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CHAPTER1

Introduction

Mirror symmetry, introduced by physicists over 20 years ago, predicts a com-
plex relationship between certain pairs of Calabi-Yau manifolds V and V°. Origi-
nally arising out of string theory, it caught the attention of the mathematical com-
munity in 1990, when Candelas-de la Ossa-Green-Parkes [6] used mirror symme-
try to predict the number of rational curves on a quintic hypersurface M in P4.
These predictions were proven in 1997 by Givental [16] and Lian-Liu-Yau [21], in
what is generally referred to as the mirror theorem. In this thesis we prove a cor-
responding statement for the mirror WV of the quintic hypersurface. This proves

that mirror symmetry is a true duality.

1.1 Mirror symmetry

Given a three dimensional complex Calabi-Yau manifold (or orbifold) V, one
can sometimes associate to V a so-called mirror manifold V°. In the case when V is
a toric hypersurface, for example, Batyrev gives a method for constructing V° via
a combinatorial construction involving polytopes [3]. Mirror symmetry predicts
a deep relationship between V and V°; in the language of physics, there should
be a correspondence between the A model of V and the B model of V°. Mathe-

matically this translates, roughly speaking, as saying that information about the



Kéhler deformations of V should correspond to the complex deformations of V°.
The Kéhler deformations of a manifold X are parametrized by H'!(X) (all coho-
mology groups are with complex coefficients unless otherwise specified). If X is
a Calabi-Yau three-fold, the dimension of the space of complex deformations is
h?1(X). Consequently, an immediate prediction of mirror symmetry is that if V
and V° are a mirror pair,

hl,l (V) — hZ,l (Vo)‘

But the mirror symmetry prediction goes far beyond a correspondence at the
level of cohomology. In fact the A model of V involve also encodes enumera-
tive information about V, and is defined mathematically in terms of the Gromov-
Witten theory (GWT) of V. The B model of a space, on the other hand, is for-
mulated in terms of the variation of Hodge structures (VHS) associated to the
complex deformations of that space. This VHS is computed via period integrals.

We thus arrive at the following (somewhat vague) conjecture:

Conjecture 1.1 (mirror conjecture). The Gromov-Witten theory of V is related to the

period integrals over a family of deformations of V°.

This correspondence was surprising to mathematicians; not only does it allow
one to predict the Gromov-Witten invariants of V by relating them to the (more
easily computed) VHS of V°, but it also indicates that there exist complex recur-
sions among these invariants which were previously unknown. We will reformu-

late the above conjecture more precisely in what follows.



1.2 A mirror pair

In the current work we focus our attention on one particular mirror pair. Let Q

be the Fermat quintic polynomial

Qx) = x5+ + 25 + 23 +x3.
Let M be the projective hypersurface defined by
M :={Q(x) =0} Cc P%.

This smooth complex variety is Calabi-Yau by the adjunction formula. Its mirror

is the Deligne-Mumford stack V defined as a quotient
W :=[M/G] = {Q(x) =0} C [P*/C],

where G = (Z/5Z)3 is a (finite abelian) subgroup of the big torus of IP* acting via

generators eq, e, €3:

e1[xo, X1, X2, X3, X4] = [{X0, X1, X2, X3, {1 x4]
ex[x0, X1, X2, X3, X4] = [x0, (X1, X2, X3,{ x4
€3 [xOI X1,X2, X3, x4] = [-xO/ X1, ngI X3, 671x4] .

The pair (M, W) were predicted to be a mirror pair. In what follows, we will refer
to M simply as the quintic, and to WV as the mirror quintic. The original mirror

theorem (Theorem 1.2) describes a correspondence
A model of M = B model of W.

In order for the mirror symmetry to be a true duality, one must also show that
B model of M = A model of W.

This is the main result of this thesis.



1.3 The A model

The A model of a space X is described mathematically in terms of Gromov—
Witten theory (see Definition I1.3). Gromov-Witten theory aims to study X by
considering spaces of maps from complex curves into X. Let %g/k(X, d) denote
the moduli space of maps f : C — X where C is a complex curve of genus g with k
marked points {ps, ..., px}, and f is a map of degree d. Gromov-Witten invariants
of X are defined as integrals of certain specified cohomology classes over these
spaces. They can be viewed as giving a count of the number of maps satisfying
specified incidence and tangency conditions. In some cases these numbers have
been shown to correspond to enumerative information on X, but this is not true
in general.

Specifically, for 1 < i < k, consider the evaluation map ev; : 44 (X,d) — X
defined by sending the point (f : C = X) € .#4x(X,d) to f(p;) € X, the image
of the i marked point under f. We obtain cohomology classes on %g,k(X,d)
by pulling back classes from X under these evaluation maps. Another source of
cohomology classes comes from line bundles on %g,k(X,d). For1l < i <k, let
L; denote the line bundle with fiber T;, C over the point (f : C — X). We define
the y-classes of X as ¢; := c1(L;). Gromov-Witten invariants for X are defined as

integrals

<“1l/”]1{1""'“”1pil§n>§,n,d = /[ Hev;‘(ai)lpf.{",

Mg (XA)0T 7

where a; € Hi(X). Here [# 3,,(X,d)]""" denotes the so-called virtual fundamental
class. In general the moduli space .#,(X,d) may consist of several irreducible
components of various dimensions. The virtual fundamental class is a homology

class on . g, (X, d) of pure dimension used to make the intersection theory better



behaved.

It is often useful to organize the Gromov-Witten invariants of X in the form of a
generating function. In this way recursive relations between the Gromov-Witten
invariants can be expressed as differential equations satisfied by the generating
function. Although in theory it is possible to compute a large class of Gromov-
Witten invariants, expressing these generating functions in a nice form is often a
difficult problem.

For the purposes of mirror symmetry, the most interesting Gromov-Witten
generating function is Givental’s J-function, JX(t,z). Let {T;} be a basis for H*(X)
and let {T'} denote the dual basis. Let t denote a point in H*(X). Then define

X t 9/ T, * i
] (t,Z) :1+E+2225<m,1,t,,t> T,

d n>0 i 0,2+n,d

where # represents the sum 1/z Y 4~ (¢/ z)¥. The J-function is then a function
from H*(X) to H*(X)[[1/z]]. We define the small J-function by restricting our input

t to lie in H?(X):

Joman(t,2) = JX (4, 2) e x) + HA(X) = H*(X)[[1/2]].

Motivation for this particular generating function will be given in section III.
For now we remark only that the J-function is small enough that it can often be
computed explicitly, and large enough that it allows one to recover a large amount
of information about the Gromov-Witten theory of X. For instance, in many cases

one can recover all genus-zero Gromov-Witten invariants of X from JX

1.4 Orbifold Gromov-Witten theory

Gromov-Witten invariants are defined not only for smooth varieties, but also

tor smooth Deligne-Mumford stacks, henceforth referred to as orbifolds. This is



relevant for the study of mirror symmetry, as often one or both of a mirror pair
(V,V?°) is an orbifold.

One important difference in this case is the use of Chen-Ruan cohomology in
defining Gromov-Witten invariants. If X' is an orbifold, the Chen-Ruan cohomol-
ogy of X is isomorphic as a vector space to the cohomology of the inertia orbifold,
IX, of X:

Hip(X) = H*(LX).

If ¥ = [V /G] is a global quotient of a nonsingular variety V by a finite group G,
I X takes a particularly simple form. Let S denote the set of conjugacy classes (g)
in G, then

1v/Gl= [] [v¥/Cg)l

(8)€S¢c
where V¢ is set of points in V fixed by g, and C(g) is the centralizer of g. Note

that [V /G| can be identified with the connected component [V¢/G] of I[V/G]
indexed by the identity e in G. This holds for a general orbifold X. Under this
identification, X C IX is referred to as the untwisted sector of IX, and we obtain
an inclusion H*(X') C H:g(X).

We may define Gromov-Witten invariants <zx1 ¢k1, e, ocngbk” >2'/n ;as in the non-
orbifold case, but due to the orbifold structure of X, the natural target of the eval-
uation map ev; is in fact IX’!, rather than X (see Section 2.2.1 for details). Con-
sequently, the classes 7, ..., a, are cohomology classes in HéR(X ) (this is in fact
one of the major motivations for defining Chen—-Ruan cohomology). In analogy to

the above, we may define a J-function

JY - Heg(X) — HEg(X)[[1/2]].

1Technically ev; maps to the rigidified inertia stack, see [1] and [11] for details.



1.5 The B model

Mathematically the B model of a space X is defined in terms of the variation of
Hodge structures on a family of complex deformations of X (see Definition V.2).
Let X; be a smooth family of deformations of X depending on a parameter ¢t € S.
We can study the variation of Hodge structure of X; via period integrals. Let
w; be a local section of R37,C ® O, i.e., for each t on which it is defined, w; €
H3(X;). Integrating this family over a basis of locally constant cycles v;(t) in

Hj3(X;) defines the period integrals of w;:

ilt) = /%'(t) o

Given a choice of wy, the corresponding period integrals satisfy a set of differential
equations called the Picard—Fuchs equations of w;. These differential equations and
their solutions can often be calculated explicitly via the Griffiths-Dwork method
(section 5.2).

In the case of the mirror quintic, the space of deformations is one-dimensional
and can be described explicitly. Consider the deformation of the Fermat polyno-
mial Q(x) given by

4
Qu(x) = Y x7 — Pxox1xx3%4.
i=0

Qy(x) is invariant under the action of G, so we may define a family of Deligne-
Mumford stacks

Wy = {Qy(x) = 0} € [P*/G].
At p = 0 we recover the mirror quintic V. Let w denote the family of holomor-

phic (3,0)-forms on Wy,

_ ¥
(1.1) w = Res (Q¢(x)00)




where )y = Z;L:O(—l)ixidxo oo dx;- - - dxg. We can express the periods of w in the

form of a hypergeometric series (Section 6.2). Let

IWlp(t tH/Z (Z dtnm 1 5H+mz)) mod H4,
a>0 Hb 1(H + bZ)
then letting t = —5log(¢) and expanding I"V¢ in terms of H/z gives a basis of

solutions for the Picard—Fuchs equation of w.

1.6 A model of M = B model of W

The classical mirror theorem relates the Gromov-Witten theory of M to period
integrals over Wy In the formulation given by Givental [16], this takes the form of
a correspondence between | Q’Iﬂ g and I We. Let H € H?(M) denote the pullback of
the hyperplane class from P4, and let t denote the dual coordinate to H. Under this
identification, we can view I"¥(t,z) as a function from H?(M) to H*(M)[[1/z]],

exactly as in the case of M . (t,2):
Joman(8,2), IV (t,2) - HA (M) — H*(M)[[1/z]].
The mirror theorem then says

Theorem 1.2 (= Theorem VIL4). JM  (t,z) is equal to I"V¥ (t, z) after an explicit change

of variables.

The above change of variables is usually referred to as a mirror transformation
Or mirror map.

This theorem not only allows us to calculate J o (t,z) explicitly, but shows
that the Gromov—-Witten invariants of M have a complicated recursive structure,

reflected in the fact that I"V# satisfies the Picard—Fuchs differential equation for cw.

