ON THE EXISTENCE OF ATTRACTING DOMAINS FOR MAPS TANGENT TO
THE IDENTITY

by

Sara W. Lapan

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Mathematics)
in the University of Michigan
2013

Doctoral Committee:

Professor Mattias Jonsson, Chair

Professor David E. Barrett

Post-Doctoral Assistant Professor Trevor C. Clark
Post-Doctoral Assistant Professor Dusty E. Grundmeier
Assistant Professor Vilma M. Mesa



© 2013 - Sara W. Lapan.

All rights reserved.



ACKNOWLEDGEMENTS

First of all, I would like to thank the Department of Mathematics at the University of
Michigan, which has been my mathematical home for the past six years. Many people in
the department, from professors to office staff to fellow graduate students, have helped me
succeed in graduate school and I appreciate everyone’s help and support. I would like to
thank everyone in the department as well as specifically thank a few at the university.

I want to thank my committee members Dave Barrett, Trevor Clark, Dusty Grundmeier,
and Vilma Mesa, who carefully read my dissertation and provided me with many useful
comments. I also want to thank a couple of people who helped me refine my mathematical
interests early on in graduate school. In particular, I want to thank Dave Barrett for rein-
forcing my interest in complex analysis and Karen Smith for kindling my interest in algebraic
geometry; both of them helped guide me towards complex dynamics.

Most of all, I want to thank my thesis advisor, Mattias Jonsson for his guidance and
support. As I am fairly shy, choosing an advisor was an intimidating process. However, after
meeting with Mattias only a few times, I knew that he was someone with whom I could
work; he was welcoming, friendly, and did a wonderful job of making me feel comfortable.
When 1 first started working with him, I only vaguely knew what I wanted to research -
something related to complex analysis and algebraic geometry. He helped me choose an
area that combined these interests and found interesting problems for me to research. He
also encouraged me to interact with my academic brothers, Rodrigo and William, as well
as interact with the complex analysis and dynamical systems communities in the U.S. and
abroad. In addition, he was very supportive financially - finding funding so that I could
focus on my research and attend conferences. Mattias, thank you for all of your help and
for giving me tools to succeed in the future.

I also want to thank my family who has always supported me. Growing up, my parents,
Harvey and Sally, always encouraged me to pursue my many interests and motivated me
to think critically - especially about economics and mathematics. My older brother, Josh,

helped prepare me for the challenges of interacting with others (he teased me a lot) and

i



inspired me to work hard to achieve my goals (I had to work hard to not be overshadowed
by his accomplishments!). As a graduate student, my parents, brother, and sister-in-law,
Ariya, were always willing to offer me advice and support - plus, most of them having also
gone through the process, they were able to show me the light at the end of the tunnel that
is graduate school. T especially want to thank the most recent addition to my family - my
husband, Jeff. Since the day we met in physics lab in 2003, Jeff has been a constant source of
amusement and support as well as a sounding board for my mathematical ideas (he also just
completed his Ph.D. in mathematics). Jeff, thank you for all of your love, support, patience,
and silliness.

Finally, I want to thank my friends who have helped keep my spirits high throughout
graduate school with many great conversations, dances, and laughs. In particular, I want to
thank my academic twin brother William with whom I shared many adventures and who,
luckily, found my crazy antics amusing instead of annoying (e.g. dancing . . . everywhere)
- I look forward to having many more mathematical discussions and attending many more
conferences with William in the future. I also want to thank all of my friends for asking me
about my research; you have greatly helped me be able to explain the underlying ideas of

my research both verbally and through dance!

il



PREFACE

Before discussing the specifics of this thesis, let’s take a moment to explore the idea of a
dynamical system. Suppose you have a pool table, a cue stick and a ball. Place the ball
anywhere on the table, taking note of where you place it. Hit the ball with your cue stick
at a particular angle, with a particular force. The ball will move around the table until it
eventually stops; take note of the new position of the ball. Hit the ball with your cue stick
in the exact same manner as before - with the same angle and force. The ball will move
around the table until it eventually stops; take note of this new position. Continue to do this
process indefinitely, each time adding onto the list of positions the ball attains. The list you
create tells you about the behavior (or dynamics) of the system. Fix a manner in which to
hit the ball; this is a function defined at all possible positions of the ball on the pool table.

By varying the initial position of the ball even slightly, our list of positions that the ball
attains can change dramatically and may demonstrate very different behavior. For instance,
it could happen that where you initially place the ball, after hitting the ball five times it
returns to this initial position; in this case the behavior of the ball is periodic, repeating itself
after 5 iterations. Or it could happen that you position the ball so that after hitting it once
it ends in the exact same position; in this case the position of the ball is fized. Or you could
position the ball so that each time you hit it, the ball gets closer and closer to a particular
position z on the table, but it never actually reaches that position x; in this case the position
you chose is attracted to x. Or perhaps you place the ball somewhere on the table and when
you hit it, the ball actually does what it is suppose to do and goes through one of the holes
in the table; then the ball has left the system and we can no longer study how the cue stick
acts on the position of the ball. In dynamics, we study the behavior of points under iteration
by a function and characterize these possible behaviors (such as periodic, fixed, or attracted
to a point).

One of the guiding questions behind the study of local (discrete) holomorphic dynamics
is: given a germ f of a holomorphic self-map of C™ that fixes a point (say the origin), can f

be expresed in a simpler form? If so, then the dynamical behavior of the map can be more
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easily understood.

In one dimension, f can be expressed near the origin as:
k k+1
f(2) =z +apz" + ap 2+

where k € N and either both £ > 1 and a; # 0 or f(z) = Az. The local dynamics of f is
well-understood except when |[A| = 1, but A is not a root of unity. The remaining scenarios
for how f depends on A can be divided into 3 cases: (1) If |A\| # 0,1, then f is locally
holomorphically conjugate to the linear map z — Az. Hence, the local dynamics in this case
is clear: when |A| < 1 (or |A| > 1), points tend towards the origin upon repeated application
of f (or f71, respectively). (2) If A = 0 and a, # 0, then f is locally holomorphically
conjugate to the map z — z¥. Hence, all points near the origin tend towards the origin upon
repeated application of f. (3) If A is a ¢-th root of unity, then we can better understand
the local dynamics of f by understanding the local dynamics of f9. In this case, assuming
f(2) £ Az, f is not holomorphically conjugate to a linear map in a full neighborhood of the
origin, however, the dynamics of f in a neighborhood of the origin is still well-understood.
We discuss this case further in §I.1} More information on the topic of local dynamics in one
dimension can be found in [A3, [CGl M].

In higher dimensions, f can be expressed near the origin as:
f(z) = Pi(2) + Pi(2) + Pera(2) + .. .,

where £ € N, P; is a homogeneous polynomial of degree j € N and either both k£ > 1
and P, # 0 or f(z) = Pi(z). The local dynamics of f is much more complicated and less
well-understood in higher dimensions. In this paper, we only consider maps that are tangent
to the identity, which means that P, = Id and f # Id. Given additional assumptions on
f, there are several results on the existence of curves, submanifolds, and domains that are
invariant under f and whose points are attracted to the origin upon iteration by f. We
discuss many of these results in as well as more recent results in the following chapters
and open questions in Chapters [3] and [4

In this paper, we focus on the following question: How do different assumptions on f
affect the existence of a domain that is invariant under f and whose points are attracted
to the origin tangentially to a particular direction under iteration by f? In Chapter [I]
we introduce definitions and previous results necessary for understanding the context and
content of the subsequent chapters. In Chapter [2, we show the existence of an invariant
attracting domain for a germ of a holomorphic self-map of C? whose unique characteristic
direction is non-degenerate. In Chapter we restrict to maps in C? and discuss results on the

existence of invariant attracting domains. We also introduce examples of maps that do (do



not) have an invariant attracting domain whose points converge tangentially to a direction,
ask some (currently) open questions on the subject, and concisely summarize (in Table
results on the existence of invariant attracting domains in C2. In Chapter , we focus on
the existence of invariant attracting domains in C™, for m > 3. We discuss what results are
known, provide additional examples of maps that do (do not) have such invariant attracting
domains, ask some (currently) open questions on the subject, and concisely summarize (in

Table results on the existence of invariant attracting domains in C™, for m > 3.
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ABSTRACT

One of the guiding questions behind the study of local (discrete) holomorphic dynamics is:
given f, a germ of a holomorphic self-map of C™ that fixes a point (say the origin), can f
be expressed in a simpler form? If so, then the dynamical behavior of the map can be more
easily understood. In general, we want to know how points near the origin behave under
iteration by the map f. More specifically, we want to know when there exists a domain
whose points are attracted to the origin under iteration by f and, if such a domain exists,
when its points converge to the origin tangentially to a given direction. In dimension one,
the Leau-Fatou Flower Theorem shows the existence of such domains. In higher dimensions,
Hakim showed that given some assumptions on f and the direction v, a domain of attraction
whose points converge to the origin tangentially to v does exist. In this thesis, we consider a
collection of maps that do not satisfy the assumptions of Hakim’s theorem. The main result
we discuss is for maps in C? that have a unique characteristic direction and this direction is
non-degenerate. We show that there exists a domain of attraction whose points converge to
the origin along the characteristic direction and on which the map is conjugate to translation:
(1,w) — (7 + 1,w). When the map is a global automorphism, there exists such a domain
of attraction that is also a Fatou-Bieberbach domain. In addition, we discuss other types
of germs of holomorphic self-maps of C? or C? that fix the origin, in each case determining
whether or not there exists an invariant attracting domain whose points converge to the

origin tangentially to the same direction.



