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ABSTRACT

Analyzing Spatial Processes Locally
by
Thomas Brown

Chair: Tailen Hsing

The emergence of dense spatial data sets allows us to examine spatial processes on
a local level. This thesis analyzes local prediction and local estimation of the co-
variance model for a Gaussian process observed on a single dense regular grid. We
assume a smooth mean and make the assumption that locally, the covariance func-
tion is stationary and approximately an even polynomial plus a principal irregular
term. This covariance model is applicable to a large class of processes including some
which are locally stationary, but nonstationary globally, and processes with locally
stationary increments. Some examples include deformation models with stationary
autocovariances (e.g., Matérn) and multifractional Brownian motion.

We justify the use of a Kriging estimator which relies on the covariance only
through the principal term. Then we consider local estimation of the principal term
through a local linear smoother and prove infill asymptotic convergence results. We
prove a central limit theorem with a rate matching the optimal nonparametric rate
assuming two derivatives and prove an almost sure uniform convergence result with
a rate slightly slower than optimal. Simulation results are provided that validate our
theory and we explore additional problems such as estimation at the boundary and

missing data.
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CHAPTER 1

Introduction

In the world of spatial data, data comprised of measurements of a statistical
process with a corresponding spatial location, the most common analyses considered
are prediction at unobserved spatial locations and estimation of parameters which
govern the process. Among prediction techniques, a popular choice is Kriging, the
best linear unbiased predictor. For Gaussian processes, Kriging relies on the mean
and covariance structure of the spatial process under consideration. If the mean or
covariance structure is unknown, then they need to be assumed or estimated from
the data. In this thesis, we make some general local stationarity assumptions on
an observed spatial process, develop a corresponding Kriging estimator and prove
consistency results for estimates of the relevant covariance parameters needed for
Kriging.

We assume that the spatial process of interest Y belongs to the class of Gaussian
processes where the mean p smoothly changes with spatial location and the covariance

between two points C(t, 8), t, s € R? satisfies the property
C(tv S) = p(tv S) + ft(t - S>|t - Sla + O (|t - S|a+’y) ) (11)

where O(|t — s]) is as [t — s| — 0, « is a smoothness parameter(possibly varying with
t), «/2 > 0 is non-integer, f;(t — s) is a smooth function that depends on t — s only
through its direction, p(¢, s) is a polynomial in ¢ and s and v > 0. The parameter « is
a measure of smoothness of Y, where sample paths of Y are |a/2] times mean square
differentiable. «/2 is also referred to as the Hurst parameter and is a measure of
long-term dependence in time series data or surface roughness in higher dimensional
dimensional random processes. fi(t—s)|t—s|* is referred to as the principal irregular
term.

This class of processes includes anisotropic Matérn Gaussian random fields (An-
deres 2010), multifractional Brownian motion (Ayache 2000, Herbin 2006), the de-



formation model (Sampson and Guttorp 1992, Anderes and Stein 2008, Anderes and
Chaterjee 2009) and intrinsic random functions (Matheron 1964, Chilés and Delfiner
1999).

By taking high order increments of Y, we remove the low order behavior of u
and the polynomial function p(¢,s) in C. It follows that squared increments will
approximate the principal irregular term. The use of squared increments began with
the quadratic variation theorem in Levy (1940). He showed that for Brownian motion
on [0, 1], the average of the squared increments of order 1 converges a.s. to 1. Later,
Baxter (1956) showed a.s. convergence for stochastic processes on [0, 1] with Gaussian
increments whose mean function has bounded first derivative and covariance function
has bounded second derivative. Kozin (1957) extended this result to a limit theorem
when the processes increments are stationary and independent and Gladyshev(1961)
extended it to a larger class of processes with Gaussian increments. Istas and Lang
(1997) use squared increments to estimate the local Holder index when d = 1. Anderes
(2010) uses them to estimate the parameters of a Gaussian random field with a
geometric anisotropic Matérn autocovariance, and show that the scale and variance
parameters can be consistently estimated separately when d > 4.

Rosenblatt (1956) introduced kernel estimators for density estimation. Nadaraya
(1964) and Watson (1964) used kernel estimators for regression estimation. Local
linear estimators have been used by Stone (1977) and Fan et. al. (1997). We evaluate
the local linear kernel regression estimator of the principal irregular term, which is a
local linear smoothing of the squared increments of ¥ within some window. We prove
infill asymptotic convergence rates for this estimator, that is, we prove convergence
as the width of the smoothing window decreases to 0 and the number of points in the
window simultaneously increases to oco.

Anderes and Chatterjee (2009) use a kernel smoother to estimate the deformation
of an isotropic random field with the restriction that o < 2. We show that this restric-
tion can be extended to non-even o > 2 if we assume the deformation is sufficiently
smooth. We also show that the local linear kernel smoother has a smaller bias than
the Nadaraya-Watson estimator when estimating close to the boundary.

Stone (1982) establishes that n(®~™/2r+d) is the optimal nonparametric conver-
gence rate for estimating the m!* derivative of an unknown regresion function assum-
ing i.i.d errors, p derivatives, dimension d and sample size n. He also shows that the
optimal a.s. convergence rate is (n~! log(n))(p ~m/@P) e show that the local linear
kernel regression estimator matches Stone’s standard nonparametric rate assuming
two derivatives and has a slightly smaller than optimal a.s. convergence rate.

The rest of the thesis is structured as follows. Later in this chapter, we give



an introduction to the relevant topics in statistics that we utilize in this thesis. In
chapter 2, we present examples of processes which belong to this class of processes and
justify the use of a Kriging estimator similar to universal Kriging and intrinsic random
function Kriging. In chapter 3, we prove consistency results for the local linear kernel
regression estimator. Chapter 4 explores related topics such as estimation at the
boundary, missing data and estimation of a. Chapter 5 provides simulation results
to confirm our theoretical calculations. The appendices provide the proofs from the

earlier chapters.

1.1 Gaussian Processes

Suppose you have measurements of a spatial process Y (t) € R at locations ¢,
i €{1,2,...,N}, where t,t; € Q, for some spatial domain Q C R%, d € {1,2,...}.
Then for example, you may wish to predict Y (¢g) at some unobserved location ¢, € €2
or estimate some parameter which specifies the covariance function of the process.

In statistics, Y (t) is typically assumed to be a random function or a random

variable which is characterized by a distribution function. Let
Ptl,tg,...,tN (Zla 29y 7ZN) = P(Y(tl) S 21y Y(tQ) S 29y 7Y<tN) S ZN)

denote the N—variate cdf of Y for spatial locations t; € [0,1]¢ and numbers z; € R
fori=1,...,N. Letting py, ., denote the corresponding N —variate pdf, define the
expected value of Y () as

u(t) = E(Y (1)) = / epe(2)dz

—0o0

and define the covariance of Y between two spatial locations ¢ and s as
C(t.s) = E[Y(t)—pu@)(Y(s)—pu(s))]

= /OO 7(2 — 1(®) (@ = p(8))pe.s(z, ¥)d, dz.

—00 —0O0

From this we can define the variance of Y at t as Var(Y(t)) := C(t,1).
It is common in spatial statistics to assume that the observed process is Gaussian.

For Gaussian processs,

1 I —
DPty,..tn (yl; cee ,yN) = (27T)_N/2 det(z)—l/Ze—i(y_“) S (y—p)



!/
Y

where Y= (yh s ayN> n= (lu(tl)7 ce nu(tN))/ and

C(tl) tl) O(tla t2) e C(t17 tN)
Y C(t27 tl) C(t27 tQ) e C(t27 tN)
C(ty,t1) Cltn,t2) -+ C(tn,tn)

We require that 3 is positive definite so that det(X) > 0.
One benefit of the Gaussian assumption is that Y is fully characterized by p and

C. Further, we can write

Y () £ p(t) + Z(t)
where Z(t) is a mean 0 Gaussian process with covariance function C.

Another desirable consequence of the Gaussian assumption is that we can directly
calculate bias and variance for estimators of Y and develop consistency results for
estimators of covariance parameters. As Cressie (1993) points out, the Gaussian
assumption makes analysis much more simple and the average of many small and
possibly non-Gaussian effects will be approximately Gaussian by the central limit

theorem.

1.2 Differentiability

Let Ayug(t) := g(t + u) — g(t) denote the increment in the direction w. Then
let AZg(t) ;== A,A7 g(t) denote the increment of order z in the direction u. The

directional derivative of g in the direction w at the point ¢ is defined as

d
0
li Aymg(t) = i=—g(t
Tim nlyng(t) 2 2.9
= 8ug(t)
The k" order mixed parial derivative is defined as % e %g(t) wherei; € {1,...,d},
j € {1,...,k}. Then the k™ order directional derivative in directions wuy,...,us is

defined as

d d
) 0 0
nh_{go nkA'uJ/n Tt Auk/’l’bg(t) - E 1: e E Utgy = o Ukiy, atil T ot g<t)
11=

=1

= Oyy - O g(t).



g(t) is called k times continuously differentiable if 0y, - - - Ou,g(t) exists, is continuous
and is bounded for all t € [0,1]¢, ¢ € {0,1,...,k} and u; € R? s.t. |u;| = 1,
ie{l,...,(}.

For the letter £, let £ = ({y,...,¢4) where ; € {0,1,2...}, and let [£] = 3, (;.
For h € R?, let h® = h{' .- B, For any function G from R? to R let

©_ 9 9
=@
d 1

where 37(; is interpreted as 1. For F,G : R? — R, if |F(h)/G(h)| < ¢ for some
finite ¢ > 0 and |h| sufficiently large or small then write F'(h) = O(G(h)). Then if
|F'(h)/G(h)| < c for all ¢ > 0 and sufficiently large or small |h|, write F'(h) = o(h).

By Taylor’s theorem, if ¢ is k£ times continuously differentiable, then as |h| — 0,

git+h)=gt)+ 3 ﬁg@(whﬂ T Ry(h)
ele<k U

where Ry(h) = o(|h|*) uniformly over ¢ € [0, 1]¢. Note that uniform over t € [0, 1]¢

means that supyci e |Re(h)| = o([h|¥). If Ry(h) = O(|h|*) uniformly over t € [0,1]¢,

then there is a single finite constant ¢ > 0 s.t. |R¢(h)| < c|h|* for all t € [0, 1]¢ and
|h| sufficiently small.

/

For a function g : R — R, define the gradient Vg(t) := (aitlg(t), e a%ﬁq(t))

and the Hessian matrix H;' whose value at row ¢ column j is a%a%g(t) for 4,5 €
{1,...,d}. For a function g : R? — R? with g = (g1(¢), ..., ga(t)), let J¢ denote the

Jacobian of g at ¢ be the d x d matrix defined as ;2-g;(¢) for row i and column j.
J

1.3 Stationarity

The simplest setting assumes that the covariance between two locations ¢ and s,
denoted as C(t, s), only depends on the Euclidean distance |t — s|. In this setting
Y is called isotropic. In this case, consistent estimation of the covariance parameters
used in Kriging may be achieved even if the data set is only moderately sized.

Y is called stationary if C'(¢,s) depends on the distance and direction of ¢t — s.
In this setting we will need to estimate C(t,t + h) for at least a few directions
h = (hy, ..., hg) which will require either a structured data set or a dense sampling
so that a sufficient number of pairs in our data are h apart. Y is called second order
stationary if in addition p is constant. Second order stationarity provides a convenient

framework for analysis, but is often an unreasonable assumption to make for spatial



processes.

The most complicated setting is when C(t,s) depends on the location t and
changes across the domain. In this setting Y is called nonstationary and consistent
estimation of fi(h)|h|* will require a dense sampling.

A reasonable assumption to make is that Y is locally stationary. This is when the
covariance is approximately stationary in a local region or when fi(h) is smoothly
changing in ¢.

If Y is locally stationary, one option would be to separate the domain into subdo-
mains where the covariance structure is considered approximately stationary in each
subdomain. Then estimation of the principal irregular term will require a sufficient
number of points in each subdomain. Another option is to use a procedure like a
moving window Kriging to estimate the principal irregular term at a location £, with
points that are within a window centered at ¢y (assuming ¢, is away from the bound-
ary of the domain). With a procedure like moving window Kriging, estimation is
aided considerably if the locations of the data are evenly spaced, or at least evenly
spaced in each dimension. To that end, we assume that the domain has been sam-
pled on a regular grid with spacing 1/n in each dimension and derive infill asymptotic

convergence results as n — oo.



CHAPTER 2

Inference on Y

In this chapter we analyze the scenario where the observed process Y is assumed
to be Gaussian and observed on a regular grid. Since Y is Gaussian, the mean pu(¢)
and the covariance C(t, s) characterize the behavior of Y. We assume pu is smooth
and make a locally stationary assumption for C' which are sufficient to recover the
principal irregular term.

We present the Matérn covariance function, the deformation model, multifrac-
tional Brownian motion and intrinsic random functions as examples which satisfy our
covariance assumptions. Then we examine linear prediction of Y through Kriging
and justify an estimator which uses the principal irregular term. Lastly, we present

the increment operator which we will use to estimate the principal irregular term.

2.1 Assumptions

Assumption 2.1. The spatial process of interest is denoted as Y (t), t € R? for
integer d > 0, and s assumed to be a Gaussian process with mean function p and

covariance function C. We observe the process on a reqular grid
T, ={(i1,d2,...,1q)/n, withis=(j—1/2)/n forj=1,...,n}

of size 1/n on [0,1]%.

As mentioned in the introduction, we will also make assumptions on the local
behavior of p and C.

