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CHAPTER I

Introduction

1.1 Preliminaries

A system of conservation laws is a system of nonlinear partial differential equa-

tions of the form

The unknown U is a function of t € R and ¥ € R™ and takes values in R™, and the
flux functions f% i = 1,...,n also take values in R™. In the above and throughout,
subscripts indicate partial differentiation with respect to the respective variables.
We are particularly interested in the two-dimensional compressible isentropic Fuler

equations, which take the form

p pu pu
pu | +| pu+p + puv =0,
pv puv pv* +p

t T Y

where p is the density, pu and pv are the horizontal and vertical momentum densities,
respectively, and p is the pressure. The system is closed with an equation of state

p = p(p). We are also interested in the two-dimensional compressible full Euler



equations, which take the form

p pu pv
pu pu? +p puv
+ + =0,
pU pUY pv2 +p
rE ) u(pE+p) ) v(pE + p) ,

where FE is the total energy (kinetic plus internal) per unit mass. In this case the
equation of state closing the system gives pressure as a function of density and

internal energy. A common choice is the polytropic equation of state, in which

b= (7 - 1)p67

where the constant 7 is the adiabatic exponent, equal to 1.4 for air.

The Euler equations are believed to be one of the earliest partial differential equa-
tions to be written explicitly. The earliest was the one dimensional wave equation,
developed by D’Alembert in 1749. The Euler equations were next, first published
by Euler in 1757, though he presented a preliminary version of the incompressible
equations in 1752. Since their discovery they have been extensively studied, yet our
understanding is far from complete. See [10] for an overview of the history of the
Euler equations that was published on the 250th anniversary of their formulation.

Existence and uniqueness of solutions to initial value problems are of primary
interest in the study of conservation laws. Given smooth initial data U(0, Z), we
would like to have a smooth solution at positive times. Using the classical theory of
linear hyperbolic systems (see the discussion in [34]), it can be shown that a unique
smooth solution exists locally in time. However, singularities can develop in finite
time from smooth initial data. This is due to the fact that the propagation speed

of information in the solution depends on the solution itself, and in the absence



of diffusion smooth transitions can become steeper and steeper until discontinuities
form. These discontinuities are known as shock waves. In gas dynamics experiments,
these transitions are smooth and steep due to the diffusive effect of viscosity, but the
first order conservation laws do not include these effects, and so the inviscid equations
allow for these discontinuous solutions. Since these solutions are not differentiable,
the differential equations must be interpreted in the integral or distributional sense.

Common experiments in gas dynamics study shock wave reflection phenomena —
that is, how shock waves interact with solid boundaries — so as to better understand
flow around an airfoil or inside a jet engine. The setting for many of these experiments
is planar flow, so that at any given time the discontinuities lie on curves in the (z, y)-
plane. Interesting behavior includes regular reflection, which is two shock waves
meeting at a point on a solid wall (or four shocks meeting at a point in the plane),
and Mach reflection, which is three shocks and a contact discontinuity meeting at
a point. (A contact discontinuity is a curve of discontinuity through which the
gas particles do not cross. The contact discontinuity could be a curve along which
the gas slides past itself, or could separate regions with different temperatures and
densities but at the same pressure so that the interface is not disturbed.) Regular
reflection is studied in [8, 9, 14, 15, 16, 18, 25, 53|, and Mach reflection is addressed
in [2, 3, 27, 45, 47, 49]. See Figure 1.1 for an illustration of these types of shock
reflections.

In either case, from the point of view of an observer moving at this interaction
point, the flow is steady in time, and is to first order constant along rays emanating
from this point. Whereas there are existence results for these and other certain cases,
there is a famous non-existence result regarding triple points — that is, three shocks

meeting at a point with smooth flow in between. This was originally investigated by



Figure 1.1: The initial configuration (not shown) is a vertical shock moving towards a ramp. In
certain situations, a regular reflection (left) is produced. There are two shocks interact-
ing at a point that moves up the ramp. For other parameters, a Mach reflection (right)
is produced, and the interaction point is detached from the wall. It consists of three
shocks and a contact discontinuity.

Von Neumann in 1943, and has been extended to more general equations of state (see
[26, 50, 43]). It would be interesting to learn more about which configurations are
possible or not possible. Therefore we will consider steady and self-similar solutions

to two dimensional conservation laws — that is, solutions that satisfy

U(t,z,y) =U(9),

where ¢ is the standard polar angle in the plane.
This reduction is similar to the Riemann problem for a system of conservation

laws in one dimension. A one-dimensional Riemann problem seeks solutions to

(1.1) Ui+ f(U): =0,

with initial data

(1.2) U(0,z) =

Distributional solutions will not be unique unless an admissibility criterion is en-

forced, and requiring that an entropy inequality is satisfied is a typical choice. Since



the Riemann problem is invariant under the transformation (¢,z) — (at,ax) for
a > 0, the solutions that are sought are self-similar in the sense that they are func-
tions of only x/t. The goal is then to connect Uy, to Ug by a series of shocks, simple
waves, or contact discontinuities with intermediate constant states in between. The
following theorem was originally proved by Lax in 1957 for the strictly hyperbolic case
(in which all eigenvalues are simple), and is also true for systems that are non-strictly

hyperbolic with constant multiplicity.
Theorem 1.1 (Lax [33, 42]). Suppose

e that the m x m matriz fy(U) is diagonalizable for all U with n real eigenvalues

of constant multiplicity,
e cach eigenvalue is either genuinely nonlinear or linearly degenerate, and
o |Ur — Ug| is sufficiently small.

Then the Riemann problem consisting of (1.1) and (1.2) has an entropy admissible
solution for t > 0 that is self-similar and consists of up to n + 1 constant states,
each close to the initial states, and they are successively connected to one another by
a simple wave, a contact discontinuity, or a shock. Moreover, there is exactly one

admissible solution with this preceding structure.!

We will refer to this solution as Lax’s solution.

Understanding the Riemann problem was fundamental in the development of the
study of systems of conservation laws in one space dimension. In 1965, Glimm
developed the random choice method [21], which proved global in time existence of
admissible weak solutions, provided that the initial data has small total variation.

The basic idea is to approximate the initial data by a piecewise constant function,

1We will define the notions of entropy admissibility, genuine nonlinearity, linear degeneracy, and simple waves in
Chapter II.



use the Riemann solutions at each transition point for a small time (before any of the
waves have a chance to interact), and then do the same procedure after a small time.
Uniqueness of the random choice method was addressed in [7, 6, 37, 30]. In addition,
numerical schemes such as the Gudonov scheme use exact Riemann solutions, and
there is a wide collection of powerful approximate Riemann solvers as well (see for
example [35]).

The natural extension of the Riemann problem to two dimensions would be to
consider initial data constant along rays emanating from the origin — similar to the
situation we consider, but instead considering unsteady solutions. To make this more
tractable, usually the initial data is taken to be constant in several sectors instead
of completely general self-similar data (see for example [29, 36, 52, 51]).

A more relevant motivation for this steady and self-similar reduction is found in
[13], in which Elling found numerical evidence suggesting possible non-uniqueness for
the initial value problem. Numerical simulations indicated an unsteady flow which
took an analytical steady flow as initial data. Perhaps better understanding of the
steady problem will lead to other similar examples of non-uniqueness or an analytical
proof.

Another interesting question regards the appropriate function space for solutions
of two-dimensional systems of conservation laws. Whereas the space of functions of
bounded variation is ideal in one space dimension (it is the setting of Glimm’s scheme
mentioned above as well as in the vanishing viscosity results of Bressan and Bianchini
in [4]), it is well known that BV is not appropriate for multidimensional conservation
laws. In [40], Rauch showed that a necessary condition for BV estimates at positive
times in terms of the variation of the initial data is that the matrices f#(U) and

fi(U) commute. However, this is not satisfied for the Euler equations or most other



systems of physical interest. Since the steady and self-similar form of two dimensional
conservation laws is similar to the self-similar form for a one dimensional conservation

law, perhaps BV is an appropriate function space for us to consider.

1.2 Summary of Results

In Chapter II, we consider general systems (possessing an entropy) for which the
steady problem has a full basis of eigenvectors and eigenvalues of constant multi-
plicity that are either genuinely nonlinear or linearly degenerate. We show that any
admissible steady and self-similar solution that is a sufficiently small L*° perturba-
tion of a constant background solution is necessarily a special function of bounded
variation. (It is well known that if U is a function of bounded variation, then U can
be uniquely decomposed as U,. + Ug + U,, where U,. is absolutely continuous, Ug
is a saltus function of bounded varation, and U, is a continuous singular function,
for example the Cantor-Lebesgue function. U € BV is a special function of bounded
variation if the continuous singular part vanishes.) Moreover, it must be constant
outside of thin sectors centered at the characteristic directions corresponding to the
background state. We demonstrate how to classify in which of these sectors the
behavior is like that of a forward in time one-dimensional self-similar solution, and
in which sectors the behavior is more like that of a backward in time solution. In
these “forward sectors”, there can be at most one wave — either a shock or a simple
wave. “Backward sectors” can have infinitely many waves, but cannot have consec-
utive simple waves. There is no distinction between forward and backward sectors
corresponding to linearly degenerate fields, and each such sector can have at most
one contact discontinuity.

In Chapter III, we show that both the isentropic and full Euler equations satisfy



the required assumptions for these results to hold, provided that the solutions we
consider are small perturbations of a supersonic state. We also obtain as a corollary
that a forward in time self-similar solution to a one-dimensional Riemann problem
must correspond to Lax’s solution in Theorem I.1 if it is a small L> perturbation of
a constant state, and that a backward in time solution must be a special function
of bounded variation. We show an example with infinitely many shocks, so that
this function space is sharp — any more restrictive commonly used space will not
admit countably many discontinuities. We also present an example in which no Lax
solution exists, in which the forward-in-time-like and backward-in-time-like sectors
cannot be separated by a line on which we could prescribe Riemann data and obtain
a Lax solution on the side containing forward-in-time-like sectors. See Figure 1.2 for
a summary of the main results in the context of the Euler equations.

In Chapter IV, we consider the full Euler equations, and do not assume that
the solution is a small perturbation of a constant solution. Assuming a polytropic
equation of state, that the solution is bounded with density and internal energy
bounded away from zero, and that the velocity does not vanish, we are able to show
that such a solution is a special function of bounded variation. We are also able to
obtain some results regarding the structure of possible solutions, but they are less
specific than those for the small perturbation case, which is why it is interesting to
confirm that full Euler fits into the perturbative framework (as done in Chapter I1I),
while allowing for large variations and not restricting to supersonic flow (as done in
Chapter IV). Whereas the notation and notions in Chapters II and III are shared,

Chapter IV is largely self-contained.
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Figure 1.2: The background state U is supersonic horizontal velocity to the right, with Mach num-
ber My > 1. U € L, steady, self-similar and sufficiently close to U = U € SBV. U
is constant outside of six narrow sectors (shaded light gray). In linearly degenerate sec-
tors (centered on the positive and negative z-axis), there can be at most one contact dis-
continuity. In genuinely nonlinear forward sectors (centered at 6 = + arcsin(M, *) from
the positive z-axis), there can be at most one shock or rarefaction wave (one shock pic-
tured in each). In genuinely nonlinear backward sectors (centered at 6 = =+ arcsin(M; ")
from the negative z-axis), there can be infinitely many waves, but no consecutive com-
pression waves (three shocks pictured in the second quadrant, and a compression wave,
shock, and compression wave pictured in the third quadrant). This picture applies to
both isentropic and full Euler. If we imagine Riemann data prescribed on the y-axis,
then the z > 0 part of the solution must be the “forward-in-time” Lax solution (with z
functioning as time), while the < 0 part is analogous to a backward-in-time solution
to a one-dimensional problem and is therefore not uniquely determined from the data
on the y-axis.



CHAPTER II

Small Perturbations for General Systems

2.1 Physical Systems and Entropy Solutions

We consider a system of two-dimensional conservation laws — that is, a system

of nonlinear partial differential equations of the form
(2.1) U+ f*(U). + f(U), = 0.

The unknown U(t,x,y) = (Ul(t,x,y), U%(t,z,y), ..., Um(t,zrj,y)) is a function from
R, x R? to P C R™, the individual components U%* o = 1,...,m are called the
conserved quantities, the set P is called the phase space of physically allowed values,
and the smooth functions f*, f¥ : P — R™ are called the horizontal and vertical fluz
functions, respectively. (Like U, f* and fY are each column vectors with components
fre frr a=1,...,m.) We will throughout use subscripts to indicate differentiation.

Smooth functions n,9¥*, ¢¥ : P — R are an entropy-entropy flux pair for the

system (2.1) if, for all U € P,

(2.2) Nuy is positive definite |
(2.3) Vi = nu f, and

10
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Notation II.1. Throughout, if a scalar function depends on a vector quantity, such
as 1(U), then 7y is the gradient as a row vector and nyy is the Hessian. If a vector
valued function depends on a vector quantity, such as f*(U), then f7 is the Jacobian.

When a symmetric bilinear form is evaluated, for example 77 n;ys, we will write it

as MNuuTs.

Definition I1.2. A physical system is a choice of conserved quantities, phase space,

flux functions, and entropy-entropy flux pair as described above.

As will be discussed in more detail later, some important examples of such systems
are the usentropic Euler equations and the full Fuler equations.

We follow the standard line of reasoning, as in for example [46] or [19], to motivate
the notion of an entropy solution. Suppose that U is a differentiable solution to (2.1).

Then (2.1) becomes
U+ f5U: + 15U, =0,
and left multiplying the row vector 7y (U) with this result yields
nuUs + o fiUe + 1o fUy = 0.
Then, using (2.3) and (2.4) and the chain rule we obtain
nU)e +¢*(U)e + 9 (U)y = 0.

We call a Lipschitz continuous solution to (2.1) a classical solution or strong solution
— the differential equations hold in the usual sense pointwise almost everywhere. As
shown above, classical solutions to physical systems satisfy an additional conservation
law — or, in other words, the entropy 7 is an additional conserved quantity.

It is well known that singularities can develop in finite time from smooth initial

data U(0, z,y). Physically speaking, equations of the form (2.1) neglect the smooth-
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ing effects of viscosity, which causes steep yet smooth transitions to be realized as
discontinuous shock waves. Therefore, we must relax what we mean by a solution to

(2.1) beyond the notion of a classical solution.

Definition I1.3. U € L*(R, x R?; P) is a weak solution to an initial value problem

for (2.1) if for any test function ® = (®!, ®% ... ®™) € C(R, x R% R™)

d(xz,y) =0.

t=0

(2.5) —/R B <I>t-U+<I>x-fx(U)JrCDy-fy(U)d(t,x,y)—/RQ(CID-U)

This definition is motivated by considering classical solutions, taking the dot prod-
uct of (2.1) with a smooth test function, and integrating by parts. Therefore, it is
clear (2.5) is satisfied by classical solutions for any ®, but (2.5) makes sense if U is
bounded and measurable.

Unfortunately, weak solutions are not unique for given initial data. Therefore, we
need an admissibility criterion for weak solutions. Suppose we instead consider the

associated wviscous parabolic system to a physical system (2.1):
(2.6) Ui + 2 (U + fY(U°), = eAU".

Here € > 0 is small, and the solutions for different values of € are denoted by U*.
Parabolic systems of this form tend to have unique smooth solutions global in time
(given smooth initial data). Suppose this family of solutions {U<}, . satisfies uniform
L bounds and converges pointwise almost everywhere as € \, 0 to a weak solution
of (2.1). Then, differentiating (2.6), left multiplying by 7y (U¢), and continuing as

before yields

N(U)e + 4" (U)e + ¢ (U)y = enu(U) AU

= eA(n(U°)) = enuu(U)UU; — enuy(U)UgUs.
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Multiply by a non-negative test function © € C>°(R, x R?; R), integrate over R, x R?

and integrate by parts to obtain

d(z,y)

t=0

[ e+ )+ 0,0 ditay + [ (0n(1)

RZ

— [ U926 + el U + nen(UVUT)8 dit )
R+><R2

Vv

- / n(U)A8 d(t, z, )
R+ XRz

by the convexity of 1 assumed in (2.2) and non-negativity of ©. Taking € \, 0 and
using dominated convergence we obtain
(2.7)

[ em) + e 0) + 0,0(0) dity) - [ (W) dloy) <0.

R2 t=

This is what is usually referred to as the integral form of the differential inequality
nU)e + " (U)e + ¢ (U), < 0.

Thus, whereas classical solutions satisfy an additional differential equation, weak
solutions satisfy an additional differential inequality in the weak, or distributional
sense.

Though the most natural admissibility criterion for weak solutions to (2.1) is the
vanishing viscosity criterion briefly described above, this is not feasible to use in
practice — progress has been made for many one-dimensional systems and for initial
data of small total variation (see for example [4]), but whether or not this can be
expected in general two-dimensional problems is completely open. Therefore, the

entropy criterion is often used instead.

Definition IT.4. U € L®(R, x R*R™) is an entropy solution to a physical system
(2.1) if it is a weak solution that also satisfies (2.7) for all non-negative test functions

©.
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2.2 Steady and Self-Similar Solutions

We are interested in entropy solutions that are steady in time. Therefore, there is
a version of U that does not depend on time. Consider (2.7), and integrate the first
term by parts in ¢. Then, use the compact support of © and integrate with respect

to t to obtain

(2.8) — [ 0,4%(U)+0,4YU) d(z,y) <0,

R2
for all non-negative © € C®°(R?; R), now taken to be time-independent. (We just
showed how any non-negative © € C>°(R, x R% R) can define a non-negative © €
C>*(R%;R) — taking any non-negative © € C®(R%R) and defining O(t, z,y) =
h(t)O(z,y) for h non-negative, smooth and compactly supported gives rise to a
non-negative © € C®(R, x R?), so these unsteady and steady integral forms are
equivalent for steady solutions.)

We are also only interested in entropy solutions that are constant on rays ema-
nating from the origin. To derive the weak form, first consider nonnegative smooth
compactly supported © with support in the right half plane. Change variables in

(2.8) to (z,€) with £ = y/a:
(29) 0> —/OOO/R (€2, 2€)0" (U(€)) + Oy (w, 2)6" (U (€)) ) d d.
Define

0(€) = /Ooo O(x, 26) du = — /OOO (0w, ) + €0, (x, 2€)) dx.

Then,

95(5):/0 20, (x, x€) dz,
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and

/0 " 20, (z,26) dz = —(E) — Ehe(c).

Then (2.9) is equivalent to

(2100 0z /}R 0w (U()) — 0c(&) (v (U(©) — €0 (U(©)) ) dg

for every smooth compactly supported nonnegative # : R — R. Similar to before,
these general and self-similar integral forms are equivalent for self-similar solutions.

(2.10) is the integral form of

(W (U) = " (U)), + ¢(U) < 0.

If instead © has support contained in the left half plane, there is an important
difference — the change of variables in (2.9) introduces a factor of —1 from d(x,y) =

|z|d(z, &) = —xd(x, ). Therefore, in this case

(V¥(U) — &% (U)) + ¢ (U) > 0.

Repeating this calculation for each of the components of (2.5) yields (the inequal-

ity is an equality in this case)

(F1U) = () + F2(U) = 0.
Therefore, we have the following definition.

Definition I1.5. A steady and self-similar entropy solution U € L* to a physical

system (2.1) satisfies, in the sense of distributions,

¢

(F/(U) = £F*(U))  + f2(U) = 0,
(2.11) (¥2(U) = €™ (U)) +¥"(U) <0, >0 -

| (W) =& () +97(U) 20, =<0

(Once either the right or left half plane is chosen, U is only a function of £ = y/x.)



16

Remark 11.6. We will later justify why we can ignore the case of x = 0 without loss

of generality.

For the remainder of this chapter, we assume the following.

Assumption I1.7. The system of conservation laws under consideration, (2.1), is
a physical system, and all solutions considered are steady and self-similar entropy

solutions.

2.3 Smallness and Intuition

Many of our results require the implicit function theorem, and therefore a small-
ness assumption. Therefore we assume that our phase space P is a small neighbor-

hood of a constant background state U, and rename it P,.

Assumption I1.8. The phase space of allowed values for the conserved quantities is

of the form

(2.12) P, = {UeRm)yU—m <e},

for some small € > 0. Thus the solutions we consider satisfy
1U() = Uz~ < e

We will reduce € as necessary throughout this chapter, but only finitely many
times. Note that this choice not only will this allow us to use any local result
as global, but it also includes a compactness assumption — both of these will be
important in the remainder of this chapter.

Recall that we are not assuming any regularity of the entropy solution U(-) —
only that it is bounded. Therefore we cannot expect it a priori to be differentiable

anywhere. We are not assuming it is of bounded variation either, and so we cannot
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even analyze its derivative in the sense of measures (or even talk about left or right
limits). However, if we look at the differentiated form of the equations anyway, we

obtain from the first line of (2.11)

(f —&f5)Ue = 0.

Therefore, if on some interval £ is not a generalized eigenvalue of the matrix pair
<f§ (U©), 1 (U(f))), then Uy = 0 and therefore U is constant. If instead there
is some interval of { on which & is an eigenvalue, then Us must be the associated
eigenvector, which is precisely the case of a simple wave for the steady problem.
Either way, the smallness assumption on the phase space suggests that when & is
not close to a generalized eigenvalue of the matrix pair ( fEO), 14 (U)), U must be
constant.

Shocks and contact discontinuities are also possible, but the smallness assumption
and standard facts about conservation laws suggests that these waves also occur near
the eigenvalues evaluated at the background state U, since the phase space is a small
neighborhood of U.

All together, the differentiated form suggests that all interesting behavior must
occur near the eigenvalues of the background state. So even if we were allowed to use
the differentiated form it would be important to analyze the characteristic behavior

of our system, which is the next step.
2.4 Pointwise Information
It is cumbersome to work with the integral form of a conservation law, so we

instead investigate what pointwise information we can derive from it. Recall that we

are assuming that U € L. Rearranging the first line of (2.11) yields

(F(U) —&7°(U)), = — ().
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Therefore, the quantity

(f(U) = &f(U))

has a distributional derivative that is L> (since f* is smooth on P), and is there-
fore almost everywhere equal to a Lipschitz continuous function. Therefore, the

fundamental theorem of calculus asserts that
(1"(U@) - &/ (UE) - (FuE) -aruve))

&2
= _/5 fE(Un)) dn, for ae. &,&.