CHAPTER 1

Introduction to complex dynamics

In this paper, we study holomorphic self-maps of C™ that fix a point and, in particular,
focus on the behavior of points near the fixed point under iteration. We begin by defining

the main object of study.

Definition 1.1. A (discrete) holomorphic local dynamical system at p € C™ is a holomorphic
map f : U — C™ such that f(p) = p, where U C C™ is an open neighborhood of p.

Notation. Let End(C™, p) denote the set of all (discrete) holomorphic local dynamical sys-
tems at a point p € C™. Let f,g € End(C™,p) be defined on open sets U,V C C™,
respectively, that both contain the point p. We say that f and g are in the same equivalence
class if and only if they agreec on U NV (e, (f,U) ~ (9,V) < fluav = glunv).

In order to discuss the dynamics of f € End(C™, p), we first need to define the iterates of
f and determine where they are defined. Suppose f is defined on U C C™ with p € U. Then
the second iterate of f is defined on the open set U N f~1(U) containing p and additional

iterates of f can be defined on open sets containing p in a similar fashion.

Definition 1.2. Let f € End(C™, p) be defined on the open set U C C™ with p € U. Denote
the n-th iterate of f by f™ and the n-th iterate of a point z € U by z,. In particular,

fl=f fPi=fof,  fri=fofl=fo--of and z = f(2).
—
n—times
The set of points {z,}>°, where zy := z, is called the orbit of z. In addition, the stable set
Ky of fis:
Ky = ﬂ (),
n=0

the set of all points on which f and all of its iterates are defined. A point (or its orbit)
escapes from U if z € U\ K.



In this paper, we study the set Ky and, in particular, when K is open we look for open
subsets of K; whose points converge to p under iteration. The set K is nonempty since

p € Ky; however, it can happen that K; has empty interior and even that K; = {p}.

Example 1.3. Consider the germs f(z) = 2z and g(z) = %z both defined on D, := {z €
C™ | ||z|] < r} for some 0 < r < oo. Then f"(z) = 2"z and ¢g"(z) = 27 "z. FEventually for
any point z € D, \ {0}, f*(2) ¢ D, and ¢"(2) € D,. Hence, Ky = {0} and K, = D,. In
other words, the orbit of every point in D, \ {0} under f escapes from D,, but the orbit of

every point in D, under g remains inside D, and, in fact, converges to the origin.

In order to simplify notation, we shall assume for the remainder of this paper that p is

the origin, O. Near the origin, any f € End(C™, O) can be expressed as:
f(z) = Pi(z) + Pa(z) + - (1.1)

where P; = (le, ..., Pi") and each P]l is a homogeneous polynomial of degree j. In particular,
Py is the differential of f at the origin, dfp, and f is locally invertible exactly when P is

invertible.

Definition 1.4. Let f € End(C™,O). If all of the eigenvalues of dfo:
e have modulus strictly less than 1, then O is an attracting fixed point;
e have modulus strictly greater than 1, then O is a repelling fixed point;
e are roots of unity, then O is a parabolic fixed point.

Of course there are other types of fixed points, but these three, and primarily the last
one, are the only types of fixed points we discuss in this paper. In Example [1.3] the origin
is a repelling fixed point for f and K; = {0}, while the origin is an attracting fixed point
for g and K, = D,, the open set containing the origin on which g is defined. In general, if
the origin is a repelling fixed point for f € End(C™, O), then Ky = {O}. Conversely, if the
origin is an attracting fixed point for f € End(C™, O), then K is an open neighborhood of
the origin. When the origin is a parabolic fixed point for f, it is much less clear what K7y,
the stable set of f, will be and this is what we focus on in this paper. More specifically,
we look at maps that are tangent to the identity at the origin, and, consequently, have the

origin as a parabolic fixed point.

Definition 1.5. A germ f € End(C™, O) is tangent to the identity if P, = Id in (1.1)). In
addition, if P, # 0 and P; =0 for 1 < j < k, then k is the order of f.



Let f € End(C™,O) be tangent to the identity of order k defined on U C C™, an open

neighborhood of the origin. Near the origin, f can be expressed as:
f(2) =2+ Pi(2) + Proga(2) + ...,

where k > 1, P, # 0 and z € C™.

Definition 1.6. Let f € End(C™, O) be tangent to the identity.

1. Suppose the orbit of a point z € C™ converges to the origin (z, — O), but does not
reach the origin (z, # O,Vn).

e If m =1, the orbit converges tangentially to a real direction v if:

Z—n—>v€Slc(C.
|20

e If m > 1, the orbit converges tangentially to a complex direction [v] if:
[2a] = [v] € P"7(C),
where [v] is the canonical projection of v € C™\ {O} to P (C).
2. A domain D C C™ is f-invariant if f(D) C D.

In order to more easily study the dynamics of a map f € End(C™,O), we would like f
to be expressed in a simple form. Ideally we can conjugate f to a map of a simpler form

whose dynamics can be more easily understood.

Definition 1.7. Let f; € End(C™,p;) and fo € End(C™,py). Then f; and fo are holo-
morphically (or topologically) locally conjugate if there are open neighborhoods U; 3 p; and
Uy 3 py in the domains of f; and fy, respectively, and there is a biholomorphism (or a

homeomorphism, respectively) ¢ : Uy — U, with ¢(p;) = ps such that:

fi=¢lofrogp on ¢ (Uan f3H(U2)) = Ui fiH(Th).

If two maps f1, fo are locally conjugate, then the local dynamics of one map tells us about

the local dynamics of the other one because:

fi=(¢"0fr0d) =60 fhog,

for all k € N.



Notation. Let || - || denote the standard Euclidean norm so that for z € CP,

1
p 2
ol = (zw) |
j=1

Given f,g1,...,9s : C™ — C", we shall write f = O(g1,...,9s) to mean 3Cy,...,Cs > 0
such that:
LF N < Cullgu(2)I] + - -+ + Cllgs(2)]]

and we shall write f = o(g;) to mean:

@

1211-0 ||g1(2)]]

1.1. Complex dynamics in dimension one

We shall start by discussing holomorphic local dynamics at the origin in C.

Definition 1.8. Let f € End(C,0) be tangent to the identity of order k so that near the

origin f has the form:
f(z)=2z(1+ap""+...), where k > 1 and aj, # 0.

1. An attracting (or repelling) direction for f at the origin is v € S* C C such that agv*~1

is real and negative (or positive, respectively).

2. The basin centered at an attracting direction v is:

f*(z) — 0, () — v} .

Bj, = {ze K¢\ {0}

3. An attracting petal centered at an attracting direction v is an open, simply-connected
f-invariant set P C K¢\ {0} such that a point z € By, if and only if {f"(2)} NP # 0.

We can easily extend these definitions to repelling directions because a repelling direction
direction for f is an attracting direction for f~!. Hence, a repelling petal for f centered at
a repelling direction v is an attracting petal for f=! centered at v.

The following theorem, often called the Leau-Fatou Flower Theorem, completely de-
scribes the local dynamics of f near the origin. In addition, it can be extended to maps with
a parabolic fixed point.[CGl [M].

Theorem 1.9 (Leau-Fatou). Let f € End(C,0) be tangent to the identity of order k. Then:



(i) f has k — 1 attracting directions and k — 1 repelling directions.

(i1) For each attracting (or repelling) direction, there exists an attracting (or repelling)
petal, so that the union of all of these 2(k — 1) petals together with the origin forms a
neighborhood of the origin.

(iii) K¢\ {0} is the (disjoint) union of the basins centered at the k— 1 attracting directions.

() If B is a basin centered at one of the attracting directions, then there exists a function
¢ : B — C that conjugates f|p to translation, i.e. po f(z) = ¢(z)+1 forallz € B. In
addition, if B is a petal as in , then ¢|p is a biholomorphism with an open subset

of the complex plane containing a right half-plane.

In Figure [L.1} we see a depiction of the local dynamics of f(2) = 2z — 2% = 2(1 — 22) as
described by the Leau-Fatou Flower Theorem. The attracting (or repelling) directions of f
are the positive and negative sides of the real (or imaginary) axis. Centered at each of the
two attracting directions, there is an attracting petal; similarly, centered at each of the two
repelling directions, there is a repelling petal. Points inside each attracting (or repelling)
petal approach the origin along their central axis upon repeated application of f (or f=1,
respectively). Together with the origin, the four petals form a complete neighborhood of the

origin.

-

Figure 1.1: Leau-Fatou Flower for f(z) = z — 2*

Some of the techniques used to prove the Leau-Fatou Flower Theorem are also used to
prove similar higher dimensional results; for instance, some of the techniques are used in the
proofs of the main results of Chapter [2l We give an idea of the proof below, focusing on
those relevant techniques. For a more detailed proof, see [A3, [CG, M].

5



Proof. (Sketch) Assume f has order 2; this assumption simplifies some of the steps of the
proof without significantly changing any of the techniques. In addition, assume that a; = —1,

which is the case after a linear conjugation. Then
f(z)=2—224+0(2*) = 2(1 — 2+ O(2?))

has an attracting direction along the positive real axis and a repelling direction along the
negative real axis. These directions along with the corresponding attracting and repelling

petals are depicted in Figure

_

_

) /

[

.

[

Figure 1.2: Leau-Fatou Flower for f(z) = z (1 — 2z + O(z?))

First of all, we want to find an attracting petal for f. For any 6 > 0, let Ps be the disc

centered at § with the origin in its boundary, so that:
Ps:={zeC ! |z — 6] <&}

It turns out that for § small enough, Ps is an attracting petal for f.

