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CHAPTER I

Introduction

1.1 Main theorem

In this thesis we address the following problem:

Problem 1.1. Determine all rational functions f(X) € C(X) for which the numer-

f(X) = f(Y)
X-Y

genus zero or one.

ator of has an irreducible factor whose normalization is a curve of

In the following sections we will discuss the applications of Problem [l.1| to several
questions in complex dynamics, number theory, and complex analysis.

We will solve the problem when f(X) is a Laurent polynomial, or in other words,
an element of C[X, X ~!|. There are three types of nonconstant Laurent polynomials
f(X), depending on whether f~!(oc0) is {oo}, {0}, or {0,00}. The first two types
consist of f(X) = ¢g(X) and f(X) = ¢g(1/X) where g(X) is a polynomial. In these
cases, Problem [[.1| was solved recently in [2]. Therefore in this thesis we focus on the

third type of Laurent polynomials, which we will call genuine Laurent polynomials.

Definition 1.2. A genuine Laurent polynomial is an element f(X) in C[X, X!]

such that f~1(co) = {0, c0}.

For ease of expression, we define



Definition I.3. For any f(X) € C(X) \ C, define F(X,Y) to be the numerator of

X)—f(Y
%. Define Fy.(X,Y) to be the numerator of f(X)—cf(Y) for c € C*\{1}.
Definition I.4. For any n > 2 define 7,,(X) € C[X] to be the unique polynomial

satisfying T,,(X +1/X) = X"+ 1/X™.
Our main results are as follows.

Theorem 1.5. For a genuine Laurent polynomial f(X) € C[X, X '] and a bivariate

polynomial H(X,Y) € C[X,Y], the following are equivalent:

e H(X,Y) is an irreducible factor of Ft(X,Y") which defines a curve whose nor-

malization has genus 0 or 1.

e f=gohopu for some g € C[X] and some p(X) = eX? with e € C* and p €
{1, -1}, where the numerator H(X,Y) of H(u (X)), u=(Y)) divides F(X,Y)
and in addition H (up to multiplication by a nonzero constant in C) and h

satisfy at least one of the following:

(X+1)"
Xk
Fn(X,Y) has genus zero.

1. h= , where n > k are coprime positive integers; here ﬁ(X, Y)=

2. h = hy o X"™ where n > 1 and hy is a genuine Laurent polynomaial, with
H(X,Y) =X —cY for some ¢ # 1 such that ¢* = 1; here H(X,Y) = 0 has
genus 0.

3. h=T,oL wheren >3 and deg(L) < 3 and (L, H(X,Y)) is listed in Table
1.5

4. h = X™o hy where n > 2 and hy is a genwine Laurent polynomial and
Fr, o(X,Y) has an irreducible factor of genus 0 or 1 for some ¢ # 1 such
that ¢ = 1. This case is solved in Theorem . Here H(X,Y) is this

wrreducible factor.



5. his a genuine Laurent polynomial of degree at most 10. The pairs (h, f[(X, Y))

are listed in Table 1.1l and Table[1.2.

Theorem 1.6. Pick any d € C*\ {1}, any genuine Laurent polynomial f(X) €

C[X, X, and any H(X,Y) € C[X,Y]. Then the following are equivalent:

o H(X.Y) is an irreducible factor of Frqa(X,Y) which defines a curve of genus 0

or 1l

o f = gohopu for some g € C[X]|, some genuine Laurent polynomial h €
C[X, X', some u(X) = eX? with e € C* and p € {—1,1} and some ¢ € C*
for which the pair (h,c) is described in the following list, where the numerator
H(X,Y) of H(u " (X),n 1(Y)) divides Fy(X,Y) and d € (¢), and if m € 7Z
satisfies ¢™ = d then all terms of g(X) have degree congruent to m modulo the
order of ¢ (where congruence (mod co) is interpreted to mean equality).

(X+1)"
Xk
Fy.(X,Y) has genus 0.

1. h(X) = wheren > k are coprime positive integers. Here H(X,Y) =

2. h(X) = hy(X™) where m is any positive integer, ¢ = —1, and hy is a
genuine Laurent polynomial such that h1(X) = —hy(a/X) for some a € C*.
Here F[(X, Y) = XY — (8 has genus 0 where 5™ = a.

3. h(X) = hy(X™) where m is any positive integer, ¢ is a root of unity, and
hy is a genuine Laurent polynomial satisfying hqi(aX) = chy(X) for some
a € C* such that ¢ € (a). Here H(X,Y) = X — BY has genus 0 where
g™ = a.

4. W(X) =T, 0L where m > 2 and ¢ = —1, with (L, H(X,Y)) being an entry

in Table[1. for values n and r where n = 2m and r is odd.



5. h has degree at most 8, and (h, c, F[(X, Y)) occurs in Table or Table .



Table 1.1: F,(X,Y) has a genus 0 or 1 irreducible factor: sporadic cases part I

For case (1) to (24) H(X,Y) = F(X,Y), which has genus 0 in case (1), (5), (7), (11), (14) and
15), and genus 1 in all the other cases.

DX +1/X
1 (X
2) (X3 + X%+ a)/X where a € K\ {0,1/27}
X? +aX +1)?/X where a® € K\ {4, 12}
X —1)3(X +a)/X? where a € K\ {0, 1,7+ 4v/3}
X4 4+4X3 +2X —1/4)/X?
Xt -6X%2-3)/X
X - 1(x —9)/x
1) ( (X —4(i +1))/X where i2 = -1
2) (X — 1)4(X — 27/2)/ X"
X+ (35 +7)/2)/ X3 where s =5
(X — (35 +11)/2)/X? where s?> = —15

1
— 1)t
X =1
(X —1)°
( 1)%(X +4s —9)/ X3 where s> =5
1) (X3+9X+2) /X3
2) (X3 +3X2%2 + (9w? — 1)X + 2w3 + w? — 1/27)? /X3 where w € K\ {0,1/6,—-1/3,2/3} and
8/21w — 8/63 # 0
(X —1)*(X + (35 — 11)/2)?/X where s*> = —15
(X2+8X 2)3 /X2
(X2 +10X +5)3/X
(X2+5X 5)3 /X
(X~ 1(X ~162(X - 25)/X
(X —DH(X%-6X +25)/X
1) (X—|—9)( +(2w+7)X—|—w+2)3/X where w € K has order 3
2) (X +25)(X? + X —256/5)3 /X2

3) (X + (X 4+5/27X — 1/48)°/ X
) (X2 4+ 13X +49)(X2+5X +1)3/X
)
)
)
)
)
)
)

21.1) (X% +2X + (s +3)/14)*/X where s> = -7

21.2) (X% + X —27/20)%/X3

22.1) (X3 +12X%2 +3(s+ 11)X + s +5)3/X where s = —2
22.2) (X3/21+ X2 + X /4 —32/3)3/X?

22.3) (X3 +3/2X2 + 24/5X — 10)3/x4

23.1) (X2 + X + (i +1)/32)%/X? where i2 = —1

23.2) (X2 +3X —4)5/Xx*

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
E
(24) (X +1/4)3(X + a(a +1)? — 1/4)?/X> where a* —2a®> +2 =0

For case (25) to (28) Fj(X,Y) is reducible.

(25) h(X) = (X +2)(2X° — X — 1)*/X? and F},(X,Y) has two irreducible factors. The factor
H(X,)Y)=X?Y* - X3Y3 4+ X(X? - 9X/4+1/2)Y? + X2Y/2 + 1/4 has genus 1.

(26) h(X) = (X +5—2)(X3 = X% + (s + 1)X/2 4 (s + 1)/2)3/X° where s = 5, and H(X,Y) has
genus 0 and it is either of the two irreducible factors of Fj,(X,Y).

(27) h(X) = (X + (11 — 55)/2)%(X2 + X —1)*/X® where s = 5, and H(X,Y) is either of the two
irreducible factors of Fj(X,Y).

(27.1) IEI(X Y’) has genus 0 and it is the degree-30 factor.

(27.2) H(X,Y) has genus 1 and it is the degree-60 factor.

(28) h(X) = (X +2)%(X — s — 3)3(X + 3s 4+ 7)/X° where s = 5, and H(X,Y) = X3Y + (s +
DX2Y2/24 (s +5)X%Y + (25 +6) X2+ XY3 + (s +5)XY?2 — (25 +2) XY + (25 + 6)Y? which has
genus 1.




Table 1.2: F(X,Y) has a genus 0 or 1 irreducible factor: sporadic cases part II

(1) h = L(X?) where L = (X — 1)3(X —9)/X. H(X,Y) has genus 1 and is either of the two
irreducible factors of Fp(X?,Y?).

(2) h = L(X™) where L(X) = &50° and

(2.1) (m,n, k) = (2,4,1). fI(X7Y) has genus 1 and is either of the two irreducible factors of
Fr(X™,y™).

(2.2) (m,n, k) = (3,3,1). H(X,Y) is either of the two irreducible factors of Fy(X™,Y™): the
factor X?Y + XY? — 1 has genus 0 and X4Y? — X3Y? + X2Y*4 + X2Y + XY?2 + 1 has genus 1.
(2.3) (m,n, k) = (2,3,1) and H(X,Y) = F7,(X?,Y?) has genus 0.

(3) h = PoL where P(X) = X3(X?+5X+40) and L is a deg-2 genuine Laurent polynomial for which
A(L) = {4(~=5+3iV/15) or 1(—5—3iv/15),3}. Here H(X,Y) is the numerator of Fp(L(X), L(Y))
and has genus 1

(4) h = Po L where P = X"(X —1)® with ged(r,s) =1 and r + s > 3, and L is a degree-2 genuine

T‘T(_S)S
) - (r+s)r+s>

Laurent polynomial. Let A(L) = {aq, az}, and let A1, Ay be the two simple roots of L(X
then

(4.1) P = (X — a)(X — b)® where {a,b} = {0,1}, and a; = A1, ap = \y. Here H(X,Y) has genus
0 and is either of the two irreducible factors of the numerator of Fp(L(X), L(Y))

(4.2) P = (X — a)(X —b)3 where {a,b} = {0,1}, and oy = a, ay = A;. Here H(X,Y) has genus 1
and is the numerator of Fp(L(X), L(Y))

(4.3) P = (X — a)(X — b)® where {a,b} = {0,1} and L = (X + y&¢ + 3). Here H(X,Y) has genus
1 and is any irreducible factor of the numerator of Fp(L(X), L(Y))

(4.4) P = (X — a)(X — b)* where {a,b} = {0,1}, a1 = a and oy = ;. Here H(X,Y) has genus 1
and is the numerator of Fp(L(X), L(Y))

Table 1.3: Fy(X,Y) has a genus 0 or 1 irreducible factor: h =T, o L

In this table L is a genuine Laurent polynomial and define T'(X,Y,r) to be the numerator of
L(X)? 4+ L(Y)? = 2L(X)L(Y) cos(27r/n) — 4sin®(27r /n) where 0 < r < n/2.

(1) L has branch points {—2,2, o, 00} where each has type (1127) and a? = 2(1 + cos(27r/n)) for
some 0 < r < n/2. Here H(X,Y) has genus 1 and is an irreducible factor of T(X,Y, 7).

(2) L(X) = aX +b/X +c where a,b,c € C* and let {1, B2} := {2Vab+c, —2\/>+c} be the finite
branch points of L. Then 8y = 2 or —2. If 55 # 2(1 + cos(277/n)) then H(X,Y)=T(X,Y,r) has
genus 1; otherwise H(X,Y) has genus 0 and it is any irreducible factor of T(X,Y,r).

Table 1.4: F}, . sporadic cases part I

=X+1/X and ¢ = —1 and M(X) =—Xor-1/X
(X3+1)/X and c=w (w® =1 and w # 1) and p(X) = w?X
=(X%+ 1) /X and ¢ = —1 and p(X) =1/X
=(X-13X+1)/X?and c=—1 and p(X) =1/X

= (X*4+4X%+2X —1/4)/X% and ¢ = —1 and p(X) = —1/(2X)
=(X*-6X%2-3)/X and c= —1 and u(X) = -X

For case (1) to (6) H(X,Y) is the numerator of Fj, (X, 1(Y)) and the genus is 0 in case (1) and (5),
and is 1 in all other cases.

(7) h=PoL where P = X* +4X? +3(a+ 3)X? with a®> = 3, and ¢ = —1, and deg(L) = 2. Let A
be a nonzero finite branch point of P then the two simple roots of P(X)— A are all the finite branch
points of L. Here H(X,Y) has genus 1 and it is either of the two irreducible factors of Fn_1(X,)Y).
(8) h = L(X?) where L is any genuine Laurent polynomial of degree 2 and ¢ € C* \ {1}. Here
H(X,Y) has genus 0 or 1 and it is any irreducible factor of F, .(X2,Y?2).




Table 1.5: Fj, . sporadic cases part II

order
item |n | k |g of ¢ reduced sequences ramification types
M (2] 1 0] =3 [(1®)—=02H—=2H)—(01?
@ 2] 1 |1 > 2 (1%) « (21, (1%) & (21) or

>5 (12) — (21) — (12) = (21) — (1?)
@) [3[L2[0] 4 [@afh)—=akeh)—akh)—at2h

>5 (1%) — (1%21) — (1%20) — (1%21) — (13) or
(4) |3 |1,2]|1] >4 (13) — (1121) — (1121) — (13), (1'2!) or

2 (13) <> (1121), (1121) «» (1121)
(BG) |4]1,3]0 2 (1221) « (1221, (29)
6) 4] 1,31 >2 | P=P=(1721), P; = (2%), any matching pattern
(M) 41,31 >4 | (Y — (122 - (122h) - (19),(2%)
8 [4[1,3]1 2 (1227) & (1%21), (173h)
© (4] 2 [0 2 (1227) « (1%27), (1%3h)
(10) [4] 2 [0] >4 [(12)=(a2h) = (22— (122h)
an |41 2 [1 2 (122T) - (40)
(12) [4] 2 |1 2 (1130) & (29)
(13) [ 4] 2 [1] >2 [ four (122%), any matching pattern
2 (11) < (1%221), (1%21) < (2°) or

(14) 41 2 11 >5 (1) — (1221) — (22) — (1221) — (1%)
15 (4] 2 [1] >4 [(1H =2 = a2h)— 15,130
(16) | 6 | 1,5 | 1 2 (32), (1%21) « (1%2h)
anl6l24[0] 2 (37), (1%21) < (1721
(18) | 6 | 2,4 |1 2 (1%21), (2%) « (122%)
a9 6] 3 [0] 2 (2TaT), (1721) < (1%2h)
(200 |6 3 |1 2 (115%), (1%21) « (1%2)
@D 6] 3 [1] 4 |a%)=(a%h)oahh=ahh, @)
(22) [ 6 | 3 [1] >2 | three (1222), any matching pattern
@236 3 [1] =4 | (1) =20 = 1 22h) = (1), (2140

In this table h(X) is a genuine Laurent polynomial of degree n with denominator X* and h(X)
satisfies the reduced sequence condition. For the definition and motivation of reduced sequence we
refer the reader to Definition Here H(X,Y) = Fp o(X,Y) with genus g as described in the
table.

1.2 Application I: Complex functional equations

The functional equation

(1.1) foP=foQ

plays an important role in many contexts, where f is a complex rational function
and P, are distinct nonconstant meromorphic functions on the complex plane.
Picard [15] showed that an irreducible algebraic curve admits a parametrization by

meromorphic functions if and only if it has genus 0 or 1. Therefore, for a given



nonconstant f(X) € C(X), Equation (1.1) has a solution if and only if F(X,Y") has

a component of genus zero or one. Thus Theorem implies the following result.

Theorem 1.7. For any genuine Laurent polynomial f(X) € C[X, X™!], the equation
foP = foQ has a solution in distinct nonconstant meromorphic functions P, Q) on

C if and only if f is one of the Laurent polynomials described in Theorem [L3.

In addition to determining the Laurent polynomial f(X) for which Equation (1.1))
has a solution, we can also use our results to describe all possibilities for the mero-
morphic functions P and (). This is because we determine all irreducible components
of F(X,Y) = 0 having genus 0 or 1, so that with some work we can determine a
“minimal” parametrization of each such component via rational or elliptic functions,
and then use the known description [2] of how all meromorphic parametrizations can
be obtained from a minimal parametrization. We note that an analogue of Theorem
in the case of polynomials was proved in [2] (building on earlier work from [I]),
and yields a solution of Equation when f(X) is a polynomial.

The classification result in this thesis has several applications in complex dynamics

and complex analysis, as follows:

1. Lyubich and Minsky [9] used hyperbolic orbifold 3-laminations to study back-
ward orbits of a rational function, as well as other dynamical questions. In item
10 on page 83 they asked several questions about solutions to Equation (1.1),
as such solutions play an important role in their theory. Specifically, they asked
if all solutions to the Equation have a specific form. Theorem [[.7| provides
many classes of solutions to Equation (|1.1)) and gives a negative answer to their

most ambitious question.

2. Nevanlinna’s Five-Values Theorem ([14], [6l Theorem 2.6]) says that a noncon-



stant meromorphic function is completely determined by its preimages at five
complex numbers. More precisely, if P, () are nonconstant meromorphic func-
tions such that P~'(a;) = Q7 '(a;) for each of five distinct complex numbers
a;, then P = (). This result inspired a great deal of subsequent work, with the
ultimate goal being to move from preimages of points to preimages of finite sets.
Many authors studied the analogous question: when can distinct meromorphic
functions P, Q satisfy P~1(S;) = Q7!(S;) for several finite subsets S; C C? If
the finite sets S; satisfy certain conditions, then one can use Nevanlinna’s sec-
ond main theorem to show that there exists a rational function f such that
foP = fo@. In the opposite direction, if fo P = f o (), then for any complex
number b, the set f~!(b) has the same preimage under P as it does under @Q, in

other words, f~1(b) plays the role of the finite sets S;.

Our Theorem [[.7] provides several new classes of meromorphic functions P and
Q for which there are infinitely many finite sets S; such that P~1(S;) = Q71(S;).
In addition, Theorem [[.7] can be combined with results from Nevanlinna theory
in order to classify all P, () with this property if in addition the sets .5; satisfy

certain further conditions.

. In complex dynamics, two important invariants of a rational function are its
Julia set and its measure of maximal entropy. Many authors have studied the
extent to which these invariants determine a rational function, or in other words,
when two distinct rational functions can have the same Julia set or the same
measure of maximal entropy. In the work of Levin-Przytycki [7, 8] and Ye [19],
the authors reduce the these two questions to the solution of Equation ({1.1)),
where f, P, are all rational functions. The work of [2] gives the complete list

of solutions when f is a polynomial, and this thesis gives the complete list when
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f is a Laurent polynomial.

1.3 Application II: Diophantine equations and near-injectivity of ratio-
nal functions

Theorem |[.5| has the following number-theoretic consequence.

Theorem 1.8. Let f(X) € Q[X, XY be a genuine Laurent polynomial. Then f is
listed in Theorem[LY if and only if there is a number field K which contains infinitely

many elements ¢ for which the equation f(X) = ¢ has at least two solutions in K.

Proof. We first prove the “if” direction of the theorem. The condition on f says
that there is number field K for which the equation the equation f(X) = f(Y) has
infinitely many solutions in K x K which do not satisfy X =Y (since only finitely
many solutions satisfy X = Y'). It follows that Fy(X,Y) = 0 has infinitely many
K-rational points, so also some irreducible component of F¢(X,Y’) has infinitely
many K-rational points. Such a component must be geometrically irreducible, and
hence by Faltings’ theorem [4] must have genus zero or one, so that f is described in
Theorem LAl

We then prove the “only if” direction of the theorem. Note that any smooth
projective geometrically irreducible curve of genus 0 or 1 has infinitely many points
over some number field, more precisely for genus 0, the number field could be any
number field over which the curve has one point; and for genus 1, the number field
could be any number field over which the curve has two points whose difference in
the Jacobian has infinite order. If a genuine Laurent polynomial f satisfies that
F¢(X,Y) has a factor whose normalization has genus zero or one, then Fy(X,Y') has
infinitely many K-rational points for some number field K, and this implies that

there are infinitely many elements ¢ € K for which the equation f(X) = ¢ has at
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least two solutions in XK. O

The version of Theorem [[.8| when f is any polynomial is proved by Carney, Hortsch

and Zieve in [2]. Using the theorem, they proved the following unexpected result:

Theorem 1.9 (Carney—Hortsch-Zieve [2]). For any f(X) € Q[X], the polynomial

map Q — Q defined by ¢ — f(c) is at most 6-to-1 over all but finitely many values.
They also proved the following more general result for number fields.

Theorem 1.10 (Carney-Hortsch—Zieve [2]). Let K be a number field, and let N be
the largest positive integer for which some primitive N-th root of unity & satisfies
E+&71 € K. Then, for any f(X) € K[X], the function K — K defined by ¢ — f(c)
is (< N)-to-1 over all but finitely many values. Moreover, there are polynomials
f(X) € K[X] which induce functions K — K that are N-to-1 over infinitely many

values.

In the very near future we hope to prove analogues of these results for Laurent
polynomials, using Theorem and its polynomial analogue from [2]. We will explain
the method at the end of this section. If there is an analogue of Theorem [[.10]
for Laurent polynomials, then this would be evidence in support of the following

conjectures.

Conjecture I.11 (Carney—Hortsch-Zieve [2]). Let K be a number field, and let
f(X) € K(X) be any rational function. Then the map K — K defined by ¢ — f(c)

s at most N-to-1 over all but finitely many values, where N is a constant depending

only on [K : Q).

Conjecture 1.12 (Carney—Hortsch-Zieve [2]). For any positive integers d and D,

there is an integer C(d, D) with the following property: for any degree-d number field
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K, and any morphism f : Vi — V, between D-dimensional varieties defined over K,
the induced map f: Vi(K) — Va(K) is (< C(d, D))-to-1 over all elements of Vo(K)

which are not contained in some proper Zariski-closed subset of Vo(K).

These conjectures are related to Mazur and Merel’s results about rational torsion

on elliptic curves. Their result will be a direct consequence of Conjecture [.11]

Theorem 1.13 (Mazur [10], Merel [I1]). For any positive integer d, there is an
integer C(d) with the following property: for any degree-d number field K, every
elliptic curve E over K has at most C(d) torsion points defined over K. Moreover,

one may take C(1) to be 16.

In just a few lines, one can deduce Theorem from the special case of Con-
jecture [[.12] in which V; and V5 are genus-1 curves, and conversely. Moreover, it is
shown in [2] that Theorem also follows quickly from Conjecture m

We now outline the envisioned strategy for proving a the Laurent polynomial
analogue of Theorem |[.10]

The first step is to use Faltings’ theorem to translate the arithmetic question into
geometry. In particular, if a Laurent polynomial f(X) € K(X)\ K induces a function
K — K which is (> r)-to-1 over infinitely many values, then the algebraic set V'
defined by f(X;) = f(Xs) = ... = f(X,) contains infinitely many K-rational points
with distinct coordinates. Since every component is a curve, by Faltings’ theorem
at least one component has genus 0 or 1. Theorem and its polynomial analogue
in [2] solve the problem when r = 2, and yield the set of Laurent polynomials.
We will then continue the following process inductively on r. Suppose we have the
list of Laurent polynomials for r, then for r + 1, we can relate each component of

f(Xy) = f(X2) = ... = f(X,41) with a component of f(X;) = f(X2) =... = f(X,),
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and the component from r + 1 is expected to have a larger genus, unless some
specific ramification constraints are satisfied. Since we only want components of
genus zero or one, from r to r 4+ 1, the set of Laurent polynomials satisfying the
genus condition shrinks. Let r be the smallest value for which this set of Laurent
polynomials is empty; then the Laurent polynomial analogue of Theorem will

be true for N =r — 1.



CHAPTER II

Proof of Theorem [[.5]l and Theorem [L.6l

In this chapter we prove Theorem [[.5] and Theorem [[.6] using results whose proofs

appear in subsequent chapters. We begin with an outline of the thesis.

2.1 Notation and terminology

Let K be an algebraically closed field of characteristic 0. We will work over such a
field K throughout this thesis. We use capital letters X, Y, U,V for rational function
variables, and lower case letters x, y, u, v, t for elements which are transcendental over
K (but which might be algebraically dependent over K).

For any f(X) € K(X) we define Fy(X,Y) to be the numerator of % and
define F.(X,Y) to be the numerator of f(X) — cf(Y) for any ¢ € K*\ {1}.

The goal of this thesis is to classify the genuine Laurent polynomials f(X) €
K[X, X '] for which F;(X,Y) has an irreducible factor of genus zero or one. Here
by “genus” we mean the genus of the normalization of the irreducible factor. Since
the polynomial case is already solved in [2], we will assume f is a genuine Laurent
polynomial in this thesis.

We say that a rational function f(X) € K(X) of degree at least 2 is indecomposable
if it cannot be written as the composition of two lower-degree rational functions in

K(X); otherwise, we say that f(X) is decomposable.

14
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2.2 Outline of the thesis

In section 2.3 we will show how the results proved in subsequent chapters can
be combined to prove Theorem [[.5] and Theorem [[.6] The bulk of the work in this
thesis occurs in the subsequent chapters, where Theorem and Theorem are
proved when f(X) is restricted to certain classes of Laurent polynomials. We begin
in Chapter with preliminary results and background material. In particular,
we show in Lemma that any genuine Laurent polynomial has a decomposition
f = fiofao f3, where P := f; is a polynomial, L := f5 is an indecomposable genuine
Laurent polynomial, and f3 = X" for some positive integer n. We will use different
types of arguments depending on the nature of this decomposition of f.

The following chapters solve the classification of genuine Laurent polynomials f

for which F¢(X,Y’) has an irreducible factor of genus 0 or 1.

e In Chapter [[V] we classify indecomposable genuine Laurent polynomials f = L

for which F¢(X,Y) is irreducible with genus 0 or 1. The classification is Theorem

V.1

e In Chapter [V] we classify indecomposable genuine Laurent polynomials f = L
for which F¢(X,Y’) is reducible with an irreducible factor of genus 0 or 1. The

classification is Theorem [V 1l

e In Chapter |VI| we solve the decomposable case that f = Lo X" (where n > 1).

The classification is Theorem [VI.1]

e In Chapter [VITwe solve the decomposable case that f = PoL. The classification

is Theorem [VIT. 1l

e In Chapter [VIII| we solve the decomposable case that f = P o L o X" (where
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n > 1). The classification is Theorem |VIII.1]

Some cases in Theorem and Theorem are reduced to the problem of
classifying genuine Laurent polynomials f and ¢ € K*\ {1} for which F;.(X,Y) has
an irreducible factor of genus 0 or 1, and we solve this problem in Chapter [X] and

Chapter [X] The following is the outline of Chapter [[X] and Chapter X|

e In Chapter [IX| we solve the case when Fy.(X,Y) is irreducible with genus 0 or

1. The classification is Theorem [X.6l

e In Chapter [X|we solve the case when F.(X,Y) is reducible with an irreducible

factor of genus 0 or 1. Each section of Chapter [X] solves the problem for one

type of f.

1. We solve the case when f = L is indecomposable. The classification is

Proposition and Proposition
2. We solve the case when f = P o L. The classification is Proposition [X.13]

3. We solve the case when f = Lo X" or f = Po Lo X™ (where n > 1). The

classification is Proposition and Proposition

2.3 Proof of Theorem [[.5

Pick an irreducible factor H(X,Y) of Fy(X,Y’) such that H(X,Y) = 0 has genus
0 or 1. Let = be transcendental over K, and let y satisfy H(x,y) = 0. Then let
t:= f(x) = f(y), and let h be a genuine Laurent polynomial which has the minimal
degree such that f = g o h o u for some polynomial g, and p(X) = eX? with some
e € K*and p € {—1,1}, and h(u(x)) = h(u(y)). Now H(X,Y) is an irreducible
factor of Fjo,(X,Y). By Remark there is a genus-preserving bijection between

the irreducible factors H(X,Y) of Fjou(X,Y) and the irreducible factors H(X,Y)
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of Fj,(X,Y) up to multiplication by some nonzero element in K*, where H (X,Y) is
the numerator of H(u (X)), 1(Y)). Therefore it suffices to solve the problem in
case pu(X) = X, which we will assume in what follows.

In the following proof we assume that f = h.

Put 7= f3(x) = 2", s := f3(y) = ¥ u = for), v = fols), and ¢ == fi(u).
Note that t = f(z) = f(y) = fi(v) and that [K(x) : K(r)] = n = [K(y) : K(s)] and
K(r) : K(w)] = deg(fs) = [K(s) : K(v)] and [K(u) : K(t)] = deg(fy) = [K(v) : K(t)].
By Riemann—Hurwitz, every subfield of K(x,y) which properly contains K will have

genus at most equal to the genus of K(x,y); the latter genus equals the genus of

~

H(X,Y), and hence is 0 or 1.

There are three cases we need to consider.

3. K(u) # K(v).

2.3.1 Case 1: K(r) =K(s)

In this case there must be a linear fractional u(X) € K(X) such that s = u(r), so
fio faou(r) = fiofa(r). Since r is transcendental over K, this means fjo foou(X) =
fi o fo(X). Now consider the preimage of oo on the both sides: on the right it is
{0, 00}, and on the left it is {u~1(0), p='(c0)}. Since p preserves {0, 00}, u(X) must
be either ¢X or ¢/ X for some ¢ € K*. Since f; = X", this implies that either y = ax

or y = a/x, where a" = c.

(1) If y = ax then f(ax) = f(x), so that f(x) is in the subfield of K(z) fixed
by the automorphism x +— ax. Denoting this order by m, we see that a is a

primitive m-th root of unity, and the fixed field of z — az is K(2™). Therefore
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f = goX™ for some genuine Laurent polynomial g, and H (X,)Y) =X —aY

which has genus 0.