Assumption 2.2. u(t) is k times continuously differentiable for some sufficiently
large integer k.

Let 957 C (t,s) denote the directional derivative in the direction w acting on ¢ i

times and acting on s j times.



Assumption 2.3. For the covariance function C,

(i) As |t —s| — 0,

Clt,s) = Z be(t)s* + Z be(8)t8 + fo(t — 8)|t — s (1 + O(|t — s|/®),

1€]=0 1€]=0

where fi(h) is sufficiently smooth in t and in h, a(t) is continuously differ-
entiable, a(t)/2 is non-integer, a(t) —r < 1, be(t) are measurable functions,
Y(t) > 0 and O(|t — s|"®)) is uniform over t € [0,1]%.

(i1) C(t,s) is x times continuously differentiable in t and s for |t — s| away from 0
and |05 - 9P C(t, 8)| < colt — 8|°O=2 for u; € RY, |uy| =1, ¢, > 0 and

some integer x > 1.

The parameter «(t) is a measure of smoothness of Y, where sample paths of Y are
|a(t)/2] times mean square differentiable. The value a(t)/2 is also referred to as
the Hurst parameter and is a measure of long-term dependence in time series data
or surface roughness in higher dimensional dimensional random processes. Note that
ft(h) only depends on h through its direction.

Assumption 2.3(ii) is required for consistent estimation of the principal irregular
term, ensuring that the covariance between increments converges to 0 quickly as the
distance between increments increases. Assuming the observations fall on a regular
grid is also necessary to ensure that a sufficient number of pairs of observations are
separated by a lag u € Z?. Combined with the other assumptions, we will be able to

consistently estimate f;(u)|u|*® at any location ¢ € [0, 1]%.

2.2 Example Processes

Here are some examples of processes which satisfy our covariance assumption.

Example 2.4 (Anisotropic Matérn covariance function). The Matérn covariance

function is defined as

1-v
()
where v > 0 is the shape parameter, p > 0 is the scale parameter, o2 is the variance, T
is the Gamma function and K, is the modified Bessel function of the second kind. If Z

15 a Gaussian random field with covariance function C' and M is a dxd transformation
matriz, then the field Y (t) = Z(Mt) is a transformed Gaussian Matérn random field

C(t,s) =o"

i (5 (57



with covariance C(Mt, M s) which is anisotropic when M is not an orthogonal matriz

up to a proportionality constant.

This covariance function satisfies our covariance assumption with a(t) = 2v, and

fe(h) = C)M%‘ZV for some ¢ > 0 and x > v + 1.

The flexibility of this covariance function makes it a popular choice in spatial
statistics. Anderes (2011) showed that when M satisfies some regularity conditions, it
can be recovered by averaging squared increments. He also shows that the parameters
of the Matérn can be consistently estimated when d > 4, the parameters can’t be
consistently estimated separately when d < 4, and it is unknown whether they can

be estimated separately when d = 4.

Example 2.5 (Multifractional Brownian Motion (mBm)). Bg(t), |[t| > 0 is a cen-

tered Gaussian process with covariance function
C(t,5) = D(H(b), H(s)) ([t 4 || 1O _ |g — 5|f101+110)

where H(t) : RY — (0,1) is the smoothness of B at location t and D is a known

deterministic function.

mBm satisfies our covariance assumpton with a(t) = 2H(t), fi(h) = D(H(t), H(t))
for all h and H (t) is three times continuously differentiable.

When H(t) is constant By is called fractional Brownian motion. Notice that
this process is nonstationary, but has stationary increments. This process is also
self-similar, i.e. Bp(at) = |a|?® By(t). By exhibits long-range dependence when

H > 1/2. Lastly, sample paths are almost nowhere differentiable.

Example 2.6 (Deformation Model). Let Z be an isotropic Gaussian random field on
Q C R? with covariance C(t,t+h) = o> — |h|*+O(|h|*) where a € (0,2). Then if F
is a smooth one-to-one deformation function, Y (t) = Z(F(t)) is a deformed random

field with covariance
C(F(t),F(t+h))=0"—|F(t)— F(t+h)|*+ O(|F(t) — F(t+ h)|*).

For this model fy(h) = |JLh|*, where JL is the Jacobian of F at t. In the two
dimensional case, Anderes and Chatterjee (2009) show that when F satisfies some
regularity conditions, it can be recovered by estimates of the semivariogram v(t,t +
h) ~ |JLh|* in the horizontal, vertical and diagonal directions.

Deformation models are a method of modeling nonstationarity which assumes that

an observed process is actually a smooth transformation of an underlying isotropic



process. This method was introduced by Sampson and Guttorp(1992) and they con-
sidered estimating the deformation with multiple obervations of a deformed field at
sparse locations. Clerc and Mallat(2003) and Anderes and Stein(2008) considered
estimating the deformation from a single observation of a deformed random field, but
with a dense sampling. Anderes and Chatterjee (2009) prove consistent estimation
for a class of deformation functions known as quasiconformal maps through the use of
kernel averaged squared increments while observing the deformed process on a regular
dense grid.

For the next example, recall £ = ({1,...,0;) € N¢ |€] = Z?:1 ¢; and h* =
hér. .. bl
Example 2.7 (Intrinsic Random Functions). Y is called an intrinsic random function

of order k (IRF-k) if

k

k
C(t,s) = > bp(t)s*+ > be(s)t* + K(t—s),

1€]=0 1£|=0

where K s called the generalized covariance, the bg are arbitrary measurable functions

and the summations are over all € with €] =0,..., k.

This process was introduced in Matheron (1964) and covers a wide class of co-
variance functions. By definition, IRF-k’s are stationary after a £ + 1 step differ-
encing. This includes intrinsically stationary processes (IRF-0’s) which are station-
ary after one-step differencing with K as their semivariogram. When K(t — s) =

fe(t — s)|t — s|*® (14 [t — s]P®), this process satisfies our covariance assumption.

2.3 Linear Prediction

A natural problem to conisder is prediction of Y (¢y) for some unobserved location
to, denoted as Y ().

The simplest prediction method is the nearest neighbor method, where f/(to) =
Y (t;) with ¢; is the closest observed point to ty,. Another method would be to take
the simple average or a weighted average of points that are closest to ty. In general,

a linear estimator of Y'(¢y) can be written as

m

Y(to) =Y ANY(t)

=1

where t; are points close to ty and A\; € R. When the mean is known, the best linear

unbiased estimator will be the one which minimizes the error in estimating Y (¢o). If

10



we consider squared-error loss as in chapter 3 of Cressie (1993), then the estimator
minimizes E(Y (t)) — Y (£))2. This estimator is known as the Kriging estimator.
There are different types of Kriging which depend on the mean and covariance
structure. The simplest type of Kriging occurs when the mean is known and constant
and is called simple Kriging. Ordinary Kriging is used when the mean is unknown
but assumed to be constant in a local neighborhood and the variogram is estimable

from the data. Let A = (A1,...,\,)’, then the coefficients for ordinary Kriging are

(1-1vV"1)\ . _,
N = <v+11/V—11 V )

where A = (A,..., ), v = (v(to, t1),...,v(to, L)), 1 is a vector of ones, and
V is the m X m matrix with (i,7)" element equal to v(¢;,t;). The most general
forms of Kriging occur when the mean is unknown and non-constant. Universal
Kriging assumes the mean can be modeled as a linear combination of functions f;(¢),

j=0,...,p. This type leads to coefficients
N=(v+ X(X'VIX) Nz - XV ) VT

where X is an n X (p + 1) matrix with (i, 5)"™ element is equal to f;_1(¢;) and & =
(fo(to),..., fu(to)). Let the universal Kriging predictor using the true variogram and
assuming the mean is polynomial of degree k& be denoted as Yok —.

Here we develop the Kriging estimator that is of most interest, which is closely
related to IRF Kriging as outlined in Chilés and Delfiner (1999). For convenience, let

Ao = —1. The best linear unbiased predictor ¥ can be obtained by minimizing

E(Y(t) - Y(t))* = Var(Y(to) - Y(to)) + E(Y (to) — Y (ko))
= Vi+Va+Vs+V,,

where

Vio= 2> ) Nbe(t) Y it
=0

l£/=0 j=0

Vo= D 3 ANF(t— )|t — )

i=0 j=
m

0
Vi = 30t )
) 0

m
=0 j=

11



Vi = (Z/\iu(ti))Q‘

From our sampling scheme, we can consider locations ¢; s.t. |t; —to| = O(n™"). Since

wis k + 1 times continuously differentiable we can write

0 0 L
+ ) ot '”W”(%)(tom —tij,) -+ (tog, — tiz,) + O,
1o Je=1 J1 Jk
If we add the constraint
S NtE=0, LeN'st. €] =0,... K (2.1)

=0

to the optimization problem, then the low order terms in this expansion are elimi-

nated. This constraint also ensures that V;, = 0 if k¥ > r. Therefore
E{Y (to) = Y(to)}> = D > NN f(ti — )|t — t;]*®). (2.2)
i=0 j=0

By Lagrange’s multiplier, the problem of optimizing (2.2) under (2.1) becomes solving

for the system

SONFE— )t — 0+ > peth = f(ti—to)[ti — | i=1,... N,
j=1 |€|=0

S ONE=HE 0 by g >0, bt by L < K
j=0

-1

We can express this in matrix form:

A

K X
u

X 0

where

)\ - <>\17---7)\m>,7

= a vector of u, arranged in any order,

12



K = {f(ti—tj)|ti ]I }J L

a matrix with m rows where the ¢-th row is the vector containing

o
I

tf; the order is arranged in the same way as u,

vy = (f(ti—to)[ts —to|*, ..., f(ty —to)[tn — to|®)',

vy = the vetor containing t§ arranged in the same order as p.
The resulting coefficients for this estimator are
N=(v+XXK'X) " (vo— XK 'v)) K!
and we call a predictor of this form the UK — k estimator
Yokx = NY.

Note that this will be the estimator using the estimated f.

By construction, the TTK' — 0 estimator minimizes the estimation error if the
mean is constant. When the mean is non-constant, a larger value of k£ may improve
estimation by eliminating the effect of the mean. But if the mean is constant, the
TK — k estimators for £k > 1 will not have smaller estimation errors than the TK — 0
estimator. Similarly, adding in the linear constraints of (2.1) for the U K —k estimator
won’t result in a reduction of estimation error over the TK — 0 estimator. However,
the differencing constraints are necessary for the UK — k estimators to minimize the

variance when the principal irregular term is used.

2.4 Inference on the Principal Irregular Term

Recall from section 1.2 that A} | Y'(#) is the increment operator of order z in the
direction h/n. Since the sampling grid is regular with spacing 1/n, the h we can
consider are h = (hy,...,hq) where h; are integers. For now assume that «a(t) is

known and consider the process
Wa(t) = n*®2AL Y (#)

for some integer x. Then let

ZZ HJ( >(j)ft(U+(i—j)h)|u+(z’—j)hya@)

=0 7=0

13



Assumption 2.3 leads to the following lemma for W,,.
Lemma 2.8. Let Assumption 2.3 hold with x > r.

(i) For any fized h and w,
Cov(Wy(t), Wn(t +u/n)) — Je(u) = O(n"tlog(n)) + O(n~7H),

uniformly over t € [0,1]¢ where O(n~"tlog(n)) is replaced by O(n=') if a(t) is

constant.

(it) For any fized h, there exists ¢y > 0 s.t.
Cov(Wy (1), W, (t + u/n))| < c4lu|o®2

z|h|+1
for |u| > ===,

Note that the proofs of this result and the results of the next chapter are pro-
vided in appendix II. Combining Assumption 2.2 and lemma 2.8, it seems possible to
estimate J(t, h) by averaging W2(t;) for ¢; within a small window of #.

In the next chapter, we will introduce the local linear kernel regression estimator

of J(t, h). We will prove a central limit theorem and a uniform convergence rate.

14



CHAPTER 3

Limit Theorems

In this chapter we introduce the local linear kernel regression estimator. We
consider the abstract Gaussian process W, (t) introduced in the last chapter whose
variance is approximately J(¢,0). The local linear kernel regression is a weighted
average of W?2(t;) estimating J(to,0), where t; are the spatial locations within the
d-dimensional square centered at t,.

We make some basic assumptions on the mean and covariance of the process W,
and the kernel function k. With these assumptions we prove the local linear smoother
is consistent by showing the bias of the smoother convergences to 0 (Theorem 3.3)
and the variance converges to 0 (Theorem 3.4). Then Theorem 3.5 gives a central
limit theorem for the smoother. Lastly, assuming that £ has a product form, Theorem
3.8 proves an almost sure uniform convergence result.

We focus on the abstract Gaussian process W,, with mean p,, and covariance C,.
Assumption 3.1. For p, and C),:

(i) There exists a positive, continuously differentiable function 6(t) s.t. p,(t) =
O(n=°®) uniformly in t.

(ii) There exists a positive, continuously differentiable function p(t) and a twice
continuously differentiable function g(t) such that Cy(t,t) = g(t) + O(n="®)
uniformly in t with p(t) > 0.

(i11) Cy(t,t + h/n) < c5 ¥V t,n,h and c5 > 0 and there exists a function gs(t, h)
such that lim,_,, C,(t,t + h/n) = g2(t, h). The convergence is uniform for all
t €[0,1]¢ and all h with |k| < § for any given & > 0.

(iv) There ezists some function ¥ (t) with values in (0,00) and positive constant cg
such that |Cy,(t,t +h/n)| < cslh|™¥® for all n,t, h such that |h| > T for some
7> 0.