In our first coordinate change, we move the fixed point at the origin in C to infinity in
PY(C). Let ¥ : C\ {0} — C\ {0} be:
U(z):=-—.
()=~

Then ¥ is a biholomorphism, ¥~'(w) = 1, and P; maps onto the right half-plane:
1
Hs .= VU(F5) = {w eC ‘ Re(w) > 2—5}

We want to define f in our new coordinates, w = % Since f is a germ defined in
a neighborhood of the origin, for a small € > 0, f will be defined on the disc D(0,¢) of

6



radius € centered at the origin. Hence, for |w| large enough, f is defined at W~!(w). Let

F:=To foWU™! which is defined for |w| > e¢~!. Then:

F(w)—<$<1—%+O(%)))_1—w+1+£+0<%), (12)

for some b € C. We can study the dynamics of F' in a neighborhood of oo to learn about
the dynamics of f in a neighborhood of the origin.
If 9 > 0 is small enough, then for any w € Hs and n > 1,
1
Re(F(w)) >Re(w)+ 3 =  Re(F"(w)) > Re(w)+ g
and .
Wl +2> |Fw)] >3 = el+2n> [Fw)| > g

Hence, Hy is F-invariant and F™(w) — oo in Hs as n — oo. Consequently, Py is f-invariant
and f"(z) — 0 in Ps as n — oco. Furthermore, we can show that the attracting direction for
f is along the positive real axis by showing that % — 1 in Py as n — oo or, equivalently,
that Arg(F™(w)) — 0 as n — oo. After looking at (1.2)), it should not be surprising that
lim,, 00 Arg(F™(w)) = 0, so we will not go through the details here.

Since Pjs is a simply connected domain centered along the positive real axis with the
origin in its boundary, every orbit converging to the origin along the positive real axis must
intersect Ps. Hence, Ps is an attracting petal. A repelling petal can be found in the same
way as the attracting petal.

Now we have seen that f on Pj is conjugate to F(w) =w+1+ 2+ O (=) on Hs and

we want to finish by showing that both are conjugate to translation ( — ( + 1. Let
On(w) := F"(w) —n — blogn,

for any w € Hs and n > 1. We want to show that the sequence of univalent (i.e. injective
and holomorphic) functions {¢,} converges to a univalent function ¢.

We can also express ¢, (w) as:

i
L

On(w) = w + (d1(w) —w) + }_(dp2(w) = r(w)), (1.3)

1

e
Il

for any w € Hs and n > 1. Then

Frrr(w) = op(w) = F* (w) — F¥(w) — 1 = b(log(k + 1) —log k)
:%Jro(m) — blog <1+%)



[6n(w) = w| < | (w w\+2|¢k+1 — ¢(w)| = O(logn)

for any w € Hs and n > 1. Combining these two results with ((1.3)), we get:

Fey o) +ologh] +0 (15) =0 ((5).

Hence, Y 72 |pps1(w) — ¢p(w)| < oo. In addition, for any w € Hs and n > 1,

rr1(w) — dr(w) =

1
bn o F(w) = F" (w) —n —blogn = ¢pyr(w) + 1+ blog (1 + —) .
n

Therefore the univalent functions {¢,} converge to a function ® and their limit is non-
constant since ® o F(w) = ®(w) + 1 for all w € Hgs, so ¢ is also univalent. Thus, ¢
conjugates F to translation, ® o F o ®71(¢) = ( + 1, and ® o ¥ conjugates our original

function f to translation:
(PoW)ofo(PoW)(()=C+1.

In the following diagram, we summarize the coordinate changes we performed to show
that f is conjugate to translation on Ps. Recall that f is defined on ID(0,¢) D Ps and F is
defined on C\ D (0,¢') D H;. Let 4 be the inclusion map.

D(0,¢€) \ {0} C\D(0,e")
Ps={]z —d| < ¢} Re(w —} — & (Hy)
f F C—(¢+1
v o
Ps H; d (Hy)

Now we want to enlarge the size of our attracting petal Ps and the corresponding repelling
petal so that they together with the origin form a neighborhood of the origin on which f is
defined. Since V¥ is already defined on C\ {0} and f is defined and expressed as above in a
whole neighborhood of the origin, F' can easily be extended to a larger domain. From (]1.2]),
we know that there exist constants R, C' > 0 such that

C
F(w w—1 < —
Fw) —w =1 <

8



for any |w| > R. Given 0 < a < 1, choose § > 0 such that [w| > 55 implies:

|F(w) —w—1| <

| Q

Let M, = _@;;12 and extend Hs = {w eC ’ Re(w) > 2_15} to:
H, ={weC|allm(w)| > —Re(w) + M,} U Hy.

Then for any w € H, we have

Re(F(w)) > Re(w) + 1 — % and  |Im(F(w)) — Im(w)| < %

One can easily check that F(H,) C H, and every orbit starting in H, eventually enters Hs.
Then P, := U~'(H,) D Ps is an enlarged attracting petal for f.
We can extend the domain of definition of ® to any domain {2 on which F' is defined and
satisfies both:
F(Q)CQ and Re(F"(w)) — 400, Yw € €,

since then we know that F"(w) € Hg for some n € N. In particular, we can extend the
domain of definition of ® to H,. We do so by rearranging and adjusting the equation
¢ o F(w) = ¢(w) + 1 to get:

O(w) :=do F*"(w) —n

for any w € H,, where n € N such that F"(w) € H;. O
Understanding the ideas and techniques used to prove the previous theorem is key to

understanding the proofs of similar results in higher dimensions. In particular, we will be

revisiting many of them to prove results in Chapter

1.2. Complex dynamics in higher dimensions

Generalizing the concepts behind the Leau-Fatou Flower Theorem (Theorem is a driving
force behind the study of holomorphic self-maps of C™ that are tangent to the identity.
There are two main objects that arise in the Leau-Fatou Flower Theorem: (1) the attracting
directions, which correspond to real lines, and (2) the invariant attracting petals. The idea
of attracting directions in C is generalized to characteristic directions in higher dimensions,

which correspond to complex lines.
Definition 1.10. Let f € End(C™, O) be tangent to the identity of order k.

1. If v € C™ \ {O} is such that Py(v) = Av for some A € C, then [v] is a characteristic

direction of f, where [v] is the canonical projection of v in P"™~!(C).
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2. A characteristic direction [v] is degenerate if A = 0 and non-degenerate if A # 0.
3. f is dicritical if all directions are characteristic, otherwise f is non-dicritical.

4. A characteristic trajectory for f is an orbit of a point z in the domain of f, such that
{z.} = {f™(2)} converges to the origin tangentially to the direction [v] € P™~!(C),
that is:

lim z, =0 and lim [z,,] = [v].
n—00 n—00

The value of A\ € C is relevant only in that it is either zero or nonzero.

Remark 1.11. It is easy to check that f is dicritical if and only if P, = Ald, where A :

C™ — C is a homogeneous polynomial of degree k£ — 1. In the generic case, f has finitely

. . . . . . . k-m
many characteristic directions; more precisely, in the generic case f has %

’11 characteristic

directions counted with multiplicity (see [AT]).

The idea of invariant attracting petals in C is generalized to C™ in two main ways:
parabolic curves and invariant attracting domains. This paper will focus on the latter, but

will address the former first. Characteristic directions play a prominent role in both cases.

Proposition 1.12 (Hakim, [H1]). Let f € End(C™,O) be tangent to the identity, and let
{z.} be a characteristic trajectory tangent to the direction [v] € P™~Y(C) at the origin. Then

[v] is a characteristic direction of f.

We can also think about characteristic directions in another way, by considering the
lift f of f to the blowup of the origin in C™. Let f € End(C™,O) be tangent to the
identity of order k with characteristic direction [v] and assume, without loss of generality,
that [v] = [1 : u,]. Let m : M — C™ be the blowup of the origin, and let F = 771(0) be
the exceptional divisor of the blowup, which is canonically biholomorphic to P(7oC™), or
P"~1(C). Then characteristic directions of f are points in the blowup. Since f is tangent to
the identity, the holomorphic lift f =m"lo fomof fto M restricts to the identity map on
E (e flp=1d:E — E) and mlame : M\ E — C™\ {0} is a biholomorphism.

To better understand the dynamics of f, we will study the dynamics of the lift f . Recall
that, near the origin, f(z) = 2z + Py(2) + Pry1(2) + ..., where P, # 0 and P, :== (p,q) :
C™ — C x C™! are homogeneous polynomials of degree [. Choose local coordinates (z,u)
on M \ E so that

m(z,u) = (z,ux) = (z,y) € C x C™ 1.
In these coordinates, the lift f can be expressed as:
z1 = (1+ pi(1, w)z" "t + Ok, ||u|\xk)) (1.4)

uy = u+ r(u)z"t + 02k, | u||2F),

10



where

and u; was simplified from:

_ oy uta* Y a(1,u) + Oz, [Jul|z))

= = 1,u) — pi(1, P O, [|ul|2Y).
U T T T (L) + O [l & u) = pe(L, w)u)z™ " 4+ Oz, ||u| |2*)

The characteristic directions of f of the form [v] = [1 : u,] correspond to points in E and

are precisely the zeros of r:
[1: u] characteristic direction < Py(1,u) = AM(1,u) < qr(1,u) = upr(1,u) < r(u) =0,

which gives us another way of viewing characteristic directions.
Now assume that the characteristic direction [v] = [1 : u,] is non-degenerate, so px (1, u,) #

0. Let
1

F—Dp(Lay) )

be a matrix associated to the characteristic direction [v] of f. The class of similarity of

Av) ==

A(v) is invariant under a change of coordinates of f by formal power series (see Prop. 2.4
of [H2] or Prop. 4.7 of [AR]). Hence, the eigenvalues of A(v) are holomorphic (and formal)
invariants associated to [v].