(2) Ify = a/x then f(a/x) = f(x), sothat f(x) is in the subfield of K(z) fixed by the
automorphism x — a/x, namely the field K(z+a/z). Hence f(X) = g(X+a/X)
for some rational function g, but since f~!(c0) = {0,00} = (X + a/X ) !(oc0),
it follows that g~'(o0) = {oo}, whence g is a polynomial. Then the minimality
of f implies that g is a constant which can be chosen to be 1, s0 f = X +a/X.
Now since f = (v/aX) o (X +1/X) o (X/y/a) we can choose f = X + 1/X.
Thus in this case: f = X +1/X where H(X,Y) = XY — 1.

2.3.2 Case 2: K(r) # K(s), but K(u) = K(v)

Since K(u) = K(v), we have v = p(u) for some linear fractional p € K(X), so
filw(w)) = fly) = f(z) = fi(u). Since f, is a polynomial, this equality shows
fHoo) = {oo} = 1 (c0), so u must be a linear polynomial. Likewise, 1 permutes
fr1(S) for any finite subset S of K, so by taking by taking S large enough we see that
1 permutes a finite set of size at least 3, which forces p to have finite order. Let ¢ be
the unique fixed point of p in K, so that (X —c¢)opo (X +c¢) has finite order and fixed
point 0, and hence equals aX for some root of unity a, so = (X +c¢)oaX o (X —c).

If a# 1, put F} := fio(X 4+ ¢) and Fy := (X —¢) o fo. Note that f; o (X +¢)o
aX o (X —c¢) = fi, s0 Fi(aX) = Fi(X), whence F(X) = g(X™) where m is the
order of a. Moreover, Fj o Fy = fi0 fo. Note that F} and F3 satisfy all the properties
required of f; and fo, namely that K(Fy(r)) = K(F3(s)) and F; is a genuine Laurent
polynomial which is indecomposable, and F} is a polynomial. Therefore we lose no
generality by replacing f; and f5 by F; and F5, while also replacing u and v by u — ¢

and v — ¢ (note that these replacements do not change f, x, y, or H). After these
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replacements, we may assume that either
(2a) u = v or

(2b) v = au where a is a primitive m-th root of unity for some m > 1, and Fy(X) =
g(X™) for some polynomial g. The minimality of f implies that ¢ is a nonzero

constant so we can assume Fi(X) = X™.

Case 2a: u=v

The minimality of f implies f; is a nonzero constant so we can assume f =
foo f3 = Lo X™ In this case r, s are distinct transcendentals over K such that
fa(r) = fa(s), and K(r, s) has genus 0 or 1. Now we have the function field tower in

Figure

Figure 2.1: Tower of function fields

Here K(r, s) is the function field of some irreducible factor of F(X,Y"), where all
possibilities for L are classified in Theorem (when Fr(X,Y) is irreducible) and
Theorem (when F(X,Y) is reducible). If n > 1, we also require K(z, y) to have

genus zero or one. For each such L, the possibilities for n are classified in Theorem

VL1l
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Case 2b: v = au for some primitive m-th root of unity a and f1(X) = X™ where a # 1
and m > 1

This case I:I(X, Y) is an irreducible factor of Fj, ,(X,Y) where hy = foo0 f3 =

Lo X™. This is case (4) of the theorem.

2.3.3 Case 3: K(u) # K(v)

In this case, K(u,v) is the function field of an irreducible factor H;(X,Y') of
Fp,(X,Y) and K(u, v) has genus zero or one. If f = fyo fy = Po L, then H(X,Y) is
an irreducible factor of Fp(L(X),L(Y)) and this is solved in Theorem [VIL.1] Case
(3) in Theorem is the case (3) in this theorem; case (1) and (2) in Theorem

VIL 1| are cases (3) and (4) in Table[1.2] Case (4) in Theorem [VIL1]is a special case

of case (4) in this theorem.

If fy := X" withn > 1, then f = PoLoX" and LX)=/() — PeLXX")=PoL("™) xn_vr.

so H(X,Y) is an irreducible factor of Fpor(X™, V™) and this is solved in Proposition
VIII.1| The case in Proposition [VIII.1|is case (4) in this theorem.

2.4 Proof of Theorem [[.6]

There exists a pair (h,c) where h is a genuine Laurent polynomial of minimal
degree such that ¢ € K*\ {1} and f = g o h for some polynomial g and h(X) —
ch(Y) divides f(X) — df(Y). First we show that d € (c¢) and for any m € Z such
that ¢™ = d, all terms of g(X) have degree congruent to m (mod the order of
¢). From the congruences h(X) = ch(Y) (mod H(X,Y)) and g(h(x)) = dg(h(Y"))
(mod H(X,Y)), we find that dg(h(Y)) = g(h(X)) = g(ch(Y)) (mod H(X,Y)). It
follows that dg(h(Y)) = g(ch(Y")), since otherwise H(X,Y') would divide a nonzero
polynomial in K[Y], so that H(X,Y) would be an element of K[Y], contradicting

the fact that H(X,Y") is an irreducible factor of h(X) — ch(Y'). Next the equality
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dg(h(Y)) = g(ch(Y)) implies that dg(Y) = g(cY), so if g(Y) has a term of degree j
then d = ¢/. Therefore indeed d € (c), and if d = ¢™ then all terms of g(X) have
degree congruent to m (mod the order of ¢).

Now since H(X,Y) is an irreducible factor of Fj, .(X,Y’) then we only need to work
on the pair (h,c). In fact for the set of pairs (f o u=!,d) where u(X) = eX? with
e € K* and p € {—1,1}, we only need to work on the pair (h,c) since (hopu™!,¢c) is a
minimal pair of (f ou™!,d), and any H(X,Y) of F},.(X,Y’) will yield an irreducible
factor H(X,Y) of Fhopu-1(X,Y) of genus at most 1 where H(X,Y) is the numerator
of H(p=H(X), ' (Y)).

The case when Fj, .(X,Y) is irreducible with genus 0 or 1 is solved in Theorem
When F}, .(X,Y) is decomposable, we consider the four types of h. The case h
is indecomposable is solved in Proposition and Proposition [X.4} the case when
h = Po L is solved in Proposition [X.13} the case when h = Lo X™ or h = Po Lo X™
(where n > 1) is solved in Proposition and Proposition [X.15] This concludes

the proof.



CHAPTER III

Preliminaries

In this chapter we present the notation, terminology, and background results that
will be used in this thesis. We firstly define what indecomposable and decomposable
rational functions are, and state how genuine Laurent polynomials decompose. After
that we define curves, function fields, places, and monodromy groups, and how to
build function field towers. Then we give the Riemann-Hurwitz formula to compute
the genus, and list some tools to analyze the degree of the composite of two extensions
of a function field. At the end we give the factorizations of some special polynomials,
and some inequalities related to the genus formula.

Throughout this thesis, we work over an arbitrary algebraically closed field K of
characteristic zero, instead of the complex field C. We use capital letters X, Y, U,V
for rational function variables, and lower case letters x,y,u,v,t for elements which
are transcendental over K (but which might be algebraically dependent over K).

The irreducible factors of the numerator of a rational function we come across in
this thesis always define irreducible algebraic curves, and by the genus of a factor, we
always mean the genus of the normalization of the curve defined by the irreducible

factor.

22
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3.1 Decomposability

Definition ITI.1. We say that a rational function f(X) € K(X) of degree at least
2 is indecomposable if it cannot be written as the composition of two lower-degree

rational functions in K(X); otherwise, we say that f(X) is decomposable.

Lemma II1.2. If fi, fo € K(X) are nonconstant rational functions such that f; o
fa € K[X], then there is a linear fractional p € K(X) so that f o p € K[X] and
pto fy € KIX].

If 91, 92 € K(X) are nonconstant rational functions such that g; o gy is a genuine
Laurent polynomial in K[X, XY, then there is a linear fractional u € K(X) so that

one of the following holds
(1) g1 op € K[X] and = o go is a genuine Laurent polynomial in K[X, X 1]

(2) giop is a genuine Laurent polynomial in K[X, X 1] and p=togy = X™ for some

n>0

Proof. For the first half, since f; o f5 is a polynomial which is totally ramified at oo,
we have f;'(c0) = a and f;'(a) = oo for some a € KU {co}. Let u € K(X) be
a linear fractional such that p(oo) = a, then f; oy and p=! o fy are both totally
ramified at oo with preimage oo, so they are both polynomials.

For the second half, g;* 0 g; '(00) = (g1 0¢2) ' (00) = {0,00}. Then there are two

cases:

(1) g;'(o0) has one element. Let u be a linear fractional such that p~! moves
that element to oo, then (g, o ) !(c0) = o0, s0 g1 o p1 is a polynomial. Now

(utoge)H(o0) ={0,00}, so u~! o gy is a genuine Laurent polynomial.

(2) g;'(c0) has two elements. Let u be a linear fractional such that ="' moves the
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two elements to {0, 00}, then (g; o u)~!(c0) = {0,000}, so g1 o i is a genuine
Laurent polynomial. Now (™! o go)71({0,00}) = {0,00}, so ! 0 gy = X" for
some nonzero integer n. We can assume n > 0 since otherwise we can replace

p with g o1/X and then (po1/X) o gy = X" with the exponent —n > 0.
This concludes the proof. O

Lemma II1.3. Any genuine Laurent polynomial f € K[X, X~ can be written as
f = fiofao fz where f; € K[X] is a polynomial, fo € K[X, X ] is an indecomposable

genuine Laurent polynomial, and f3 = X" for some positive integer n.

Proof. If f is indecomposable, then take f; = X, fo = fand n = 1. If f is
decomposable, suppose f = goh where g and h are both rational functions of degree
at least 2. Since f~'(c0) = {0,00}, g7'(00) could have one point or two points.
In either case, we can find an appropriate linear fractional pu(X) € K(X) such that
(g o)~ (o0) = {oo} in the first case, and {0,000} in the second case. We will then
replace g, h with g o u and p~' o h. In the first case, ¢ is a polynomial and since
h~'{oc} = {0,00}, h is a genuine Laurent polynomial. In the second case, g is a
genuine Laurent polynomial, and since h~1{0, 00} = {0, 00}, we have h = a X™ where
n # 0 is an integer, and we can assume n > (0 since otherwise we can replace g with
go(1/X). Therefore, there are two cases, either g is a polynomial and h is a genuine
Laurent polynomial, or ¢ is a genuine Laurent polynomial and h = X™ with n > 0.

If f is decomposable, we can decompose it until we see an indecomposable genuine
Laurent polynomial L. Each time either we have a polynomial P; on the left, or a X7
on the right, so f = PloPyo...P,oLoX™oX™o---0X™ let fi = PLoPyo--- Py,

fo=Land f3 = X" 0oX"™o...-0X™. This concludes the proof. [
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3.2 Curves and function fields

By a curve we always mean a non-singular projective geometrically irreducible
curve. In this thesis, we usually represent curves by affine equations which might
have singularities, but this curve is always birationally equivalent to the unique
non-singular projective curve corresponding to its function field. When we refer to
genus of a curve defined by equations, this genus is always the genus of this unique
non-singular projective curve, or equivalently, the genus of the function field.

By a function field over a field K, we mean a finitely-generated extension L/K of

transcendental degree 1, and we require that K is the full constant field of L.

3.3 Function field tower

Let f(X),g(X) € K(X) \ K be any rational functions, let ¢ be a transcendental
element over K, and let z,y be roots of f(X) — ¢ and g(X) — ¢ respectively. Then
we can build the following function fields tower in Figure |3.1]

(z,y)
/ '

Figure 3.1: Function field tower

In this tower, K(z,y) is the function field of an irreducible factor of f(X)—g(Y),
and in fact, for every irreducible factor of f(X) — g(Y’), we can choose appropriate
x,y, such that the function field K(z,y) is the function field of the factor. We will
work with function fields directly, instead of working on the irreducible factors of

f(X)—g(Y). Besides the stated correspondence between the irreducible factors and
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the function fields, there are more reasons why we choose to work with function

fields:

1. The genus of a factor is in fact the genus of the normalization of the factor (as a
curve), which equals the genus of the function field, so we do not need to know

what the normalization of the factor looks like.

2. There are a lot of tools in terms of function fields (Galois theory, Abyhankar’s

lemma, Riemman-Hurwitz formula) to analyze reducibility and calculate genus.

The goal of this thesis may be restated as determining all genuine Laurent poly-
nomials f for which there is a corresponding function field K(x,y) of genus at most

1.

Definition II1.4. Let L be a function field over K, let M; and M, be finite extensions
of L, and let M = M;M,. Then we refer to the diagram in Figure 3.2 as a square.

We say the square is irreducible if [M : M| = [Ms : L] or equivalently, [M : L] =
M
M1 M2
L
Figure 3.2: Function field tower

[M; : L|[M, : L]; otherwise, we say the square is reducible.

For example, in the tower in Figure if the square is irreducible, then f(X) —

g(Y) must be irreducible; and otherwise, K(x,y) corresponds to an irreducible factor

of f(X) —g(Y).

We use the following two towers very often in this paper:
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1. In Figure choose g = f and y # x. Then K(x,y) is the function field of an

irreducible factor of F¢(X,Y) = w

2. In Figure 3.1] choose g = ¢f where ¢ € K\ {1} is a root of unity. Then K(z,y)

is the function field of an irreducible factor of f(X) — cf(Y).

The tower above is for single functions f,g. We will often study function field
towers in which f and g are given as compositions of lower-degree functions, namely
f = fio faand g = g1 0 go where fi, f2, 91,92 € K(X) \ K. In this setting we build

the following more complicated function field tower, as in Figure [3.3]

K(z,y)

K(u,y)

/\/\

u

w\/\ﬁw
t— fiu \ /

Figure 3.3: Tower of function fields

In Figure x is transcendental over K, y satisfies f(x) = ¢g(y), and we define

u:= fo(x) and v := go(y) and ¢ := fi(u). It follows that t = g1(v).

Definition II1.5 (top/bottom/left /right square). In Figure[3.3] from top to bottom,
from left to right, we call the four squares the top square, left square, right square,

and bottom square.

In this paper, most times we choose f = ¢ to be the same genuine Laurent

polynomial. A genuine Laurent polynomial has two possible decompositions, either
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a polynomial composed with a genuine Laurent polynomial, or a genuine Laurent
polynomial composed with a cyclic polynomial (in other words, X™), and we choose
f1 = g1, fa = g2 according to which decomposition we are working on.

In the following sections, we will discuss the tools that can be applied to the
function field tower. With the tools, we will be able to determine the degrees of the
field extensions in a square, and compute the genus of a given function field in the

tower.

3.4 Ramification and genus

3.4.1 Places and ramification

Each place in K(t) corresponds to a value o € KU{oc}, in fact, the maximal ideal
of the place is generated by (t — «) if « € K and 1/t if o = 00, and we write oy to
represent the corresponding place in K(¢). We use similar notation for other rational
function fields such as K(u). We note that more complicated function fields such as
K(u,v) do not necessarily contain exactly one place having a given value of u and
v; in subsequent sections we will describe how many such places exist in terms of
ramification indices. The same thing is not true for K(u,v), K(x,v), etc, since there
may be more than one place in K(u,v) for a given value of u and v, to find exactly
how many places, we will use Abyhankar’s lemma stated in the following sections.

Let f(X) € K(X) be a genuine Laurent polynomial, and let A(f) be the set of
values A € K such that f(X) — X has at least one multiple root. For any Ao € A(f),
if the set of multiplicities of f(X) — Ao has a; many b;’s, i € {1,...,d}, then we say
Ao has ramification type (b]" ... b5"). For example, for f(X) = X + &, A(f) = {£2},

and +2 both have ramification type (2'), and oo will have ramification type (12).

Definition III.6. Let f(X) € K(X) be a rational function, and A € KU {oo}. If
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X = a (where a € KU {o0}) is a solution to f(X) = A, then we define ef(a) to be

the multiplicity of the root X = a.

The ramification of f determines the ramification of K(z)/K(t), where f(z) = t.

For example, for f(X) =X + +

%> 00¢ is unramified with 0,, oo, lying over it, and 2;

is totally ramified with 1, lying over it.

Generally, let L/M be an extension of function fields over K, let P be a place of
M, and let Q1, ..., Q4 be the places of L lying over P. We write e(Q;|P) for the ram-
ification index of Q);/ P, and we refer to the multiset of values e(Q1|P),...,e(Qq4|P)
as the ramification multiset over P in L/M, which denote by Ram;(P). If we collect
the multiplicity of the values in the multiset, we will get the ramification type as
mentioned before.

Note that the sum of the elements of Ram,;(P) equals [L : M]|. We say that P is
a branch point of L/M if the ramification multiset over P includes an integer larger
than 1, and the branch locus Br(L/M) of L/M is the set of all branch points of
L/M.

If L = K(z) and M = K(t), and if oo is a branch point of f, then Br(f) :=
Br(L/M) = A(f) U {oo}; if not, then Br(f) := Br(L/M) = A(f). Note that here
we use values to represent places.

3.4.2 Monodromy groups, Riemann’s existence theorem and ramification

Definition ITI.7. Let f(X) € K(X)\K be any rational function, let ¢ be a transcen-
dental element over K(X), and let « be a root of f(X)—t. We define the monodromy
group of f(X) to be the Galois group of the Galois closure of K(z)/K(t), viewed as
a group of permutations of the set of conjugates of = over K(¢); in other words, it is

the Galois group of f(X) —t over K().
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Throughout the thesis K is fixed, since the monodromy group does not depend
on the choice of ¢, once K is fixed then the monodromy group only depends on f, so

we can write the monodromy group as Mon(f).
The monodromy group is very useful for the following reasons.

1. Miiller [I2] has determined all permutation groups which occur as monodromy

groups of indecomposable genuine Laurent polynomials, see Theorem [V.2

2. F¢(X,Y) is irreducible if and only if Mon(f) is doubly transitive. If Mon(f) is
not doubly transitive, we can use it to compute the degree and genus of each

irreducible factor of F(X,Y).

3. Lemma [[I1.9] states the relationship between the ramification of f and the mon-
odromy group. Given the monodromy group, we are able to get some informa-
tion on the ramification of f. Given a collection of ramification types, we can

also determine whether there exists a corresponding rational function.
Definition II1.8. For any o € S,,, define O(o) to be the number of cycles in o.
We will use the following consequence of Riemann’s existence theorem.

Lemma IIL.9. For any f(X) € K(X) \ K with Br(f) = {t1,...,ta}, there exist

Tiy ..., Ta € Mon(f) satisfying all of the following:
o Mon(f) = (r1,...,Ta).

[ H?:l T, — ].

e For each T;, the multiset of cycle lengths of T; equals the multiset of ramification

indices of t;.

e > (n—0(r)) =2n—2.
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Pick any nontrivial elements tau,, . .., 74 € S, such that Y0 (n—0(7)) = 2n—2,
the group (11, ...,74) is transitive, and Hle 7; = 1. Then, for any pairwise distinct
elements tq,...,tq € KU {00}, there exists a rational function f(X) € K(X) such
that

o Mon(f) = (r1,...,7a).

e Br(f) = {t1,...,ta}, and for each t;, the multiset of cycle lengths of 7; equals

the multiset of ramification indices of t;.

Proof. 1t suffices to prove the result in case K = C. The first part is proved in [18]
Theorem 2.13]. That result also shows that, for any 7;’s as in the second part, there

exists an extension F'//K(¢) and pairwise distinct places P, ..., P; of C(t) such that
o [F:K(t)]=n
e Every place of K(t) other than the P,’s is unramified in F/K(t)

e The multiset of cycle lengths of 7; equals the multiset of ramification indices in

F/K(t) of all the places of F' which lie over P;.

Applying the Riemann-Hurwitz formula to F//K(t) shows that

20(F) —2 = —2n+ Z(n —0(n)),

so that 2g(F') — 2 = —2 and thus F has genus zero. Therefore there is some z € F
for which F' = K(x), whence t = f(z) for some rational function f(X) € K(X). It

follows that f has the required properties. O

3.4.3 Abhyhankar’s lemma, genus and Riemann-Hurwitz formula

We will often need to determine the ramification in the compositum of two ex-

tensions of a function field. The first tool for this is known as Abhyankar’s lemma.
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Lemma II1.10 (Abhyankar’s lemma, Theorem 3.9.1 in [I7]). Let M,/L and My/L
be extensions of function fields over K. For any place R of M1 Ms, let Q; := RN M,

fori € {1,2}, and let P := RN L. Then e(R|P) is the least common multiple of

e(Q1|P) and e(Q2|P).

The second tool describes the number of places R which correspond to prescribed
places @1, and (). This number is the greatest common divisor of e(Q;|P) and
e(Qa|P) if [Mi My : My| = [M; : L]; when this condition does not hold, we still get
this number of places if we sum over the fields whose product is M; ® M. It is more
convenient to state this result in the language of curves, where a modern reference

is [3].

Lemma II1.11 (Lemma 7.1 in [3]). Let ¢; : C1 — D, and ¢o : Cy — D be non
constant morphisms of curves over K, and let By, ..., By be the curves which are
components of the fibered product Cy xp Cy. Let Q; € Ci(K) for i € {1,2}, and
assume that ¢1(Q1) and ¢2(Q2) both equal the same point P € D(K). For each
jeA{l,...,r}, let m; be the number of points in Bj(K) whose image in C;(K) is Q;

for each i € {1,2}. Then 22:1 m; = ged(e(Q1]P), e(Q2|P)).

Combining the above two lemma with the Riemann-Hurwitz genus formula for
M Ms /M yields the following useful formulas, which we will refer to as Riemann-

Hurwitz.

Lemma II1.12 (Riemann-Hurwitz). Let M;/L and My/L be extensions of function
fields over K, and write n; := [M; : L]. Let g; be the genus of M;, and let g be the
genus of My My. If [My My : My] = ny then

29 —2= n1(291 — 2) + Z Z ( e — gcd(el, 62)).

PeBr(Mi/L) e;€ Ramyy, (P)
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If My/L and Msy/L are isomorphic extensions and [MyMs : My] = ny — 1 then

20-2=(m — )20 —2)+ Y. > (e —ged(er, ).

PeBr(My/L) eiERamMi (P)

Proof. Apply Riemann—Hurwitz genus formula on M; M, /M,, we have
20— 2= [MMy: Mo)(201 —2)+ > > (e(QR)—1).
PeBr(M;/L) Q/R/P

where (), R are places in MM and M, lying over P, and () lies over R. Suppose
Ry, ..., Rq be the places over P with ramification indices ey, ..., e4. Pick any R; in
My and Rj in My, then there are ged(e;, ;) many places in M; M, lying over both R;
and R;, and by Abhyankar’s lemma, each place has ramification index lem(e;, e;)/e;,
which equals e;/ ged(e;, €;). Therefore, }-q 5 (e(Q[R;) — 1) = ¢; — ged(e;, e;). We
get the desired result by summing over all R;’s. This proves the first formula. For
the second formula, for each R;, there are e; — 1 places in M; M, lying over R, in
M, and R; in M, instead of e; many. However, this does not matter since all such
places are unramified over R;, the same formula still holds. This proves the second

formula. O

Definition III.13. We use gy, g0, €tc., to represent the genus of the function field

K(z,y), K(z,v), ete.

The two Riemann—Hurwitz formulas give us information on the ramification in
function field extensions. In particular, we will apply Riemann-Hurwitz to the tower
in Figure , where the condition g,, imposes severe constraints on the ramification
in the various field extensions in the diagram. We often apply the following special

case of Lemma [TL.12
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Lemma III.14 (Riemann-Hurwitz). Let f, g € K(X)\ K be two rational functions.
If f(X) — g(Y) is irreducible, then the genus g of the curve f(X) —g(Y) =0 is
given by

29 — 2 = —2deg(f) + (er(a) — ged(ey(a), eq(b))).
XEBr(f)UBr(g) f(a)=g()=\

If Fp(X,Y) is irreducible, then the genus g of the curve Fy(X,Y) = 0 is given by

29 — 2 = —2(deg(f Z Z (ef(a) — ged(es(a), ef(b)))-

XeBr(f) f(a)=f(b)=

Proof. Let K =K, M; = K(z) and My = K(y) where x is a root of f(X) —t and y

is a root of g(Y) —t. The two formulas follow directly from Lemma [[11.12] O

In this paper, we will apply the first formula to f(X) —cf(Y), where ¢ € K\ {1},

f(X) is a genuine Laurent polynomial, and f(X) — c¢f(Y) is irreducible.

3.5 Degree of the composite of two extensions of a function field

Recall in Definition [[T[.4] we call the function field tower formed by a function
field, two extension fields, and the composite of the two extensions a square. Most
of the time, we cannot apply the Riemann—Hurwitz formula to a square directly,
unless we know the square is irreducible, or reducible in the specific way stated in
Lemma So irreducibility is the first thing we need to check before applying
the Riemann—Hurwitz formula.

However, it is not always true that a square is irreducible or reducible in the way
we want. The good news is we can divide the square into tower of squares, by adding

intermediate fields, and after that the left, right, top squares in this tower will be



35

irreducible, as stated in Theorem and Theorem gives more constraints

on the ramification in the bottom square.

Theorem II1.15 (Fried-Miiller—Zieve). Let K be a function field over K, and let L
and M be finite extensions of K. Then there are fields L' and M’ satisfying all of

the following:

(1) KCL CLand KCM CM.

(2) L'/K and M'/K have the same Galois closure.

(3) [L:L)=[L.M:L:M]and[M:M]=[L.M:LM].

Condition (3) says that the top, left, and right squares are irreducible, while condition

(2) gives a strong constraint on the bottom square (which might be reducible).

Proof. A weaker version is proved in [5, Proposition 2]. The general version stated

in this theorem is proved by Miiller and Zieve in [13]. O

If I'/K and M'/K have the same Galois closure, as in the above theorem, we
have more constraints, as shown in the following theorem. These constraints will

enable us to analyze the conditions for the bottom square to be reducible.

Theorem II1.16. If L'/ K and M’'/K have the same Galois closure N, then for any
place P of K, the ramification index in N/K of any place lying over P equals the
lem of the ramification indices in L'/ K of all the places lying over P, and likewise
equals the lcm of the ramification indices in M'/K of all places lying over P. In

particular, Br(L'/K) = Br(M'/K).

Proof. We use the fact that, if L'/K is an extension of function fields over K, and
N is its Galois closure, and we pick a place @ of N having inertia group I in N/K,

then the orbits of I on the set Homg (L', N) are in bijection with the places of L'
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which lie over the place Q N K, and moreover this bijection can be chosen so that
the size of the I-orbit equals the ramification index in L'/K of the corresponding
place of L'. Next, since N is the Galois closure of L'/K, no nonidentity element
of Gal(N/K) fixes every element of Homg (L', N). It follows that Gal(N/K) (and
hence I) embeds into the group of permutations of Homg (L', N). Since [ is cyclic,
this means that the order of I is cyclic, it follows that the order of I is the lem of
the lengths of its orbits on Homg (L', N), and hence is the lem of the ramification

indices in L'/ K of the places over Q) N K. O

3.6 Facts on the factorization of certain polynomials

One case we will study in this thesis is when a genuine Laurent polynomial is the
composition of a polynomial and an indecomposable genuine Laurent polynomial.
In this case, in Figure 3.3} fi = g1 will be the polynomial. There are two important
classes of polynomials we use very often in this thesis: the cyclic polynomial X" and
the Chebyshev polynomial T;,. We list some facts about their factorizations in this

section.

Definition II1.17. The Chebyshev polynomial 7}, is the unique polynomial which

satisfies the equation T,,(X + %) = X" + .

If n = 2 then T3(X) = X? — 2 which has branch points {—2, 00}, both of which
are totally ramified. Now we study the ramification and branch points of T,, for
n > 2. Let y be transcendental over K, then the field extension K(y)/K(y" + 1/y™)
has an intermediate field K(y 4+ 1/y). The branch points of K(y)/K(y" + 1/y™) are
{—2,2,00} where oo has type (n?) and 42 both have type (2"). For the branch
point oo, note that y = 0 and y = oo both lie over y + 1/y = 0o so oo is a totally

ramified branch point of K(y +1/y)/K(y"™ +1/y™). All the places in K(y) lying over
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y" + 1/y™ = £2 have ramification index 2 over K(y™ 4+ 1/y") but are unramified
over K(y + 1/y) unless y = +1, therefore all the places in K(y + 1/y) lying over
y" + 1/y™ = £2 has ramification index 2 except the place y + 1/y = £1 which is
unramified. The analysis above shows that:

If n > 2, then the branch locus of T,(X) is {2,—2,00}; the infinite place of
K(7T,(x)) is totally ramified in K(z)/K(T,(z)); all places of K(x) which lie over the
places T),(x) = 42 have ramification index 1 or 2 in K(z)/K(T,,(x)), and the only
such places of K(x) which have ramification index 1 are the places z = +2.

In the following lemma, we define u,, to be the set of all n-th root of unity.

Lemma I11.18. For any positive integer n and any c € K*, we have

X" —eyn=[[(X -¢Y)

£":C
Moreover, T,(X) — ¢T,,(Y) is irreducible if ¢ # £1. Finally, if e € {0,1} satisfies
e=n (mod 2), then
Fr X Y)=X+Y)" [ (CP-XY(E+eh)+Y2+ (-6
§€Mn\{i1}
E~et
T.X)+T.(V)=(X+Y) J[ (X=XY(E+&H+Y7+(E-¢).
§€pan\{punUp2}
E~et
where each product is taken over a system of representatives of the relevant set of £’s

modulo the equivalence relation & ~ £~1, and each quadratic polynomial occurring in

each product s irreducible.
Proof. We refer the reader to Lemma 1 on page 52 of [16]. O
3.7 Ramification and decomposability

Lemma [[I1.19] and Lemma [[I1.20| say that genuine Laurent polynomials of certain

ramification types are decomposable.
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Lemma III1.19. Let f(X) € K(X) \ K be any rational function which has at least
three branch points. If there is an integer N > 1 such that at least two branch
points of f have all their ramification indices being multiples of N, then f(X) is

decomposable.