Remark 1.3. Note that dim(H3(Wy)) = 4, so it is natural to ask whether the peri-

ods of other families of three-forms over W¢ can be related to the Gromov—Witten



theory of M. In fact one can show that period integrals for any family of three-
forms over Wy can be expressed as linear combinations of derivatives of periods
of w and can thus be expressed in terms of derivatives of J™ up to a mirror trans-
formation. In this sense the above theorem implies a full correspondence, that is,
a correspondence relating all periods of W, to the Gromov-Witten theory of M.
This is explained in detail in section 7.2, where the A model and B model are
reinterpreted in terms of flat connections on certain vector bundles, and a “full
correspondence” is understood to be an isomorphism of vector bundles which
identifies the two connections. The following corollary of Theorem 1.2 is the mir-

ror theorem in its complete form.

Corollary 1.4 (= Theorem VIL.6). The fundamental solutions of the Gauss—Manin con-
nection for YWy are equivalent, up to a mirror map, to the fundamental solutions of the

Dubrovin connection for M, when restricted to H*(M).

1.7 A model of VWV = B model of M

In the present work, we relate the Gromov-Witten theory of the mirror quintic
W to period integrals over a family of deformations of the quintic M. Immediately
however we encounter a technical difficulty. The dimension of the space of com-
plex deformations of M is h*>!(M) = 101, thus our Picard-Fuchs equations would
be PDEs in 101 variables, the calculation of which is unfeasible. There is a similar
difficulty in the calculation of the small J-function of W, a generating function in
101 variables. For this reason we will restrict our attention to a one-dimensional
deformation family of M, and restrict the inputs of J¥ , to a one-dimensional
subspace of H2,(W).

In the A model of VW, we restrict the small J-function of W to the one-dimensional
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subspace H?(W) C H2 (W) supported on the untwisted section of IWW. For the
B model of M, we consider the family My = {Qy(x) = 0} C P* where Qy(x)
is the same polynomial as was defined before, but now viewed as a homoge-
neous function on P4, Again we may consider periods of the family of three-forms
w = Res <%Qo> now viewed as a family on My. As before we may construct
a function IM#, whose components give a basis of solutions to the periods of w.
A first observation is an exact analog to Theorem 1.2, namely, the functions J"

and IM¢ coincide up to a change of variables.
Theorem L5. ]| H2(w) 1S equal to ™y after a mirror transformation.

But as in Remark 1.3, one would like to obtain a correspondence relating the
periods of any family of three-forms over My to generating functions of Gromov—
Witten invariants of )V, and here the situation is more complicated. In this case
dim(H3(My)) = 204, and it is no longer true that period integrals for any family
of three-forms over My can be expressed as linear combinations of derivatives of
periods of w.

To obtain a full correspondence, we define new generating functions of Gromov-
Witten invariants of V. These functions are analogous to Givental’s J-function,
but reflect the orbifold structure of V. Let us first write IV in terms of its con-

nected components,

w=11Ws

For each component W, let o € HE (W) denote the fundamental class on W,.

Define the generating function

X
t .
IV (t,2) :=ng+ng-g+zzzi—< gt t> T
d n>0 i

0,2+n,d
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For certain g, these can be related to the periods of other families of three-forms
over My. Namely, there exists a set of families of three-forms {w,} indexed by
certain components of IV, and for each wy, there exists a function I 5 whose com-

ponents give the periods of wg. Our main theorem may be phrased as follows.

Theorem 1.6 (= Corollary VIIL.3). For each wq in the above set, ]gv |2y s equal to Ig

after applying the mirror transformation.

Although the set {wg} does not generate all of R*7,.C ® 5, in analogy to Re-
mark 1.3, the period integrals for any section may be expressed as linear combi-
nations of derivatives of periods of the w,. This implies our mirror theorem in its

complete form.

Corollary 1.7 (= Theorem VIL8). The fundamental solutions of the Gauss—Manin con-
nection for { My} are equivalent, up to a mirror transformation, to the fundamental solu-

tions of the Dubrovin connection for W, when restricting to H>(W).

Remark 1.8. The material in this thesis is the result of collaborative work with Y.-P.

Lee, and appears also in the preprint [20].



CHAPTER II

Quantum Cohomology

In this section we give a brief review of Chen-Ruan cohomology and quantum
orbifold cohomology, with the parallel goal of setting notation. A more detailed

general review can be found in [11].

Conventions II.1. We work in the algebraic category. The term orbifold means
“smooth separated Deligne-Mumford stack of finite type over C.”

The various dimensions are complex dimensions. On the other hand, the de-
grees of cohomology are all in real/topological degrees.

Unless otherwise stated all cohomology groups have coefficients in C.

2.1 Chen-Ruan cohomology groups
Let X be a stack. Its inertia stack I X’ is the fiber product

X —X

L b

X —Rxxx
where A is the diagonal map. The fiber product is taken in the 2-category of stacks.
One can think of a point of IX as a pair (x,g) where x is a point of X and g €

Auty(x). There is an involution I : IX — [X which sends the point (x,g) to

12
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(x,¢71). It is often convenient to call the components of IX for which ¢ # e the
twisted sectors.

If ¥ = [V/G] is a global quotient of a nonsingular variety V by a finite group
G, IX takes a particularly simple form. Let S denote the set of conjugacy classes
(g) in G, then

Iv/Gl= L] [v¢/C(g)].

(8)€S¢c
The Chen—Ruan orbifold cohomology groups HEx (X) ([8]) of a Deligne-Mumford

stack X" are the cohomology groups of its inertia stack
Hig(X) := HY(1X).

Let (x,g) be a geometric point in a component &; of IX. By definition g €
Auty(x). Let r be the order of g. Then the g-action on T, X decomposes as

eigenspaces

T.X = P E

0<j<r

where E; is the subspace of T, X’ on which g acts by multiplication by exp(27tv/—1j /7).

Define the age of & to be

r—1 ]

age(X;) =) ;dim(Ej).

=0

This is independent of the choice of geometric point (x, g) € Aj.
Let « be an element in HP (X;) C H*(IX'). Define the age-shifted degree of « to
be
degcp(a) := p +2age(4;).

This defines a grading on H: (&X).

When X is compact the orbifold Poincaré pairing is defined by

X *
0, K = a1 U T (ar),
(a1, 2)CR /IX 1U I (az)
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where a1 and a; are elements of Hiy(X). It is easy to see that when a7 and
wp are homogeneous elements, («q,a2)cr # 0 only if deg(a1) + degqr(a2) =

2dim(X).

2.2 Orbifold Gromov-Witten theory

2.2.1 Gromov-Witten invariants

We follow the standard references [9] and [1] of orbifold Gromov-Witten the-
ory.

Given an orbifold X, there exists a moduli space .#,,(X,d) of stable maps
from n-marked genus g pre-stable orbifold curves to X of degree d € Hp(X;Q),
which we describe below. Each source curve (C, py, ..., pn) has non-trivial orb-
ifold structure only at the nodes and marked points: At each (orbifold) marked
point it is a cyclic quotient stack and at each node a balanced cyclic quotient. That

is, étale locally isomorphic to

e () -

where { € pu, acts as (x,y) — ({x,{"'y). The maps are required to be repre-

sentable at each node.
Each marked point p; is étale locally isomorphic to [C/uy,]. There is an induced

homomorphism
pr; = Auty (f(pi))-

Maps in .# ¢, (X, d) are required be representable, which amounts to saying that
these homomorphisms be injective (see [2], Definition 2.44). For each marked
point p;, one can associate a point (x;,g;) in IX where x; = f(p;), and g €

Auty(x;) is the image of exp(27ry/—1/r;) under the induced homomorphism.
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Given a family C — S of marked orbifold curves, there may be nontrivial gerbe
structure above the locus defined by the i-th marked point. For this reason there

is generally not a well defined map
evi s Mon(X,d) — IX.

However, as explained in [1] and [11] Section 2.2.2, it is still possible to define
maps
ev} : Hip(X) — H* (M gu(X,d))
which behave as if the evaluation maps ev; are well defined.
Let X denote the coarse underlying space of the stack X. There is a reification

map

M g(X,d) = Mgn(X,d),

which forgets the orbifold structure of each map. For each marked point there is

an associated line bundle, the i*" universal cotangent line bundle,

L
1
Mgn(X,d)
with fiber T, C over {f : (C,p1,...,pn) — X}. Define the i-th ¢-class by y; :=
r*(c1(Li))-

As in the non-orbifold setting, there exists a virtual fundamental class [/ g , (X, d)]".

Orbifold Gromov-Witten invariants for X are defined as integrals

<altpk1,...,an¢k”>gnld = Hev

[//gn Xd ]wr

where a; € Hip(X).
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Let %g,(gl,--.,gn) (X,d) denote the open and closed substack of .# (X, d) such
that ev; maps to a component X, of IX. The space %g,(gb...,gn)(x ,d) has (com-

plex) virtual dimension
(2.1) n+(g—1)(dimX —3) + (1 (TX), Zage i)

In other words, for homogeneous classes ; € H*(Xg,) the Gromov-Witten invari-

X . )
ant (ay, ..., ‘x”>g,n, , will vanish unless

idegCR((xi) =2(n+(g—1)(dim&X —3) + (c1(TX),d)).

2.2.2 Quantum cohomology and the Dubrovin connection

Let {T;};c; be a basis for Hi (X)) and {T"}¢; its dual basis. We can represent

a general point in coordinates by

t=Y #'T; € HE(X).
i

Gromov-Witten invariants allow us to define a family of product structures pa-
rameterized by t in a formal neighborhood of 0 in Hi(X). The (big) quantum

product ¢ is defined as

(2.2) K1 *g X 1= Z Z Z (aq, 00, Tj t, .. .,t>553+n,dTi,

n>0 i

where the first sum is over the Mori cone M of effective curve classes and the
variables g are in an appropriate Novikov ring A used to guarantee formal con-
vergence of the sum (generally A is defined as a completion of the semigroup ring
of effective curve classes in M). The WDVV equations ([12], Section 8.2.3) imply
the associativity of the product. The small quantum product is defined by restrict-
ing the parameter of the quantum product to divisors t € H?(X) supported on

the non-twisted sector.
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One can interpret *; as defining a product structure on the tangent bundle
TH{g(X;A), such that for a fixed t the quantum product defines a (Frobenius)
algebra structure on TyH; (X’; A). This can be rephrased in terms of the Dubrovin
connection, defined by:

. aa] 1

LAY j j
This defines a z-family of connections on TH (X; A).
Remark I1.2. Note that when t, T; and T; are in HZR"(X'), a simple dimension count
using (2.1) shows that T; ¢ T; will be also be supported in even degree. Thus V*
restricts to a connection on THER"(X; A). When restricted to THER" (X; A), the

quantum product is commutative.

Definition IL.3. For the purpose of this paper, we clarify here what we mean by
“A model of X”. Let H := HZ"(X; A). The (genus zero part of) the A model of
X is defined to be the tangent bundle TH together with its natural (flat) fiberwise

pairing and the Dubrovin connection restricted to H(I:IIQ(X ).

The commutativity and associativity of the quantum product implies that the
Dubrovin connection is flat. The topological recursion relations allow us to explicitly

describe solutions to VZ. Define

X

d T )
2.3) si(t,z):Ti+22Z%<2_1¢1,T7,t,...,t> ki
: 0,2+n,

d n>0 j

where 1/ (z — 1) should be viewed as a power series in 1/z. The sections s; form
a basis for the V*-flat sections; see e.g. [12], Proposition 10.2.1. Thus we obtain a

fundamental solution matrix S = S(t,z) = (s;;) given by

(24) Sl']'(t,Z) = (Ti, S]')gR'
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If one restricts the base to divisors t € H?(X), the divisor equation ([12] Sec-

tion 10.1.2) allows a substantial simplification of the formula for s;

X
Si(tzz)|teH2()_e <T+quddt< 1‘1701 TJ'> Tj).

d>0 ] O,Z,d

2.3 Generating functions

Given an orbifold X, Givental’s (big) J-function is the first row vector of the
fundamental solution matrix, obtained by pairing the solution vectors of the Dubrovin

connection with 1.