In addition, assume, without loss of generality, that u, = 0. We can further simplify our
expression for f by using Lemma 4.4 in [AR] (also in [H2]), which tells us that there is a
polynomial change of coordinates holomorphically conjugating f to a germ F := (Fy, ¥) of

the form:

r = Fi(z,u) =z (1 — "1+ 0 (||u||mk_1,m2k_2)) (1.5)

kE—1

k-1 1 k k
w =VY(r,u) =u—=z (k—l)pk(l,O)r(u)+O($ )|z,

where we relabeled our new coordinates (x,u). By using the Taylor series expansion for r

about 0, we can rewrite u, as:

1
= W) = = o e O O ([l e )

where 7(0) = 0 since [1 : 0] is a characteristic direction of f. Then F' is of the form:

r1 = Fi(z,u) =z (1 - 1+ O ([Jull2* 1, xsz)) (1.6)

k—1
uy = V(z,u) = (I — xk_lA)u +0 (Hu||2xk_1, ||u||xk) + $k1/}1(x)7
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where [ is the identity matrix, A := A(v), and v, is holomorphic. Since A is invariant under
a formal change of coordinates, we can assume that A is in Jordan normal form. Now that we
have expressed f in a simpler form, we return to the topic of generalizing invariant attracting

petals in C to parabolic curves and invariant attracting domains in higher dimensions.

Definition 1.13. Let f € End(C™, O) be tangent to the identity. A parabolic curve for f
is an injective holomorphic map ¢ : A — C™ \ {O} such that:

1. A is a simply connected domain in C with 0 € 0A,
2. ¢ is continuous at the origin and ¢(0) = O,
3. ¢(A) is f-invariant and (f]¢(A))n — O uniformly on compact subsets as n — oo.
In addition, if [¢(¢)] — [v] in P 1(C) as ¢ — 0 in A, then ¢ is tangent to the direction [v].

Theorem 1.14 (Ecalle, [E]; Hakim, [H2]). Let f € End(C™,O) be tangent to the identity
of order k. Then for any non-degenerate characteristic direction [v] € P Y(C) there ewist

(at least) k — 1 parabolic curves for f tangent to [v].
Abate in [Al] extended this result to maps with an isolated fixed point at the origin.

Theorem 1.15 (Abate, [Al]). Let f € End(C™,O) be tangent to the identity of order k
and such that the origin is an isolated fized point. Then there exist (at least) k — 1 parabolic

curves for f at the origin (tangent to some singular direction).

We will not define a singular direction here, but it is helpful to know that for a map
f € End(C™ O) that is tangent to the identity, non-degenerate characteristic directions
of f must be singular directions of f which, in turn, must be characteristic directions of f.
Furthermore, singular directions are particularly interesting types of characteristic directions
because if f € End(C™, O) has a non-trivial orbit converging to the origin tangentially to a
direction [v] € P™~1(C), then [v] must be singular [A3]. This is an extension of Proposition
12

We give an outline of the main ideas of the proof of Theorem below. For a detailed
proof, see [H2, [AR].

Proof. (Sketch) Assume that [v] = [1 : O] and k& = 2 to simplify the discussion. Conjugate
f to F as in (1.6). We want to find a parabolic curve for F' that is tangent to the direction

u = O. In particular, we want to find a holomorphic function p defined on an open set
U C C with 0 € U such that:

prU—=C"h o p(0) =0,4/(0) =0, and  p(Fi(z, p(x))) = U(r, p(z)).
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If we find such a function, then ¢(x) := (z, u(x)) will be an F-invariant holomorphic curve:

Fog(z) = (Fi(z, u(x)), ¥(z, p(x))) = ¢ (Fi(z, u(x))) -

There are three key steps to finding p as above. The first step is to find a change of
coordinates that simplifies the expression for u; so that the pure x term is of arbitrarily high
order. It is possible to do so in a domain with the origin in its boundary, but we will not go
into the details here. This coordinate change is performed and the coordinates are relabeled
(x,u).

The second step is to prove the existence of a parabolic curve for f by finding a fixed
point of a suitable operator between Banach spaces. This involves performing the following
coordinate change:

u = 2w = exp(Alog z)w,
which is defined for Re(x) > 0 and the new coordinates are (z,w). In addition, we define:

H(z,u) = 2 (w — wy) = u — 227y

so that:
wy = w — Y H(x, ).
Given a map p(-) := z?I(-), where [ is defined on a particular domain in C, the iterates {x,}
defined by:
i1 = fulwg) = Fu(a, ple;))

are well-defined on that domain. With this u, the operator:
Tu(r) =2 S e H o, ()
n=0

is well-defined. Restricting the domain of definition of 7', we obtain that T" is a continuous
contraction, thus admitting a unique fixed point, . The third (and final) step is proving
that the fixed point pu is a solution to:

p(Fi(z, w(@)) = ¥(z, p(z))  and lim pi(z) = lim p'(z) = O.

z—0 z—0
Therefore ¢ = (Id, pt) is a parabolic curve for f tangent to [v] = [1: O]. O
Given f asin (|1.6)), we mentioned in the previous proof that we can perform a coordinate
change in a domain with the origin in its boundary to make the pure x term in u; of arbitrarily

high order (see [H2,[AR]). Then, by using this coupled with the existence of parabolic curves

for f from Theorem [I.14] we can perform a change of coordinates to remove the pure z term
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in our expression for u; on a reduced domain, S}, (defined below). After performing this
coordinate change, we rename F' to be the new map and (x,u) to be the new coordinates.

Then (x1,u1) := F(x,u) can be expressed as:

1
r1 = Fi(z,u) =z (1 — Tla:k_l + O (|[uf|z"~", 22 logx)) (1.7)

k
uy = U(z,u) = (I — 2" "A) u+ O (||ulP2" ", |Ju||z* log z) ,

where

(z,u) € S), = {(x,u) cCxCm™!

v e T, lufl < e}

for r,¢ >0, j € {1,...,k — 1}, and IIl{ a connected component of D, := {|z*! —r| <r}.
Now that we have discussed the existence of parabolic curves for f and used such curves
to simplify our expression for f, we turn to the main topic of this paper, the existence of
invariant attracting domains for f.

Given a map f € End(C™,O) that is tangent to the identity and of order k& > 2
the existence of invariant attracting domains for f depends significantly on characteristic
directions of f and, for non-degenerate characteristic directions, their directors. Directors
are defined for non-degenerate characteristic directions, so for now assume that [v] = [1 : u,)
is a non-degenerate characteristic direction of f. We provide two equivalent definitions of
directors corresponding to the direction [v], the second of which requires the following set-up.

Assuming ||u|| is small and remains small after iteration, we know from or

that: .
a:lza:<1— k—lxk1>‘

This expression only involves one variable, so we can use the one-dimensional results from

the previous section (in particular, Theorem to understand the behavior of the iterates
of z. If x = Re(x) and 0 < Re(z) < 1, then |z;| < |z| and for 7 > 0 the same expressions
hold, so z; ~ Re(x;) and 0 < Re(z;) < 1. In addition, as we saw in the proof of Theorem
, lim,, .o 2, — 0. The expression for u; is more complicated, but from or one
would expect A = A(v) to play a significant role in the behavior of the iterates of u. To

better understand how, view u; as:
uy ~ (I — 2"t A)u.

Again assume that = ~ Re(z) and 0 < Re(z) < 1. From this simplified model, we can get
an idea of how the eigenvalues of A would affect the size of ||u||. If the eigenvalues of A have
positive real parts, it seems likely that ||u;|| < ||u||; if the eigenvalues of A have negative

real parts, it seems likely that ||u;|| > ||u||. However, if some or all of the eigenvalues of A
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have real parts equal to zero, then we cannot use this simplified expression to get an idea of
how the iterates of u behave; for the majority of this paper, we focus on this situation. Now
we have sufficient background and motivation to define the directors of a non-degenerate

characteristic direction.

Definition 1.16. Let f € End(C™,0) be tangent to the identity of order k with non-

degenerate characteristic direction [v]. The eigenvalues of the linear operator:

1 m— 1 —
m(D(Pk)[vl—Id)iT[v}P H(C) = TP (C)

are the directors of [v]. Equivalently, the eigenvalues of A = A(v) associated to [v] are the
directors of [v]. The direction [v] is called attracting if all the real parts of its directors are

strictly positive.

In general, for dimension m > 1, results on the existence of invariant attracting domains
for f along a particular direction have mostly depended on the directors corresponding to

that direction. The following theorem is a major result in that area:

Theorem 1.17 (Hakim, [HI]). Let f € End(C™,O) be tangent to the identity of order
k > 2, and let [v] be a non-degenerate attracting characteristic direction. Then there exists
an invariant attracting domain D, with the origin in its boundary, in which every point is
attracted to the origin tangentially to the direction [v], and such that the restriction of f to

D is conjugate to translation: (1,w) — (T,w + 1).

Given the same assumptions on f as in the previous theorem, Hakim also proved the
existence of £ — 1 invariant attracting domains associated to [v]. For a detailed proof, see
[AR] Theorem 1.2].

Theorem 1.18 (Hakim, [H2|; Arizzi-Raissy, [AR]). Let f € End(C™, O) be tangent to the
identity of order k > 2, and let [v] be a non-degenerate attracting characteristic direction.
Then there exist k — 1 invariant attracting domains, each with the origin in its boundary, in

which every point is attracted to the origin tangentially to the direction [v].

The previous two theorems showed the existence of invariant attracting domains for non-
degenerate attracting characteristic directions. The following corollary [ARI Corollary 8.11]
dictates what the directors must be in order for an invariant attracting domain to possibly

exist along a non-degenerate characteristic direction:

Corollary 1.19. Let f € End(C™, O) be tangent to the identity of order k > 2, and let [v]

be a non-degenerate characteristic direction. If there exists an invariant attracting domain
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where all the orbits converge to the tangentially to the direction [v], then all of the directors

of [v] must have non-negative real parts.