Similarly, the second line of (2.11) shows that the distributional derivative of

3
(213) (40 ©) e (0©) + [ v W) dn

is a non-positive distribution, and therefore a non-positive measure. Therefore, there
is a version of (2.13) that is a non-increasing function of bounded variation, and

rearranging this statement we obtain

(v(U@) - v (V@) - (v(U(&) - av* (U(&) )

&2
< —/ WC(U(U)) dn, for x > 0 and a.e. & < &.
&1

Similarly, we can obtain

(v(U@) - v (V@) - (v(U(&) - av" (U(&) )

&2
> —/ Q/Jx(U(T])) dn, for z < 0 and a.e. & < &.
&1

We now fix a version of U so that these equations and inequalities hold for all & < &s.
Lemma I1.9. Suppose U is a steady and self-similar entropy solution to (2.1), that
the phase space is of the form (2.15), and f*, f¥, 4" Y¥ are continuous on P.. Then

there exists a version of U such that
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( 5 &2
() e[S == [ o) dn
& &2
(2.14) ) - ))<= [T um) an o
&2 &2
| W) e W) = - /5 (U ) dn, <0,

for all & < &.

This lemma immediately follows from Lemma A.1 in Appendix A.

Proof. Consider x > 0. Use Lemma A.1, with Q = R? 2 = (£,&),K = P. X
P, W(z) = (U(&l), U(&)). Clearly, the left hand side of the second line of (2.14) is

a continuous function on R? x P, x P.:

9" (z, w1, w3) = (V¥ (wa) — & (w)) — (V¥ (w1) — & (wy)).

The right side is a continuous function on R?:

&2
§'(z) = / 5 (U@)) dn,

&1
since U is L. Splitting the first line of (2.14) into 2m inequalities defines the other
components of g and g, and the lemma applies. The same argument can be used for

x < 0. O

2.5 Hyperbolicity
Consider the homogeneous polynomial
Pz : y) == det (¥ x fu(U)) = det («f4(T) = yf5(0)),

where (z : y) are homogeneous coordinates on RP', ¥ = (z,y), and f = (7, f¥).

We call the background state U hyperbolic if P(x : y) has exactly m roots in RP!,
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counting multiplicity. If R is any rotation matrix, it is easy to see that RZ x R ﬁ]
=X fU. Therefore, if f is replaced by R f, the roots of P are rotated by the same
amount. P has degree at most m, so there are at most m distinct roots and therefore
we can rotate f to ensure that (0 : 1) is not a root of P. Assume without loss of
generality that this has been done.

The fact that (0: 1) is not a root of P immediately implies that

det f(U) # 0.

Now consider the polynomial

p(&) == det (fH(U) = £f5(T)).

From the above discussion, p has m real roots, counting multiplicity, since each of
the m roots of P lead to a finite (since none lie on the y-axis) value of ¢ that is a

root of p. A generalized eigenvalue \(U) and an associated generalized eigenvector

7(U) of the matrix pair (fZ(U), f(U)) satisty

(fL(U) = MU fE(U))r(U) = 0.

(Note that the term generalized eigenvectors in this context refers to the elements
of the kernel of the linear matrix pencil (—Af& + f{}), not elements of the kernel of
(=AfE+ f)F for k> 1 in the context of defective geometric multiplicity.)

For the remainder of this chapter, we shall assume that the steady problem is

hyperbolic in the following sense.

Definition II.10. The steady problem associated to the system (2.1) is called hy-
perbolic on the phase space P, if the generalized eigenvalues of the matrix pair

(f5(U), f4(U)) are real, semisimple, and of constant multiplicity on P, (thus the
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sum of the multiplicities equals m). It is called strictly hyperbolic if there are m dis-
tinct generalized eigenvalues, and non-strictly hyperbolic with constant multiplicity

otherwise.

Assumption I1.11. The steady problem associated to (2.1) is hyperbolic on the phase

space P. (which implies f(U) is non-degenerate for all U € P,).

2.6 Change of Dependent Variables
Since f&(U) is non-degenerate,
U V= f*U)

is a local diffeomorphism. By Assumption I1.8, our phase space is already a small
neighborhood, so we can reduce € and conclude that f* is a global diffeomorphism.

We then define

V= f1(U), fV) = fUv)),
e(V) :=¢*(U(V)), q(V) ==y (U(V))
Then,
fv = ftUv.

Also, we have
ev =¢YpUv =nu fiUv = nu,
and
qv = YUy = nu frUv = ev fv.

Therefore, e and ¢ form an “entropy-entropy flux pair” for the flux f. The term is

applied loosely here because e is not necessarily convex. Properties of the entropy
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are only needed in two instances, and further properties of e will be discussed when
they are needed.
Abusing notation, we shall continue to refer to our phase space as P., but it will

now refer to a small ball around V' of permissible values:
(2.15) P, = {VGRm’\V—W <ef.

The differential equations and entropy inequalities for V' are then

/

(f(V)=¢V) +V =0,

(2.16) (q(V) — ge(v))5 +e(V) <0, z>0,

\ (q(V) — 5@(\/))5 +e(V)>0, z<0.

The pointwise form is

&2 &2
G- =~ /§ V() dy
5 &2
(Q(V) - fe(V)) ; < - /51 e(v(n)) dT]? T > Oa
&2 §2
@) =)oz [T eVim) dn x <o

for all 51 < 52.
2.7 Eigenvalues and Eigenvectors
Since fy = fiUy = fG(fE)71,
det(f4—Af5) =0 < (det(f—Af5)(det(f5)™") =0 <= det(fr—AI) = 0.

Therefore, the generalized eigenvalues of the matrix pair (f%, f{;) are precisely the
eigenvalues of the matrix fy .

To that end, define

M(V) < A2(V) < - < A™(V)
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to be the distinct values of \ solving
det (fV(V) — )\I)) =0.
If s is a generalized eigenvector with eigenvalue \, then

0=(ff = Mp)s = (TG = MO ™ fos = (fv = M) s,

which means that fjs is an eigenvector of fy. Since the generalized eigenvectors

span R™, the eigenvectors of fiy do as well. Define
RUV) i=ker (fu(V) = A(V)I),  palV) = dim R*(V),
so that, under the hyperbolicity assumption
Pa(V) =: pa on P,
and
R™ = éRa(V) for all V € P..
a=1

In the strictly hyperbolic setting, it is relatively easy to prove that if the matrix
fv is a smooth function of V| then so are the eigenvalues and eigenvectors (see
for example [19]). However, the situation is more delicate in the case of repeated
eigenvalues — there are examples in which the eigenvalues and eigenvectors are
not as smooth as the matrix. Fortunately, if the eigenvalues are semisimple and of
constant multiplicity, they and the eigenvectors can be shown to be as smooth as the
matrix, though the individual eigenvectors are only guaranteed to be locally defined
as smooth functions (the eigenspaces are smooth when given a suitable topology).
Since we are only considering small perturbations, we can simply reduce € if necessary

and have our right and left eigenvectors defined on all of P..
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The smoothness of the fluxes, the hyperbolicity assumption, and the discussion

in Appendix B allow us to conclude that, for each a =1, .., n,
AP — R
is smooth. In addition, we have for all V' € P, an orthonormal basis for R*(V):
R*(V) = Span {r®"(V),...,r*?*(V)}.
Reducing € as necessary, we have that the right and left eigenvectors
(V) 14V : P — R™
are smooth, and satisfy the normalization
(V)] =1,
1N VY2 (V) = Gapdi; Ya,B=1,.ni=1,..pa,j=1,..,Ds.

If for some «, p, = 1, then we omit the second index of the eigenvector and simply

denote it by r*.
2.8 Genuine Nonlinearity and Linear Degeneracy
The results in this chapter are valid under the assumption that the eigenvalues

are either linearly degenerate on all of P, or genuinely nonlinear on all of P..

Definition I1.12. An eigenvalue \“ is linearly degenerate if

A (Vire'(V)=0on P, i=1,..,pa.

As it turns out, if p, > 2, A* must be linearly degenerate, and there is a nice
geometrical structure created by the eigenspaces. This result is originally due to

Boillat.
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Theorem I1.13 (Boillat as in [42]). Suppose the hyperbolicity assumption, Assump-
tion I1.11, is satisfied. If an eigenvalue \* has multiplicity p, > 2, then it must
be linearly degenerate. In addition, the affine subspaces V 4+ R*(V') are the tangent

spaces to a family of sub-manifolds of dimension p,. Each integral submanifold can

be parameterized by s — W*(V ™=, s), with s in RP* so that

We(V=,0) =V~

Span{Wfﬁ(V‘, s) }pa = R*(V"7).

i=1
They form a foliation of P. called the characteristic foliation associated with \“.

Remark 11.14. As we will see later, if V'~ and V' are on the same leaf of this foliation,
then there can be a contact discontinuity between them. Therefore, we will refer to

W*(V~,s) as the contact manifold through V.

We now recall the definition of a genuinely nonlinear eigenvalue, which by the

previous theorem must have multiplicity one.

Definition I1.15. An eigenvalue \“ is genuinely nonlinear if
Av(V)r(V) # 0 on P..
We can orient r*(V') so that, without loss of generality,
Av(V)r®(V) > 0 on P..
We make the following assumption.

Assumption I1.16. Fach simple eigenvalue is either genuinely nonlinear or linearly
degenerate. (Recall that an eigenvalue with multiplicity greater than one must be

linearly degenerate, so no assumption is necessary in that case.)
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We now analyze properties of the “entropy” e(V'). Later we will need to know
sgneyy (V)re(V)r“(V)

(where eyy is the Hessian of e with respect to the new variables V') for each gen-
uinely nonlinear field and at all V' € P.. Of course if ey were positive definite we
would immediately know that quantity is 41, but it is nyy that we assumed to be
positive definite. In addition, if this quantity vanishes anywhere on P, then we will
have trouble defining admissible discontinuities, so we must (and can) rule out this

possibility.

Lemma I1.17. If \* is genuinely nonlinear, then eyyr®r® # 0 on P.. If f*(U) has

only positive (negative) eigenvalues, then e is strictly convex (concave).

Proof. We shall use Proposition 6.1 from [44]. It states that if H is symmetric posi-
tive definite, and K is symmetric, then H K is diagonalizable with real eigenvalues.
Moreover, the number of positive (negative) eigenvalues of K equals the number of

positive (negative) eigenvalues of HK. First, we write

(f5) " = (nov) " evy.

1'is symmetric positive definite, and ey is symmetric. Then, applying the

(nuv)~
proposition, since (f{%)~! is nondegenerate, all eigenvalues of ey are nonzero. More-
over, if all the eigenvalues of (f%)~! are positive (negative), then eyy is positive
(negative) definite, since a symmetric matrix is positive (negative) definite if and
only if its eigenvalues are all positive (negative). All that is left is to show that

evyr®r® # 0 in the case of eigenvalues of f; having mixed signs.

As in Section 4.3 in [42], we consider

qv = ey fv.
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Then,

qvv = evv fv +evfvv.

Therefore,

evvfv = qvv —evfrv.

The first term on the right side is symmetric, and the second term on the right is
a linear combination of symmetric matrices, and is thus symmetric. Therefore, the

left side is also symmetric and thus defines a symmetric bilinear form. Then

rﬁ,i a

evv (fvr®) = €Vv(fv7"ﬁ’i)7’

Neeyyror®t = NeyrPire

(A — M)epyror?t = 0.

Therefore, for 3 # a and all i = 1, .., ps, eyyr®r?’ = 0 since the other eigenvalues
are distinct from A (since genuinely nonlinear eigenvalues must be simple). Suppose

that

eyyror® =0.
By bilinearity, this would imply that

eyyrts =0

for all s € R™. Therefore ey r® must be the zero vector, but this contradicts the
fact that ey has all eigenvalues nonzero. Therefore, for each a with A* genuinely

nonlinear,

eyyror® # 0.
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We finally note that changing variables to V' does not affect linear degeneracy or
genuine nonlinearity. As we showed before, if s is a generalized eigenvector of the

matrix pair (f&, f{;), then r = f{s is an eigenvector of fy, and so
/\V”f’ = Av(fés) = /\UU\/VUS = /\US.

This does not matter much for this chapter, but when checking for linear degeneracy
or genuine nonlinearity in a specific system it is more natural to check in terms of

the original conserved quantities U, or other convenient variables.

2.9 Averaged Matrix

Though we are in some situations able to proceed if e is neither convex nor concave,
in the most general setting we need to assume one more property about f* and the
background state.

To proceed with the analysis, we need to construct an averaged matrix A that is

e smooth and diagonalizable (with real eigenvalues),

~

e satisfies AV, V) (VT —=V7) = f(VT) = f(V7), and
e satisfies A(V, V) = fi.(V).

The common choice in the literature is to define
R 1
(2.17) AV, V) = / fv(V-+s(VE=V7))ds.
0

Clearly this satisfies most of the requirements — but in fact this definition only
guarantees a real diagonalizable A in the strictly hyperbolic case. This is because the
set of matrices with all simple real eigenvalues is open, and we are only interested
in V+ € P., and so smoothness of the flux guarantees that this averaged matrix

is a small perturbation of fi(V). However, the set of matrices with repeated real
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eigenvalues is not open, and so in the repeated eigenvalue case this Aisnot guaranteed
to be diagonalizable.

An averaged matrix of this type is often used in numerical computations, and for
some specific systems there is a Roe averaged matriz available. It has the special

property that it can be defined as
A(V_v V+) = fV(V)a

where V is some appropriate averaging of the states V'~ and V*. In this case,
diagonalizability is guaranteed from diagonalizability of fi,. (It also has the useful
property that expressions for the eigenvalues and eigenvectors of fy are available,
which makes it especially well suited for numerical computations.) This is often
accomplished by doing a line integral in phase space between the two states, but
choosing a more sophisticated path than simply the line segment between the two
states which allows one to analytically evaluate the integral.

Harten and Lax showed that physical systems always possess an averaged matrix
with these properties. Therefore, we need either ey to be positive definite, or
negative definite so that (—e) can function as a convex entropy. In light of Lemma
I1.17, we will need to assume that the eigenvalues of f&(U) are all the same sign

(from which it follows that they will all have the same sign on all of P,).

Theorem I1.18 (Harten, Lax as in in [23]). Suppose there ezists an entropy/entropy-
fluzx pair (e, q) for the flux function f with eyy positive definite. Then we can define
an averaged matriz A(VE), such that it is smooth in V=, A(V,V) = fu(V), and it

is diagonalizable with real eigenvalues for all VE € P.. Most importantly,

FVH) = f(VT) = AV, V)V = V7).
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So that we can either define A as in (2.17) or obtain it using Theorem II1.18, we

make the following assumption.
Assumption I1.19. Assume that either
e the eigenvalues of fyv are all simple, or
e the eigenvalues of fﬁ(U) are all positive or all negative.

We denote the eigenvalues of A(Vi) as A%, If for some a, po = 1, then from the
discussion in Appendix B it follows that A and 7 are smooth functions of V*. If
instead p, > 1, we will not have in general that Aol = = \ePe Since the multi-
plicity of these eigenvalues is not necessarily constant on P, X P,, we cannot conclude
that these eigenvalues and their associated eigenvectors are smooth functions of V*.

However, as discussed in Appendix B, the eigenvalues will always be continuous
functions of V*, even if the multiplicity changes. We define, for o = 1,..,n, the

a-group to be
{fet Je2 e )
which can be continuously labeled so that
ANV, V) = AV, V) = .= AP (V, V) = \*(V)

for all Ve P..

Many examples exist that demonstrate lack of continuity of eigenvectors when the
multiplicity of an eigenvalue changes, even for symmetric matrices. Moreover, the
projection operators onto the eigenspaces also can display this behavior — it is worse
than just not being able to smoothly pick bases for these eigenspaces. However, if

we instead consider, as in [28], the total projection for the a—group, then this will
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be as smooth as A. We have the formula

éﬂﬁ>—¥L[}f—Auﬁ»1m,

2w
where Pr is the sum of the projections onto the eigenspaces of all eigenvalues in-

side some counterclockwise contour I". By continuity, all eigenvalues in the a-group

remain close to A*(V) for all V¥ in P, and so we have for o = 1,..,n that

~ 1 N
PYVH) = — I— AV d
V) = 5t | oy P ANz

is the total projection for the a-group, where ¢ is small enough so these curves remain
distinct for different choices of o, and large enough so as to include the entire a-group
for all V* € P.. Clearly such a § > 0 can be found for ¢ sufficiently small. We will

make use of the following properties of the projections.
Pops — 5P,
PYA = AP* = P*AP?,
Zn: pPe=1
a=1
Note that this implies that PoR™ is an invariant subspace for A.
If for some «, p, = 1, then A and its associated right eigenvector 7 are smooth
functions of V*. In this case we also normalize so that
rV, V) =r(V),
[7*(VE)| = 1, for all a with p, = 1.

Under Assumption I1.19, we can rewrite the pointwise version as (after slight

rearrangement)
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(

(A(V(e) V(&) —&I) (V&) - V(E)

(2.18) ) &
(mvwfaW)sé—/idvm»m% >0,

& &1

& &2
\ (q(V) — €e(V)) . > —/& e(V(n)) dn, z <0,

for all & < &.

2.10 Left and Right Sequences

Since V(+) is only assumed to be bounded, it is not necessarily piecewise smooth,
and and at each point it is not necessarily either continuous, approximately con-
tinuous, or discontinuous with an approximate jump discontinuity (these are the
hypotheses typically used in deriving the familiar Rankine-Hugoniot jump condi-
tions). Arbitrary bounded functions do not even possess well defined limits from the
left and right, and so we have to be more careful in this L*° setting.

We wish to use the pointwise form (2.18), so to that end we define pairs of se-
quences (£;,), (&) such that £ < & for all k and £ — €.

Since P, is compact, there exists a subsequence éj(k) such that V( N;Ek)) — V.
Similarly there exists a subsequence éi—(j(k)) such that V(gi_(j(k))) — V7. By construc-

tion, taking f,ff = éj(tj(k)) yields a pair of sequences such that
&6 VE) - VE & <& forall k.
Understanding that this depends on the pair of sequences chosen, we define
lg(V)] = g(VT) = g(V")

for any function g of V. Define

J(g(V);€) == sup |[g(V)]],
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where the supremum is taken over all such sequences. Obviously J(g(V);€) =0 <=
g oV is continuous at &.
Applying (2.18) with & = &, and & = & (this is why we insisted &, < & for all

k) and taking the limit k& — oo yields

(

(A(v-,v+) —en[v] =0,

(2.19) [q(V)] = €le(V)] < 0, x>0,

[g(V)] = €le(V)] = 0, r <0,

which is the familiar Rankine-Hugoniot condition. Therefore, even in the absence of
well defined left and right limits, we can make some sense of limits using these pairs
of sequences, and the usual conditions apply to these sequence-dependent V*.

The first line of (2.18) implies that, for a given pair of sequences

(2.20) V=0 or € =A% and [V] € ker(A(VF) — A\*]).

2.11 Sectors

We now start to make rigorous statements similar to the intuition developed in

Section 2.3.

Theorem I1.20. Suppose V is continuous on an interval I =|&;,&| and that £ is

not an eigenvalue of fV(V(ﬁ)) for any & € I. Then V is constant on I.

Proof. Fix some £ € I. We first claim that V' must be Lipschitz continuous at &.

Suppose not, so that we can choose a sequence {h,} — 0 (with h, # 0) such that

VI(E+hn) = V(E)

0<
I,

/" 00.
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Divide both sides of the first line of (2.18) (taking & = &, & = £ + hy,) by |V(§ +

hy,) — V(§)| to obtain

(Ao vie+ ) =€) e =g

1 E+hn
T V(E+ ha) = V(E)] /5 VI +hn) = V() dn
(2.21) _ O(hy) _ o).

V(€ +hn) = V(O]

(the integral is O(h,,) since V is bounded). By assumption, A(V(§)) — &I is non-
degenerate, so for h sufficiently small A(V(f), V(£ + hy)) — &1 will be uniformly

non-degenerate. That is,
36> 0o e R™ ’(A(V(f),v(é +hy)) — 5[)1)‘ > 6|

for some ¢ > 0 (this follows from the continuity of the eigenvalues and diagonaliz-
ability of A.) Taking n — oo, the left hand side of (2.21) stays bounded away from
zero, while the right hand side goes to zero, leading to a contradiction.

Therefore, V' must be Lipschitz on I, and therefore differentiable almost every-

where. Recall the differentiated form

(fv(V(£) = V(&) Ve = 0.

However, as we assumed the matrix was non-degenerate on /, it follows that Ve = 0

on I. A Lipschitz function is the integral of its derivative, so V' is constant on /. [

The continuity assumption is stronger than we need, so we proceed without assum-

ing continuity but instead assuming ¢ is bounded uniformly away from all eigenvalues
of fu(V(€)).

Theorem I1.21. Consider an interval I =1&1,&[. There is a 65 = 05(€) > 0, with

0s 10 as €]0,
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so that
(2.22) Va=1,.nVE €T ]N(V) €| > d,
implies V' is constant on I.
Proof. Define
b, = sup [ A" (V) = A (V)]

where the supremum is taken over all V¥ € P, i =1,..,ps, and a = 1,..,n. We see
that & converges to zero as € \, 0 since A are continuous functions of V*.
Assume V is discontinuous at ¢ € I. We may choose (&), (&) — & with V(&) —

VE with [V] # 0 and obtain, by (2.20), that
£ = A(VH)

for some o and 7. But then

<l

A*(V) =€l < 4,

which contradicts (2.22).
Hence V is continuous on [.

Suppose that \* (V(f)) = £ for some £ € I and some «. Then, since
A*(V(€) = A (V(€). V().
we would have
IA(V) = ¢] < 6.,

again a contradiction to (2.22). Therefore, Theorem I1.20 applies and yields the

conclusion. O



36

Recall that under Assumption II.11,
P(0:1) =det f£(U) # 0.
Find some & such that

P(1:€) = det(f3(U) — £f5(U)) # 0.