Proof. We can assume the two branch points of f whose ramification indices are all
divisible by N are 0 and oo, since otherwise we can compose f to the right with a
linear fractional which maps 0 and oo to the two branch points. This new function
and f have the same decomposability, so we lose no generality.

Let g, h be the numerator and denominator of f, then the fact that all ramification
indices over 0 and oo are divisible by N implies that ¢ = ¢ and h = hY for some
polynomials g; and hy. Thus f = (g1/h1)"Y, so if f is decomposable then g;/h; has
degree 1, but then f has only two branch points whereas our hypothesis required it

to have at least three. O

Lemma II1.20. Let f(X) € K[X, X7!] be a genuine Laurent polynomial of degree
n, where n is even and n > 2. If the denominator of f is X™?, and f has three
finite branch points with ramification types {(2%), (122"2°), (1221}, then f(X) is

decomposable.

Proof. Let a,d,b,c be the corresponding branch cycles (see Lemma . Thus,
writing n = 2m, a, b, ¢, d are elements of S,, with cycle structures a : m,m, d : 2,172,
b:2m and c: 2™ 1 12, such that adbec = 1 and G = {(a, b, ¢, d) is transitive. To prove
the result, we show that there is a G-invariant partition of {1,2,...,n} into m two-
element sets.

Since b, ¢ have order 2, we get ad = (bc)™! = ¢~ 10~ = cb.

Assume for the moment that d connects the two cycles of a. Then without loss
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we may assume that a = (1,2,...,m)(m + 1,...,n) and d = (m,n), so that ad =
(1,2,...,n). Now let B be the partition of {1,2,...,n} into n/2 2-element sets, defined
by B = {{i,i +m} :i=1,2,..,m}. Clearly a and d permute the sets in B. But
since b, ¢ have order 2, each of them conjugates cb to its inverse: b(cb)b = bc = c¢(cb)c.
Since we already know that ad = cb, it follows that b, ¢ conjugate ad to its inverse.
This lets us write down b, ¢: say b(k) = r, then b(ad)b maps k — b(r + 1), but we
know that b(ad)b is the inverse of ad, and hence maps k +— k—1. So b(r+1) = k—1,
and since b has order 2, we also get b(k — 1) = r + 1. Now repeat this to get
b(k—2)=r+2blk—3)=r+3, ..., and in general b(i) = —i + constant. But this
clearly permutes the sets in B, since those sets are simply the cosets mod m. Hence
a,d,b (and similarly ¢) permute the sets in B, so also G = (a, b, ¢, d) permutes these
sets, as desired.

We now prove that d must connect the two cycles of a. Suppose otherwise.
Suppose without loss that d = (1,k) for some k& < m. Then ad = (1,k + 1,k +
2,..,m)(2,3,....,k)(m+1,m+2,...,n). We claim that in this case it is not possible
that (a, b, c,d) was transitive, since a,b, ¢, d will map {m + 1,m + 2,...,n} to itself.
This is clear for a and d. As before, b conjugates da = bc to its inverse, so b normalizes
the group (da), which implies that b permutes the (da)-orbits ( because b(da) = (da)b
so b{da)(i) = (da)b(i) which means that the b-image of the (da)-orbit containing i
equals the (da)-orbit containing b(7)). But {m + 1,...,n} is strictly bigger than the
other two (da)-orbits, so b must map it to itself. Likewise for ¢. Hence (a,b,c,d) is

not transitive, contradicition. O
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3.8 Inequalities connected with the Riemann-Hurwitz formula

In this paper, we will apply the first formula in Lemma [III.14] to f(X) — cf(Y),
where f(X) € K[X, X 1] is a genuine Laurent polynomial, ¢ € K*\ {1}, and f(X) —
cf(Y) is irreducible. The Riemann-Hurwitz formula looks like this:

0>25—2=—2deg(f)+ . S (erla) — ged(es(a), eur (1))).

ANEBr(f)UBr(cf) f(a)=cf (5)=A

By switching the roles of f and cf, we get, we get
0>2g—2=—2deg(f)+ Y, D (eer(b) — ged(ep(a), ecr()))-
AEBr(f)UBr(cf) f(a)=cf(b)=A
Then we add the two equations together to get
ddeg(f) > ) D (ep(a) + ecr(b) — 2ged(es(a), ecs(b)).
AEBr(f)UBr(cf) f(a)=cf(b)=A

We would like to get a lower bound for 3~ ;y_.;y=x(€7(a)+ecr(b)—2 ged(ef(a), ecp (D)),
which will be useful for determining how many branch points f and cf have in total
in Chapter [[X] In this section, we just work on the lower bound.

Note that }_ ;- er(a) = deg(f) and 3,y ecr(b) = deg(f), so we reduce it

to the following problem.

Problem III.21. Let n, ay,as,...,aq, bi,bo,...,0; be positive integers such that
S a = 22:1 bj = n. What is a good lower bound for S Zé.:l(ai + b —

2gcd(ay, bj)) which depends only on n ¢

In the following three lemmas we give lower bounds in case the a;’s and b;’s satisty

any of three sets of additional conditions.

Lemma II1.22 (Carney—Hortsch—Zieve [2]). Let ay,...,aq and by, ..., by be positive

integers such that 3.0 a; = 22:1 bj =n and ged(ay, . .., aq) = ged(by, ..., b) = 1.
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Then

(ai + bj — 2ng(6Li, bj)) Z n—1

l
=1

2.

=1 7

unless every a; and every b; s 1. Moreover, equality holds exactly when both the a;’s

and b;’s are 1,2,2,...,2, and the sum equals n if and only if either

e both the a;’s and b;’s are 3,1 (son =4)

e both the a;’s and b;’s are 2,1,1 (son =4) or

o thea;’s are 1,1,....1 and the b;’s are 2,1,1,...,1, or vice-versa.
Lemma IT1.23. Let aq, ..., aq be positive integers such that Zle a; = n and ged(aq, .
1. Then
¢ 2n
Z Z(ai +a; —2ged(ai, a;)) > 3
i=1 j=1
unless all a;’s are equal.
Proof. By applying the previous lemma to ay/a, ..., aq/a, where a := ged(ayq, . . ., aq),
we see that
d d
Z Z(ai +a; —2ged(a;, a4))
i=1 j=1
RNy a; a
i J i 4
=a — 4+ = =2 —, =
S Y aga %)
=1 j=1
n
>a(=—1)=n—
> a(a )=n-—a
unless all a;’s are equal. If @ = n or a = §, then all a;’s are the same, and

Zle Zgl:l(ai +a; — 2ged(a;, a;)) = 0; if not, then a < %, so the result follows. [

Lemma I11.24. Let aq,...,aq and by, ..., b be positive integers such that Zle a; =

2221 bj =n and ged(ay, ..., as) > 1 but ged(by, ..., bq) = 1. Then

d l

>0 (ai+b; — 2ged(a;, b)) = n

i=1 j=1

..,ad)>
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where equality holds if and only if the a;’s are 2,2,...,2, and theb;’s are1,1,2,2,...,2

or vice-versa.

Proof. 1t suffices to show that Zézl(ai—l—bj —2gcd(a;, b;)) > a; for every ¢, and to find
the conditions when the equality holds. Since if this is true, then z;i:l Z;Zl(ai +
b; —2ged(a;, b)) > Zle a; = n, and the equality holds if and only if Zzzl(ai +b; —
2gcd(a;, b;)) = a; for every i.

From now on, we fix one i, prove Z;Zl(ai +b; — 2gcd(a;, b)) > a; and find the
condition when the equality holds.

If some b; satisfies ged(a;,b;) < bj, say by, then ged(a;,b) < %1 and a; + by —
2gcd(ai, by) > a;. However, in fact this cannot be equality. If equality holds then
ged(ag, by) = %1 and a; +b; —2ged(a;, b;) = 0 for all j # 1. Let by = 2b, then a; = be
where ¢ is odd, and b; = a; = bc for j # 1. Now 1 = ged(by, ..., bqs) = b, so the b;’s
are 1,¢,c,...,cand a; = c¢. However, in this case, ged(a;, n) = ged(e, 1+c¢(l—1)) =1,
which violates the condition that ged(ay,...,as) > 1.

If all b; satisty ged(a;, b;) = b, then b; | a; for every j. We show there are ji, jo
such that bj, < a; and b, < a;, so Zé.:l(ai +b; — 2ged(a;, b)) = Z;Zl(ai —b;) >
ijjl,j2<ai — %) = a;. Suppose instead that there is at most one j = j; for which
b; < a;. Since the b;’s are coprime and they all divide a;, we must have b;, = 1. Now
n = Zé’:l bj = 14 (I — 1)a;, so ged(n,a;) = 1, which violates the non-trivial ged
condition of a;’s.

Therefore we have the desired inequality.

It becomes equality if and only if for all 7, Zz.:l(ai + b; — 2gcd(a;, b)) = a;.
According to the above arguments, it only can happen in the second case. In that

case Zé.:l(ai +b; — 2gcd(a;, b)) = Zé.:l(ai —b;) > >, (@i — %) = a; implies

bj, = bj, = % and the rest of the b;’s equal a;. Now ged(by,...,bq) = & = 1 implies
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a; =2, b;, =bj, =1, and the rest of the b;’s equal a; = 2. n

3.9 Equivalent and strongly equivalent functions

Definition II1.25. For polynomials f,g € K[X] \ K, we say they are equivalent if
f =vogopu for some degree-one u, v € K[X]|; we say they are strongly equivalent if
f = (aX)ogou for some a € K* and some degree-one p € K[X].

For genuine Laurent polynomials f, g € K[X, X ']\ K, we say they are equivalent
if f =vogopu for some degree-one v € K[X]| and pu(X) = eX? for some e € K* and
p € {—1,1}; we say they are strongly equivalent if f = (aX) o g o p for some a € K*

and p(X) = eX? for some e € K* and p € {—1,1}.

Remark 111.26. Let f, g be two polynomials or two genuine Laurent polynomials. If
they are equivalent then there is a genus-preserving bijection between the irreducible
factors of Fr(X,Y) and those of F,(X,Y). If they are strongly equivalent then, for
every ¢ € K*, there is a genus-preserving bijection between the irreducible factors
of Fr.(X,Y) and those of F,.(X,Y’) up to multiplication by some nonzero element
in K*. More precisely if H(X,Y) is an irreducible factor of Fy(X,Y’) (respectively
F,.(X,Y)) then the numerator H(X,Y) of H(u(X), u(Y)) is an irreducible factor

of Fy(X,Y) (respectively Fy.(X,Y)) and they have the same genus.



CHAPTER IV

Indecomposable genuine Laurent polynomial case: Part 1

In this chapter and the next chapter, we classifiy the indecomposable genuine
Laurent polynomials such that F(X,Y") has a factor of genus at most 1. The main
result in this chapter is Theorem which gives the classification of the genuine
Laurent polynomials for which F(X,Y") is irreducible with genus 0 or 1. We prove
this theorem by firstly showing that when deg(f) > 26 there is only one equivalence
class (see Definition of Laurent polynomials; we use a computer to determine

the small degree cases (up to 26) and get the small degree cases (up to the equivalence

relation defined in Definition [[I1.25]) in Table

Theorem IV.1. Let f(X) € K[X, X !] be a genuine Laurent polynomial with de-
nominator X*. If Fy(X,Y) is irreducible and its genus g is in {0,1}, then up to the
equivalence relation one of the following holds:

(X +1)"

1. f(X) = e where ged(n, k) =1 and n > k. Here F¢(X,Y') has genus 0.

2. f(X) has degree at most 10 and is one of the Laurent polynomials in Table .
The values of k and g, the value of n := deg(f), and the ramification type of f

are listed in Table[4.3.

44
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Table 4.1: Indecomposable genuine Laurent polynomials f where Fy(X,Y) has genus 0 or 1

)X +1/X
) (X3 1)/X
(X3 + X2 +a)/X where a e K\ {0,1/27}
+aX +1)?/X where a® € K\ {4, -12}
1)3(X +a)/X? where a € K\ {0, 1,7 + 4v/3}
4+4X3+2X—1/4)/X2
1_6x2 - 3)/X
1)? (X —9)/X
X — 14X —4(i +1))/X where i2 = —1
X — 1)4(X — 27/2)/X?
X —1)°(X +(3s+7)/2)/X? where s> =5
(X —1)5(X — (3s+11)/2)/X? where s> = —15
(X —1)5(X + 45 — 9)/X? where 52:5
1) (X3 49X +2)2/X3
2) (X3 +3X2%2 4+ (9w? — 1)X + 2w? + w? — 1/27)2/X? where w € K\ {0,1/6,—1/3,2/3} and
8/21w — 8/63 # 0
(X —DHX + (35 —11)/2)?/X where s? = —15
(X2+8X 2)3 /X2
(X2 + 10X +5)%/X
(X2+5X 5)3 /X
(X —1)%(X ~16)*(X — 25)/X
(X —1)*(X%2-6X +25)/X
1) (X+9)( (2w+7)X+w+2)3/X where w € K has order 3
2) (X+25)(X2 + X~ 256/5)°/ X
3) (X +1)(X?+5/27X — 1/48) /X3
(X2 +13X +49)(X2+5X +1)3/X
)
)
)
)
)
)
)
(X

.1
2

)
) (X
) (X
) (X
) (X
) (X —
1) (
2) (
(

21.1
21.2
22.1
22.2
22.3
23.1
232

24)

(X2+2X—|—(s—|—3)/14) /X where s? = =7
(X2 + X —27/20)%/X3
(X3+12X2+3(s+11)X+s+5) /X where s% = —2
(X3/21+ X%+ X/4-32/3)3/X?
(X3 +3/2X%2 +24/5X —10)3/X*
(X2+X—|—(z—|—1)/32) /X? where i = —1
(X2 +3X — 4)5/ X4
+1/4)%(X + a(a +1)% — 1/4)?/X> where a* —2a? +2 =0

4.1 Setup and some inequalities

In Lemma [[11.14] the second formula is the genus formula for Fy(X,Y’), where
Fy(X,Y) is irreducible.

200y — 2 = —2(deg(f DD (ef(a) — ged(es(a), ef (b))

AeBr(f) fla)=f(b)=

Our goal is to use this formula to find all the possible ramification types of f(X),

subject to the genus constraint g,, < 1. We expect a result as stated in Theorem

V.1l
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Table 4.2: Ramification types of Laurent polynomials f from Table

case Mon(f) | g k ramification indices (0o not counted)
(0 Sp 0] 1 29,21
(2) Ss 1 1 (1f2h), (1t2h), (1121)
(3) Sy 1 1 (27), (1221), (1%21)
(4) Sy 1 2 (113h), (1%21), (1%221)
(5) Ay 0 2 (1131), (1134)
(6) Ay 1 1 (1131, (113%)
(7) Ay 0 1 (22), (113!
(8.1) AGL,(5) | 1 1 (1122), (1141)
(8.2) S 1 2 (1122, (1141)
9) Ag 1] 3 (1757), (1337)
(10) Ag 1 2 (1151), (1%2?)
(11) As 0 3 (1151), (1%2?)
(12) Se 1 3 (1331), (2%), (1%21)
(13) Ag 1 1 (2141, (1%2?)
(14) Ag 0 2 (1331), (3%)
(15) As 0 1 (122%), (3%)
(16) Ag 1 1 (1331), (3?)
(17) Se 1 1 (23), (112131)
(18) Ss 1 1 (2%), (1245)
(19.1) AGLy(7) | 1 1 (1123), (113?)
(19.2)& (19.3) Sy 1|2or3 (113%), (1123)
(20) PSLy(7) | 1 1 (21), (123%)
(21.1) ASL3(2) | 1 1 (112%), (4%)
(21.2) Asg 1 3 (1122), (4?)
(22.1) AGL2(3) | 1 1 (1323), (3%)
(22.2) & (22.3) Sy 1|2or4 (1323), (3%)
(23) Ao 1[2or4 (152%), (5%)
(24) Ajg 1 5 (2181), (1%2?)

Let n = deg(f), and suppose Br(f) = {\,...,A\,,00}. For each \;, let ¢; =
> Ha)=fmy= (€r(@) — ged(ep(a), ef(b))). The key to solving the genus equation is to
get a lower bound for ¢; in terms of n, and to show that if n is large enough (n > 26),
the lower bound is very large, so f has only a few branch points. This will solve the
large degree cases, namely, n > 26 cases; for the small degree cases, we can use a
computer program.

For each \;, let a; = n — #(distinct roots of f(X) = );), and let b; = #(simple

roots of f(X) = X;). Then ) ' ,a; = n, by the Riemann-Hurwitz formula on

K(X)/K(t); and a; > 252 by the definition of a; and b;.

IEA =00, co = 3 ja)=ry=r(€r(a)—ged(er(a), e (b)) = n—2ged(n, k). IEA = A,
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we only sum those terms where ef(b) = 1 (in total there are b; many such b’s), so
¢ = b py=nrlef(a) — 1) = bja;. By combining this information with the fact that

g2y < 1, we obtain
n+2ged(n, k) — 2 > 2g,, —4+n+2ged(n, k) > Zaibi

If K =n/2, then 2n —2 > 3 a;b;; if & # n/2, ged(n, k) < %, so it follows that
The following results provide constraints on a;, b;, ¢; in the large degree cases,

namely, when n > 26.

Lemma IV.2. If n > 26, then for all i, either b; < 4 orb; >n—4. If b > n —4,

then a; < 2.

Proof. Note that if 5 < b; < mn — 5, then a;b; > bi";b" > 2.5(n —5) > 2n — 2, which

violates the genus formula. If b; > n — 4, and a; > 3, then a;b; > 3(n —4) > 2n — 2,

which also violates the genus formula. O]

Lemma IV.3. Ifn > 26, then if b; = 0 and ¢; > 0, then ¢; > min(%5+, %) =

w|3

Proof. Consider the ramification indices of one such point. If their ged is 1, then by

Lemma [[11.22, ¢; > "T_l ; if their ged > 1 but they are not all equal, then by Lemma
23 c; > 5. O
Lemma IV.4. If n > 26 and b; > n — 4, we have the following table. And since

a; <2, f(X) =\ has at least n — 2 many distinct roots.
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b; a; | ramification type G
n—4/| 2 (1m=122) 2n — 8
n—3| 2 (1m=331) 2n —6
n—211 (1m—221) n—2

Proof. Subject to a; > "’Qbi, the table lists all the possible values of a; and b;. The

ramification indices and ¢; can then be easily calculated. O]

Lemma IV.5. Ifn > 26 and 1 < b; < 4, then a;, b;, ¢; and the ramification type

are as in some row of the following table, unless either b; =1 and a; > ”T*'g orb;, =2

and a; > ”T“

b; | a; | ramification type G
1|t (112°7) n—1

1| 2 (11312"2") 2 — 6
1| ot (11412"3°) 3(n —3)
2 | 2 (122"2°) n—2
2| o (12412"3%) 2 — 6

Proof. Firstly when b; = 1, if a; = ”T’l or 3, the table contains all possible rami-

n+1
2 )

fication types: if a; = then ramification type could also be (11312%7), whose
¢; = 3.5n — 20.5 > 2n — 2; if a; = “£2, then ramification type could be (1151227,
(1'31412"2°) | (1'332"2 "), whose ¢; = 3n— 14, 3n— 14, 5n — 44 respectively, all bigger
than 2n — 2.

When b; = 2, if a; = "T_Q, the table contains all possible ramification types; if a; =
2=1 then ramification type is (12312"2%), whose ¢; = 2.5n — 8.5 > 2n — 2; if a; =

n
2

then ramification type could also be (12322717_8), whose ¢; = 4n — 24 > 2n — 2. If
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11

a; = "1, then ramification type could be (12272 3%), (122"2°3'41), and (122"7 5Y),

11n—97 7"n—33 and 777533

T Ty respectively, and they are all bigger than 2n — 2

whose ¢; are

when n > 26. ]

4.2 Large degree cases: when n = deg(f) > 26

Proposition IV.6. Let f(z) € K(X) be a genuine Laurent polynomial of degree
n > 26 with denominator X*. If Fy(X,Y) is irreducible with genus zero or one, then
n >k, ged(n, k) =1, g = 0, and A(f) must have ramification type {(1"7221), (n')}.

In other words, f(X) = (mi1+meX)o (X;,i)" o (meX?®), where my, ms € K*, my € K,

a = =+1.

Proof. As always, let n := deg(f). We determine all plausible ramification types
of f which are consistent with the genus of F(X,Y) being zero or one. Note that
the ramification types we find might not correspond to an indecomposable genuine
Laurent polynomial, and even if they did, the corresponding Laurent polynomial
might have F;(X,Y) being reducible.

We firstly deal with the case when f has a finite branch point Ag such that
f(X) = Ao has a unique root. In this case, it is easy to check that A(f) has ramifi-
cation type {(1"722'), (n!)}. At oo, the ramification type is (k'(n — k)'). Since all
ramification indices of f over oo and Ay are divisible by ged(k,n), the fact that f
is indecomposable (which follows from our hypothesis that F(X,Y) is irreducible)
implies that ged(k,n) = 1, by Lemma [[IL.19]

Now we can use the Riemann-Hurwitz formula to calculate the genus, and easily

find g = 0. In fact, we can find this Laurent polynomial. Writing ¢ for the unique

root of f(X) = Ao, we obtain f(X) = Ay + d(X);,f)n for some d € K*, which can be

rewritten in the form stated in the proposition.
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From now on, we will assume f has no finite branch whose ramification type is
(n'). We have the following equation from the Riemann-Hurwitz formula:

2n — 2 > l;aibi —I—bi;4ci > nT—Zl 1<bz;<4b,~ +(n—2)#{i:b; >n—4}
It follows that there are at most two values ¢ for which b; > n — 4.

Case 1: If by, by > n — 4 then we must have by = by = n — 2, a; = a; = 1 and
both points have ramification type (1"722'). The above inequality says 2n — 2 >
By <h,<a bi+2(n—2), this implies for all i > 3, we must have b; = 0, >~,o5¢; = 2,
and ) i oga; =n — 2.

By Lemma if b; =0, and ¢; > 0, then ¢; > ¥ > 2, so we should have ¢; = 0.
Thus each one has ((%)°), a; = n — s > n/2, so there is only one such point, now
n—s=n—2implies s = 2, so this point is ((4)?). Moreover, we have the same

thing for oo, so the ramification indices are
M2y (=201 (1n—201

in which case g = 0.

When n > 2, f(X) is decomposable by Lemma [[IT.19] so this case cannot occur.

Case 2: suppose that by > n—4 but b; < n—4 fori > 1. If by # n — 2,
then 2122 ¢ < 6, s0b; =0 for all # > 2, however any nonzero c¢; satisfies ¢; >
min(2;4, 2) > 2 > 6, which is a contradiction.

Ifby=n—-2(soa; =1,¢4 =n—2), then n > nT_421gbi§4 b;, so Zlgbigbi < 2.

Thus for the set {1 < b; < 4}, there are a few possibilities:

1. A single 2, say by = 2, then ”T_Q < ay < § (since n > ¢y > asby). By Lemma

V.5 as = %2, ramification type is (122%2), and cg =n—2. Now )~ s0a;, = 7,

bi=0fori>3,and } 5¢; =0 (if g=0) or 2 (if g = 1). Note when b; =0 a
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nonzero ¢; is at least , the only chance is Zl>3 ¢; = 0 with g = 0. Since ¢; =0

implies a; > %, so {b; = 0} has a single point, say b3, then b3 = 0 and a3 = %,

so the ramification type is (22).
k=mn/2,(2%),(172°7), (1" *2Y),g = 0

When n > 2, f(X) is decomposable, see Lemma [I11.20]

2. Two 1’s, say by = by = 1. Then %2 < ay,a3 < “. By Lemma [IV.5, we must

have as = a3 = "T_l and both have type (112%1), s +c3 =n — 1. Since n is

odd, then k # 7, but now n — 2> 1+ ¢ + c3 = 2n — 3 cannot happen.

3. A single 1, say by = 1. Then ay > "T, Cy > %1 Now 2123 a; <=L b, =0

for all i« > 3, and Zizs ¢ < ”T“ Since each a; < 7 for 7 > 3, it follows that

¢; >0 (so¢ > g) for © > 3, so there is exactly one such point.
If k #n/2, then 3n—2 > ¢+ ¢ +c¢3 > (n—2)+ %5+ 4+ 2, which is impossible.
So k =n/2, and now as + a3 =n—1, by = 1, by = 0. However, now n — 1 =

Ay +az >y o4 gb' =n — 0.5, contradiction.

4. No point. Then } o, a; = n —1 (so at least two points), b; = 0 for all i > 2.

n—>b
However, now » .., a; > 275

= n, impossible.

Case 3: when #{b; > n—4} =0. Soallb; <4. Sincen =>_a; > >, ”;bi, so there

are exactly two points, and assume b; < by < 4. Now 2n—2 > ¢ +co > Zi:l 9 bi”%bi,

b +b3—2
b1+bs—4

rewrite we have n < , we can then easily check that all the cases satisfying

b1 + by > 4 violate n > 26, so by + by < 4.

Moreover, we have 2n — 2 > 2b1"_2b1, so by < 2.

Also, we can get a bound for a;. ”sz =n- ”’TbQ >n—ag=a > ”’Tbl
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L. If by = 2, then by = 2, and one of a; must be at most 7, say it is a;, by Lemma

V.5 a4 = ”T_Q, cp = n—2. Now ay = ”TH, and ¢y > beas = n + 2, then

c1 + co = 2n > 2n — 2, impossible.

2. Ifblzl,thenlgbgg?),and%@Zalz"T—l.

If b = 1, then ”TH > ap,ay > ”T_l By lemma [[V.5] the only possibility is

a; = ,ap =22 and ¢ + ¢ = %+g(n—3):2n—5. Since now n is odd,

k # %5, we should have %n — 2 > 2n — 5, which is impossible for n > 26.

If by = 2, then ¢ > agsby > n — 2, so ¢4 < n. Now since ”T“ > q; > L

by Lemma , we must have a; = ”T_l where ¢; = ”T_l Now ay = 2L by

lemma, ¢y > 2n — 2, so this case is impossible.

If by = 3, then ¢y > asby > 3”2_9, so ¢ < ”T’L‘r’ Now since ”T’Lg > a; > "T_l, by

Lemma [IV.5 we must have a; = 25* or %3, and anyway n is odd and k # n/2.

So gn —2>c 4> 3”—2_9 + ”T_l = 20 — 5, which is impossible for n > 26.

3. If by = 0, then by > 0, since otherwise a; = ay = 5 and ¢; = ¢ = 0, but we

need c; + ¢o > 0 for the genus formula.

First consider the case when ¢; > 0, note that this implies a; > § and ¢; >

WIS

If n is odd, and by > 3, then gn —-2> §+ 3"7_3, which is impossible for n > 26.

Thus if n is odd, we must have by < 2.

If b =1, then % > a; > 5 says a; = "TH, n is odd, and now its ramification

type is (2%331), SO ¢ = %(n—?)). We also have ay = ”T_l, SO gn—Q > +cy >

%(n —3)+ nT—l = 2n — 5, impossible.

If by = 2, then ”—*2 > ay; > 5. Since ¢3 > azby > n — 2, we need ¢; < n. By

the argument above, a; can only be “2, now its ramification type is (2%432)

or (2%441), whose ¢; is 3n — 18 and n — 4 respectively, so the ramification type
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should be the latter one. Now ay = 22, by Lemma, co =n — 2. Now the
genus formula becomes 2n +2g —4=n—4+n — 2, and g = —1, impossible.

If b, = 3, then n is even and ”T*?’ > a; > 3, 80 ap = ”T*Q By the argument

above, c; >n—4,s02n—2>c1+co>n—4+ 3”773, this is impossible for
n > 26.
If bp = 4, then ¢ > 2n — 8§, so ¢; < 6, which is impossible since we assume
cp > 0.

Second consider the case when ¢; = 0. Note this point must have the form

((2)*), and a1 = n —s. Noten —s = a; < "’;bz < B If s # 4, then s < 7§,

so 2 < ™4 which is impossible. Thus s = a; = a, = %. Now the genus

formula 2n 4 2g — 4 = ¢, says ¢y is either 2n — 2 or 2n — 4. By Lemma [[V.5]

this is impossible for by = 1,2. If by = 3, then the ramification type could

n—12 n—10

be (1327 3%), (132"7 34!) or (132"2°5'), and their ¢, are 6n — 54, 4n — 20,

4n — 20 respectively, but none of them could be 2n — 2 or 2n — 4 given n > 26.

]

4.3 Proof of Theorem IV.1]

Proof. When n > 26, we get the first case from Proposition [[V.6

When n < 26, it is a finite computation. We can assume that no points in A(f)

has ramification type (n'). For each n, there are only finitely many choices for the

ramification types of A(f), for each choice we can use a computer program to check if

they satisfy the Riemann-Hurwitz formula. The ramification types of f which make

the Riemann—Hurwitz are those listed in Table [£.2] and the following:

1. (n,k) = (6,3) with ramification types {(2%), (122%), (1*2')} at the three finite

branch points. However this case f is decomposable.
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2. (n,k) = (8,3) with ramification types {(2%),(123%))} at the two finite branch

points. However no rational function satisfies this condition.