The following theorem lies in the middle ground between Theorem [1.14] which dictates
the existence of invariant curves, and Theorem [1.17] which dictates the existence of invariant
attracting domains when all of the directors have strictly positive real parts. In particular,
it discusses the existence of invariant manifolds in the situation where the characteristic

direction might not be attracting.

Theorem 1.20 (Hakim, [HI]). Let f € End(C™,O) be tangent to the identity of order
k > 2, and let [v] be a non-degenerate characteristic direction. Assume that the directors
associated to [v] are divided into two sets {\;}1<j<q and {pr}r1<k<i in such a way that for
some a > 0, we have:

ReA; > a > Repy, for all j, k.

Let d; be the multiplicity of \;, and let d :== dy+...+d,. Let E be the sum of the generalized
eigenvector space associated to the \js. Then there exists an invariant piece of analytic
manifold of dimension d + 1, with the origin in its boundary, tangent to CV + E at O, and

in which every point is attracted to the origin tangentially to the direction [v].

Brochero Martinez show that when the origin is dicritical (i.e., all directions are charac-
teristic directions) there is an invariant attracting domain whose points are attracted to the

origin, but such a domain might not be tangential to any characteristic direction.

Theorem 1.21 (Brochero Martinez, [Bro2]). Let f € End(C™, O) be tangent to the identity,
and let the origin be dicritical. Let w: (M, E) — (C™,O) be the blowup of the origin in C™
with E =77 1(0), and let f € End(M, E) be the lift of f to the blowup. Then there exists a
finite number of points pi,...,p € E and open sets UT, U~ C M such that:

e UtUU- D E\{p1,...,mu},
o f(UY)CUT and for all g € U, limy_ o0 f(q) exists and is a point of E, and
. f‘l(U_) C U™ and for all g € U™, lim,,_, ;o f‘”(q) exists and is a point of E.

In this paper we address the following question that naturally arises from the preceding
results. Let f € End(C™,O) be tangent to the identity of order k& > 2, let [v] be a non-
degenerate characteristic direction, and let the origin be non-dicritical: If the real part of the
directors of [v] are non-negative and at least one of them equals zero, under what conditions
does f have an invariant attracting domain tangential to the direction [v]¢ Another natural

question to ask, although we do not address it much in this paper, is: If [v] is degenerate,
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under what conditions does f have an invariant attracting domain tangential to the direction
[v]? Vivas showed similar results to Theorem for maps with specific types of degenerate
and non-degenerate characteristic directions in dimension 2 [V2, Theorems 1 and 2]. In fact,
working independently at around the same time, Vivas and the author showed the existence
of invariant attracting domains whose points converge tangentially to a particular direction
for an overlapping collection of maps [Ll, [V2]. The assumptions that Vivas makes require
additional definitions, so we wait to state these results until and Chapter [3]

The two main results in Chapter [2| are Theorem A, a local result, and Theorem B, a
global extension of Theorem A. Recall from Remark that a generic f € End(C? O)
that is tangent to the identity of order k > 2 has k + 1 characteristic directions at the origin
counted with multiplicity. In Theorems A and B, we only consider maps f with a unique

characteristic direction at the origin so that these k + 1 characteristic directions all coincide.

Theorem A. Let f € End(C?, O) be tangent to the identity of order k > 2, and let [v] be a
non-degenerate characteristic direction. Assume that [v] is the only characteristic direction
of f at the origin. Then there exists an invariant attracting domain Q C C?, with the origin
in its boundary, in which every point is attracted to the origin tangentially to the direction

[v], and such that the restriction of f to Q is conjugate to translation: (7,w) — (T,w + 1).

Most of the local results we just discussed can also be extended to global results. Let
f € End(C?,0) be tangent to the identity of order k¥ > 2, and let [v] be a non-degenerate
characteristic direction. In addition, assume that f is a global biholomorphism of C™. The

attractive basin to (O, [v]) is the set:

Qo) = {z € C"\{O} | f"(x) = O, [f"()] = [v]}, (1.8)

s0 Q(o,[v)) is the set of points in C™\ {O} that are attracted to the origin tangentially to the

direction [v].

Definition 1.22. A proper subdomain D C C™ is a Fatou-Bieberbach domain if it is bi-
holomorphic to C™.

In the global setting, we are interested in when invariant attracting domains exist and are
Fatou-Bieberbach domain. Weickert proved the existence of an automorphism of C? that is
tangent to the identity with an invariant attracting domain that is biholomorphic to C? and
on which the automorphism is biholomorphic to conjugation [W1l [W2]. Hakim extended
this and Theorem to the following:

Theorem 1.23 (Hakim, [HI]). Let f € End(C™, O) be tangent to the identity, and let [v] be

a non-degenerate attracting characteristic direction. If, in addition, f is a biholomorphism
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of C™, then [ has an invariant attracting Fatou-Bieberbach domain, in particular Qo ),

and on that domain f is biholomorphically conjugate to translation: (1,w) — (1,w + 1).

If we assume that f is a biholomorphism of C2, then some of Vivas’ results that were
mentioned above, and will be discussed further in §2.6] also extend in the same way as in the
previous theorem [V3]. On the other hand, Stensgnes and Vivas showed that for any m > 3
there exists a biholomorphism f of C™ that is tangent to the identity and whose basin of

attraction to the origin:
Q:={xeC™| fM"(x) - O asn — oo}

is biholomorphic to (C\ {0})™™2 x C?, so © is not a Fatou-Bieberbach domain [StV].

We can extend Theorem A to a more global result, but we must first show that such a
biholomorphism f can exist. In order to do so, we use the following result due independently
to Weickert [W1, Theorem 2.1.1] and Buzzard-Forstneric [BE, Theorem 1.1]:

Theorem 1.24. Let P = (Py,...,P,),m > 2, be a holomorphic polynomial self-map of
C™ with P'(0) invertible. Let d > max;{deg(P;)}. Then there exists ¢ : C™ — C™, a
biholomorphism, such that [¢(z) — P(2)| = o (|z|%) near the origin.

Then, knowing that such an f can exist, we extend Theorem A to the following:

Theorem B. Let f € End(C? O) be tangent to the identity of order k > 2, and let [v] be a
non-degenerate characteristic direction. Assume that [v] is the only characteristic direction
of f at the origin. If, in addition, f is a biholomorphism of C%, then f has an invariant
attracting Fatou-Bieberbach domain ¥ C C?, with the origin in its boundary, and on that

domain f is conjugate to translation: (1,w) +— (T,w + 1).

In the following chapters we discuss the existence of invariant attracting domains, sub-
manifolds and parabolic curves for maps f € End(C™, O) that are tangent to the identity of
order k > 2 and how these existence results depend on different properties of f. The focus
of Chapter [2]is proving Theorems A and B. In Chapters [3] and [d] we discuss and provide ad-
ditional examples of results on the existence of invariant attracting domains, submanifolds,
and parabolic curves in C? and C™, respectively, for m > 3. At the end of Chapters [3| and
[, we summarize these existence results in Tables [3.1) and [4.1], respectively.
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CHAPTER 2

Map in C? whose only characteristic direction is non-degenerate

In this chapter, we study maps f € End(C?, O) that are tangent to the identity of order k > 2,
have exactly one distinct characteristic direction, and its unique characteristic direction is
non-degenerate. Later on, in Chapter [3| we will discuss what is known more generally for
maps f € End(C?,0O) that are tangent to the identity of order k > 2.

Recall the statements of Theorems A and B from Chapter [1]

Theorem A. Let f € End(C? O) be tangent to the identity of order k > 2, and let [v] be a
non-degenerate characteristic direction. Assume that [v] is the only characteristic direction
of f at the origin. Then there exists an invariant attracting domain @ C C?, with the origin
in its boundary, in which every point is attracted to the origin tangentially to the direction

[v], and such that the restriction of f to § is conjugate to translation: (T,w) — (T,w + 1).

Given the assumptions on f in this theorem, it turns out that the director of f must
be zero. Hence, Hakim’s Theorem does not apply to this type of map. Theorem [A]
partially answers questions raised by Abate about the quadratic map (1;;) in [A2], which
will be discussed further in the next section.

Given f as in Theorem A, we can express f near the origin as f = Id+P, + Pyy1 + - . .,
where P, # O and P; is a homogeneous polynomial of degree j. Then, from Theorem [I.24]
we know that there exists a biholomorphism that is arbitrarily close to f near the origin
[BEL W1]. Hence, a biholomorphism exists that satisfies the assumptions in Theorem A.
When we add the assumption that f is a biholomorphism, the local result of Theorem [A]

extends to the following global result.

Theorem B. Let f € End(C? O) be tangent to the identity of order k > 2, and let [v] be a
non-degenerate characteristic direction. Assume that [v] is the only characteristic direction

of f at the origin. If, in addition, f is a biholomorphism of C?, then f has an invariant
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attracting Fatou-Bieberbach domain ¥ C C? (i.e. ¥ is biholomorphic to C?), with the origin

in its boundary, and on that domain f is conjugate to translation: (1,w) — (T,w + 1).

Working independently from the author, Vivas in [V3] proved a similar result to Theorems
A and B for irregular characteristic directions. Given the assumptions on f and [v] in
Theorems A and B, it turns out that [v] must be irregular. In we discuss this further.