Rotate coordinates so that (1 : &) becomes (0 : 1) and (0 : 1) becomes (—1,&). In
these new coordinates, Assumption II.11 is satisfied, and so all results apply. Since

P is invariant under rotation, in these new coordinates

P(-1,§) #0,

which means that —¢ # A*(V) for all a = 1, .., n. Reduce € so that | —&—\*(V)| > 4,
for all . This will still be true on some small interval around —¢, and so the previous
theorem applies. Rotate back to the original coordinates to deduce that V' must be
constant in thin sectors containing the positive and negative y-axes. Therefore, we
lost no generality in only considering test functions supported away from x = 0 and
doing all the analysis in terms of &.

Now, construct n intervals of the form
I% = YV =55, X*(V) + 4]

Considering both > 0 and x < 0, we now have 2n thin sectors centered at

Y= e (V) for some a.. V is constant outside these sectors, and we have
x

Jim V(§) = lim V(&)
x>0 <0

All interesting behavior occurs within these sectors, so we will consider the be-

havior of V' in these sectors individually.
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2.12 Linearly Degenerate Sectors

2.12.1 Satisfying the Jump Conditions

We now analyze the possible behavior of V' in %, where A is linearly degenerate.
The first thing we recall is that if V' is discontinuous at &, then we can find a pair

of subsequences whose limits yield

(2.23) [f(V)] = £€V] =0,

with [V] # 0. We need to show that (2.23) is satisfied if and only if V* both lie on
the same leaf of the foliation discussed earlier.
First, we notice that the eigenvalue \* is constant on each leaf of the foliation.

By direct calculation, we see that

(2.24) % ()\C“(W"‘(V‘, s))> = AWV, )WV, s) =0

for all i € {1,...,pa} by linear degeneracy (since W3 € R*). Therefore,

s — A (W*(V™,s)) is constant.

We claim that for all s, if VT = W*(V~,s) and £ = A*(V™) = A*(VT) then

(2.23) is satisfied. Make these choices for V* and € and consider
F(s) = f(W*(V7,s)) = f(VT) = X*(W*(V™,8) (W*(V,s) = V7).
Notice F(0) = 0, and (using (2.24))
Fa(s) = fu (WO, s))WE(W(V™,5)) = X (W(V ™, s))W(V™,5)) = 0.

Now we check for entropy admissibility. Define

B(s) = q(W* (V")) = (V") = A (W2 (V7 9)) (e(W2 (V7 5)) — (V7).
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Then E(0) =0 and

Eyi(s) = qu(W*(V7,s))Wa(V™,s) = X (W*(V™,s))ey (WH(V™,s))Wa(V™,s)

st

= e (W (V,9) (Jr (Wo(V,5)) = A= (W (V) ) WE(V,5) =0,

(using the property of entropy-entropy flux pairs). Therefore, this choice of V*
and ¢ satisfies (2.18) for either x > 0 or x < 0. This means that any two states on a
leaf of the foliation can be the left and right sides of a contact discontinuity located
at &, if € is the (constant) value of A* on that leaf. This is why we refer to W*(V ~, s)
as the contact manifold through V.

We now use a theorem due to Freistiihler to prove that these are the only choices

that satisfy (2.23) for e sufficiently small.

Theorem I1.22 (Freistiihler [20]). For any (V =, V&) in a sufficiently small neigh-
borhood of (V,V ,\*(V)), if (V—,V*, &) satisfy the Rankine-Hugoniot jump condi-
tion then V'~ and V' must lie on the same leaf of the characteristic foliation, and

§=A(V7) = A(VT).
We then have the following lemma.

Lemma I1.23. For all § € 1%, & — X*(V(€)) is continuous.
In addition, if &€ # \* (V(f)) on some open interval in ¢, then V is constant on

this interval.

Proof. Suppose V' is discontinuous at £ € I*. Then we can find a pair of subsequences
so that [V] # 0 and (2.23) is satisfied. However, Theorem I11.22 applies and so V*
lie on the same leaf of the foliation, and so [A*(V')] = 0. This holds for any pair of
subsequences, and so A(V/(£)) is continuous at all £ € I*.

Similarly, if & £ \* (V(f)), then by Theorem I1.22, (2.23) cannot be satisfied for
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any pair of sequences unless [V] = 0. Therefore, V itself must be continuous on such

an open interval, and Theorem II.20 shows it is constant. O]

2.12.2 Intermediate State

Lemma I1.24. Let W*(V~,s) be as above. For every V=,V & P, there ezists a

unique s € Bs(0) C RP~ such that
PrW(V7,s), V) (V= W*(V™,s)) =0,
(for some § > 0).

Proof. Recall that P has rank Pa, S0 we can view the map F defined as
F(V7,5,V) =P (WV,s),V)(V -W*(V",s))

mapping RP«*2™ to RP~. (More concretely, we may define F to simply be the p,
entries of F corresponding to the p, linearly independent rows of P which do not

change on P, since linear independence is an open condition and € can be decreased.)

Then,
F(V,0,V) = =P*(V, V) (Wa(V,0)[ .| W.(V,0)).

However, recall that each W% (V,0) is an eigenvector of fi/(V), and therefore lies in
the total eigenspace (which at (V,V) is just the eigenspace) that P* is projecting

onto. Therefore,
F.(V,0,7) = = (Wa(V,0)[..|W5. (V.0)).

By construction of the contact manifold, this has rank p,, since the span of the

columns is precisely R*(V'). By the implicit function theorem we obtain s(V =, V)

close to the origin satisfying F(V =, s, V) = 0 for € sufficiently small. O
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2.12.3 Regularity of § Components

The following lemma establishes the regularity of the total projections along the

other groups ( # a.

Lemma 11.25. There exists a set E of full measure in I* such that for all &y € E,

el B#a, andi=1,..,pz we have

PP (e (V). 5(9). V() (VIE) = W (Vi) 5(6)))
= o(|§ = &l) + O(IV(§) = V(&)] - 1€ — &)

(2.25)

provided that & = \* (V(&))), and defining s(§) := S(V(&)),V(ﬁ)) in the context of

the previous lemmoa.

Proof. From (2.18), we have

3
(107©) — (V@) - &6V - Vie) = [ V() - Vi

o

We claim that the left hand side is equal to

(F(V(©) = £ W (V(©). 5(€)) ) = &(V(©) = W V(&) 5(9)) ).

This is by design, since a contact at &, satisfies the Rankine-Hugoniot condition for
the states V(&) and W*(V (&), s(€)). For ease of reading, abbreviate V(&) = Vo,

V() =V, and W* (V_, s(f)) as W. Then

(f(V) = F(VR)) = &(V = Vp)
= (f(V) = FOV) + (W) = F(V0)) = &(V = W + W = V)
= (f(V) = f(W)) = &V = W) + (F(W) = f(Vo)) — &(W = Vo)
= (f(V) = f(W)) = &(V = W) +0,
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since § = A*(Vp) by assumption. Then, using the averaged matrix we have

. 3
<A(W, V) — 50) (V-w)= 5 V — V().

Left multiply both sides by P?(W, V) and add and subtract V; inside the integral on

the right to obtain
PV (AW, V) - &) (v = W)

— PA(W, V) (/£ Vo = V(mdn + (V = Vo) (€ - 50))

&o

Lebesgue’s differentiation theorem asserts that the integral on the right side is
o(|€ — &) for & € E, a set of full measure. Using the properties of the total

projection we obtain

(AW,V) = &) PPV, VIV = W) = (I = &l) + O(IV(€) = V(&) - | — &l)

However, since § € I%, and any eigenvalues in any (-group are thus uniformly
bounded away from &y, (A(W,V) — &) is uniformly non-degenerate on PPR™, and

(AW.v) =& ) PP V)V = W) = 6| AW V)V = ).

for some 0 > 0, and the result follows. O

2.12.4 Regularity of V on Subsequences

We now use the main result in [17], which concerns Holder continuity after re-

striction for arbitrary functions.

Theorem I1.26 (Elling [17]). Let m > k. Consider any D € R* and f : D :— R™.

For almost every x € D there is a sequence (x,) € D\ {x} converging to x with

s L 2) = @)

< 00.
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There is are some differentiability after restriction results for arbitrary (though
for our purposes bounded and measurable would suffice) real-valued functions, the
most notable due to Saks (see Chapter 9, Section 4 in [41]), but the only result
concerning arbitrary vector valued functions seems to be this Holder result, though

for our purposes continuity after restriction would be enough.

Lemma I1.27. Suppose E is as described in Lemma I1.25. For almost every & €

E C I%, there exists a subsequence (&,) — & and 0 < C' < oo such that

(2.26) V(&) — V(&)| < Clén — &Y™,

That is, for almost all & € E C I there exists a set D := {&{} U{ (&)} such that

V|p is Holder continuous with exponent %
Proof. As V (§) is a function from R to R™, the result follows from Theorem I1.26. [J

Lemma I1.28. For (&,) — & as above, we have the following estimate for all f # «:

P (W2 (V (), 5(60)), V(&) ) (VIE) = W (VI&), s(6)
= 0(|§n - fOD

(2.27)

Proof. The previous lemma proves that V|p is continuous, and so |V (§,) — V' (&o)] is

o(1) and the result follows immediately from (2.25).

Lemma 11.29. In the setting of the previous lemmas,

(V) =W (V&) s(6) ) = ollgn — &l):
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Proof. We have

(Vign) =W (V&) s(&n))
=3P (W (V(€), s(60), VIED ) (Vi) = W (Vo). 5(60)) )
B

=S P (We (V&) 5(6)). ViED) (Vign) = 7 (Vo). s(en)

BFa
- O(|§n - €0|)7
due to the clever choice of s(&,). O

2.12.5 Existence of at Most One Contact

We now combine the results of the previous three sections to obtain the main

result.

Theorem I1.30. On a linearly degenerate sector, V is either constant, or constant

on each side of a single contact discontinuity.

Proof. By Lemma 11.23, F := {£ € " | € = X*(V(€))} is closed and V is constant
on I*\F.

Assume there are &, € F and n € I*\ F with & < n < &. Then we can
choose a maximal |n~,n"[ containing 7 but not meeting F. Necessarily n* € F, so
nt =XV (n")) and n~ = A*(V(n~)). But V is constant on |n~,nT[, so n* =,
which is a contradiction.

Hence F' must be a closed interval.

Assume F' has positive length, and pick & € F with F' D (&,) — & such that
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(2.26) implies (2.27). Then,

X (V&) = 2 (W (V(&), 5(6)) ) + O(|V (&) = W2 (V&) s(&)|)
=\ (V(&)) + O(‘V(én) =W (V(&), () D
= &0+ 0([&n — &ol)-

However, since &, € F', this implies

&n = &0 = ol[&n = l),

a contradiction.

Thus F must be a point or empty. However, since £ > \* (V(f)) for & > \*(V) + 4,
and & < A*(V(€)) for & < X*(V) — 6, (by construction of the sectors), and A
is continuous on /* and away from the other sectors (which are well separated),
A (V(f)) must equal £ for some £ € I*. Therefore there is exactly one point in F,

and at most one contact discontinuity in 7. O

2.13 Genuinely Nonlinear Sectors

This construction of various waves is carried out in many texts on conservation
laws, for example [46, 19, 42].

Similar to the construction of the contact manifold, we will construct the -
simple wave curves, which are also sometimes referred to as rarefaction curves. Let
We(V~,s) be the integral curve of the vector field 7*(V') through V=, parameterized

by s, so that

W V=,0)=V",  WXV~,s)=r*(W*V,s)).

We may assume, for each V= € P., that W*(V~,s) is defined on the interval

[0, Smax (V7)] s0 that We(V—,s) € P, for all 5 € [0, Smax(V )] (since the eigenvector
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is unit length, this integral curve is parametrized by arc length and so sy (V") >
d(V~,0P.)). That is, extend each integral curve until it reaches the boundary of the
compact domain P,. This lower bound of distance to 0P, for how for we can extend
rarefaction curves will be utilized in Chapter III when we construct some examples
for general systems.

Then, since we are in a genuinely nonlinear sector,

AWV, 8)), = Ap (W V™, 8)r* (W (V. s)) > 0,

and so
S /\O‘(Wa(V’, s))
is strictly increasing. If £ — s(&) is its inverse map, we can set
W(g) = W*(V7,5(9)), for A*(V7) € <A7(VF),
and obtain a classical solution on the interval [A*(V ), A%(V1)], since

(£ (W(©) = &1)We = (£ (W(©) = A" (W) )r" (W(€))se(€) = 0.

Consider ¢ in a genuinely nonlinear sector corresponding to the « field. Recall-
ing (2.19) and (2.20), at a point of discontinuity and choice of a pair of left/right

sequences we have
E=X(VF) and [V]| r(VH).
Define the function G : R*™+1 — R™ as

GV, V' s) =V -V —s*(VF).

Gy+(V,V,0) =1
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This has rank m, and so the implicit function guarantees (after reducing e if nec-
essary) that the only solutions to (2.20) with £ in the « sector (since 7* has unit

length) are given by
VT =8%V",s),
where
s+ SV, s)

is a smooth curve through V', and is defined (for all V= € P,.) for s €] —¢,¢[. (We
have parametrized the shock curve by the strength of the shock, that is |s| = |[V]].
Note that for V=~ # V the entire shock curve will not necessarily lie in P,, but this is
not important). We say that S® is the a—shock curve or a— Hugoniot locus for V.

Note that
SHVT,0) =r*(V7).
Since
AV VT) = AV,
we have that

MGV V) + A5V, V) = 25V,

The definition of A (in the repeated eigenvalue case the expression is not shown, but

it is clear from the Harten-Lax proof) shows that A is symmetric in V*, and so
AV )V VT) =) (V7 Vo).
Therefore,

N - - 1 « -
v+(V V ):i/\v(v )
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We observe that

d

ds

(2.28) AV, 89(V7,s)| = %)\{‘jra(‘/_) > 0.

s=0

Therefore, by smoothness of the eigenvalues we can reduce € if necessary so that
(2.29) S5 A% (V~=,58%(V™,s)) is strictly increasing.

We also have that

(2.30) s — A*(S%(V 7, s)) is strictly increasing,
and
(2.31) [xe(so(v-, s))—)\O‘(V_)‘ > A (VL 8oV s))—)\O‘(V_)‘ for all s €]—e, [.

(with possibly smaller €). We now check these states S*(V~,s) for admissibility.

Abbreviate S%(V ™, s) as S(s) and \* (V=,5(s)) as A(s). Define

(identically zero since the jump conditions are satisfied for all s). Then
(2.32) 0= F'(s) = ( v (S(s)) — X(s)f) S'(s) — N (s)(S(s) = V7).
Define

B(s) = q(S()) = a(V") = A(s)(e(S(5)) — (V).

By direct calculation, we see that £(0) = 0, and

E'(s) = (qv(S(s)) — ;\(s)ev(S(s))>S’(s) ~N(s

N~—
/N
Q)
~~

nn
—~
V2)
N~—
SN—"
|
)
<
|
N~—
——
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using the entropy-entropy flux pair identity and (2.32). Therefore,
E'(0) = 0.
Then, we have
E"(s) =evv (S(5))S'(s)X(s)(S(s) = V) +ev (S(s)) A" (s) (S(s) = V™)
e (Ss)X ()8 (5) — X(5) (e(S(5)) — (V) = M(s)ev (8(5))8'(s)
ey (S(5))S (N () (S() — V) + e (S() V() (S(s) ~ V)
= X'(s) (e(S(s)) = e(V)).
Therefore,
E"(0) = 0.
Finally,
E"(0) = X(0)eyy (V7 )re (V7 )r* (V")
= (PR ) ew v )
The first factor is positive, and so whether E(s) is increasing or decreasing in a
neighborhood of zero is dependent on the sign of the second factor. Therefore,

recalling the sign of the second factor can never be zero due to Lemma I1.17, we can

check it at any point in phase space and determine that, for e sufficiently small,
(2.33) sgn E(s) = (sgn s)(sgn eyyror®)
To that end, we make the following definition.

Definition I1.31. For a given «, if ey (V7)r*(V")r*(V~) > 0, we define the for-
ward a-sector to be in the right half plane, and the backward a-sector to be in the

left half plane. We reverse the definition if ey (V7)r*(V")r*(V ") < 0.
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Lemma I1.32. For a given pair of left and right subsequences leading to [V'] # 0,

(2.19) implies the familiar Laz admissibility conditions

(2.34) A (V7)) > € > XV in a forward sector, and

A (V7) < €< A(VT) in a backward sector.
Moreover, we have the following “uniform” Lax conditions:

(2.35) A (V7)) =8L|[V]| > € > X (V) 4+ 8.|[V]| in a forward sector, and

(2.36) A (V) +6L|[V]] < € < AX¥(VT) = 6.|[V]] in a backward sector,

for some o1, > 0.

Proof. Suppose eyy (V7 )r*(V")r*(V~) > 0 and = > 0, so we are in a forward sector.
In order for the second line of (2.19) to be satisfied, from (2.33) we see we must have
s < 0. However if [V] # 0, then s < 0. Then, using (2.29), (2.30), and (2.31) we
obtain (2.34). Using (2.28) and the analogous computation for A*(S*(V™,s)), we
see we can obtain (2.35) by smoothness of the eigenvalue and taking e sufficiently

small. The other cases are obtained similarly. O
We now decompose each sector depending on the behavior of V. Define
§:= (€T | J(V;6) > 0},
Ri={¢el* | J(V;€) =0, &= N(V(6)},

C:={eel* | J(V;&) =0, &£ M(V(E)},

These labels stand for “shock”, “resonant”, and “constant”, respectively. For the

remainder of this section, complements are taken with respect to 1.
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2.13.1 Backward Sectors

We now analyze the behavior of V' in a backward genuinely nonlinear sector. We
first observe that each discontinuity must have neighborhoods on either side on which
V' is constant, and so left and right limits are well defined. Moreover, the size of

these neighborhoods is lower bounded proportional to the strength of the shock.

Theorem 11.33. We have that S C I, that is, a shock cannot occur at an endpoint
of I¢. If & € S, then there are neighborhoods on either side of & on each of which
V' is constant, and the size of these neighborhoods is lower bounded proportional to

the strength of the shock. That is, for each & € S we have well defined

(2.37) 70 i=_su {n | X(V(©) > € ¥ €léo,n]} and
7 (@)= _inf ] X(V(©) < € V6 el ol)

that satisfy

V is constant on [0~ (&), &l [6, 0 (&) € T,
(2.38) 0" (&) = o+ LI (V35 &o),
(2.39) o (&) < & —0rd(V;o),

(where 0y, is as in (2.36)). We also have that

o (&) ER
(2.40) AV (&o+)) =& = 0 (V5 &),
(2.41) AV (&o—)) —&o < =0 (V5 &).

Proof. If & € S, we can find a pair of sequences (£;°) — & with V(&) — V*, with

&5\ & and apply to obtain

(2.42) A (V™) < € < A4 (V).
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Suppose there is no 6 > 0 so that )\O‘(V(f)) — & > 0 for £ €]&,& + 6[. Then
we can find a sequence & N\, & such that A*(V (1)) — & < 0, and, taking
subsequences if necessary, obtain & < & for all k and V(&") — V. But this
implies A*(V 1) > &, a contradiction.

Therefore, ot (&) as in (2.37) is well defined, since the supremum is over a non-
empty set. Similar arguments show that o= (§) is well defined. Also note that
(2.42) implies S C I¢, since one of A*(V*) must be farther from A*(V) than &, if
60— (V)] = 6.,

We now claim that V' must be continuous on [&y, 07 (&y)] and [0 (&), o[ Suppose
there is a & €]&y, 07 (&)] with & € S. Then, find n €]&, o™ (&) N Jo~(&1),& | so

that

A (V) <n < X*(V(n),

the first inequality coming from 1 €|o~(&;),& [, and the second coming from 7 €
1€0, 07 (&)[- This gives a contradiction, so V' is continuous on |y, ot (&)], and similar
arguments show that it is continuous on [0~ (&), &ol-

Then, Theorem II1.20 shows that V' is constant on ]&y, 0™ (&)[ and Jo~ (&), &ol-
Therefore, the right and left limits are well defined, giving (2.40) and (2.41) from
(2.36). Since we have also shown that V' is continuous at o* (&), it is constant on

[§0, 07 (€0)] and [0 (&), &ol-

Now, by definition of 0% (&), if 07 (&) ¢ O there exists 1, \, 0 (&) such that
AY (V<77n)) < .

Then, continuity of V' at o7 (&) requires that

X V(0 (&) = o (&);
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implying ot (&) € R.
However, if 07 (&) is the right endpoint of I* and not in R then continuity would

require that A\* (V(o+ (50))> > ot(&) = A*(V) + J,. But then

A (V(e¥(&) ) = 2P| = 2 (V (o (&) ) = 3(7)
=3 (V€)= o (€0) + o (&) = A(V)
> 0s,
a contradiction. Therefore o7 (&) € R. Therefore, we have that
(&) = A (V(o* (&) ) = X(V(&o+),
and so (2.39) follows from (2.40).

Similar arguments give (2.38). O

Lemma I1.34. There is a constant Cs, independent of V', so that for any & € S,

§ o™ (€)o7 (&)
implies

J(V; fo),

AV (&+)) = &l

AV (&0-)) — &l < Csl€ - &l.
Proof. Consider & ¢]o~(&),07(&)[. Then, (2.38) and (2.39) yield
€ — &0l > min (o™ (&) — &l [0~ (&) — &l)
> 0rJ(Vi&o),
= J(Vi&) <0716 - &l.
Next, we have that
X (V&) = o)l = N (Vo)) = A (V (&)
< CJ(V:&) (by smoothness of A%)

< C6ME = &l
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The same estimate for A*(V (§,—)) and taking Cs := max(d; ', Cd; ") yield the result.

]

Note that since the shock set is discrete, there can be at most countably many
shocks, and all left and right limits are well defined. We can therefore modify V' on

a set of measure zero so that it is right continuous everywhere.
Lemma I1.35. If &, is a limit point of S, then & € R.

Proof. Since & is a limit point of S, we can choose a monotonic sequence (&,) € S
converging to &. Suppose it is a decreasing sequence. Choose some 1,, €|o~ (&), &l

for each n. Then

A V() = 1| = [A*(V(€n=)) — 7
< |)‘a(v(§n_)) - §n| + |€n - 77n|
S CS|§n - §| + |§n - §0| by Lemma 11-347

— 0.