15



Note that uniformly in ¢ means that the constants in the big-o and little-o terms do
not depend on t.

Notice that by lemma 2.8, W, satisfies Assumption 3.1 with p(t) < min(1,~v(¢), 2(m+
1) — a(t)), where < is changed to = if a(t) is constant.

Let
Tn(t07 b) = {tz el, N [to — b, to + b]}
where
d
[to — b,to + 0] := | ] [to; — b, to; + 0]
j=1

Throughout the rest of the thesis, let k() denote a kernel function that satisfies the

following assumption.

Assumption 3.2. Assume k() is a non-negative function with support [—1,1]* and

has bounded, continuous first order partial derivatives with ||k||oc = supye(_y 1 k(%)

For any t, € [0,1]? and bandwidth b, the local linear regression is defined as

B(to; n,b) = argming Z k (ti ; to) {W2(t;) — Lt — to; B)}°

t; €T (to,b)

where
((t; B) = Bo + Pit1 + Poty + -+ + Batg for t = (L1, Lo, ..., tq).
It follows that
B(ty:n,b) = (X'KX) ' X' KW?,

where X is a matrix with rows (1,%;1 — to1,ti2 — toz, .- -, tia — toa), K is a diagonal
matrix with entries k (£22%), and W? is a column vector with entries (W, (t;))?. For
t €[0,1]%, let

t:
;1 = EZ VAN 1, ;9 = lzti A1,

Define

I(t,b) = [—an,am] X [—G217a22] X X [_adlyad2

16



([t — byty + ] X - X [ta — by ta + b)) N[0, 1]4) = (t1, ..., 1)
: .

If the distance between ¢ and the boundary of [0,1]¢ is at least b then a;; = 1 for
all 7, j, but some a;; can be less than 1 if ¢ is within distance b from some boundary
point. For example, for ¢ = (0,0) and b < 1, we have a;; = as; = 0 and a1 = ag = 1.
Let

t,—t m m
Simi, gma = Zk( b 0) (tia —tor)™ -+ (tia — toa)™,

Rymi dmd = Rim | dmd (to’ b) = / ]{f(z)z;nl e Z:inddz
](to,b)
For simplicity, if m; = 0 for dimension j, then leave ;™ out of Simi __gma and

ama. For example,

t,—t
Si2 31 = Zk ( b 0) (ti — to1)*(tis — to3).
t;

.....

From Taylor’s theorem,
1
g(ti) = g(to) + (t: — to)'Vg(to) + §(tvz — o) Hy(to) (t; — to) + O(|t; — to|*),

for gradient Vg(t) and Hessian matrix H,. Therefore, B (to;m,b) estimates

(g<to>, o glta)s e a%y(to)) — Bity).

And further the bias terms of our estimator will involve kernel averages of (t; — to)

terms and derivatives of g, so we define

K K11 Ro1 s Rq1 K411
Kq1 K12 Ritg1 =+ Rilgl Ritj1q1
K= Rot Kt g1 K92 st Rl gt 7M,j = Riljig1
Rgt  Rit gt Roigt - K42 /{iljldl

Then we have the following theorem for the bias of /.

Theorem 3.3 (Bias of ). Let Assumptions 3.1(i) and (i) hold for dimension d.

17



Then if n — oo, nb — oo,

3t _ diag(b%,b,b,....b) . o~ O O
E(B(to;n,b)) = B(to) + 5 K i;a—w—%g(tow\/w (3.1)

0(52) + O( to)/\26(t0)))
O(b) b 10( p(to /\26(t0)))

(b) —|—b 10( p(to /\Qé(to)))

uniformly for to € [0, 1]¢.
From this theorem we see that the bias of £y(to) is O(b?) 4+ O(n~(P(t)A20(0))),
Let Wn( ) = Wa(t;) — pn(t;) then define
Blto;n,b) = (X'KX)'X'KW?,

where W2 is a vector with entries W2(¢;). Define

Note that, by Fatou’s lemma and Assumption 3.1(iv),

Zg <hm1anC’2t+g/n <Czjd12w(t)<oo

n—oo
jezd jezd Jj=1
for some finite constant C.
Recall the definition of the “double factorial”

) J(G=2)---3-1 for odd positive integer j,
I j(j—2)---4-2 for even positive integer j.

In the formulation of the central limit theorem we need to bound quantities of the
form | )", C,(¢,t;)| (lemma B.5), which by Assumptions 3.1(ii)-(iv) has the rate

rop(t) == log(nb) if (t) =d

(nb)d=¥0) if 4)(t) < d.
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Then the following theorem establishes the behavior of the central moments of f.

Theorem 3.4 (z'" central moment of By(ty)). Let Assumption 3.1 hold. Then for
r=23, ...,

(nb)d”“/QE Bo(to;n, b) — E’Bo(to;n,b) _ { @) (?ngg?g) , for x odd (3.2)
A(to, b)*/? (x — D!+ 0o(1), forx even

uniformly for to € [0,1]¢ as nb — oo.

Note that the right-hand side of (3.2) converges to the z'* moments of the standard
normal distribution. Then by Theorem B.6, this along with Theorem 3.3 is sufficient
to establish Theorem 3.5.

Theorem 3.5. [CLT for 8] Let Assumptions 8.1 and 3.2 hold with {(ty) > d/2.
Then for ty € [0,1]?, Z ~ N(0,1),

~

ZA(ty,b)'? 1
Bo(to:n,b) (2, 5)

g(to) + W 5

1=

d
_ 0
b2[’C ! E a_tla_tjg(tO)N’z,]]l + R(thn7b)7

where
R(t;n,b) = o(b*) + O (n_(p(tO)/\%(tO))) +0, <n_5(t°) rnb(t)> +o0 ((nb)_d/Q) .
Furthermore, when n — oo and nb — oo, we can choose b s.t.
A(to, b) ™12 (nb) {Bo(to; n,b) — g(to)} - Z

Note that this is the leads to the optimal rate for estimating a regression function
nonparametrically assuming two derivatives and i.i.d. errors.

So far we have considered the asymptotic behavior of Bo(t;n, b) for a fixed ¢.
Next, we consider the global asymptotic behavior of Bo(t; n,b). In our proof of a.s.

convergence, our estimators have the form

# > k(t’;to) W, (t;)? (3.3)

t; €Ty, (to,b)

and we will require the following conditions for k.

Assumption 3.6 (Almost sure convergence conditions for k). Assume for functions
k, ki,v=1,....,d,
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(i) k has support on [—1,1]¢ and k; have support on [—1,1],
(i) k; are defined s.t. k(z) = [1%, ki(z),
(11i) k; are continuously differentiable and k;(—1) =0 for alli=1,2,...,d.

In addition, our proof of a.s. convergence does not restrict the value of . To that
end, define

Snp(t) == log(nb) if (t) =d/2

1 if ¥(t) > d/2
{ (nb)d=2¢t0) if o)(t) < d/2.

Then we have the following is a corollary to Theorem 3.4

Corollary 3.7. Let Assumptions 3.1(iii) and (iv) hold and let [u,v] denote the rect-
angle with corners w and v. Then for sufficiently large n, there is a constant c; > 0
such that

(nb>—d$/2

Sul(t)7/? > (Walt)) = () — E(Wa(t:) — pa(:))* p < (22 — 1)l

t; €lu,v]NT,

uniformly for all x > 2 and w,v € [0, 1)* with |u; — v;| < 2b fori < d.

Let

Vb = max {1, max snb(t)l/Q, max Tnb(t)1/2n_6(t), (nb)d/2(log(n))_1(b2 + n_pAQ‘S)} ,
tel0,1]4 te(0,1]4

where p = mingcy e p(t) and 6 = mingep ¢ 6(t). Then we have the following a.s.

uniform convergence result.

Theorem 3.8. Let Assumptions 3.1(i)-(iv) and 3.6 hold and let n and b satisfy
n — oo and nb — oo. Then for some finite cg > 0,

sup Bo(to; n,b) — g(to)| < cg(nb)=? log(n)Vap
to€[0,1]2

eventually with probability 1.

Corollary 3.9. Let Assumptions 3.1(i)-(iv) and 3.6 hold and let n and b satisfy
n — 0o and nb — oo. Then for some finite cg >0 andi=1,...,d,

A 0
sup |Bi(to;n,b) — gg(to) < Cg(nb)_d/Qb_l log(n) Vs
t06[071]2 i
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eventually with probability 1.
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CHAPTER 4

Related Issues

In this chapter we discuss issues related to the local linear smoother presented in
the last chapter. First we give a theoretical calculation and plot to show that the
local linear estimator estimates better at the boundary than the Nadaraya-Watson
estimator. Then we show that the convergence rate of the local linear smoother
matches the optimal nonparametric rate from Stone (1982) and the uniform rate is
slightly less than optimal. Then we show the rate in estimating « is similar to the
rate in estimating f with a known, and further that the rate in estimating f and
a simultaneously worsens by log(n). Next, we give justification that the the lowest
order difference which satisfies our assumption is optimal. Lastly, we give a brief

treatment for what happens when data is missing at random.

4.1 Boundary Points

One reason we consider the local linear estimator is because it will improve the

bias when estimating close to the boundary. If we examine the Nadaraya-Watson

estimator for a point ¢y away from the boundary, recalling Spo = >, k (%) and

the results of chapter 3,

s Sk (M) By
Sio tzk (ti - to) g(t:)
= st S (M) Qo) + s~

+(ti, — toz)a% (to) + O (|t: — to]*) }

Q
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0 0
= g(to) + Sgo S10=-9(t0) + Sog So15-9(to) + O(b%) (4.1)
(’9751 at2
= g(to) + O(b°)

Since Sy and Sp; equal 0 when ¢, is away from the boundary. So asymptotically, the
N-W estimator has the same bias rate as the local linear estimator. However, if ¢, is
close to the boundary, then (4.1) becomes

0 0
9(t0) + S0 S105—9(t0) + Spo Sor-9(te) + O(b?)
6251 atQ
0 0
-1, Y 1. Y 2
glto) + ™ i gmg(bo) + 7 g (o) + O(F)
= g(to) + O(b)

Q

where the last equality holds since ki1 and k91 are not 0 when ¢ is close to the
boundary. Recall from chapter 3 that the bias of the local linear estimator is still
O(b?) for points close to the boundary, so we see an improvement in bias of order b

when using the local linear estimator vs. the N-W estimator.

Local Lin Bis W bias
003 003

oo Doz

001 001

o
8] o001 Qo2 003

L8] o1 Q02 003

Local Lin Std. Dev, MW Zid, Dew
o3
.02
ool
o ]
O Qo1 Q2 0o 0 oo ooz 003

Figure 4.1: Mean and s.d. of the local linear and N-W estimators close to the bound-
ary.

To examine this, we generated fine Gaussian random fields with n = 1500 and
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C(t,t + h) = 4 — |h|"? + .6|h|* in Matlab from code used to simulate the fields
generated in Anderes and Chatterjee (2009). Then we introduce bias by multiplying
a scaling field D(t) = 1+ 3t; +to +.5t2 + .5t3. Figure 4.1 compares the NW estimator
and our local linear estimator in estimating f¢((1,0)) at the lower left corner of the
unit square, using their optimal bandwidths respectively. The optimal rate for the

1/2 while the optimal rate for the local linear estimator is n=2/3.

N.W. estimator is n~
Figure 4.1 shows that the bias and s.d. in estimating f at the boundary are smaller

for the local linear estimator than the Nadaraya-Watson estimator.

4.2 Convergence Rates
Recall from Theorem 3.5

ZAte, )2 1, 9 0
g(to) + W + 5[)2[](: 1 Z ga_tjg(to)/\/;]]l
ij=1 "

3 2

60 (th n, b)
+0([)2) +0 (n—(p(to)/\za(to))) +0, <n—6(t0) rnb(t)) .

First note that if the underlying process Y has a constant mean, or if u(t) is smooth
enough, then the terms with a §(2y) are 0 or negligible. Now if we consider the terms

that contain b, the best rate can be attained by equating the bias and s.d.
(nb)~? = b2 = n~ Y2 = pHY2 o p = VD)

Therefore the convergence rate is max(n~=24@+4 n=r(to)) which is optimal for estimat-
ing a regression function nonparametrically assuming two derivatives and iid. errors
when p(ty) > 2d/(4 + d).

Recall from Theorem 3.8,

sup | Aot m, ) — gito)|

to€[0,1]?

= O <(nb)_d/2 log(n)si/b?) +0 ((nb)_d/2 log(n)rifn_‘s) +O(b?) + O(n~") + O(n=%).

Again, if pu(t) is constant or smooth enough, any term with a § is negligible. Then

recall that s,; depends on the value of ¥ in relation to d, namely

log(nb) if Y(t) =d/2

1 if Y(t) > d/2
Snb(t> = {
(nb)2¢®0) if () < d/2.
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From Assumption 2.3(ii), we see that in practice ¥ (¢y) can be made arbitrarily large

as the order of the difference operator increases, so if we assume ¢ > d/2.
(nb)~¥?log(n) = b* = n~Y?log(n) = b**? = b = n~ VD (log(n))?/ D),
Therefore, if we let N = n¢, the sample size, the convergence rate is

maX(N—2/(4+d) log(N)4/(4+d), N—p(to)/d)_

Stone’s optimal rate assuming two derivatives is N =%+ 1og(N)?/(4+4)  So if we

consider p sufficiently large, our rate is slightly worse than Stone’s rate.