This chapter is devoted to proving Theorems [A] and In §2.1) we conjugate f from
Theorem [A] to a suitable normal form using a linear change of coordinates and show that the
director of its unique characteristic direction must be zero. In we perform a coordinate
change moving the fixed point from the origin to infinity and find an invariant domain. In
§2.3,, we perform another, more complicated, coordinate change so that f acts on the second
coordinate by translation. The technique we employ to find this coordinate change is similar
to that used in the degenerate case studied in [V1], but is more complicated here because
it requires solving a system of differential equations instead of just one differential equation.
In §2.4] we perform a final coordinate change so that f acts as the identity on the first
coordinate and translation on the second. Each time we perform a coordinate change, we
find an invariant attracting domain for f so that by we have finished showing Theorem
. In , we assume that, in addition, f is a biholomorphism of C? and extend our domain
from to one that is biholomorphic to C2, concluding with Theorem . In §2.6, we
introduce the necessary terms to understand Vivas’ results from [V3] and discuss how these
compare to Theorems [A] and

2.1. Preliminaries

Lemma 2.1. Let f € End(C?, O) be tangent to the identity of order k > 2, and let [v] be a
non-degenerate characteristic direction. Assume that [v] is the only characteristic direction

of f at the origin. Then f s linearly conjugate to:

folz,y) = (z,y) (1 +zyR(z,y) + y* ) + (P(z,y),2" + Q(z,y)), (2.1)

where P, () are convergent power series vanishing to order at least k + 1 at the origin and R

1s @ homogeneous polynomial of degree k — 3 such that R =0 if k = 2.

Proof. We can write f(z,y) as a sum of its homogenous polynomials,
fla,y) = (z,y) + Y Pi(x,y),
j=k

where P;(z,y) are homogeneous polynomials of degree j and P, # 0. We assume that [0 : 1]

is the characteristic direction of f since, via a linear conjugation of f, we can move the
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characteristic direction of f to [0 : 1] without changing the degree of any of the P;. We can

write the k-th degree polynomial as:

k k
=0 =0

where a;,b; € C. Since [0 : 1] is the only characteristic direction of f, Py[z : y| # [z : y] for
all x # 0. This restricts the possible values of {a;, b;}:

P(0,1) = (ag, bg) and Py(1,0) = (ag, by), therefore ay = 0, by # 0 and by # 0,

k—1 k k—1 k
Pi(z,1) = (Z a;z", Z bjmk_j) = (x Z a;zh Z bjxk_j) # Nz, 1)
J=0 J=0 j=0 j=0
for any A € C. In addition,
k—1 k k
Pz :1]=z:1] < xZajxk_l_j = xz bz & (—boxk + Z<aj—1 — bj)xk_j> r=0
j=0 =0 j=1

and, by assumption, the first condition is true only when z = 0, then the last condition must
only be true when x = 0. Since by # 0, this implies that a;_; = b;,V1 < j < k. We can now

re-write Py(z,y) as:

k—1 k-1
Py(z,y) = (x Z a;z" Yyl y Z a;z" 1yl + boxk) = (2S(z,9),yS(x,y) + box").
=0 =0

Now that we have a more explicit form for P, we want to simplify it further using linear

conjugation. Let [ be a linear map that fixes [0 : 1]. Then we can write [ as:

1
I(x,y) = (az,cx + dy) and 7' (z,y) = —d(dx, —cx + ay), where ad # 0. (2.2)
a

™Yo Pyol(z,y) =1 (azS(ax, cx + dy), (cx + dy)S(az, cx + dy) + boa*z¥)

k
= ($S(aa:, cx + dy),yS(ax, cx + dy) + bo%ﬁ)

k-1
S(ax, cx + dy) = Z a;a" gk (e + dy)

=

k-1
= gkt (Z ajakljcj> +ay(---) + v apdFY

Jj=0
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We can choose a, ¢, d so that (1) % =1, (2) ap_1d* ' =1, and (3) Zf;é aja" 1 = 0.

Therefore Py(x,y) is linearly conjugate to:

(x (xyR(x, y) + yk_l) Y (x?JR($7 y) + yk_l) + xk) ;

where R = 0 if k£ < 2, otherwise R(z,y) = m—ly (S(az,cx + dy) — y*!) is a homogeneous
polynomial of degree k£ — 3. Let

o0

(P(2,y),Qx,y)) :=1""0 Y Pyol(z,y).

j=k+1

Since the (P;) are convergent power series in a neighborhood of the origin, so are P and

Q. O

Abate in [A2] studied quadratic maps tangent to the identity up to holomorphic conju-
gacy. He showed that for quadratic self maps of C? tangent to the identity, holomorphic
conjugacy was equivalent to linear conjugacy and used this along with the number of char-
acteristic directions of the maps to classify all such maps. In addition, Ueda and Rivi also
classified such maps [U3] R1, W2|. If we assume that the map f in Lemma is quadratic
with no terms of higher degree, then fj is the map (1;7) in [A2], namely:

folz,y) = (2(1+y),yQ +y) +2%) = (@ + 2y, y + y* + 27).

We have not made any explicit assumptions on the director of f; however, the following
lemma shows that the director of f must be zero, hence Theorem does not apply to f.

Lemma 2.2. The real part of the director of f at [0 : 1] is zero.

Proof. Let U := {[zy: 21] € CP' | z; # 0} and define 7 : U — C by n([zg : z1]) = 2.
Define
xS(z, 1)

g(z) =m O/P;Oﬂ'_l(l') =7 [QUS(x, 1) : S5z, 1) + bowﬂ - m’

where z € C and P, : CP! — CP! by [v] — [P,(v)]. So for z € C, D(YD;)[M] —1Id = ¢/(z)—1d.
Therefore the director of f at [0 : 1] is the value of ¢’(0) — Id and
S(z, 1) + box*S(x, 1) + boa* 15" (2, 1) — kboz*S(z,1)

g’(fﬁ) = (S([L‘, 1) I boxk)Q )

so ¢’(0) — Id = 0. Therefore the director of f at [0 : 1] is zero. O

Notation. We will use 7; to denote projection onto the jth coordinate.
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2.2. Invariant region

We want to find a domain of attraction for the map fy, which is equivalent to finding one

for f. For zy # 0, define the new coordinates (u,v) as:

b
(u,v) :=o(z,y) = (a%, yk_l) ,

where a = —%1 b = — L= Define Qg’;g to be:

{(u,v) € C?

- k-1
Re(u) > R, [u| "=+ < 8Ju,| Arg(u)| < 0, Arg(v)| < Ta} (2.3)
and

Q= {u eC ‘ Re(u) > R, | Arg(u)| < 9} —m (ng;;jg) , (2.4)

for any
0<6<7, 0<d<l and R>0.

Fix R, ¢, 0 satisfying the above conditions to define
QU= QY and QU= QY (2.5)

Now we can define an inverse to v restricted to the domain Q)

(a,) = 5" (0,0) = ((%)’1 ()7 (9)> ,

where we choose the %, k—il roots that map 1 to 1. Therefore vy : ¢ * (Q(“’”)) — Q) is a

biholomorphism. Note that 0 € 9 (¢, " (Q®))).

Proposition 2.3. Given R' < R and 0 < 0" < %, 3k > 0 such that if u € Qf,, then
B (u,klul) C Qfyg. Furthermore, given o # 0 and a holomorphic function F' on Qf o
satisfying the bound F = O(u®), then ¥n € N, the nth derivative satisfies the bound F™ =
O (u*™) on Q.

Proof. Given u € Qf y,

, R 1 R
and

sin (6 — Arg(u)) |u| > sin(0" — 0)]|u|.
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Hence for any 0 < £ < min {1 (1— %,) ,sin(¢/ — 0)}, the disk B (u,xlu|) C Q% oo On
C(l+kr)*ul*, ifa>0

Q% 4, F(C) = O(¢*) and 3C > 0 such that [F(¢)| < C|¢|* < .
C(1—r)¥ul*, ifa<0

Therefore, Vn € N,

! F(Q) n! _
F(”)(u) S 7’L_ / —dC S sup \F(C)| — O ua n 7
‘ 27 | it €y 1| = Tl (2 (™)
where we used Cauchy estimates to get the first inequality. 0

Remark 2.4. On several occasions, we will adjust R, 6,0 to shrink the domain Q) (or Q).
In particular, we will choose R’, ¢’, 6’ that depend on R, 6, 6 so that by making R large enough
and ¢, 6 small enough the domain Q%’fgzﬂ, (or Q}‘{,ﬁ,) satisfies all of the properties that had
been shown for Q) (respectively, Q%) and Qgg,:?ﬂ, D Q) (respectively, Qg 2 Q). We
will use this and Proposition to find domains on which a holomorphic function is defined
as well as similar subdomains on which we can bound the derivatives of that holomorphic

function.

Let fi := g0 footy"'. For any (u,v) € Q) denote the n-th iterate of the map after
the coordinate change by fI*(u,v) := (un,v,), where f2(u,v) = (u,v). Later in this section

we will prove the following results on invariance of Q) and size of (u,,v,).
Lemma 2.5. Q) s invariant under f,.

Lemma 2.6. For any (u,v) € Q™) and any positive integer n,

Re(v) + 3771 > Re(v,) > Re(v) + g (2.6)
and
Re(u) + 3lo 1+ >Re(u)>Re(u)+llo 14— (2.7)
U T Re(v) ) = N = 6 2\ " Re(v) ) '
It follows from Lemma [2.6{ that for any (u,v) € Q)
2v| +3n > [vg| > '”'% and (2.8)

|ul

n 1 n
2 log (14 —— ) > ju,| > 4 Z10g (1 4+ —2— ) .
lu| + 6 og< +Re(v)>_|u | > 5 +6 og< +Re(v)>
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In order to simplify the coordinate change, we make the following definitions:

:<>“ _R(@yﬂ), 29)

1 1
Uk ak

h(u,v) = kbFT (@(%U) - ﬁ(uf U)) = i hj(.u).