(mn) — & and & € S, so AoV is continuous at & and therefore \*(V (&) = &. O

Theorem I1.36. If & € C, then V is constant on an interval |k~ (&), kT (&)] that
contains &. Taking k* so that we have the mazimal such interval, k* (&) € RUSU
(CnaI).

Proof. By Lemma I1.35, & is not a limit point of § and so V is continuous on
a neighborhood of . Then A*(V(&)) — & # 0 implies A*(V(§)) — & # 0 on a

neighborhood &. Since M (V(€)) — & # 0 for 8 # a by definition of 1%, Theorem

I1.20 shows V' is constant on this neighborhood. Therefore,

/‘ﬁ+(50) = sup {n ‘ V' is constant on [, 7] }

JEEY )
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is well defined. We define k™ (&) analogously.

Finally, k(&) € C N I® because it would violate their extremality. We need not
define k(&) if & is the right endpoint of 1%, for our purposes it is more than enough
that we know V' is constant on some open interval containing &y. In that case V is
constant on |k~ (&), A>T (V) — d,], or |k~ (&), oo[ in the case of a = n . We also need

not worry about defining x~ (&) if & is the left endpoint of I¢. ]

Lemma I1.37. For any & € R, there is a neighborhood containing & such that
s \® (V(f)) satisfies a Lipschitz condition based at &y for all & in this neighborhood.
The Lipschitz constant is uniform for all such & and is independent of V', and is

gwen explicitly by Cs + 2. That is,

(2.43)

A (V(E) — A (V({’o))‘ < (Cs + 2)|€ — &, V€ sufficiently close to &.

Proof. Fix £ € R, and consider £ > &, sufficiently close to & (If & is the right
endpoint of I* then we are done, since V' is continuous at &, and therefore constant

on [£o, & + O for § > 0 small.) We will first estimate |/\°‘ (V(€) —¢

, which is zero
at &.

Suppose £ € R. Then ‘)\O‘(V(é)) - 5‘ =0.

Suppose £ € S. Necessarily §, < o7 (&) by definition of R and o~ (). Then

& ¢lo~(€), €] and so Lemma 11.34 applies to the shock at & and we have

(2.44) (A“(V() =& = [\ (V(E+)) — €] < Csle — &,

(recalling we have made V' right continuous everywhere).

Finally, suppose ¢ € C. Necessarily { < k™ (§) by definition of R and x~(&). If
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Kk (€) € R, then

(V) —&l = (Vs (@) —¢]
= (V@) =@+ @ - ¢
<0+ 1§ — &l

If k=(§) € S, then

A (V(€) —¢| =

(V) — ¢
2 (V(57(9)) =5 (©)] + [ (©) ¢
< Cslw () = | + |n7(€) — ¢

< (Cs +1)IE = &l

<

by (2.44).
Similar arguments work for & < &;. Since £ — & has Lipschitz constant 1, & +—

A (V(€)) satisfies (2.43). O

Theorem I1.38. For any & € R, there is a neighborhood containing &, such that V
satisfies a Lipschitz condition based at & for all & in this neigborhood. The Lipschitz

constant Cr is uniform for all such & and is independent of V. That is,

[V(€) = V(&)| < Crlé —&l, for all |€ =& <6,
for some 6 > 0. However, § will depend on V.

Proof. Recall that

(A(V(€). V(©) = &I ) (V©) ~ V&) = O(l¢ — &l).

Left multiply by P? (V(fg), V(g)) and use the fact that the total projection commutes

with the matrices on the left to obtain

(A(V (&), V(©) = &1) P (V(&), VI©) (V(E) - V(&) = O(1€ — &)
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Since & € I, and any eigenvalues in any 3-group are thus uniformly bounded away

from &g, (121 — &) is uniformly non-degenerate on PPR™  and so

PA(V(&). V() (V(E) = V(%)) = O(& — &l)-

Summing over 3 # « yields

(2.45) D PHV(&). V() (V(€) — V(&) = O(I€ — &)

B

Define g : R™ — R™! as

gW) = (Zﬁﬁ(V(go),W)(W - V(&ﬁ))i, i=1,.,m.
B

Then,

)\V V 0
gw (V(&)) = e |
I—re (V<£0))la (V(fo)) (m+1)xm

The map z — gw (V(&))z is injective— since
(1= (V@) (V(&) )2 =0 = = | r*(V(&)),
and then if z || r¢ (V(fo)),
)\V(V(fo))z =0 = 2=0,
v (V(&))r* (V(&)) > 0.

Therefore by the local immersion theorem there is a diffeomorphism G so that that

Gog(V(€) = (V(£),0) e R™.
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Lemma I1.37 and (2.45) show that & — g(V/(€)) satisfies a Lipschitz condition based
at &, and G being a local diffeomorphism (which is fine since V' is continuous at &)
show that £ — G o g(V({)), and thus £ — V(&) also satisfy a Lipschitz condition
based at &,. It is clear that the Lipschitz constant depends on properties of the system

such as Cs, sup |A*(V) — A% (VF)|7!, and [A%r*|~1, but not on V itself. O
VEep.

Lemma 11.39. Define the jump part of V' to be

Vs(©) =Y (V) = V(n-)).

nesSn<g

Then Vs is a right continuous saltus function (so, by definition, is of bounded vari-

ation), with total variation independent of V.

Proof. We have

DV = V=) =D J(Vin)

nes nes

< (260)7" ) (ot () — o ()

nesS

< (25L)_1|Ia| < <5L)_153 < 00,

by Lemma II.33 and since the neighborhoods Jo~(n), 0" (n)[ are pairwise disjoint.
Since S is countable and the jumps sum to a finite number, Vs as defined above is a

right continuous saltus function, and it is clear that the total variation is independent

of V. O

Lemma I1.40. For any & € R, Vs satisfies a Lipschitz estimate based at & for &

sufficiently close to &. That is,

[Vs(€) = Vis(&o)| < Cslé — &, for all |€ — & <6,

for some 6 > 0. As in Theorem I1.38, Cs is uniform in & € R and independent of

V', but 6 depends on V.
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Proof. Consider & > &, and suppose & €]o™(n), 0" (n)[ for any n € S. Then,

V(&) = V(&) < Z J(V.n)

Eo<n<€

<(20,)7") (o (m) =0 (n))

o<n<§

< (262) '€ — &l

since the Jo~(n), 0" (n)[ are pairwise disjoint and contained in [y, ] by assumption.
If £ €)lo~(n),n| for some n € S, then the previous estimate holds for & = o~ (n),
and Vg is constant on Jo~(n),n[, and so the result follows. If £ € [, 07 (n)[ for some

n € S, then apply the previous estimate for £ = 0~ (), and then

|Vs(€) = Vs (&o)| < (201) " o™ (n) — &| + J(Vin)
< ((200) " + Cs)I€ = &,
from Lemma I1.34. Similar arguments work for £ < &;, and then take Cg := (267) '+
Cs. O

Theorem I1.41. On I*, V must be of bounded variation. In fact,
V=V, + Vg,

where Vi, is Lipschitz with constant independent of V', and Vs is a saltus function of
bounded variation, with total variation independent of V. Note that this implies V
15 a special function of bounded variation, since the Cantor part vanishes. Moreover,

the absolutely continuous part is in fact Lipschitz.

Proof. The statement about Vg has been covered in the previous lemmas. We claim

that for any &y, V, satisfies a Lipschitz estimate based at &, for £ sufficiently close to

€o-
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If & € C, then V is constant |~ (&), k1 (&o)], and since there are no shocks on this
interval it is clear that V, := V — Vi is constant and thus satisfies a local Lipschitz
estimate based at & with constant 0.

If & € S, then the jump at & is accounted for in Vg, and so Vp is constant
lo~(&),07(&)], and so satisfies a local Lipschitz estimate based at & with constant
0.

Finally, if {, € R, then for ¢ sufficiently close to &y, we have from Theorem I1.38

and Lemma I1.40 that

Vs(€) — V(&) < |V(€) = V(&)| + |Vs(€) — Vs(&o)|

< Crl§ =&l + Csl§ — & == CL|§ — &l

Recall that the endpoints of I“ cannot be in S, and so it is clear that these
estimates can be obtained with Lipschitz constant 0 for & > A\*(V) + §, sufficiently

close to A*(V') + d5, and similarly at the left endpoint.

Pick any &; and &. Consider the open cover

Jam.

VSIS
where for any n, Q(n) is the neighborhood for which we have a Lipschitz estimate

based at 1 with Lipschitz constant C'; (note we were able to use C';, uniformly in &p).

This has a finite subcover

N

Uﬂ(m)

=1

Then, adding in (&;) and Q(&), we can express

|V(§2) - V(fl)| < |V(Cl) - V(fl)| + ‘V(Ul) - V(Cl)‘ + |V(C2) - V(ﬁl)}
+ V() = V()| + .+ |[V(&) = V(i)

< Cplés — &,
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where 1,1 < §; < n;, and (; € Q(n;—1) N Q(n;) for i = 2,..., N. (We take & < (4 <
1, G € Q&) NQm), and ny < (v < &, with (vi1 € Q(ny) NQ(&).) Therefore,

V7, is Lipschitz on all of 1%, and the rest follows. ]
We now see that there cannot be consecutive simple waves.

Theorem I1.42. If V is continuous on an open interval B C I%, then it is either

constant or constant on either side of a single a-simple wave.

Proof. Theorem I1.38 and Lemma I1.40 still apply on B, the only difference is that
B NS must be empty. Since V' is continuous, C N B is a countable union of disjoint
open intervals. On each of these intervals, Theorem I1.20 applies so V' and therefore
A*(V) is constant. Therefore, A*(V(£)) — & = 0 can be satisfied at at most one
endpoint of each open interval in C N B. Therefore, there can be at most two open

intervals in C N B, making R N B, on which

A*(V(E) = ¢

a closed interval. Theorem I1.41 shows that V' is Lipschitz on B (since BNS = ),
and therefore is differentiable almost everywhere. Applying the strong form of the
equations, we see that Vi must be parallel to r“ (V({)), and since \“ (V(f)) = ¢,

¢ — V(&) must be the {—parametrization of R*. Therefore, V' is an a—simple wave

on RN B. O]

2.13.2 Forward Sectors
The behavior in the forward sectors is much simpler, as we see now.

Theorem 1I1.43. In a genuinely nonlinear forward sector, V is either constant,

constant on either side of a single simple wave, or constant on either side of a single
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shock. In addition, V' is a special function of bounded variation on I¢, with Lipschitz

continuous part. The total variation and Lipschitz constant are independent of V.

Proof. Suppose there is a shock at &. Choosing (£) — & as usual, with [V] # 0,

we obtain the opposite comparisons
AN(V7T) > & > A (V).
Proceeding as before, but instead defining
o (&) == _sup {n|A*(V(©)) <& V€ eléo,nl},
1%35n>&

once we argue as before that this supremum is over a non-empty set, we see that in

fact
ot (&) = X’(V) + ds.

(Before, we had A\*(VT) > &, and so there can be £ > & satisfying & > A\*(V'1),
allowing V' to be the left state of a subsequent shock. This time, if A*(VT) < &,
then A*(V*) < £ for all £ > &.) Similarly, 0~ (&) must be the left endpoint of I,
and so if there is a shock anywhere in 1%, there is exactly one shock, and so its jump
part is a single delta function, and its continuous part is constant. Hence in this
case, V' is a special function of bounded variation.

If V is continuous on %, then improve the result of Lemma I1.37 and have that the
constant for the local Lipschitz estimate for & — A (V(ﬁ )) is 2. Theorem II.38 follows
as before, and so V' is satisfies a local Lipschitz estimate with constant independent
of & and V based at any & € R. This holds trivially for any & € C, and so V is
Lipschitz on I*. Finally, Theorem I1.42 can be applied to show V' is constant on all

of I* or on either side of a single a-simple wave. O]
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2.14 Global SBV Regularity

By Theorem II.30, there can be at most a single contact discontinuity in each
linearly degenerate sector, and so the jump part is at most a single delta function,
and the continuous part is constant. Therefore, V' is a special function of bounded
variation in degenerate sectors. Outside the union of all sectors, V' is constant and
so trivially Lipschitz. By choosing any &;,& and using a covering argument as in
the proof of Theorem I1.41, we see that V' is indeed globally SBV with Lipschitz
continuous part, with total variation and Lipschitz constant depending only on the

system and background state.



CHAPTER III

Examples and Calculations

3.1 One-dimensional Conservation Laws
Consider a physical one-dimensional system of conservation laws
Vit f(V)e =0
with entropy inequality (with e convex) given by
e(V)e+q(V), <0.

The same steps used in Section 2.2 show that a self-similar solution (in this case,

this means a function of { := 7) satisfies

(

(f(V)=€V), +V =0,

(a(V) = &e(V)) +e(V) <0, t>0-

\ (a(V) = ge(V)), +e(V) 20, ¢t <0

These are exactly the same equations as (2.16) but with ¢ serving the role of z.
Moreover, since e is convex, the forward sectors all lie in t > 0, and the backward
sectors all lie in ¢ < 0. Therefore, all the results in Chapter II apply, provided that
the eigenvalues are of constant multiplicity (with full geometric multiplicity) and

either genuinely nonlinear or linearly degenerate.

63
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Corollary III.1. Let V' be a self-similar solution to a one-dimensional Riemann
problem satisfying ||V (-) — V|1 < € for some V and ¢ > 0 sufficiently small.
Then, fort > 0, it must coincide with Lax’s solution to the Riemann problem (from
Theorem 1.1). Fort < 0, it will not be unique but must still be a special function of

bounded variation.

Examples of non-uniqueness can be easily constructed — it is easy to see how
to construct examples where a combination of a—waves interact at (¢,z) = (0,0)
to form a single outgoing a-wave. Then, extending this outgoing wave backward in

time gives a different solution.

Example II1.2. Consider Burgers’ equation

U2

An entropy-entropy flux pair with convex entropy is (u?/2,u3/3), leading to the Lax
condition u~ > £ = Qﬁ% > u", where + indicates which limit with respect to z
(note that this is different from our notation in Chapter IT — in that case u™ would
have been from the positive ¢-direction, which is from the negative x-direction for
x > 0 and from the positive = direction for x < 0.)

With € > 0, consider the Riemann problem

e x<0

u(0,x) =
— >0

The unique forward in time solution is
e <0
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but
<<
€ T < =
2
ut,r) =< 0 St<az<—54
(t2) PP
> 5
\ 2
and
e <0
u(t,z) =
—e >0

are both admissible backward in time solutions that are small perturbations of u = 0.
There are in fact continuum many admissible backward in time solutions (see the
example in Chapter 15 of [46]) to this Riemann problem that are small perturbations

of the background solution u = 0.
3.2 Isentropic Euler
For the isentropic Euler equations, we have U = (p, pu, pv), where p is the density,

and v and v are the horizontal and vertical velocity components, respectively. The

fluxes are

pu pu
[r= pu2+p Y= pUY )
puv pv* +p

where p = p(p) is the pressure, and ¢* := p/(p) is the square of the sound speed.
We also assume that ¢, > —1, which is satisfied by commonly used equations of
state (polytropic gases with polytropic exponent v > 1 satisfy ¢, > 0 in fact — see
Chapter IV for further discussion of polytropic gases). We will now use symmetry
to simplify our background state without losing generality, classify the fields of the

steady problem as linearly degenerate or genuinely nonlinear, confirm that we have a



66

convex entropy 7 for the unsteady problem, and check the eigenvalues of f in order

to determine the convexity or lack thereof for the steady “entropy” e.

3.2.1 Rotation Invariance

The Euler equations are invariant under rotation — if U is a weak, entropy, or

classical solution, then for any 2 x 2 orthogonal matrix @,
U= (7)), pta)=pt7z), Utd)=Qutr), i=Qx

is another weak, entropy, or strong solution, respectively (here we define ¢ := (u,v)).
Therefore, without loss of generality we can assume our background state has vertical
velocity zero. In addition, we can choose units so that p = 1, ¢ = 1. Therefore, we

have
U=(1,u,0),
3.2.2 Genuine Nonlinearity and Linear Degeneracy

Rewriting the fluxes in terms of the conserved quantities p, m, and n, where

(m,n) := (pu, pv) represents the momentum density vector, we have

m n
fFO) =1 pm2pt+p |, f2U) = mnp !
mnp~* n’pt +p
Then,
0 1 0 0 0 1
fo=1 —-m*»p 2+ 2mp™' 0 o= —mnp~2  np~ !t mp!
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Using Maple, we compute the generalized eigenvalues of the matrix pair (f&, f})

to be

L mn=Epey/m?+n? — (pe)?
a m? — (pc)?

A

A0 =

n
e
They are real, distinct, and smooth for m? > p?c?, or equivalently, |u| > ¢. Therefore
we choose our background state so that |[m| > 1 and ¢ > 0 small enough so that
lu| > ¢ for all U € P.. Note that the \* coincide for sonic flow (|¢] = ¢) and become
complex for subsonic flow (|| < ¢). Therefore, steady Euler flow is hyperbolic if and
only if the flow is supersonic.

The A eigenvalue corresponds to shear waves (where the density and pressure
are constant but the gas slides past itself at different velocity — that is, the tan-
gential velocity is discontinuous and no gas flows through the discontinuity). The

corresponding eigenvector is ¥ = (0,m, n) and it is linearly degenerate:

0
200 — n 1 —0
vgm=1{10 — — m =Vu.
m2 m
n

Assume for the remainder of this section that the background state has horizontal
velocity to the right, so that w > 1. We now consider the +-fields, which correspond
to acoustic waves. These fields are genuinely nonlinear, and since this is an open
condition it suffices to check it at the background state (1, My, 0), where M, is the
Mach number of the background state and given by u/¢ = u = m, since p =¢ = 1

by assumption, and reduce € if necessary.
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At the background state, we have (from Maple)

+M,
rH(U) = | £(M2-1)
Mg -1
Then,
2 4 2 2\ ~1/2
o m + pen(m? + n? — (pc)?) p=c=1n=0 My
n m?2 — (pc)? M1

For the p derivative, first set m = My and n = 0 to obtain
~1/2
AE =0 (—Mg - 1) /

(pc)? ’

so that

=g (1) () e

—c=1 1 _
e L g - 1795 )

For the m derivative, set n =0 and p = ¢ = 1 to obtain
)\:t nzO,p::c:l i(mg . 1)_1/2
so that
N = Fm(m® = 1) =0 M (Mg — 1),

Finally, we have that

\EpE C1IM§(L+e) My N My
Clr T 2(Mg 132 AME—1 JME-1

1 M3(1
— = 02( + CP) > 0,

and so AT is uniformly genuinely nonlinear on the compact set P..
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3.2.3 Convexity of 1, Analysis of e

For the isentropic Euler equations, it is the physical entropy that is assumed
constant, and it turns out that the total energy can be used as a convex mathematical

entropy. Define the specific internal energy as

p
p
e(p) = / _de7
0

p

and the total energy (per unit mass) as

2 2
E:ze—i—u v

Defining
n(U):=pE,  (U):= (pE +p)¥

gives an entropy-entropy flux pair. We can rewrite the fluxes as

0 0
ffFO)==U+|p |, fFU==U+|0 |,
p p
0 P

and the entropy and entropy fluxes as

m2—|—n2

n(U) = pe + 2

, WU):%(n(Uw), wyw):%(nwwp).

Then, we need to verify that

e =05, nufh =9y

We have that
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and

m

p

T

U

(8

We see that ny f; will equal 9f; it

nuU =n+ p,

(since 7, = ). We have

m?+n? m
2p° p

TIUU:<€—|—E
P

=ep+p——F7—+
m
=n+p

and so ¢, = nu fE. Similarly, ¥f, = nu f5.

Finally,

Nuu =

(w0 0))+aen(

m

02

1
p
0

m

p

).

n

N

p
0
1
P

The minors (starting from the lower right) are p=!, p=2, and det nyy = ¢?p 3, all

of which are positive, and so nyy is uniformly positive definite on the compact set

P., for € sufficiently small.
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Finally, recall

0 1 0
2

- m 5 2m
mn n m
p? p P

The eigenvalues are u,u £ ¢, and so we see (from Lemma II.17) that the steady
entropy e(V') (discussed in Section 2.8) is convex if @ > 1, and concave if 7 < —1.
Therefore, if the background state is horizontal supersonic velocity to the right, the
forward sectors all lie in x > 0, and if the background state is horizontal supersonic
velocity to the left, then the forward sectors all lie in # < 0. This is consistent with
the fact that rightward supersonic velocity means the steady problem is hyperbolic
in the positive x-direction, so that we can prescribe Riemann data on the y-axis and
obtain a Lax solution of at most 3 waves separated constant states in the right half
plane, and vice versa if the background state has supersonic horizontal velocity to

the left.

3.2.4 Compression and Expansion Waves

For this section, assume that the background state is supersonic velocity to the
right. Consider the +-sector in the upper right half plane. It is centered at £ =
(MZ — 1)7'/2 and so at an angle of arcsin(1/My) from the positive z-axis. Since
the gas is moving towards the right, it is traveling in the direction of decreasing
¢ here, and so U™ is the state of the gas right before it passes through a shock,
and U~ is the state of the gas after. The Lax condition in this forward sector is
AT(U™) > & > AT(U"), and since the +-Hugoniot curve through U~ has tangent

rt, we have from the above that [U] is approximately a negative multiple of r+(U).

Therefore, as the gas passes through the shock, the jump is approximately a positive
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multiple of r*(U), and so the density increases as the gas passes through the shock.
In a simple wave, the derivative of U with respect to £ is a positive multiple of
rT, and so as the gas travels through the wave, density decreases, and so this is a
rarefaction wave or Prandl-Meyer expansion.

For the —-sector in the upper half left half plane, centered at a clockwise angle
of arcsin(1/My) from the negative x-axis, gas is still moving in the decreasing &
direction. This time, the Lax condition for a shock is A™(U~) < & < AT(U™), and
so [U] is approximately a positive multiple of »—(U). As the gas passes through
the shock, the jump is then approximately a negative multiple of r—(U), and so
the density increases as the gas passes through the shock. In a simple wave, Ug is
a positive multiple of r~, and so as the gas travels through the wave, the density
increases, and so this is a compression wave or Prandl-Meyer compression. The
fact that the admissible shock curve and simple waves starting at V'~ both cause
an increase the density is where the proof of a Lax solution to a “backward in x”

Riemann problem fails and uniqueness is lost.