4.3 Separating a(t) and fi(h)

As in Chan and Wood (2000), we can consider estimating a(t).
Let

g(t7 h’7 n, b) - n_a(t)g()(t) h’a n, b)a

which does not depend on any unknown parameters. Define

B log 2

a(t;n,b) :
It follows that

a(t;n,b) — a(t)
_ log <Bo(t, h;n, bn)> — log (B\o(ta h;2n, b2n>)

log 2
Bo(t,h;n,bn)—J(0,t,h) Bo(t,h;2n,b2,)—J(0,t,h)
B log <1 + Solthintnl > —log <1 + Bttt >

log 2
= O (ol ki, by) = J(0,8, ) + Bo(t, b 2n,bay) = (0, ,B))
Thus, a(t;n,b) — a(t) has the same rate as B\o(t, h;n,b,) — J(0,t, h).
Now, let By(t, h;n,b) be the estimator defined with «(t) replaced by a(t;n,b) in
Bo(t,h;n, b); i.e.,

BO (t7 h7 T, b) = na(t)ia(t;n,b)g()(t7 h7 n, b)
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If we choose b so that Bo(t, h;n,b,) — J(0,t,h) = O,((logn)~'), then

Bo(t, h;n,b) — J(0,t, h)
= (n®®=8@mD _ 1) 5o (¢, h;n,b) + Fo(t, hin,b) — J(0,, h)

= O,(logn) {,/B\O(t, h;n,b) — J(0,t, h)} :

Thus, having to estimate «(t) in estimating J(0, ¢, h) incurs the cost of a multiplica-
tive rate of logn over the rate when «(t) is known. However, the extra cost does not
make the rate prohibitively worse since Bo(t, h;n,b) — J(0,t, h) has polynomial rate

if we choose b sensibly.

4.4 Higher Order Differencing

From the results above, we see that ¥ (t) needs to be greater than d to achieve

optimal convergence rates. In chapter 3 this corresponds to x > W. One question
we can ask is what is the impact of using a higher order differencing operator than is

necessary. To compare estimators, consider estimating f(h) with a difference operator
of order z, i.e. W,(t) = no‘(to)ﬂAfb/nY(t) and

YN Bo(to; n,b)
Jth) = s s ) ()i — @

The variance of f is approximately

(Z?:o S (=1 (3) () fuo G+ (0= )R)]G + (i — j>h|a<to>)2

FRCED RIS S (D () ()=

3 d
I(to,b) JEeL

and notationally let

o (Zf:o 5501 (D) () fua G + (i = DR)]G + (i — j>h|a<to>>2
[ 30 3550 (= 1) () ()i = et |

Figure 4.2 gives the values of S for orders x = 1,2,3,4,5 for varying o when d = 2,
h = (1,0) and fi(h) = 1. We see that a given order has the lowest variance over a
range of o and the optimal order is increasing in «.

The local behavior in p(t) and the bias will also play a role in which z is opti-
mal. In general though, the optimal x will be the smallest integer that satisfies the

assumptions of chapter 3.
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2.58

2.15
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2.53

4.65
1.98
2.20
2.50

2.21
2.24
2.50

2.69
2.34
2.53

3.86
2.52
2.60

8.90
2.82
2.7

Figure 4.2: Calculated values of S for varying = and a.

4.5 Missing Data

Here we will give an informal treatment of what happens when data is missing at

random.

Suppose that observations of the process Y on our sampling grid are missing at
random with probability p. Then let X (¢) be a bernoulli variable that is 0 if one of
the points in A} is missing and 1 otherwise. Then F(X(t))

are x + 1 points in the operator A and E(X ()X (s)) = (1
the number of points that are in both A7Y(¢) and A7Y (s). So define

B(z,h) :{

and it follows that

Cov(X(t), X (s)) = { 0

1 — p)x+1+y7

1 — p)2:p+2’

if z==4yh, y=0,1,...

otherwise

(1 _p)erler _ (1 _ p>2x+2’

if z==4yh, y=0,1,...

otherwise .

Assuming that X (¢) and Y'(t) are independent of each other,

E{X(®)(ARY (1)}
E{X()X(s)ALY (£)ALY (s)}

It follows that n®®/2X (¢) A2 /nY(t) satisfies Assumption 3.1 and [y(to; n, b) estimates
(1 —p)™g(ty). If we let X'(¢) denote the Bernoulli variable which is 0 if a point ¢

is missing from our sampling grid and 1 if it is not missing with probability p. Then

we can estimate p with

p=n""Y " X(t).
t;
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Bt — s, h)E{AIY (£)ALY (s)} .

, L

(1 — p)**! since there

— p)2@*FD=Y where y is



E(p) = p and for m even,

EG-p™ = n™ > E{(X(t)-p)(X(t) —p)-- (X(tm) — p)}

Then by Borel-Cantelli,

ZP(\/—)IP pl>6> < n_ln—

A
hE
o |5
ﬁ

A
kN
§\
=
M
§

o
_ Z n=¢ andE b p>2x/x|
n=1 =0

VAN
]
3

[\
+

1M

3|

8
5

n=1
= in 2—|—nlin(m 2 /1)
n=1 =2

N
[
S
=
+
3|
g
_
g

IN
L Nk
3
[\D
+
('b

<

Neo)

when ¢ > 1. So p “3 p with rate ~—2=—- And combining this with Theorem 3.8 and

applying the continuous mapping theorem, ﬂo(t n,b) @

log(n)
(nb)d/2"

“% g(t) uniformly over [0, 1]¢ with

rate

28



CHAPTER 5

Simulation Results

For numerical analysis, we focus on the two-dimensional Gaussian process with
a nonstationary Matérn covariance and one-dimensional multifractional Brownian
motion. For the Matérn example, we evaluate the performance of the local linear
smoother in estimating f when v is known. The estimator is compared over a band-
width range and for different increment orders with theoretical justification. Then we
analyze linear prediction by estimating the process at an unobserved spatial location
which is (ﬁ, ﬁ) off of the grid. For comparison, we predict with Kriging using the
true variogram, Kriging using an estimated variogram, Kriging with just an estimate
of v and local estimators. Kriging using the true variogram always performs the best,
but kriging with an estimated variogram is only slightly worse. For multifractional
Brownian motion, we examine local estimation of the smoothness parameter H(t).

We used Matlab to generate a local window of points for the Gaussian random
field specified in example 5.1 with grid size n and window width 2b. The “un-
observed” point was also generated so we can calculate the bias and s.d. of our
Kriging estimators. To generate the fields, we calculated Y = Y27, where Z is
an vector of (2nb)? + 1 independent N(0,1) realizations and ¥ is the symmetric
(2nb)? + 1 x (2nb)? + 1 covariance matrix where 3;; = Cov(Y;, Y;). We approximated
»1/2 by using the Matlab singular value decomposition function (SVD). For the mul-
tifractional Brownian motion example we used a similar procedure which generates
the grid of size 1/5000 across [0, 1].
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5.1 Nonstationary Matérn Covariance

Example 5.1. Gaussian random field with mean function u(t) = 10 + cos(2wty) +

sin(wty) and nonstationary Matérn covariance function

221 v

L)

C(t,s) = D(t)D(s) (V2v|M(t — 8)|) K, (V20| M (t — s)|)

5
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Figure 5.1: Realizations of Matérn random fields with v = .4(top), v = 1.4(left) and
v = 2.4(right)

.5
with o* = 1,p =1, v varying, M = [ 5 ] and D(t) = .5+ t; + .8ty — t1t,.

From figure 5.1 we see that as v increases, the field becomes smoother. We can
also see the anisotropy created by M.

Since v is constant, we can accurately estimate v globally if we have a large window
of points. For this example we are only generating a local window of points, so we

will assume that v is known or accurately estimated.

5.1.1 Local Expansion

Here we will calculate the local expansion of the covariance function. Let a =

2 21

g I'(v)sin(vm)*

Ct,s) = ()Y

m=0

{ v (v/2)™ g 1(22:1 M (tx —Sk)>2)m

{ (v/2)" Mt — s)|*™  (v/2)" | M(t — S)|2m+2”}
m!l'(m —v+1) m!l'(m+v+1)

— m!l'(m — v+ 1)

V/2 )'[M(t —s)* 2041
RrEsv BRACR
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[v]

= aD(t)D(S) Z Z Cglvthelsez—l-

m=0 |£1|+\£2|:2m

(v/2)"|M(t = s)[*
I'(v+1)

+ O (’t - S|2u+1) ,

for some constants cg, »,. We can express this as

[v] [v] [v]

Z Z Cgljg2te18e2 = Z bg(t)sz —+ Z be(S)tl

m=0 |£1|+]€2|=2m |€]=0 |€]=0
where by(t) are polynomials. Then by definition of D,

v [v]
aD(t)D(s) [ D be(t)st + Y be(s)t*
le|=0 le|=0
v V]
= a(5 41+ 8t — tity)(5+ 51+ 85y — s18) [ D ba(t)st + ) be(s)t

le|=0 le|=0
[v+42] [v42]

= > be(t)s + ) be(s)t,
|€[=0 |€[=0

where b, are redefined to account for D. Lastly,

(v/2)"|M(t — s)|*
I'v+1)

(v/2)| M (t — )

aD(t)D(s) T+ 1)

D(t)*

+O (|t —s[™).

Therefore this satisfies our covariance assumption with

o22rD(t)*(v/2)” t—s
L(v)sin(mv)T(v + 1) [M( It — s|

fit —8) = I,

a(t) =2v and y(t) = 1.

5.1.2 Optimal Bandwidth, Increment Order and Normality

From section 4.2, the optimal bandwith will be b = en~'/3 for some constant ¢. To

determine the optimal theoretical ¢, we will calculate the theoretical bias and variance
of the local linear smoother. In these calculations recall that M = '51 ?:5 and
D(s) = .5+ s1+ .83 — 1 % 55. Here we will set v = 4 (e = .8), z =2 and h = (1,0)

which gives fi,(h) = .964.
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From Theorem 2.5, the bias is approximately

22g(to) [ k(2)23dz + Zrg(to) [ k(z)d=
2 [ k(z)dz

So if we consider the local linear estimator with kernel function k(z) = (1 —2%)* (1 —

22), the theoretical bias is approximately

2 2

(32/9)71(16/45) (%g(to) + g—t%g(to)) b2~ 3007,

And from Theorem 2.7, the variance is n=2b"2A(ty) where A(ty) is

) (/ k;(z)dz> _2/k<z>2dzzg2(to,j> ~ 181,

So to minimize mean squared error,
mbin(.392b4 + 1.81n72072) = min(.39%¢* + 1.81¢~2)n %3

which resuls in ¢ = 1.35.

Figure 5.2 gives the results from 10,000 independent realizations of the field and
estimation of f; as ¢ increases. First note that these values are consistent with our
theoretical calculations. The figure confirms that the approximate minimum of the
MSE plot is consistent with the 1.35 value.

Figure 5.3 gives the RMSE of the local linear smoother for varying v and x when
nb is fixed at 30 and c is fixed at 1.35. From section 4.4, we expect that the optimal
x will increase as v increases. For this example, x = 2 is optimal when v < .5, x =4
is optimal when v € (.5,2) and = = 6 is optimal when v € (2,3.5). For larger values
of v, it appears that approximation errors dominate the error rates.

To evaluate asymptotic normality, figure 5.4 gives a comparison of Q-Q plots as

nb increases. As expected, the estimators look more normal as nb increases.

5.1.3 Prediction

Now we will examine the error in predicting the value of Y (¢y) at an unobserved

VA
20n 7 20n

nearest neighbor estimator defined as YNN := Y (t;) where ¢; is the closest gridpoint

location ¢, that is ( ) off of the grid. The first estimator we consider is the
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Figure 5.2: Bias, s.d. and RMSE for estimation of f and varying c.

to tg. Next is the universal Kriging estimator defined as YUK—k := XY where

N = (n+ X(X'K'X) " (vo— XK 'v)) K
= (Y(t1),....Y(tn))

= My ),

{f(t: —t) |t — ;171

= a matrix with m rows where the i-th row is the vector containing

MRy S
I

tf; the order is arranged in any order, V£ : |[€] < r,
vi = (f(ti—to)[tr —to|™, .., f(tm — to)[tm — o),

vy = the vetor containing t§ arranged in the same order as X.

For this estimator we will approximate fy(w) with [Mw|?, which is generated by
estimating M from f, (k) for h € {(1,0),(0,1),(1,1)} as in Anderes (2011). We
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Figure 5.3: MSE for estimation of f for varying v and =x.
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Figure 5.4: Q-Q plots of f’ for nb = 10(left), nb = 15(center) and nb = 20(right).

also consider the universal Kriging estimator assuming isotropy and using the true

v, labeled }A/[K_k, and the linear predictor whose coefficients eliminate polynomials

of degree k, labeled Yir_r. Lastly, we will evaluate the universal Kriging estimator
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using the true variogram. This will be labeled as TK — k, where Yirk_p is defined
the same as Yyx_ except the estimated principal irregular term is replaced with the
true variogram. The T'K — k estimators will have the lowest prediction s.d.’s since
they are using the true variogram, but we expect that the UK — k estimators will
perform similarly if M is accurately estimated. For consistency, each estimator will
predict with the 12 x 12 grid of points centered at t;. We fix nb = 30 and for the
)A/UK,k estimators, we will use x = 4 when v < 2 and x = 8 when v > 2.