3. n =9 and k = 3,6 with ramification types {(1'2%), (1'224")} at the two finite

branch points. However this case f is decomposable.

The cases in Table do happen, and in this table we compute the monodromy
group and the genus of Fy(X,Y). We list all the corresponding indecomposable

Laurent polynomials in Table O



CHAPTER V

Indecomposable genuine Laurent polynomial case: Part 11

In this chapter we show Theorem [V.1] which gives all the indecomposable genuine
Laurent polynomials f (up to the equivalent relation defined in Definition for
which F¢(X,Y) is reducible with at least one genus 0 or 1 component.

Our strategy is as follows: Fy(X,Y) is reducible if and only if the monodromy
group of f(X) is not doubly-transitive. In [12], Miiller gave all the groups which could
occur as the monodromy group of an indecomposable genuine Laurent polynomial
(we restate the result in Theorem [V.2)). These groups are S,, A4,, S, 1S and a
few finite groups of size at most 40, where n := deg(f) and m? = n. Among them
the groups which are not doubly-transitive are S,, ! S and a few finite groups of
small size. The genus of the components of Fy(X,Y) is easy to compute when the
monodromy group has small size. The hard case is when the group is S,, 152, and we
deal with this case by explicitly finding the ramification type of the corresponding
Laurent polynomial and then use this to compute the genus of each component of

Fi(X,Y).

Theorem V.1. Let f(X) € K[X, X '] be an indecomposable genuine Laurent poly-
nomial for which Fy(X,Y) is reducible with an irreducible factor H(X,Y') of genus

0 orl. Then f = (X 4 ¢g) o ho u(X) for some u(X) = eX? with ¢;,e € K*

95
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and p € {1,—1} and ¢y € K, where the numerator H(X,Y) of H(u Y(X), p=1(Y))
divides Fy(X,Y) and in addition H (up to multiplication by a nonzero constant in
K*) and h satisfy one of the following conditions in Table . The ramification

information of the irreducible factors are given in Table[5.9

Table 5.1: F(X,Y) is reducible with a genus 0 or 1 irreducible factor (indecomposable case)

(1) h(X) = (X +2)(2X* — X — 1)*/X? and F,(X,Y) has two irreducible factors. The factor
H(X,)Y)=X?Y* - X3Y3 4+ X(X? - 9X/4+1/2)Y? + X2Y/2 + 1/4 has genus 1.

(2) h(X) = (X 4+5—2)(X? = X2 4 (s + 1)X/2 + (5 4+ 1)/2)3/ X7 where 52 = 5, and H(X,Y) has
genus 0 and it is either of the two irreducible factors of Fj,(X,Y).

(3) h(X) = (X + (11 — 55)/2)%(X2 + X — 1)*/X® where s> = 5, and H(X,Y) is either of the two
irreducible factors of Fj(X,Y).

(3.1) I:I(X Y’) has genus 0 and it is the degree-30 factor.

(3.2) H(X,Y) has genus 1 and it is the degree-60 factor.

(4) h(X) = (X +2)5(X — s — 3)3(X + 35+ 7)/X5 where s2 = 5, and H(X,Y) = X3Y + (s +
DX2Y2/24 (s +5)X%Y + (25 +6) X2+ XY3 + (s +5)XY? — (25 +2) XY + (25 + 6)Y? which has
genus 1.

Table 5.2: Ramification information of factors of F3(X,Y") in Table

Case | Mon(h) | d | g at 0o first branch point second branch point

(1) | S30Sy [ 4] 1] 3[27%,6[1% | 1[4],4%[each 1%] 13[each 12, 2], 2%[each 17
(2.1) As 3| 0| 5%[each 1°] | 1[3],3%[each 17] 12[each 1, 2], 2*[each 17]
(2.2) As 610 [each 1°] | 1[3?],3%[each 1] 12[each 23], 2%[each 19]

(3.1) Ss 3 | 0 [ 5%[each 13] | 2[1,2],4%[each 17] 1*[onel?, three 1, 2], 23[each 17]
(3.2) Ss 61 [each 1°] | 2[23],4%[each 1°] | 1%[three 12,22 one 23], 23[each 1°]
(4) Ss 311 [each 13] | 1[3],3[1,2],6[17] 1*[three 1,2, 0ne 1], 2%[each 17]

Here z,y are distinct roots of A(X) — t for which K(z,y) is the function field of the irreducible
factor of Fj(X,Y) stated in Table and d = [K(z,y) : K(z)]. The numbers (not in bracket) in
the last three columns are the ramification indices of places in K(x) over the branch point in K(¢),
while the numbers in the bracket are the ramification type of these places in K(z,y)/K(x).

5.1 Monodromy groups of indecomposable genuine Laurent polynomials

Theorem V.2 (Miiller [12]). If f(X) € K[X, X ] is an indecomposable genuine
Laurent polynomial, then the monodromy group G of f satisfies G = A,,, or G = S,

or G = S,,1Sy (where m* =n), or G has size at most 40 and G is one of the groups

in Table or Table[5.4.
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n G n G

5 AGL1(5) 7 AGL4(7)

8 ATL:(8) 8 AGL3(2)

9 ATL:(9) 9 AGL,(3)

16 Cél X (05 X 04) 16 | index 2 in (54 X S4) X CQ
16 C3 % Ss 16 AT Ly (4)

16 C3 x Aq 16 AT L4(2)

32 ATL5(2)

Table 5.3: Affine group cases

n G n G

6 | PSL2(5) | 6 | PGLa(5)
8 | PSLy(7) | 8 | PGL(7)
10 As 10 Ss

10 | PSLy(9) || 10 | PXLy(9)
10| My 10 | PTLy(9)
12 M, 12 My
14 | PSLy(13) |[ 21 | PSLs(4)
91 | PTL3(4) || 22| Moo
22 MQQ X CQ 24 M24
10 | PSL4(3) || 40 | PGL4(3)

Table 5.4: Almost simple group cases

Proposition V.3. If f(X) € K[X, X~!] is an indecomposable genuine Laurent poly-
nomial for which F¢(X,Y') is reducible, then the monodromy group of f is one of the

following:

1. S 1Sy (in degree m?)

2. Cy x A7 (in degree 16)

3. index 2 in (Sy X Sy) x Cy (in degree 16)

4. As and S5 (in degree 10)
Proof. A,, and S, are both doubly transitive. G = S,, 1 Sz acting on {(a;b)|a,b €
{1,...,m}} is not doubly transitive, where by (a;b) we mean an ordered pair with
entries a and b. One can easily check that G acting on 2-pairs, in other words

{(a;b)(c;d)|a,b,c,d € {1,...,m}} has two orbits, the first orbit is {(a;b)(a;c)} U

{(b;a)(c;a)} with b # ¢, the second orbit is {(a;b)(c;d)} with a # ¢ and b # d.
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We used Magma to check which of the remaining groups are doubly transitive. [J

5.2 Wreath products as monodromy groups

In this section, we prove the following result for the S, ¢ S5 case.

Proposition V.4. If f(X) € K[X, X '] is an indecomposable genuine Laurent poly-
nomial of degree m? with monodromy group G = S, 1S for some m > 4, then every

irreducible factor of Fr(X,Y') has genus at least 2.

We will prove the proposition by the following method.

Let N = S,, x S, which acting on the set of pairs {(a;b)|a,b € {1,...,m}},
G=S8,15 =<m7,...,7 > 71...7, = 1 (see Lemmal[[IL.9), and let E := {r,...,7,}.
Note that each 7; is corresponding to a branch point of f.

Let £ € G be a group element which swaps the coordinates of all the pairs, then
G = (N,¢), and [G : N| = 2. Applying Riemann-Hurwitz to K(z)/K(t) gives some
constraints on the 7;’s, which when combined with the above properties of the 7’s
force the ramification types of the 7;’s to be one of a handful of possibilities.

The group G has two orbits on the collection of two-point sets, corresponding to
the two irreducible irreducible factors of F(X,Y). Now since we know the type of
all 7;’s and the two irreducible factors, we can explicitly compute the genus of the

two irreducible factors.

5.2.1 The structure of 7;’s
We will show the following lemma, which gives the structure of 7;’s.

Lemma V.5. Besides (m') x (k'(m —k)!) corresponding to the branch point oo, all

the remaining ; are exactly
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one T from the conjugacy class of £, and the other T from the conjugacy class o
1 th Jugacy cl d the oth th Jugacy cl
(1m=221 x 1m)¢

(2) two T's from the conjugacy class of £, and one T of type (2'1™72) x (1™) or

(1m) % (211m—2)
We will need a few additional lemmas to prove this lemma.

Lemma V.6. at least two 7’s are in G\ N. The T at oo has type (k*(m—k)!) xm! €

N, where (k,m) = 1.

Proof. Since G is generated by the 7’s, at least one 7 is in G'\ N. Since the product
of the 7’s is 1, there must be at least two such 7’s.The second claim is from [12),

Lemma 3.15]. O

Let Q1 = {(a;0)]a,b € {1,...,m}}, Qo = {(a;b)(a;¢c)} U{(b;a)(c;a)} with b # c,
and Q3 = {(a;b)(¢;d)} with a # c and b # d. By (a;b) we mean an ordered pair with
entries a and b. Let K; be the fixed field by the stabilizer of £2;, and g; be the genus
of K;. The degree (as extension of K(t)) of K, Ky, K3 is the size of corresponding

2 ng = 2m?%(m — 1) and nz = m?*(m — 1)? respectively.

s, which is ny =m
Let g; be the genus of K;, then g, = 0 because K, = K(z,t)/(f(x) —t). Let
O;(7) be the number of orbits of 7 acting on €2;. By applying the Riemann—Hurwitz

formula to K;/K(t), we get the following genus formula

Lemma V.7. Let E = {r,..., 7.}, then

2m® —2 =Y (m®— Oy(r))

TeE

mP= 3 (m®—Oi(r))

TEE\{oco}
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Proof. The first comes from 2g; — 2 = ny(—2) + > p(m* — O1(7)), and g1 = 0,

ny = m?. The second is because, at oo, 7 has type (k'(m — k)') x (m!) where

(m7 k) =1, and 01(7> = Zm(iaj)@ibj =2 ]

Lemma V.8. For any nontrivial T € G, m* — Oy(7) > m, and equality holds if and

only if T € N, with type (2'1™72) x (1™) or (1™) x (211™72).

Proof. Firstly consider 7 € N with type (1% ---m%m) x (1% ... mbm) where at least

one of ay, by is less than m — 2. Acting on €y, 7 has a;b; fixed points, and all other

orbits have length at least two, so Q(7) < aib; + m2_2“1b1 = m2+2“1b1 < m2+m2(m_2) —

m? — m. Equality holds if and only if {a;,b;} = {m, m — 2}, which gives us the

desired type. Thus the lemma is true for 7 € N.

For 7 € G\ N, note 72 € N, and O;(7) < O1(7?) < m? — m. Equality holds
if and only if 72 has the type (2'1™72) x (1™) or (1™) x (2'1™~2). However, this is
impossible. Suppose 7 = (t; X t3)€ € G where t,1y € S,,, then 72 = 1ty X tot; € N.
Since tty = t;l(tztl)tg, t1to and oty are in the same conjugacy class, so they must
have the same type, whence it cannot be that one has type 21172 and the other has

1. [l

Lemma V.9. For any 7 € G\ N, m?> — Oy(7) > m(";ﬂ) unless T belongs to one of

the following conjugacy classes

(1) class of &, in this case, m* — Oy(1) = m(";_l)

(2) class of type (1™7221 x 1™)¢, in this case, m* — Oy (1) = m(";“)

Proof. Say T = (t; xt5)&. We have (t31 xt; 1) (t1 xto)E-(t3xty) = (t3 tity x t) Hots)E,
choose t4 = tots3, and use ~ to represent conjugacy, this shows (t; X t9)§ ~ (tgltltgtg X

1)€. Note that as t3 runs over all elements in S,,, tg_ltltztg runs over all elements in
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S of the same type as tity, so it makes sense to say class of a certain type as stated
in (2).

Since O4(7) is the same for the conjugacy class of 7, we just need to pay attention
to the elements in (S, x 1){. Pick any element (¢ x 1)§, where (say) ¢ has type
(1% ... m®m), we want to calculate its O;. Let (a;b) be an ordered pair, then under

the iterated action of (¢ x 1), the orbit is
(a;b) = (tb;a) = (ta;th) — (t*b;ta) = (t2a; t%b) > - - -

The orbit length is 1 if and only if @ = b is fixed by ¢, so there are a; many

1-orbits. The orbit length is 2 if and only if a # b are both fixed by ¢, so there are

w many 2-orbits. All the remaining orbits have orbit length at least 3, so there
2_
are at most mQ*“rgl(“l’l) = : % orbits remaining.
Therefore, m? — Oy ((t x 1)€) > m? — (a; + al(ag_l) + m23_a%) = 4m2_2“1_a%. When

a; < m—4, the right hand side is at least 4m2_3(m_64)_(m_4)2 = 3m2+65m’4 > 3’”26*3’” —

1 ..
%. Now the remaining cases,

If a; = m—3, then (¢ x 1)¢ has type ((1™733') x 1™)¢, and its action on the set of
ordered pairs has type (1”‘32(m_3>2(m_4)316m_2). Here the number of 1-orbits and 2-

orbits comes from a; = m—3. All other orbits have length either 3 or 6, where 3-orbit

requires b = ta, so there are 3 such pairs and they form one 3-orbit. The remaining

m24+3m—4 m2+m
2 > 2

6m — 12 pairs form m — 2 many 6-orbits. In this case, m? — O; =

If a; = m — 2, then (¢ x 1)¢ has type ((1™722!) x 1™)¢. Its action on the set of

(m—2)(m—3)

ordered pairs only has orbit length 1, 2, 4, so the type is (1722 2 4™ 1) and

m2 — 01 = —m(n;—i-l) .

If a3 = m, then (¢t x 1)§ = &, its action on the set of ordered pairs has type

m(m—1)

(12", so m? — 0; = ™=l O
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Now we can prove Lemma [V.5]

Proof of Lemma[V.5 Consider the formula
(5.1) m>= Y (m’=0i(r))
TEE\{oco}
from Lemma[V.7] By Lemma[V.6] at least two 7’s are in G\ N, then by Lemma[V.9]

there are exactly two, and their m? — Oy (1) are either % and w, or both

W. The first choice is case (1); for the second choice, the right side of Equation

(5.1) has m left, by Lemma , this space only fits one 7, and 7 must have type

(211™=2) x (1™) or (1™) x (2'1™72), this is case (2). O

5.2.2 Genus of the two components

Lemma V.10. For the elements invlioved in E, the following table gives the number

of their orbits, when acting on s and 3.

(mh) x (k'(m —k)1) £ 2112 x1™m) (RIIm=Zx1m)¢
Os(7) 3m —4 m3 —m? 2m3 — 5m? + 4m m3 —4m? +8m — 6
T—2m3+om?— 1 —6m3+20m*—35m+24

Os(7) m(m —1) m_—Zm ;‘ m-—m | mt _Am3 4+ 6m? — Im | B=Sm+ 5 m+

Proof. For (m') x (k'(m — k)'), acting on {(a;b)(a;c)|b # c} it has mﬁflklz}l) +

% =(k—1)+ (m —k—1) =m — 2 orbits, acting on {(b;a)(c;a)|b # c}
. m(m—1)k m(m—1)(m—k)
it has k] T T mmh]

{(CL, b)(C, d)|a 7£ C7b 7& d}, 03(7_> _ m(m—l)l]z(k—l) +2m(m—1)k(m—k)+m(m—1)(m—k)(m—k—1) _

[m,k] [m,k,m—k] [m,m—Fk]

= 2m — 2, so Oy(7) = 3m — 4. Now acting on 3 =

m(m —1).
For the remaining 7, we use Burnside’s lemma, which says #orbit(1) = ﬁ ZLT:I(; Yy Fix (),
where |7| is the order of 7.

For 7= ¢, Ox(1) = 3(2m*(m — 1) + 0) = m*(m — 1); O3(7) = 5((m(m — 1))* +

m(m — 1)) since Fiz(§) = {(a;a)(c;c)|a # c}.
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For 7 with type (2'1™72 x 1™), choose any element of that type, say 7 = (12) x 1,
then Oy(7) = 3 (2m?(m — 1) + (m —2)m(m — 1) + (m — 2)(m — 3)m), since Fiz(r) =
{(a;0)(a;c)|b # c,a # 1,2}U{(b;a)(c; a)[b # ¢ and both # 1,2}. Os(r) = 3((m(m—
1))?+(m—2)(m—3)m(m—1)) since Fiz(r) = {(a;b)(c;d)|a # c and both # 1,2, b #
d}.

For 7 with type (2'1™72 x 1™)¢, choose 7 = ((12) x 1), now 72 = (12) x (12),
™ = (1 x(12)§ 7 = 1. On Q, 7 and 73 has no fixed points, #Fiz(r?) =
2+ (m —2)(m — 2)(m — 3), s0 O(r) = H2m*(m — 1) + 2(m — 2)(m — 2)(m — 3)).
On Q3, Fiz(r) = Fiz(r®) = {(a;a)(c;c)la # c and both # 1,2}, so #Fiz(r) =
#FPiz(m3) = (m — 2)(m — 3); Fiz(1?) = {(a;b)(c;d)|a # ¢,b # d and all # 1,2}, so
#Fiz(r?) = (m — 2)%(m — 3)®. Therefore O3(7) = 1((m(m — 1))* + 2(m — 2)(m —
3) + (m —2)*(m — 3)%).

By simplifying the expressions for Oy and O3, we get the desired expressions in

the table. 0
Now we can prove Proposition [V.4

Proof of Proposition[V.4] We have the following formula for go, g3

2g; =2 = (=2)n; + Y _(n; — Oi(7))

T€E
where i = 2,3, ng = #Qy = 2m?*(m — 1), n3 = #Q3 = (m(m — 1))
Lemma gives us the possible configurations of F, and Lemma [V.10| gives us
the O; values.

In case (1) of Lemma[V.5 one can easily find

3m? — 11m + 12
2
(m—1)(m —2)(2m —5)
2

g2 =

g3 =
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In case (2) of Lemma[V.5 one can easily find

3m? —Tm +6
g2 =
2
(m —2)(2m?* —3m — 1)
g3 =
2
It is easy to check that when m > 4, go, g3 are both > 1. [

5.3 Proof of Theorem [V.1]

Proof of Theorem [V.1. In Proposition [V.3], there are two finite groups, and S, ¢ Sa.
In Proposition [V.4] we showed that when m > 4, and G = S, ! S, all factors of
F¢(X,Y) have genus greater than 1, so we only need to consider Sp ¢ Sz, S35 and
the two finite groups in Proposition [V.3. By a computer program, we can get the

desired result. O



CHAPTER VI

Decomposable case: indecomposable genuine Laurent
polynomial composed with cyclic polynomial

In this chapter, we study the case when the genuine Laurent polynomial f has
decomposition L o X™ where L is an indecomposable Laurent polynomial of degree
at least 3 and m > 2. We do not consider the deg(L) = 2 case here since this case
all the irreducible factors of F,(X™,Y™) has the form a XY — b where a,b € K* and
then K(z) = K(y); this case is already covered in case 1 of the proof of Theorem [[.5]

fX)—f(Y) _ LX™)-LY™) Xm_ym

In this case, =5~ = “ 5w —ym ~—v - Pach factor in the second part has

genus 0, so we just consider when F(X™,Y"™) has an irreducible factor of genus 0
or 1. Note that in this case F7(X,Y) must have an irreducible factor of genus 0 or

1, so such L must come from Theorem or Theorem [V.1]

Theorem VI.1. Let L € K[X, X! be an indecomposable degree-n (n > 3) genuine
Laurent polynomial having denominator X*, and let m be an integer with m > 2.
If Fr(X™,Y™) has an irreducible factor whose genus g, satisfies gz, < 1, then the

pair (L,m) is one of these in Table[0.1]

Proof. First we show that the left square is irreducible. Note that © = 0 and u = oo
are both totally ramified in K(z), and in any case one of u = 0 and v = oo must have

an unramified place in K(u,v) lying over it, so this place will be totally ramified in

65
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Table 6.1: Fr,(X™,Y™) where L is indecomposable genuine Laurent polynomial

(1) L= (X —1)3(X —9)/X and m = 2. This case F(X?,Y?) has two irreducible factors and each
has genus is 1.

(2) L(X) = (a1 X + ¢) (X;ikl)ﬂ o (c2X®), where ¢1,c2 € K*, ¢g € K and a = +£1.

O
(2.1) (m,n, k) = (2,4,1). This case F(X™,Y™) has two irreducible factors and each has genus 1.
(2.2) (m,n,k) = (3,3,1). H(X,Y) is either of the two irreducible factors of Fr(X™,Y™): the
factor X?Y + XY?2 — 1 has genus 0 and X*Y? — X3Y3 + X2Y* 4 X2Y + XY? + 1 has genus 1.

(2.3) (m,n, k) = (2,3,1). This case F(X™,Y™) is irreducible of genus 0.

K(x,v)/K(u,v). This implies the left square is irreducible, and the same argument
shows the right square is irreducible too.

Now we split into two cases, the case Fi,(X,Y) is irreducible and the case F7,(X,Y)
is reducible. In either case we will consider the possible m values for which g,, < 1,
and then deal with the reducibility of the top square and consider when g,, < 1.

Case 1: F;(X,Y) is irreducible

In this case, L are the Laurent polynomials from Theorem Again we will
build a tower of function fields. Let v = 2™ # v = y™, and L(u) = L(v) = t.

First of all g,, must be 0. Note that in any case (k > 1 orn—F%k > 1 or
k =n—Fk = 1), one of 0, and oo, must have an unramified preimage in K(u,v),
then since both of them are totally ramified in K(u), so there is ramification in
K(z,v)/K(u,v). If gu = 1, then g,, will be > 1, contradiction. The argument
above shows that K(z,v)/K(u,v) has a totally ramified branch point of index equal
to m, so we also know the left square (similarly the right square) must be irreducible.
Now we apply Riemann-Hurwitz formula to K(z,v)/K(u,v), see when g,, could be
at most 1.

We firstly look at the cases when k = 7. This case oo, and 0, are all unramified
in K(u, v), so we have 2g,, —2 = (=2)m +2(n—1)(m —1) = 2(n — 2)m — 2(n — 1),
s02<m< Z—:é =1+ ﬁ and the only possibility is n = 2 (since n is even), and

g0 = 0. However in our assumption n > 3 so we have k # 7.
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We then look at the cases when ged(k,n — k) = 1 but k # . These cases are the
(n,k) = (4,1) and (n,k) = (6,1) cases from Table |4.1] and the first case in Theorem
where n > 2.

For the cases from Table [1.1] the genus formula is 2g,, — 2 = (=2)m + (n —
1)(m — 1) + (m — ged(m,n — 1)). If n = 6, then the formula becomes 2g,, =
dm — 3 — ged(m, 5) > 3m — 3 > 3, so n = 6 cannot happen. If n = 4, this becomes
2m — 3 — ged(m,3) = 0 or =2, 50 gy = 1 and m = 2 or 3. If m = 3, let P,, be
the place over 0, and co,, then P,, is unramified in K(x, v) but ramified in K(u, y),
SO Gzy > Oz0 = 1. If m = 2, then every place in K(u,v) is either totally ramified
or unramified in both K(z,v) and K(u, y), so K(z,y) has genus 1 no matter the top
square is reducible or not. This case L is case 7 in Table [1.1]

For the first case in Theorem where n > 2, the genus formula is 2g,, — 2 =
(=2)m + (n — 2)(m — 1) + (2m — ged(m, k) — ged(m,n — k)) = (n —2)(m — 1) —
ged(m, k) — ged(m,n — k). Since ged(k,n — k) = 1, then at least one of ged(m, k)
and ged(m,n — k) is 1, and the other is at most m, so 0 > (n —2)(m —1) — (m+1).
Then n < 241 4+ 2 = 34 —2-. The possibility are (m,n) = (2,< 5),(3,< 4), (>
4,< 3). For the first two possibilities of (m,n), we get the following solutions:
(myn, b, ga) =(2,3,1,0), (2,4,1,1), (2,5,1,1), (2,5,2,1), (3,3,1,1), (3,4,1,1). For
the third possibility of (m,n), n =3 and (m, g.,) = (4, 1).

Among these cases where g,, = 1 and m < 3, we require any place in K(u,v)
to be totally ramified or unramified in both K(z,v) and K(u,y) no matter the top

—K] [m,k]

square is reducible or not. Therefore we need [mnﬁk = =2, and the satisfying

genus 1 cases are (m,n, k, g.,) = (2,4,1,1), (3,3,1,1) and these two cases g,, = 1
no matter the top square is reducible or not. The remaining g,, = 1 case is when

(m,n, k) = (4,3,1). This case the place in K(u,v) lying over v = co and v = 0 has
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type (2%) in K(z,v) but has type (4') in K(u,y), so there is ramification between
K(z,y) and K(z,v), so gy > 1.

Among these cases the only g,, = 0 case is (m, n, k, g.») = (2,3,1,0). In this case
the place in K(u, v) lying over u = 0 and v = oo is unramified in K(z, v) but totally
ramified in K(y, u), so the top square must be irreducible and Rieman—Hurwitz shows
that g,, = 0.

Finally we look at the cases when ged(k,n — k) > 1 and k # %. The only case is
case 16 in Table[4.I], where n = 6, k is even. Without loss of generality, we can assume
k = 2. Now the ramification indices of 0, and oo, in K(u,v) consist of two 2’s and
six 1’s, so the genus formula gives 2g,, —2 = (=2)m +6(m — 1) +2(2 — ged(2,m)) >
4m — 6 > 2, which is impossible.

Case 2: F(X,Y) is reducible

In this case, L are the Laurent polynomials from Theorem [V.1. For all of these
cases, one of 0, and oo, has an unramified preimage in K(u,v), so we just consider
the gu, = 0 cases, in other words, case 2, 3 and 4. However, for each case, 0,
and oo, have at least 6 unramified preimages in K(u,v) in total, so 2g,, — 2 >

(—2)m + 6(m — 1) = 4m — 6 > 2, which is impossible. O



CHAPTER VII

Decomposable case: polynomial composed with genuine
Laurent polynomial: Part 1

In this chapter f € K[X, X~!] is a decomposable genuine Laurent polynomial of
the form f = P o L, where P € K[X] is an arbitrary polynomial of degree > 1

and L € K[X, X 1] is an indecomposable genuine Laurent polynomial. Note that

f ()2:{/ ) _ P Oigiif(")f)(y) L()A()g:f/(y), an irreducible factor of genus at most 1 could

come from Fy (X, Y) or from Fp(L(X), L(Y)). The case F,(X,Y) is already solved in
Theorem and Theorem[V.1] so in this chapter we consider when Fp(L(X), L(Y))
can have an irreducible factor H(X,Y') of genus at most 1.

The main result of this chapter is Theorem [VII.1]

Theorem VIIL.1. Let L € K[X, X!| be an indecomposable genuine Laurent polyno-
mial, let P € K[X] satisfy deg(P) > 1, and pick any irreducible H(X,Y) € K[X, Y]
of genus 0 or 1. If H(X,Y') divides Fp(L(X), L(Y)) then P = Pyo Py for some poly-
nomials Py, P, € K[X], H(X,Y) divides Fp,(L(X), L(Y)), and one of the following

holds after perhaps replacing H by a constant multiple of itself:

1. Fp (L(X),L(Y)) is irreducible of genus 1, where P;(X) = X3(X?% + 5X + 40),

deg(L) =2 and A(L) = {3(—5 + 3iv/15) or (=5 — 3i\/15), 3}.

2. Here P, = X" (X — 1)® where ged(r,s) =1 and r + s > 3, and deg(L) = 2. Let

69
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A(L) = {on, as}, and let Ay, Ao be the two simple roots of L(X) — 2S5 then

sy
(a) P, = (X —a)(X — b)? where {a,b} = {0,1}, and
i. ap = Ay, ag = Ay, this case the numerator of Fp (L(X), L(Y)) has two
factors, each has genus 0.
i. o = a, ag = Ay, this case the numerator of Fp (L(X),L(Y)) is irre-
ducible of genus 1.
wi. L = (X + g5 + 5) 0 aX for a € K*, this case all factor(s) of the
numerator of Fp, (L(X), L(Y)) have genus 1
(b) Py = (X —a)(X —b)* where {a,b} = {0,1}, and oy = a, ag = Ay, this case

the numerator of Fp (L(X), L(Y)) is irreducible of genus 1

3. Here Py = T,, and H(X,Y) is a factor of the numerator of L(X)*+ L(Y)?* —

2L(X)L(Y) cos(27r /n) — 4sin®(27r /n) for some 0 < r < n/2.

(a) Br(L) = {—2,2,a,00} where each branch point has type (1'2') and o? =
2(1+4cos(27mr/n)) for some 0 < r < n/2. This case Fr, (L(X), L(Y)) has an
irreducible factor L(X)? + L(Y)? — 2L(X)L(Y) cos(27r /n) — 4sin® (277 /n)
of genus 1.

(b) L(X) = aX + b/X + ¢ where a,b,c € K* and let {B1, B2} = {2Vab +
c,—2v/ab + ¢} be the finite branch points of L. Then B, = 2 or —2. If
By # 2(1 + cos(2mr/n)) then L(X)* + L(Y)? — 2L(X)L(Y') cos(2nr/n) —
4sin?(27r /n) is irreducible of genus 1; otherwise each irreducible factor of

L(X)?+ L(Y)? = 2L(X)L(Y) cos(2nr/n) — 4sin®*(27r/n) has genus 0.