3.3 Full Euler

The full Euler equations are given by

m

m2p~t 4+ p
fA(U) = ;

mnp~!

tm(m?* +n?)p~? + me + mpp~!
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n

mnp =t

n’p~t+p

tn(m? +n?)p~2 + ne + npp !

where p is the density, m and n are the horizontal and vertical momentum densities,
p is the pressure, and e is the specific internal energy. The conserved quantities are
p, m, n, and the total energy per unit volume pE := 2%)(7712 +n?) + pe. Note that it
is identical to the isentropic case, except for an additional conservation law for the
conservation of energy. Moreover, the pressure is not just a function of density, and
so the equation of state gives the pressure in terms of two thermodynamic variables
—typically density and internal energy or density and entropy. We now check the

properties of the full Euler equations.

3.3.1 Genuine Nonlinearity and Linear Degeneracy

For convenience, we can calculate the eigenvalues and check for genuine nonlin-
earity/linear degeneracy by considering the matrix pair (f{, f¥,) with convenient
variables W = (p,m,n,S) where S is the specific entropy (the invariance of eigen-
values and nonlinearity properties was discussed at the end of Section 2.8). It is well
known (see [11]) that of the five thermodynamic quantities p, e, S, p and tempera-
ture 7', only two are independent, so once two have been chosen the other three can

be expressed in terms of those two. We have that

po(p,S) =: % >0,

p
€p(/), S) = "o

eS(ﬂ? S) - T7
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where c is the sound speed. The derivatives of the fluxes in terms of the variables W

are then
0 1 0 0
—m?p? + 2 2mp~! 0 Ds
fw = :
—mnp =2 np~! mp 0
—m(m? + n? mc? 3m?  1n? mn m
( 3 ) ——2+——2+€+]—? — T+—p5
p p2p° 2 PP p
0 0 1 0
—mnp 2 np~! mp 1 0
fio =
—n?p=? + ¢ 0 2np~1 Ps
—n(m? + n? nc2 mn  3n?  1m? n
p pp 2p 2p p p

Using Maple, we can compute the generalized eigenvalues and eigenvectors. There

are two simple eigenvalues corresponding to acoustic waves:

mn + pcy/m? 4+ n? — (pc)?
m? — (pc)?

ME(U) =

Y

and a double eigenvalue corresponding to shear waves and entropy waves:

n
N(U) = p—

The background state we consider will be of the form U = (1, M, 0, Ey), where
the units have been scaled (as in Section 3.2.2) so that the background density and
sound speed are 1, and so the background Mach Number M, is the background
horizontal momentum (we also assume M, > 0). So that these eigenvalues are real
and distinct, we must again assume M, > 1, and it is clear that the eigenvalues and

eigenvectors are smooth functions on a neighborhood of this U. The eigenvectors

considered below are also smooth on a neighborhood of U.
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Two linearly independent eigenvectors for \° are

0 —Ps

m 0
o= ) -

n 0

0 c?

As A is semisimple of constant multiplicity, Boillat’s theorem (Theorem II.13) guar-
antees that \° is linearly degenerate, though an easy calculation confirms this as well.
For any contact discontinuity corresponding to A\°, the flow will be tangential to the
discontinuity. The %! field corresponds to a shear wave, which is a discontinuity in
the tangential velocity, and the 7%? field corresponds to an entropy wave, in which
the entropy and density are different but in a manner so that the pressure is constant
on either side. A contact discontinuity for the full Euler equations will in general
be a combination of these two effects, but it is instructive to separate them when
choosing a basis for the eigenspace so as to compare with the isentropic case.

The acoustic characteristic fields A* are again genuinely nonlinear — and as before

it suffices to check at the background state. From Maple we have that

+M,
_ +(MZ -1
< | EO8 =D
MZ 1

0

However, the first three entries are precisely the r* eigenvectors for the isentropic
case investigated in Section 3.2.2, A\* are identical in the full and isentropic cases,
and the first three W variables we consider in this case are precisely the conserved
quantities for the isentropic case. Since A\* for full Euler are independent of S, it is

clear that in our context of full Euler /\ij[,ri is identical to /\ﬁri from the isentropic
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case in Section 3.2.2. Genuinely nonlinearity was demonstrated for ¢, > —1, which
is true for commonly used equations of state (in particular, any polytropic gas with
v>1.)

3.3.2 Convexity of 1, Analysis of e

As discussed in Chapter I, Section 1.1 of [22], taking n(U) = —pS, ¢*(U) = —m.S,
Y (U) = —nS yields an entropy-entropy flux pair. The second law of thermodynam-
ics implies that S is a strictly concave function of p~' and e, which [22] proves is
equivalent to —pS being a strictly convex function of p,m,n, and pFE.

In Chapter II, Section 2 of [22], it is shown that the eigenvalues of ff are
u £ ¢, u, u.

(A change of coordinates was introduced that preserves the eigenvalues, since the
actual expression for f}; is complicated due to the need of differentiating with respect
to pE = %J;"(Z +pe.) Therefore, if My > 1, eyy is positive definite (by Lemma I1.17)
and the system is hyperbolic in the positive z-direction and forward sectors lie in
x > 0. If My < —1, eyy is negative definite and the system is hyperbolic in the

negative z-direction.

3.4 Example with Infinitely Many Waves

Recall that we have parametrized the shock curves with respect to the size of the

jump — that is,
|Sa(V_,S) - V_| =S,

and that in a backward genuinely nonlinear sector, that taking V' = S%(V~ s) leads

to an admissible shock at £ = A (V=, 54V, 5)).
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Also, recall that since |r*(V)| = 1 for all V' € P, that the simple wave curve is
parametrized with respect to arc length and defined for a maximal interval so that

W((V—,s)is in P, for all 0 < s < spax(V 7). Then it follows that for any s in this

interval,

WV~ ,s)=V~| <s.

Consider the backward a-sector for a genuinely nonlinear field. Starting with

Vo =V, for all k > 0 define V}, to be one of the following:

ko o k—1 € T ra k-1 €
V¥ .= either S (V ’W> or W (V ,2k+1)7

with the requirement that if V* is on the simple wave curve of V*~!, then V*+! must
be taken to be on the shock curve of V¥,

By construction

V*® .= lim V¥

k—o00

will be in P, since

o _ T < k_ k-1 < €
Ve -Vis) V-Vl <3

k=1

Then, choose VT as
€

V+t .= either W* (VOO, Zl) or V°°.

V* is also guaranteed to be in P, by construction. By definition of 5 (in the proof

of Theorem I1.21), we also have that
)\a(vk)’ j\a(vk7 VkJrl) cJe

for all £ > 0, k = 0o, +. We now use these states to build a solution on 7.
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Define V(&) = V on [A*(V) — d,, A%(V)], and depending on the choice made in
the first step either put an a-simple wave on [A%(V), A%(V1)], or a shock at A(V, V1)
between the states V and V1.

Then, for k& > 1:

o If VFH1 — §(Vk ¢/2542) and VF = So(VF-1 ¢/2k+1) then (VA1 VF) <
A (VF) < A(VF VFH1) | and so we can place a shock counterclockwise from the

previous shock.

o IFVHHL = So(Vk ¢/2k+2) and VE = Wo(VEL ¢/25+1) then A*(VF) < A*(VE VFH),
so we can place a shock counterclockwise from the end of the previous simple

wave.

o If VF1 = Wo(VF ¢/2¥2) then necessarily VF = S*(VF~1 ¢/251) and so
A(VE-1 VF) < X*(V*), and so we can start a simple wave counterclockwise
from the previous shock, and we end it at A*(V**1).

Then, either put a simple wave on [A*(V>°), A*(V*1)] and set V(§) = VT on

[AY(VH), A%(V) + 6], or set V(€) = V™= on [A*(V>®),A*(V) + 6.

All in all, we have constructed an example with infinitely many shocks, and possi-
bly infinitely many simple waves (but with no consecutive simple waves). The limit
point £ = A*(V>°) of the shock set is necessarily in R. In addition, if V* was chosen
to be V°°, then the solution is constant on [A*(V*°), \*(V) +d,]. However, if V*+ was
chosen to be on the simple wave curve of V*°, then we have a simple wave starting
at the limit point of the shock set, and a constant solution on [A*(V*+), A*(V) + &,].

To guarantee a solution exists for the entire (x,y)—plane, suppose that fZ(U)

has only positive eigenvalues, so that all the backward sectors lie in x < 0. Extend

V to be V* from A\*(V) + &, to the negative y-axis, and to be V from A*(V) to
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the positive y-axis. Then, since V and V' are sufficiently close, we can use Lax’s

solution to construct the solution for z > 0, since e is convex.

_ z > 0: Lax’s Riemann
A¥(V) solution

A(v=) NN v

vt g

Figure 3.1: In a backward sector going counterclockwise, V is connected to successive states through
a shock, a simple wave, a shock, a simple wave, and then infinitely many shocks which
accumulate at £ = A*(V>°). Then a simple wave between V> and VT starts at A%(V°°).
Riemann data of V and V7 is prescribed on the y-axis, and Lax’s solution (from Theo-
rem I.1) is used to construct the remainder of the solution. In this case the Lax solution
is two shocks and a simple wave, with intermediate constant states V4 and V. (Simple
waves are shaded gray.)
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3.5 Example with Interspersed Forward and Backward Sectors

Most common examples and choices of background state can be rotated so that
[ is guaranteed to have eigenvalues of the same sign, so that the forward sectors all
lie on one side of the y-axis, and the backward sectors all lie on the other. In this
case, the steady system is hyperbolic in either the positive or negative z-direction,
and our results show that on one side any admissible steady and self-similar solution
must be Lax’s solution. However, this need not always be the case.

It is easy to see that if we have a system of two conservation laws, that some
rotation will be able to accomplish the above, and so the minimum example must be

a system of three conservation laws. Consider

u? at
“ 4 32
~2 ~4
s+ E |+ 2| =0
4 32
U~J2 ~4
v t I x 3_2 Y

with

n(U) = %(ﬂ2+@2+w2), Vr(U) = é(a3+@3+w3), W(U) = %(a%aﬁ +1°).

-

We easily see (1,1) form an entropy-entropy flux pair with convex entropy. Consider
the background state U = (2, —4,8) so that
V= (uow),  UV)=(2(u)'? -2(0)"2,2(w)'?),
u? v? w? —
fWM=/U0WV) === =), V=(1,4,16).

27272

The entropy-entropy flux pair (e, ¢) is given by
4
e(V) =¢*(U(V)) = §<u3/2 — %2 4 w’?)

q(V) =¥ (U(V)) = g(uwz — 52 ),
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The eigenvectors of f&(U) are 1,—2,4, and so we know (from the discussion in the
proof of Lemma I1.17) that ey will have one negative and two positive eigenvalues.

By direct calculation, the eigenvalues of fi/(V) are \(V) = u, v, w with eigenvec-
tors (1,0,0),(0,1,0), and (0,0,1) for i = 1,2, 3, respectively. We have that \,,r* =1

for all 7, and so each field is genuinely nonlinear. We have that

w2 0 0
eyy (V) = 0 —ou /2 0
0 0 w2
Then
eyyrirt >0, eyyrir? <0, eyyrird > 0,

and so for ¢ = 1,3 the forward sectors have x > 0, and for : = 2 the forward sector
has x < 0. It is clear that under no rotation of spatial coordinates can we achieve

all forward sectors one one side of a line through the origin.
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[3

12

Il

Il

IQ
13

Figure 3.2: The forward 1- and 3-sectors and the backward 2-sector are in the first quadrant, while
the backward 1- and 3-sectors and forward 2-sector are in the fourth quadrant. The
forward 1-sector has a simple wave, the backward 2-sector has three shocks, and the
forward 3-sector has a shock. The backward 1-sector has a simple wave and a shock,
the forward 2-sector has a shock, and the backward 3-sector has two shocks. No line
through the origin separates the three forward sectors from the three backward sectors,
so this is not a Lax solution to any Riemann problem. (Sectors are shaded light gray,
and simple waves are shaded dark gray.)



CHAPTER IV

More General Solutions of Full Euler

4.1 Preliminaries

We now consider steady and self-similar solutions to the full Fuler equations. We
will not restrict the phase space to a small ball around some background state. We
will use explicit expressions for various quantities instead of the implicit function
theorem.

The full Euler equations are given by

Ui+ f*(U), + f4(U), =0,

(4.1)
n(U)e + % (U)s + ¥ (U)y 2 0,
where
p pu pv
pu qu +p puv
U= FHU) = ) = ,
pU puv pvi+p
pE u(pE + p) v(pE + p)
n(U) = pS, Y*(U) = puls, P(U) = pvs§.

As before, p is the density, u and v are the horizontal and vertical velocities, respec-
tively, p is the pressure, and E is the total energy per unit mass. S is the entropy

per unit mass.

83
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We for now assume only that U is bounded, interpreting (4.1) in the sense of
distributions. Proceeding as in Chapter II, we derive the weak form for steady,
self-similar solutions U which only depend on 6, the polar angle Z(z,y).

The integral form of the entropy inequality in (4.1) is

>0

- Y

t=0

42 = [ () + 0 W)+ 0 (O) dita) — [ (@0(1)

R
and a weak solution must satisfy (4.2) for any smooth, non-negative, compactly
supported test function P.

Integrating by parts in ¢ eliminates the first term in the integrand of (4.2), af-
ter which using compact-in-t support and integrating with respect to ¢ yields the

equivalent statement

- /RQ O,"(U) + @Y (U)d(z,y) > 0

for all nonnegative smooth compactly supported t-independent functions ® : R? —

R. Now, change variables to polar coordinates to obtain
0o 2
(4.3) 0<— /0 /0 (@xw(U(e)) + bewy(U(G)))rdOdr.
Define a smooth 27 periodic function ¢ as
¢(0) = /000 ®(rcosf,rsinf)dr = —cosd /000 &, rdr —sinf /000 O, rdr.
Notice that
¢'(0) = —sinf /OO ®,rdr + cos b /OO P, rdr.
0 0
We then have that
— /000 O, rdr = cos0p(0) + sin ¢’ (6),

- /00 ,rdr = sin0¢(0) — cos ¢ (6).
0
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Therefore (4.3) becomes
0< /0 " (cos@gb + sin 9¢’> Y (U(0)) + (sin 0¢ — cos 9¢') WY (U (6))do.
This is the weak form of
(= sindy™(U(6)) + cos60¥ (U(6)) ) + cos 67 (U(6)) +sin 0y (U (9)) = 0,
or equivalently,
(4.4) (sm 0y (U(0)) — cos 9¢y(U(9)))9 — cos 0y (U()) — sin 0¥ (U(6)) < 0.
As in Section 2.4, it follows that for almost every 8; < s,

> 02
(45) (sin00(0) = cosd )| < [ cosm ) + st ).

01

Similarly, we obtain that the first line of (4.1) for steady and self-similar solutions is

(4.6) (sm 017 (U(6)) — cos ny(U(G))>6 = cos 0" (U(6)) + sin 0¥ (U(6)).

The right side is L*, and so the quantity being differentiated in the distributional
sense on the left must have a version that is Lipschitz. Therefore, the fundamental
theorem of calculus holds and we have, for almost every #; and 6,,

02

(4.7) (sin&f”’(U) —cos@fy(U)>

_ / cos (U ) + sinn (U () )dn.

01 o

We now make some assumptions on our phase space and equation of state, so
that we can utilize Lemma A.1 to obtain a version of U for which these pointwise
conditions hold everywhere.

From thermodynamics, of the five quantities p, e, S, p, and temperature 7', only
two are independent — that is any of these can be written as a function of any two

of the others. With this in mind, we make the following assumption.
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Assumption IV.1. We assume U = (p, pu, pv, pE) : S* — P € R* is L™, with P

compact, and that any state in U € P satisfies

(4.8) 0<C'<p<O< oo,
(4.9) 0<C't<e<(C<o0,
U] < C < o,

where C' is some positive constant. We will also assume that

T >0,

p > 0.

We assume that any thermodynamic quantity can be expressed as a smooth function
of any of the other two, as we are away from pathological cases such as vacuum, zero
temperature, etc. Therefore the uniform lower bounds bounds (4.8) and (4.9) show
that T, p, and S also take values in a compact set, and T and p are bounded away

form zero for any state in P.

Remark IV.2. Note we have not specified the exact form of P — later we will need
convexity of the phase space in terms of different variables and so we will adjust P
to ensure this.

As in Section 2.4, Lemma A.1 shows there is a version of U such that (4.5) and

(4.7) are satisfied for all 6; < 605.

4.2 Jump Conditions

In Chapter IT we used the eigenvalues and eigenvectors of the averaged matrix and
the implicit function theorem to determine the properties of shock transitions, but
now that we need to treat large jumps we need to investigate the algebraic properties

of the Euler fluxes.
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We have, for all 6; and 65,

(4.10) (— cos 07U 9)) +sim0f*(U0))) 2 — (|65 — 1)).

1

On sequences {05} — 6 with U(0%) — Uy, we have
sme[ff(U)] - cos@[fy(U)] —0

(where [g(U)] = g(Uy) — g(U-) for any function g of U). Substituting in the Euler

fluxes, we have

(4.11) sin 0[pu] — cos Opv] = 0,
(4.12) sin 0[pu® + p|] — cos f[puv] = 0,
(4.13) sin @[puv] — cos O[pv® + p] = 0,
(4.14) sin 0 [u(pE + p)] — cos 0 [v(pE + p)] = 0.

To separate the cases of shocks and contacts, we introduce the normal (angular)

and tangential (radial) velocities at 6:

N :=wusinf) — v cosb, L :=wucosf+ vsind,

u = Nsinf + Lcos¥, v=—Ncosf + Lsinf.
We immediately observe that (4.11) is equivalent to
(4.15) [pN] = 0.
(4.12) is equivalent to
(4.16) sin 0[p] = [cos Opuv — sin Opu®] = —[puN].
Similarly, (4.13) yields

(4.17) cos 0[p] = [sin Opuv — cos Opv?] = [pvN].
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Therefore,
0 = sinf[pvN] + cos O[puN]| = [pNL].

This means that py, N, L, —p_N_L_ =0, or pyN.(Ly — L_) = 0 (from (4.15)).
Therefore, if p, Ny = p_N_ # 0, [L] = 0. Hence, if there is mass flux through a
shock, the tangential velocity is continuous. However, if N, = N_ = 0, the gas does
not flow through the discontinuity and is we have a contact discontinuity. In this

case there can be a jump in L.

Also, sin6-(4.16) + cos 0-(4.17) yields
(4.18) [p] = —sin@[puN] + cosO[puN] = —[pN?] = [pN?+ p] = 0.
Finally, (4.14) is equivalent to
1
(4.19) 0= [N(pE +p)] = {EpN|ﬁ|2 + pNe + Np] .
For the case of a shock, divide by p. N. = p_N_ to obtain
Lo
(4.20) §\ul +e+pr| =0,

where 7 := p~! is the specific volume (volume per unit mass). Denote p_N_ =

p+ Ny =: M. Then (4.18) becomes

(4.21) b = ~MIN].
Therefore,
u _Mm -M N;r _ ]\1[—
[7] [7] —
P+ P
N, — N_ p-M—p M
= -M———=-M —— = M.
— P—— P+
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Multiplying (4.21) by (7 + 7 ) yields

[pl(r- +74) = —MI[N](7- +74)

= M(N_ — N+)m
P—P+

M(p-N- — p Ny —p-Ny + p N_)
P—P+

— M(r_N_—7,N,) = N* = N2 = —[|@]?].

Substituting this into (4.20) yields

e+ p7] = 5lpl(7 +72),

[l = —5 (- +p)lr)

Therefore, for a shock wave with fixed (7,,p.), the states (7_,p_) that can be
connected by a shock are defined by H(7_,p_) = 0, where H(7,p) is the Hugoniot

function defined below:

H(r,p) = e(r.p) — elre,pi) + (7 = 72) (0 + 4.

4.3 Weak Form with Tangential and Normal Velocities

Analogous steps to those used to simplify the jump conditions to be in terms
of radial and angular velocities can be done on the weak form of the equations.
Multiplying a distribution (in this case an L* function) by a smooth function (sin 6
or cos #) results in another distribution, and the product rule applies for distributional

derivatives of distributions multiplied with smooth functions.
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(4.6) with the Euler fluxes becomes the following system:

(sm Opu — cos 9,01;) = cos fpu + sin fpv,

= cos 0(pu® + p) + sin O(puv),

(sm@(pu + p) — cos 8(puv)
0

<s1n9(puv) —cosO(pv* +p )0 = cos 0(puv) + sin O(pv* + p),

<sin6(u(pE +p)) — cosO(v(pE +p)) ) =cosO(u(pE +p)) + sinf(v(pE + p)).

0

Substituting the definitions of N and L we obtain:

(pN)o = pL,
(4.22) (upN + psin 0)9 upL + pcos 0,
(4.23) (vpN — pcosb) )0 vpL + psind,
(N(pE +p)), = L(pE +p).

Note that

sin@(upN +psin9)9 = (usin 0(pN) + psin® 9)9 — oS Q(upN +psin9),

—cosf(vpN —pcosé’))e = (—vcosB(pN) + pcos® 9)9 —sinf(vpN — pcosb)).
Thus, sin @ - (4.22) — cos @ - (4.23) yields
(pN*+p), — pNL = pNL,
or
(pN? +p), = 2pNL.
Similarly,

cos@(upN —i—psin@)e = (ucos@(pN) —i—psin&cos&)e +sin9(upN —i—psin@),

sinf(vpN — pcost)), = (vsind(pN) — psinf cos ), — cos 0 (vpN — pcosh)),
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and so cosf - (4.22) +sin 6 - (4.23) yields
(PLN)o + pN? +p = pL® + p,
or
(pLN)y = pL* — pN>.
Therefore, the Euler equations are equivalent to

(pN)9 :pL7
(pN? +p)s = 2pNL,
( LN)GZ L2_ N2a
p pL? —p

(N(pE +p))o = L(pE + p),

satisfied in the distributional sense.