Figure 5.5 gives the prediction s.d. for the different estimators as v increases. For
simplicity of presentation, we multiplied each value by 1000. The YTK_Q and YTK_4
estimators performed the same as Yrk_o, SO they were left out. We also only include
the }A/Lp_g and YIK_4 estimators. As expected, YTK_O has the lowest s.d. across v
and }A/NN has the largest s.d. across v. ?UK,4 performed the best among the YUK—k
estimators, the s.d. of )A/TK_O is about 5% lower than the s.d. of YUK_4 when v = .3
and there is less than a 1% difference when v > .7. The LP —2 and I K —4 estimators
perform significantly worse than the U K — 4 estimator, suggesting that it is beneficial
to estimate the variogram.

From figure 5.6 we see that the bias is small compared to the s.d. for all of the

estimators except YNN, which has a larger bias when v > 1.3.

v 3 7 1.3 1.7 2.3 2.7
s.d.(Yyn) | 2042 | 559 | 16.97 | 13.15 | 116 11.4
s.d.(Yop_s) | 2823 | 45.6 | 427 | 1.03 | .163 .059
s.d.(Yi_s) | 2483 | 449 | 431 97 116 029
s.d.(Yux_o) | 236.7 | 354 | 234 | .416 | .0369 | .0077
s.d.(Yux_p) | 2483 | 341 | 234 | 416 | .0365 | ..0074
s.d.(Yug_s) | 2304 | 339 | 234 | 416 | .0363 | .0073
s.d.(Yrr_o) | 2232 | 33.6 | 233 | 414 | .0363 | .0072

Figure 5.5: Prediction standard deviation for different values of v, multiplied by 1000.

5.2 Multifractional Brownian Motion

This simulation examines local estimation of the Hurst parameter in one-dimensional
mBm.

From Ayache (2000), the covariance for one-dimensional mBm can be written as

C(t,S) _ D(H(S), H(t)) (tH(t)-l-H(s) + SH(t)—l—H(s) . ’t . S|H(t)+H(s)) :

35



v 3 7 1.3 1.7 2.3 2.7

Yan—Y | —46 | —26.7 | —24.3 | —22.1 | —21.7 | —21.7
Yiopo—Y | 154 | —23 —11 | —.016 | —.004 | .002
Yika—Y | 41 21 ~19 | —03 | —.002 | .003
Voko—Y | 185 | —43 | 163 | 014 | —013 | —.0028
Yok o—Y | 46 | —68 09 | —.023 | —.005 | —.0018
Yok a—Y | 32 | -1 09 013 | 001 0001
Yok o—Y | 193 | —1.02 | .234 081 001 0002

Figure 5.6: Prediction bias for different values of v, multiplied by 1000.

0.5
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Figure 5.7: One realization of one dimensional mBm.

D(H(t), H(s)) =

VIQH(t) + 1)T(H(s) + 1)sin(rH(t)) sin(rH(s))
U (H(t) + H(s) + 1)sin(w(H(t) + H(s))/2)

and we let ¢, s € (0,1]. In this simulation we consider H(t) = .5 — .4 cos(nt), which
increases smoothly from .1 to .9 as ¢ increases from 0 to 1. Figure 5.7 plots a single
realization of this process, which becomes smoother as ¢ (and H(t)) increases.

Now we will consider estimating H(t) locally with a local linear smoother. Since

this process is one-dimensional, our theoretical results tell us that the optimal rate is
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achieved when b = en~/® for some c¢. For this example, simulation determined that
¢ ~ .7 is optimal. Figure 5.8 plots the true value of H(t), the mean of the local linear
smoother from 10,000 independent replications and the mean + 2 standard deviations
with n = 5000, ¢ = .7 and x = 4.

True H(t)

oot Mean -~
----- Mean +/- 2*s.d. i

Figure 5.8: Estimation of H(t) for t € [.2,.8].
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APPENDIX A

Proofs of Examples from Chapter 2

Multifractional Brownian Motion

Fractional Brownian motion(fBm) was introduced by Mandelbrot and Van Ness
(1968) and defined for ¢t > 0 and H € (0,1) as

1 i H-1/2 H-1/2
rrr, J 6

—0o0

By(t) =

_|_

o\H~

(t - 3>H—1/2dw<3>},

where W is a Weiner process defined on (—o0, 00). Herbin (2006) points out that we
can also define fractional Brownian motion as a centered Gaussian process By s.t.
Vs, t € RY,

(S2H L2H It — s|2H) '

N | —

E(Bu(s)Bu(t)) =

This process has some desirable properties such as self-similarity, By (at) L la| By (t);
stationary increments, By (t) — By(s) < By (t — s); long-range depenedence when
H > 1/2; sample paths are nowhere differentiable with probability one.

Multifractional Brownian motion(mBm) is an extension of fBm where H(t) is a
Holder function s.t. 0 < o < H(t) < B and |H(t) — H(s)| < c|t — s|?. Herbin (2006)
showed that for a mBm process X,

E(X(s)X(t)) = D(H(s), H(t)) {|s|T O 4 g 1O [ — |10}

Y
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where

D(H(t), H(s)) = / (1 — o)/ (buf HOHHE) ) gy,

Rd

Proposition A.1. Let H be three times differentiabe and assume we observe mBm
away from 0. Then mBm satisfies our covariance assumption with fi(s —t) =
D(H(t),H(t)), a(t) =2H(t), r =2 and y(t) < 1.

Proof. Since D(t, s) is a smooth function,

y ool
(4,9) —
DY (t,s) = 5 9 —D(t,s) < ¢,
where ¢; ; are bounded for i + j < 4. Since H(t) is three times differentiable for |¢|

bounded away from 0. Let H®(t) = 68;1 e g:fii H(t). Then

o0 2
|| EHHE) — (Hs)+HEDlog() — |¢|2H(®) log(|t|) Z(S —t)tH®(t)
i=0 lej=1

Thus,

D(H(s), H(t))[¢[" 11

= | X HO®DUO(H(t), H(t))(s —t)* + O(Is — t[*)

|£]=0
9 7
RES Z— log(|t|) (ZHO f) +0(]s — t*)
i=0 le|=1
2
= Y H®@)H® ) DO (H(t), H(t))[t| P (s — ) + O(|s — t[*)
|£1\+|£2\*0
Z be(t)st + O(|t — s|* D)
le|=0

for bounded functions b,(t), a(t) = 2H(t) and v(t) = 3 — «(t). By symmetry, we
also have

D(H(s), H(t))|s|" @0 = " by(s)t* + O(|t — 5|,
€]=0
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Then
D(H(s),H(t))|s — t|H(3)+H(t)

= 22: HO) DY (H(t), H(t))(s — )"+ O(ls — tI)
|£|=0

2
s =t 1+ log(|s — ) Y HO()(s — t)* 5 + O(|s — ¢
le]=1

= |s —t"OD(H(¢), H(t) + O (s — " log(|s — ¢))) ,

which implies that fi(s —t) = D(H(t), H(t)), a(t) = 2H(t) and ~(t) < 1.

For the derivative bound, notice first that D is smooth, H is three times differen-
tiable and |¢| is bounded away from 0. Therefore D(H(s), H(t))[t|"(®+H®) is three
times continuously differentiable in ¢ and s and hence 8&1’1)81(,1’1)D(H(s), H(t))[t|H=)+HE®)
is uniformly bounded. Then since 95" log(|t —s|) = |t — 5|2 > g1 (= s)tut,

OV D(H(t), H(s))|t — s|T®+(®)
= D(H(t),H(s))|t — s|/OFHE

(H(t)+ H(s))[t — 5|72 Y (t— 8)“u’ +log(|t —s]) Y w*HO(¢)

le[=1 lg|=1

e — s OO DO (1), H(s)) Y utHO (1)
|€]=1
_ O(|t o S‘H(t)—i-H(s)—l).

And in general, derivatives will be a sum of terms with the form
( J
R(t, s, u,v)|t — s|TOFHE= LN " — g)fut > (t—s)'v" | log'(|t (Asl)
e|=1 !
_ O(|t o S|H(t)+H(s)—x+z‘+j—r)’ (AQ)

where R(t,s,u,v) is a smooth function in ¢ and s. Then if we take the directional
derivative of one of the terms in (A.1), we will add at most a [t — s|™! to the O(-)
term in (A.2),

OLOR(t, s,u,v) = O(1)

018170)“; _ 8|H(t)+H(s)—x _ (H(t) + H(S) _ $)|t o S|H(t)+H(s)—x—2 Z(t o S)ZUE
lej=1
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_ O(|t |H(t)+H s)—xz— 1)

% i—1

L0 Z (t — s)tut = (t — s)* Z u?

l€]=1 le|=1 le|=1
= O(|t -
J J—
o0 Z(t — s)t* = Z (t — s)to* Z uto®
=1 =1 =1
= Ot —sP™).

Thus,
8(1’1)8(1’1)D(H(t), H(S))|t _ S|H(t)+H(s) _ O(|t _ 8,H(t)+H(s)f4)7

which satisfies our assumption.

Anisotropic Matérn Covariance

The general form for the Matérn covariance is given by
221 v
I'(v)

where K, is the modified Bessel function of the second kind.
The modified Bessel function of the first kind is defined by the infinite series:

© 1 T\ 2m+v
I(z) = <—) .
(@) ;mlf(m—i— v+1) \2

The modified Bessel function of the second kind is defined as

7L, (x) = I,(x)

2 sin(vn)

C(t) = (V2u|t]) K, (V2vlt]),

K,(x) =
for non-integer v. For integer v, K, is defined as a limit. Then for non-integer v,

K,(x) = g(sin(yﬂ))_l

. {m!F(m 1— v+1) <§>2m_y ~ mID(m i v+1) (g>2m+l/}
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Then the Matern covariance function is

Ry ([¢])

- i () (st
5 ()

5 (oo ()™ e ()

m=

9 2m = (v/2)™ > (v)2)mtv|t|2m+2v
= o Z{m'F . }

I'(v)sin(vm) == (m!l(m —v +1)p*™  mlI(m+ v+ 1)p>m 2

Anderes (2010) considers the geometric anisotropic Matérn covariance function,
which can be defined as the covariance of a Gaussian random field Y (t) = Z(Mt),
where M is an invertible matrix with determinant 1 and Z is an isotropic Gaussian

random field with a Matérn covariance. When v € (0, 1), this covariance can be

written as
R,(IM tl)
i l//2 m|Mt|2m (V/Q)m+V|Mt|2m+2u
= o?
) sin(v) — mIT(m —v+1)p?  mIT(m+ v+ 1)p2m+2 |7
. . . . . o o2 - o?mv ‘M‘t s‘|2u
which satisfies assumption 2.3 (i) with by = N OrTC N EL fe(t—s) = NOETOET N

at) = 2v, y(t) = 2 and by(s) can clearly be defined from |M(t — s)|2.

Deformation Model

Anderes and Chatterjee (2009) consider estimation of a deformation function F’
in a framework similar to ours. They assume that the observed process has the form
Y (t) = Z(F(t)) where Z is assumed to be an isotropic Gaussian random field. They
assume the following assumptions on the spatial process Z and covariance function
R:

R1: Z is a constant mean Gaussian process on R? with autocovariance R(|t — s|) =

Cov(Z(t), Z(s)).
R2: R(|t|) = R(0) — [¢t|* + o(|t]*™7), as |t|] — 0 for some 0 < a < 2,y > 0.

R3: Ris C* away from the origin and there exists a ¢ > 0 such that |[R™(¢)| < ct*~*
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for all sufficiently small ¢ > 0.

Define the class of O diffeomorphisms to be the set of all continuous invertible maps
F : U — R? such that F'is C'(U) and F~! is C*(V'), where V' = F(U) is the range of
F'. By the inverse function theorem, necessary and sufficient conditions are that F' be
invertible, C'(U) and det(Jr) # 0. We write C! as short for C*(R?). Moreover, the
directional derivative in the direction 0, denoted 0y f, is J}u(;, where uy = (cosd,sin0).

So their basic assumption is that
F(t+h)=F(t)+ Jih + o(|h|)

where J} := (%5(t)),; is the Jacobian of the map F at t.

They also note these consequences of a C? diffeomorphism assumption:
D1: F is a quasiconformal map on bounded simply connected domains.

D2: sup;eq |w — JEh| — 0 as € — 0 for every compact set ©.

D3: For any vector h # 0 and compact set ©, there exists a constant ¢ such that
102 R(|F(s) — F(t)])| < c|s — t[*~* for all s,¢ € Q such that s # ¢.

D4: For every compact subset O, there exists constants ¢y, ¢y > 0 such that ¢;|h| <
|JEh| < ¢o]h| for all h and all € ©.

D5: |Jth|® is Holder continuous in ¢ € © for any h and compact set ©.

Anderes and Chatterjee presented a class of deformation functions known as quasi-
conformal mappings and showed that can be estimated locally from estimates of JLh
in directions h = (1,0), (0,1) and (1,1).

D4 satisfies assumpton 2.3 (ii) and for assumpton 2.3 (i), Anderes and Chatterjee
showed that if o < 2

C(t,t+h) = R(|F(t)— F(t+h)|)
R(0) = [Jgh + o([h])|* + o] Jph + o|h])|**7)
R(0) = |Jph|™ + O(Jh|7*7") + o(|h[**7)

implies that o = R(0), fi(h) = |nyﬁ\“, a(t) = a and y(t) = min(y,1). Anderes
and Chatterjee restrict o to be less than 2, however, if F' is sufficiently smooth, we
can consider estimation for a > 2.

