct a region, which in the
proof will be called X3, which is the complement of a neighborhood of the origin in

II. Then we use Lemma II1.3 and Lemma I1.6 to show that
/ F(t)dt|, / eI « / e 10t
3NII X3 L

In IT\ X3 we will then be able to express F(t) as F(t) = e ®+/®+h(®) and show
that f(¢) and h(t) have a negligible effect on the integral.

To prove Lemma II1.3 we use the following:

Lemma II1.4. Let D be a d x n integer matriz with columns di,...d, € Z%. For
each 1 <1 <d, let Y, CZ" be a non-empty finite set such that for all y € Y;, we have
Dy = e, where e; is the lth standard basis vector. Let 1, : R™ — R be the quadratic

form

U(z) = %ﬂ Z (y,z)> for xe€R",

and let p; be a constant such that
Ui(z) < pil|z||* for all x € R™
Suppose further that for (q,...,(, > 0 we have

Q+C]22a for some a>0 and j=1,...,n.
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Then for any t = (11,...,74) € RY, and for each |, we have

2 -N 2
< (14 Zan? where vy = T
5 TPy

This is Lemma 14 of [BH10]. We are now ready to prove Lemma III.3. We do

n

1
H ]_ —+ C] _ gj€i<dj,t)

j=1

so by constructing arrays Y; for each e; € L, following a similar construction in a
different coordinate system presented in [BH10]. We then find a uniform bound on

pr and apply Lemma II1.4 to every coordinate uniformly.

Proof. We identify L with R*¥+++k=r+1in the natural way, and construct a set Y,
for each ¢; € L.

For fixed 1 < p < ko, let Yy, 4, (corresponding to a margin in the second direction)
be the set of hypercube arrays labeled with my, mg, my,...,m, with 1 <m; <k; for
each j # 2, and let Y mymy..m, that have a 1 in the mipms...m, position and a
—1 in the mykomg ... m, position, and a 0 in every other position. There are k} such

arrays, and the corresponding quadratic form is

1
¢k1+p(x) = F Z (fmwmz.umu - £m1k2m3u.mu)2 .
2

m7p

No two terms (&m,pmsy...m, — gmlkgmg...m,,)Q of the above sum share any variables, so
the eigenvalues of 1)y, 4, are simply the non-zero eigenvalues of the simpler quadratic
forms

1 2
k'_/ <£m1pm2...m,, - gmlkgmg...m,,) )
2

along with 0. The eigenvalues of this quadratic form are kl, Furthermore, for every
2

Yy e Yk1+p7 we have Ay = €ki+p — Ckitky, SO QAZ/ = Cky+p-

Similarly for fixed 1 < p < ks, let Y, yx,+p (corresponding to a margin in the third

direction) be the set of all hypercubes labeled by mymaomy...m, with 1 < m; <k;

o1



for all 7 # 3, and let Y mopmy..m, have a 1 in an mymopmy ... m, position and a

—1 in the mymoksmy ... m, position, and a 0 in every other position. There are k}

2

such arrays, the corresponding quadratic form has largest eigenvalue 7, and for each
3

y e }/lf1+k2+p7 we have Ay = Chitko+p — Chitkaotks, SO QAy = Cky+ko+p-

This process can be repeated for any 2 < j < v and 1 < p < k; to get an array
Yiy4..4k,_14p Of hypercubes such that the corresponding quadratic form has largest

eigenvalue % and for all y € Y, . 14, ,1p, We have QAy = e,y 41, 1 4p-

We now construct Y, corresponding to any margin in the first direction. For
any choice of my,mg,m3,...,m, with 1 < m; < k; for each 2 < j < v and 1 <
my < ky with m; # p, let Ymimy..m, be the array which contains a —(v — 1) in
the mymoms...m, position, a 1 in the pmsoms...m, position, and a 1 in every
mims ... mj_1kjm;yq...m, position. Then the sum over every margin except for the
pth margin in the first direction and the last margin in every other direction are zero,
and the sum over the pth margin in the first direction is 1. Therefore for all y € Y,
we have QAy = e, as required. Furthermore there are []| j(k:j — 1) such points, and

the corresponding quadratic form is

o1
wp(x) = H 1{7 _ 1 Z ((1 - V)£m1...my + gpmg...my + fpkgmg...ml, +...+ £pm2...my_1ky)2 .
j=1"

mi,...My

In general for real numbers vy, ..., 7,41

v+1 2 v+1
(Zv) <@w+1DY 4,
i=1 i=1
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SO

v+1
o) S [ 1 ST 12 s E msm e s ok
J= M1#p,...,My

This latter quadratic form has as its eigenvectors the standard unit basis vectors, and

the largest eigenvalue it has is bounded by

(v =12 +1)

H;/:1<kfj — 1) Jj=1,...v

The subspace L is spanned by all the standard basis vectors with the exception of
Chyt ..tk for each j = 1,...,v. For every other e; we have constructed a set Y; and a

corresponding quadratic form ¢; with maximum eigenvalues all no larger than

(v=12r+1)(k-1)
(wk —1)¥

satisfying the hypothesis of Lemma II1.4. Furthermore, if ); is the largest eigenvalue
of ¢y as defined in Section 1.2, then p; = %)\l satisfies the hypothesis of Lemma I11.4.

Assuming wk — 1 > wk/2 and noting (v — 1)(v+1) < v/, we can simplify this bound

to
V321/—1

wl/

IC_V+1

pr <
Applying Lemma II1.4 uniformly over all values of [ with D = QA, and observing we

can let o = r, we arrive at

2 -
|F(t)] < (1 + 5r7r2) ,  where

= \‘HtHgo w” ku—lJ .