4.4 Shock Sides

We now argue that even in the L*° setting, in which left and right limits may not
exist, there still exists a well defined notion of shocks and contacts, as well as front

and back sides of shocks.

Lemma IV.3. If U is discontinuous at 6y, then it can be well defined as having
either a forward facing shock, a backward facing shock, or a contact discontinuity at

0o. If U has a contact discontinuity at 0y, then N is continuous at 6y and N(6y) = 0.

Proof. Suppose U(6) is discontinuous at §y. Then we can pick sequences {6,,}, {0, } —
0o with U(6,,) — Uy, U(0.,) — U, with Uy # U]. Then, from above, necessarily
poNo = pyN). Based on our assumptions about p, it follows that Ny and V] are

either both positive, both negative, or both zero.
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Case 1: Ny = N] = 0. Let {6} be any other sequence converging to 6y, and take
any subsequence QZ(k). Since U is L™, there exists a subsequence {%(k( j))} such that
U(Hg(k(j))) — U[. Applying the jump conditions to Uy and U] shows that NJ] = 0,
because Ny = 0. Therefore, since any subsequence has a subsequence converging to
zero, N(07) — 0, and as {0} was arbitrary, we see that in fact N(6) is continuous
at 0y and N(0y) = 0. In this case we say that U has a contact discontinuity at 6.

Case 2: Ny, N) > 0. We claim that there exists some neighborhood containing 6
on which N(0) is positive (except for at the point 6, itself, since U is discontinuous
and not even necessarily well defined there). Suppose not. Then there exists {0} —
6y such that N(6) < 0 for all n. Again, there exists a subsequence {QZ(k)} such that
U (Hg(k)) — UJ/, and by assumption Nj < 0. However, applying the jump conditions
to Ny and N/ gives a contradiction. Therefore, N(#) > 0 on some neighborhood of
6o, and we call the shock forward facing. (The interpretation is that gas particles
enter the front side of the shock, and leave the back side. Since the flow of mass
through the shock is aligned with our choice of normal vector for the shock, we call
this case forward facing.)

Case 3, for which Ny, N; < 0, is similar. We call this case backward facing. O

4.5 Entropy
Recall the entropy inequality (4.4), with 6, < 0.7,

(— cos0u¥(U(9)) + sin 00" (U (0))) Z +O(0F —67]) < 0.

In the limit 6 — 6, if U(6F) — U, this becomes

sin @["(U)] — cos O[y* (U)] < 0.



93

For the case of the Euler equations, this reads

0 > sin O[pusS] — cosO[pvS] = [pNS],

which becomes

(4.24) M[S] <0,

(where M = p_N_ = p, N,). In the case of a forward facing shock, S; < S_, and
in the case of a backward facing shock, S, > S_. In either case, the entropy cannot
decrease when the gas passes through the shock from the front to the back.

We now need to derive Lax-type admissibility conditions from (4.24). Instead of
using properties of eigenvalues and eigenvectors to obtain local results, we will need
to use specific properties of the Euler system to derive global information. To do

this, we will need some more assumptions regarding our equation of state.

Assumption IV.4. We assume that the equation of state for pressure is given by

p = g(7,S) and that it is smooth for the phase space under consideration. We also

assume

(4.25) gr = —p*c* <0,
Grr >0,
gs > 07

where ¢ > 0 1s the sound speed. Furthermore, from thermodynamics we have

Oe _
or S=const -7

Oe
— =T
<85> T=const
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Note these last relations are equivalent to

( a‘ ) = t
S=cons
S 14 const

The reader is warned of some possible confusion regarding the speed of sound defined

@)
ap S=const

since we may also come across the definition

Ip p (Op
() ),
ap e=const p2 86 p=const

However, they are the same. Notice

?

bwlﬁ

~

in (4.25) as

p(p, S) = p(p,e).

Differentiating with respect to p while holding S constant, we obtain

() ) ) (50) L )
8,0 S=const ap e=const ap S=const de p=const ap S=const

ap e=const p2 86 p=const

We now assume the case of a forward facing shock, and fix a pair of left and right
sequences 0 as usual, so that 6, < 6 for all n, and U(6) — UL. We know that U_
must satisfy H(7_,p_) = 0 for the Hugoniot function for state (7., py). We use the
following result summarized by Courant and Friedrichs, which gives us our Lax-type

conditions for a shock transition.

Lemma IV.5 (Bethe, Weyl as in Section 65 of [11]). Assume that for fized (T4,p4),

the set of states (7,p) for which H(7,p) = 0 is a smooth curve in the (7,p) plane
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that can be described by p = G(7), and that the equation of state satisfies Assumption
1V.4. Then, for the case of an entropy admissible forward facing shock, which requires

S_ >S4, we have
17— <71y,
2. N+>C+>0,0<N_<C_.

That is, the density increases as gas travels through the shock. The normal velocity for
the gas before the shock is supersonic, and the normal velocity after passing through
the shock is subsonic.

We have the analogous statement for an entropy admissible backward facing shock,

which instead requires S_ < S,:
1. 7 > T+,
2. =N_>c_>0,0< =Ny <ecy.

Notation IV.6. For the remainder of this paper, a subscript max or min on a
quantity refers to the maximum or minimum permissible value of that quantity for

UeP.

Since we now know that one side of the shock must be supersonic, we can imme-
diately conclude that one of N, or N_ must be greater in magnitude than cy,;,, and

using p4 Ny = p_N_ immediately gives us

|N | > CminPmin
1| > —

max
for a shock. In the next section we will use this fact that our shock transitions cannot
jump to arbitrary small normal velocities to determine how close a contact can be
to a shock. Now that we have our global Lax conditions for shocks, we can start to

analyze how close shocks and contact discontinuities can be to one another.
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4.6 Properties of Discontinuities, Uniform Distances between Different
Types of Discontinuities

We will again use the idea of an averaged matrix, which in this setting is a smooth

matrix valued function of U% and 6 that satisfies:
o sin6(f(Uy) — f2(U-)) — cos O(f(U.) — f(U-)) = AU, Uy;0)(Uy — U-),
o A(U,U;0) = A(U;0) = sin0f(U) — cos 0f4(U), and
° A(U,, Uy;0) is diagonalizable with real eigenvalues for all U+ € P, 6 € [0, 2.

As discussed in Section 2.9, the existence of matrices with the important conserva-
tion and diagonalizability properties is guaranteed (see [23]) if our system possesses
an entropy-entropy flux (n, 1", 1Y) with n strictly convex, but one that is easier for
computations if the equation of state is polytropic (an assumption we will define and
make later) is the Roe averaged matriz. It will be discussed in more detail as needed
later, but for now we just need its existence and the properties listed above.

Rearranging (4.10), we obtain
sin 6, (fI(UwQ)) - fx(U(el))) ~ cosy (fy(U(Gg)) - fy(U(Hl))> — 0|8, — 61)).
Using the averaged matrix, we have
(4.26) A(U(61), U(6s); 61) (U (62) — U(61)) = O(|6 — 64]).
Now, consider the matrix
A(U;6) = sin6f2(U) — cos 14U,
We can define

B(U;0) = sinf fy;, — cosfy,
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where the W variables are from Section 3.3.1.! Notice
B(U;0)Wy = A(U;0)

with det Wy # 0. Using Maple, we have that

det B(U;0) =0 <= |N|=cor N =0,
and therefore

det A(U;0) =0 <= |N|=cor N =0.

We then have the following theorem which is analogous to Theorem I1.20.

Theorem IV.7. Suppose U is continuous on an interval |01, 05] and that |[N| # +c

or 0 on this interval. Then U is constant on this interval.

Proof. Fix some 0 €60y, 60,]. We claim that U must be Lipschitz at §. Suppose not.

Then we can choose a sequence {6, } — 6 (with |6,, — 0] # 0) such that

U(6,) - U(0)

0<‘ 00

‘/oo.

Divide both sides of (4.26) by |U(6,) — U(#)| to obtain

: UG -U0) | )
Ao ven0) (65— o) = om0~

=o(l) asn — oo.

By assumption, A(U (0); 9) is non-degenerate, so for |6,, — 6| sufficiently small,
A(U (6),U(6,); 0) will be uniformly non-degenerate, because the eigenvalues of A are

continuous functions of Uy, and U is continuous at € by assumption. That is,

36> 0Vz e R™ ‘(A(U(@), U(@n);91)>z‘ > 61z].

1We have W = (p, pu, pv, S), which is advantageous because it is complicated to differentiate with respect to the

total energy p( “2J2r”2 + e).
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Taking n — oo, the left hand side stays bounded away from zero, while the right
hand side goes to zero, leading to a contradiction.
Therefore, U must be Lipschitz on |0, 6,]. Assuming 6 is a point of differentiability
of U, we obtain
A(U(0);60)Uy = 0.
However, as we assumed the matrix was non-degenerate on |0y, 65[, it follows that

Uy = 0 on this interval. A Lipschitz function is differentiable almost everywhere and

is the integral of its derivative, so U is constant on |6y, 0. O

We now show that the shock set is discrete, analogous to Theorem I1.33. However
in this case we do not lower bound the size of the constant neighborhoods on either

side of the shock yet — we will later when we pick a specific equation of state.

Theorem IV.8. Suppose there is a shock at 0y. Then there exist ot (0y) > 6y and
o~ (6p) < 6y so that U is constant on o~ (0y),6o],]100,07(60)[. In particular U has

well defined left and right limits at shocks.

Proof. We consider the case of a forward facing shock; backward facing shocks can
be treated similarly. If there is a shock, choose left and right sequences 6 — 6 with

U(6F) — Uy with 6, < 6F for all n. We have from above that

N_|_ > Cyq,

c_>N_>0.

Suppose there is no 7 such that N > ¢ for all § €]6y,n[. Then pick a new sequence
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Ot \, 0 such that (passing to subseqgences if necessary)
N(0;7) < c(6,7),
U05") = Uss,

OF <o,

foralln. If Uy, # U,, then the Lax condition requires N, > ¢, which contradicts
our construction. If U, , = U,, then N, = N, > ¢, = ¢, 4, also a contradiction.
Therefore there exists n > 6y such that N > ¢ for all § €]6, 7.

Define
(4.27) o+ (8y) = sup {n > 6, ‘ N(8) > c(§) V¥ 6]90,77[}.

This supremum is being taken over a non-empty set, and is thus well defined.
The fact that there is some 7 < y such that N < ¢ for all 6 €]n, 6y[ is analogous.
Combining this with our observation in the proof of Lemma IV.3 that there exists

n < 6y so that N(#) > 0 for all § €]|n, 6y[, we have that
(4.28) o () := inf {n < b ‘ 0 < N(§) < ¢(8) ¥ &]n, 90[}

is well defined too.

All that is left to show is that U cannot possess any other discontinuities in these
left and right open neighborhoods. Contacts are already ruled out — we know that
N = 0 at a contact (note there could be a contact at o~ (6p), but we are claiming
there cannot be a contact on |0~ (0y),6p[). Therefore we must show there cannot
be shocks. Suppose there was a shock at 0, €]0y, 07 (0y)[. It too must be forward
facing, since N is positive for all such 0. Then, for some 1 €]6y, 0" (6p)[N]o~(61), 64|

we would have

N(n) > c(n) < N(n),
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where the first inequality is due to the shock at 6y, and the second inequality is
due to the shock at 6; — a contradiction. Therefore, U is continuous on |6y, o (6p)[

and Theorem IV.7 shows it is constant. Similarly we can conclude U is constant on

]U_(00>,60[. D

We now prove that if the velocity does not vanish then contact discontinuities are

also isolated and must possess constant neighborhoods.
Theorem IV.9. Suppose U has a contact discontinuity at 6y. Then, either

e there exist o (0y) > by and o~ (0y) < by such that U is constant on

]0-7 (HO)a QO[a ]907 0-+<00>[7 or
e 0y is contained in a closed interval on which |@| = 0.

Proof. From Lemma IV.3 we know that in fact N is continuous at 6, and that

N(6y) = 0. Therefore, choose a 7 > § > 0 such that

10— 0] <& = |N(9)] < ;p&

From the discussion following Lemma IV.5, we have the lower bound for normal

velocity at a shock:

‘N ’ > CminPmin
4| = —.

max

Therefore, for |6 — 6y| < J there can be no shocks. If there is another contact
discontinuity, N must still be continuous, and so N is continuous for |6 — 6| < 0.

Therefore, the set
C = {9‘ 10— 60| < 8, N (8) :o}

is relatively closed in |0y — d, 6y + [ and U is constant on |0y — 9, 6y + d[\C.
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Suppose there are 0,60 € C and n €]0y— 6,00+ 0[ \C with 6; < n < . Since this
set is open we can find a maximal |n~, n*[ containing 7 but not meeting C'. However,
since N is continuous for n €]y — 6,6y + 6] we can take limits and find (since U is

constant on |n~,n™|)

N(n~) =wu(n)sinn™ —ov(n)cosn™ =0,

N(n") = wu(n)sinn™ —v(n)cosn™ =0.

Then, since =~ # n*, the vectors (sinn~, —cosn~) and (sinn™, —cosn™) span R?
(since we took & < 7), and so (u(n),v(n)) = 0. However this contradicts that N # 0
on |n~,n"[. Therefore, C' is either a closed interval containing 6y or simply {6y} .

Consider the conservation of mass equation,
(ION)9 = pL7

which is satisfied in the distributional sense. If N = 0 on a closed interval, we can
take a strong derivative at any 6 in its interior to obtain that L = 0 on the interior.
Therefore the supposed contact at 6y could not have had a jump in tangential velocity,
only density and entropy (continuity of pressure is required by the jump conditions).
If we disregard this possibility, then it follows that this closed interval must be a
single point, and so there can only be one contact for |§ — 6y| < 6.

This opens the possibility to very irregular solutions. If the velocity field is zero on
some interval, then a completely arbitrary density distribution can be prescribed, as
long as the entropy/internal energy/temperature is also prescribed to result in con-
stant pressure. These very irregular solutions are not all that surprising, considering
that when the velocity is identically zero the Euler equations become py = 0 in the
sense of distributions, so p = constant. Note that for isentropic flow, this situation

cannot occur, since constant pressure can only be attained if density is constant. [J
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If we assume that the velocity does not vanish, we have shown that the set on
which U has a discontinuity is countable and discrete. Therefore, right and left limits
are well defined, and so from here on out we modify U to be right continuous at every

point.

Lemma IV.10. Assume there are no stagnation points (that is, |i| # 0 everywhere).
Then the set on which N = 0 is a finite set of points. Moreover, if N(6y) =0, and

there is a shock at @',
|0/ — 6o] > & >0,
with § independent of U.

Proof. Take any 6, with N(6y) = 0. Define

o+ (6p) := sup {n > By ‘ 0<|N(@O)| < Cf;i;pmm Vo 6]90,77[} .

This supremum is defined because it is taken over a nonempty set by Theorem
IV.9. Moreover, since there cannot be any shocks on |0y, a7 (6y)] (since we have
required |N| be less than the minimum allowable value on either side of a shock),

it follows that [N (o (6p))| = 0 or “gfmin We claim that if o™ (fp) — 6o < 7, then

max

o (0 = nfmin not, then since there cou e no shocks or contacts
N(ot(0 cép{fax‘ If h i h Id b hock

between 6y and o7 (), by Theorem IV.7, U would be constant. However, this would
lead to a contradiction of N(6y) = N(c7(6y)) = 0 if they were separated by less

than 7 (using the same argument as in the proof of Theorem IV.9). Therefore,

IN(c™(6))| = sgiwbuin and U must be constant on 160,07 (6p)] (and continuous at

0% (6p)). When U is constant, Ny = L, and so

Cmin Pmin
et = [N (o (0)) = N ()]

ot (6o)
- | /H L()dg| < [ max(0 (86) — b0).
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Therefore, (67 () — 6p) is bounded below independent of U, and another contact
could only happen for § > o7 (6y). A similar argument works for § < 6y, and so the
total number of contacts is finite.

This same calculation shows that the distance between a contact and a shock is lower

bounded independent of U. O]

Lemma IV.11. If there is a forward facing shock at 6, and a backward facing shock

at 0, then

0—61>6>0

for some ¢ independent of U.

Proof. For forward facing shocks, the normal velocity is positive on either side. Sim-
ilarly, it is negative on either side of a backward facing shock. Therefore, between
a forward facing and backward facing shock, N must transition through zero, not
jump between positive and negative values. In the previous lemma, we showed that
the distance between a point at which N = 0 and any kind of shock is uniformly

bounded away from zero (independent of U), and so the claim follows. O

4.7 Shock Strengths and Neighborhood Sizes

To motivate the following calculations, we recall some key ideas to the regularity
results in Chapter II. A necessary step was to prove that the jump part of the solution
satisfied Lipschitz conditions based at points where there were no jumps (Lemma
I1.40), as well as establish that the jump part had finite variation (Lemma I1.39).
The key ingredient was that shocks have constant neighborhoods on each side with
size lower bounded proportional to the strength of the shock (Theorem I1.33). That

was derived from the uniform Lax conditions (Lemma I1.32), which followed from
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genuine nonlinearity and the fact that we were on a compact small neighborhood
in phase space. This allowed the local condition of genuine nonlinearity to give
estimates for the entire shock curves.

Another important part was to use that the eigenvalue itself was Lipschitz away
from jumps — this, combined with genuine nonlinearity and the Lipschitz regularity
of the other m — 1 components corresponding to the other eigenspaces, was the key
idea in Theorem II.38.

So, in our case, for a forward facing shock, N — c is the quantity that we have
a Lax-type condition for. Therefore, if we can establish lower bounds for |Ny —
c+| proportional to the strength of the shock, as well as show that is is Lipschitz
away from shocks, then we should be able to proceed very much like before. We
need to find an appropriate way to measure the shock strength, and since we need
global information about these shock curves, we now focus on an even more concrete
example and pick our equation of state.

We now focus on the case of a polytropic gas, for which

p

e:m.

We assume that v > 1, recalling for air v = 1.4. We now find expressions for various
quantities at a shock, following [48]. Substituting the expression for e into (4.19) we

obtain
[le(z\ﬂ + L)+ LNp} =0
2 v—1 '
However, [pN L?] = 0 for a shock, and so we have

1 Y
N —N]zo.
[2p +7—1 P
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This can be rewritten as (recalling p_N_ = p, Ny)

0= (P No)NE + ——=Nopy = S(pe N N2 = ——Nop_.

v—1 2 v—1
However, since
P+ — P-
N_=N, + ,
’ p+ N
we obtain
8
0=5(ps Ny)NT + 1N+p+
2
b+ — P- Y b+ — P-
— —(pLNy) | V. ———0p_ | N .
(o +)( o P+N+) 7_1p ( o P+N+)
Then,
g Lpy —p-)* v py—p-
0= N —p_)—N —p_)— = — _
po— +(+ =p-) = Nielpr —p-) — 5 N, TP,
P+ — P- 1 s 1 gl
= N: —=(py —p_)— ——p_
N, (7_1p+ r =5 —p-) v_lp)
P+ — P- o v —1
=" Ny — ——(py —p_) —vp_
CESIrA <p+ PP o) vp)
Py — P o 71 T+1
= Nif——p, ——p_|.
(v = Do+ Ny (,0+ i 2 2 "
Therefore,
1
Ni=§<p+(7—1)+p—(v+1))
Jr
_p_+(v—1 &(er))
P+ \ 2 py 2
Introduce
z:pf_p+>0
b+

as the shock strength of a forward facing shock, so that

p- =p+(1+2).
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The remainder of these calculations are for forward facing shocks, and the same
statements hold for backward facing shocks but with + switched, and remembering

all normal velocities will be negative.

Therefore we have the relations (assuming a forward facing shock)

1
N+:C+ 1"—27_’—
2y
1
(4.29) N+—c+:c+< 1+272+ —1).
v

We need similar relations for the state behind the shock.

1
N_ = N? —p_
N, (p+ N3 —p- +py)
1 9 v+1
= 1 —pi(1
5 () )
S ()
Ny 2y P+C5
2 1
_C_+<1+Zu_z>
Ny 2y v
c 1

Next, we obtain expressions for p_, then ¢, N_ —¢_, and %

_ p+ N+ p+N—?— 1

No A 14
1+ 228
4.30 = p,—
—1
o p- _ sl 2) 12y
Top- py 1422



14 22t
2 2v
=c (1+=z
+( >1+Z'y;—yl
c y—1 14252
N —c.=—F(14—)— 1 i
‘ N+( i 2y ) “ry\! +Z)1+272—J;1

(4.31)

(4.32)

We now argue that z is a suitable measure of shock strength.

Lemma IV.12. At a shock, [|U|] and z are equivalent measures of the strength of

the shock, i.e. there exists C > 0 such that
<[|U]] £ C=.

Proof. First, recall that we assume pressure is bounded away from 0 and oo, so we

only need estimates valid for

0< 2 < 2y = Lmax ™ Puin.

Pmin
(4.30) shows that
14 z'g—fyl
eIl = |p 5 = — P+
z
= P+ n ZA/T_I
This gives the estimate
7+Z‘:Z‘X%1 <[Pl < prmax—2
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Clearly

Pmin< S Hp” S Pmax?-

Finally, since —M|[N] = [p|, and, for a forward facing shock M = p; Ny > pminCmin,

and so
PminCmin S ‘M| S pmax|ﬁ’maxa
pmin P S |[N]| S Pmax 5
Pmax |U | max PminCmin
We have therefore shown that in terms of the primitive variables V' := (p,u,v,p)
that for a shock
" <v)l<c
— z
oS <

for some C' > 0. U = (p, pu, pv, pE) has derivative

Uy =

v 0 p O
’Lt2 ’U2
S puopv o

—_

Therefore it is C!, and the operator norm of its derivative is bounded uniformly on
the phase space under consideration. We now assume that P is chosen to be those

states U which are obtained from a convex set of V' of the form

0<C’1§p§0<oo,
i < C < oo,

0<C’_1§p§(]<oo,

for some C' > 0. Then, since U is a C! function of V on a convex and compact set,

it is easy to see that |[U]| < C|[V]| for some C' > 0. Furthermore [[U]| > |[p]| > &,
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and so putting it all together, there must exist C' > 0 such that
2 < U] < C
z
o= =

for a shock. We will now denote J(U;0) := |[U]| as the size of the jump in U at

6. ]

We now estimate the sizes of the neighborhoods on either side of a shock on which

U must be constant.