Jig(t2) =Y (si(t), ) T'

¢/ T : i
:1+ZZZE<2_¢1,1,t,...,t> T

d n>0 i 0,2+n,d
X
t qd< T, > ,
=14+ -+ —(—,t,...,t T,
z ;n;); nt\z(z —¢y) 0,14n,d

The last equality follows from the string equation (see [12] where it is referred to as
the Fundamental Class Axiom). It is also easy to see that the fundamental solution
matrix S(t,z) of (2.4) is equal to zV Jpig- As such, Jy;, encodes all information about
quantum cohomology.

However, the big J-function is often impossible to calculate directly. In the non-
orbifold Gromov-Witten theory, when the cohomology is generated by divisors,
the small [-function proves much more computable, while powerful enough to
solve many problems; see e.g. [16, 17]. The small J-function for a nonsingular

variety X is a function on t € H?(X):
X X
Joman(t:2) := Jiig(t,2) [ee 2 (x)

(1+22qd ‘“< ’¢ 1> Tl).
a>0 i 1 02,d
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In orbifold theory, however, the Chen—-Ruan cohomology is never generated
by divisors except for trivial cases, due to the presence of the twisted sectors.
Therefore, the knowledge of the small J-function alone is often not enough to re-
construct significant information about the orbifold quantum cohomology. (Note
however that in Section 5 of [11], one way was found to circumvent this obstacle
for weighted projective spaces.)

We propose the following definition of small J-matrix for orbifolds.

Definition I1.4. For t € H2(X), define | g( as the cohomology-valued function

X
]gX(tzz)|teH2(X) = Z <Si(t)|teH2(X)'lg> CR T

i

X
T, .
A>0 i z—1 0,2,d

where llg is the fundamental class on the component Xg of IX.

(2.5)

The small [-matrix is the matrix-valued function

Jhan(t2) = Iz = |0F ), Tk

geG,icl }geG,iel ’
where G is the index set of the components of X, I the index for the basis {T;};c;

of H: (X)) and ]gX,i(t/Z) the coefficient of T" in ]gX(t’Z)'

Remark I1.5. We believe that the small [-matrix is the right replacement of the small
J-function in the orbifold theory, for its computability and structural relevance.
Structurally equation (2.4) shows that one needs to specify “two-points” (i.e. a
matrix) in the generating function in order to form the fundamental solutions of
the Dubrovin connection. Ideally, one would like to get the full |I| x |I| funda-
mental solution matrix S = zV ]y, restricted to t € H?(X). This would give all
information about the small quantum cohomology. Unfortunately, a direct com-

putation of S(t)|ic2(vy is mostly out of reach in the orbifold theory.
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In the (non-orbifold) case when H*(X) is generated by divisors, as shown by
Givental, the small J-function is often enough to determine the essential informa-
tion for small quantum cohomology. One can think of the small J-function as a a
submatrix of size 1 x |I|, indeed the first row vector, of S.

However, in the orbifold theory, the above matrix is not enough to determine
useful information about small quantum cohomology except in the trivial cases.
We believe that the smallest useful submatrix of S is the small J-matrix (of size
|G| x |I]) defined above. We will show that it is both computable and relevant
to the structure of orbifold quantum cohomology. In this paper we are able to
calculate the small [-matrix of the toric orbifold Y = [IP*/G], and we use a sub-

w

matrix of the small J-matrix J_ ,; to fully describe the solution matrix 5(t)|ic 2 x)

of the mirror quintic W.



CHAPTER III

J-function of [IP*/G]

3.1 Inertia orbifold of [IP*/G]

Let [xo, x1, X2, X3, X4] be the homogeneous coordinates of IP#. Denote

{:=(5= 2V =1/5

Let the group G = (Z/5Z)3 be a (finite abelian) subgroup of the big torus of P*

acting via generators e, e, €3:

er[xo, x1, X2, %3, x4] = [{x0, X1, X2, %3, {24
(3.1) ea[xo, X1, X2, %3, X4] = [x0, {x1, %2, %3,{ ' x4]

e3[xo, X1, X2, X3, X4] = [X0, X1, {2, %3, { 1x4].
Let ) = [IP*/G]. As explained in the introduction, the mirror quintic is defined as
a hypersurface inside ). It is therefore not surprising that this orbifold plays an
instrumental role in the calculations that follow. We give here a detailed presen-
tation of its corresponding inertia orbifold.

The group G can be described alternatively as follows. Let

4

G:={(¢"...,0") | )_ri=0(mod5)}

i=0

and



22

The G-action on IP* comes from coordinate-wise multiplication. By a slight abuse
of notation, we will represent a group element ¢ € G by the power of { in each

coordinate:

4
G={(ro,...,ra)| Y ri =0(mod5),0 < r; < 4Vi}.
i=0
For an element g € G, denote [¢] the corresponding element in G.

Fix an element § € G. Let ¢ = (7¢,...,74) € G be such that [¢] = §. Define
I(g) :== {j €{0,1,2,3,4} |r; = 0},

then

4 . — 4
Pgi={xj =0}y CP

is a component of (IP*)8. From this we see that each element ¢ € G such that
[g] = g corresponds to a connected component Y, := [IPg/G] of 1. Note that if
g has no coordinates equal to zero then ]Pg is empty, and so is ). This gives us a
convenient way of indexing components of 1) and of describing its cohomology.
We will let H denote the class in H*([IP*/G]) which pulls back to the hyperplane
class in H* (IP4).

We summarize the above discussions in the following lemma.

Lemma III.1.

Iy:L[yg/

g€Ss

where
Ve ={(x,[g]) € IV|x € [Pg/Gl}

is a connected component and S denotes the set of all ¢ = (rg, ..., r4) such that at least

one coordinate r; is equal to 0.
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Consequently, a convenient basis {T;} for H:x () is

Ul LA, ... 1HImO)Y,
g€s

3.2 J-functions

Recalling a basic fact about global quotient orbifolds, a map of orbifolds f :
C — [IP*/G] can be identified with a principal G-bundle C, and a G-equivariant

map f : C — P4 such that the following diagram commutes: !

f o p4

C
ﬂcl 7T]p4 \L
C

—Lprq).

(3.2)

Lemma II1.2. (i) The map f is representable if and only if C is a nodal curve with each
irreducible component a smooth variety.
(ii) There do not exist representable orbifold morphisms f : C — Y from a genus 0O

orbifold curve C with only one orbifold marked point.

Proof. (i) follows from the definition of representability (Theorem 2.45 of [2]).

(ii) follows from (i): In the case C is irreducible, this is because there do not
exist smooth covers of genus 0 orbifold curves with only one point with nontrivial
isotropy. An induction argument then shows that the same is true of reducible
curves with only one orbifold marked point (we assume always that our nodes be

balanced). [

A line bundle on [IP*/G] can be identified with a G-equivariant line bundle
on P*. Therefore, the Picard group on [P*/G] is a G-extension of Z. Let H be

the hyperplane class on P%. Let L be any fixed choice of line bundle on ) such

Technically f is identified with an equivalence class of such objects ([2], Corollary .246).
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that 7y,,(L) = H. Even though there are as many as |G| choices of L, they are
topologically equivalent and will serve the same purpose in our discussion. By

(3.2) and the projection formula, we have the following equality

L@ =5z [,

We define the degree of amap f : C — ) by

1 £
d:= E/Cf (H).

Conventions II1.3. By an abuse of notation, we will denote by H any fixed choice

of L on Y such that 7, (L) = H.

Given h = (ro(h),...,r4(h)) and g = (r0(g), ..., 7r4(g)) in G, this also allows us

to determine necessary conditions on the triple (d, h, g) such that
Mojg(V,d) = Mop(Y,d)N ev; L(1y,) Nevy ' (1)
to be nonempty.
Proposition I11.4. The space %O,h,g(y, d) is nonempty only if
(i) [h] = [g]"tin G;

(ii) ri(h) +ri(g) = 5d (mod 5) or equivalently (d) = ((r;(h) +ri(g))/5) for0 <i <
4.

Proof. We will first consider the case where the source curve is irreducible. As-
sume that there exists a map {f : C — YV} in .#),4(Y,d) such that C is non-
nodal. Consider the principal G-bundle 77¢ : C — C from (3.2). After choosing
a generic base point x € C and a point ¥ in 77! (x), we obtain a homomorphism

¢ : m1(C,x) — G. We can specify generators p1, and p; of 711(C, x) such that p;
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is the class of loops wrapping once around p; in the counterclockwise direction.
Then ¢(p1) = [h] and ¢(p2) = [g]. Because p1 - p2 = 1 in 711(C, x), it must be the
case that [1] - [¢] = 1in G. This proves (i) for C non-nodal.

Next we will show (ii) in the case where C is non-nodal. To see this, note that
the only smooth connected cover of C is isomorphic to IP!. This cover is degree
r := |[H]], so C must consist of |G|/r components, each isomorphic to P'. In
the case 1 = (0,0,0,0,0), this implies that C has 125 components, and so d is an
integer. Thus Condition (ii) holds trivially.

If h # (0,0,0,0,0), then r = 5. First note that (i) implies that r;(h) + r;(g) (mod 5)
is the same for any i. Thus, we only need to prove the statement for one i. Let

C' = P! be one component of C and let
f ::ﬂc, :C— P!

be the ([h])-equivariant morphism induced from the G-equivariant morphism f :
C — P4 (f)*(0(1)) is a degree 5d line bundle on C’' = IP!. Therefore, any lifting
of the torus action on IP! will have weights (w,w + 5d) at the fibers of the 2 fixed
points. Call these two fixed points p} and pj. Since ([h]) is a subgroup of the torus,
the characters of the [l]-action at the fibers of the 2 fixed points must be (%, {¥*+>%),
for some w in {0, ...,4}.

Let g1 := f'(p}) and g := f'(p}). By assumption, q; € IP};, g2 € Pz. Choose
ani € I(h) and j € I(g) such thati # j, x;(q1) # 0 and x;(q2) # 0. The action
of [h] on the fiber over g; and g, can be chosen to be (¢i"), 7771 By the above

weight/character arguments,

ri(h) — (—r;(h)) = 5d (mod 5).
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Since j € I(g) and i € I(h),

ri(h) = ri(h) = ri(h) = ri(g) — 1;(8) = 7i(8),

so we can rewrite the above as r;(h) 4 r;(g) = 5d (mod 5).

The nodal case follows similarly. Consider a nodal curve f : C — V. Let
C1,...,Cy be the irreducible components connecting p; to py. It follows from
Lemma III.2, each of these components will have 2 orbifold points (at either nodes
or marked points) and these will be the only points in C with nontrivial orbifold
structure. The above calculation for irreducible components plus the condition

that all nodes be balanced in this situation then implies the claim. O

Once condition (i) is satisfied, the degree of maps allowed is thus determined
by the quantity
d(h, &) = ((ri(h) +1:(8))/5)-
Note that this number remains constant as i varies.

We will define generating functions related to the J-functions | g which isolate

the 2-point invariants of %o,h,g(y, d). Let
S(d,h):={(b,k) | 0<b<d, 0<k<4, (b)=rh)/5},

and let

c(d,h) := |S(d, h)].