71-2 1/32V_ 1
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As long as

1215w
7T2OOV32u—1kV 22,

we can apply the inequality

Ht”go wll ku—l > 1 HtHgo wl/ kli—l
T2 p3v-1 -9 72 p3ov-1 ’

This completes the proof. O]

3.3 The Proof of Theorem 1.1

At this point we are ready to prove Theorem I.1. The outline of the proof is as

follows: we first construct a region X3 C £ which is of the form
Xsg={te Ll : |||l > 5}

for some g € R. We apply Lemma II1.3 to show that

/ |F(t)|dt < / e 10 qt,

X3NII L

For [|t||o < B, we express F(t) as

F(t) = e~aO=(0+h()

9

where ¢(t) is the quadratic form as in Theorem 1.1, f(¢) is a cubic polynomial, and
h(t) is bounded by a quartic polynomial. We use Lemma I1.6 along with an inequality

comparing ¢(t) to h(t) to show that for some set Xo C L of the form

o4



we have

/ |F(t)]dt < / e~ qt,
X L

We also use Lemma I1.6 to show that
/ e 10t <« / e~ 10 gy,
XoUX3 L

We then let
Xi={tel : ||t|le <d}.

We show that |h(t)] is small for all t € X;, and then use Lemma I1.15 to show that
/ F(t) — e Wat| < / e~ 10,
1 L

Combining the calculations over the three regions Xi, Xy, X5 will allow us to show

/ F(t)dt ~ / e~ 10t

II L

Proof. By (3.1) and (1.2), it suffices to show that

/ e 10t — / F(t)| < Tkv25

L II

that

for some constant I'. Let

Xy=1ltel : |[t|2 > m2y L2k + Sorm(r) ) iV (3.2)
5 ' ~ w’In (1 + %7(27’) 2 C

By Lemma III.3, observing that

2 <%y2kln(k) + %Vk ln(R)> > 2
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always holds as £ > 2, v > 3 and R > 1, we have
vk 1 2 1
|F(t)|dt < (2m)"" exp —5¥ kln(k) — 51/1{: In(R) | .

XsNII

By Corollary I1.5 , we have
1
/ |F(t)|dt < exp (—Zzﬂmn(k;) + vk 1n(27r)) / e~ 10qt, (3.3)
XsNII L

which is negligible compared to [, e~?"dt.

For the middle and inside regions, we can use the Taylor polynomial estimate

EN— 1 > | < 2=
e 1 z§+2+26 <57 or a £eR

to write

<aj7 t>2 i Z-<aj7 t>3
2 6

elait) — 1 44 (aj,t) — + g;(t) (a;, t>4 ,

where |g;(t)] < o forall j =1,...,nfor n =k X ky X ... x k,. Therefore

n 2 3 -1
F(t)=e0]] (1 — G+ G {a;,t) — G <ajét> — G <ajét> + Gi95(t) (aj, t>4> -
j=1
Furthermore, using
& _&l_le

ln(1+§)—£+§—§

< =5 for all complex [£] < 1/2,

plus

Z Gaj = b,
j=1
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we can write

F(t) = e7 OO0 = where

1
q(t) - 5 Z (anlmu + len-mu) (Tm11 T Tmg2 T F Tmul’)z )
mi,...,my
1
f(t) = 6 Z (Cm1 ,,,,, m, + szl ..... m,,) (2Cm1 ..... m, T 1) (Tm11 F Tmg2 + ...+ Tmul/)g )
LI

is a cubic polynomial of the form in Section 2.4, and

PO <2 D (T4 Chmy) Tt + Tz + o+ Ton) (3.4)

mi...my

This expansion is valid as long as ||t||. < 1/(2vV/R). For t € IT\ X5, this inequality

is true as long as

w22V Y3 1, 1 1
—’kIn(k) + vkIn(R) ) k! <
w/In (1 + 27r) (2” nik) 37 n(R)) = PR’

which is assumed by hypothesis. Let
T22vP

2"V R

k—y+1.25 S ||t||2 S -
wr

X, = {t €L : ln(k:)k:‘””} .

We have simplified the upper bound on [|t|[« from the X3 lower bound by making it
strictly larger, using In(R)/In(1 + 272r/5) < R/r, and vIn(k) > 2 as long as k > 2

and v > 3. Then we get

[Pwal < [ip@la = [erommoq
2 XQ

X2

As
2"V R

In(k)k™"*? for t€ X,, and
wrr

(Tong1 + oo+ Ti)? <
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1+ ¢ R+ 1
Smrmy AL o RS

) =
mi..My + le---mu R

we get for t € X, that

8122y R?
<—In

h(t)] < (k)E™""2q(t).

wrr
Assuming as in the hypothesis of Theorem 1.1 that

8122V R?
wyr

) In(k)k™"2 < 3/4,

for t € Xy we get |F(t)] = e"?W+h(t) < ¢=(1=9)a(t) - Therefore,
/ F(t)dt| < / e~ 1=y,
2 X2

Doing the change of variables ¢t — (y/1 — d)t we get

/F(t)dt < (1—0)vh2 / e~ 10t

2 \/175X2

We use the bound

200, 7T P2 —vk/2 200, 6 P2
1672
<1 _ 8w ln(k)k”+2) < exp (—GW VR ln(/{)/{”?’) ,

wvr wyr

and by Lemma I1.6 and the choice of the lower bound in the definition of X5, we get

L/F(t)dt

2

wvr 2R

20v,,6 R2 2 51/—321/ 2
< vkexp (M In(k)k™+3 — Mk'25> / e~10dt.  (3.5)

L
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Similarly, by Lemma I1.6, we get