Theorem IV.13. Suppose U has a forward facing shock at 6y. Then the o (6y) > 6y
and 0= (60y) < Oy (from Theorem IV.8) such that U is constant on

lo=(60), 6o[, 100, 0™ (00)[ satisfy the following:

O'+<90) Z 90 + 6LJ(U7 90)7

O'7<60) S 90 - 5LJ(U, 90),
where 0y, 1s a positive constant independent of U. Furthermore,

N+ — Cyq Z (SLJ(U, 80),

N_—c_ < —6,J(U;6,).

The analogous statement holds for a backward facing shock.

Proof. Suppose the shock is forward facing. Recall, from (4.27),

o7 (6p) = sup {77 > 6

N() —c(6) >0 Vo e]eo,n[} .

It must be the case that N(o"(6y)) = ¢(fy) — from Theorems IV.8 and IV.9 there
could not be a shock or contact at ot (), and so U is continuous at o (). Fur-

thermore, it is constant on |6y, o7 (6y)[ by Theorem IV.7. (Note however there could
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be another forward facing shock at 6’ > o™ (6y) arbitrarily close to o™ (6y)). When U

is constant, Ny = L, and so we have

Ny = e = N(ot) - N @) = [ L@)d

o+ (o)

< (0+<90) - 90)W|maX'

However, recall from (4.29)

1 1
N+—C+:C+( 1—|—ny+ _1>26min( 1_’_2&_1)
2y 2y

The function on the right satisfies the hypotheses of Lemma A.2 in Appendix A,

thus
Ny —cy >Cz
for some C' > 0. All together, we obtain
(0™ (00) — bo) = 07, (U 6o),
for some 7 > 0. Similarly, recall from (4.28)
o~ (6y) = inf {n < 6 ] 0< N®) <c0) Vo e]n,eo[} .

Similar to before, it must be the case that either N(o~(60y)) = c¢(c (b)), or N(o~(6p)+) =
0, since there can be no shocks on [o~ (), 6y[, and no contacts on |6~ (6y), [. How-
ever, if N(o7(0y)+) = 0, the only possible discontinuity would be a contact, at which

N is continuous, and so N(o~ (6yg)+) = N(c7(6y)) = 0 in that case. Either way, U

is continuous on |~ (6p), Op[, hence constant by Theorem IV.7, and so we again can

use Ny = L.

Suppose that N(o~(0y)) = c(o~(6p)) = ¢—. Then

N = | = INGo-) = No ) = | [ L()dg]

~(00)

< (6 — 0™ (00) s
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Recall from (4.31)

for some C' > 0 by Lemma A.2. So,
(6 — o (00)) = 67J(U; o).

for some §7 > 0.

Suppose instead that N(o~(6)) = 0. Then,

Oo
N = N(o-) = No @0) = [ L(@)d
o~ (o)
< (0o — o~ (60)) |t max-
From (4.32),
14221 —
N_= —27 2 Cmin Ll
V1i+z 2y
Therefore,

(o — o (60)) =0 >0

in this case, for some § > 0. Then, taking

4]
6L = min (6/[/,(5}//, J_> s

we obtain the desired result. (Recall that there is an upper limit to shock strength
for the phase space under consideration). Analogous calculations yield the statement

for backward-facing shocks. n
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4.8 Decomposition of the Domain and Regularity

We now divide [0, 27) into the sets at which different behavior occurs. We shall

assume that there are no stagnation points.

C = {0 U is continuous at 0, |N(0)| # c(f) and # 0}

Sp = {9 U has a forward facing shock at 0}
Sp = {9 U has a backward facing shock at 9}
So = {9 N(O) = o}

Rp = {9 U is continuous at 6, N(0) = 0(9)}

Rp = {0 U is continuous at 0, N(0) = —0(9)}

Lemma IV.14. Recall Lemma IV.11. In a similar manner, Rg is uniformly sepa-

rated from RpUSp U S¢, and Rp is uniformly separated from Rr U Srp U Se.

Proof. The proof is similar to the proof of Lemmas IV.10 and IV.11. Suppose 6y €

Sc, and recall from the proof of Lemma IV.10

o+ (0p) = sup {n >0y |0 < [N ()| < Tminfmin g e]@o,n[} .

pmax

It was shown that (67 (6y) — o) and the analogous (6 — 0~ (6,)) are bounded below

independent of U. However, since

CminPmin < Conins
2pmax

Rr and Rp are uniformly separated from S¢. Between a point in Ry and a point in

either R or Sg, there must be a point in S¢, since N cannot jump from a positive to

a negative value — it must pass through zero. Therefore, R is uniformly separated

from Rp USp USc. The analogous statement holds for R g. O
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Lemma IV.15. There exists a constant Cs such that if 0y € Sp, and

0 ¢lo=(0o),0" (60)], then

J(U;60), [N (6o+) — c(bo+)], [N (0o—) — c(bo—)| < Cs|0 — bol.
Similarly, if 0y € Sp, and 6 ¢]o~(0y), 01 (00)], then

J(U:60), [N (0o+) + c(bo+)], [N (6o—) + c(bo—)| < Cs| — |-
Proof. Suppose 6y € Sp. From Theorem V.13, we have

610 (U3 60) < min (|0 (6) — bol, 160 — o~ (60)] ) < 16— .
Therefore,
J(U;60) < 6,110 — 6o].

From (4.29), we have that

1 1
N+—C+:C+(\/1+Zi—1)§cmax( 1+zu—1).
2y 2y

The function on the right is estimated using Lemma A.3 in Appendix A. Therefore,

for some C, C’s > 0 we have
N, —ci| <Oz < C5J(U;6p) < Cs67:10 — 6o

Also recall from (4.31) that

Again using Lemma A.3,

IN_ —c_ | < Cz < CLI(U;6p) < CL5.10 — 6o,
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for some C,C% > 0. Taking
Cs = max(6; ", Cso ", C56; ")
gives the desired result. A similar argument works for 6y € Sg. m

Lemma IV.16. Recall that S¢ is a finite set of points, and therefore can have no
limait points. If 0 is a limit point of Sg, then 0 € Rp. If 0 is a limit point of Sg,

then 0 € Rp.

Proof. Consider {6,} \, 0 be a strictly decreasing sequence in Sg (the strictly in-
creasing case is analagous). If 6 is a limit point of Sg, then 0 ¢]o~(0,,),07(0,)] for

all n. For all n, choose 6, €jo~(6,,),0,[. Then,

IN(0)) —c(6,)] = |N(6,,) — c(6,—)]|, since U is constant on Jo~ (6,), 0],
= [N(6,) = N(0n=)| + [N(n—) — c(6n—)]
< || max|0), — 6n] + Cs|6 — 6,], from Lemma IV.15,

= 0(|0,, — 0]).
Thus we have a sequence converging to 6 such that

lim |N(0,) — e(0,)] = 0.

n—oo

This eliminates the possibility of a shock or contact occurring at 6, and so U is
continuous at #. Therefore, § € R by definition. A similar argument works for

limit points of Sp. [

Lemma IV.17. If 6 € C, then U is constant on a neighborhood |k~ (0), k™ (0)[ con-
taining 0. (k*(0) are taken to be mazimal so that each is in either S¢,Sr, S, Rr,

or Rg.)
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Proof. From Lemma IV.16, 6 is not a limit point of S¢, S, or Sg. Therefore, U
is continuous on a neighborhood of . Therefore, if |[N(0)| # ¢(f) or 0, then this
will also be true on a neighborhood of 6. Then, Theorem IV.7 applies and so U is
constant on some neighborhood containing . Clearly x*(#) can be taken to satisfy

the requirement in the statement of the lemma. O

Lemma IV.18. Assume there are no stagnation points. Define, for 6 € [0, 2],
Us(0) =y (U(¢+) ~ U(9-)).
d)E[O,@[ﬂ(ScUSFUSB)
Then Ug is a right-continuous saltus function (so, by definition, is of bounded vari-

ation,).

Proof. We have

S U(e+) = U(e=) =D J(Us0)+ > |U(d+) — U(p-)|
)

$€(ScUSFUSB) $e(SrUSB) €Sc

<(20,)7" ) (0 (@) =07 (9) + Y C <o,

PESFUSB PESC

since the number of contacts is finite, the neighborhoods Jo=(¢), o (¢)[ are pairwise
disjoint, the phase space is compact, and the domain is compact. The BV norm

only depends on the equation of state and the bounds for the phase space. O

Lemma IV.19. For any 0y € Rr U Rp, Us satisfies a Lipschitz estimate based at

Oy for 0 sufficiently close to 6y. That is, there exists 6 > 0 so that
|Us(0) — Us(6o)| < Csl8 —by|, 60— 6] <.

Moreover, the Lipschitz constant Cg is uniform in 6 and independent of U, though &

depends on U.
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Proof. Consider 6y € Rp, and 6 > ;. We only need to consider other forward facing

shocks occurring between 6, and 6, since Rp is uniformly separated from Sp and

Sc. Suppose 0 ¢lo™(¢), 07 (¢)[ for any ¢ € Sp. Then,

|Us(8) = Us(6)] <Y J(Us 9)

0o <<

< (26,)7' ) (07(9) — 0 (9)) < (201) 7118 — 6o,

Oo<op<0

since the |0 (¢), 0T (¢)[ are pairwise disjoint and contained in [y, #] by assumption.
If 0 €)oo= (¢), ¢| for some ¢ € Sp, then the previous estimate holds for § = o~ (¢),
and Ug is constant on |0~ (¢), ¢[ and so the result follows. If 6 € [¢, 0" (¢)[ for some
¢ € Sp, then apply the previous estimate for 6 = 0~ (¢), and then
[Us(0) — Us(6o)| < (20.) |0 (¢) — bo| + J(U; ¢)
< ((262)7" + Cs)|0 — ol
from Lemma IV.15. Take Cs = (26.)"! + Cs. Similar arguments work for § < 6,

and 0y € Rp. ]

Lemma IV.20. For every 6y € Rp, there exists a neighborhood containing 6y such

that
u(0) sin By — v(0) cos by — ()

satisfies a Lipschitz condition based at 6y for all 8 in this neighborhood. The Lipschitz

constant is uniform for all such 8y and is independent of U. That is,
u(f)sinfy — v(0) cosby — c(0)| < M|0 —by|,  for all |0 — 6] <o

for some 6 > 0. (Recall that (N(0y) — c(6y)) =0 for 6y € Rp).

We have the similar estimate for

u(f) sin 0y — v(0) cos Oy + ¢(0)
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with 90 € Rp.

Proof. Suppose 6y € Rp. We first prove the desired estimate for |[N(0) — ¢(6)|. Take
0 > 0 sufficiently close to 6. This means that either 6 € C, with k= (0) € Rr U Sp,
0 € Sp, or 0 € Rp (from Lemma IV.14).

Suppose 0 € Rp. Then |[N(0) — ¢(0)| = 0.

Suppose 0 € Sg. Then, recalling
07(0) = int {n < 0)0 < N(6) = c(6) < (). Vo €ln.0[},
it is clear that 6y ¢|o~(6), 0. Therefore, Lemma IV.15 applies and
IN(0) = c(0)] = [N(6+) — c(0+)] < Cs]0 — ol,

(recalling we have made U right continuous everywhere).

Finally, suppose 6 € C. If k() € Rp, then

[N(0) = c(0)] = IN(0) — c(r7(0))]
< IN(0) = N(s~(0))| + [N (5 (0)) — c(5 ()|
< [t max|r™(0) — 6] + 0

S |ﬁ|max|0 - 00|
If k= (0) € Sp, then

IN(0) = c(0)] = [N(0) — c(5(0))]
= [N(0) = N (5 (0)) [ + [N (57 (9)) — c(r(0))]
< [tlmax|0 = &7 (0)] + Cs[6 = b

S |ﬁ|max|0 - 00| + CS|0 - 00|
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Taking M' = max(Cs, |i|max) gives the desired estimate for |N(0) — ¢(#)|. Then,

|u(8) sin 0y — v(0) cos by — c(0)| =|N(0) — c(6)]
+ |u(9) (sin by — sin ) — v(6)(cos by — cos )]

<M'10 — Oy + 2|t max|€ — Ool-

Taking M := M’ + 2|i|;ax gives the desired result for 6 > 6, 6 sufficiently close to
0o € Rp.

Similar arguments work for # < 6y, and for 6, € Rp. O

We now recall the concept of genuine nonlinearity. For fixed 6, the quantities

N =+ ¢ are genuinely nonlinear in the sense that
(N £¢)yr(U;0) #0

for all U. For simplicity we can compute the derivative in terms of the primitive

variables. We define

1 P p 1
B o— L9 2 p_ 7 P 1.9 2y
—e—|—2(u +U)+,0_7 1,0+2(U + v9)

to be the total enthalpy per unit mass, so that
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We then have

(N £ ¢)yrt(U;0) = (N + \/g) ) Vurt(U; )

T -1
Fi\/15 1 0 0 0 1
sin u p 0 0 u = csinf
—cosf v 0O p O v F ccosf
j:% plp # pu  pu ﬁ h+ Nc
T
:F%ﬁ 1 0 0 0 1
sin ¢ z 1 0 0 u =+ csinf
_ p p
v 1
—cosf — 0 ; 0 v F ccosl
i%i (7—1)# —(vy=1Du —(y—1v v—-1 h+ Nc
1
j:%sin@
:<:F%§ sinf —cosf i—%}%)
F<cosl
p
2
_plege 1e
2p p 2p
__le e yec
2p p 2p

1 c
= 4+— 1)— #0.
2(7+ )p%

The Roe linearization for the full polytropic Euler equations has the advantage

that it is simply the matrices f} and f}; evaluated at some appropriately averaged
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state U. It takes the form (see [48])

AU_,U,;0) = AT;0) =
0 sin 0 —cos 0
Lsinf[a)> —uN N+ (2—~)usinf —ucosf —Ivsingd Isind

—Lcosf[ul* —vN wsinf+Tucosé N+ (y—2)vcosd —T cosb

(S —n)N hsinf — I'Nu —hcos —I'Nv YN

Above we have abbreviated
I'=~-1.

The averaged quantities are defined as

U /P + Ui/t

u= ,
VP— TP
5 =VP- + Up/Py

VP— TP+
N =Tusinf — vcosé,
> =u +v°,
7 h_\/p= + hi\/px
N/ /T

2= (y-1) (E_#;@Q).

The eigenvalues of A(U;6) are
N+¢e, N, N,

and it has a full basis of eigenvectors. Moreover, it is clear that A(U;#) is a smooth
function of Uy, the eigenvalues are smooth functions of Uy, (away from p = 0 of

course), and by direct inspection of the eigenvectors (they are not needed here, but
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expressions for them are available) they too are smooth functions of Uy. Define the

left and right eigenvectors so that

I"(U;0)A(U;0) = NI'(U;0), fori=1,2,
1(U;0)r*(U;0) = 6ap, a,B=+,—,1,2.
Theorem IV.21. For any 6y € RpURg, there is a neighborhood containing 6y such

that U satisfies a Lipschitz condition based at 8y for all 6 in this neighborhood. The

Lipschitz constant is uniform for all such 0y and is independent of U. That is,
U) —U(By)| < M'|0 — 6|, for all |0 — 6| <9,
for some § > 0.

Proof. Suppose 6y € Rp.

Recall that
A(U(80), U (6); 60) (U(8) — U(6)) = O(|6 — b))
Denote I (U(8), U(6);6y) = I7(U; 6p) where the average is taken between U(6) and
U(6). Left multiply by I*(U(6), U(8);6p) to obtain
(N +2)I"(U(60), U(0); 60) (U () — U(0)) = O(16 — bol),
where the averages are taken between U (6y) and U(). Since 6y € Ry, U is continuous

at 0. Therefore for § sufficiently close to 6y, N + ¢ is uniformly bounded away from

zero, since N — ¢ will be approaching zero. Therefore,

6 — l+(U(90), U(91>§ 90) (U<9) - U<90))’
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satisfies a Lipschitz estimate based at 6, for 6 sufficiently close to 6y, with Lipschitz
constant uniformly bounded above by the bounds on the phase space, and propor-

tional to c_ . Similarly,

0 — 11 (U(6o), U(0); 60) (U(0) — U(Bo)), i = 1,2,

also satisfiy a Lipschitz estimate based at 6y for 6 sufficiently close to 6y, with a

similar upper bound on the Lipschitz constant. We claim that

g' (W) % sin 6y — % cos by — c(W)
R LN B RGN
g*W) (U (60), W3 60) (W — U(60))
g'(w) 12 (U(6o), W5 00) (W = U (60))

defines a diffeomorphism for W sufficiently close to U(f), when combined with the

previous lemma will prove the claim. Notice that

(usinfy — v cos by — C>U}U(90)

l+ U 90 ,00
gw (U(6y)) = (U6o): )
ll (U(Qo), 90)

l2(U(00), 90)
Then, if
g (U(00))z = 0,i=2,3,4,
this implies z || 7~ (U(6p); 6o). But since
((u sinfy — v cosby — ¢)yr~ (U, 90)) ‘U(@o) # 0,

(by genuine nonlinearity) this implies z = 0. Therefore, for W sufficiently close to

U(6y), g is a diffeomorphism. Since U(6) approaches U(6y) as 6 — 6, by continuity,
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and g(U(0)) satisfies the Lipschitz estimate based at , for 6 sufficiently close to 6y,
U itself must satisfy a Lipschitz estimate based at 6, for 6 sufficiently close to 8y,. The
C' norm of g is bounded uniformly above by the phase space bounds and equation
of state, as is the Lipschitz constant for g(U (6)), and so the Lipschitz constant for

U is as well. O

Theorem IV.22. Assuming that there are no stagnation points, and that density
and internal energy remain bounded away from zero, any L weak, steady, self sim-
ilar solution to the 2-d full polytropic Euler equations must be of bounded variation.

Moreover, U can be decomposed as
U=UL+Us,

where Uy, is Lipschitz with constant independent of U, and Ug is a saltus function
of bounded variation, with total variation independent of U. (Note these constants
will depend on the equation of state, the lower bound on density and internal enerqgy,
and the L norm of U.) Note that this implies U is a special function of bounded
variation, since the Cantor part vanishes. Moreover, the absolutely continuous part

1s in fact Lipschitz.

Proof. The statement about Ug has been covered in previous lemmas. We claim that
for any 6y, Uy, satisfies a Lipschitz estimate based at 6y for 6 sufficiently close to 6.
If 6y € C, then U is constant on a neighborhood containing 0y, and since there are
no shocks or contacts it is clear that Uy := U — Ug is constant and thus satisfies a
Lipschitz estimate based at 6y with constant 0.
If 6y € SpUSE U S, then the jump at 6, is accounted for in Ug, and so Uy, is
constant on some neighborhood containing 6y, and so satisfies a Lipschitz estimate

based at 6, with constant 0.



124

If 6y € Rr URp, then, for 0 sufficiently close to 6, we have from Lemma IV.19

and Theorem IV.21 that

UL(0) = UL(6o)| < |U(0) = U(6o)| + |Us(0) = Us(6o)]

< Csl0 — Op| + M'|0 — 0| := C1|6 — 6|

Global Lipschitz estimates with the same C'p can be obtained exactly as in the

proof of Theorem I1.41 in Chapter II, and we are done. O]

4.9 Structure of Flows

We now prove some results about the structure of possible solutions, and present
several examples.
Assume that there are no stagnation points. We begin by decomposing the domain

into a finite number of sectors®. Denote the points in S¢ as 61,605, ..., Ox so that
0<60, <0< ... <Oy <2m.

(Recall that # € S¢ means that N(6) = 0, and S¢ is a finite set by Lemma IV.10.)

Define the sectors I;, for i =1, .., N, as
I; = [9i79i+1],

(taking Oy41 = 64 to unify the notation).

We say that [; is a clockwise sector? if N|;, > 0, and that I; is a counterclockwise
sector if N|;, < 0. By construction, each sector will either be one or the other, and
N will be positive on the interior of a clockwise sector, and negative on the interior
of a counterclockwise sector. Moreover, L is continuous on the interior of each sector,

since L is continuous at shocks and there are no contacts in the interior of a sector.

2This notion of sectors is completely different from that in Chapter II.
3We use clockwise since we have chosen to measure normal velocity at @ by using a vector that always points
clockwise.
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For all the figures in the remainder of this chapter, the flow direction is what
is indicated. The length of the arrows is not meant to suggest anything about the

length of the velocity vectors.

o~ (0i41) i o+ (6;)
L<0 L>0
/—-‘ 0;
R e N I Ll
Oig1 =mmmmmmmmmmmmm BT

Figure 4.1: In a clockwise sector I; = [0;,0;+1], L(0;+) > 0 and L(0,11—) < 0. L is strictly
decreasing on 0;,0;11[, and equal to zero at a unique 6;. The flow is constant on
10;,07(0;)] and Jo~(0;41),0;41[- If 6;21 # 6; + 7, then there must be some wave
structure in the grey shaded region.

Lemma IV.23. (See Figure 4.1.) Suppose I; is a clockwise sector. Then, L(0;+) >
0, L(O;x1—) < 0, and L 1is strictly decreasing on 10;,0;41]. Similarly, if I; is a
counterclockwise sector then L(0;+) < 0, L(6;11—) > 0, and L is strictly increasing

on 10;,0;11[. Therefore, there exists a unique 0; €0;, 0,41 such that L(0;) = 0.

Proof. Consider the strong form of the conservation of mass and tangential momen-

tum equations,

Manipulating these, we obtain for any point of differentiability on the interior of I;

that

LgpN + L(pN)g = pL* — pN?,
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(4.33) Ly =—N,

since p is bounded away from zero by assumption, and N # 0 on the interior of I;.

Theorem V.22 shows that U is Lipschitz almost everywhere (since Ug is constant
except on at most a countable, discrete set), and since jumps in Ug on the interior
of I; must be shocks (not contacts since the boundaries of the sectors are where
contacts may occur), Lg is constant on the interior of I;. Therefore, L is Lipschitz
(hence differentiable almost everywhere) on the interior of I;, and so the fundamental
theorem of calculus can be applied to L. Therefore (4.33) shows that L is strictly
decreasing (increasing) on ]6;, 0,,1] if I; is a clockwise (counterclockwise) sector.