4. Py = X" for some integer n at least 2, and H(X,Y) is a factor of the numerator

of Fponc(X,Y) where ¢ # 1 is a n-th root of unity.
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Remark VIL2. Due to Theorem [VILI] one can see it is essential to classify when
f(X) —cf(Y) has a factor of genus at most 1. We will leave it to Chapter [IX] and

Chapter [X]

The strategy is as follows.

We can build a function field tower K(z, y) /{K(z,v), K(u,y)} /{K(z), K(u,v), K(y)}
/K(t) as shown in Figure 7.1/ where all the function fields in this tower have genus at
most 1. Note that in this function field tower, u = L(x), v = L(y), P(u) = P(v) =t
and K(u) # K(v). The possibilities for the polynomial P are described in Theorem

VIL3l

/ \
/ \ / \
\ / \ /
pu)\m /m

Figure 7.1: Tower of function fields

Theorem VII.3 (Carney-Hortsch-Zieve [2]). Suppose P € K[X] is a polynomial of
degree at least 2, then Fp(X,Y) has a genus zero or one factor if and only if P is

equivalent to one of the polynomials given below:

1. Sporadic cases in Table[7.1] Since we only need their ramification types, we just

list the ramification types in the table.

2. PM(X). Heren > 1 and Fp, .(X) has an irreducible factor of genus at most 1,
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and ¢ € K*\ {1} is a n-th root of unity.

6. X"(X —1)° wherer >0,s>0andr+s >3

| Case | deg(P) | Ramification type of P | Genus of Fp(X,Y) |

1 4 (1221, (1221), (1%221) 1
2 5 (1231), (1231) 1
3 5 (123h), (1122%) 0
4 5 (112%), (132h), (1321) 1
5 6 (1241), (1222%) 1
6 6 (112131), (1222) 1
7 7 (112141), (132?) 1
8 7 (1341), (1%23) 1
9 7 (1132), (1131 1
10 7 (1132), (1322) 0
11 7 (2231), (1322%) 1
12 7 (122131), (1129) 1
13 8 (213%), (1122) 1
14 8 (123%), (122%) 1
15 9 (1142), (1°22) 1
16 9 (133%), (112%) 1
17 10 (113%), (1123) 1

Table 7.1: Sporadic cases

7.1 When P satisfies case 1 or case 6 (where gcd(r,s) = 1) in Theorem

VIL3|

In this section, case 1 is done in Proposition [VIL.6] and case 6 (when ged(r, s) = 1)
is done in Proposition

The outline is as follows. In Lemma we show the left and the right squares
cannot be reducible, so we can use Riemann—Hurwitz on the left and right squares,
and in Lemma we show that g,, = 0. Then in Proposition we deal with

case 1 and in Proposition [VIL.7| we deal with case 6 (when ged(r,s) = 1).
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Lemma VII.4. Both the left and the right square are irreducible.

Proof. By symmetry, we just need to show that the left square cannot be reducible.

If the left square is reducible, then by Theorem [[IL.15] there is an intermediate
field L’ in between K(z) and K(u), and M’ in between K(u,v) and K(u), such that
L'/K(u) and M'/K(u) have the same Galois closure, and then by Theorem [[11.16]
any place in K(u) should have the same lem for its ramification indices in K(z)
and K(u,v). Consider oco,, it is unramified in M’, so lem= 1, this means it is also
unramified in L, but in L', it can have at most two preimages, so the only possibility
is that oo, has two unramified preimages in L', so [L': K(u)] = 2. Thus L'/K(u) is
Galois, so that M’ = L'.

Therefore
1. d = [K(u,v) : K(u)] is even.

2. [M'" : K(u)]=2 implies that there are at least two places in K(u), which are
totally ramified in M’, therefore there are at least two places in K(u) whose

ramification indices in K(u,v) are all even.

Let R be such a place in K(u), and let S be the place of K(¢) lying under R.

Then exactly one of the ramification indices of S in K(u) is odd.

Finally, we check that neither case 1 nor case 6 (where ged(r,s) = 1) satisfies

both of these conditions. n
The following lemma shows that g,, can only be 0.
Lemma VIL5. g,, = 0.

Proof. If g,, = 1, then there will not be any ramifications between K(z,v) and

K(u,v). So deg(L) = 2, and oo, is unramified in K(z). Note Riemann-Hurwitz
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says between K(x) and K(u), we still need contribution 2, so there are two places,
say QQ1,Q9, in K(u) which are totally ramified in K(x). To avoid ramification in
K(z,v)/K(u,v), @1, Q2 must be ramified in K(u,v) and their ramification indices
must be all even. Suppose @), is over T; in K(t), then 7T; is ramified in K(v), with all
indices even except at most one. So there are two places in K(¢), whose ramification
indices in K(v) are all even except at most one, this rules out all the genus 1 cases
in case 1(Table [7.1). For case 6 when ged(r,s) = 1, gy = 0 so we do not need to

consider it. O

The previous lemma shows g,, = 0, so P is either case 6, or one of sub-case 3
and sub-case 10 of case 1 in Theorem [VII.3] The following two lemmas gives all the

possibilities of the ramification of L.

Proposition VIL.6. If P is sub-case 3 or sub-case 10 of case 1 in Theorem [VII.3,
and L is an indecomposable Laurent polynomial such that Fp(L(X),L(Y)) has a
genus zero or one component, then

1. f=PoL and Fp(L(X), L(Y)) is irreducible of genus 1. Here P(X) = X3(X?+

5X +40), deg(L) = 2 and A(L) = {3(—5+ 3iV/15) or 3(—5 — 3iv/15), 3}.

Proof. Let m = deg(P) and n = deg(L). Apply Riemann—-Hurwitz to K(z,v)/K(u,v),
then 2g,, —2 = (=2)n+ (m—1)(n—2)+C, where (m —1)(n—2) is the contribution
of places in K(u,v) over oo,, and C' is the sum of all other contributions. Here

C=0B-mn+2(m-—1)+2g,, — 2.

Sub-case 10 of Case 1
In this case m =7, so C' = 12 — 4n + 2g,, — 2. Therefore n =2 or n = 3.
Ifn=2,then C =4ifg,, =1;C=2if g,, = 0. Since n = 2, K(x)/K(u) has two

totally ramified places, say P; and P,. Let (Q1, ()2, Q3 be the three unramified places
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in K(u) lying over the place in K(¢) which has type (132%); let R be the unramified
place in K(u) lying over the place in K(¢) which has type (1'3%). If P, = Q, or
R, then its contribution to Riemann-Hurwitz is 2; if P; is any other place, the
contribution is 6. Therefore, one of P;, say P, must equal some (); and g,, = 1. Now
in order g,, = 1, regardless of the reducibility of the top square, K(z, v)/K(u,v) and
K(y,u)/K(u,v) must have the same set of branch points. This implies @1, Q2, Q3
are all totally ramified in K(z), contradiction.

If n =3, then C' =0 and g,, = 1. Since n = 3, K(u) must have a place which has
type (1'2') in K(z), however, the place in K(x) lying over it with index 2 contributes

at least 2 to Riemann—Hurwitz by the argument above, so n # 3.

Sub-case 3 of Case 1

In this case m =5,s0 C =8 —2n+ 2g,, —2and n =2, 3 or 4.

Let 1, Q2 be the two unramified place in K(u) lying over the place in K(¢) which
has type (123'); let R be the unramified place in K(u) lying over the place in K(#)
which has type (1'22).

When n = 2, let P;, P, be the two places in K(u) which are totally ramified in
K(x). Then P; contributes 2 if P, = Q1 or (), and contributes 0 if P, = R, and
contributes 4 in all other cases. Whenn =2, C =4if g,, =1 and C = 2 if g,, = 0.
Therefore if g,, = 0, we must have P, = R, P, is ()1 or (Q9, say P, = ;. Then
the top square must be irreducible, since the place in K(u,v) lying over both Q)
in K(u) and @2 in K(v) is ramified in K(z,v) but unramified in K(u,y). Now just
apply Riemann-Hurwitz on K(z,y)/K(y, u), we have g,, = 1, so Fp(L(X), L(Y)) is

irreducible of genus 1. We have the following example:

1. f=PoL,and Fp(L(X), L(Y)) is irreducible of genus 1. Here P is sub-case 3 of
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case 1 in Theorem [VIL.3| so P(X) = X3(X? 4+ 5X + 40) and A(P) = {0,1728}
where 0 has type (1?3') and 1728 has type (1'2?). deg(L) = 2 and A(L) =
{an, as} where a; = 1(—5 £ 3i/15) is a simple root of L(X) and as = 3 is a

simple root of L(X) — 1728.

If g., = 1, then there are two cases. The first scenario is P, = ()1 and P, = Q».
Since n = 2 and g,, = 1, using the same argument as before, we know that all the
three places lying over the place in K(¢) which has type (1?3') are totally ramified
in K(z), contradiction. The second scenario is one P; is either the place in K(u) of
index 3 lying over the place in K(¢) which has type (123!), or one place in K(u) of
index 2 lying over the place in K(t) which has type (1'2?). In the former case, it is
easy to see (01, (2 are also branch points of L, which is impossible. In the latter
case, it is easy to see R in K(v) has an index of at least 4 in K(y), which is also
impossible.

When n = 3, then C = 2 if g,, = 1 and C = 0 if g,, = 0. This case one finite
branch point of L must have type (1!'2'), and this point in K(u) does not contribute
to C' if and only if this point is R; it contributes 2 if and only if it is @)1 or Qo;
otherwise its contribution is bigger than 2. If L has a branch point of type (3'), then
this point in K(u) contributes 2 to C'if and only if this point is Q1 or Qs; otherwise
its contribution is bigger than 2. Since L have at least two finite branch points, we
have C' must be positive, and g,, = 1. Since C' = 2, the above arguments show that
L has two finite branch points: R and @; (in fact, R and one of @1, )2, where we
use Q; here). R has type (1'2') and @Q; has type (3!). Regardless the top square is
reducible or not, in order g,, = 1, we must also have (), is a branch point of L of
type (3'), contradiction.

When n = 4, then C' = 0 and g,, = 1. Any place in K(u) with type (4') or
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(1'3') in K(x) has nonzero contribution, so we must have at least two places which
has either (2%) or (1?2'), this kind of place contributes zero if and only if it is R,
therefore we cannot get zero contribution from both of them. Thus this case is

impossible. O

Proposition VII.7. If P = X" (X — 1)® where ged(r,s) =1 and r + s > 3. Let L
be an indecomposable genuine Laurent polynomial. If Fp(L(X),L(Y)) has a factor
of genus at most 1, then deg(L) =2. Let A(L) = {1, a2}, and let Ay, Ay be the two

r’(—s

simple roots of P(X) — ( then

r+s) ’“‘*‘g )

1. P=(X —a)(X — )3 where {a,b} ={0,1}, and

(a) a1 = A1, ag = g, this case Fp(L(X), L(Y)) has two factors, each has genus
0

(b) oy = a, ag = Ay, this case Fp(L(X), L(Y)) is irreducible of genus 1

(¢) L = (X+5x+3)0aX fora e K*, this case all factor(s) of Fp(L(X), L(Y))

have genus 1

2. P = (X —a)(X — b)?* where {a,b} = {0,1}, and a1 = a, ay = )y, this case

Fp(L(X), L(Y)) is irreducible of genus 1

Proof. This case P = X"(X — 1)%, so P has two finite branch points {0, T(—S}

(r+s)rts
r’(—s)s

(r4s)rts

—= with index 2, and @1, ..., Qrys—2 With index 1. Therefore in K(u,v)/K(u), the

Here 0 has preimages 0 with index r and 1 with index s; here

has preimage

type of u = 0 is (1""'s'), the type of u = 1 is (1°7'r'), the type of Q; is (1™32)
and for the rest the type is (1™71).

Note that C = (3 —m)n+2(m — 1) +2g¢,, —2 >0, and g,, = 0,1, 504 < m <
3+ —5. So2<n<6. If n> 2, then m is bounded, this is a finite problem. The

only possible large degree case is n = 2 for case 6.
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When n = 2

Suppose the finite branch points of L are a; and as. The point «; contributes (to
C)yr—142—-ged(2,s) =r+1—ged(2,s), s+ 1—ged(r,2), m —3 and m — 1, if
a; =0, 1, some ); and some any other value respectively.

Now let us look at the minimum of C, it is either m — 3 + min{r,s} + 1 —
max{ged(2, s),ged(s,r)} > m—3 or s+ 1 —ged(r,2) +r+ 1 —ged(s,2) > m — 1.
Therefore C > m — 3, and then 4 <m <5ifg,, =0and 4 <m < 7if g,, = 1.

If g, = 0 and m = 4, we must have r = 1 and s = 3. Then the contributions
m—1,m—3,r+1—ged(2,s) and s+ 1 — ged(r,2) are 3, 1, 1 and 3 respectively. If

g0 = 0 we need C' = 2, so there are two cases.

1. The two places in K(u) ramified in K(z) are the two unramified places lying

over the branch point (2%); in K(¢). This case deg(L) =2, P = X(X —1)% or

256

P =X3(X —1) and g,, = 0. If the top square is irreducible, then by applying
Riemann-Hurwitz to the top square, we can show that g,, < 0. Therefore the
top square must be reducible. This means Fp(L(X), L(Y)) has two factors,

each one has genus 0. This case is case 1(a) in the proposition.

2. For the two places in K(u) ramified in K(z), one place is 0,, the other is an

unramified place lying over the branch point (£=), in K(¢). This case deg(L) =

2, P = X(X —1)3 and g,, = 0. The top square must be irreducible since the

place in K(u,v) lying over the the two unramified places of (25), is ramified

in K(z) but unramified in K(y). Using Riemann-Hurwitz we can find g,, = 1.
So this case Fp(L(X), L(Y)) is irreducible of genus 1. The same thing is still

true if we replace 0, with 1,, and use P = X3(X — 1). This is case 1(b) in the

proposition.
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If g, = 0 and m = 5, either (r,s) = (1,4) or (r,s) = (2,3). In the first case, the
contributions m — 1, m — 3, r + 1 — ged(2, s) and s + 1 — ged(r, 2) are 4, 2, 0 and 4

respectively. We need C' = 2, so there is one example.

1. For the two places in K(u) ramified in K(x), one place is 0, the other place
is unramified over the branch point in K(¢) which has type (132'). This case,
P =X(X-1)* deg(L) = 2 and g,, = 0. The top is irreducible and g,, = 1.
So this case Fp(L(X), L(Y)) is irreducible of genus 1. The same thing is still
true if we replace 0, with 1,, and use P = X*(X — 1). This is case 2 in the

proposition.

In the second case, the contributions m—1, m—3, r+1—gecd(2, s) and s+1—gcd(r, 2)
are 4, 2, 2 and 2 respectively. It is impossible to get C' = 2.

Now we deal with the case that g,, = 1, this case m could be 4, 5, 6 or 7, and
C = 4. As before, we let ay, ay be the two places in K(u) which is totally ramified

in K(z), then

e ay,ay # ; when m > 5 for the following reason: no matter the top square
is reducible or not, K(z,v)/K(u,v) and K(y,u)/K(u,v) have the same set of
branch points, then if m > 5, then there are at least three @);’s, and each one
must be a branch point of K(x)/K(u), which is impossible since K(x)/K(u) only

has two branch points.

r

5 1t is unramified over

® a1,y # ;. For any place in K(u, v) lying over u =
K(u) but totally ramified over some place T' in K(v), and this 7" must have a

ramification index 4 in K(y), which is impossible.

e a1, a cannot lie over some place 7" in K(u) which is unramified in K(z). Since

otherwise, all the places in K(u) lying over K(¢) are totally ramified in K(z),
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contradiction.

e If r is even, s is odd, then a; # 0. Similarly, if r is odd, s is even, then a; # 1.
In the first case, 1, will have have a index at least 4 in K(y), contradiction. The

second case is similar.

When m > 5, the above conditions imply that a; = 0, as = 1 and r, s are both
odd. This can only happen when m = 6, where »r = 1 and s = 5. Now contribution
C=(r+1-—gcd(2,s))+(s+1—gecd(2,r)) = 6, which is bigger than 4, so this cannot
happen.

The only case left is m = 4, and (r, s) = (1, 3). By the arguments above, we know
a; can only be @; (j =1,2), 0 or 1, and the contribution will be 1, 1, 3. In order to
get C' = 4, we must have some @); (say (J1) equals 1, in this case, it is easy to see

v = 0 is totally ramified in K(y), so Q2 = 0. We get one example

1. P = X(X —1)% deg(L) = 2 and A(L) = {0,1}. This case g, = 1, and
gy = 1. Note that the same thing is also true for P = X3(X — 1). This case
L=(X+ 2+ 1) oaX for a € K*, and all factor(s) of Fp(L(X),L(Y)) have

16X 2

genus 1. This is case 1(c) in the proposition.

When n > 2

We first consider the case g,, = 0. This case 4 <m < 3+ %, so we have either
n=3m=45orn=4m=4.1If (n,m) = (3,5) or (4,4), then C' = 0 and there is
no ramification in K(z, v)/K(u, v) from the finite branch points of L, but we can show
this cannot happen for the following reasons. For (n,m) = (4,4), the finite branch
points of K(u,v)/K(u) have one of type (3'), two of type (1'2!); but K(z)/K(u)
has at least two finite branch points, so at least one of them has one unramified

place in K(u,v) lying over it, this implies that C' > 0, contradiction. For (n,m) =
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(3,5), the finite branch points of K(u,v)/K(u) have either {(4'), (122'), (1?2")} or
{(1131), (1221), (1221), (1221)}, so all of them have unramified place in K(u,v) lying
over except at most one; but K(z)/K(u) have at least two finite branch points, so
C > 0, contradiction.

Thus we just need to consider (n,m) = (3,4), then C' = 1. This case the fi-
nite branch points of K(u,v)/K(u) have type {(3'), (1'2'), (1'2)}; the finite branch
points of K(z)/K(u) have type {(3'), (1'2")} or {(1'2'), (1'2"), (1'2")}. The second
case is impossible since each finite branch point of K(z)/K(u) contributes 1 to C.
For the first case, the branch point of K(z)/K(u) with type (3') must have the same
type in K(u,v)/K(u), so it must be 0,; the other branch point must have type (1'2!)
in K(u,v), so it must be A, where \ is a simple root of X(X — 1)* — 27/256 (since
P(X) = X(X —1)* and P(r/(r +s)) = P(1/4) = 27/256). Now let us calculate
the genus of g,,. First of all, the top square is irreducible since the place in K(u,v)
over u = Ay and v = Ay (where Aj, Ay are the two simple roots of P(X) = 27/256) is
totally ramified in one of K(z,v) and K(y,«) but unramified in the other. Now the

Riemann-Hurwitz shows g,, = 4 > 1, so this case cannot happen. O

7.2 When P satisfies case 4 in Theorem [VIL.3

When P = T,,, then except the factor X 4+ Y when n is even, each factor of
Fp(X,Y) is quadratic of the form X? 4+ Y? — 2XVY cos(%) — 4sin*(2"), where
0 <r < %. For the factor X +Y, H(X,Y') will be a factor of L(X)+ L(Y'), and this
case will be studied in Theorem [[X.6] In this section we just need to consider these
quadratic factors.

Let u = L(z) # v = L(y), then u, v satisfy u?+v* — 2uv cos(#-) — 4 sin*(2) = 0.

n

Treat this equation as an equation in v, then it has a double root if and only if
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u = %2, and this double root is v = ucos(27r/n) # +u, so there is no pair (ug, v)
such that if u = ug, v = vy is a double root and if v = vy, u = ug is a double root. In
terms of function fields, this means any place in K(u,v) cannot be totally ramified
over K(u) and K(v) at the same time.

Note that the left and the right squares are both irreducible, since otherwise
K(u, v) will be a proper intermediate field of K(z)/K(u) or K(y)/K(v), which violates

the indecomposability of L.

Lemma VIL.8. Suppose [K(u,v) : K(u)] = 2 and u = oo is unramified in K(u,v).
Let the two finite branch points of K(u,v)/K(u) be u = oy and u = . If K(x,v) has
genus at most 1, then the multi-sets of ramification indices of u = a1 and v = g n
K(z)/K(u) and the ramification of any additional finite branch point(s) in K(x)/K(u)

must be one of these in Table[7.3.

item \ Union of the multisets \ ramification of the additionally finite branch point(s) \ o

1 12’ 2m—1 (21 1m—2) 0
2 12,4, 2m=3 none 0
3 1,3,2m2 none 0
4 1% 2m—2 either {(2117”*2), (211’”*2)} or (3117”*3) or 1
(221m74) or (411m74)
5 147 47 2m—4 (21 1m—2) 1
6 1,42 2m=6 none 1
7 1%,6,2m° none 1
8 13,3,2m3 (2117”*2) 1
9 13,3,4,2m—° none 1
10 12,32, 2m—4 none 1

Table 7.2: T, o L case, ramification in K(z)/K(u)

Proof. There are two branch points of K(u,v)/K(u), which are at u = «; and at
u = . Consider the Riemann-Hurwitz formula on K(z,v)/K(u,v), we have 2g,, —
2 =(-2)m+2(m —2)+ C, where C is the contribution from the places in K(u,v)
not lying over co,. Therefore C' < 4. The set of the ramification indices of all the

finite places of K(u) (other than u = a1 and u = a») in K(z) can only have several
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1’s, along with perhaps one 3 or one 2, or two 2’s.

Now consider the ramification indices of u = a3 and u = ay in K(z)/K(u), there
are at most 4 odd indices, since each odd index contributes 1 to the Riemann—Hurwitz
on K(z,v)/K(x), which requires at most 4. Now consider the contribution of u = a4
and u = ay to the Riemann-Hurwitz of K(z,v)/K(u,v), for all the even indices of
u = and u = ay in K(z) not equal to 2, we have at most one 6, or two 4’s.

Therefore, there are only a few possibilities of the ramification types between K(z)

and K(u), and they are listed in Table [7.2] O

By Theorem[V.2] we know the monodromy group of L of degree m can only be A,,,
Smy S m 1S9 or a few small size groups. The following lemma gives the ramification

of L when Mon(L) = S /7 1 So.

Lemma VII.9. Let L be an indecomposable genuine Laurent polynomial of degree
m with Mon(L) = S /m 1 S, then one of the following is true

1. L has two finite branch points, whose ramification types are (1\/H2m72m) and

(1\/5_22(%*2)2(\/%*3) 4ﬁ_1)

2. L has three finite branch points, whose ramification types are (1\/”72%),

(1Vm2"5™Y and (1m-2Vmovim),

Proof. From Lemma [V.5 we know the structure of the group elements corresponding
to the finite branch points. For each element, its action on {(a,b)|a,b € {1,...,/m}}
yields an element in S,,, whose set of cycle lengths equals to set of ramification indices

of the corresponding branch point. The class of ¢ yields (1\/7”27”_2\%); the class of

(1VR-221 x 1VM)¢ yields (1Vm-22" 5" 4vin-1). the class of (1V7~221) x (1V™)
and (1V™) x (1V™=221) both yield (1™~2v™2v™) The lemma then directly follows

from Lemma [V.0 O
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In the following lemma, we study the case when Mon(L) = S s ¢ Ss.

Lemma VIIL.10. The monodromy group Mon(L) cannot be the wreath product S /m

Sy where deg(L) = m is a square.

Proof. Firstly we rule out all cases in Table with index 3 or 6, since by Lemma
the finite branch points of L cannot have ramification index 3 or 6.

Secondly when there are two finite branch points, they must correspond to £ and
((1V™=221) x (1V™))€, so there are 2¢/m — 2 many 1’s, \/m — 1 many 4’s. In the

following cases, we can get the prescribed ramification types:

1. Case 6 with m = 9. There are one (1°2%) at u = 2 and one (1'4%) at u = —2
and g,, = 1. This case g,, > 1 since the place in K(u,v) lying over v = —2 is

unramified in K(y,u) but ramified in K(z,v).

2. Case 4 with m = 4. There are one (4') at u = 2, one (1?2') at v # +2 and

920 = 1. This case g,, > 1 for the same reason as the case above.

3. Case 2 with m = 4. There are one (4!) at v = 2, one (1?2') at v = —2 and
920 = 0. This case k = 2, and either g,, = 1 if the top square irreducible, or
g2y = 0 for both factors if the top square reducible. However, one can check in
this case the genuine Laurent polynomial L has the form L = —Ty o (X — 1 +
1/(4X)) o (¢X or ¢/X) for some ¢ € K*, so L is decomposable, contradiction.

contradicts

Thirdly when there are more than two branch points, there must be three, cor-
responding to two & and one (1V™~22) x (1V™) or (1V™) x (1V™22'), so there are
two (lQO_zm) and one (1™~2V™2V™): in total there are m many 1’s and m many

2’s. In the following cases, we can get the prescribed ramification types:
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1. Case 4 with m = 4 and g,, = 1. There are one (2%) at u = o; and two (1%2')
at g, ag. Either ag # £2 and {as, as} = {2, -2}, or ay € {2, -2} and a», a3
both # £2. In the first case, since it is impossible that there are places in
K(u,v) lying over u = a7 and v = a4, one of the places lying over u =
must be ramified in K(z,v) but unramified in K(y, ) and then g,, > 1. In the
second case, any place lying over u = s must ramified in K(z,v) but have an

unramified place in K(y, u) lying over it, so g,, > 1.

2. Case 1 with m = 4 and g,, = 0. There are one (1?2') at v # 42 and
{(122Y),(2?)} at w = 2. This case k = 2, g,, = 0,1 if the top square is
irreducible and g,, = 0 for both factors if the top square is reducible. However,
by Lemma [[T[.20] any genuine Laurent polynomial of the prescribed ramification

is decomposable, so this case cannot happen.
]

Lemma VII.11. Let P be a nonconstant polynomaial, and let L be an indecomposable
genuine Laurent polynomial. Let x,y be transcendental over K, and suppose that
u:= L(z) and v := L(y) satisfy t = P(u) = P(v). If If [K(z,v) : K(z)] = [K(u,v) :
K(w)] = [K(u,y) : K(y)] = 2 and both K(u,y) and K(z,v) have genus at most 1, and
K(z,y) : K(z,v)] < [K(u,y) : K(u,v)], then Mon(L) can only be S, (m # 6) or A,

(m #6) or S s 15s.

Proof. Theorem shows that an indecomposable degree-m genuine complex Lau-
rent polynomial has monodromy group G being either S, or Ay, or S, /7S, or one of
35 small groups which can only occur for certain values of m which are all at most 40.
In some cases Theorem also gives the information about the orders of the inertia

groups (in the Galois closure) at points over each branch point of K(x)/K(L(x)).
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We use a computer program to determine all these finite groups, for each of them

(1) which subgroups of G can be a one-point stabilizer when G is monodromy
group of an indecomposable Laurent polynomial of the specified degree with

the specified orders of inertia groups?

(2) if L is a Laurent polynomial corresponding to G, and u is transcendental over K,
then for every v not equal to u for which L(u) = L(v), what is [K(u,v) : K(u)],
what is the Galois group of the Galois closure of K(u,v)/K(u), what are the
degrees of the intermediate fields between K(u,v) and K(u), for each such field
what is its ramification over K(u) and what is the Galois group of its Galois
closure over K(u), and what are the possible ramification types of K(u)/K(L(u))

and the possible ramification types of K(u,v)/K(u) ?

(3) if H is an index-2 subgroup of GG, can H be imprimitive? If so, what are the

sizes of the groups between H and G 7

We first build the list of groups which match the data in items 1 and 3 of Theorem
[V.2] where when convenient we assume that G is primitive. We get one group from
each case, except for Cy x S5 (in degree 16) which yields two groups.

We then compute all faithful primitive permutation representations of the pre-
scribed degree for each group in the list— there is exactly one such representation for
each isomorphism class of groups in the list, except for Cj x S5 which yields two.

We then check that if L(X) is a degree-6 Laurent polynomial L with monodromy
group Sg or Ag for which there is a polynomial P(X) and transcendentals x,y over
K such that w := L(z) and v := L(y) satisfy P(u) = P(v) and [K(z,v) : K(x)] =
[K(u,v) : K(u)] = [K(u,y) : K(y)] = 2 and both K(u,y) and K(z,v) have genus at

most 1, then [K(z,y) : K(z,v)] = 6. By the argument we used for other S,’s and
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A,)’s, we just need to deal with the case that both K(z, v)/K(u, v) and K(u, y)/K(u,v)
have ramification (2!,1%), (2!,1%), (22,1%) (but where the branch points might not
be listed in the same order, that is, the (22 1%) point for one extension does not
need to be the (22,1?) point for the other extension). Note that the existence of a
2-cycle in the monodromy group forces the group to be Sg rather than Ag. Now,
deal with this case by showing that any point of K(u,v) which has ramification
type (2,1%) in K(z,v)/K(u,v) would have ramification type (2%) in K(u,y)/K(y) if
Gal(Q/K(u,y)) were not conjugate to Gal(2/K(x,v)), where Q is the Galois closure
of K(u,y)/K(u,v).

We next check that none of the groups on the list can occur for an indecomposable
Laurent polynomial L such that there are transcendentals z,v over K such that
u = L(x) satisfies [K(z,v) : K(z)] = [K(u,v) : K(u)] = 2 and K(u,v)/K(u) is

unramified over u = oo and K(z,v) has genus 0 or 1. O

Proposition VII.12. [f the top square is reducible, then K(z,v) and K(u,y) are
isomorphic field extensions of K(u,v). Thus any place in K(u,v) has the same ram-

ification type in K(z,v) and K(u,y).