2, bv—39v,.2
/ 10 dt < vk exp (_W—;”k-%) / s

XoUX3 L

For the inner region, we define
w22V
X, = {t el : ||t < —k‘”+1'25}.
wV

For t € X;, the inequality |(a;, t)|* < v*[|t||, gives us

44u 10
Ih(t)] < 2RP k2o,
w v

Hence, writing

/ F(t) — e 10 gt| — / e—aOFFOHh) _ a0 gy|

1 1

we use the triangle inequality to get

(3.6)

/ F(t) — e-10gt| < / O OFR() _ =i (0) gy 4 / o—a®=if(t) _ —a) gg|

1 1 1

By Holder’s inequality,

te Xy
1

Applying (3.7) yields

Ueq(twﬂtw(w a0 (D) g

1

29

4 4v,,10
< |exp 2R27T47Vk_”+2'5 -1
w2v
L

/eqa)if(t)ﬂl(t) _ e*Q(t)*if(t)dt < sup ‘eh(t) _ 1} / }G*Q(t)*if(t) dt.
X1

e~ 104t (3.8)



Furthermore, applying Lemma I1.15 with ﬁf;“ .... m, = ( oty TCmae, mw ) (2Cmyoomu
1) < 2R3/ 2 and noting that almost all of the measure of e~ ig contained in X;

by (3.6) gives us

/ e—aO=i70) _ o=a0) gy| <

) (3.9)
2 51/7321/ 2 13440 13R9
<2V/{7 exp (—M—Rﬂjk'QE)) + 7,9w2—11/u—15k2y> /eq(t)dt.

Combining Equations (3.3), (3.5), (3.6), (3.8) and (3.9) completes the proof. If k is
large enough, the k72" term from (3.8) dominates, and doubling it gives us the

example value for I'. n
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CHAPTER IV

Proof of Theorem 1.2

In this chapter, we complete the proof of Theorem [.2. For the entirety of this
chapter we use the notation introduced in the statement of the theorem, most impor-
tantly the quadratic form ¢(¢) and the constants r, R, w and k. We also recall the
overdetermined system of equations for a multi-index transportation polytope of the
form Ax = b, where A has columns aq, ..., a, as described in Section 1.1, along with
the subspace £ that describes a linearly independent set of equations. The matrix
Q : Rkt-+ke 5 RR+-+k will be the orthogonal projection onto £. The outline of
the proof is as follows: we construct a function F'(t), and show that for a multi-index

transportation polytope P as in Theorem 1.2,

. e9(2)
POV = G | O
11

where II C L is the set {t € L : ||t||c < m}. We then split IT up into three regions:

an outside region X3, a middle region X5, and an inner region X;. We show that

/ F(t)dt and / e 10t

XoUX3 L\X7

are negligible compared | r e~1®dt. We show through use of Taylor polynomial ap-

proximations that in X, F(t) ~ e"W+/O+h®) where h(t) is small in X, and f(t)
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is a cubic polynomial in ¢ of the form given in Lemma II.15. We finish the proof by

applying Lemma II.15 to show that

/ |F(t) — e 1P| dt < / e 10dt.
X1 L

4.1 Integral Expression of the Counting Problem

We use two results of [BH10] to express the number of binary integer points of P

as an integral of a function F'(t). Let IT C £ be the cube centered at the origin:
O={tel : ||t|]|o <7}

We will show that for multi-index transportation polytopes P satisfying the conditions

of Theorem 1.2, the number of binary integer points satisfies

n eg(z) —1 - i(a;
PO = G [ TLO =G ge @ an @

I J=1

Before we do, we recall the concept of a Bernoulli random variable. We say z is a

Bernoulli random variable if for some 0 < p < 1,
Pr(z=0)=p and Pr(z=1)=(1-p).

In this case, Ex = 1 — p. Conversely, if Ex = (, then p = 1 — (. The first theorem

we need is the following:

Theorem IV.1. Let P C R" be the intersection of an affine subspace in R™ and
the unit cube [0,1]™. Suppose that P is bounded and has a non-empty interior, that

is a point y = (M,...,N,) where n; > 0 fori=1,....,n. Then the strictly concave
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function
n

o)=Y (g + -6 )

7=1
attains its mazimum value in P at a unique point z = ((1,...,¢,) such that0 < (; < 1
for 5 =1,... ,n. Furthermore, suppose x1,...,x, are independent Bernoulli random

variables with Bx; = (;, and let X = (1, ..., 2,). Then the probability mass function
of X is constant on P N {0,1}" and equal to e=9%) at every x € P N {0,1}".
particular,

IPN{0,1}" = ?DPr (X € P).

This is Theorem 5 of [BH10]. This lets us reduce counting the number of binary
integer points in P to calculating Pr (X € P). We combine this result with the

following:

Lemma IV.2. Let p;,q; be positive numbers such that p; +q; =1 for j =1,...,n,

and let u be the Bernoulli measure on the set {0,1}" of non-negative integer vectors

with

p{z} = Hpj Y for w=(&,...,6).
Let P be defined by the linear equalities Ax = b, where A has columns aq,. .., a,, and
ay, ..., an, b € RL Let Il = [—m, 7]¢ be a cube centered at the origin in RY. Then

1 . i .
— 77‘<tab> . . ’L<aj7t>
p(P) = (2m)d /e j|—|1 (pj + gje ) dt.
s =

Here, {-,-) is the standard inner product in R and dt is the Lebesque measure.