~ ~ .. 1 1 . -
Then P,Q,h are convergent power series in u™»,v” -1, h; is a convergent power series in

1 = . .
u~k, and h;, R are holomorphic on 2“. Now we find an expression for u;:

=u1+
o 1+ ayR(z,y) + yh—1 + 22
1 - k
[ s Q) — b ()7 () Plu)
U+ 2 ()P R+ 1+ ()T (2)F Pl o)

Similarly:
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o z, —(k—=1)
v =0 (1 +ayR(z,y) + " + i %)

1 . . . _1 .
—+—7 and go is a polynomial in v~*% with no constant term and g; are

power series in u"%. We will frequently use these properties of the {g;} in what follows.

where a = —%,b =

To summarize, for (u,v) € Q®¥) we have derived the following equations for uy,v;:

k+1 k+1 k—2
1 wuw 1 1 wuw h:(u 1
U =u+—+ — h(u,v)+0(—2):u—|——+ - ](j)+O<—2) (2.10)
(% VE—1 v v VE-1 =0 VE-1 (Y
k—1
(u 1 1 1
01=v+1+zg]<j)+0( - ):v+1+0(—1, : ) (2.11)
oo vET vF-T uk pE-1

Proof of Lemma[2.5. Fix any (u,v) € Q). First we show that Re(u;) > R.

1 u' 1
Re(u;) = Re(u) + Re | — |1+ ——h(u,v) + O (—)
v . — v
1 25710
> Re(u) + — > Re(u) > R
(u) 2] m (u)

where C' is some constant such that |h(u,v)| < C, R is sufficiently large and ¢ is chosen to

be suitably small. Next we check that the arguments of u;, v; remain small enough.
k—1
; 1 k—1
Arg 1+Zg](]y)+0< k) < —40,
=0 VvE-1 k-1 k
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for R large enough.

k+1
uk 1
Arg(l—l— ; h(u,v)+0(—>>‘}<9,
= v

for ¢ suitably small. Finally we verify that |u;| remains small enough relative to |v1].

1 u' 1
1+—<1+ : h(u,v)+o(—)>
uv pF—1 v

| Arg(u)| < max {| Arg(u)], | Arg(v)[ +

2_
k

’U1| 3
K211 3 1
< dlv| |1+ —(1—1—”}; h(u,v)—I—O(—))‘
ko uv =1 v
< Ov||1+ ! < d|vy |
v — v
% 1/,
for large enough R. Therefore, f; (Q(“’”)) c Q) O
Proof of Lemma[2.6,
n—1 1 e
Re(v,) = Re(v) +n + Z ) (uj L, ’“1>
=0
— 1 % 1
U
Un, :u—i—Z; 1+ ——h(u;,v;) + O <—)
=0 J kafl UJ

In the expression for Re(v,), the O-terms are bounded independently of j and so we can
,1 —1

choose R sufficiently large that, for each j, the term O ( vk_l) is bounded above by %

]’]

Hence, | Re(v, —v) —n| < 5. Now we find bounds on bl and Re(us,):

[vn |«
-1 n—1 3 n—1
1+2071C 5 3dx n
Re(u, —u) <y ——— < éﬁ/ —<310g(1+ )
jgo v, j; Re(v) + 37 1 z+2Re(v) Re(v)
n—1 n—1 1
—2§71C I M dz 1 n
Re(uy, —u) = —Z . >—/ Z—log(1+ )
= |, = Re(v)+3j ~ 6 Jo o+ 2Re(v) ~ 6 Re(v)
Therefore we have the desired bounds on Re(u,), Re(v,,). O

2.3. Fatou coordinate
In this section we will perform a coordinate change to simplify the expression for (2.11)). For

-52)

. Ukl

any (u,v) € Q) we define:

(u, w) ==y (u, v) = (u v
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where {¢;} are holomorphic functions in Q" that we will define later as solutions of certain
differential equations. Let w,, := m» ozzl o fi(u,v) = my 01;1 (tn, vy). The goals of this section
are to show that the sequence (w, —n) ~, converges uniformly to a Fatou coordinate w
that is w o f = w + 1, and that the map (u,v) — (u,w(u,v)) defines a coordinate change,
that is a biholomorphism onto its image. Before introducing the Fatou coordinate, we need
to simplify the expression for w; in terms of u, w and define the holomorphic functions {¢;}.

Using Taylor series expansion (or integration by parts):

bi(u1) = 65(w) + (ur — ) / §(C) (s — C)dC, (2.12)

where we are integrating along the line ~,(t) = (1 —t)u+tu, for 0 <t < 1, which is contained
in Q. Let ¢t € [0,1] be such that ‘qb;-’ (v (£))| = maxo<i<i 97 (7u(t))] and @ := Yu(t). We
can bound the integral from ([2.12)) as follows:

/ PO (wr — OdC = O (#1(@) (s — w)?)

Then we can write w; as:

k—1

1— I
wy = vy + Z qu(ul)vl k=1
=0

k—1 / k+1 k—2 1A
:m+§:¢m0+@&20+uf h&o+0<%>+o<%?vl'
j=0 v vEST 2y vET v v

k—1 ( ) 1
vt 14 <1+ZM+0( k))
m=0 L vkt
k—1 _ ’ % k—2 / "5
. [¢j<u>+ ) (1+”1 g ?>>+o<—¢ﬂ(§),—¢ﬂ “”)]
=0 v VE—1 —0 VE-1 v v
j 1 i gm (1) (k—1—7) 1
i B et
Ut | k—1—3
— w1+ Y (g0 + ST 0 w0+ o)
j:0 Vk-1
k—1 k-1 1 k’—]_— . .
+ = (S wm @ + 00 ()
z k—1
ZOmZIUk L
1

k+j—19 k+j—1) ktj—1
Vk-1 Vk-1 v k-1 v k-1 v k-1

k- (u " (a
4 O( 1 gbO(u),j(k—l )ij() (bj() ¢j< ))
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In order to simplify the equation for w,, define F}, G; as:

Fyw) = "2 (14 gow)), (213)

Gy(u) := [ +§j(_1_l mzm+@<>mm+4wﬂ.

for all integers 0 < j < k — 1. Therefore,

k—1
wy =w+1+ 03 (u (w)¢;(u) — Gj(u) o1t
j=0 Ui
ol 4)- kZO( gt ¥ 1)
pE—1 =0 71 vF-1 o

for 0 < j < k—1. Now we want to show that we can find {¢;} such that ¢ + Fj¢; —G; =0

on Q¥ and all of the O-terms involving {¢;, ", ¢} are small enough.

Proposition 2.7. If R is large enough and 6,0 are small enough, then there exist holomor-

phic functions {¢;}o<j<k—1 on Q* such that
¥+ Fyo; — Gy =0 (2.15)
on Q*, where F;,G; are defined using . Furthermore, we have the bounds
G;(u) =0 (u%> , G(u) = O <u#> )
Oon(w) =0 (uF), @ =0 (uFT), =0 (), (216)
dea(w) =0 (), G =0(uF), ol =0(uF),

on Q% where 0 <m < k — 1.

Proof. First we verify that for each j, given the maps Fj and G; then has a solution.
Given {¢;}o<i<;j, we can define G; as in and use this to define ¢;. Since Gy is
already defined, we can start this process. We follow the techniques used in Remark
to choose 0 < Ry < Ry < Rand 0 < 0 < 6 < 6 < 7 so that Fj,G; are holomorphic
on Q% 4., ¢; is holomorphic on Q% , . and the derivatives of Gj,¢; are bounded on the

subset (1" C Qf , C Qf, ,,, where these domains were defined in (2.4). Fix ug such that
Ry < up < Ry. A solution to ([2.15) is:

ou) =B [ Gyl A%y, (217

uo
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where u € Qf , and the integral is taken along any simple, smooth curve between ug and
u contained in Qf o C Qf o . Note that when j =k —1, Fy_; = 0 so simplifies
to ¢p_1( f Gr—1(v)dv. There are only finitely many j, so we can repeat this process
to get {gbj }ogggk—l holomorphic on Q% , that satisfy the differential equation (2.15) and so
that {G}, G, ¢;, ¢, ¢ fo<j<r—1 are all defined and bounded on Q" as in ([2-16).

Now we want to verify the orders in (2.16). When j = 0 and u € Q" we know:

k+1

Go(u) = —go(u) = O (u_%> and Gy(u) = —gi(u) =0 <u_T> :

Suppose that the orders on {G,, G}, ¢, ¢, ¢} }o<i<;j given in (2.16)) hold for some 1 < j < k—1.
Then for u € Q,

G(u) =0 (gj(u), {¢z( ), r(u)u 3 }0<l<j) =0 <uj;1) and G(u) =0 (u 2 >

where G; can be bounded on Q" using Cauchy estimates as describe in Remark Note
that if j = k — 1, then for u € Q" and n € N,

dun/ Gra(v)dy = O (w75

It remains to show that if, for 0 < 7 < k — 1, the orders in (2.16)) are satisfied by
{G1, G, é1, &1, ¢ Fo<i<j and hence by {G, G’ }, then they must also be satisfied by ¢;, ¢/, ¢7.

Recall that {G)}o<i<; are holomorphic on Qf, ,, and we want ¢; to be holomorphic on Qf , .