Proof. By Lemma [VIL11], Mon(L) can only possibly be Sy, (m # 6) or A, (m # 6)
or S /m 1S where m = deg(L). The wreath product case is ruled out in Lemma
VILIO

Now Mon(L) is either S, or A,, where m # 6. Since [K(u,v) : K(u)] = 2, we
know the Galois group of K(z,v)/K(u,v) is either Mon(L) or an index-2 subgroup
of Mon(L), but S,, or A,, does not have index-2 subgroups, so the Galois group of
K(z,v)/K(u,v) is also S,, or A,, where m # 6. The Galois group of K(z,v)/K(u,v)
implies this is a minimal extension, and by symmetry, so is K(y, u)/K(u,v). If the

top square is reducible, then by Theorem [I11.15, K(x,v) and K(u,y) must have the
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same Galois closure, and then since all the index-m subgroups of S, (respectively,
A,,) are conjugate, it follows K(z, v) and K(u, y) are isomorphic field extensions over
K(u,v), which implies any place in K(uv) has the same ramification type in K(z,v)

and K(u,y). O

Proposition VII.13. The top square is irreducible, and g, = guy = 0.

Proof. Assume the top square is reducible, and we apply Proposition to Table
. We show that it is impossible that any place in K(u,v) have the same ramifica-
tion type in K(x,v) as in K(u, y), so this implies the top square is irreducible. Note
that this also implies g, = guy = 0, since if g,, = 1, then g,, = 1 and we have no
ramification in K(z,y)/K(z,v), but then any place in K(u,v) would have the same
ramification indices in K(z,v) as in K(u,y), which is impossible.

Firstly we can rule out cases where there are no additional branch points, since in
those cases every branch point of K(z, v)/K(u,v) ramifies over K(u) and hence does
not ramify over K(v), contradiction.

Next, if there is one additional branch point but the union of the multisets is just
1’s and 2’s then we are done because the additional branch point of K(z)/K(u) is
some u = ug which lies under two places of K(u,v), but these are the only places of
K(u,v) which ramify in K(z,v)/K(u,v) so they are also the only places of K(u,v)
which ramify in K(u,y)/K(u,v), so (since v = ug is a branch point of K(y)/K(v))
these two places must both lie over v = wug, which is not possible.

Next, if there is one additional finite branch point and also the union of the
multisets contains a number bigger than 2, then the union of the multisets contains
a unique such number, so exactly one of the two places of K(u, v) which ramifies over
K(u) is in addition a branch point of K(z,v)/K(u,v). Call this branch point P. The

ramification type of P in K(z,v)/K(u,v) is either (3'1™73) or (221™~*). But the
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other two branch points @1, Q2 of K(u,v) both lie over the same value u = uq and
both have ramification type (2'1™72) in K(z,v)/K(u,v). Crucially, this ramification
type is different from the ramification type of K(z,v)/K(u,v) over P. Then do the
same thing for K(u,y)/K(u,v) to get that it also has three branch points, with the
same ramification types as P, )1, Q)2, and finally it follows that P must ramify over
K(v), contradiction (and also Q1,02 must lie over the same place of K(v), giving a
second contradiction).

The final possibility is that there are two additional finite branch points of K(z)/K(u),
which lie under four places of K(u, v). These four places are the only places of K(u, v)
which ramify in K(x,v)/K(u,v) (we are ignoring places of K(u,v) which lie over
u = o0, but those do not matter at all because that also lie over v = c0). Now
we have a set of four places of K(u,v) which all lie over either u = ug or u = uy,
and since they are the only places of K(u, v) which ramify in K(z, v) /K(u,v) (except
places over u = oo, it follows that each of these places lies over either v = wug or
v = uy. But that is impossible for the following reasons: first if there are two places
in K(u,v) lying over u = uy and v = ug, then when u = ug, v has a double root
v = ug, then 2ug cos(2wr/n) = ug + up, but this cannot happen; second if two places
in K(u,v) lying over u = wuq (respectively u = uy) lie over v = uy and v = vy, then we
must have 2ug cos(27wr/n) = ug + uy and 2u; cos(27r/n) = ug + uq, and this cannot

happen either. ]
By Proposition [VII.I3] we only need to consider the case when the top square is
irreducible and g,, = guy = 0.

Proposition VII.14. Let L be an indecomposable genuine Laurent polynomial of de-
gree m with denominator X*, and T,, be the Chebyshev polynomial of degree n > 2. If

H(X,Y) is an irreducible factor of genus 0 or 1 of L(X)*+L(Y)*—2L(X)L(Y) cos(27r/n)—
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4sin®(27r/n) for some 0 < r < n/2, then one of the following holds

(1) Br(L) = {-2,2,a,00} where each branch point has type (1'2') and o* =
2(1 + cos(27r/n)) for some 0 < r < n/2. This case Fr, (L(X),L(Y)) has
an irreducible factor L(X)? + L(Y)? — 2L(X)L(Y) cos(27r /n) — 4sin*(27r /n)

of genus 1.

(2) L(X) = aX+b/ X +c where a,b,c € K* and let { B, B2} := {2V ab+c, —2v/ab+c}
be the finite branch points of L. Then ; = 2 or —2. If B3 # 2(1 + cos(27r/n))
then L(X)? + L(Y)? — 2L(X)L(Y) cos(2nr/n) — 4sin®(27r/n) is irreducible of
genus 1; otherwise each factor of L(X)? + L(Y)* — 2L(X)L(Y) cos(2nr/n) —

4sin*(27r/n) has genus 0.

Proof. We only consider the case when g,, = 0, so the ramification type of L can
only be the first three cases in table [7.2]

For case 2 and 3 in Table , suppose P,, over 2, has contribution in K(z,v),
then P,, must be unramified in K(y,u), since P,, is over a place in K(v) which is
unramified in K(y). Now apply Riemann-Hurwitz formula on K(z,y)/K(u,y), the
two infinity places in K(u,v) contributes m — 2 ged(m, k) each to Riemann-Hurwitz,
the two places in K(u,v) which are ramified in K(z,v) and which are over (£2)
contributes 2m each to Riemann—Hurwitz, so the Riemann—Hurwitz formula is now
209,y — 2 =m(=2) +2(m — 2gcd(m, k)) +4m > 2m > 2, s0 g, > 1.

For case 1 in Table[7.2] say a, has type (211™72) in K(z), then there is a place P,,
over «,, which lies over a 3,, where a # (3, so P,, is ramified in K(x, v), but unramified
in K(u, y). Now apply Riemann-Hurwitz formula on K(z, y)/K(u, y), the two infinity
places in K(u,v) contributes m — 2ged(m, k) each to Riemann-Hurwitz. The two

places in K(u,v) lying over a, both have type (2!11™72) in K(z,v). If both places
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are unramified in K(y,u), then they contribute 2m, so 2g,, — 2 = m(—2) + 2(m —
2gcd(m, k)) + 2m, so gy = m+ 1 —2ged(m, k). The only solution is k = m/2 and
92y = 1. This case («, «) is not solution to u? +v* —2uv cos(27r /n) —4sin® (277 /n) =
0, so a? # 2(1 + cos(27r/n)).

If o = 2(1 + cos(27r/n)), then the place in K(u,v) lying over u = @ and v = «
has ramification type (1™722') in K(z,v) and K(u,y), so the Riemann-Hurwitz is
now 2g,, — 2 = m(—2) + 2(m — 2ged(m, k)) + (2m — 2), so gzy = m — 2ged(m, k),
this case (m,k, g.y) = (3,1,1) or (m, k,g) = (m,m/2,0).

However, for all the genuine Laurent polynomial we find above except the case
where (m, k) = (3,1), all of them have ramification {(1™221), (112"2"), (2%)} at the
finite branch points and ((%)?) at co. By Lemma all such Laurent polynomials

are decomposable unless m = 2. Therefore we get the following cases,

(1) (m,k) = (3,1). This case Br(L) = {—2,2,a,00} where all the branch points
have type (1'2!) and o? = 2(1 + cos(27r/n) for some 0 < r < n/2. This case
Fr,(L(X), L(Y)) has an irreducible factor L(X)?+L(Y)*—2L(X)L(Y) cos(2mr/n)—

4sin*(27r /n) of genus 1.

(2) deg(L) = 2 which has one of 2 and —2 as a branch point. This case all irreducible
factors of L(X)? + L(Y)? — 2L(X)L(Y) cos(2nr/n) — 4sin?(27wr/n) have genus
at most 1. Let L(X) = aX + b/X + ¢, then the two finite branch points are
{£2+V/ab + ¢}. This set is not {42} if and only if ¢ # 0. If L(X)? + L(Y)? —
2L(X)L(Y) cos(27mr /n) — 4sin®(27r /n) has genus 1, then it must be irreducible
and a? # 2(1 + cos(27r/n)) where « is the finite branch point not equal to +2;

in all other cases all of its irreducible factor(s) have genus 0.
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7.3 Proof of Theorem [VIL1]

Proof of Theorem [VIL.1. We build the function field tower as in Figure [7.1] Since
gy < 1, we must have g,, < 1, thus K(u,v) corresponds to an irreducible factor of
Fp(X,Y) of genus at most 1. All such polynomials P are given in Theorem .
In the case where P is a power of another polynomial, say P = P{* where n > 1, we
choose the integer n as large as possible, then

Fp(L(X),L(Y)) = Fp (L(X), L(Y)) - ][] (PU(L(X)) = cP(L(Y)))-

cr=1,c#1
If H(X,Y) is a factor of one of the polynomials P;(L(X)) — cP;(L(Y)), then it falls
into case 5 in the theorem. Therefore from now on we can assume P is not a power
of another polynomial, and thus P can only be on of the polynomials in Table [7.1],
T, or X"(X —1)® where ged(r,s) =1and r+s>3 (Whenr+s=2orr+s=3,
X"(X —1)*is Ty or T up to composition with linear polynomials at the left side
and at the right side).

If P is in Table [7.1] then in Lemma we proved g,, = 0, so P can only be
case 3 or case 10 in the table. This case is solved in Proposition [VIL6], and it is case
1 in the theorem.

If Pis X"(X — 1)® where ged(r,s) = 1 and r + s > 3, this case is solved in
Proposition [VIL.7, and it is case 2 in the theorem.

If P is T,, then all factors of Fp(X,Y) are quadratic except X + Y when n is
even. Now H(X,Y') may be from L(X)+ L(Y) (using the factor X +Y of Fp(X,Y))
and this is case 4. We then just need to consider the case where K(u,v) corresponds
a quadratic factor of Fp(X,Y).

In Lemma [VIL.I0, we show that the monodromy group of L cannot be the wreath

product. Then we consider the monodromy groups listed in Theorem m (for S,, 052,
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just consider the case deg(L) = m? > 4). In Proposition [VIL.13], using these groups,
we show that the top square must be irreducible and g,, = g, = 0, then we solve

the case in Proposition [VII.14] This case is case 3(b) in the theorem. O



CHAPTER VIII

Decomposable case: polynomial composed with genuine
Laurent polynomial: Part II

In this chapter we assume the genuine Laurent polynomial f is decomposable, in
the form that f = Po Lo X™, where P € K[X] is an arbitrary polynomial of degree

> 1, L € K[X, X"!] is an indecomposable genuine Laurent polynomial and m > 2

(X)—f(Y) _ PoL(X™)—PoL(Y™) xm_ym
X-Y Xm_ym X-Y

is a positive integer. For f = Po Lo X™, ! and
in this chapter we study when Fpor(X™,Y™) has a genus zero or one irreducible

factor. Note that Fp.r(X,Y) necessarily has a genus zero or one irreducible factor,

so that the pair (P, L) must be listed in Theorem [VII.1|

Proposition VIIL.1. Let P € K[X]| be any polynomial of degree at least 2, let
L € K(X) be any genuine Laurent polynomial and let m be an integer at least 2. If
Fpor,(X™, Y™) has an irreducible factor H(X,Y') of genus at most one, then one of

the following holds:

1. P =T, where n is even and F, _1(X™,Y™) has an irreducible factor of genus

0 or 1. This case H(X,Y') is this irreducible factor.

2. P = P! where n > 1 and H(X,Y) is a factor of Pi(L(X™)) — cP(L(Y™))

where ¢ # 1 1s a n-th root of unity.

94
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Proof. Note that Fp(X,Y) must have a genus zero or one factor, so P o L is one of
those in Theorem [VIL.I] Let r be a root of X™ — x and s be a root of X™ — y, then
we want to know when K(r, s) has genus zero or one.

For the first two cases in Theorem [VIL] since deg(L) = 2 we know that = = 0
and x = oo are both unramified in K(x,y) but totally ramified in K(r), so [K(r,y) :
K(z,y)] = [K(r) : K(z)]. If g4y = 1 then g,, must be bigger than 1. If g,, = 0 then
the case is case 2(a) in Theorem here [K(z,y) : K(z)] = [K(z,v) : K(z)] = 3,
so there are 6 unramified places in K(z, y) lying over x = 0 or x = co. By Riemann—
Hurwitz, 2g,, —2 = (=2)m+6(m —1) = 4m — 6 so g,, = 2m — 2 > 1. Therefore we
get no examples from the first two cases of Theorem

For case 3 in Theorem K(x,y) has genus 1 and there is at least one place
in K(z,y) which is unramified over z = 0 or x = oo, so [K(r,y) : K(z,y)] = [K(r) :

K(z)] and therefore g5 > g,, > 1.



CHAPTER IX

The case that f(X) — cf(Y) is irreducible

In this chapter and the next chapter we study the problem: when can Fy.(X,Y)
(the numerator of f(X) — cf(Y)) have a genus 0 or 1 component, where f(X) €
K[X, X! is a genuine Laurent polynomial and ¢ € K* \ {1}. This is essential since
we reduced some cases in Theorem to this problem.

In this chapter we address this problem for the case that f(X) — c¢f(Y) is ir-
reducible. We use the Riemann-Hurwitz formula to get the possible ramification
types of f, and find the matching patterns between the branch points of f and cf
that makes F.(X,Y) have genus at most 1. Note that here f is not required to be
indecomposable.

This chapter is organized in the following way. In the first section we establish
the Riemann—Hurwitz formula and define what we mean by reduced sequence and
matching sequence. In the next section we state Theorem [[X.0], the main result of
this chapter, which gives all the genuine Laurent polynomials f for which Fy.(X,Y)

is irreducible of genus at most 1. In the subsequent sections we prove Theorem [[X.6]

9.1 Riemann-Hurwitz genus formula and reduced sequences

First of all we introduce some notations, formulas and inequalities related to the

genus of f(X) —cf(Y).

96
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Let A, = A(f) UA(cf), in other words, the union of the finite branch points of f
and cf. Let n := deg(f) and g be the genus of Fy.(X,Y), then we have the following
formula
(9.1) Z Z (ef(a) —ged(ef(a), ecr(b))) = n+2ged(n, k) + 2g — 2.

XeA. f(a)=cf(b)=A

By adding this formula to the corresponding formula in which the roles of f and
cf are switched, we obtain the following formula.

(9.2) Z Z (ef(a)+ecr(b)—2ged(es(a), ecr())) = 2n+4ged(n, k) +4g—4.
XEAc fa)=cf(b)=A

Moreover, we have

(9.3) > ) (esla = Y D (egl)—1) =
XEA(f) fla)=A AeA(cf) ef (b)=A

All of these formulas are derived from Riemann-Hurwitz formula (See the prelim-
inaries in chapter [I1I| for the background). A simple example is provided in Example
to show how Equation works (Equation will work the same way). We

will define matching sequence and reduced sequence later, where the idea behind is

illustrated in Example [X.2]

Definition IX.1. Given two places P, P’, with ramification type ) and @)’ respec-

tively, define

C(P,P)=0CQ,Q)= Y  (a—ged(ab)).
index «c@
index beqQ’

Example IX.2. Let ¢ # 1 be a 3-rd root of unity, and suppose f(X) is ramified
at A = 1. On the left side of Equation , we will consider A\, A/c, \/c?, ... until it

becomes 1 again, in this case, we consider 1,1/c,1/c¢*,1/c® = 1.
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A er(a)’s ecr(b)’s

1 ramification indices of f(X) =1 ramification indices of f(X) =1/c

1/c | ramification indices of f(X)=1/c ramification indices of f(X) = 1/c?

1/c¢* | ramification indices of f(X) = 1/c¢? | ramification indices of f(X) =1/c3=1

Let Py, P, P, be the places corresponding to 1,1/c, 1/c? respectively, and Qq, Q1, Q-
be the ramification indices of f(X) = 1,1/c,1/c*. The matching in the table con-
tributes C'(Qo, Q1) + C(Q1,Q2) + C(Q2, Qo) to the left side of Equation 9.1}

Let us furthermore consider the case that 1/c and 1/c? are both unramified for
F(X), 50 Qi = Qo = (1"). Tn this case, C(Qy, (1) + C((17), (1) + C((1"), Q) =
C(@Qo, (M) + C((1"), Qo) = C(Qo, Q) + C(@s, Qo) since C((17), (1) = 0. Note
that this means we can drop (J; and replace every remaining ()1 in the sum with Q5.
Now only )y, (2 are left, and for these two places, either f or c¢f is ramified. At the

place ()1 we dropped, neither f nor cf is ramified.

Example [X.2] illustrates the procedure to get the left side of Equation [9.1] and
the idea of the definition of matching sequence and reduced sequence, defined as

follows.

Definition IX.3 (Matching sequence/reduced sequence). For any A € K*, we get
the sequence X\, \/c, \/c?, ..., \/c" (where n is the smallest positive integer such that
¢ =1). Let Q; be the ramification type of f(X) = \/c’, then the above sequence
yields the sequence of ramification types S :=Qp — Q1 — ... = Qn_1 — Q, = Qo.
We call this sequence the Matching sequence, and say the place P; corresponding
to \/c' is the Underlying place of Q;. The matching sequence contributes C'(S) :=

Z;:Ol C(Qi, Qir1) to the left side of Equation .

If the matching sequence has consecutive (1™)’s, among them we keep the last
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(1™) and its underlying place, and remove the remaining (1")’s and their underlying
places. The resulting sequence will have no consecutive (1™)’s, and we call this
sequence Reduced sequence of S, write as S

Note that in this reduction process, what we in fact did is we kept all places where
either f or cf is ramified, and removed all places where neither f nor cf is ramified,

so all the places in the reduced sequence are from A..

Moreover, we have C(S) = C(8"4) since C((1"), (1)) = 0.
The following lemma will be useful to estimate C'(Q;, Qit1)-

Lemma IX.4. C(Q, Q') > A(Q)B(Q') where A(Q) = n — # of indices in Q, and
B(Q)=4# of 1’sin Q.

Proof. Suppose @) has ramification indices (a;)’s, and @’ has ramification indices

(b;)’s, then C(Q, Q') = 32,32 (ai — ged(ai, ng)) = 32535 —1(ai — 1) = AQ)B(Q'),

since ) _.(a; — 1) = n by Riemann-Hurwitz. O

9.2 Main result: Classification of f for which F;.(X,Y) is irreducible of
genus at most 1

Let P(A\) be the place in K(t) corresponding to A. Let S(f,c) = {P(c'M\)|\ €
A(f),i > 0}, then S(f,c) can be divided into several disjoint sets of the form {c'A|i >
0}, and for each set , one can form a matching sequence. Form one matching sequence
for each set, and say all the sequences we get are Sj,...,S,,, then Equation

becomes

2n > n+2ged(nk) +2g—2=Y C(S,) =Y C(sFY)
i=1 i=1
If we define S; ' to be the reversed sequence of S;, then Equation becomes

m m

dn > 2n+4ged(n, k) +4g—4 = (C(S)+C(S)) =Y (C(S) +C((S7) )

i=1 i=1

Why do we define a reduced sequence? It is in fact a very natural definition.
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L. {A\|P(}) is in a reduced sequence} = A. = A(f) U A(cf). This means the re-
duced sequences are formed by the places in A., and all the reduced sequences

use all the places in A..

2. Solving Equation [9.2] Equation [9.3| and Equation [9.1]is the same as finding all

the reduced sequences.
Why do we use a matching sequence, if what we want is reduced sequence?
1. It naturally arises in the thinking process, as in Example [X.2]

2. Reduced sequence will not tell us the order of ¢, if the length is [, then the order
of ¢ is at least [ — 1. In contrast, a matching sequence has length either 1 (if

the underlying place is P(0)), or n + 1 (where n is the order of ¢)

Remark IX.5. From now on, all sequences are considered REDUCED.
Our goal here is to get all possible configurations of the reduced sequences under
the constraint of Equation 9.1, Equation and Equation 0.3] A few inequalities

(Lemma [I11.22 Lemma [[11.23] and Lemma [[11.24)) from the preliminaries in Chapter

[11| will be used to estimate the size of |A.|.
In this chapter, we prove Theorem [[X.6 For the definition of strongly equivalent,

the reader can refer to Definition [TL.25]

Theorem IX.6. Let f(X) € K[X, X7!] be a genuine Laurent polynomial of degree
n with denominator X*, and and ¢ € K\ {1}. If F;.(X,Y) is irreducible with genus
0 or 1, then f satisfies one of the following.

(1) f is strongly equivalent to (X;—,Pn where n > k, ged(n, k) =1, and ¢ # 1. This

case Fr(X,Y) has genus 0.

(2) f has degree at most 6 and (f,c) satisfies one row of conditions in Table[9.1]
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Table 9.1: F} . is irreducible of genus at most 1

order
item |n | k |g of ¢ reduced sequences
M (21T (0] 23 [MH=-2H=02)—= 1
@ 2] 1 |1 > 2 (1%) « (21, (1%) & (21) or

>5 (12) — (21) — (12) = (21) — (1?)
3) [3]1,2]0 4 (1121) — (1121) — (1121) — (112h)

>5 (1%) — (1%21) — (1%20) — (1%21) — (13) or
(4) |3 |1,2]|1] >4 (13) — (112Y) — (1121) — (13), (112) or

2 (13) + (1121), (1121) « (1121)
(BG) |4]1,3]0 2 (1221) « (1221, (29)
6) 4] 1,31 >2 | P=P=(1721), P; = (2%), any matching pattern
(M) 41,31 >4 | (Y — (122 - (122h) - (19),(2%)
® [4]1,3]1 2 (1221) «+ (1221), (1131
9@ (4] 2 |0 2 (1221) « (1221), (1131)
(10) [4] 2 o] >4 [ (122Y) — (122}) — (2%) — (172h)
a1 [4] 2 |1 2 (1221) < (4h)
(12) [4] 2 |1 2 (1131) < (22)
(13) |4] 2 |1 four (1221), any matching pattern
2 (1M < (1220), (1721 & (22) or

(14) 41 2 11 >5 (1) — (1221) — (22) — (1221) — (1%)
a5) [4] 2 [1] >4 [ (1% —(122h) — (1221 — (1), (113h)
(16) | 6 | 1,5 | 1 2 (32), (1%21) « (1%2h)
a7 [6]24]0 2 (3%), (1%21) « (1%2h)
(18) | 6 | 2,4 |1 2 (1%21), (2%) « (122%)
19) [6] 3 [0 2 (2141), (1%21) «» (1%2)
(200 |6 3 |1 2 (115%), (1%21) « (1%2)
1) [ 6] 3 |1 4 (1%21) — (1121) — (1121) — (1%21), (29)
(22) [ 6 | 3 [1] >2 | three (1222), any matching pattern
23) [ 6] 3 [1] >4 | (1" — (@221 — (an=22h) - (1), (2141

1. A sequence @y <> @1 is the same as Qg — Q1 — Qo.
2. A single point @ is the same as Q@ — @ and @ is the ramification of f at branch point 0.

3. If there is a reduced sequence with I > 2 many arrows but without (1™), then ¢ has order I;
if this reduced sequence has (1™) then the order of ¢ is at least [ or ¢ is not a root of unity.

9.3 The case |A.|=2

Lemma IX.7. If f(X)+ f(Y) = 0 is irreducible with genus 0 or 1, then f~(0) has

at most 4 unramified preimages.

Proof. Suppose f~1(0) has m many unramified preimages, P, ..., P,. Since the field
K(x,y) is preserved by the automorphism which swaps x and y, let K be the subfield

of K(z,y) fixed by this automorphism, then [K(z,y) : K] = 2.
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There are at least m places in K(z,y) which is totally ramified with index 2 over
K. Apply Riemann-Hurwitz formula to K(z,y)/K, it says 0 > 2g(K(z,y)) — 2 >

2(g(K) —2) +m, so g(K) <2 — %, this implies m < 4. O

Say A. = {P,Q}, we must have ¢ = —1 and Q = —P # 0, therefore f~1(0) has n
many unramified preimages, by the lemma, we have n < 4.

When n < 4, by a computer program, the following are all the possibilities:

e {P,—P,50} has type {(1'31), (1'31), (131}, n =4, k=1, g = 0

o {P,—P,c0} has type {(1'3)), (22), ()}, n =4, k=2, g =1

o {P,—P, oo} has type {(2%),(1'3"),(2*)}, n=4,k=2,g=1

o {P,—P,c0} has type {(122), (41), ()}, n =4, k=2, g = 1
9.4 The case |A.] >3

Let [A;] = m, and A, = {A,..., \n}. Let B, = P()\;), and let @; be the ram-
ification type of f(X) = \;, then we define A(Q;) := A(P()\;)) := A; := n minus
the number of distinct places over P;, and B(Q;) := B(F;) := B; := the number of
unramified places, in other words, the number of 1’s in Q);.

Let A :=min{A;,..., A}, and suppose A = A,,. For any place P;, we can form

a unique reduced sequence, and say the underlying places are PZ.(O) =P, PZ-(U, ey

PV PO = P in order, and let AV .= A(PY), BY .= B(PY).
Lemma IX.8. One of the following holds
1. A=A,=1and m=3

2 A=A,=1andm=4

3. A=A, =2andm=23
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4. A=A, =0and AY =1 or2

Proof. We have A; > "’QBZ', son =y A > TF — %, and this implies > B; >
(m — 2)n. Moreover, the genus formula and Lemma imply 2n > > BZ-AZ(»I).
Since A is the minimum, it follows 2n > ZBiA'El) > A> B; > A(m — 2)n,
therefore either A=1,m=3,4,or A=2m=3,or A=0.
If A =0, by assumption, A = A,,, so A,, = 0, B,, = n. This implies P, is

unramified, so P must be ramified, and A% > 0. Now the genus formula says

2n > BmAg,ll) = nASL), SO A%) must be 1 or 2. O]

Now we consider the possible configurations of the reduced sequence S,,, which

starts and ends at P,,. We will use the following lemma.

Lemma IX.9. Suppose P has type (...a;...) and ged,;(a;) = a > 1. Then A(P) >
n/2, and there is at most one such P in A.. Moreover, C(P,P) = 0 if all a; = a,

and C(P, P) > % otherwise.

Proof. P has at most n/a many distinct places lying over it in K(X), and a is at most
n/2, so A(P) > n—mn/a > n/2. Due to the fact that Y P, = n, there are at most
two such P’s, and if there are two, they are both of type ((%)?), and no other points.
Now the genus formula says n + 2 ged(n, k) +2g — 2 = 0 since C(((%)?), ((3)?)) = 0.
Clearly it has no solution, so there is at most one such P.

For the second part, see the proof of Lemma [[11.23 O

Lemma IX.10. If S be a reduced sequence of length 1 > 2, then

C(S) +C(S™) = I(n —1).
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Proof. Let ... - P — () — ... be a subsequence of S, then ... - @Q - P — ...isa
subsequence of S71. Note that at most one of P and @) have non-trivial ged since the

sequence S contains at most one point whose ramification indices have non-trivial

ged. Now by Lemma [II1.22] and Lemma [II1.24] we have that C'(P,Q) + C(Q, P) >

n — 1. Then the lemma follows from the condition that & has length [. O]

9.4.1 The case A=A,,=1, m=4, and the case A=A4,, =2, m=3

Note that in the proof of Lemma , we have three inequalities A; > ”_231',

> B; > (m —2)n and 2n > ZBZ-AZQ) > A> B; > A(m — 2)n. In the two cases

concerned, the last inequality becomes equality, so the first two are also equalities.

The first equality A; = ”_231' implies each P; can only have 1’s and 2’s.

The third equality implies that, for each ¢, either Agl) =Aor B;,=0. If B, =0,

then A; = ”_QBi = 5, so P has type (22), and by lemma 6, there is at most one such

point. If Agl) = A =1, then Pi(l) has type (1"7221); if AE” = A = 2, then Pi(l) has
type (1"7122).
The case A=A4,,=1, m=4
If there is no (2%), then there are four (1"22') points, so n = > A; = 3.
c((1m224, (1) = n, C((1"22Y), (1" 22")) = n — 2. Then 2n > n + 2ged(n, k) +
2g — 2 =4(n — 2), we have n < 4. One can check the following solutions,
(n,k,g) = (4,2,1), four (1%2'), any matching pattern

If there is one (22) (say it is P;), then the other three are all (1"~22!) (say they
are Py, P3, P,). In this case, ) A; = § +3 =n, son = 6.
If P; does not match itself, then 6 + 2 ged(6, k) + 2g — 2 = 20, no solution. If P,

matches itself, then 6 + 2 gcd(6, k) + 2g — 2 = 12, we get one solution.

(nykag):<67371)7pl:(23)7P2=P3=P4:(1421)7P2%P3—>P4—>P2 and P
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The case A=A,, =2, m=3
If there is no (22), then there are three (1"7422) points, so n = >_ A; = 6. This
case 6 + 2 gcd(6, k) + 2g — 2 = 12. We get one solution.