This is Lemma 11 of [BH10]. We combine this with Theorem IV.1 to derive (4.1)
as follows: we identify £ with R*¥*+-+t*=r+1 i the natural way by identifying the
non-zero coordinates of L with the coordinates of RFt+++*=v+1 " Then P is defined

by the linear equations QAx = Qb where @ is the orthogonal projection onto L. As

63



(Qaj, t) = (a;,t) and (Qb,t) = (b, t) for t € L, we use the columns of A and the vector
b in the integrand instead of QA and @b. The random variable X in Theorem IV.1
induces the Bernoulli measure p in Lemma IV.2 when ¢; = 1 — p;. This turns the

integrand of Lemma IV.2 into

Let
F(t) _ e—i(t,b> H (1 _ Cj + Cj6i<aj,t>) ‘

j=1

The bulk of the proof is dedicated to showing that
/ F(t)dt ~ / e~ 10t
i c

4.2 A Bound on F(t) Away from the Origin

The main result of this section is the following;:

Lemma IV.3. Let
F(t) — €—i<t,b> H (1 _ CJ _|_ <j€i<(l]',t>) .

Jj=1

Then there ezists a constant v = y(w, v,r) > 0 such that
IF(0)] < exp (Al 2R

The constant v may be chosen to be

v

rw

V= T

We apply this lemma in the following way: we construct a region, which in the
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proof will be called X3, which is the complement of a neighborhood of the origin in

II. Then we use Lemma II1.3 and Lemma I1.6 to show that

/ F(t)dt|, / et « / e~ 1.
L

3NII X3

To prove Lemma II1.3 we use the following:

Lemma IV.4. Let D be a d x n integer matriz with columns di,...d, € Z%. For
each 1 <1<d, let Y; C Z% be a non-empty finite set such that for all y € Y;, we have
Dy = e;, where e; is the [th standard basis vector. Let 1 : R™ — R be the quadratic

form

Pi(x) = |LY11 Z (y,x)>  for x€R",

yeY]

and let p; be constants such that
i) < pilfa]]?.
Suppose further that for (y,...,(, > 0 we have
Cj—ff >a forsome a>0 and j=1,...,n.
Then for any t = (11,...,74) € RY, and for each |, we have
(=50)

<exp|——].

o1

This is Lemma 12 of [BH10]. We are now ready to prove Lemma IV.3.

[0 =¢+ge@n)

j=1

Proof. We identify £ with RF¥+-+k=v+1 ipn the natural way. We use the sets Y]
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constructed in the proof of I11.3, to get sets Y] satisfying the hypothesis with

V321/—1

wl/

P S k:—lj-‘rl.

Applying Lemma IV .4 uniformly over all values of | with D = QA and o = r, we

arrive at

vI|¢ 2
|F<t)’ S exp (__T’w H Hooky_l) .

H5p3v—1

4.3 The Proof of Theorem 1.2

At this point we are ready to prove Theorem 1.2. The outline of the proof is as

follows: we first construct a region X3 C £ which is of the form
Xg={te Ll : [|t]e=p}

for some B € R. We apply Lemma IV.3 to show that

/ \F(t)|dt<</e‘q(t)dt.

X3NII L

For [|t||o < B, we express F(t) as

F(t) = e~aOHI0+h0)

Y

where ¢(t) is the quadratic form as in Theorem 1.2, f(t) is a cubic polynomial, and
h(t) is bounded by a quartic polynomial. We use Lemma I1.6 along with an inequality

comparing ¢(t) to h(t) to show that for some set Xy C L of the form
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we have

/ |F(t)]dt < / e~ qt,
X L

We also use Lemma I1.6 to show that
/ e 10t <« / e~ 10 gy,
XoUX3 L

We then let
Xi={tel : ||t|le <d}.

We show that |h(t)] is small for all t € X;, and then use Lemma I1.15 to show that

/ F(t) — e Wat| < / e~ 10,

1 L

Combining the calculations over the three regions Xi, Xy, X5 will allow us to show

/ F(t)dt ~ / e~ 10t

II L

that

We observe that for all the calculations in Chapter II, we can replace R with 1 as

G = Gy omy, < 1/4 always.

Proof. By (4.1) and (1.2), it suffices to show

/ F(t)dt — / e 1Odt| < Tk~v+25
11 L

for some constant I' > 0. Let

Xg=1tel : ||t|% > wﬁln(ls)k‘”” (4.2)
5T ' - 2rwv ' '
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By Lemma IV.3, we have
vk 1 2
/ |F(t)|dt < (27)"" exp <—§V kln(kz)) :

XsNII

By Corollary I1.5 , we have
1
/ F(8)]dt < exp (—Zzﬂmn(k;) vk ln(27r)) / =10t (4.3)
XsNII L

which is negligible compared to [, e~?"dt.

For the middle and inside regions, we can use the Taylor polynomial estimate

&8 £
— > < >
-1 §+ +1 G 51 forall £€R

to write

<aj7 t>2 i Z-<aj7 t>3
2 6

elait) — 1 44 (aj,t) — + g;(t) (a;, t>4 ,

where |g;(t)] < o for all j =1,...,kiky...k,. Therefore

Jj=1

n ) 2 ) 3
H (1 + ¢ {aj, t) — ¢ <a]ét> — G <a]ét> + (g5 (t) (ay, t>4> .

Furthermore, using

4
< % for all complex [¢] < 1/2,

2 ¢3
In(1+¢) — f+§——%

plus

Z Gaj = b,
j=1
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we can write

F(t) = e IOHSOFRE) - where

1

q(t) - 5 Z (Cmu.mu - Cfnlm,,) (Tm11 T Tmg2 + ..o+ Tml/V>2 )
M., My
1
f(t) = 6 Z (le ..... my Czn ,,,,, my) (2Cm1 ..... my 1) (Tmll + Tmo2 +...+ Tml,l/)ga
mi,..., my
is a cubic polynomial of the form in Section 2.4, and
PO <2 D (Tt + Tgz 4+ Tna) ™ (4.4)

mi...my

This representation is valid as long as ||t||o < 1/(2v). For ¢t € 1T\ X3, this inequality

is true as long as

Sptor—1 1
In(k k*l/+2 <
Dk <

2rwY

which is assumed by hypothesis. Let

5 521/71 5 521/71
V—k—u+1.25 S Ht”go S v ln(/{:)/{:_y+2}.
2rw?