Given h, ¢ € G such that [h] = [¢] !, define

h y

T .
Z = C(d,h) < 1 ’]1 > TZI
hg ; Q B T h

i 0,2,d

where {T!'} is a basis for H*(}),), and {T}} is the dual basis under the Chen-

Ruan orbifold pairing. (The motivation behind this choice of exponent for Q will
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become clear in what follows: it is chosen to simplify the recursion satisfied by
our generating function). Notice that by the above lemma, the only degrees which
contribute to Zj, , are d such that (d) = d(h, g). Finally, let

Zg:=T1g4+ Y. Zy,
{nl n]=[g]~1}

Let T = C* act on C° with (generic) weights — Ay, ..., —A4. This induces an ac-
tion on IP* and V. Furthermore there is an induced T-action on the inertia orbifold
Iy and on %0,2 (Y, d). We will consider an equivariant analogue ZgT of Z¢ defined
by replacing the coefficients of Z, with their equivariant counterparts:

T! yr
Zio =y QUM <—l ,ﬂg> Ty Zg=Tg+ Y., Zj,
SOy 2=9r " o2a (=g

where {T!"} is now a basis of the equivariant cohomology Hz%()),) and (—, —)3) ’2Td
denotes the corresponding integral on .# (Y, d)’.

Consider the cohomology valued functions

]]‘h_l
(bz+ H — Ay) ’

(3.3) vio= Y Qb

{d|(d)=d(hg)} (b,k)g(d,h)

where

ht:= (=ro(h),...,—r4(h)) (mod5).

As with Z, let

(3.4) Yy =T+ ), Y,;{g.
{hl n)=[g] 1}

Theorem III.5. We have the equality in equivariant cohomology:

T _ T
Ze =Y.

In particular, taking the nonequivariant limit, we conclude that Z, = Yq, (where Yy is

the non-equivariant limit A; — 0 of YgT )
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Remark 1I1.6. For those who are familiar with the computation of the small |-
function for toric manifolds [17], the generating functions Z, as indicated above,
play the role of the J-function. The hypergeometric-type functions Y then take
the place of the I-function. Recall that one way of formulating the computation
of genus zero GW invariants is to say that the J-function is equal to the I-function
after a change of variables, called the mirror map. In the present case, the mirror

map is trivial.

3.3 Proof of Theorem II1.5

The proof follows from a localization argument similar in spirit to that in [17].
The strategy is to apply the Localization Theorem (after inverting the equivariant
characters Ay, ..., Ay in thering HZy () on the equivariant generating functions
to determine a recursion satisfied by ZgT . This recursion relation in fact determines
V4 gT up to the constant term in the Novikov variables. We then show that YgT satis-
ties the same recursion. Since Zg and Yg have the same initial term and the same

recursion relation, Zg = YgT .
3.3.1 alemmaonc(d,h)

We will first explain the seemingly strange appearance of the exponents c(d, 1)

in the definition of Zj, .

Lemma II1.7. Let

mg = dim (4o ,4(V,d)),

then if [h] = [¢] ' and (d) = d(h,g), we have

c(d,h) =my —dim(Y,) + 1.
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Proof. The standard formula for virtual dimension gives
my = 5d +3 —age(h) — age(g).

Note that for any presentation g = (r0(g), .- -,74(g)), age(g) = Yi_o7i(g)/5. Be-

cause [i] = [¢] !, we have that

ri(g) —ri(g) = rj(h) —ri(h) (mod 5).
This allows us to write

n(g) | —m/5dhg)  dlhg) > rh)/5

3 L= re(h)/5+d(hg) d(hg) < re(h)/5

which gives
my = 5d+3—5d(h,g) — | {k|d(h,g) < re(h)/5}]
=5d] +[{k|d(h,g) = ri(h)/5}| - 2.
Now, for a fixed k,

ld} d(h,g) <r(h)/5
14 |d] d(h,g) = re(h)/5

[{ol0<b<d, (b)=r(h)/5}| =

Summing over all k, we get that
mg={(bk)|0<b<d, 0<k<4, (b)=ri(h)/5} —2.

Finally,
dim (V) = | (k[0 = re()/5}] ~ 1,

which gives the desired equality. O
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3.3.2 Setting up the localization

The action of T on .#,4(Y,d)) allows us to reduce integrals on the moduli
space to sums of integrals on the fixed point loci with respect to the torus ac-
tion. As usual, this reduces us to considering integrals of certain graph sums (here
the graph is the dual graph to a generic source curve in the fixed locus, together
with decorations describing where marked points and contracted components are
mapped, see [22] for more details). The generating function ZgT consists of inte-
grals where the first insertion is the pull back of a class on

I

{hl[n=[g]~"}

We will now express Z, in terms of a new basis for this space which interacts
nicely with the localization procedure. For each coordinate 0 < i < 4, i is in I(h)
for exactly one h in {h|[h] = [¢]~'}. (For h, i/ € {h|[h] = [g]~'}, ri(h) = r;(W) if
and only if 1 = I’). Then for i € I(h), let g; be the T-fixed point of ), obtained by
setting all coordinates {j|j # i} equal to zero. Then, fori € I(h), let

pi=1,- [ (H—1j).

jel(h)—i

If we pair ZgT with ¢;, we obtain the function

Z él ~ (d,h) ¢1 1 Y

C
1 - Q 7 7
Z/g 1’25 Z < lpl g>

0,2,d

where 6"(8) equals 1if i € I(g) and 0 otherwise. The fixed point set of ), consists
of {g;|j € I(h)}. Note that under the inclusion i; : {g;} — Y, H pulls back to
Aj. Therefore i7(¢;) = 0 unless i = j. From this we see that the coefficients of z! e
consist of integrals over graphs such that the first marked point is mapped to g;.
We divide the remaining graphs into two types: the first type of graph contains

maps (f : C — Y) such that the first marked point is on an irreducible component
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which is contracted under f, the second type contains maps in which the first

marked point is on a noncontracted component.
Claim IIL.8. There is no contribution from graphs of the first type.

Proof. The proof is a dimension count. We will show that the contributions from
graphs of the first type must contain as a multiplicative factor integrals of the form
[31 ¥ such that deg(¥) > dim(M), and hence the vanishing claim.

The complex degree of ¢; is dim()},), so the invariant (¢;y*, ]lg)gi ’2Td vanishes

unless k > my — dim()),). Thus we can simplify our expression for Zgg:

511 (P YT
ZT QC dh)< 1 | >
Z 2= 8 0,2,d
51[
125 ZQCM kZ: ¢i(i1/2)" 11g>02d
5i1(g) . 1 00
= 125 + ZQ (d’h)g Z <‘Pi(¢l/z ]18>O2d
d k=c(d,h)—1
B 5i,1(g) _|_Z (Q)C(d,h)< ¢ilpi(d,h)*1 . >3’,T
125 ~\z 1—(y1/2) $ o,z,d.

Here the third equality follows from Lemma III.7.
Now consider a fixed point graph Mr such that p; is on a contracted compo-

nent. At the level of virtual classes, we can write

(3.5) [Mr] = F(T) -] ] [My,],
k

where each M, represents a contracted component of the graph isomorphic to a
component of My, (BZ,,0), and F(T) is a factor determined by T. Let My, be the
component containing p1. My, contains at most 2 orbifold marked points, and the
number of non-orbifold marked points is restricted by d. In particular, each non-
orbifold marked point corresponds to a (non-orbifold) edge of the dual graph.

Each of these edges must have degree at least 1, so if the total degree of the map
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is d, then there can be at most |d | nontwisted marked points. Thus the dimension

of My, is at most |d| — 1. Now, the proof of Lemma III.7 shows that
c(d,h) =1 =5[d] + |{k[r(h)/5 < d(h,g)}| — 2 — dim(I},).
But dim(),) is exactly |{k | rx(h) = 0}| — 1, which implies that
c(d,h)—1>5|d] —1.

If d > 1, the above quantity is strictly greater than |d| — 1. Because there do not
exist graphs such that p; is on a non-contracted component for d < 1, we have

-1

that for Mr, ¢(d, h) —1 > dim(My,). But v,bi(d’l) must therefore vanish on these

graphs, proving the claim. O
3.3.3 Contributions from a graph of the second type

o

=g 1) 3{ '25:1 from a particular graph

Now let us consider the contribution to (
I' of the second type. In particular, we know that p; is on a noncontracted compo-
nent. Call this component Cy, and denote the rest of the graph I". I and C connect
at a node p’, which maps to some g, € ). Let d’ be the degree of one connected
component of the principal G-bundle above Cy. We know from Proposition I11.4
that (d') = r¢(h)/5. By identifying p’ € T’ as a marked point (replacing p; on
Co), we can view My as a fixed point locus in ./ (¥, d — d'), where [h] = [1'],
but (k') = 0. Our plan will be to express integrals on Mr in terms of integrals
on My, thus reducing the calculation to one involving maps of strictly smaller
degree. This will give us a recursion.

The factor F(I') in Equation 3.5 is composed of three contributions: the au-

tomorphisms of the graph I itself, a contribution from each edge of I' (the non-

contracted components of curves in Mr), and a contribution from certain flags of
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I' (the nodes of curves in Mr). The edge corresponding to Cy maps to the line
gix = P/ G connecting g; and g;. (Note that the G-action is a subgroup of the big
torus (C*)* of IP%, G naturally acts on (C*)* orbits.) The degree of the map upstairs
is 5d’. Thus there is a contribution of 1/(5d") to F(T') from the automorphism of
Mr coming from rotating the underlying curve. The edge also contributes a factor
of 1/25 due to the fact that g; is a (Z/5Z)?-gerbe. So the total contribution to
F(T) from the edge containing py is 1/(125d"). The contribution from the node p’
is 125/r. (Recall r = |[h]|, which is equal to the order of the isotropy at p’). There
will be an additional factor of r appearing when we examine deformations of Mr,

thus canceling the 7 in the denominator. We finally arrive at the relation

Ml =F@T) - [T Mo =T T My =

d’
vertices vel’

1
d

[Mp] .

vertices vel”
By examining the localization exact sequence (see [22]), we have the following

identity:

e(H°(Co, f*TY)™)(node smoothing at p')
e(HO(p, f*TY)")e(H' (Co, f*TY)™ )e((HO(Co, TCo)™)

(3.6) e(Nr) = e(Nr)

where e denotes the equivariant Euler class, and as is standard we identify certain
vector bundles with their fibers. Here the superscript m denotes the moving part
of the vector bundle with respect to the torus action. Let us calculate the factors
in (3.6).

e (node smoothing at p’): The node smoothing contributes a factor of

T AN
rd’ r r d’ 1)

where ¢} is the ¢-class corresponding to p} on M. This factor of r is what cancels

with the previous factor mentioned above.



34

e ¢(H%(Cy, TCy)™): Let C be the principal G-bundle over Cy induced from f|¢, :
Co — [IP*/G]. As was argued in Proposition I11.4, C consists of (|G|/r) copies of

IPL. Let Cy be one of these copies. Then Cj is a principal ([}])-bundle over Cy and
HO (Co, TCO) = HO(Co, TCO)<[h]>

The ([h])-invariant part of H(Cy, TCp) is one dimensional. It is fixed by the torus
action, thus the moving part of H(Cy, TC) is trivial and e( H%(Cp, TCy)™) = 1

e e(HY(Co, f*TY)™): Let Cy be as in the previous bullet, then
H'(Co, f*TY) = H'(Co, f*TPH I = 0,

Therefore e(H! (Co, f*TY)") = 1.

e ¢(H"(Co, f*TY)™): To calculate this term, note that
HO(Co, f*TY)™ =2 <HO(CO’]?*TIP4)<[I1]>>I’H
We will look at the ([/]) invariant part of the short exact sequence
0— C — HO¢,(rd)) @ V — H(f*TP*) — 0,

where P* = P(V) and V = C°. The exact sequence comes from the pullback of
the Euler sequence for IP* to Cy. (Note that the degree of f : Cy — P*is rd’). The
action of [h] on the first term in the sequence is trivial.