Recall that when U is constant, Ny = L. Also recall that by Theorem IV.9 there
exist o7 (0;) > 0; and 0~ (0;11) < 0;11 such that U is constant on |0;,07(6;)[ and
on |0~ (0;11),0;41]. Therefore, the following right limits are defined and we have for
small > 0 that

0;+6
N@; +96) — N(O;+) =N(0;, +9) = /GH L(n)dn.

Since U is constant on ]6;,0; + d[ and there are no stagnation points 0 # |ud(6;+)|* =
IN(0;4)]* + |L(0;+)|> = |L(0;+)|?>. Therefore, by continuity, sgn(L) is constant on
16;,0; + 6], and so sgn (N (6; + 0)) = sgn (L(6;+)). Therefore, for a clockwise sector,
L(6;,4+) > 0. Similar arguments work for L(6;,1—) and for counterclockwise sectors.

Since L(0;+) and L(6;+;—) must have opposite signs, and L is monotone on

10;,0;.1], there is a unique #; such that L(6;) = 0. O

Now we define in this context a Prandtl-Meyer wave. A forward (facing) Prandtl-

Meyer wave is a closed interval [«, 5] such that N(0) = ¢(0) for all 0 € [a,f].
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A backward (facing) Prandtl-Meyer wave is the same except that N(0) = —c(6).
Moreover, U is differentiable almost everywhere on |a, 5[, and Uy is in the kernel
of A(U;0) when it is defined. This follows from the the strong form of the Euler

equations
A(U;0)Uy = 0.

It is well known that p = A(S)p? for a polytropic gas, where A(S) = Cexp(S)

for some constant C'. Therefore

¢ =p,=AS)y",

and so

c= \/A(s)'yp%l.

S is constant away from discontinuities, and so, for # in the interior of a forward

Prandtl-Meyer wave we have that

(PN)o = (pc)o = VABS) (™),

y+1 11
= VA= po =L,
and so
sgn(pg) = sgu(L).

Therefore, for a forward Prandtl-Meyer wave, as the gas particles pass through it
(corresponding to the decreasing # direction by our choice of coordinates), p increases
if L is negative (compression wave), and decreases if L is positive (expansion wave).

Since the flow is isentropic inside the wave,

sgn(pg) = sgn(pg) = sgn(L).
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Similar calculations for backward waves can be done. Therefore, in light of Lemma

IV.23, we have the classifications:
e forward expansion wave: a < 3 < 6;, N(0) = c(0), L() > 0 for all § € [, 3],
e forward compression wave: 0; < a < 3, N(0) = ¢(#), L(9) < 0 for all § € [a, 3],

e backward expansion wave: §; < o < 3, N(0) = —c(6), L(#) > 0 for all § € [a, 3],

e backward compression wave: a < § < 6;, N(0) = —c(0),L(0) < 0 for all

6 € [, 3]

It is possible to join a forward compression wave between [aq, 3] to a forward ex-
pansion wave between [ag, Go] if By = 6; = a;. In that case the compression wave
ends when the flow is precisely sonic at ; (since N = c and L = 0, so @ = ¢), and

an expansion wave immediately starts at 6;. We have the following theorem.

L>0

- -8,

Figure 4.2: In a clockwise sector I; = [0;,60;11], L > 0 on ]0;,0;[, and L < 0 on ]0;,0;,1[. The
flow is constant on 10;,07(60;)[ and |6~ (0;+1),0;+1[. There is at most one shock or
rarefaction in [07(6;),0;], and possibly infinitely many shocks and compression waves
in 10;,07(0;11)]. However, there cannot be consecutive compression waves. In this
particular example, the flow consists of a compression wave and two shocks in the
L < 0 part, and a rarefaction wave in the L > 0 part.

Theorem 1V.24. (See Figure 4.2.) Suppose I; is a clockwise sector, and that U is

continuous on an open interval B C|0;,0;,1]. (In this case L < 0 on B.) Then,



129

either U s constant on this open interval or constant on either side of a single
forward compression wave.

Similarly, in a counterclockwise sector, on an open interval B E]@i,éi[ on which
U is continuous, U must be constant or constant on either side of a single backward

compression wave.

Proof. Suppose I; is a clockwise sector. Since U is continuous on B, the set on
which N(6) = ¢(0) is closed in B. Therefore, its complement in B is a countable
union of open intervals, on which U is constant by Theorem IV.7 (since N(6) cannot
be 0 or —c¢(f) in the interior of I;). Since L(#) is negative on B, and Ny = L on
this complement, N () = ¢(f) can be satisfied at at most one endpoint of an open
interval in the complement. Therefore at least one endpoint must be an endpoint of
B, making Rr N B a closed interval in B.

Theroem 1V.22 shows that U is Lipschitz on B, since B C C U Rf and thus Ug
is constant on B. Therefore, U is differentiable almost everywhere in Rrp N B and
the strong form of the equations implies Uy is in the kernel of A(U;60) everywhere
it is defined, and so Rr N B defines a forward Prandtl-Meyer wave. The fact that
B C]0;,0;,1] shows it must be a forward compression wave. The argument for a

counterclockwise sector is similar. O

Note that there may be multiple forward compression waves in a clockwise sector
— this theorem requires only that there is at least one forward facing shock in
between. Since L is negative on ]0;,;,1[, on any interval on which U is constant N
is decreasing. In a forward sector, this corresponds to N increasing along particle
paths of the gas particles. Therefore, upon exiting a compression wave, the normal

velocity is sonic, but as the gas particles continue traveling in the clockwise (negative

0 direction), the normal velocity increases and becomes supersonic, leading to the
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possibility of a forward facing shock, which upon exit the normal velocity will be
subsonic. Normal velocity can then increase along particle paths back to the sound

speed, and the gas can enter another compression wave.

Theorem IV.25. (See Figure 4.2.) Suppose I; is a clockwise sector. Then, on6;,0;],

exactly one of the following is true:

e U is constant on either side of a forward facing shock,

U is constant on either side of a forward expansion wave,
e U has an expansion wave on [, 0;] and is constant on 10;, of,

e U has a normal shock (that is, L = 0) at 0; and is constant on 10;,0;] ,

U is constant on 0;,0;).

We have the similar statement if I; is a counterclockwise sector, for the interval

[97;’ 9i+1 [

Proof. Suppose U has a shock at 6, €]6;,0;]. Then, we know that N (fy—) < c¢(6p—).
Recall that there exists 07 () < 6y such that U is constant on o~ (6y), 6], and
that N (0= (6p) +) = 0 or ¢(0™(6p) + ). However, Ny = L on Jo~(6,), 6], and on
this interval L > 0, and so N decreases as 6 decreases, and so N (O'_<90) —i—) =0,
making 0~ (6p) = 6;. Therefore, there can be no shocks in |6;, 6y[, and U is constant
on ]0;, o by Theorem IV.7. Similar arguments show that o* () > 6; (since for N to
be sonic it must decrease from N(6y) > ¢(6p), which is impossible since Ny = L > 0
on |6y, 07 (0y)[) and so either the first or fourth statement is true.

If there is not a shock, then U is continuous on this interval, and similar arguments
as in the proof of Theorem 1V.24 show that there can be at most one expansion wave,

and we are done. Similar arguments work in counterclockwise sectors. O
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Examples with infinitely many shocks can be constructed (these theorems show
that they must occur in the parts of the sectors where L < 0), or with infinitely many
shocks interspersed with compression waves (with the restriction that compression
waves cannot occur consecutively, by Theorem 1V.24). Therefore, since infinitely
many discontinuities may occur BV is the sharpest commonly used function space
we may use.

We notice that even though we don’t have hyperbolicity in general in any direction
for the steady Euler equations, we can still see some parallels to the small perturba-
tion case treated in Chapter II. The L < 0 parts of clockwise and counterclockwise
sectors resemble the “backward sectors” in Chapter II — in that multiple waves of
a given family are possible, just like backward in time solutions to one dimensional
problems. The L > 0 parts of clockwise and counterclockwise sectors can contain at
most one wave, resembling the “forward sectors” from earlier, just like forward-in-
time solutions to one-dimensional Riemann problems can contain at most one wave

of each family.

4.10 Maximum Number of Contacts

We note for a both rarefaction and compression waves that the velocity turns
towards the origin as the gas particles travel through the wave. This can be seen by

manipulating

(pN)o = pL,

(pN? +p)s = 2pNL,
to obtain the following.

(pN)gN + (pN)Ng + pg = 2pN L,
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pLN + (pN)Np + pp = 2pN L,

LN — NN, =22
p

We consider the angle of the flow, ¢ := Z(u,v), as in Figure 4.3 | as in [32].

Figure 4.3: Computing the angle of the flow in terms of N, L, and 6. n is the angular coordinate
vector, and [ is the radial coordinate vector.

Since we are considering N > 0, Z(N,L) € (—n/2,7/2), and so Z(N,L) =

arctan (%) . Then,

L
L(u,v) =60 — g + arctan (N)

N
— 0 — arct =),
arcan< )

1 LNy — NLy

Then,

¢9 1 1+(%)2 2
1 LNy + N?
L2+ N2
_ L*— LNy
Y2
__ Lpp
pN (N2 + L?)

However, recall that in a forward wave

sgn(pe) = sgn(L),
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and so ¢y is positive. Therefore, as the gas particles travel through the shock, 6
decreases, and so Z(u,v) decreases as well.

For backward waves,

N
¢ = 0 — arctan <f) + 7,

giving the same expression for ¢y. But in this case

sgn(ps) = —sgn(L),

but N = —c and so ¢y is still positive. However, for backward waves the gas particles
move in the increasing # direction, and so the flow still turns towards the origin as
the gas particles travel through the wave. See Figure 4.4 for some examples of waves.

For shocks, since L is continuous and |N| decreases as the gas particles pass
through the shocks, the flow is turned away from the origin if L is positive, and

toward the origin if L is negative.

61

Figure 4.4: An example with two sectors. I1 = [f1,65] is on the bottom and is a counterclockwise
sector, Iy = [f3,01] is on the top and is a clockwise sector. In I, there is a single shock
in the L > 0 part. In I, the gas passes through a shock, a compression wave, then a
shock in the L < 0 part, and a shock in the L > 0 part. As the gas particles travel
through shocks, the flow is turned toward the shock line, and compression waves turn
the flow toward the origin. Rarefaction waves would turn the flow toward the origin as
well.
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Theorem IV.26. ( See Figure 4.5). For v = 1.4, there can be a mazximum of two
sectors. For other values of v > 1, there can be up to three sectors, but there are no

values of v > 1 that lead to flows with more than three sectors.

Proof. Choose coordinates so that there is a clockwise sector I = [a, 7] where 0 <
a < m, so that N(m) = N(«) = 0. Then, by Lemma IV.23 L(a+) > 0, L(r—) < 0,
and so the flow needs to be turned away from the origin by an angle of a. Following
IV.23, denote 6 the unique value between o and 7 such that L(f) = 0, and recall
that L is positive on ]a, 0], and negative on |0, 7.

By Theorem IV.24, the discussion after it, and the discussion preceding this the-
orem, any shocks or compression waves on |0, 7| turn the flow towards the origin.
Therefore, Z(u(f),v(0)) < 0. Since we are interested in finding the maximum possi-
ble « that the flow can be turned upwards, the best possible situation is for there to be
no compression waves or shocks on ]6, 7[, which yields § = %, Z(u(7/2),v(7/2)) = 0.

If there is a shock at 7, then it is a normal shock and so the flow is absolutely
subsonic, and thus constant, for Ja, 7[. Therefore a@ = 0 since the flow can never be
turned away from the origin.

Therefore, to accomplish the maximum upwards turning, the flow should be con-

stant on [, 7[. By Theorem IV.25, the flow is either constant (again resulting in

o = 0), has exactly one rarefaction, or exactly one shock on |a,5[. A rarefaction

wave turns the flow towards the origin, resulting in < 0, and so there must be a
single shock to accomplish a > 0.

Using the well known 6 — § — M equation (see [31], Chapter 4) to relate the

|4] +
+

incident Mach number M := , the turning angle o, and the shock angle 6, we

(e}
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have that

(2 cot (M?sin® § — 1)>
o = arctan

M?(y 4 cos(20)) + 2

It is well known (see Section 122 in [11]) that the curves «(6) for fixed values of M

all lie below the limiting case M — oo, and solving for the maximum « yields

(3)
Qmax = arcsin [ — | .
Y

The flow can only be turned upward when L > 0, so there can never be more than
three sectors since apax = 7§ is only attained in the limit as v \, 1. For v = 1.4,
Qmax =~ 45.5°, and so the flow cannot turn the required 60° needed to have more than
two sectors. For 1 < v < 1.15, apax > 60°, and so there will exist finite incoming
Mach numbers for which the flow can turn 60°, allowing for the existence flows with

three sectors for some values of v > 1. O

\

Y

Figure 4.5: For v < 1.15, the maximum turning angle is greater than 60°. Therefore there exist
flows with three contact discontinuities, such as the one above. In this example each
sector has one shock in the region where L > 0, causing the flow to turn away from the
origin.



CHAPTER V

Conclusions and Discussion

We have thus shown, in a wide variety of cases, that steady and self-similar
admissible solutions that are only assumed to be bounded and satisfy a smallness
condition are special functions of variation. In addition, in the situations in which a
Lax solution exists, we have shown that the “forward in time” part of the solution
must coincide with the Lax solution.

There are some related results in the literature. In [24], Heibig considered ad-
missible self-similar L*>° solutions to one-dimensional Riemann problems. Under the
assumption that all fields are genuinely nonlinear (and thus all eigenvalues are sim-
ple), he was able to show that if the Riemann states are sufficiently close that the
solution must coincide with the Lax solution. The fact that our analysis can treat
linearly degenerate fields and non-strictly hyperbolic systems of constant multiplicity
improves this result. In addition, [24] did not consider backward-in-time solutions,
which correspond to the backward genuinely nonlinear sectors analyzed in Section
2.13.1. That case was more difficult than the case of forward sectors in Section
2.13.2, since for forward sectors it was guaranteed that o* (&) are the endpoints of
1%, so at most one shock could occur (recall that for a shock occurring at &y, we had

that V' must be constant on &y, 07 (&)[ and on Jo~ (&), {o[ — these are the intervals

136
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on which A*(V') — ¢ had the wrong sign to be a limit state for a subsequent shock).
All the delicate estimates in 2.13.1 were needed since the entropy inequality there
allows for multiple waves of the same family, so our results are stronger than what
was available before. In addition, we are able to get SBV regularity for systems in
which there are no Lax solutions due to the forward in time and backward in time
like sectors being interspersed with one another (see the example in Section 3.5).
There has also been some work regarding the S BV regularity of solutions to one-
dimensional problems. In [1], Ambrosio and De Lellis showed that (not self-similar)
L entropy solutions to scalar one-dimensional conservation laws with convex flux
are special functions of bounded variation (as a function of x, for all but countably
many values of ¢). Scalar conservation laws are known to be much better behaved
than systems in general — one of the most important results is due to Oleinik [39]
and shows that L> data is immediately smoothed to be of locally bounded variation
at positive times, and this was how [1] proceeded to improve the regularity to SBV'.
Therefore it is more appropriate to compare our results to those for systems. In [12],
Dafermos showed that BV self-similar solutions to one-dimensional systems with
genuinely nonlinear fields are SBV (without reference to entropy). In [5], Bianchini
and Caravenna showed that BV entropy solutions to one-dimensional systems with
genuinely nonlinear fields are SBV for all but countably many values of ¢. In each
of these, the assumed BV regularity of the solution was used extensively, and so the
fact that we can treat merely L°° solutions is interesting, although we have made
smallness and self-similarity assumptions. It is the entropy inequality that prevents
oscillatory solutions with unbounded variation from occurring — and so assuming
BV and ignoring entropy to get SBV (as in [12]) is interesting to compare to our

approach — using entropy to get from L* to BV, and having SBV follow without
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additional effort.

The treatment of sonic and subsonic full Euler flows in Chapter IV is quite different
from these one-dimensional results, since a notion of hyperbolicity is not satisfied.
Even though the SBV regularity of the full Euler equations is treated in Chapter
IV, it is still worthwhile to confirm that the structural results of Chapter II apply if
we restrict to small perturbations of a constant state, as was done in Section 3.3. It
is also interesting to see the similarities between the portions of the counterclockwise
and clockwise sectors with negative tangential velocity (discussed in Section 4.9)
and the backward sectors in Section 2.13.1. In each of those cases, there was the
possibility of having another admissible shock or simple wave following a shock of
the same type. Similarly, the portions of the counterclockwise and clockwise sectors
with positive tangential velocity was comparable to the forward sectors in Section
2.13.2. In that case, there were only two choices of possible waves, and at most one
of them could occur. Therefore, since we were not restricting to small perturbations
in Chapter IV, we could not say exactly where certain kinds of waves could occur,
but we could make broader statements such as “If the tangential velocity is positive
and the normal velocity does not change sign on some interval, then there can be at
most one shock or rarefaction.” We could not determine where this interval was as
determined by a background state, since we had no background state to speak of.

There does not seem to be much in the literature with regard to examining reg-
ularity of steady and self-similar solutions to two-dimensional problems, or investi-
gating the structure by tracking how the convex entropy 7 for the unsteady problem

translates into entropy inequalities for the steady problem.
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APPENDIX A

Analysis Lemmas

Lemma A.l. Suppose Q C R" is measurable and nonempty, K C R! is compact,
W e L*() so that W(z) € K for a.e. 2 € Q, and that g : Qx K — RF §:Q — R*

are continuous. If
g(z,W(z2)) < g(z) for a.e. z €9,

(meaning gi(z,W(2)) < §i(2) for all i, where g = (g1, ..., gk), § = (G, Gr)), then

we can find a version W of W, with values in K everywhere, so that

(A1) 9(z,W(z)) < g(z) forall z € Q.

Proof. We immediately modify W, on a set of measure 0, to have values in K ev-
erywhere. Let E = {z | g(z,W(2)) < §(z)}. Then CE has measure zero, so every
z € OF is the limit of a sequence (z,) in E.

Pick any z € CE, and choose a sequence of points (z,) € E such that z, — z.
Since W (z) € K for all z € €, there is a subsequence (z},) of (z,) such that (W (z))

n

converges to an element of K. For this z then define W (z) := lim (W(z},)). Then,

9(z,W(z2)) < g(2,, W(z,)) < §(z,) = 4(2).

Repeat this choice of sequence and subsequence for all z € CFE, and (A.1) will be
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satisfied. (Note that this choice of version W is in no way unique, but that is not

important for our purposes.) 0

Lemma A.2. Suppose g : [0, 2ma] — R is smooth and satisfies g(0) =0, ¢'(0) > 0,

and g(z) > 0 for all z €]0, zimas). Then, there exists C' > 0 such that
9(z) 2 Cz

for all z € [0, zpaq)-

Proof. Taylor theorem and the fact that ¢’(0) > 0 yield that g(z) > C’z for all

9(2)

z € 10,9[ for some § > 0 and C" > 0. Then, = is continuous on the compact set
z
[0, Zmax] and thus attains a minimum positive value C”. Taking C' := min {C’,C"}

yields the result. O]

Lemma A.3. Suppose g : [0, zpa:] — R is smooth and satisfies g(0) = 0. Then there

exists C' > 0 such that

for all z € [0, zyaq)-

Proof. We immediately observe that

9(z) = g(2) — g(0) = /0 g (y)dy < Cxz,

since ¢’ is bounded above on the compact interval [0, Zyay]- O]
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APPENDIX B

Regularity of Eigenvalues and Eigenvectors

The standard implicit function theorem argument for smoothness of simple eigen-
values does not work if there are repeated eigenvalues. (We will use the convention
that when the eigenvalues are indexed with a subscript they are repeated according
to their multiplicity, where superscript indices only label the distinct eigenvalues.) It
is well known (see [44]) that the unordered set of eigenvalues (repeated according to
multiplicity) of an m X m matrix is a continuous function of the matrix entries, with
the spectrum being an element of C™\ ~, where {\o}o—; ~ {fta}to—y if Ao = lo(a)

for all « = 1..m and some o € S,,. The metric on this quotient space is given by

d({Aa}, {ita}) = min max |pa — Ao

€Sy 1<am

However, if the matrices in question are continuous functions of say z € D C RF

such that the eigenvalues are real for all z € D, then it is clear we can label

such that \,(z) is a continuous function of z for « =1, .., m.
The smoothness of the eigenvalues and eigenvectors is more delicate when the
eigenvalues are not simple — in fact there are many counterexamples. However, if

the matrices A(z) have the property that each distinct A*(z) has constant algebraic
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multiplicity p, and p, linearly independent eigenvectors for all z € D, then around

each zy € D there exists a neighborhood D,, > 2, such that, for o, =1,..,n,7 =

17 -'7pa7j = 17 -y D3,

A (z2):D—R
r*(2): D, — R™

1*'(2) : D,, — R™
are smooth functions satisfying for all z € D,

A(2)rH(z) = X (2)r™(2),
19(2)A(z) = 1%"(2)A\%(2),
(B.1) la’i(z)rﬁ’j(z) = 00,30ij,

[r*t(2)| = 1.

Moreover, the set of right (and left) eigenvectors is linearly independent for all z,
and for each given family the right eigenvectors can be taken to be orthonormal. A

proof of these statements for a single semisimple eigenvalue of constant multiplicity

can be found in [38].

Theorem B.1 (Nomizu [38]). Let D C RF be open and A : D — M,,(R) be a
smooth mapping such that A(z) is diagonalizable for all z. If X is a continuous
function on D such that for every z € D the value A\(z) is an eigenvalue of A(z)
with the common multiplicity p, then X\ is smooth. Furthermore, for each zy, there
exist smooth eigenvectors r', ..., of a neighborhood D, of zy into R™ such that, for

each z € D,,, r'(2),...,7P(2) form an orthonormal basis of the eigenspace of A(z) for

A(z).
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Apply this theorem to each eigenvalue, taking the left eigenvectors to be the rows

of the inverse matrix of the matrix of right eigenvectors to obtain the normalization

(B.1).
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