2rw?

XQZ{tG,C .

Then we get

/F(t)dt < /|F(t)|dt:/e—q(tHh(ﬂdt_
2 X2

X2

(T 4.+ TmuV)2 < V2Ht|’<2>oa
we get for £ € X, that

1007271
<=

r2wl/

In(k)k™" " 2q(t).
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Assuming as in the hypothesis of Theorem 1.2 that

1 72u—1
5= 102 ek < 3/,

T2aw

for t € Xy we get |F(t)| = e71®W+h(t) < e=(1=0)a®) " Therefore,

/ F(t)dt| < / e~ =940 gy,

2 Xa

Doing the change of variables t — (1/1 — 0)t we get

/F(t)dt < (1—8)7vk/2 / e~ 10 dt.

2 VI=3X>
We use the bound
10 72V—1 —vk/2 20 62V—1
1 -~ (k) <exp [ T2 In(k)k+3 )
TQaW TQaW

and by Lemma I1.6 and the choice of the lower bound in the definition of X5, we get

20152v—1 5o —3prp2v—1
Ia < e | —v+3 S TPe .25 —a®) gt (4.
/ (t)dt _l/kexp( o n(k)k 16 k )/e dt. (4.5)
2

Similarly, by Lemma I1.6, we get

5 5v—3 2y—1
e 10dt < vkexp (—%k'zﬁ /e_Q(t)dt. (4.6)
XoUX3 L

We define

5 52u—1
X, = {t el : |t < ”—/w“%}.
2rw?
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For t € X;, the inequality |(a;, t)|* < v*[|t||%, gives us

14 qv—1
h(t)| < 250747

—v+2.5
R (4.7)

Hence, writing

/ F(t) — e-1Ogy| — / ¢~ IO+TWHR0) _ o=alt) gy|

1 1

we can use the triangle inequality to get

/F(t) — e Wt < /eq(t)+if(t)+h(t) e~ IO+if ) gy | 4 /eq(t)ﬂ'f(t) — e 1D qt|

1 1 1
We apply Holder’s inequality to get
/ eI WOTAD _ o~a®HI0 gt| < sup | _ 1] / e+ 0] gy,

te Xy
1

By (4.7), we can bound this by

Ix/eq(t)ﬂf(t)-ﬂ-h(t) eI gy | <

1

Applying Lemma II.15 with { B m

..........

1/4, and noting that almost all the measure of e~%® is contained in X, by (4.6), we

get

/ e—aO+IW) _ o=a0) gy| <
1 (4.9)

5w Sry2r=t 224013, ot
(QVkeXp (—fk )—ka )/@ q()dt
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Combining Equations (4.3), (4.5), (4.6), (4.8), and (4.9) completes the proof. If k
is large enough, the k=27 term from (4.8) dominates, and doubling it gives us the

example value for I'. O
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CHAPTER V

Proof of Theorem 1.3

In this chapter we prove Theorem [.3, counting the volume of certain 4-way trans-
portation polytopes. For the entirety of this chapter we use the notation introduced
in the statement of the theorem, most importantly the quadratic form ¢(t) and the
constants r, R, w and k. We also recall the overdetermined system of equations for
a multi-index transportation polytope of the form Ax = b, where A has columns
ai,...,a, as described in Section 1.1, along with the subspace £ that describes a
linearly independent set of equations. The matrix Q : RF+-Fh — RFi+-Fhv wil] be

the orthogonal projection onto L. To prove Theorem 1.3, we write the volume as

1

vol(P) = ()bt /F(t)dt for some F :RFF-theordl R

L

We then partition £ into £ = X; U X5 U X3, and show that

/ F(t)dt|, / e 10t < / e~ 10 qt,

2UX3 X2UX3 L

The proof then diverges from the pattern followed by the proofs of I.1 and 1.2, as X} is
further partitioned and additional analytic results are required. To prove Theorem 1.3
we use a concept called concentration of measure to show that the integral of e~

near the subspace of L spanned by the eigenvectors of ¢(¢) whose eigenvalues are
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O(k?) is negligible as well.

5.1 Concentration of the Gaussian Integral

The main crux of the proof that improves on [BH10]’s proof for v > 5 is certain

concentration of measure arguments. The main result of this section is:

Theorem V.1. Let q(t) : RFtrethaths s R satisfy the conditions of Theorem I1.1 for
v=4. Then for all 0 < e < 1/2 and all 0 > 0, there exist constants v = y(R,w) > 0
and N = N(w, R/r,€) such that if k > N,

—q(t) _ _ w'r —q(t)
e dt > [ 1—3exp 384Rk e dt.

tel teL
q(t)<o q(t)<o
q(t)>rk>Te||t]|?

The theorem essentially says that the measure of e =4 is concentrated around the
subspace of £ spanned by the eigenvector whose eigenvalues are ©(k%). To show this,
we require several results on concentration of measure on the sphere. For notation,

we will let S%~! denote the unit sphere in R?.

Lemma V.2. Let u be the rotationally invariant Borel probability measure on S¢1.
Let H C R? be a hyperplane passing through the origin. For v < 1, let X C S9! be
defined by

X ={zeS™" : dist(z,H) <~},

where dist(x, H) is the shortest Fuclidean distance between x and any point in H.

Then

002 1o (2.

This is Corollary 2.2 of [MS86]. The lemma says if you take any hyperplane slice
of the sphere, almost all of the sphere’s measure is close to the hyperplane. We use

this to prove the following:
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Lemma V.3. For some 0 <k <1, let Y C S™! be defined as

V={v=(&4,....,8) S : §+&+&<r*}.