Recall that IP(V) has coordinates [x, ..., x4]. Let [s, t] be homogeneous coordi-
nates on Cyg = P!, such that the preimage of p; in Cy is [0, 1] and the preimage of
p"in Cy is [1,0]. Then the middle term of the sequence is spanned by elements of

the form s aix, where 0 <! < 4anda+ b = rd’. The action is given by

d Jd
azb 27ty —1(—a+r;(h))/rqab
[h].(st—a l)—e st—a -
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and so this summand is invariant under the ([h])-action if and only if r;(h)/r =

(a/r). The C*-action on this term has weight
(ll/?’d/> Ak + (b/?’d’) Ai— Ay,

so we finally arrive at

e(H'(Co, f*TY)™)

/ JR—
LIPS Ll U
rd’ rd’
{(a)]|0<a<rd’ 0<I<4 r/(h)/r=(a/r)}

\(0), (rd" k) }

= H (a(Ade)—i—A Al)
{(a)|0<a<rd 0<1<4 ry(h)/r=(a/F)} r

\(00), (rd"J)}

ec(H(p/, f¥*TY)™): Similarly, the node p’ is isomorphic to BZ,, and each of
the |G| /r points lying in the principal G-bundle over p’ is a principal ([])-bundle
over p’. Thus HO(p/, f*TY)" = my () )"

p'. Thus H°(p', f*TY)" = ( (T, IP") and
e(H'(p, A TY)") = J] (M&—A).
leI(h)\{k}

Finally note that ev} (¢;) = [Tjcin)—i(Ai — A1). We can do one further simplifi-

cation. On the graphs which we consider, namely those where p; is on a noncon-

t. (Infacte(T;,C) = A2 =21, but because we

tracted component, 1 restricts to 2
are following the convention that i-classes are pulled back from the reification,

we must multiply this by a factor of r).

Pt YT

These calculations plus (3.6) then give us the contribution to <W’ 20094
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from the graph Mr:

/ ev} () gy
) e(Nr) (1 — 91/2)

_).c(dI)-1 * m
ol ITie i\ iy (Ai — Ae(H' (Co, f*TY)™)

e(HO(Co, fTY)™) (1 = %472%)
LT
d’ Jim) (node smoothing at p’)e(Np)
B A"f"c(d'h)fl [Tty iy (Ai = Ar)
(@ - M I (a (254) + 2= )

{(a,1)|0<a<rd’ 0<i<4 r;(h)/r=(a/7)}
\{(0,d), (rd"k)}

/ [Ticrg ey (Ax — Ar)
M) (2524 — py)e(Np)

3.3.4 Recursion relations

We will formulate the above computations into a recursion relation. To do that,

the following regularity lemma is needed.

Lemma III.9 (Regularity Lemma). Zg o s an element of Q(A;,2)[[Q]]. The coefficient
of each QP is a rational function of A; and z which is regular at z = (A; — Aj)/k for all

j#iand k > 1.

Proof. This follows from a standard localization argument, see e.g. Lemma 11.2.8

in [12]. ]

Using the Regularity Lemma, the above computation simplifies to

<(Pilp;(d,h)—1 : >y,T
T 7. L
1—y1/z 024/ pp

_ ik, (Ak —Ai)C(dfh)—l—(c(d ,h)—l). (< o o >y,T )
da’ d’ T A
Z— ll)l 0,2,d—d My

7
A=A
7 kd/ i
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where
1

(d/ o @) H a+d /\z;_)\l
{(ﬂ,l)ES(d’,h)\{(d//k)}}< (/\k A,))

and (—),,, means the contribution of the fixed component Mr to the expression

Cif =

in parentheses.

Due to the fact that r(h) /5 = (d’), one can check that
c(d,h) —c(d,h) =c(d—d, W)
(see (3.8)). We arrive at the expression

‘ , p YT
cik . [ gea-an < k ,ﬂg> )
z= 02d—d') pp,

After summing over all possible graphs, we obtain the recursion:

A=A Ap—A:
Z— kd’ I,Q*—> kd’ i

(3.7)
5iA(8)

Q<M ik T
zl = —— = Chf-Z
[ 125 + ) Z ( z ) d k,g
{(d" k)| 5= =(d") k#i,d'#0}

Ap—A; A=A
Z— kd/ Z/Q'_)% kd/ L

Although we have suppressed this in the notation, recall that in the above sum-

mand, % is the presentation such that ¢; is supported on Y, (i € I(h)).

We will now turn our attention to YgT . Let us define the function Yf:g analo-

gously to that of Zgg ,
Ygg = (¢, Yg)gR-
Fori € I(h),
yI= 1 [0y Yy e L
8~ 125 1 (bz+ A — Ap)

(d)=d(h,g) (b,k)eS(d,h)

Claim IIIL.10. Yl-’Tg satisfy the same recursion as Zgg in (3.7).
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Proof. Consider the summand of Yi/Tg of degree c(d, h) in Q, which we will denote

T \c(dh
(Yi,g)C( )

(T yeln ~ L (gy(“) !
h8 125 \ z I xes@n b+ (Ai —Ax)/2)

_ <9>C(dh) 5 1

125\ 2 {0 () /5 b kiproy (2 F (A = Ak)/2)
1
I1 (b(Ai = A1)/ (Ak — Aj) +m)
(m1)eS@n)\{(bk)}

_ 1\

125 \ z

{(bK)|ric(h) /5= (b) k#i,b70}

1/ (b+ (Ai — M)/2)

(b(Aj = A/ (A = Ay) +m)
{(m,1)eS(dn)\{(bk)}|m<b}

1

(b(Aj = A/ (Ak = Ay) +m)
{(m,1)eS(d,n)\{(bk)}|m>b}

The last product from above can be rewritten as

M — A
11 )<n+b7\k—7\i>'

(nl)eS(d—b,n’
where I’ is chosen such that [h] = [i/] and k € I(h'). To see this note that if (b, k)
and (m, 1) are both in S(d, 1), then by definition r¢(h) /5 = (b) and r;(h) /5 = (m).
If k € I(W'), then

= (m) — (b) = (m —b) (mod 1).

In other words r;(l’)/5 = (m — b). This proves that if (b,k) € S(d,h), and I’ is

chosen as above, then for pairs (m,]) with b < m <d,

(3.8) (m,1) € S(d,h) if and only if (m —b,1) € S(d — b, ).
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We arrive at the relation
c(dh)
T
(¥%)

{(bk)[ri(h) /5= (b) k#1,b7#0} (

Q c(bh) & (T \C[@—bH)
Z) G (kag)

Ap—A; A=A
kM Q A=A
2= Qe T =

We conclude that YiTg satisfy the same recursion as Zl-Tg. O

The recursion relation and initial conditions imply Y; ¢ = z! e The proof of

Theorem IIL.5 is now complete.

Remark 1I1.11. As a corollary one may easily obtain an explicit formula for the
small J-matrix | 537)71 1 (t,z) by isolating coefficients of the various Zg . We give an

explicit expression for certain specified rows of ]S:n 1 (t,z) in Corollary IV.8.



CHAPTER 1V

A model of the mirror quintic WV

4.1 Fermat quintic and its mirror

Let M C P* be the Fermat quintic defined by the equation Qp(x) = x§ + x] +
xg + xg + xz
M := {Qy(x) = 0} c P~
The Greene-Plesser mirror construction [23] gives the mirror orbifold as the quotient

stack

W :=[M/G].

Note that the G-action on IP* (3.1) preserves the quintic equation Qg (x) and there-

fore induces an action on M. Equivalently,
@1 W ={Qo=0}c =[P/l

Remark IV.1. Gromov-Witten theory is invariant under deformation (this property
is called the deformation axiom in [12], or alternatively, describes a part of what is
referred to as the composition law in [24]). Since in this section we will only be
interested in the Gromov-Witten theory of W, we will only speak of the mirror

orbifold instead of the mirror family.

40
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Recall in Lemma III.1 the inertia orbifold of J = [IP*/G] is indexed by ¢ € G.
For a particular g, the dimension of ), is equal to |{j|r; = 0}| — 1, and can be
identified with a linear subspace of ). The age shift of ), is age(g) = Y ori/5.

The inertia orbifold of the mirror quintic V¥ can be described by that of ). W
intersects nontrivially with ), exactly when ]{ j|r]- = 0}| > 2. (thatis, dim ), > 1.
Let

S:={g=(ro,...,u) €G|2 < |{jlrj =0} }.

(Note that S contains e = (0,...,0).) Then

W =1]Ws, We:=Wn,
g€S

All nontrivial intersections are transverse, so
dim(Wg) = dim(Y,) — 1 = |{j|r; = 0}| — 2.

It follows that the age shift of W, is equal to the age shift of ). The cohomology
of W is given by

HEr(W) = @ H' 250 (W)
g€S

In the sequel, we will only be interested in the subring of H{ (W) consisting
of classes of even (real) degree. We will denote this ring as HZ%" (W). It can be
checked via a direct calculation thatif i : YW < ) is the inclusion,

cr' (W) = i"Heg(Y).
Conventions IV.2. By a further abuse of notation, we will also denote by H the
induced class on W pulled back from ).

A convenient basis {T;} for HE¢" (W) is

(4.2) U {1y LeH, ..., 1 HImOVe)
g€s
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We also note that HEZ" (W) C HEg(W) is a self-dual subring with respect
to the Poincaré pairing of H:; (W). Furthermore, this basis is self-dual (up to a
constant factor). Given ¢ = (rg,...,74) € S, let

g = (=ry,...,—14) (mod5).
Then the Poincaré dual elements can be easily calculated:
K" dim(Wy)—k
(1gHY) " =25 (11 HEmOV)K).
4.2 J-functions of VW

Conventions IV.3. By the matrix J-function of VW, we will mean the matrix con-

sisting of the collection of HZ" (WV)-valued functions with variable t = tH.

(4.3) V(¢ z) = et/ <]1g - quedf<z le ,1g> TZ> ,
d,i N

1 0,2,d

where the basis {T;} is for HZFZ" (W), as in (4.2). Here as in Section III, by the

degree d of amap f : C — V¥V we mean

d:.= / *(H).

[ (1)
Note that if we extend the basis {T;} to a full basis of Hj; (W), the classes of
odd (real) degree will not contribute to | ;V (t,z), and thus (4.3) is equal to the J,-

function of (2.5).

As has been shown in Proposition II1.4, for an orbi-curve C with two marked
points, the degree must be a multiple of 1/5. Recall also from Proposition I11.4
that the only nonzero contribution to the terms in ];/V comes from elements T; sup-
ported on some W, such that [h] = [¢~!]. From the definition of S, it is required

that

(4.4) [{jlrj =0} > 2, Zr]- = 0 (mod5).
]
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We will enumerate all possible cases.

It follows from the conditions (4.4) that |{j|r; = 0}| must be equal to 2, 3 or 5.
That is, dim ()W) is equal to 0, 1 or 3.