Here we will show that this model satisfies our covariance assumption.
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Proof. Consider the stationary process X with isotropic covariance function

k+1
R(h) = co+ Y ol h* + cal h|” + o( | [*+?)

s=1

where o € (2k,2k + 2). Suppose F' is a deformation function from R? to R? that is
(k+1) times differentiable. Define Y (t) = X (F(t)). Write F'(t) = (Fi(t),..., Fu(t))

and recall the notation from section 1.2. Then

D) d
F(t+h) Z it OR + o)
le|=1 -
7j=1
Thus, for s=1,...,k+1,
|F(t+h) — F(t)]*
2k+2 h€1+ ~+£Las s (e Z vers
=Tl |'HZF2” F{(8) + O(R ™).
[€1]|+-+]l2s|=2s 1 2s r=1 j=1

Replacing h with t — s, it is easily verified that this satisfies the first part of the
covariance expansion in Assumption 2.3

Then let zq, z9,...,24 be some points on the line connecting ¢ and ¢t + h. By
Taylor’s theorem,

[F(t+h) - F(t)]

I
M=
M=
L

S
=

B

+

N =
M=
L
>
X

=

j=1 \|¢=1 le|=2
a [ [ d d o2
[ e 2)
([ (S en) 4 55 e
J=1 |e|=1 |e| 1,2 |€|=2
Then by applying Taylor’s theorem and letting A € [0, 1]
a [ [ a 2 L d o/
e e e
S| (S o) <33 oen s
Jj=1 |£|=1 [£|=1 |£|=2
d d 2\ */? I d
e £) e
= || B wn el DD IR NI DR NN

<
I
—
=
I
—

J=1lej=1 €|=2
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2 a/2—1

d d d d
¢ A ¢ ¢
PO DBEAUL IR D DR RULD SN
Jj=1 [£]=1 |e|=1 |£]=2
p 4 N /2
= (D X Ewn +O(h|"*).
j=1 \|e=1

The last equality holds uniformly since F' is twice continuously differentiable and

applying the extreme value theorem. Therefore since o + 1 < 2k + 3, we can write

2k+2
Ct,t+h)=co+ > be(t)h* +|Jh|* + O(|h* ") as h — 0
|e|=2

for some functions b,. Using the fact that the covariance function is symmetric, it is
straightforward to verify that this satisfies our covariance assumption with v(¢) = 1
and fi(h) = |J}h|. So therefore the deformation framework satisfies our covariance
assumptions for general a(t) s.t. «(t)/2 is non-integer if F' is at least |a] times
continuously differentiable.

The second half of the covariance assumption follows from the proof of Lemma 9
in Anderes and Chatterjee (2009). O

Suppose now that the observed process Y is the deformation of a two dimensional

isotropic Matérn Gaussian random field X with covariance R(|t|). Then

Ct,t+h) = Cov(Y(t),Y(t+h))
= Cov{X(F(t)),X(F(t+h))}
= R(|F(t+h)-F())

2v

F
Id

- ['(v)sin(vm)p?>T'(1 4+ v) { + O(‘h‘)} .

So the estimation procedure to recover F' will actually estimate the function

o’rv”

G(#) = (F(V) sin(vm)pT(1 + v

1/(2v)
)> F(t) = BF(t).

And so G7!(t) = F~' (%) and hence the covariance for Y (G7!(t)) is

1
B

C(G7\(t), G\ (t + h))
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APPENDIX B

Proofs of Limit Theorems and Related Results

Preliminary Results

Lemma B.1. Suppose Assumption 3.2 holds, n — oo and nb — oco. Then

n_db—d—ZZi:l mye Z ke, ﬁ tzl B /

t; €T (to,b) =1 tg 1—tg
%, 15%0]

for some c19 > 0, i, j non-negative integers.

d
k(z) [ 20dz| < cron™ b7,
/=1

Proof. Let S; denote the d-dim cube with area n=¢ centered at ¢;. Thus, U;S; = [0, 1]¢.

We will also let -, refer to D2y cp (4 1)-
If we let f(z) = k(z) []0_, 2™ then

d
n—dp—d—1_1me Z ke, H ¢
/=1

t;

< (7)) 3 o)
t; t; S;

+ [ f(s_to)d
(50

48

¢ — / f(z)d=z

tg 1-tg
[_TvT

tg 1—t
-2 250

/

f(z)dz].
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For (B.1),

() () =5 o (550

for some 2z between s and t; and f'(z) = Vf(z). Let ||f'||cc = max 1150 |f'(2)],

which is bounded by Assumption 3.2. Then since }% <n7 b1

—d| —d t; —to _ s — 1y
() ()

< 7Y T loe < 270w
t;

For (B.2), letting z = (s — ) /b,

—t —t
b‘dZ/f(Sbo)ds S f(sbo)ds
tiog, [0,1]
=

[,

Y

f(z)d=.
J

Since the support of f is [0, 1], this integral is effectively

[ e

tgy 1—t
[—(IA32), =52 A]

but the former notation is simpler. So

d
e N gy T (tie — toe)™ — / f(2)dz| < cion 'b7!
t

i =1 tg 1—tg
-3 "]

for some ¢y > 0. O

Theorem B.2 (Gaussian Moment Theorem). Suppose Xi, Xo, ..., X, are jointly Gaus-

sian with mean 0 and finite variance. Then for n odd,
E (H Xi) =0
i=1
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and for n even,

L (H Xz‘) = > B(Xy X;,) -+ B(X, ., X5,)
i=1 (31,i2)

77777 (inflvin)
where the sum is over the § unique pairings that can be chosen from 1,2,...,n.

Theorem B.3. Suppose m,n are non-negative integers and at least one is non-zero,
and X1, Xo, ..o, X, Xona1s oo Xonan are jointly Gaussian with mean 0. Then for m =

1,n =0 orn >0 odd, we have

5 (H(X? B0 meﬂ-> -

i=1 j=1

and for n > 0 even,

p (Hm B, meﬂ)

i=1 j=1

= Z E(XHXQ) e E(Xi2m+nlei2m+n)

(i1,82) s (B2m—1,52m ), ((2m+1,82m+2) - (12mtn—1,12m4n)

where the sum is over all unique pairwise samplings from {1,1,2,2,...m — 1,m —

ILm,m,m+1,m+2,...m+n} such that no pairing has identical elements.

Proof. The proof is by induction on m. Clearly the result is true for m = 0 and any
n > 0 or when m = 1 and n = 0. Suppose the result is true for finite m and any n.
Then for m + 1,

E (H(Xf —E<X§>>~meﬂ+j) - (H(X?—E<X3>> 'X,iHHXmHH)

_E(anﬂ) B <H(Xz2 - E(XE» ) HXm+1+j>

i=1

and by the induction hypothesis, the above is 0 if n is odd, and it is equal to the
desired expression if n is even. Therefore we have shown that the result is true for

any m and n where at least one is non-zero. O]

Corollary B.4. Suppose X1, X, ..., X,, are jointly Gaussian. Then

1=1 (11,82),..s(12n—1,92n)

20



where the sum is over all unique pairwise samplings from {1,1,2,2,...n—1,n—1,n,n}

such that no pairing has identical elements.

Lemma B.5. Let Assumptions 3.1 and 3.2 hold. Then if t € T, (to,b),

>t t)] < cnrw(®), (B.3)

tiETn(tOvb)
uniformly over ty € [0,1]¢ for some ¢y > 0 where
1 if (t) > d
Fun(t) = { log(nb)  if ¥(t) = d
(nb)*¥®)if (t) < d

Proof. From Assumption 3.1, |C,,(¢t,t + 3/n)| < ¢5 Vj € Z¢ and |C,(t,t + j/n)| <
cg|7|Y® for |§| > 7. So

t; €Ty (to,b) [t;—t|<7/n [t;—t|>T/n
< ) Cutt+g/m)|+ > Co(t,t+ 5 /n)]
FEZANQ0 » FE(Z2NQo,r)*,|ji|<2nb
< (27)%;s + > cslg| Y@
jE(Z2mQO,T)cvlji|3nb
3nb
< (2r)%cs + 3t
j=1
3nb
< (27)%s+ / gl e
j=1

= (27)%;s + (d — ¥(t))3%[(3nb)*¥® —1].

So therefore the lemma is satisfied for

27)%s + (d — ¥(t))3¢ + log(3) if 9 (¢)
(27)%es + (d — (£))3734700,if (¢) <

(27)%s + (¥(t) — d)3¢ if ¥(t) >d
Ci = { ( d .
<d

O

Theorem B.6. Suppose X, Xy, X, ... are random variables where the moments of X
all exist and are finite and uniquely determine its distribution, and E(XF) — E(X%)

o1



forall k=1,2,.... Then
X, > X

Proof. Now limsup,, ., F(X?) = E(X?) < oo implies that {X,,} is tight. So suppose
that X/ is a subsequence converging in distribution to Y. By Prokhorov, to complete
the proof it suffices to show that Y has the same distribution as X’. By a standard

result, X*, 5 Xk , and for any positive integer k, X* is uniformly integrable since
lim sup,,_,., E(X5M) = E(X*1) < co. Thus

E(XE) — E(YF)
and so Y has the same moments as X, and thus must have the same distribution. [

Notationally, let Wn(t) = Wa(t) — pn(t) and let 3, refer to 3°, cp 4 4

Theorem B.7. Let Assumptions 3.1(iii),(iv) and 3.6 hold. Then for some ci5 > 0,

(nb)4/?

log(n) to€[0,1]2

1 £ — to R
ndbd;k( b )(Wn(ti) — EWo(t:)%)| < e

eventually with probability 1 as n — oo and nb — oco.

Proof. Let Bo(to) = —mz g, b (B52) /T/Iv/f(tz) where k satisfies Assumption 3.6. From
Assumption 3.6, ffl |ki(t)|dt < oo for i =1,2,...,d and so k; has bounded variation.

Then we can write k; as ki, — ka; where k; ; and k9 ; are monotone increasing. Define

d
R 1 _
Bi(to) = dbd Z H Kjoo(tic — toe) W2 (ts),

t; (=1

for jo € {1,2}, ¢ =1,--- ,d. Let 1(-) denote the indicator function. Then

d
1 _
ndbd Z H Ko e(tie — to ) W2(t;)
t; (=1
q tie—toe

1 .
= da-b<ti—to <[] / dkj, ((v)W2(t;)
t;

=1 7,

1 —~
= / S W2(t)1(v < t; — to < b)dkj, 1 (v1) -+ - dhj,a(va)
t
[

—b,b]d 1
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B ndbd / > Wit + v < ti < v+ b)dky,a(v1) - - dkj,a(va),

[—bpd b

where t < b is evaluated component-wise, i.e. t, < bfor¢=1,---,¢. The interchange
of summation and integration is justified by the fact that this is a Stieltjes integral

since k;, , are monotone increasing. Now let

Golu,v) = ndbd > W2(t)1(u < t; <v)1(0 < t; < 1),
tGTn

G(u,v) = FEG,(u,v).
Then

J(tO EBJ (tD)
to +v to + b) G(to + v, to + b)) dkﬁ,l(”l) cee dkjd,d(vd).

[~b,b]¢
So now,

d U

sup [3(8) = EB;(t0)| < sup sup |Gulto,to +u) — Glto, to +w)| [[ / die; .
to€l0,1]d toe[0,1]¢ 0<u<2b =17,

We will prove the convergence of

sup  sup |G(to, to + u) — Glto, to + )|
to€[0,1]4 0<u<2b

by discretizing [0,1]%. Let G be a grid of size 2b on [0, 1]¢ where each grid point is
the lower-left corner (an “anchor point”) of a grid cell with width less than or equal

to 2b. Then for t, € [0,1]%, the rectangle defined by the points ¢y, and t; + u can
intersect with up to 2¢ grid cells with anchor points %1, ..., ¢;, j < 2%. Therefore,

|Gn(t0, t() + ’U,) — G(to, t() + ’U,>| S 22d max sup |Gn(il, :iZZ + U) — C:(:[Z“tZ + ’U,)|

v 0<u<2b

and further

sup  sup |Gyn(to,to +u) — G(tg, to + u)|
to[0,1]4 0<u<2b

< 2%sup sup |Gu(t,t+u) — Gt t+u). (B.4)
tcg 0<u<2b
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Assume that the point (0, 0) is always a grid point in G. Next, fix £ and u and suppose
that t + w falls in the grid cell of G with anchor point . Then we discretize this grid
cell by considering the points on 7}, which also fall within this cell and denoted as H.
Assume that t + wu falls within the grid cell of H with lower-left corner ¢ + w. Then

Gut,t+u) — Gt t+u) = G,(t,t+u)— Gt t+a).
So therefore

sup sup |G, (t,t+u) — G(t,t+u)| =supsup|G,(t, t+v)— G(t,t+v)| (B.5)
tcg 0<u<2b teG VEH

By combining (B.4) and (B.5),

(nb)d/Q
sup  sup |Gu(to,to+u) — G(to, to + u)|
log(n) to€[0,1]2 u<2b,u>0

22 (nb)""> GuEE+v) — GEL+ V)] (B.6)
——————supsup |G,(t, T +v) — , T+ v)|. .
log(n) ieg ven

Then for (B.6), from Corollary 3.7 and the Markov inequality,
p (2 )"
log(n)
22d b d/2

C13

|Gn(tz;tz + 'Uj) — G(tl, t; + ’Uj)| > (d + 2)C13>

22d d/2 ;
< o (d+2)log(n) Z (Lb)ﬂ(;n(ti, t,+v,;) -G, t + vj)|}>

< 7(d+2 log(n) Z (
> 7

< 6_(d+2) log(n)