Then

1
p(Y)>1—3exp (—édKQ) .

Proof. Define the subsets of the sphere

H, = {a:: (1 E) €S 1 ] < %ﬁ}

By Lemma V.2, for p the rotationally invariant Borel measure probability measure,

we get

1
pu(H,) >1—exp (—gdﬁ) .

Therefore, by a simple union bound we can bound the measure of the intersection by
L.
M(HlﬂHzmHg) Z 1—36Xp —gd/i . (51)
Moreover, Hy N Hy N Hy C Y, since if = (§;) is contained in the intersection, then
2, 2 2 L, 2
£ +& +&3 335” =R,
which is exactly what is required for x € Y. Hence by (5.1),
L.
p(Y)>1—-3exp —gdli .

]

We are now ready to prove Theorem V.1. To do so, we perform a change of

coordinates to turn the integral of e=4*) over the region ¢(t) < o into an integral over
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Ju] >

a sphere of e~I". We calculate explicitly where the set

{t : q(t) <o, q(t) >rk*|t|*}

is mapped to under this change of coordinates, and show it contains a set of the form

Y as in Lemma V.3.

Proof. Let D be the unique symmetric positive semidefinite square root of B, so
that ¢lz(t) = 1 (t,QBQt) = 1 (QDQt,QDQt). Picking an orthonormal basis of
eigenvectors of () D), we can assume without loss of generality that ) D@ is diagonal.
The diagonal entries are the square roots of the eigenvalues calculated in Theorem II.1.
We will denote the non-zero eigenvalues of () B(Q) corresponding to eigenvectors in £

as A < A< ... < )\k1+k2+k3+k4—3‘

For notational simplicity we omit the ¢ € L subscript on all integrals - it is
assumed for the remainder of the proof. We also identify £ with RFit+kztks+hka=3 jp

the natural way, by matching non-zero coordinates in order. We perform the change

of coordinates u = Dt, making ¢(t) = ||u||? and
1 2
—4(t) Jt — =l1ull® g,
[ =g [
q(t)<o llull?<o

Define the functions a(t) and b(t) by

ki+ko+k3+ks—3

These functions define the square of the distance from ¢ to the subspaces spanned

by the eigenvectors of QBQ whose eigenvalues are ©(k?) and the three eigenvectors
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whose eigenvalues are ©(k?). Then

q(t) > rwdk3a®(t) + rl—fk2b2(t), and |[t|]* = a*(t) + b3(t). (5.2)
If .
3132 rwd 1272
S S
we get q(t) > rk*>T||t||%. For u = (1,2, - -+, My +ko kst ks—3), We define the auxiliary
functions

ki+ko+kz+ks—3 2 ~
a(u) = Z /\—j, and  b(u) =
J

J=4

Then for u = Dt, we have a(u) = a(t) and b(u) = b(t). Let
3
W = {u €L : |Ju*<o and (rw3k3 — k) a*(u) > <rk2+€ - mk‘2> 52(u)} .

By (5.2) we get that if u € W, then t = D~ satisfies q(t) > rk*"¢||t||?, and hence

/ oIl g, / / el ) < / e 1M qy / / e 10t (5.3)

l[ul[*<o [[ul|2<o q(t)<o <o
ueWw q(t)>rk>te|t]]?

As W is conical -that is if u € W, au € W for all & > 0 - and the integrals on the
left hand side of (5.3) are symmetric under rotations, we let W, = W N Skithketksthi—4

and get that

pwy< | [ ema || [ e, (5.4)

q(t)<o a(t)<o
(&) >rk>Te||t] |2

where p is the rotationally invariant Borel probability measure on SFitketks+ha—4 By

7



the bounds on the eigenvalues A; given in Theorem II.1, we get that

2 2
~2 a*(u) 72 126%(u)
(u) > RES and b%(u) < TR
Therefore, letting
B rwdk’ — rk?te 12rk?*te — rwdk?
Wy = {u € Shithethsthi=d YT a*(u) > T b2(u)} ,

we have Wy C W; and by (5.4),

u(Ws) < / e 1Ot | / /e_q“)dt : (5.5)

q(t)<o a(t)<o
(&) >rk>Te||t] |2

For u € Ws, a?(u) + b*(u) = 1 by (5.2), so we can rewrite Wy as

6,2 .3 le—l
Wy = u € Shthathatha—t o 2() < e - (50
) {u (u) < Whr2 — w3r2ke—1 4 A8 Rrke — 4Rrw? (5:6)

There exists a constant N = N(w, R/r, €) such that for all £ > N, the numerator and
denominator are dominated by the w®r?/2 and 48 Rrk¢ . In particular, the numerator

is at least w®?/2 and the denominator is no more than 96Rrkc. For k > N, we let

Wy = u € Shithkethstha—d bz(u) < wr k=% .
— 192R

Then W5 C W, and hence

(W) < / gt | / 10t | | (5.7)

q(t)<o a(t)<o
(&) =rkTe||t] |2
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Applying Lemma V.3 to W3 and noting the dimension is at least as large as wk

completes the proof. O

5.2 Integral Representation of Measuring Volume

We use two results of [BH10] to express the volume of P as an integral of a function
F(t). We will show that for multi-index transportation polytopes P satisfying the
conditions of Theorem 1.3, the volume satisfies (recall s(t) from the statement of

Theorem 1.3):

(2) n
_ 1/2 e’
vol(P) = det(s|z) RS / Hl—z o amt>dt. (5.8)
L

j=1

Before we prove this, we recall the concept of an exponential random variable. We

say x is an exponential random variable with Ex = ( if the density function v of x is

W(r) = %6_CT for 7>0.