If dim(W;) = 3, ¢ = e = (0,0,0,0,0) and 1, = 1. The only basis elements

which contribute to ]}V come from the nontwisted sector. We have

i w
4.5) JV(tz) = e/ (1 + ) q'e ‘”<—Z Hlp ,1> (25H3i)) .
— Y1

d>0 0,2,d

If dim(W;) = 1, then up to a permutation of the entries, ¢ = (0,0,0,7,77)
with 1 # r,. By definition of S, other than g there is no h € S such that [h] = [g].
Therefore, the two basis elements which contribute nontrivially to | ;,/V are ﬂgq and

]lgfl H. We arrive at

IV (tz) =Mz <ng+

Y glett << Ig- >W (251 H)+<H1H11>W (251 )))
=0 1" 8 pa ° 2= 0a °

If dim(W;) = 0, then up to a permutation of the entries, g = (0,0,71,71,72),

(4.6)

with r; # r,. There is only one other ¢1 € S such that [¢1] = [g], namely,
g1 = (—r1,—1r1,0,0,72 — r1) (mod5). The two basis elements which contribute

nontrivially to the invariants of ];,/V are 1,1 and 1, )-1. Thus we can express

IV (¢, 2) as

IV (tz) = T2 (ﬂg+

qu at << . >W (251¢) + <]1( a1 ]1g>w (25]15{1)) )
d>0 4y 02,d 2=’ 02,d

Thus for each twisted component W,, the J-function | g/v has two components.

(4.7)

We will relate the functions Jg "V to certain hypergeometric functions, called I-

functions. To start with, let us introduce “bundled-twisted” Gromov—Witten in-
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variants. Let E — X be a line bundle over the orbifold X'. We have the following

diagram

<_

C L> X
ln
Mou(X,d).

The E-twisted Gromov—Witten invariants are defined to be

<0¢1¢k1, ., an¢kn>())i'lt,‘;’ _ /[//zo,,,(x,d)]v” iljevf (oc,-)tpf-(i Ue(Egna),
where
Eond := 7 f(E)
and e(E,, 4) is the Euler class of the K-class. We can define a twisted pairing on
Heg (45 A) by
(e, ) 2 = /X a1 U I* (a2) U e(E).

With this, we can define a twisted [-function

d T. X tw ’
]X,tW(t’Z):1+t/z_|_2ZZ%<Z_1¢1’1,L...,’£> T

d n>0 i 0,2+k,d

Here T; is a basis for Hiz (X; A) and T' is the dual basis with respect to the twisted
pairing.

The twisted invariants are related to invariants on the hypersurface. In our
case, ¥ =Y = [P*/GJ,and E = 6(5) — Y. One can check that dim (H°(f*(&(5)))
is constant on connected components of .#,, (), d). It follows that Eg ,, ; = R7t,. f*(0(5))
is a vector bundle. The embeddingi : W < ) induces a morphism : : .# ,(W,d) —
Mon(Y,d). Asisshownine.g. [13] 1,

(4.8) L[l (W, d)]V" = e(Eq ) O [ on(V,d)]'"

I That proof, given in the non-orbifold setting, can be readily modified to the orbifold setting.
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This relates the twisted invariants on ) to the invariants on /. Assume that t

is restricted to HZ"()), then by the projection formula,
(4 z) =i ).
Let us now further restrict t to H%R(J) ). In our setting we may write an element
of H2,(Y) as
(4.9) t=tH+ ) 81,

{8lage(g)=1}
Write the [-function of ) as

For each d, define the modification factor

5d
Mg/y = [ [ (5H + mz).
m=1

(Note that we have taken the A = 0 limit in [10].)

Definition IV.4. Define the twisted I-function by

IE(t) ==Y ¢'ME YT (v).
d

Write

IE(t,2) zf(t,z)+1( y thgE(t,z))
2 \{slage(s)=1}

1 E
+- ( ) 1820 o0 (£, 2) +) :

{81.82| age(gi)=1}

(4.10)

For g such that age(g) < 1 (including g = e), define the A model hypergeometric

functions

(4.11) IA(tz) =i (IgE (t,z)> .
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The theorem below is our main result from the A model which will be needed

to prove the mirror theorem.

Theorem IV.5. Given g = (ro,...,r4) such that the age shift of W is at most 1, there
exist functions Fy(t), Go(t), and Hg(t), determined explicitly by Ig(t,z) such that Fy

and Hq (g # 0) are invertible, and

13, 2) Go(t)
(4.12) ];V(T(t),z) = fig(t) where T(t) = PS(t)'

Remark IV.6. In the statement of the theorem, Fy(¢) and Go(f) do not depend on g,

so the mirror map t — T(t) = Go(t)/Fy(t) is well defined.

4.3 Proof of Theorem IV.5

There are two key ingredients in the proof. The first one is the version of quan-
tum Lefschetz hyperplane theorem (QLHT) for orbifolds proved in [10]. By Equa-
tion (4.1), W is a hyperplane section of ) and hence J"V(t,z) can be calculated by

QLHT. Corollary 5.1 in [10] in particular implies the following;:

Theorem IV.7 ([10]). Let the setting be as above, with E = &'(5) — Y. Then

(4.13) IF(t,z) = F(t) + +0(z72)

(4.14) JYW(T(t),z) = where T(t) = %

The second ingredient is the explicit formula of | g from Section III. Note that
we are only concerned with those g such that i*1; # 0 and age(lly) < 1. Therefore
only those ]g are listed. The following is a straightforward corollary of Theo-
rem IIL.5, (3.3) and (3.4) by equating the terms Qc(d'h)]lhfl HF* of Z¢ with the terms

q%e™ ;-1 H of JY .
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Corollary IV.8. The functions ]g’ (t,z) are given by the following formulas.

(Z) Ifg =e= (0/01010/0)/

1
Y _ tH/z d dt
(4.15) Y =e 1+ dz_oq S
(d)= 0<b<d
(b)=0

(ii) If g = (0,0,0,r1,12), let g1 = (—r1, —11, —11,0,72 — 1) (mod 5) and let

82 = (=12, =19, —12,11 — 12,0) (mod 5). Then

(iii) If ¢ = (0,0,1q,71,12), let g = (—r1,—11,0,0,72 — r1) (mod 5) and let g =
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(—=ry, —1p,71 — 13,71 — 12,0) (mod 5). Then

(4.17)
Y _ tH/z g'e
]8 =¢ L, 1+<>Z IT (H+bz)? TI (H+bz)?> T[I (H+1bz)
T 0<b<d 0<b<d 0<b<d
(b)=0 )=(%2) (b)=(%)
d dt
tH/z qe
e g Z,l [T (H+bz)? II (H+bz)?2 TI (H+bz)
(@=(%) o<p< 0<b<d 0<b<d
(B)=(F) (b)=0 (b)=(%)
d dt
tH/z qge
+e ﬂgz Zrz I (H+ bz)z I (H+bz)2 I (H—i— bz)
(@)=(%) o<p<d 0<b<d 0<b<d
w=(%) GNEY oE

In case (ii), up to permutation (r1,7r2) = (2,3) or (1,4). Due to the age requirement,

in case (iii) only (r1,1r2) = (1,3) or (2,1) are possible.

Lemma IV.9. There are scalar valued functions Fo(t), Go(t) and Gg(t) for each g with
age(g) =1, such that

Go(t)H 18 Gy (t)1,
z

i* (IE (t,z)) = Fy(t) +

)3

age(g)=1

+R/

where R denotes the remainder, consisting of terms with either the degrees in t8’s greater
than or equal to 2 or the degree in z~' greater than or equal to 2. In other words, if we

write G(t) from (4.13) as

and denote O(2) the terms with the degrees in t8’s greater or equal to 2, then

F(t) = Fy(t) +O(2), Go(t) = Go(t) +0(2), Ggl(t) = t8Gg(t) + O(2).
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Proof. The proof of this lemma follows from Corollary IV.8 together with the fol-
lowing observations. First, in case (ii) i*(lg,) = i*(llg,) = 0 due to dimensional
reasons. Similarly with i*(1lg,) = 0 in case (iii). Secondly, in case (iii) the 1,, term
has higher z~! power: The modification factor contributes terms of z># plus lower
order (in z) terms. i*]g contributes z~(34+1) plus higher order (in z~!) terms. The

combined contribution goes to the remainder R. O
With all this preparation, it is easy to prove Theorem IV.5.

Proof of Theorem IV.5. Start by pulling back the equation (4.14) to V. Setting all

t8 = 0 we get (4.12) for the case ¢ = e if we let H, = F:
IA(t) = I (t) = i 17 () |e=m-

Here by t = tH we mean that setting all 8 = 0 in (4.9). In the case g # e, take
the partial derivative of (4.14) with respect to t¢ and then set all 8 = 0. Note that

from (4.10), we have
IA(t) '*IE(t) d '*IE(t)‘
g =1 g = Z—atgl t=tH-

By Lemma IV.9 all the “extra terms” vanish and (4.12) follows for ¢ # e after

letting Hq (t) = Gg(t). The proof is now complete. O



CHAPTER V

Periods and Picard-Fuchs equations

The theory of variation of Hodge structures (VHS) is closely related to the B
model of a Calabi—Yau variety X, which encodes information about the deforma-
tions of complex structures on X. By the local Torelli theorem for Calabi-Yau’s,
the Kodaira—Spencer spaces inject to the tangent spaces of period domains and
one can investigate the deformations of X via VHS, which can be described by a
system of flat connections on cohomology vector bundles.

For the benefit of the readers who come from the GWT side of mirror symmetry,
we give a brief and self-contained summary of the parts of VHS theory which are
related to our work: the Gauss—-Manin connection and the associated notions of
the period matrix and Picard-Fuchs equations. For a more detailed introduction

the reader may consult [19], [18].

5.1 Gauss—Manin connections, periods, and Picard-Fuchs equations

Over a smooth family of projective varieties 77 : 2~ — S of relative dimension

n, we can consider the higher direct image sheaf (tensored with s) on S:

50
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The fiber over a point ¢t € S of this sheaf is H"(X;). This sheaf is locally free, and
is naturally endowed with a flat connection VM, the Gauss—Manin connection. It
can be defined in terms of the flat sections given by the lattice R" 7. Z in R" 7,C —

S, a local system. The Hodge filtration can be described fiberwise by
(FP)p = BazpH" " (X1).

We will be particularly interested in the case when the base S is one dimen-
sional. Suppose now S is an open curve and the family 7t extends to a flat family
over a proper curve S. The vector bundle R"71,C ® 05 extends to a vector bundle
A — S whose fiber over t in S consists of the middle cohomology group H" (X;).
While it is not true that VEM extends to a connection on all of .7, the singularities
which arise are at worst a regular singularities [14]. This means that after choos-
ing local coordinates, the connection matrix acquires at worst logarithmic poles at
points of S\ S. Nevertheless we may still speak of flat (multi-valued) sections of
VM controlled by the monodromy.

Let {;} be a basis of H,(X4,). Since 7w : 2~ — S is smooth, it is a locally trivial

fibration and n-cycles 7; can be extended to locally constant cycles v;(t). Let wt be

a (local) section of /7. The functions |, 7i(1) Wt aTe called the periods and by the local

d
— wi | = VMg ().
dt (/%'(f) t> v1(t) ! ( )

The periods satisty the Picard—Fuchs equations, defined as follows. Taking suc-

constancy of v;(t)

cessive derivatives of w; with respect to the connection gives a sequence of sec-

tions

k
Wi, thth, ooy (thM> Wt,....