(n,k,g) = (6,3,1), P, = P, = Py = (1*2?), any matching pattern

If there is one (22), then the rest are two (1"7122), son = > A4; = 2 + 4, so
n = 8. If the (22) point does not match itself, then 8 +2gcd(8, k) + 2g — 2 = 24, no
solution. If the (22) point matches itself, then 8 42 gcd(8, k) +2g — 2 = 16. We get

one solution:
(n,k,g) = (8,4,1), P, = (2*), P, = P; = (1'2?), P, <+ P3 and P
9.4.2 The case A=A, =0, A&P =1, withn>5

In this case, P, has type (1"), P has type (177221) so C(P,,, P,Sll)) = n. Now
the genus formula says 2n > n+C’(P7511), P,gf)) > n+(n—2)A£,21). This implies A% = 0
or 1.

The case Afﬁ) =1

Then P\ has type (1"22!) and it cannot equal P,,, so there is P\Y). Now the
genus formula says 2 > (n — 2)A,(3), now n > 5 implies A =0, 1t PP = P, we

get the following matching sequence
Sp=P,—PY 5 P2 p o (17) - (17221 - (177221 — (1)

> pes,, Ai = 2, we still need n — 2 more. C(S,,) = 2n — 2.
Now A.—S,, has more points, so there is at least one more sequence, the sequence

could be

1. Q, of type (a'(n —a)l)
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2. Q «+ (1M
3. Qo — Q1 — ...Q; — Qp, where [ > 2 and at most one (1")

For case 1, the genus formula is n+2ged(n, k) +2g —2 = 2n —2+n —2ged(a, n),

n_

2

so g =n — ged(a,n) — ged(k,n). If one of a, k is not n/2, then g > n —

n
3

|3

We get one example,
n==6k=3g=1(»1") = (122" — (1"22') — (1™), (2'4})

If a, k are both 7, then we have the following example

meven,n 2 6,k = 7g = 0,(1") > (1"21) = (1"22) = (1"),((5)?)

For case 2, C(Q, (1")) + C((1"),Q) = n(n —2) > 5-3 = 15 is too much.
For case 3, by Lemma [[X.10, C(Sg) + C(S;") > (I+1)(n—1) > 3n— 3. We also

have C(S,,) + C(S,,!) = 4n — 4, so the genus formula
dn > C(8p) + C(S,,!) + C(Sq) + C(S,') > T — 7

which violates the assumption that n > 5.
If P2 = P,,, then we must have P, and now C(Sm) >2n—2 +nAY > 3n—2,

which is too big for the genus formula, so this cannot happen.

The case Ag) =0

Then P? has type (1™), and it is possible that PP =p,

If P{? # P,,. then there must be P\, and A > 0 (unramified). Now the genus
formula says 2n > n+ 0+ nAg), this implies A% = 1. We also have P , but since
there is no room for the genus formula, Pr(f ) must equal P,,. We get a sequence
(1") — (1"7221) — (1) — (1"722') — (1™). For these points, > A; = 2, we still

need n — 2, and we need points whose ramification indices are all the same to avoid
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contribution. Since we can only have one such point, we know this point must be

((%)2) So we get one solution.

n even,n > 6,k = g,g —1, ((%)2), (1) — (1"7221) — (1") — (1"22) — (17)

It B = P,

Now for S, Y. A; = 1, we still need n — 1. C(S,,) = C(S,,') = n. There are two
cases.

Case 1: If all the remaining sequences do not have unramified points.
Let S be any such sequence of length [ > 1. Since 4n > 2n + C(S,,) + C(S,,}) >
2n+1(n—1) and n > 5, it follows [ = 2. Thus ¢ = —1. Say the sequence is @) <> —Q),
then 2n > n+2ged(n, k) +2g—2=n+C(Q,—Q)+C(—Q,Q) > 2n— 1, so we must
have n = 2k, and C(Q,—Q) + C(—Q,Q) = n— 1 or n. Since =@ are both ramified,
and n is odd, by Lemma and lemma [[11.24] it follows @ has type (22), and
—Q has type (122"2°). Now A(Q) + A(—Q) = n — 1, which is exactly nceded. We

have one solution.

n

neven ,n > 6,k = g,g = 1,c=—1,(2%) & (122"7), (1") « (122}

If no such sequence has length 2, then each sequence must be a fixed point, so we
can only have one such sequence. Since we still need n — 1 for > A;, this fixed point
should be (n'). Now the genus formula is n+2 ged(n, k) +2g—2 = C(S,,) +0 = n+0,

note it is true for n > 2, so the solution is
n>2ged(n k) =1,g=0,(1") < (1”_221), (n')

Case 2: If at least one of the remaining sequences has unramified points.

Let S = Qo = (1") — @1 — ... be such a sequence. This sequence can contribute
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at most n to the genus formual, so C(S) < n. This forces the sequence to be
(1) «» (1"~221), which contributes exactly n.

Now for the remaining sequences, we need n — 2 for > A;, and no contribution
to genus formula. But this implies all points must have the same ((2)?) type. We
can only have one such point, and since A =n —a =n — 2, a = 2 and the point is
((%)?). This point must match itself. We get one solution.

n

mevenn > 6,k = 2.0 = 1,((5)%), (1) & (1"221), (1"°221) & (1)

9.4.3 Thecase A=A4,,=1, m=3, withn>7

Note that A3 = 1 implies P has type (1"722!), since P3 has n —2 > 5 unramified
preimages, P3 # cP3 (otherwise ¢ = —1, Py = 0). Therefore Pz,fl) # P3. The genus
formula says 2n > (n — 2)A§1), and n > 7 implies Agl) < 2. Since Aél) >A=1,it

can only be 1 or 2.

The case Aél) =1

This case Pél) has type (1"722'), now consider P3(2). The genus formula says
2n>m—-2)+(n— 2)Aé2), SO A:(f) = 1 (otherwise, we will have n < 6). Now there
are two cases, depending on if P3(2) equals Ps.

If Pég) = Pj3, then ¢ = —1, and the remaining point must be 0. Since A(0) = n—2,
0 must have type (a'(n — a)!), and A(0) = n — 2ged(n,a). Now the genus formula
becomes n + 2ged(n, k) +29g —2 = (n —2) + (n — 2) + (n — 2ged(n, a)), simplify
we get 1 < n — ged(n,a) — ged(n, k) = g+ 1 < 2. Note that n > 6, so § > 2,

therefore we must have n > ged(n,a) + ged(n, k) > %n There are only a handful

160 (5, 5) )

We test each one of them and solve for n,g,a,k (here n > 7). The solutions are

cases of the pair (ged(n, a), ged(n, k)), which are {(5, 5), (5, %), (5, §), (

|3
w|3
w3

Y
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(n,g,a,k) = (12,1,6,4), (8,1, 4,2). Therefore we have the following solutions.
n=12,g=1,c=—1k=4,(6%), (112" — (1'92') — (11°2")

n=38g=1c=—1k=4,(2'6"), (15" — (152') — (1°2})

If P§2) # Py, then ¢ = w = ¢3¢, then each one of Py, Py, P; has type (1"7221), but

now y_ A; =3 < n. So no solution is from this case.

The case Aél) =2

This case P{" has type (177422) or (17-331).

In the first case, C(Pg,P?)(l)) = 2(n —2), s0o 2n > n+ 2ged(n, k) +29g —2 >
2(n —2) + (n — 4)A§,2), so 4> (n— 4)A§2), since n > 7 and Ai(f) > 0, the only
possibilities are n = 7 or 8, and AgZ) = 1, but one can check n = 7 does not satisfy
the genus inequality, so n = 8.

Note now the genus inequality become equality, which means k = n/2 = 4, and we
have no contributions to the genus formula except C(Ps, Pél)) and C (P3(1), P3(2)). If
P§2) # Pj, then P3(2) contributes C’(Pz,fz), P3) =n—2> 0, so we must have P3(2) = P;
and ¢ = —1. The remaining point must be 0, and A(0) = n — 1 — 2 = 5, however,
C(0,0) = 0 implies there are 2 or 4 places, so A(0) = 6 or 4, but not 5. Thus we get
no solution.

In the second case, C’(Pg,Pg(l)) =2(n —2),s0 2n > n+2ged(n, k) +2g —2 >
2(n—2)+(n— 3)A:(,)2), sod > (n— 3)Ag2). The only possibility is n = 7 and Agf) =1,
but one can check n = 7 does not make the genus inequality work, so no solution.

9.4.4 The remaining cases
The remaining cases are

LLA=A,=0 A0 =1,n<4
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22 A=A4,=1,m=3,n<6

A=A, =0 A0 =1,n<4

If n = 2, then P, = (1?), Py = (21, since Y. A; = n = 2, we must have
two (2')’s and at least one (1%)’s. The matching pattern can only be (1?) <> (21),
(12) < (21), or (1) = (2) = (1) — (2) — (1%), or (17) = (2!) = (2!) = (1%).

Now check each possibility, we get the following solutions.
(n,k,9) = (2,1,1),(1%)  (2'), (1%) & (2') or (1%) = (2') = (1*) = (2') = (1)

(n,k,g) = (2,1,0), (1) — (2) = (2') = (1)

If n = 3, there are two cases.

Case 1: we have three (1'2'), and at least one (1%). Since C'((1%),(1'2')) = 3,
C((1'2Y),(1'2')) = 1, and the contribution 3 + 2 ged(3,1) + 2g — 2 is either 3 or 5,
we have the following examples.

(n,k,g) = (3,1,1),(1%) — (172") — (1'2") — (12") — (1%) or
(1°) = (1'2") — (1'2") — (1%), (1'2"), or (1%) «» (1'2"), (1'2") +» (1"2")

Case 2: we have one (1'2'), one (3!), and at least one (1%). Since (1%) — (1'2')
already contributes 3, we can have a additional 2 or 0. Since (1*) — (3') or (1'2') —
(3!) contributes larger than 2, (3') should be a fixed point, we get one solution,
(n,k,g) = (3,1,0), (13) <> (1'2), (3'), but this is a speical case of a known example.

If n = 4, then we already have two points, (1) — (122'). For the remaining
point, Y A; = 3. Now there are three cases.

If it has another (1*), then we must have (1*) — (122'), the two (1*) — (122!)

already contribute 2n to the genus formula, so k = n/2 = 2 and g = 1, and there

is no room for more contributions. Now the sum of A; value of these four points is
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2, we need 2 more, so there is (are) more point(s). To get 0 contribution, we must
have only one additional point, and its ramification type can only be (2%). Thus we

have one example.
n= 47 k= 279 =1, (14> <« (1221)7 (14> A (1221)7 (22)

If it has a (4'), then only one solution, (n, k,g) = (4,1,0), (1*) < (1221), (4), but
this is a known example.

If it does not have additional (1*) or (4'), since A((122')) = 1, A((1'3')) =
A((2%)) = 2 and the remaining points have > A; = 3, these points have the following
possibilities:

(1) three (1%2'). Impossible since the total contribution of all points is 10 > 2n = 8.

(2) one (122') and one (22). All the possible pairs of (k, g) we can get are (1, 1), (2,1), (2, 0),

we have the following examples:
(n,k,9) = (4,2,1), (1) & (172'), (1°2") > (2°) or
(1) — (122" = (2°) — (172") — (1%
(n,k,g) = (4,2,0) or (4,1,1), (1) — (1%2') — (1%2') — (1%), (2%)

(3) one (122') and one (1'3'). C((1?2') — (1'3')) = 6, but there is room for at
most 4, so this cannot happen, so (1'3!) is a fixed point, this contributes 2. The
remaining three points include one (1*) and two (1%22!), since we will not have
more fixed point, they must form the sequence (1*) — (1%22') — (122!) — (1%),

which contributes 6. Therefore total contribution is 8, this means k = 2,g =1,

we have one example.

(n,k,g) = (4,2,1),(1*) — (1%2") — (1%2') — (1%), (1'3})
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The case A=A4,,=1,m=3,n<6

We have P3 = (1"7221), and A;+ Ay = n—1, n+2gcd(n, k)+2g—2 =contribution.
The matching pattern can only be either one point matches itself and the other two
match each other, or they form a chain (e.g. P, — P, — P3 — Py). Use a computer

program, we have the following solutions.
(1) (n,k,g) = (3,1,0), P, = P, = P3 = (1'2'), any matching pattern.
(2) (n,k,g) = (4,1,1) or (4,2,0), P, = P, = (1?2'), P; = (1'3!), matching pattern,
Pg < Pg, P& B

(3) P =P, = (1221, Py = (2?)
(n,k,g) = (4,1,0) for matching pattern P, <> P, Pj

(n,k,g) = (4,1,1) or (4,2,0) for any matching pattern

(4) (n,k,g) = (5,1,1) or (5,2,1), P, = (132'), P, = P3 = (1'2?), matching pattern,

P17P2<_>P3

(5) (n,k,g) = (6,3,1), P, = (1'5'), P, = Py = (112'), matching pattern, P, P, <>

Py

(6) (n,k,g) =(6,2,1) or (6,3,0), P, = (2'4'), P, = Py = (1*2!), matching pattern,

P1HP1,P2HP3

(7) (n,k,g) = (6,1,1) or (6,2,0), P, = (3?), P, = P; = (1'2'), matching pattern,

P1<—>P1,P2HP3

(8) (n.k,g) = (6,2,1) or (6,3,0), Py = (1%21), P, = (2%), P, = (122?), matching

pattern, P, Py <> P; or P, P, <+ Ps
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9.5 Summary and proof of Theorem

Theorem IX.11. The reduced sequences, the values of n, k and genus can only be
one the following cases. However, the following cases do not necessarily correspond
to a genuine Laurent polynomial f such that f(X) — cf(Y) is irreducible, for some

root of unity c € K\ {1}.
1. (n,k,g) = (4,1,0), (1'3%) < (113h)

2. (n,k,g) = (4,2,1), (1'31) <> (22)

3.
(n,k,g) = (4,2,1), four (1°2"), any matching pattern
4.
(n,k,g) = (6,3,1), P = (2°), P, = Py = Py = (12"), B, » Py = P, — P, and P,
5.
(n,k,g) = (6,3,1), P, = P, = Py = (1*2%), any matching pattern
0.
(nakag) = (8747 1)7P1 = (24)7P2 = P3 = (1422)7P2 A P3 and Pl
7.
n=6k=3g=1(1") — (1"22") — (1"22") — (1), (2'4")
8.
n n n—201 n—2o1 n UV
neven,n > 6,k =5,9=0,(1") > (1"7727) = (1"7°27) = (1"), (5)°)
9.

n even,n > 6,k = g,g = 1,((2y2), 1" = 17221 = (1) — (1722 = (1)

[\]



10.

11.

12.

15.

1.

15.

16.

17.

18.
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n n—2 n n—201
neven.,n>6k=—g=1c=-1(22) (17272 ),(1") « (1"?2")

|3

neven,n > 6,k=—,g=1((2)?),(1") < (1"22h), (1" 22 « (17)

NS
N3

n=12,g=1,c=—1,k=4,(6%),(1'°2") — (1'92') — (1'°2")

=8,g=1c=—-1k=4,(2'6"),(1°2") — (1°2") — (1°2")
n=28g=1,c Lk=4,( ,

(n,k,g) = (2,1,1), (1) > (21),(1%) > (2') or (17) = (21) = (17) = (2') = (1)

(n,k,g) = (2,1,0),(1%) — (2) = (2") = (1)

(n,k,g) = (3,1,1), (1%) — (172') — (1'2Y) — (1'2") — (1%) or

(13) — (112') — (1'2Y) — (1%), (1%2Y), or (1*) < (1'2Y), (1'2!) « (1'2h)

n=4k=2g=1(1% < (122", (1*) < (1%2"), (2?)

(n,k,g) = (4,2,1), (1%) < (1721, (1%22") < (2%) or

(1% — (1%2Y) — (22) — (1%2Y) — (1Y)



19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.
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(n,k,g) = (4,2,0) or (4,1,1), (1*) — (172}) — (122" — (1%), (2

(n,k,g) = (4,2,1),(1%) — (122") — (122") — (1%), (1'3")

(n,k,g) = (3,1,0), P, = P, = P3 = (1'2'), any matching pattern.

(n,k,g) = (4,1,1) or (4,2,0), P, = P, = (122Y), Py = (1'3), matching pattern,
Pl <~ PQ, P3

P =P, = (1221, P3 = (2?)

(n,k,g) = (4,1,0) for matching pattern P, <> Py, Pj

(n,k,g) = (4,1,1) or (4,2,0) for any matching pattern

(n,k,g) = (5,1,1) or (5,2,1), P, = (132", P, = Py = (1'2?), matching pattern,
P, P Ps

(n,k,g) = (6,3,1), P, = (1'5Y), P, = P3 = (12Y), matching pattern, Py, Py <
Ps

(n,k,g) = (6,2,1) or (6,3,0), P, = (2'4'), P, = Py = (1*2Y), matching pattern,
P, Py, Ps

(n,k,g) = (6,1,1) or (6,2,0), P, = (3%), P, = P3 = (1'2'), matching pattern,
P, Py, Ps

(n,k,g) = (6,2,1) or (6,3,0), P, = (1'2Y), P, = (23), P3 = (1?2%), matching

pattern, Py, Py <> P3 or Py, P <+ P3
(1221 < (4, n=4,k=2,g=1

n > 2 ged(n, k) =1,g=0,(1") + (177221, (n!)
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Proof. The theorem is just a summary of all the cases found in the |A.| =2, |A.] > 3

in the last two sections. O

Now we see which is not corresponding to a genuine Laurent polynomial, or f(X)—

cf(Y) is reducible.

Lemma IX.12. If there is a point P € K and a number N > 1 for which every
ramification index over each of oo, P and cP is divisible by N, then f(X) — cf(Y)

18 reducible.

Proof. Say the ged is a > 1, then there is rational functions g;(X) and go(X), such
that f(X)—cP = g1(X)* and f(X)—P = ¢g2(X)?, therefore f(X)—cf(Y) = ¢g1(X)*—
cg2(Y)? = g1(X)® — (cago(Y))?, which obviously has a factor gi(X) — caga(Y), so

f(X) —cf(Y) is reducible. O

Lemma IX.13. Ifc = —1 and f(X) —cf(Y) is irreducible with genus g, then 0 has

at most 2g + 2 distinct preimages under f.

Proof. Suppose 0 has distinct preimages P, ..., P, then in K(z,y), there is only one
place @; over both P; in K(z) and P; in K(y), for i = 1,...,l. Let 7 be the degree-2
automorphism which swaps z and y, and let K be the subfield of K(x,y) fixed by T,
then [K(z,y) : K] = 2 and each @); must be totally ramified of index 2. Now apply

Riemann-Hurwitz to K(z,y)/K, we have
20 —2=2020x —2)+ Y (e, —1) >2(2g —2) +1

sol <2g+2—4gx <2g+ 2.
If I > 2g+2, then gx < 0, which is impossible, so f(X)—cf(Y') must be reducible

in this case. O

Now we are ready to prove Theorem [[X.6]
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Proof of Theorem[IX.f. Lemmal[[X.12]rules out the following cases in Theorem [[X. 11}
6,8,9,11,12,13, 17,19 (for (n,k,g) = (4,2,0)), 23(for (n,k,g) = (4,2,0) with a fixed
point), 26(for (n,k,g) = (6,2,1)), 28(for (n, k,g) = (6,2,1) with P, fixed).

Lemma [[X.13]rules out case 1, 10, 21 (if P is fixed), 23 (for (4,2,0) and P; fixed),
24, 28 (for (6,3,0)).

For case 30 in Theorem [IX.11{ we know 0 is a branch point so f(X) = (¢1X) o

(X —c2)™

<= for some ¢;, c; € K*, and in order f(X) —cf(Y) is irreducible we must have

ged(n, k) = 1. In this case f(X) has only two finite branch points, one is 0 with type
(n') and the other is f(:%-) with type (1"7?2'). The only condition we need for c is
¢ # 1. This is the first case in Theorem [[X.6] For the remaining cases in Theorem

[X.11] we reorganize them and form Table [0.1] O



CHAPTER X

The case that f(X) — cf(Y) is reducible

In this chapter we classify all genuine Laurent polynomials f(X) € K[X, X! for
which Fy.(X,Y) is reducible with an irreducible factor of genus zero or one where
c € K*\ {1}. In the first section we study the case when f is indecomposable.
In the subsequent sections we assume f is decomposable. There are three cases:
f=PoL, f=LoX"™and f=PoLoX"™, where P € K[X]| has degree at least 2,
L € K[X, X7!] is an indecomposable genuine Laurent polynomial and m > 2 is an
integer. In the second section we solve the case that f = P o L. In the last section
we solve the remaining two cases together where we use f for L and P o L, in other

words, f = P o L for some nonconstant polynomial P € K[X].

10.1 Indecomposable case

We first prove Proposition [X.3 which says for any indecomposable genuine Lau-
rent polynomial f(X) € K[X, X!, if F;.(X,Y) is reducible with an irreducible fac-
tor of genus zero or one then f(X)—cf(Y) = f(X)—f(u(Y)) = (X—p(Y)Fr(X, u(Y))
where u(X) = aX or a/X for some a € K*. The numerator of X — u(Y') is an irre-
ducible factor of genus 0, and we may get more irreducible factors of genus at most
1 from Fy(X,u(Y)). Note that every irreducible factor of F(X, u(Y)) can be ob-

tained from replacing Y with p(Y") in an irreducible factor of Fir(X,Y) and the genus

118
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remains the same. Therefore f(X) must be one of the Laurent polynomials listed
in Theorem and we can find the pair (f,c) which yields additional irreducible
factor(s) of genus at most 1, and these pairs are listed in Proposition .

We first show two lemmas that are used to prove Proposition [X.3]

Lemma X.1. For m > 6, every automorphism of each group G € { Sy, Sm, Sm 052}

1s induced by conjugation by an element of G.

Proof. The assertion is well-known in case G € {S,,, A}, so we assume that G =
Sm 1S3, We claim that the only nomal subgroups of G' which are isomorphic to A,,
are A,, x 1 and 1 x A,,.

Let N be a normal subgroup of G which is isomorphic to A,,. Since A,, X A,,
is a normal subgroup of G, it follows that N N (A,, x A,,) is a normal subgroup of
N.But [N: NN (A4, x A,)] <[G: A, x A, =8,80 NN (A, X A,,) is a normal
subgroup of N having index at most 8; since N is isomorphic to A,,, the index must
be 1, so that N is contained in A,, X A,,.

Next, the image of N under projection to the first coordinate is a normal subgroup
of A,,, and hence is either 1 or A,,. We may assume that the image is A,,. Likewise
we may assume that the image of N under projection to the second coordinate is
A,,. But then, for any g € A,,, N contains a unique element of the form (h, g) with
h € A,,, and moreover h # 1 and g # 1. But also N contains any conjugate of this
element by A,, x 1, so that A,, centralizes h, whence h = 1, contradiction. This
proves the claim.

Next, any automorphism ¢ € G must preserve the set of normal subgroups of G
which are isomorphic to A,,, and must induce an automorphism of the group they
generate, namely A,, x A,,. This gives a homomorphism Aut(G) — Aut((A,,)?). We

will be done once we show that this homomorphism is injective, since by composing
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with conjugation by an element of Sy we may assume that o induces an automorphism
of both A,, x 1 and 1 x A,,, whence o acts on each of these groups as an element of
Sm, 80 that o acts on GG as conjugation by an element of G.

Now suppose that o acts as the identity on (A,,)?. For any g € G and any
h € (An)? we have g 'hg € (A,,)? (since (A,,)? is normal in G) so that o fixes
g thg, whence g7thg = o(g7thg) = o(g)tho(g), but then o(g)g~'h = ho(g)g~* so
that o(g)g~" is an element of G which commutes with every element h € (4,,)% To
conclude the proof, it suffices to show that the centralizer of (A,,)? in G is trivial,
since that implies that o(g) = ¢ for every g € G, so that o = 1.

Now suppose that some element of G centralizes (A,,)?. If the element is (a,b)
with a,b € S, then both a and b must centralize A,,, and hence must be 1. If
the element is (a,b)s with a,b € S,, and s swapping the two copies of S,,, then
(a,b)s(g,1) = (a,b)(1,g)s = (a,bg)s, and (g,1)(a,b)s = (ga,b)s, so that ga = a for

every g € A,,, contradiction. a

Lemma X.2. Let p(X) be an indecomposable Laurent polynomial with monodromy
group G = S,,, G = A, or G = S, 1Sy, where m > 6, and let ¢ € K\ {0,1}. If
p(X) — ep(Y) is reducible and has a factor which defines a curve of genus 0 or 1,

then this factor has degree 1.

Proof. Suppose otherwise. Let u,v be transcendental over K such that p(u) = cp(v)
and the genus of K(u, v) is genus 0 or 1. Put ¢ = p(u), and let Q2 be the Galois closure
of K(u)/K(t). By Theorem [[IL.15] € is also the Galois closure of K(v)/K(t). Extend
the K-isomorphism K(u) — K(v) which maps u — v to an embedding o € € into
the algebraic closure of K(¢). Then o(t) = o(p(u)) = p(o(w)) = p(v) = p(u)/c = t/c,
so o(2) is the Galois closure of o(K(u))/o(K(t)), in other words, K(v)/K(t), whence

() = Q. Therefore ¢ is an automorphism of 0 which maps K(¢) to itself; this
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means that o normalizes G := Gal(Q2/K(t)) in Aut(2/K). In particular, o induces
an automorphism of G, so by Lemma o must act on G as conjugation by an
element of G. Finally, since o(u) = v, we have cGal(Q/K(u))o™' = Gal(2/K(v)), so
that Gal(Q/K(u)) and Gal(©2/K(v)) are conjugate subgroups of G. This means that
there is an element of G which maps K(u) to K(v). Let w be the image of w under
this element of G, so that p(w) = t. Then [K(w) : K(t)] = deg(p) = [K(v) : K(t)], so
that K(w) = K(v). Then K(u,w) = K(u,v) has genus 0 or 1, so by what we proved
about the genus of factors of (p(X) — p(Y))/(X —Y), the only possibility is that
w = u. Therefore K(u,v) = K(u,w) = K(u), so that the minimal polynomial of v

over K(u) has degree 1, as desired. O

Proposition X.3. Let f(X) € K[X, X '] be an indecomposable genuine Laurent
polynomial for which Fy.(X,Y) is reducible with a genus zero or one irreducible

factor. Then one of the following conditions holds:
1. f(X)=—f(a/X) for some a € K* and ¢ = —1.

2. f(X) = X'h(X"®) where h € K[X, XY is some genuine Laurent polynomial,

al = ¢, and ¢ is a root of unity of order b. In this case cf(X) = f(aX).

Proof. First we assume that if Fy.(X,Y) is reducible with a genus zero or one irre-
ducible factor then cf(Y) = f(u(Y)) where u(X) = aX or a/X for some a € K*,
and we prove the second part of the proposition. Let a; be the coefficient of f for
any integer 4. If u(X) = a/X then we have a_; = ca;a’ and a; = —a_;a™", so ¢ =1
and therefore ¢ = —1. If u(X) = aX then a;(a’ — ¢) = 0, so if a; # 0 then a; = c.
Note that f has at least two nonzero coefficients so ¢ and a; are both root of unity.
Therefore if a; # 0 then i = [ (mod b) where a' = ¢ and b is the order of c¢. This

implies f(X) = X'h(X?) for some genuine Laurent polynomial h.
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We now prove the first part of the proposition. We work on the monodromy
group G := Mon(f). The case when the monodromy group of G is S,,, A,, or S, 15
where m > 6 is proved in Lemma [X.2] By Theorem [V.2] there are only a few groups
of size at most 40 remaining. We show that for each group, if f(X) — cf(Y) is
reducible then either K(z,v)/K(u,v) and K(y, u)/K(u,v) are isomorphic extensions
so cf(Y) = f(u(Y)), or the genus of each factor of f(X) — cf(Y) is bigger than 1.
We leave this to a program and we compute in the following way:

We first check that no groups G in Theorem |V.2| (and also not G = Ag or Sg) can
occur as monodromy group of a genuine Laurent polynomial L such that there is a
constant ¢ # 1 for which L(X) = c¢L(Y") is reducible and has a component of genus 0
or 1, unless cL(Y) = L(u(Y')) for some linear fractional y. By Theorem [[IL.15] this
setup implies that there are transcendentals u, v over K such that L(u) = cL(v) (call
this common value t) and K(u,v) has genus 0 or 1 and K(u)/K(t) and K(v)/K(t)
have the same Galois closure. The condition on having the same Galois closure forces
K(u)/K(t) and K(v)/K(t) to have the same branch points. Hence multiplication by ¢
induces a permutation of the branch points of K(u)/K(t), and we know that infinity
is a branch point of K(u)/K(¢) which is fixed by multiplication by ¢, while at most
one other branch point of K(u)/K(t) is fixed (namely ¢ = 0, if it is a branch point). If
exactly one finite branch point of K(¢) has the same ramification type in K(u)/K(?)
as does oo, then this point must be fixed by multiplication by ¢ and hence must
be t = 0. Now, since cL(v) # L(u(v)), the extensions K(u)/K(t) and K(v)/K(?)
are not isomorphic, whence the Galois groups Gal(Q/K(u)) and Gal(2/K(v)) are
not conjugate, where € is the Galois closure of K(u)/K(¢). Note that these two
Galois group both have index deg(L) in G. So we first restrict to the cases where G

has more than one conjugacy class of maximal subgroups of index deg(L), and for
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each such group H which is not a one-point stabilizer of G we compute for every
element of G (up to conjugacy) the contribution that that element would make to
Riemann-Hurwitz for K(u)/K(t) and for K(u,v)/K(t) if H were Gal(Q2/K(v)).