The first theorem we need to prove (5.8) is the following:

Theorem V.4. Let P C R" be the intersection of an affine subspace with the non-
negative orthant R’ . Suppose that P is bounded and has a non-empty interior. Then

the strictly concave function
g(x) = n+Zln£j for x=(&,...,&)
j=1

attains its unique maximum on P at a point z = ((1,...,(,) where (; > 0 for j =
1,...,n. Let xy,...,x, be independent exponential random variables with Ex; = (j
forj=1,...,n. Let X = (x1,...,2,). Then the density of X is constant on P and

for every x € P, is equal to e 9%,
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This is Theorem 7 of [BH10]. We combine this with:

Lemma V.5. Let xy,...,x, be independent exponential random variables such that
Ex; = (; forj=1,...,n. Let ai,...,a, € R? be vectors which span R, and let

Y =x101 + ...+ xna,. Then the density of Y at b € Ri 18 equal to

n

1 : 1
— [ e O —————dt.
(27T)d /6 H 1-— ZCJ <CLj, t>

R4 7=l

This is Lemma 8 of [BH10]. Identify £ with R¥tk2Fks+ki=3 hy matching nonzero
coordinates in order. Let Y = QAX for X = (x1,...,2,) as in Theorem V.4. Then

Theorem V.4 says that

1/2

vol(P) = /) det (QA(QA)") " Pr(Y = Qb).

We combine this with Lemma V.5, noting that det(s|z) = det (QA)(QA)"). We
also use the fact that the columns of QA are Qayq,...,Qa,, and that for t € L,
(Qaj,t) = (aj,t) and (@b, t) = (b,t) to replace Qay,...,Qa,, Qb in the integrand

with ay,...,a,,b. This proves Equation (5.8).

5.3 A Bound on F(t) Away from the Origin

The main result of this section is the following;:

Lemma V.6. Let

Let 0 < p < 1. Then if

80



we have

COST
F(t)|dt < ————k*p? ).
[ F0ld < e (<o)

tel
l[tl1=p

We will use this lemma to show that for some p > 0,

/ F()|dt < / 10

[tl1=p £

For |[t|| < p we will express F(t) = e W+ O+h®) for f(¢) a cubic polynomial and
h(t) a small error function, and show that the effects of f(¢) and h(¢) on the integral
of F(t) are negligible. We reconstruct the proof of Lemma V.6 which is broken into
pieces in [BH10].

Proof. We have

N 1/2
(El+§2 (aj,t)? ) '

& =2q(1)
7j=1

Letting &; = (7 <aj,t>2, we get

3

so in particular by Theorem II.1,

Z& = —/f2 1£]]*.

We also have that 0 < & < 4R|[t||* for j = 1,...,n. Fix |[¢||>. The minimum of the

log-concave function

[[a+¢)

Jj=1

on the polytope with constraints

n 3

TW
0 <& < 4R||t|[? d E > K2t
_57 —= || H an j:1 5.7 e 6 H ||
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must occur on a vertex of the polytope, where every &; is either 0 or 4R||¢||* such
that the sum of the coordinates is as small as possible satisfying the last constraint.
Therefore, |F(t)] is bounded from above when we replace every ¢ ]2 (a;, t)? with either
a 0 or a 4R||t||* as well. To satisfy the last constraint at least

w'r o

24R

of the {;s must be non-zero. Hence,
[F()] < (14 [[t]?) /0,
We then find a bound on

(1 + ||t| |2)—w3rk2/(48R)‘

|[¢[1=p

Let Skithethstka—4 = £ he the unit sphere. As the integrand is rotationally invariant,

we can rewrite the integral in polar coordinates as

(1 _|_ ||t||2)—w3rk2/(48R)dt — ‘Sk1+k2+k3+k4—4{ /(1 + 82)_W3rk2/(48R)Sk1+k2+k3+k4_4d5.

[1tl|=p P

m=1)/2 we rewrite

Using that for any m a positive number, s™ = ss™ ! < s(1 + s2)(
this as

o0

(1+||t||2)—w3rk2/(48R)dt S |Sk1+k2+k3+k4—4‘ /(]_+S2)_wser/(48R)+(kl+k2+k3+k4_4)/28d8.

[t =p P

We use the bound (ky + ko + k3 + k4 — 4)/2 < 2k along with the hypothesis bound
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on k and perform integration by substitution to get

24R(1 + p2)—w3rk2/(96R)+1

w3r

/ (1 + ||t||2)—w3rk2/(48R)dt S |Sk1+k2+k3+k4—4‘ k‘_Q.

|[tl1=p

Noting that the Lebesgue measure of the sphere S"~! in R” is (2m)"/2/T'(n/2), and

that in this case we have

wk <n < 4]{:’
we get
/ |F(t)|dt < (27T)2k(1 -+ p2)_w3rk2/(96R)+1 k_Q
181> - w3l (wk/2) :
>p

The remainder of the proof is simplifying the terms. We use the bound

P(wk/2) < (“’7’“)/

as long as wk > 2 to write everything in exponentials as
[ F(t)]dt <
[Itl|=p

w3rk? wk

exp <2kln(27r) - ( oon + 1) In(1 + p*) — %k In (7) — In(w?r) — 21n(k)) :

As long as k > 2(2m)%%, we get 2kIn(27) < 4 In (), and we can simplify this to

be
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we get that
wirk?

1<
— 192R

which completes the proof.