Because the rank of .77 is finite, for some k there will exist a relation between these
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sections of the form
k k-1 i
(VEM) wi+ Y fi(t) (v?w) wi = 0.
i=0

The corresponding differential equation

G ((%>k+§ﬁ(t) (%)> </v(t) wt) Y

is the Picard—Fuchs equation for w;. The situation when the dimension of S is
greater than one is essentially the same, but (5.1) is replaced by a PDE.

Let {¢;}ic; be a basis of sections of 5. Then if {;};c; is a basis of locally
constant n-cycles, we can write the fundamental solution matrix of the Gauss-

Manin connection in coordinates as

S = (Sij) with Sij = [Y (Pi'
i

With this choice of basis, we see that the i’ row of S gives the periods for the

section ¢;.

Remark V.1. In the literature, often (but not always) the term periods are reserved
for the case when ¢(f) is a holomorphic n-form, i.e. a section of .#", and Picard-
Fuchs equations are defined only for periods in this restricted sense. Here, we
choose to use these terms in the more general sense described above. Note, how-
ever, by the results in [5], for Calabi-Yau threefolds the general Picard-Fuchs

equations can be determined from the restricted ones.

Definition V.2. Let U denote the Kuranishi space of the Calabi-Yau n-fold X. For
the purpose of this paper, we define the (genus zero part of) B model of X as the
vector bundle # — U with the natural (flat) fiberwise pairing and the Gauss—

Manin connection.
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5.2 Griffiths—-Dwork method

Let us assume now that the family X; is a family of hypersurfaces defined by
homogeneous polynomials Q; of degree d in IP" 1. In this case the Griffiths—Dwork
method can be employed to explicitly calculate the Picard—Fuchs equations. We
summarize the relevant results of [18] here.

The method relies on Griffiths” work in [18] showing that one can calculate
the period integrals on X; in terms of rational forms on P"*1. For the time be-
ing, let us fix t and suppress it in the notation. Griffiths first shows that in fact
any class Q in H"*1(IP"*1\ X) can be represented in cohomology by a rational
n+ 1 form. In particular, let ()9 be the canonical n 4 1-form on Pl Qp =
2:7:*01 (—1)'x;dxq - - - dx; - - - dx,+1. We can represent any class () by a rational form

with poles along X,
P(x)

(@)
Q(x)*

where P(x) is a homogeneous polynomial with degree kd — (n + 2).

O =

The rational n + 1 forms are then related to regular n forms on X via the residue
map. More precisely, let A7 (X) denote the space of rational (1 + 1)-forms on P

with poles of order at most k on X, and let
Hi(X) = APTH(X) /dAL_1(X).
This gives an obvious filtration
H1(X) C Ha(X) C -+ C Hys1(X) =: H(X).

This description of rational forms interacts nicely with the Hodge filtration F? of
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the primitive classes. Griffiths proves that the following diagram is commutative:

Hi(X) C Ho(X) C -+ C Hp1(X)
(5.2) | Res 1 Res 1 Res
P c ' c ... c P

and that each vertical arrow is surjective. In particular,
Hier1(X)/ Hi(X) = Pk /Ereiet,

Now, for each n-cycle 7y in Hy,(X), let
T:H,(X) = Hyy (P"1\ X)

be the tube map where T () is a sufficiently small S'-bundle around +y in P"*! \ X.
Griffiths then shows that the tube map is surjective in general and also injective

when n is odd.

Theorem V.3. All primitive classes on X can be represented as residues of rational forms

on IP"+1 with poles on X. This representation is unique when n is odd.

This follows from the surjectivity /injectivity of Res and T, as well as the residue

formula

1

Next Griffiths relates the rational forms to the Jacobian ring. Let
J(Q) = (9Q/0xy,...,0Q/9x,1) be the Jacobian ideal of Q. The key relationship
between rational forms is given by the following formula ((4.5) in [18])

0y "l QEx) 1 O
QeF & = e Tgpe

j=0

n+1 aB,'(x)
+dg,
];) 0x;j

(5.3)

where ¢ € Al ;. Thus, the order of the pole of a form %QO can be lowered if
X

and only if P(x) is contained in J(Q). By identifying the form Res (%QO with

the homogeneous polynomial P, one obtains the following theorem.
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Theorem V4.
(5.4) Clxo,. -, Xus1lak—n—1/](Q) = F' ¥/ F*H17K C PH"H(X).

The above results allow one to explicitly calculate the Picard-Fuchs equations
for certain families of forms w; on X;. As before, let X; be a family of hypersur-

faces defined by a degree d homogeneous family of polynomials Q;. Then we can

t(x)
Qi (x)

represent a family of forms as w; = Res ( Qo> Let ¢ be a locally constant n

cycle as before, then
d 9 Pi(x Pt(x)
ha Res [ =L
ot Jo, “t "ot e(txk ) at/% Qi (x)k

)
B @) 5 3 (2 ))

The third equality follows because a small change in T(y(¢)) will not change its

homology class. In other words, letting VM denote the Gauss—Manin connec-

vires (o) = (3 (ain))

allowing one to obtain the Picard—Fuchs equations of w; via explicit calculations

tion,

of the polynomials (in the Jacobian rings). An explicit example is given in the next

section.



CHAPTER VI

B model of the Fermat quintic M

We now turn to the specific case of the Fermat quintic threefold M in IP*. Tt
has been shown (see e.g. [3]) that the Hodge diamonds of M and W are mirror

symmetric

hPA(M) = B3=PA(W).

In particular, the deformation family of J is one-dimensional while for M the
deformation is 101 dimensional.

Recall in our study of the A model of W, we restrict the Dubrovin connection
(i.e. Frobenius structure) to to the “small” parameter t corresponding to the hyper-
plane class H. In the following discussions of the complex moduli of M, we will
also study the full period matrix for the Gauss—-Manin connection, but restricted
to a particular deformation parameter.

Let
(6.1) Qu(x) = x5+ 37 + %3 + X3 + X7 — PXX1 X2 X3Xs,

and define the family My = {Qy(x) = 0} C P*.

56



57

6.1 Picard-Fuchs equations for My

In the specific case of the family M, there is a “diagrammatic technique”, pi-
oneered in [7] and refined in [15], which utilizes the symmetry of Qy and P to
simplify the bookkeeping.

The starting point is the equation (5.3). Consider the rational form

_ P(x)kﬂo, P(x) = xy---x,t, with iri =5(k—1).
Qy(x) =0

Fix i between 0 and 4, and set B; = (5i]'xiP(x) for 0 < j < 4. Noting that

4 .
alelp( )_5xl, _lpxo...x]....x4’

and applying (5.3) with these choices of B; (and k replaced by k + 1), we arrive at

1 + ri P
(62) 5/ Qk+1 1P/ QkH QO -k /T(y) Q_'&,QO

for any choice of cycle v € H,(X). Note, however, that there is a degenerate case

in the above setting: in the case when P(x) is independent of x;, let B; = J;;P(x).

Then in (5.3) we get
Xj...xq) P
(6.3) 5/ k+1 W) P, —¢/ A w)Pa g
Qw
We can interpret this equation as allowing r; = —1 in (6.2).
Furthermore, %le = —Xp - - - X4, and so we have the relationship
9 P cex4) P
(6.4) —/ 0y = k/ %QO.
W J1(7) Qy T Qy

The authors in [7, 15] apply (6.2) (6.3) and (6.4) recursively to get relations of the
periods, hence the Picard—-Fuchs equations. For convenience of bookkeeping, one

can keep track of the polynomial P(x) by its exponents (ro,...,74). (6.2) can be
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understood symbolically as a relation between (ry,...,74), (ro,..., i +5,...,74)
and (ro+1,...,74+1).

Consider for example the case P = 1 corresponding to (0,...,0). Applying
(6.4) four times, one may write the fourth derivative of (0,...,0) as a multiple of
(4,...,4). This may then be related to (5,5, 5,5,0) by (6.3). Applying (6.2) to relate
(ro,...,r4) to a linear combination of (rg,...,r; —5,...,r4) and (ro+1,...,7; —
4,...,r4 + 1) repeatedly, one can reduce to terms with r; < 4 for all i. In fact,
eventually all terms will be of the form {(r,7,...,7)} forr =0,...,4. This can be
seen by noting that none of (6.2), (6.2) or (6.4) changes r; — r; (mod5). Hence, we
have found a relation between the fourth derivative of (0,...,0) and {(r,...,r)}
forr =0,...,4. By (6.4), the various (7, ..., r) are r-th derivatives of (0,...,0), and
we obtain a fourth order ODE in ¥ for the period corresponding to P = 1. (See
Table 1 below for the equation.) Other cases can be computed similarly. These
arguments can be illuminated by diagrams in [7, 15], hence the name diagrammatic
technique.

Now we apply this method to calculate the Picard—Fuchs equations for the pe-
riod integrals we are interested in. For every ¢ = (rg,...,714) € G (defined in
Section 3.1), define

Pe(x) = xp - - - x!

and
4,
k = Zgl +1=age(g) + 1.
i=0

We will consider specific families of the form

Py (x
(6.5) we(P) := Res (gqji;{(}o)

For our purposes, it will be sufficient to consider families wq such that Py satisfies
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age(g) < 1 (ie. Yt or; < 5) and at least two of the ;s equal 0. We remark that
these conditions on g match the conditions on A model computation in Section IV
perfectly. In Claim VII.7 it is shown that the derivatives of these families generate
all of J7.

Table 1 below gives the Picard-Fuchs equation satisfied by each of the above-
mentioned forms. We label the forms by the corresponding 5-tuple ¢ = (7o, ..., 74).
Note that permuting the r;’s does not effect the differential equation, so we do not

distinguish between permutations. Here

t = —5log(y).

The same computation was done in [7, 15]. We note however that there are several

type Picard-Fuchs equation
(0,0,0,0,0) | (§)* = 5% (f + 5)(f + &) (& + D& +3)
(0,0,0,1,4) (4)* = 5% (g +2/5)(§ +3/5)
(0,0,0,2,3) (4)? = 5% (g +1/5)(f +4/5)

(0,0,1,1,3) | (§)(4 —1/5) = 5% (g +1/5)(§ +3/5)

(0,0,2,2,1) | (4£)(& —2/5) —5%! (4 +1/5)(4% +2/5)

Table 6.1: The Picard—Fuchs equations for forms w.

differences between the period integrals we consider, and those of [15]. First, our
family My differs from that in [15] by a factor of 5 in the first term. Second, the

forms we consider (6.5) differ slightly from those considered in [15] by an extra
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factor of ¢ in the numerator (see remark VI.1). Finally, our final equations use
different coordinates than in [15]. However the same methods used in their paper

can easily be modified to obtain the formulas we present here.

Remark VI.1. The factor of i in the numerator of (6.5) might appear unnatural
at the first glance, but it can be considered as a way to change the form of the

Picard-Fuchs equation, as

%e_t/5f(t) —¢t/3 (—é + %) f(t).

In the comparison of the A model and B model this modification will simplify the
[-functions from both sides. It is also used in the Mirror Theorem for the Fermat

quintic.

6.2 B model [-functions

We can solve the above Picard-Fuchs equations with hypergeometric series. As
in Section III, we will organize these solutions in the form of an I-function. For
each of the above forms wy, Ig will be a function taking values in Hi (W) =

H*(IW), whose components give solutions to the corresponding Picard-Fuchs

equation.