We find that there is no batch of elements which make the proper contribu-
tions to both Riemann-Hurwitz formulas, unless either (|G|, deg(L)) = (1344, 8) or
(deg(L),G) = (6, Ag) or (deg(L),G) = (6,5). But in these cases we compute all
tuples of elements of GG having the required cycle structures, and also having product
1, and we find that no such tuple generates G. So these ramification types do not
actually occur.

Next determine all possibilities for the branch cycles for each group in Theorem
of order < 10°. Show that this includes all groups on his list which are not doubly
transitive. In case the group is not doubly transitive, check that there is a degree-n
Laurent polynomial f(X) with this group such that (f(X)— f(Y))/(X —=Y) =10
has a component of genus 0 or 1. This can only occur if n = 10, when one of the

following occurs:
1. G = Aj, genus 0, ramification type (1,3?%), (12,2%), (5%).

2. G = S5, genus 0 in degree 6, genus 1 in degree 12, ramification type (14,23),

(2,4%), (5%).
3. G = S5, genus 1, ramification type (1,3,6), (14,23), (5?).
But we can check that none of these can happen. O

Proposition X.4. Let f(X) € K[X, X! be a genuine Laurent polynomial and
c € K\ {1} for which cf(Y) = f(u(Y)) and F¢(X, p(Y)) has a genus zero or one

irreducible factor, where u(Y) = aY or a/Y for some a € K*. Then f is strongly
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equivalent to some Laurent polynomial f for which (f, c) satisfy he conditions in one

of the cases in Table|10.1.

Table 10.1: ¢f(Y) = f(u(Y')) and F¢(X, u(Y)) has an irreducible factor of genus 0 or 1

item f Mon(f) c w(X) g
(1) X+1/X S -1 —Xor—-1/X |0
(2) (X3+1)/X Ss3 w (w® =1and w # 1) w2 X 1
(3) (XZ7+1)?/X S, -1 1/X 1
(4) (X -1 X +1)/Xx? Sy -1 /X 1
(5) | (X14+4X3+2X —1/4)/X? Ay -1 -1/(2X) 0
(6) (X*-6X%2-3)/X Ay -1 -X 1

In all these cases f € K[X, X '] is an indecomposable Laurent polynomial and ¢ € K* \ {1}, and
Fr(X, w(Y)) is irreducible of genus 0 or 1.

Proof. Note that in this case Fy(X,Y’) must have an irreducible factor of genus zero
or one so f is one of the Laurent polynomials listed in Theorem (if Ff(X,Y) is
reducible) or in Theorem [[V.1] (if F(X,Y") is irreducible). In order ¢f(Y) = f(u(Y)),
f(X) must have at two finite branch points with the same ramification types. This
condition rules out all the cases in Theorem and Theorem except the first
6 cases in Table For all the remaining cases Fy(X,Y’) is irreducible, and since
we know these Laurent polynomial we can do the calculation explicitly, and we list

all the examples in Table [10.1] O]

10.2 Decomposable case I: f = Po L

Let P(u) = P(v) =t and L(z) = u # v = L(y) and build the function field tower
as usual. In this case g,, must be 0 or 1, so Fp.(X,Y) has an irreducible factor of
genus 0 or 1 and all such P are listed in Theorem The main result we prove in

this section is Proposition [X.13]

Theorem X.5 (Carney-Hortsch—Zieve [2]). Let P(X) € K[X] be a polynomial of

degree at least 2, and let d € K* \ {1}. If P(X) — dP(Y) has a factor H(X,Y) of
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genus at most 1, then P = go ho u for some g, h,u € K[X] with deg(pn) = 1 and
c e K*\ {1}, and H(X,Y) is a factor of h(X) — ch(Y") of genus at most 1. The pair

(h,c) is one of the following.
1. h=X%X —1)® for some coprime integers a,b > 1 and a +b > 3

2. (h,c) is one of those in Table . Only the ramification types are listed, since

we only need the types.
3. h = Ty(X)
4. h=T,(X) and ¢ = —1 for some integer n > 3

5. h=X"

10.2.1 The cases where the pair (P,c) is in Table

Proposition X.6. Suppose that P € K[ X| and ¢ € K*\ {1} satisfy the constraints in
some case of Table . Let L € K[X, X! be an indecomposable genwine Laurent
polynomial, and put f := P o L. Suppose that f(X) — cf(Y) is reducible with a
component of genus at most 1. Then deg(L) = 2 and he pair (P, c satisfies case 6 of
Table 10.3. In this case ¢ = —1 and f(X) + f(Y) has two irreducible factors, both
of which have genus 1. The finite branch points of L(X) are the two simple roots of

P(X) - A,

Proof. First we show that the left and the right squares are irreducible unless P
is case 5(a) and case 5(b) in Table If the left square is reducible, then by
Theorem and by looking at the ramification of u = oo in K(z) and K(u,v),
we have deg(L) = 2 and K(z) is a subfield of K(u,v), therefore K(u,v)/K(u) must
have at least two finite branch points whose ramification indices are all even. If the

right square is reducible, then the same argument implies that K(u,v)/K(v) must
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Table 10.2: P(X) — ¢P(Y) irreducible sporadic cases

case \ order of ¢ \ Ramification types and branch points \ g
1 P:X:(3 ) (13) 1
cP: Xt (13) eX: (3Y)
2 # 2 P (1! 21) c(1121) 2 (13) 0
cP:X:(13) eh: (112) 2N (1 21)
3 P:,\(121) :(1%) Q (121cQ() 1
cP:X:(13) e (121)Q (13) c@ : (1121)
4 2 P (113h) ex: (172 ) 1
cP i X (1221) ex s (113Y)
5a # 2 P:x:(22) e:(122h) X (19 1
cP i X (1%) ed:(22) 2N : (1221)
5b # 2 P:x:(122h) ex: (22) X (19) 1
cP i X (1%) e (122Y) X1 (22)
6 2 P:0:(1720) A: (1221) ex: (122 0
cP: 0: (1221) X (1221) eX: (1221)
7 3 P\ (1221 ex s (172) &2 : (172h) 0
cP: X i (122%) eX s (1221) &2\ : (1221)
8 #2 P:0: (1225 M@ (1220) ex: (1220) &2X: (1) 1
eP: 0: (1228) A2 (1%) eX: (122Y) X2 (122Y)
9 2 P (12 ex: (122Y) Q- (122Y) cQ : (1%) 1
cP: X (122Y) e (122Y) Q= (1%) cQ : (1121)
10 >3 P (1220 ex: (1220) &2 (122h) S (1) 1
eP: X (1%) e (122Y) X (1221) X : (112))
11 2 P:0: (1230 A: (1920 e (1921) 1
cP: 0:(1231) X: (1321) eX: (132Y)
12 2 P:0: (172%) A: (1927 ex: (1°2)) 0
cP: 0:(1122) X: (1321) eX: (132
13 #2 P:0:(112%) X: (1321) ex: (1321) &2 0 (1°) 1
eP: 0: (1122) X1 (1°) eX: (1321) 2\ : (1321)
14 2 P: 0 (1320) X2 (112%) ex: (132 1
cP: 0: (1321) A (1321) eX: (1122)
15 3 Proxc(112%) ex: (1320) &2 : (1321) 1
cP: X (132%) e (1122) X : (1321)
16 2 P 0: (1720 A : (1222) e : (1229) 1
cP: 0 (1421) X1 (122%) eX @ (1%22)
17 2 P:0: (13%) A: (1927 ex: (1°21) 1
cP: 0: (113%) A : (1%21) eX: (1521)

have at least two finite branch points whose ramification indices are all even. These
conditions rules out all the cases in Table except case 5(a) and case 5(b).

For case 5(a), if the left square is reducible then deg(L) = 2 and A(L) must be
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the two simple roots of P(X) — c¢); if the right square is reducible then A(L) must
be two simple roots of P(X) — A/c. Since ¢ # —1, we know one of the left and the
right square must be irreducible and then one of g,, and g,, is bigger than 1, so
gsy > 1. The same argument holds for case 5(b), so we can ignore case 5(a) and 5(b)
from now on.

Then we look at the g,, = 1 cases in Table [10.2] Since there is no ramification
in K(x,v)/K(u,v), we must have oo, is unramified in K(z) and deg(L) = 2. This
case L has two finite branch points of type (2!), therefore K(u,v)/K(u) must have
at least two finite places whose ramification indices are all even. This rules out all
the remaining g,, = 1 cases in Table except case 5(a) and 5(b).

Next we look at the g,, = 0 cases in Table[10.2] in other words, case 2, 6, 7 and 12.
First of all, the left and the right square must be irreducible, so the top square must
be reducible. If [ := deg(L) is a prime number, then K(z,v) = K(u,y) = K(z,y).
In particular, any place in K(u,v) has the same ramification type in K(z,v) and
K(u,y).

For case 2, every finite branch point of K(u,v)/K(u) has at least one ramification
index 1, so all the contributions from finite branch points in K(x)/K(u) are carried
over to K(z,v)/K(u, v), so we have 2g,, —2 > (=2){ +3(l—2)+1=20—6,s0 < 3.
If [ = 3, then this is equality and g,, = 1. Therefore at least one branch point of L is
one simple root of P(X) — ¢*\. This implies the simple root of ¢cP — ¢*\ is a branch
point of ¢P, so another branch point of L is the simple root of P — ¢\. Then this
implies the simple root of cP — ¢\ is also a branch point, so the third branch point
of L is the simple root of P — A. But similarly we have all the three simple roots
of P — \/c are branch points of L. Now in total there are at least 4 finite branch

points, which is impossible. If [ = 2, then L has two finite branch points. At least



128

one of them must be a simple root of P — ¢!\ where i = 0, 1 or 2. Note that if a
simple root of P — ¢\ is a branch point, then so are all the simple roots of P — ¢\,
Thus anyway we will get at least at least three branch points, contradiction.

For case 12, every finite branch point of K(u,v)/K(u) has at least three ram-
ification index 1 except one finite branch point. Thus the finite branch points of
K(z)/K(u) contributes at least [ +2 to K(z,v)/K(u, v), and then we have 2g,, —2 >
(=2)l+5(1—-2)+(l+2)=4l—8,s01l =2 and g,, = 1. Since this is equality, one
branch point of L is the simple root of P(X), and the other branch point (say «) of
L is one simple root of P(X) — A. Now since any simple root 5 of ¢cP(X) — A is not
a branch point of L, we have any place lying over ©« = o« and v = (3 is ramified in
K(z,v) but unramified in K(y, u), contradiction.

Similarly for case 6, 7, every finite branch point of K(u,v)/K(u) has at least two
ramification index 1, 80 2g,, —2 > (—2)I+4(1—2)+2l = 3]1—6,s0 | = 2 and g,, = 1.
If a simple root of P(X) — A is a branch point of L, then so all all the simple roots
of ¢cP(X) — A. Therefore L will be at least the order of ¢ many finite branch points,

so case 7 cannot happen. For case 6, there is only one case:

1. deg(L) = 2 and A(L) = {ay, as}, where ay, a are the two simple roots of P(X).
This case f = Po L, c = —1 and f(X)+ f(Y) has two irreducible factors, and

each has genus 1.

10.2.2 The case P =T, and c € K*\ {1}
Lemma X.7. Let u be a root of To(X) —t and v be a root of To(Y) — t, then the
finite branch points of K(u,v)/K(u) are w = ++/2 — 2¢ (where v =0) and the finite

branch points of K(u,v)/K(v) are v = 4/2 — 2/c¢ (where u = 0).
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Proof. Now we look at the finite branch points of K(u,v)/K(u) and K(u,v)/K(v).
Since Tp = X? — 2, we have T(X,Y) := T5(X) — cT3(Y) = (X? —2) — ¢(Y? — 2). As
a polynomial in X, T(X,Y) has a double root X = 0 when ¥ = im; as a
polynomial in Y, T(X,Y) has a double root Y = 0 when X = 4+/2 — 2c. Thus the
finite branch points of K(u, v)/K(u) are u = £+1/2 — 2c and the finite branch points

of K(u,v)/K(v) are v = £1/2 — 2/c. O

Lemma X.8. The left and the right square must be irreducible, and the top square

must be reducible.

Proof. The left square cannot be reducible, otherwise by Theorem [[II.15, we have
deg(L) = 2 and therefore K(u,v) = K(z), but this is impossible since K(z)/K(u) has
two finite branch points but K(u,v)/K(u) has only one. Therefore the left square
and the right square (by symmetry) are both irreducible, and the top square must

be reducible since f(X) — cf(Y) is reducible. O

The following two lemmas say that when P = T, the monodromy group of L is

very restrictive, and the top square have very strict ramification.
Lemma X.9. Mon(L) # S /1 S2 where m = deg(L).

Proof. We will crucially use the fact that the four branch points of K(u,v)/K(u) and
K (u,v)/K(v) all have different values, in other words, ++/(1 — ¢)/2 and £+/(1 — 1/¢) /2
are all different.

Now we show that Mon(L) cannot be the wreath product. Note that the rami-
fication of L (or equivalently the ramification of K(x)/K(u) and K(y)/K(v)) must
be one of those in Table [7.2] and Lemma lists the ramification of L, we firstly
rule out all the cases in Table [7.2] with ramification index 3 or 6. The remaining

cases are case 1, 2, 4, 5 and 6. When m > 4, for all these cases the finite branch
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points of K(u,v)/K(u) and K(u,v)/K(v) are all finite branch points of L, so L has
four finite branch points but L has at most three finite branch points by Lemma
Therefore m < 4, but since m is a square so m = 4 and then case 6 is ruled
out. Now for each remaining case, at least one finite branch point of K(u,v)/K(u)
and at least one branch point of K(u,v)/K(v) is a branch point of L, so in Table
L must have at least one additional finite branch point, and this rules out case
2. Now the remaining cases are case 1, 4 and 5. If L has ramification index 4
then L has only two finite branch points and they have type (122!) and (4!), and
they must be branch points of K(u,v)/K(u) or K(u,v)/K(v); suppose u = « is a
finite branch point of K(u,v)/K(u) and it ramifies in K(z) with type (4'), then the
place in K(u,v) lying over it is ramified in K(z,v) but unramified in K(u,y), there
Oy > 1 since gq, = guy = 1. Thus L must have three finite branch points and their
types are (1221), (122!) and (22), since at least one point is not a branch point of
K(u,v)/K(u) (or K(u,v)/K(v)) and this branch point has no trivial contribution to
Riemann-Hurwitz in the top square so we must have g,, = g,, = 0. This means we
just consider case 1 in Table with m = 4, but in this case all the finite branch
points of K(u,v)/K(u) and K(u,v)/K(v) are all branch points of L, so L has at least

four finite branch points and we get a contradiction. O]

Lemma X.10. The monodromy group of L can only possibly be S,, or A,, where
m = deg(L) # 6, so K(z,v)/K(u,v) and K(y, u)/K(u,v) have the same set of branch
points and each branch point has the same ramification type in K(x,v) and K(u,y).
Proof. By Lemma , Mon(L) can only possibly be S,, or A,, with m # 6, or
S jm US2, where m = deg(L). Note that the wreath product case is ruled out in
Lemma [X.9

If Mon(L) = S,, or A,, with m # 6, then by the same argument in Proposi-
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tion |VIL.12| we have that if the top square is reducible then K(z,v)/K(u,v) and
K(y,u)/K(u,v) have the same set of branch points and each branch point has the

same ramification type in K(z,v) and K(u, y). ]

Proposition X.11. If P = T3 and ¢ € K*\{1}, then for any indecomposable genuine
Laurent polynomial L, either Ty o L(X) — Ty o L(Y') is irreducible, or Ty o L(X) —

cTy o L(Y') is reducible with all factors having genus bigger than 1.

Proof. By Lemma[X.10] any place in K(u, v) has the same ramification type in K(z, v)
and K(u,y), and we will this for the top square when necessary. We first study what
ramification type of L makes g,, and g,, at most 1.

In order g, < 1, K(z)/K(u) has to satisfy the ramification constraints in Table
[7.2] where the union of the multi-sets are the collection of ramification indices of all
places in K(z) lying over u = 41/2 — 2¢, therefore at least one of v = £/2 — 2¢ is
a branch point of K(y)/K(v). Now consider the right square, K(y)/K(v) also has to
satisfy the ramification constraints in Table [7.2] Note that the finite branch points
of K(u,v)/K(v) are v = 4+/2 — 2/c, which are different from v = £1/2 — 2¢, so
K(y)/K(v) has at least one finite branch point which does not ramify in K(u, v)/K(v).

Now consider the possible ramification of K(y)/K(v). First of all, the above
argument rules out all the cases where there is no additional finite branch point
(except the branch points of K(u,v)/K(u)).

If the multi-sets of K(y)/K(v) contains a index bigger than 2, then u = 0 is
also a branch point of K(z)/K(u) and v = 4/2 — 2/c are both branch points of
K(y)/K(v), since any place in K(u,v) lying over u = 0 should ramify the same way
in K(y,u) as in K(z,v). This implies K(z)/K(u) has at least three finite branch
points (u = 0, u = £4/2 — 2/c) which are not u = ++/2 — 2¢, but none of the cases

in Table [7.2] satisfies this properties.
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The final case is that the multi-sets of K(y)/K(v) contains only 1’s and 2’s and
there is at least one additional finite branch point, then one of such additional branch
points must be v = /2 — 2¢c or v = —/2 — 2¢, without loss of generality, assume
it is v = /2 —2c. Then there are two places in K(u,v) lying over v = /2 — 2c,
and they lie over u = v/2 — 2¢® and u = —/2 — 2¢2 respectively, so u = +v/2 — 2¢2
are two finite branch points of K(x)/K(u). Therefore K(y)/K(v) have at least three
additional finite branch points, namely, v = +v/2 — 2¢2 and v = /2 — 2¢, which is

impossible. O

10.2.3 The case P = X*(X — 1)b

Proposition X.12. Let P = X%(X — 1)® for some coprime integer a,b > 1 with
a+b > 3. Let L be any indecomposable genuine Laurent polynomial, and let ¢ €
K*\ {1}. Then it is impossible that P o L(X) — c¢P o L(Y') is reducible with a factor

of genus at most 1.

Proof. Let n := deg(P). First of all, P(X) = 0 has ramification type (a'd') and
P(X) = X where X := P(a/(a + b)) has ramification type (1"7221).

The left and the right square must be irreducible, since otherwise by Theorem
MI.15 ! := deg(L) = 2 and K(u,v)/K(u) has two finite branch points whose ramifi-
cation indices are all even numbers. However, for = X%(X — 1)°, K(u,v)/K(u) has
no such finite branch point. Therefore, only the top square is reducible.

For the finite branch points of K(u,v)/K(u), there are n many of type (177221)
(corresponding to the n simple roots of P(X) = c)), one of type (1°b') (at u = 0)
and one of type (1°a') (at u = 1). Consider the contribution of the finite branch
points of K(z)/K(u) to the Riemann-Hurwitz of K(z, v) /K(u, v). Note that the finite

branch points of K(z)/K(u) contributes [ to the Riemann-Hurwitz of K(z)/K(u),
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and these contributions can be carried over to K(z,v)/K(u,v). The worst case is
when the branch points are u = 0 and u = 1, where the contribution to K(z, v)/K(u)
is the least, and which is at least al + (b — a) = al + 2n — a. Therefore, we have

2000 —2 > (=2)l+n(l—2)+al+2n—a. If g,, = 0, then | < 2202 — 94 20 < 9,

which is impossible. Therefore g,, = 1, and in this case | < %{f_‘g =2+ n+§_2.
Therefore [ = 2,3 unless n + a = 4, where [ could be 4.

If [ is prime, then [ = 2 or [ = 3. Since the top square is reducible, by Theorem
we have K(z,v) = K(u, y), so in particular K(z,v) and K(u,y) have the same
branch points in K(u,v) with the same ramification type at each branch point. If
any finite branch point u = a of K(z)/K(u) is not u = 0 or v = 1, then any simple
root X = [ of P(X) = P(a) or ¢cP(X) = P(«a) yields a finie branch point u =
of K(z)/K(u), and then K(z)/K(u) will have at least 2n — 2 finite branch points;
however, L can only have at most [ many finite branch points, so 4 < 2n — 2 < [,
contradiction. Thus when [ = 2 or [ = 3, L has two finite branch points v = 0 and
u = 1. If I = 2, since the place in K(u,v) over v = 0 and v = 1 have the same
ramification type in K(z,v) and K(u, y), then a and b must be both odd, so we have
2000 —2 = (=2)l+n(l—2)+(a+2—ged(2,b))+ (b+2—ged(2,a)), s0 2g,, = n. Since
n > 2, it is impossible that g,, < 1. If [ = 3, then v = 0 has type (122!) in K(z) but
u =1 has type (3!) in K(y). In order the place in K(u, v) over u = 0 and v = 1 have
the same ramification type in K(z,v) and K(u,y), we must have b is even and 3 | a.
Therefore we have 2g,, —2 = (=2)l +n(l —2)+a+2b, 80 gy = n —2+0/2 > 1.
Therefore, the above argument shows that [ can not be 2 or 3.

The only possibility remaining is [ = 4, and this case n = 3 and a = 1. Note that
this makes 2g,, —2 > (—2)l + n(l — 2) + al + 2n — a an equality with g,, = 1. This

implies K(x)/K(u) has only two finite branch points, and they are v = 0 and u = 1,
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and the contribution of these two points to K(z, v)/K(u,v) is al +2n —a = 9. Note
that the ramification types of the two finite branch points are either {(4'), (122!))}
or {(1'3"), (1*3')}. We check each case, and find one solution, u = 0 has type (1%2!)
and u = 1 has type (4') in K(z). In this case the place in K(u,v) over u = 0 and
v = 1 is unramified in K(x,v) but totally ramified in K(y, ), so this case the top

square is irreducible. Therefore we get no examples when [ = 4. O]

10.2.4 The classification of genuine Laurent polynomials f where f(X) —cf(Y) is re-
ducible with a genus zero or one factor

Proposition X.13. Let P € K[X] be a polynomial of degree at least 2. Let L € K(X)
be any indecomposable genuine Laurent polynomial and ¢ € K*\ {1}. Let f = Po L.
If f(X) —cf(Y) is reducible with a factor H(X,Y') of genus at most 1 then one of

the following is true

1. P=X*"4+4X3 + 3(a + 3)X? with a*> = 3, and ¢ = —1, and deg(L) = 2. Let
A be a nonzero finite branch point of P then A(L) := {ay, as} where ay, ay are
the two simple roots of P(X) — \. In this case f(X)+ f(Y) has two irreducible

factors, each has genus 1.

2. The polynomial P = T, with n > 3 and ¢ = —1, and let T(X,Y,n,r) =
X24+Y2-2XY cos(2nr/n)—4sin*(27r/n). In this case H(X,Y') is an irreducible
factor of genus 0 or 1 of the numerator of T(L(X), L(Y),2n,r) where r is odd

and one of the following holds
(1) Br(L) = {—2,2,a,00} where each branch point has type (1'2') and o® =
2(1 + cos(mr/n)). In this case H(X,Y') has genus 1.

(2) L(X) = aX + b/X + ¢ where a,b,c € K* and let {B, B2} = {2Vab +

¢, —2v/ab+ ¢} be the finite branch points of L. Then 1 =2 or —2. If B3 #
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2(1 + cos(mr/n)) then H(X,Y') is the numerator of T(L(X), L(Y),2n,r)
and it has genus 1; otherwise H(X,Y) has genus 0 and it is either of the

two factors of the numerator of T(L(X), L(Y),2n,r).

3. The polynomial P = T,, with n > 3 being odd and ¢ = —1. In this case L 1is
any indecomposable Laurent polynomial for which Fr,_1(X,Y') has an irreducible

factor of genus at most 1 and H(X,Y') is the factor.

4. The polynomial P = X™ with n > 2. In this case H(X,Y) is a factor of

L(X) — 1 L(Y') where ¢} = c.

Proof. We just look at the three cases in Theorem [X.5] The first case in Theorem
is solved in Proposition and we get no examples. The second case in Theorem
is solved in Proposition [X.6] and gives the first case in this proposition. The third
case in Theorem is solved in Proposition and we get no examples. The fifth
case in Theorem gives the last case in this proposition. For the fourth case in
Theorem note that 7,,(X)+7T,(Y) is a factor of Frr,, (X,Y’). All these quadratic
factors in T;,(X) +7,,(Y) has the form X2+Y?2—2XY cos(nr/n) —4sin?(7r/n) where
0 <7 <mnand ris odd. For the quadratic factors all the possible L are given in case
3 of Theorem [VIL1] where we replace cos(27r/n) and sin(27r/n) with cos(wr/n)
and cos(7r/n). For the factor X +Y, then H(X,Y) is an irreducible factor of genus

at most 1 of F, _1(X,Y). O
10.3 Decomposable case II: f = fo X™
Here f = Po L where P is a nonconstant polynomial and L is an indecomposable

Laurent polynomial. The case when F} , is irreducible is solved in Proposition .

The case when F; , is reducible is solved in Proposition
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10.3.1 When Ff,c is irreducible

Proposition X.14. Let c € K*\ {1} and let f be a genuine Laurent polynomial for

which F';

7. 18 irreducible. Let m > 2 and put f := fo X™. If Fy. has an irreducible

factor of genus at most 1, then deg(f) =2, m =2 and each factor of F.(X,Y) has

genus 0 or 1.

Proof. We build the function field tower as usual where f(u) = cf(v) = t, u = 2™
and v = y™.

We first deal with the case when deg(f) = 2 and m = 2. Since K(z,y) has genus
0 or 1, then K(u,v) must have genus 0 or 1. In the function field tower there is
no ramification in K(z, v)/K(u,v) and K(y, u)/K(u,v) so gu, is indeed 0 or 1. This
means for any genuine Laurent polynomial f and ¢ # 1, each irreducible factor of
Ff.(X,Y) must have genus at most 1.

From now on we assume (deg(f),m) # (2,2) and we show that we will get no
examples under this assumption. Note that the left and the right squares are irre-
ducible (since 0, is totally ramified in K(x) but has at least one unramified preimage
in K(u, v), if the bottom square is reducible then the intermediate field gotten from
Theorem cannot satisfy the conditions in Theorem , and therefore the
top square must be reducible. Note that F'; . must be irreducible of genus at most
1, so the pair (f, ¢) must come from Theorem and we will check all of them.

Let r be the total number of unramified places in K(u,v) over 0, and oo, then
2000 — 2+ (2 — 2guw)m > r(m — 1). Note that there must be ramification between
K(z,v) and K(u,v), we must have g,, = 0. Since g,, < 1, we have 2m > r(m — 1),
sor§%=2+%§4.

Note that r > n because there are n many places in total in K(u, v) lying over 0,
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and 0, or lying over oo, and oco,, therefore n < r < 4. If n =4 and k = 2 then there
are 8 places in K(u,v) over 0, and co,, so r > 8; if £ = 1 then similarly » > 5, both
are impossible.

If n =3, then kK =1, r = 4 and m = 2, and there is no ramification between
K(z,v)/K(u,v) except the places in K(u,v) over 0, and oo,. However, in this case
the place in K(u,v) lying over u = 0o and v = 0 is unramified in K(z, v) but totally
ramified in K(u,y), so the top square is irreducible, which is impossible. ]
10.3.2 When F; _ is reducible
Proposition X.15. Let P € K[X] be a polynomial, L € K[X, X~'] be an indecom-
posable genuine Laurent polynomial and ¢ € K*\ {1}. Put f :== P o L and suppose
F; (X,Y) is reducible. Let m > 2 and put f := foXm™ If Fro(X,Y) has an
irreducible factor H(X,Y') of genus at most 1, then one of the following conditions

holds:

1. f(X)=—f(a/X) fora € K*. Here H(X,Y) = XY — § (up to multiplication

by a constant in K*), where f™ = a.

2. f(aX) = cf(X) for some a € K* such that ¢ € (a). Here H(X,Y) = X — Y

(up to multiplication by a constant in K* ), where f™ = a.

3. Froxm (X,Y) has an irreducible factor of genus 0 or 1, and H(X,Y') is this
factor. Here one of the followings conditions holds:
(a) P =T, withn > 3 being odd and ¢ = —1.

(b) P = X" withn>2 and ¢* = 1.

Proof. First of all we consider the case that f is indecomposable. By Proposition

we have ¢f(X) = f(u(X)) where u(Y) = aX or a/X for some a € K* (More
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precisely either f(aX) = cf(X) or f(X) = —f(a/X)). Therefore H(X,Y) is either
an irreducible factor of X™ — p(Y™) (where each factor has genus 0) or an irre-
ducible factor of FF(X™, u(Y™)). In the latter case since F7(X, pu(Y)) must have
an irreducible factor of genus 0 or 1 so ( 1, ¢) must satisfy one of the conditions in
Proposition [X.4] Since now Fz(X™,Y™) also has an irreducible factor of genus 0 or
1 so f must be one of the Laurent polynomials listed in Table however, none of
the cases in Table is in Proposition , so F(X™, u(Y™)) does not have any
irreducible factor of genus at most 1.

Next we consider the case that f is decomposable. Note that in this case P is a
polynomial of degree at least 2. Since F f,c(X ,Y') has an irreducible factor of genus
at most 1 we know f' = P o L satisfies one of the conditions in Proposition . By
Proposition we get no examples from case 2 in Proposition [K.13] For case 3
and case 4 in Proposition we get the last case in this proposition.

Now the only case remaining is case 1 in Proposition [X.I3} Let r be a root of
X" —x, note that K(z,v)/K(z) is unramified but K(r) is totally ramified over x = 0
and x = 0o, we have that [K(r,v) : K(z,v)] = [K(r) : K(x)] = m. Then by Riemann—
Hurwitz we know g,, > 1 when m > 1, therefore all factors of f(X) — ¢f(Y) has

genus bigger than 1 and we get no examples from this case. ]
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