5.4 The Proof Of Theorem 1.3

Before we begin the proof of Theorem 1.3 we require one more technical lemma:

Lemma V.7. Let ¢ : R? — R be a positive definite quadratic form, and let Kk > 3 be

/ e~ 1qt < e“d/2/eq(t)dt.

q(t)>kd Rd

a number. Then

This is Lemma 9 of [BH10]. We are now ready to prove Theorem 1.3. The outline

of the proof is as follows: we construct sets X;, X5, X3 C £ such that
/ |F(t)]dt, / e 10t < / e~ 10 qt,
XoUX3 XoUX3 L

We then show that

/ F(t) — e 10dt| < / e~ 10 qt

1 L

through a sequence of dividing X; into smaller parts to complete the proof.
Proof. First, we observe by Corollary I1.5 and Equation (5.8) that it suffices to show

/ F(t)dt — / e 10dt| < Tk™2.

L L

Let
384R
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As long as
384R

w3r

(8k~'In(k) + 2k~ ' In(R)) < 1,

which is a weaker condition than the hypothesis, we can apply Lemma V.6 and

Corollary I1.5 to get

/ [F()|dt < exp (—4k In(k)) / =10y, (5.9)

X3 L

This gives us that [, F(t)dt is negligible compared to [, e~ dt.

For the middle and inside regions, we can use the Taylor polynomial estimate

& &Lk
ln(1+§)—§+§—§ ST for all complex |¢] < 1/2

to write
In(1 Gy {a,1)) = i (o, 8) + 56 g, 1) + 5 oy, 00 + ()G (a5, '

where |h;(t)| < 1/2for j =1,...,n. Since

> Gag=b,
j

we have
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is a cubic polynomial of the form in Section 2.4, and

1
BOIS S D0 Gy (ot + T o+ Tn) (5.10)

mi...my

This holds as long as |(; (a;,t)| < 1/2 for j =1,...,n. As each a; is a binary vector
with at most four 1’s, this holds as long as
t? < —.
P < o
By hypothesis for all ¢ ¢ X3 this holds.

As long as k > R, which always holds by hypothesis, for ¢ ¢ X3 we can weaken

the condition on ¢ to be
3840R In(k)

% <
P < ===

We let
3840R In(k)
wdr k

X, = {t cl : ||t < and q(t) > 16k}.

We observe that for t € £ with ¢(t) < 16k, by Theorem II.1 we have

192

> < )
42 < —

(5.11)

This is strictly smaller than 3840R In(k) ¢ longas R > 1,w < 1and k > 2, so the three

WBr ko
sets X3, X5, and
Xy ={te Ll : q(t) <16k} (5.12)

cover L completely, and X; and X3 have an empty intersection.

For t € Xy, we have (Tp,1 + Tims2 + Tmsz + Tmaa)? < 16||¢]|?. Bounding one

(Tony1 + Tong2 + Ting3 + Tmaa)? in each summand of h(t) and leaving the other, this gives
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us

61440R2 In(k)
ht)| < ——— t).
m) < =5 = ()

By hypothesis of the theorem, we have for ¢t € X5 that

|F(t)| = e~ 1O+ < =30,

Hence,

/ F(t)dt| < / e 31O/ qy

2 q(t)>16k

Performing the change of variables u = /3/4t, we get

/F(t)dt < (%)% / e~ 10t

2 q(t)>12k

By Lemma V.7, and noting that dim (£) < 4k, we get

/ F(t)dt| < e Ok+2In(4/3)k / e~ 10, (5.13)
2 L

which is negligible as 6 > 21n(4/3). Similarly,

/ et < / e~ 10t < =8k / e 1dt. (5.14)
L

XoUX3 q(t)>16k

Letting X7 be as defined in (5.12), we split it further into two regions:
Vi={te X : qt)>rk*°||t||’}, and

V, = {t eXy i qt) < Tk;2'5||t||2}.
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For t € V3, we use (5.11) to derive a similar bound on A to the one in Xs:

3072R
Bl < =2 ().

Hence,

/F(t)dt S/6—(1—3072R/(rw3k))q(t)dt'

V2 V2

Performing the change of variables ¢ — /1 — 3072R/(rw?k), and assuming this is

positive to ensure this is well-defined, we get

3072R\ %
< - _Q(t) X
/F(t)dt < (1 T ) / e Mdt

V2 q(t)<rk?5|[¢[>

The Jacobian (1 — 392%)=2 is hounded from above by e%48%/ (r«*) " Then applying

Theorem V.1 gives us

6148R  w'r

F < — = —1®qt. 1
/ (t)dt _3exp( 3 384Rk )/e dt (5.15)
Va L

Similarly,
7
—at)gt| < Sy / ~alt) gy 1
/e _3exp( 390R e (5.16)
Va C

For t € V;, we use 16k > q(t) > rk?®||t||* to get

16

P < -

Combining this with |h(t)] < 16R|[t||*q(t) and ¢(t) < 16k yields

256 R
h(t)| < . 1
h)] < = (5.17)
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We split V; into two further regions: Let Wi, W5 C Vi be the sets

1
WlZ{tGVM ||t||ooZW}7
and
Wy =V \ Wy.

By (5.17),

2
/ F(t)dt| < exp (@kﬁ) / e 10t
T

1 Wi

and applying Lemma I1.6 we get

9 15,.2
/F(t)dt < 4kexp (ﬁkf'5 _Yr k;-?) /Q—Q(t)dt'
r

512R
1 L

Similarly, by Lemma II.6,

W15y2
/e_‘I(t)dt < 4dkexp (_512R k:'g) /e_q“)dt.

1 L

Lastly, for t € Wy, we have by bounding the summands in f(¢) that

(5.18)

(5.19)

(5.20)

(5.21)

Combining (5.9), (5.13), (5.14), (5.15), (5.16), (5.18), (5.19), and (5.21) completes
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the proof. The k2 term in (5.21) is the dominant term as k goes to infinity and the
other terms are held constant, and doubling it gives the example value of I" given in

Theorem 1.3.
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