Proposition VI.2. For the g listed in table 6.1, the components of I g (t,1) give a basis of

solutions to the Picard—Fuchs equations for wg, where Ig (t,z) is given below.
(i) Ifg =e=1(0,0,0,0,0),

(5H + mz)

(6.6) If(t,z) —etH/z [ 14 Z edt1§m§5d
(d)=0

(H + bz)®
0<b

{b)

L3
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(ZZ) lfg = (O/ 010171/ 7’2)/

19(t,z) = /71,

[T (5H+ mz)
(6.7) 1+ Y o 1<m<5d
dZo  I1 (H+bz)* TT (H+bz) 1 (H+bz)
S 0<b<d 0<b<d 0<b<d
=0 ®)=(%) b=

(iii) If g = (0,0,11,11,12), let g1 = (—r1, —11,0,0,72 — r1) (mod 5). Then

(6.8)
Ig(t,z) =
[T (5H+ mz)
otH/2q 1+ Z At 1<m<5d
8 [T (H+bz)?2 TI (H+bz)?2 TI (H+b2)
(d)=0
0<b<d 0<b<d 0<b<d
=0 ®)=(%) ®)=(%)
[T (5H+ mz)
+ etH/Zﬂ 2 edt 1<m<5d
& 0=(n) [1 (H+bz)?2 TI (H+bz)?2 TI (H-+bz)
5 0<b<d 0<b<d 0<b<d
=(3) (p=0 =(3)

Remark V1.3. Note that the functions I; (t,z) in equations (6.6), (6.7), and (6.8), are
supported on spaces of dimension 3, 1, and 0 respectively (in particular, H = 0 in
(6.8)). So for each g, the number of components of IgB (t,z) equals the order of the

corresponding Picard-Fuchs equation as desired.



CHAPTER VII

Mirror Theorem for the mirror quintic: A(W) = B(M)

In this section, we will show the “mirror dual” version of (the mathematical
version of) the mirror conjecture by Candelas—de la Ossa—Greene-Parkes [6]. More
specifically, we will show that the A model of W is equivalent to the B model of
M, up to a mirror map.

We start in 7.1 by stating a “classical” mirror theorem relating the GWT of W
with the periods of My on the level of generating functions. This is exactly analo-
gous to Givental’s original formulation in [16]. In 7.2 we give a brief explanation
of how Givental’s original statement of the mirror theorem implies a full corre-
spondence between the A model of M and the B model of W. Finally in 7.3 we
use similar methods as in 7.2 to prove a mirror theorem equating the A model of

W to the B model of M.

7.1 A correspondence of generating functions

We will first show that the I-functions Ié“ of the A model of W (Definition IV.4)

are identical to the I-functions IgB of the B model of My defined in Section 6.2.

Remark VII.1. Note that in the formula I;, the Novikov variable g always appears
next to e’. There is therefore no harm in setting ¢ = 1. We apply this specialization

in what follows.
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Proposition VIL.2. Let ¢ = (ro,...,1r4) € G satisfies the conditions age(g) < 1 and
that at least two of r;’s are equal to zero. We have an A-interpretation of g as parameter-
izing a component of We in IVV. We have also a B-interpretation of g in wg (6.5) where

Py denote the polynomial x - - - x;*. Then
I;(t,z) = IgB(t,z).

Proof. This follows from a direct comparison of formulas (4.15), (4.16), and (4.17)

from Corollary IV.8 with formulas (6.6), (6.7), and (6.8) respectively. O]

Combining Proposition VIL.2 with Theorem IV.5, we conclude that some peri-

ods from VHS of M correspond to the Gromov-Witten invariants of V.

Corollary VIL3 ([20]). For each g = (ro,...,r4) € G such that age(g) < 1and Wy is

nonempty (i.e. at least two r;’s vanish), we have

];,/V(T(t),z) = where T(t) =

In other words, under the mirror map

t—T=

the periods of % are equal to the coefficients of ];V (7,1).

This theorem should be viewed as an analogue of Givental’s original mirror

theorem VII.4 stated below.
7.2 Mirror theorem for the Fermat quintic revisited
To obtain some insight into the full correspondence, we return to the “classical”

mirror theorem for the Fermat quintic threefold. While this is not strictly neces-

sary for the logical flow of the proof, we feel that it illuminates our approach in a



64

simpler setting. We also strive to clarify certain points which are not entirely clear
in the literature.

Let JM(t,z) denote the small J-function for M where t is the coordinate of
H?(M) dual to the hyperplane class H. Let Wy denote the one dimensional de-

formation family defined by the vanishing of Qy (see (6.1)) in ).

7.1) Wy = {Qy(x) = 0} C V.

@ = Res (504,(():2)) |

As in section VI there exists an H*(M)-valued I-function, I{fvlp (t,z), such that the

Let

components of I{fw (t,1) give a basis of solutions for the Picard—Fuchs equations

for wy, where t = —5log .

Theorem VII.4 (mirror theorem [16, 21, 4]). There exist explicitly determined func-

tions F(t) and G(t), such that F is invertible, and

1B, (t,2)
M(x(t),z) = WI‘;T where T(t) = %

We will show how Theorem VII.4 implies a correspondence between the funda-
mental solution matrix of the Dubrovin connection for M and that of the Gauss—
Manin connection for Wy. In order to emphasize the symmetry between the

A model and B model, we will denote the respective pairings as (—, —)* and

(= )"
Let
s = 1p_5,
and consider the flat family Ws over S = Spec(C|[s]). Then if we let t = log(s),
= IB

I CBWS Wy In the Calabi-Yau case, the H expansion of I? always occurs in the
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form of a function of H/z, in particular I)évs is homogeneous of degree zero if one
sets deg(z) = 2. The same is true of J™. Thus, one may set z = 1 without loss of
information. IEVS (t,1) gives a basis of solutions for the Picard-Fuchs equations of
w. In other words after an appropriate choice of basis {s5(t),...,s5(t)} of solu-

tions of VEM,
(P, @)" = (i) (1),
where <I{§Vs>l' (t,z) is the H' coefficient of I)lfvs (t,z).
By the same argument, if we choose an appropriate basis {s3 (1), ...,s5(7)}

of solutions for VZ, Section II shows that the coefficients JM(t, 1) of the function

JM(t,1) give us the functions
(s (1), )" = JM(7,1).

Thus we can interpret Theorem VII.4 as saying that after choosing correct bases

of flat sections and applying the mirror map

_ G
tHT—W,

we have the equality

B _ (15"5)1' (1)

o =M = (@A

1

(s7 (1), w/E(t))

To show the full correspondence between the solution matrix for the Dubrovin
connection for M and the solution matrix of the Gauss—Manin connection on S,

we must find a basis ¢y, . .., ¢3 of sections of .7 and a basis T, ..., T3 of sections

of H®»"(M) such that for all i and j,
o) 8,07 = (61, T)"

As one might expect, we set ¢p = w/F(t) and Tp = 1.
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Claim VIIL.5.
GM ] .
4>]-:<Vt >¢0for0§]§3

gives a basis of sections for .

Proof. This follows from standard Hodge theory for Calabi-Yau threefolds, but in

this case can be explicitly calculated.

d 1 1
GmM, 4 ( 1 1 oM
Vit =g, (F(t)) CHEHY @

ll(t) P (O X0 X4
7.3 =— R — 4+ —09 | .
( ) © (Qtp Qi 0)

Because of the last term in the above sum, the image of (VEM) ¢g in .#2/.73 is

nonzero by (5.4). Similarly, the image of (VFM )j Poin F3T/ F3H i for1 <j<3

is nonzero, thus the sections ¢y, . . ., ¢3 must be linearly independent. O
Note that
d
(7.4) (s7,¢1)" = (57, ViEMo)® = (57, 90)" =

h) ot\ 9 ot 4
&(SZA/ To)* = (y) E(SZA, To)* = <S§4, <§> ViTo) .

Therefore, if we set
d(G/F)
ot

T, = ViTy,

we have the relationship

(sP, 1) = (s, )™



67

If we similarly set
d(G/F)

Te=—>5;

viTk—ll

(7.2) follows.

This shows that after identifying the section ¢; with T; the mirror map lifts to
an isomorphism of vector bundles, which preserves the connection. Indeed, the
fundamental solution of the Gauss—-Manin connection is a 4 by 4 matrix, where 4 is
the rank of H3(W). On the other hand, the fundamental solution of the Dubrovin
connection is also a 4 by 4 matrix, where 4 is the rank of H®**(M). We recall
that the J-function can be thought of as the first row vectors of the fundamental
solution matrix, as discussed in Section II. The above discussion shows that we
can extend the correspondence between the first row of the fundamental solution
to the full fundamental solution.

We summarize the above in the following theorem.

Theorem VIL.6. The fundamental solutions of the Gauss—Manin connection for Ws are
equivalent, up to a mirror map, to the fundamental solutions of the Dubrovin connection

for M, when restricted to H>(M).

7.3 Mirror theorem for the mirror quintic

In this subsection, we will extend the partial correspondence in Section 7.1 be-
tween the periods of My and the A model of WV to the full correspondence, gen-
eralizing the ideas in Section 7.2.

Similar to the above, consider the flat family M over S = Spec(C|s]) defined
by (6.1), where s = ¢! = ¥ ~°. Corollary VIL3 states that some periods of Mj
correspond to Gromov-Witten invariants on WW. We would like to extend this

result to all periods.
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First, we must choose a basis of sections of /# — S. Let w, denote the holo-
morphic family of (3,0)-forms corresponding to g = e = (0, ...,0) in (6.5). It is no
longer true that derivatives of w,/ Fy(t) with respect to the Gauss—Manin connec-
tion generate a basis of sections of J#, thus it becomes necessary to consider the
other forms wy satisfying the conditions formulated in Corollary VIL.3. Namely,
let . = w/Fy(t) and let ¢, = wy/Hgy(t) where g satisfies age(g) = 1. Consider

the set of sections

{90, VM0, (VEY) 0, (VEM)Y g0} U{9g Vi g}
Claim VIL?7. These forms comprise a basis of the Hodge bundle ¢ .

Proof. The proof is similar to Claim VIL5. We note that in the last four rows in
Table 1, corresponding to age one type, the dimensions are 20, 20, 30, and 30. Thus
{¢¢}| = 100, and there are exactly 204 forms in the above set. One can check
via (5.4) and another argument like in (7.3) that these sections are in fact linearly

independent. O

k
Then, as in (7.4) the periods of (VEM)kgy correspond to the derivatives (%) IV (t,1),
and the periods of VEM¢, correspond to (%) ]g\} (7,1).
LetTo = 1,and T, = 29VET | for0 < k < 3. Let Ty = Iy and T} =

a(th/ fo) VZ1,. Then if we choose the correct basis of flat sections {sP} and {s#},

we have that
(sP, (VEM)*90)® = (sf', Te) ",
(SzBf‘Pg)B = (SzAr Tg)A and
(sF, VEMpg)® = (s, Tg) ™

This implies that the set

{TOI Tl/ TZ/ T3} U {ng Té}/
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is a basis of THE%" (W), and that with these choices of bases the solution matrices
for the two respective connections are identical after the mirror transformation.
Thus we obtain the full correspondence.

In terms of the language of Theorem VII.6, we can formulate our final result in
the following form. On the side of the A model of W, let t be the dual coordinate

of H; on the side of B model of M;, let t = log(s). Then we have

Theorem VIL.8 ([20]). The fundamental solution matrix of the Gauss—Manin connection
VM for Ms is equal, up to a mirror map, to the fundamental solution matrix of the

Dubrovin connection V5 for W restricted to tH € H>(W).

Remark VIL9. Even though the base direction is constrained to one dimension in-
stead of the full 101-dimension deformation space, our fundamental solutions are

full 204 by 204 matrices, as both ranks of H3(M) and H®**" (W) are 204.
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