22d

Ci3

) (2z — lleT

- (dH2)

for sufficiently large c13 > 0. So now,

22d(nb)d/2
ZP <supsup |Gn(t, t+v) —G(t, t+v)| > (d+2)c13>
teG veH log( )

2d n d/2
ZZ Z (2 b) |Gn(tz,tz+'v]) _G(tiati+vj)| > (d+2)013)

log(
n=1t;€Gv;eH g

o4



BPBPIRRCE

n=1t,€eGv;eH
0

_ —2

= E n < Q.
n=1

Applying the Borel-Cantelli lemma we have that for some cq4 > 0,

IA

(nb)d/2
sup  sup |Gup(t,t+u) -Gt t+u)| <cuy
log(n) te[0,1]4 u<2b,u>0

eventually w.p.1. Therefore, with ||kl < oo, £ < d,

(nb)d/2 .
sup |B(t) — EB(t

log(n) te[o,1]d| (t) (@)

nb d/2 ~
< >( sup 1B5(8) — BB;(®)]

0g(n) tefo,1) {0,134

d "t

(nb)?? /
< sup su Gu(t,t+u) — Gt t+u) dk;
—  log(n) te[o,rl)]d 0§u£2b Z Gl ) |£1_[1 "

jefo,1}4

2d(nb d/2
—( ) | | [kelloo sup  sup |Gt t+u) — G(tt+u)
log(n) 1 te[0,1]4 0<u<2b

< 24 H kel 0o C14

eventually w.p.1. O

Corollary B.8. Let Assumptions 3.1(iii), (iv) and 3.6 hold. Then for some c12 > 0,

n bdr ndbdr,, (to) /2 Zk( > (t)

eventually with probability 1 as n — oo and nb — oo.
Proof. Recall that Wn(ti) ~ N(0,C,(t;,t;)). This implies that

b d/2
(D)™

< Cp2
log( ) to€[0,1]2

1 ~ 1 —
) > ke Wal(t:) ~ N |0, by S kb, E[W, (£)Wal(t;)]
t; ti,tj
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and further from lemma B.5,

1 —~ —~ n
— kg ke E|W, (t) W, (E)]| < :
(nb)2d Z t. ke, EIWa(8:) Wa(t;)] (nb)
tit;
Therefore since Wn is Gaussian,

E (an)d S b, k)

and the corollary follows from the proof of Theorem B.7

2112 (nb)e/?
=T (nb)®r2

Proofs of the Main Results in Chapters 2 and 3

Proof of lemma 2.8

Proof. First we will prove (7).

EAG,(Y(#) = p(#)) A% (Y (# +u/n) — p(t +u/n))

. IO(—l)iﬂ' (“;”) (j)C(t+ih/n,t+u/n+jh/n)’

i=0 j=

so we if we let a(t) = (a(t) + a(t + u/n)/2, we can write

n*OEAL, (Y () = n(#))A, (Y (E +u/n) — pt +u/n)) — Ji(u)

< lesl + leal + feal + feal + fes].
o0 = 0y

x)
=0 7=0

>i- w(
> w(

where

j) Z be(t 4 ih/n)(t + u/n + jh/n)*

(
)0)
()

=

Fo

o

be(t +w + jh/n)(t + ih/n)*

\_/

I4

o

xr
€3 = E .

=0 7=0 J
Aferingn(u+ (i = j)h) = folu+ (i = j)h)} [u/n + (i — j)h/n|[*®

v

o6



o ix 0 (5) () et = m)

=0 j=

{IU/n+ i = J)R/n|* T /(i — /0|0 }

o = w030 (7) (5)0 (= et ntesn).

=0 7=0

First notice that

> u(t)#=o ®7)

for any integer £ < x. So it immediately follows that e; and e are 0.
Let V fi(h) denote the gradient of f w.r.t. t. Recall that fi(h) is differentiable ¢,
so by Taylor’s theorem,

ferim(R) = fe(h) =n~'5 -V fo(h) (B.8)

for some z on the line connecting t and ¢+ j/n. Then by the extreme value theorem,

since [0,1]? is closed and f has continuous first order partial derivatives w.r.t ¢,

sup 17-Vf(h)| <cis
z€[0,1]4,|j|=1,|h|=1

for some c;5 > 0. Since a(t) is continuously differentiable by assumption,

a(t)

1—
a(t)

1—

for some z on the line connecting ¢ and t + 5 /n. To show 1 —n~'/" is asymptotically

o(t) a(t+j/n)

h
n

h
n

p |t /n)—a(t)
n

h j-Va(z)n~1!

— (B.9)

h
n

h
n n

equal to n~1log(n) we can apply L’'Hopital’s rule, taking derivatives w.r.t. n,

1—n-tn ~ exp(—n~"log(n))
n-llog(n) n~1log(n)
v esp(—n~log(n) (~n + log(m)n )
—log(n)n—2

log(n)n =271/
log(n)n=2

o7



log(n)n=—2

oatnm? = 1. (B.10)

So for e3, applying (B.10), (B.8) and (15),

eal < )ZZ( )( )\ Feeinn(B) = fo(R)) [u+ (i — §)h|*®

n’lno(”fl) (x) (?)j\h\cw\u + (i — j)h’a(t)
— = \i)\J

(2

IA

And so |ez| = O(n™!) uniformly.
Notice that e4 = 0 if a(t) is constant. Then if we apply (B.9) and (B.10),

e = 2033 19 (5) (5 vt

=0 j=0

fu/n (i = §)h/n|* T —fu/n + (i j)h/n|*Y]
= 0 (n’”o(”_l)log(n))
= O (n 'log(n)).

Lastly, since «(t) is continuously differentiable and applying (B.10),

)= alttih/n)—y(ttik/n) _ =t On~") _y o =(t)

Therefore
€3]
= n&(t) ZZ z+]( ) ( ) (|U/TL + (Z _])h/n|oa(t-i-%h/n)-i-’y(t-i-zh/n))
1=0 75=0 ‘7
_ n&(t) ZZO —a(t+ih/n)— t—Hh/n))
=0 7=0
= O(n "W).

Now we will prove (ii). Notice that for [t — s| > (2|h| + 1)/n,
EApm(Y(t) = p(t)) Au/n(Y(s) — u(s))

1/n1l/n

/ / OOt + (1 — @)k, s+ (1 — n)h)dnds.
0 0

o8



Therefore if |t — s| > (z|h| + 1)/n and if we let u; = h

n*EAL (Y (8) — u(t)) AR (Y (s) — u(s))
= naE(Aul/n T Aux/ny(t)Aul/n T Auw/nY(S))

1/n 1/n
= / /811- (11 1‘,4—21—@%,8—1-2l—muZ

dordny - - - dggdn,

x < na(t)mecldt . S‘Q(t)me.

For some c;g > 0. To show x, since C(t,s) is C®*) away from 0 by Assumption
2.3(ii),

/ s / oY - 0lVOE+ ) (1= du s+ (1 —n)uy)
=1 =1

d(bldnl . e d(z)xdnx
n 20D L 90Dy 2y, 2,)

Ug

for some z; in the integration region for ¢t and z, in the integration region for s. Then
by Assumption 2.3(ii), At ... 8&1;1)R(z1, 25) < colt — s[*72%. Since [0, 1]¢ is closed
and 31(}1’1) = 'aﬁr’l)R(t, ) is continuous, we can apply the extreme value theorem and
conclude that ¢y is uniform over [0, 1]%. O

Proof of Theorem 3.3
Proof. From Taylor’s theorem and Assumptions 3.1(i) and (ii),
EWn(t:)") = Calti,t:) + n(t:)? (B.11)

= g(to) + (ti —t0)'Vg(to) + (t: — to) Hy(to)(t: — to)
+o(|[t; — tol|*) + O(n~"H)) + O(n=>"())

uniformly for ¢ € [0,1]%, where H, is the Hessian of g. Define

S Sil Siljl Iiiljl
511 S'lll S‘l 111 R;i151q1
i ilj il
My = So1 , M; = Siig1 ) Ni,j = Si1j121 , -/\[i,j = K1 191
Sdl Sz‘ldl Siljldl Ritjiql
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It then follows from (B.11) that

X'KE(W? = g(to)Mo—kZ%g(to)Mi (B.12)
1 ;)
+5 Z a__ N;; (B.13)
Doy, ke, {O(Hti — %) + O(n~"")) + O(n ‘2‘““")}
>, Ky {o(l[t: — ol >+O(n ) +O(n=*®)} (B.14)

Do kit Tia {o(||t; — to||?) + O(n_l)(ti)) +O(n=2®))}

Since (X'KX) ' X'KX = I, with Iz, the d + 1 x d + 1 identity matrix, and
M,, 0 < ¢ < d, are the columns of X'K X, we have

(X'KX) "My =eppq, 0< 0 <d, (B.15)

where e, is a column vector with a 1 in the " row and zeros elsewhere. Thus,
combining (B.12) and (B.15),

d
(X'KX)™ <9(t0)MO + Z %g(to)Mz) = B(to). (B.16)

By lemma B.1, if we let D = diag(1,b,...,b),
(X'EX)™" = [n%'D(K+0n"b") D]
= DN (KT +O0(m b)) DT (B.17)

Also,

ij=1
ndbd+2
p ndbd+3
dpd+2 J 0 -1 dbd+3
n Dzaﬁg(to)/\/},jjt(nb) ol n . (B.18)
ndb'd+3
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So combining (B.17) and (B.18),

d

(X’KX)’l 0.0

—~ L ot;

9(to)Ni

— b?DZata g(to)N;; +O(n~'b)D~'1. (B.19)

Z‘]f

Since p(t) is continuously differentiable, |p(t;)—p(to)| < ci7|t; —to| uniformly for some
ci7 > 0, and hence n="®) < p=rltolperd Then n®7’ = exp{ci7blog(n)} — 1 since
b =o(n"/3). So n=®) = O(n=r®). Similarly, n=2®) = O(n=20®)). Therefore if
we combine (B.14) and (B.17),

S ke {o([[t; — to][?) + O(n~#®)) + O (=23t}
(X/KX)_l Zti k?til‘il {O(th — t0||2) —+ O(n*P(ti)) + O(n726(ti))}
Sy ki {o([t; — to]|%) + O(n#®) + O(n=20))}
0(62) + O(n—ﬂ(to ) + O( —25( t0)>
o(b) + O(n=t)p=1) 4 O(n=2M)p=1) | . (B.20)
o(b) + O(n=rt)p=1) 4 O(n-2t0)p~1)

Thus, we obtain (3.1) by combining (B.16), (B.19) and (B.20).

Proof of Theorem 3.4

Proof. First we will prove the result for x = 2. By (B.17), for any vector v of length

n?, we can write

(X'KX)'X'Kv),
_ (nb)d;k (t" ; o
_. (nb)d;fc (ti -~ to) o

Note that & is clearly uniformly bounded. Let

Wi (t) = Wi(t) — pn(t),

and W2 denote the vector with elements W, (¢;)2 and let 3(¢y) be defined with W, (¢;)
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replaced by W, (t;). Then, we can write

Bolto) —E(Bo(to)) = [(X'KX)"'X'E{W?- E(W?)}]
= ()™ "k (ti ; to) {Wn(ti)2 - E(Wn(tiﬁ)}

If we apply Corollary B.4,

B (Gt - Bldlta) =20 k(B0 ) b (45 ittty (B2

b
t;,t;

Then if £, is the closest gridpoint to #,
- (ti—ty to—to\ - (ti—tyo to—1to
2 (r(r e (e )

tit;
~(t;—ty\ - [(t; — 1,
—k k(-2 2t t;
(52 (57) Jeree

(nb)~*

1

St —ty to—t
ti,t;

1]-/t;,—t
#on ey [f (B

t;.t;

(75<ti>tj)

C2(t;, t5) (B.22)

for some cy5 > 0 since k is continously differentiable. It follows from comments below
that (B.22) is bounded uniformly by ci9(nb)~! for some cjg > 0.

Relabel the points ¢; as o + 1 /n,i € Z* and denote by S; the square centered at
t/(nb) with width 1/(nb). Then for a fixed positive m, write

(1 \-/(3] TR ) - :
(nb)’dz k (%> k (%) C%(ty +i/n,to+j/n) — / k*(z)dz Z g5 (to, )
n I(to.b) ger
= €n,1 + €n,2 + €n,3 + €na + €n,5,
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where

- (z DY ) (n—)k< )C’2(t0+z/nto+3/n)

i g:g—i|l<m

€ny = (ZZk( ) ( — )02(t0+z/n to+ (i +3)/n)

i |jI<m

_Z’f2< ) D C2o+i/n, by + (i —i—J)/n))

l71<m

€ns = (nb) dzw( )202 to +4/n,to + (i +5)/n)

lFI<m

_Z/kQ )dz Y Ch(to +14/n.to+ (i + §)/n),

l7|<m

€na = Z/%?(z)dz > C2to+i/n,to+ (i +4)/n)

i S; [7|<m
- [ R 3 gt
I(to,b) l7I<m
€ns = / ]2’2<Z)d2 Z g(t07j)2 - / ]%2<Z)dzg§(t07.7)
I(to.b) ldl<m I(to.b)

We need to show that, for i =1,2,...,5,

lim limsupe,; =0. (B.23)

m—00  p 00

First,

et = ()" Sk (nb) (ﬂ;j) C2(8o +4/n, b0 + (i + 5)/n)

i |jl>m

Fix m > 7. By Assumption 3.1(iv), for all j with |j| > m,

Calto+3/n,to+ (i +4)/n) _ 5

e <c (B.24)

sup sup
n giljl>m

Thus,

_ ~ 1 ~(1+ J L —24(to)
€n1 < c%(nb) d E k (—) E k ( > 7] o),
- nb o nb
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Since k is bounded and —2(ty) < —1, (B.23) holds for ¢ = 1.

Next, since k has bounded first derivative,

‘12; (i:bj) .y (%)’ < cap| ] (nb) ! (B.25)

for some c99 > 0. Combining (B.25) with Assumption 3.1,

|€n 2’
+7 ~ (1 ~ ., ..
< —d ¢ _ kS 2
s () S (@b
—d—1 7, ¢ -1 —21)(to
< ca(nb) Z k (%) Z Cs + Z cslJ| )
[ 7T T<|F|I<m

for some cg; > 0. From which (B.23) follows for i = 2.
By the mean-value theorem, write [ k*(z)dz = (nb)~k*(z;) for some z; € S;.
By the boundedness of &' and C2(s, t), there exists some ¢y > 0 s.t.

(m)dzi: (/2;2 (%) — k(2 > > Clto+i/n,to+ (i +4)/n)

l71<m

‘6n,3| =

S ngm(nb) —d+1 s

which shows that (B.23) holds for i = 3.
Assumption 3.1(ii) readily establishes (B.23) for i = 4.
By Fatou’s Lemma, Assumption 3.1(i7), (B.24) and the definition of A(%g,b),

A(to,b) <liminf Y~ C2(tg+i/n, o+ (i +7)/n) < o0
e JFEZINC(0,nd)

This shows that (B.23) holds for i = 5 and completes the proof for x = 2.
For general x > 2,

252 BB (b m, b) — E(fo(to; n, b)))"

= (nb)™? " EH@ — EW (t;;)]% (B.26)

t1,1 7777 tl:c

. L N1/2
Now let 0y, = k (152 to)l/z k <t”—bt°> Cn(ti, t;). Then from the Gaussian moment
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theorem, (B.26) becomes

—xd/2
<nb Z Z 6tslt52 t33t34 6t32zflt3217

t; t;

110 Vi

where S is the set of all possible ways to make z pairs, {(s1, s2), ..., (S22—1, S2.) }, With
s; chosen from I* = {4,141, i2, 2, ..., 94, i} Without replacement and each pair must
be of different indices.

To explain the idea of the general proof, we first consider the cases + = 3 and 4.

For x = 3, we have

_ _ 3
(nb)**E (50(750; n,b) — Efo(to;n, b)) = (nb) %> Z 23515511552 Oty by Oty tog s

til 7ti2 7ti3 S

where S is the set of all possible ways to make three pairs, {(s1, S2), (S3, 54), (S5, S6) }
with s; chosen from I* = {4y, 1, 4s, i2, 73, 13} without replacement and each pair must
be of different indices. Observe that for any given indices 71, 7, 73, the number of all
possible pairings in S is 8, and each pairing can be expressed as {(j1, 72), (Jo, J3), (43,71) },

where (j1, j2, j3) is a permutation of (i1, 7s,43). Thus, by lemma B.5

~3d/2
(nb Z Z(Stﬂts? tsgtsy t85t86

tig bigstig

i1-big)

= (nb)igdmg Z Ot; £, 0t:, i, Ot it

’Ll 9 ’LS
tiy iy i

S (le 3d/28 Z |5t11t22

ti, t;

2+ |64, 1.,

(z o,

)

i1

< (nb)_Sd/QCQi’) Z |5ti1ti2

til 7ti2

< (nb)_d/2C247“nb(to)

2

for sufficiently large co3, coq > 0.

For x = 4, we have

~ ~ 4
(b (Bo(to; n,b) = E(Fo(to;n.b))
= (nb)_2d Z Z 6tslt32 6t93t54 5t95t965ts7t987 <B27)

t; t;

117 127 i3:biy
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where S is the set of all possible ways to make 4 pairs, {(s1,52), (83, S4), (S5, S6),
(s7,8s8)}, with s; chosen from I* = {iy, i1, 49, %2, i3, i3, 14, 74 } Without replacement and
each pair must be of different indices. Only two configurations are possible:

{(1,42), (32, 73)s (J3, Ja), (Ja, 1) } or {(41. g2), (G2, 31)s (U3, Ja), (Jas J3) }

where (j1, jo, J3,J4) is a permutation of (i1, iz, 13,14). Separating the two cases, (B.27)

becomes
6(71[))726[ Z 5ti1ti26ti2ti36ti3ti45ti4ti1 <B28>
tiy by big tiy
—2d
+12(nb) Z 2 b Z (B.29)
117 137
For (B.28),

—2d
(nb) 6 § : 5ti1 ti, 5151'2 tig 5ti3ti4 5ti4ti1

ti) iy tig tiy
< b Her Y P don, (ZM +|w)
ti) tiy tig
< can(nb) " ra(t)?, (B.30)

for sufficiently large co5. Then (B.29) converges to 3A(#g, b)? with error o(1) from the
proof when x = 2.

Now consider any general x > 3. Since each index 7; appears exactly twice,
each pairing {(s1, $2), (83, 84), - -+, (S20-1, S2:)} can be partitioned into a collection of
subsets, “chains” of the form {(j1,72), (j2,73), - - -, (Jg, 1)} For convenience, we say
the chain {(j1,j2), (J2, J3), - - -+ (Jg» 71)} has length ¢ > 2. Then similar to (25),

—~
S
=

~—

|

(=}
Y
~
[\o}

&

=

~

S

M
S
N
~
N
Q
-

< e a1

for some ¢y > 0.
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For a given pairing {(s1, $2), (83, S4), - - -, (S2z_1, S22) }, suppose the partition com-
prises of m chains with lengths ¢, 05, ..., ¢,,, where {1 + --- + {,, = x. Then from
(26),

mi—2
(nb) ™™ > " by e, Otts, O < en (rmlto) S (B.32)
oy tay Vtsgtsy togg1tsg, — 26 (nb)d/Q ’ ’

If m < x/2, then ¢; > 2 for some ¢ and therefore Y " | (¢;—2) > 0 and (B.32) converges
to 0. If m = x/2, then this partition will contain x/2 chains of length 2 and therefore

—xd/2 E :
(nb) 6t31t82 6tS3tS4 o 5t32zflt52m

t 1 7t2‘2 ..... tik
= (b)Y 6 )
tiy,tiy

= 272 A(ty,b)** + 0(1).

And the number of ways to obtain x/2 chains of length two from I* is (2(x — 1)) -
(2(x —3))--- 2= (z — 1)112%/2. So therefore if x is even, then

()™ 3" Sy b Oyt Oy, by, = (@ — DNA(t9,0)"/% + 0(1).

If  is odd then m can never be equal to x/2 and therefore

—xd/2 Tnb(to)
(nb) / Z ’ Z(stsltwétg?jtS4 Tt 6t52171t321 =0 ((nb)d/g) .

.....

]
Proof of Theorem 3.5
Proof.
A(to, b)Y (nb)*{ Bo(to; n, b) — g(to)}
= A(to, )" (nb)"? {Z ke, Wi (t:) — g(to)}
= Alto,b)”"/*(nb)*” {Z b, (W, (i) + pin(t:))* — g(to)}
= Ao, b)) (nb)"? Z { — i (t:)* = Calti 1) (B.33)
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+E(Wa(t:))* — g(to)

+2Mn(ti) (Wn(tZ) — Hn (tz)) } :

For (B.33), from Theorem 3.4,

Alto, b)~2(nb)"?E (Z ke, {Wa(t:) = pn(£:))” = Co(ti, ti)})

= (z— 1D +0o(1)

— 0

(B.34)

(B.35)

for x even and O <T"”—(t°)) — 0 for  odd, which are the moments of the N(0,1)

(nb)d/2
distribution. So

Ao, b) 202> ke, {(Wa(ts) — pia(£:))? = Cu(ti, 1)} = N(0,1) + Oy(1)
t;
by Theorem B.6. Then for (B.34), from Theorem 3.3,

Alto, b)""/?(nb)? (E ke, (Wia(t:))? — 9(t0)>

t;

_ 1 d/27d/2+2 2) d/2pd/2+2 d/2—p(to)
— Wn bYE MG (t) + o(n™ b =) + O(n o))

— 0
when b = o(n~#(d+DAP(k0)=d/2)) - And for (B.35), by assumption,
Wi(ti) — pn(t:) ~ N(0, Cp(ts, ¢5)).
Therefore

(D)2 ey, 21 (£:) (Wi (£) — pa(t:))

t;

- N(o, ()" S ey o (8,0 (£ 1, m)

tit;

and (nb)? 37, . Aley, Jog, 1 (83) 1 (8) Crn (B3, 1) = O(n=2) ) (8).
Therefore

Alto, b))~ (nb)*{Bo(to; n,b) — g(to) }
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= Z4+0 (nd/2b2+d/2) +0 (n—p(t0)+d/2bd/2) +0 (n—25(to)+d/2bd/2)
+Op (n—d(t0)+d/2bd/2 /Tnb(t)> + 0(1)

— 4,

which implies that,

/BO(tO; n, b)
ZA(ty,b)? 1
L gt + ZERI + SR ICMg () -+ o)

+O(n™74) 1+ O(n~2®)) 4 Oy (=) /1y (t)) + 0 ((nb)~?) .

Proof of Corollary 3.7

Proof. Let 0ty 4, = E{(Wn(t1) = pn(t1))(Wa(t2) = pin(t2))}. Then

E Z (Wa(t:) — ﬂn(ti))z — E(W,(t;) — Mn(ti))2

t;€lu,v]"

- Z Z 5t51t52 5t53t54 T 5t82¢—1t82;c’

where S is the set of all possible ways to make z pairs, {(s1, S2), .., (S22_1, S22 }, With
s; chosen from I* = {iy,41, 19,92, ..., i, i, } without replacement and each pair must
be of different indices. By assumption, dy, ¢, < ¢5 uniformly and from Lemma B.5,
Zti det; < c11rmp(t). Notice that if we let co3 = max(1, c;, ¢11), then as in the proof of
Theorem 3.4, every chain of length ¢ is bounded above by c4;(1nb)%s,,(£)rus(t)72. So

is largest when each

therefore if x is even, ‘Ztil e Oty

----- tip €[u,v]" 5t31t$2 5tS3t34 1tsoq
chain has length 2. Therefore
Z fstslts2 5th3th4 T 5tszz,1t52z < Cgs(nb)xd/ ’s (nb)x/ ? (B.36)

Notice that the number of pairings in S is bounded above by (2z — 1)!!. Combining
with (B.36), for sufficiently large n

(nb) —zd/2
s(nb)=/?

t; €u,v]"
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when z is even. For z odd we can apply Cauchy-Schwartz. Leting

(nb)—xd/2
Gn(u,v) = (b (Wa(ti) — pn(t:)) — E(Wn(t:) — pa(ti)),
t; €lu,v]™
E|Gn(u,v)[" = E{|Gu(u v) | Ga(u,v)| 7}
< VE(Gu(u,v))* 1 E(Gy(u, v))*!
< \/c23(2x + 1)”(2x Y
= ¢332z —1)IV2x +1
< 27¢Z, (22 — 1),

where the last inequality holds since v/2x + 1 < 2*. So the theorem holds if we set

Cr = 2C23.

Proof of Theorem 3.8

]

Proof. Recall that By(to;n,b) = Dot T (o) ks W2(t;). Therefore the estimator we

will consider is

1 (ti—
sz< b

to) Wa(ti)?,

where f (b)) = n2b%k (bto).

IA

(nb)¥/?

log(n)V'(n,

(nb)¥/?

log(n)V'(n,

(nb)¥/?

log(n)V (n,b)

b)

b)

(nb)¥/? Loc(ti—t\ f= o
10g(n) ( )tzn2b2f< b ){Wn<tl> EWn(tz)}‘ <B37)
(nb)*/* 1 (ti—t o
Tlog(mVn. >;n2b2f ( b )2“n<tz>Wn<tz> (B.38)
OGN o T BT
MgV, );n2b2f< b )EWn(tz) 9(to) (B.39)




From Theorem B.7 and Corollary B.8, since f satisfies Assumption 3.6 and tn(t) =
O(n=°®),

sup (nb)¥/? Z n21b2f (ti ; to) {Wi(tz) B Ew,f(ti)}

toelo,1)2 10g(n) snp(to)'/2

)

7

(nb)d/2n5(t0) 1 - tz — to -~
20, (t; t;
toil[%)gP Tog(n)7mp(t0) /2 Z nzbgf b pn (E) W (2;)

7

are less than or equal to ¢y eventually w.p.1. Then since V,,; is asymptotically
greater than or equal to s,,(¢)!/? and 7,,(¢)"/2/n%® uniformly, SUPyyepo,1)2 Of (B.37)
and (B.38) are less than or equal to c¢i2 eventually w.p.1.

Then from Theorem 3.3

D | Ef(tern.b) — gto)
log(n)V (1, b) ¢,ef0,1)2 o ’

nd/2pd/2+2 /2 p(to) pd/2 nd/2-26(t0) pd/2
=0l——|+0|——— | +0 | —————
log(n)V(n,b) log(n)V(n,b) log(n)V(n,b)

uniformly. Therefore for (B.39), we can choose n,b such that

(nb)d/2 1 - (t@' — to) 2
Ty SUD f W2(t) — g(t)] < e
log(n)V(n,b) tyef0,1)2 toiez[(;ud n2h2 b (t:) — g(t) 12

eventually w.p.1. Letting cg = 3c12 completes the proof.
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