Given any u € Qf o, define ¢, so that Arg(c,) = Arg(u) and Re(c,) = ug. Then ¢, € Q4 .
Parametrize the line segment between ¢, and u by 7(t) := tu, where ¢ < ¢ < 1. By using
integration by parts once in (2.17) and this parametrization, we can express ¢; as:

6:(u) = e Joo B0 Gi(v) fz mac| /u G () F;(v) = G;(v)Fj(v) i FiQdC g,
’ Fi(v) w0 Fj(v)?

uo

_ Gj(u) 10 (e_ S Fj(l/)dl/) — o Jup Fi)av /“ (N}j(y)eﬁo Fi(Qd¢ g,

Fj(u) u
Gj(u) - ' —u [} Fj(ru)d
= +0(e™) —u | G;(tu)e ) Filrwdr gy
P}(u) ( ) %% J
where u € Qf 4, Gi(u) = Gs(u)Fj(;j(:gg(u)F’{(u) =0 (uj_Ilc_k>, F;(u) = O(1), and we are

integrating along 7(t). Assume G’j # 0, otherwise there is nothing left to prove. Then:

C ~
< 1——“) (Gt -
_( o) e |Gj(tu)|e

j—1—k k—1—j 1—t

< C max (\u|t)Te—ﬁT|U\

1
/ G (tu)e i Frtrwdr gy

U
u

;i;J Re(u ftl (1+go(7u))d7—)>



for some constant C' > 0. When ¢ # 1, the exponential term’s exponent is a negative multiple
of |u| so the exponential term can be bounded above by a constant times an arbitrarily small
power of |u| whereas the other term remains bounded above by a constant. When ¢ = 1, the

integral is bounded above by C |u|# Therefore,

Gj(u)

¢j(u) = 0] +0(e™) +u0 (u%) -0 (u%>

on Qf 4 . By shrinking the domain of ¢, #7 to Q“, as discussed in Remark , we can use
Cauchy’s estimates and the order of ¢; to obtain the desired orders on the derivatives of ¢;.

In particular, for any u € Q* and n € N:

6" (u) = O (“un ) =0 (a5,

If we take n = 1,2 we get the desired results. O

Let (u,v) € Q). In the expression for wy given in (2.14), we want to bound the ¢/ ()
terms using u instead of 4. Since 4 is on the line segment between u and uy, 3¢ > 0 that is

independent of u such that |4 > c|u|. Combining this with the previous result we get:
o (@) = 0 (u" ).
Now that we have bounds on ¢, and its derivatives, we can re-write w; from as:
w; =w + 1+ € (u,v) + e(u,v),

where €1, €5 are functions of u, v with the following orders:

1 (u,0) = 0 (M L) =0 (%)

on—o{) o (Bt e ()

_k_ _k_ _k_ _k_
VEk-1 j=0 VEk-1 VEk-1 v k-1 Vk-1

Proposition 2.8. For any (u,v) € Q") and w = w(u,v), we have

lim Un_ _ 1 and lim Wn 1.

n—o00 log n n—oo M

Proof. The sequence (%) converges to 1 because, for some constants C,[ > 0,

B - N\ 2k—1
o o C C(logj) *
lim —Z(el(uj,vj) + €2(uj,v5)) < lim _Z (( Ey ( gil) > "

==
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where we are using the bounds on u,, v, from Proposition and

n—1
wHn+ Y (e, v) + e, v)))
=0

]:1.

. Wy 1
lim — = lim —
n—oo 1 n—oo 1

In order to show lim,,_, oo = 1, we first need to replace the v; terms in u,, with w; terms

) o)

We use the bounds on u,, v, from Lemma to show that the sequence (

1“—”) converges
ogn

to 1.
1 S 1
U -
n—oo logn  n—oo logn = \u U]gcfl v;
n—1 n—1
1 1 1 1
= lognzv_j = logn w_j(1+¢0(u]))
0 7=0
n—1 n—1
1 1 1
—him S g Ly el)
n—oo logn 4~ j = n—oologn = J

O(1) and we choose m < n — 1 large enough so that we can

where we recall that h(u,v)
replace w; by j for j > m. We arrive at the final equality using

n—1
" 1
logn—logm—/ _x - / dr _ = log(n — 1) — log(m — 1),
m—1 T J m—1 L

j=m

.

that ¢o(u) = O (mé), and

n—1 -1
o i Yo
108;” (log])% o logn iIc iy logj %H
1
- 1 / 2k+1 =0 - 1 |-
logn )2k Jm-1 @ logx 2% (logn)zr
O

Proposition 2.9. The sequence (w, —n).., converges uniformly on compact subsets of

Q@) Let w be the holomorphic limit function. Then w(uy,v1) = w(u,v) + 1
The function w is usually referred to as a Fatou coordinate
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Proof. For some C' > 0 and any n,m € N with n > m,

i n—1 c 2kk—1
}(wn —n) — (W Z e1(ur, vr) + €aug, vp)] | < Z =51 + k >
— = \w| % | o
Qkkjl
n_ N
= o ¢ (Re(w) +3log (1+ gk ))
=~ k+1 _k_
I=m (Re(u) + élog (1 + Rel(v)> ' (1 + Rel(v)> (Re(v) * %) a
1 |n—1 2k—1
1 T & Re(u) k /n_l dx
< -12Ck (R ~log (1 ¢
(retw+ gos (14 255 o Re(v)ﬁ n- &

1 x
<1 + 2Re(v)>

<120k (Re(u) + ~1og (14 21 7%+2(sz v
- W8 Re(v) Rev 2Re

where we used bounds from Lemma [2.6| For any compact K C Q) 35 such that |ul, |v| <
S, V(u,v) € K. So

1

Sy

12Ck
(R+glog (1+25))

l(wy, —n) — (W, —m)| < +

Sl

= lﬁ

Therefore Ve > 0,3M € N such that Vn,m > M and V(u,v) € K, |(w, —n) — (W, —m)| < €.
Hence, the sequence of holomorphic functions (w, — n) converges uniformly on compact

subsets of Q") to a holomorphic limit function:

n—1
ol v) = lim (= m) = lim 3y —w; 1)+
7=0

Finally we show that wo f; = w + 1 on Q)

w(ug, vr) = Z (W2 — wj41 — 1) +wn
=0

g

(Wjr —wj —1) +w+1

=0
=w(u,v) +1
O
Define the function 7 as follows for any (u,v) € Q):
n(u,v) :=w(u,v) —w = lim ((w, —n) — (w—0)) (2.18)

n—oo
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From the proof of Proposition , we can bound n(u,v) for any (u,v) € Q):

2k—1 1

= Re(v) 51, (2.19)

In(u,v)| < 12Ck (Re(u) — 1)_% + 4Ck Re(u)

Now we will show that the following map is a coordinate change from coordinates (u,v) to
(u, w):

Py (u,v) = (u,w(u,v)).

First we need to define several domains that contain Q%) . Recall the definition of Q%’fg’a,
from ([2.3). We choose appropriate constants 0 < Ry < Ry < R,0 < 20 < dy < 1, and 0 <
30 < 7 so that

wv o) . o)
Q( ) g Ql = QR1,29,2(5 _,C,_ QQ L QR2,39,(52

and all of these domains have been shown to satisfy the properties depicted thus far for
Q)

Proposition 2.10. Let

- k-1
Re(u) > R, [ul “= % < 8lw|, | Arg(u)| < 0, Arg(w)] < —9}

QL) —
2 {(u7 Cd) k

0 = oo (08) = O s o (940)

Then i : Qg"”) — qu’w) s a biholomorphism.

Proof. First of all, 1 is holomorphic on €25 since it is holomorphic in each component. Now

we want to find a domain on which 1, is injective. For any (u,v), (4, 0) € Q)
Py (u,v) = 1(0,0) & u =1 and w(u,v) = w(u,v).
Fix uy € Q" and let wy, (v) := w(ug,v). Define

Qgﬂm = {U eC | (UO,?}) S QQ}
Q1 :={v € C| (up,v) € N}
Qo :={v € C| (ug,v) € Qo)

Then w,,, is holomorphic on €y ,,. Fix any y € Q,,. For any v € Qy,,, let
g(v) == wy,(v) —y and h(v) :=v —y.
Then g, h are holomorphic on €23,,. Let v be the curve that is the boundary of the region:

Qu N{v eC | |v| <2yl} = {U eC ’ (25)_1\u0|% < |v| < 2|y| and | Arg(v)| < 29}.
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The point y lies inside the region bounded by the curve v. Note that:

o) — ) = | 3 2l40) oy

=0 VE-1 |U0|%

for some constant ¢ > 0. We want to show that on ~:

lg(v) = h(v)| < |h(v)|, which we can prove by showing that =< [ (v)] = v =yl
[ - 0]
We bound |h|(vv|)| from below on the segments of :
_ K21
(1) o] = (26) " fuo| 7+, (2) [v] =2yl (3) | Arg(v)[ = 26.

On the first segment of ~:
K2— k2
[h()] = o —y| > [y| = [v] > (57" = (26)7") uo| " = (20) "Juo| * = o]
On the second segment of v:
1
()] =[v =yl = |v| = ly| = ly| = 5[v].

On the third segment of v, | Arg(v)| = 20. Fix any v on this segment and without loss
of generality assume Arg(v) = 26. The distance |v — y| is greater than the shortest distance

from v to the line of angle # from the origin, therefore
h(v)] = v —y| = [v]sin(F).
Hence on v we have:

|h(v)] _ v —y > min{l, l,sinﬁ} = sin 6.
] |v] 2

By requiring that R > ( )k, we get

l9(v) = h(v)] < [h(v)] = [v—y| on .

From this inequality, we know that neither g(v) nor h(v) has a zero on 7. The region s,
contains the closed curve v and g, h are holomorphic on €, ,, with no zeros on v, so we can
extend the closed, connected set bounded by v to a region slightly larger that contains no
extra zeros of g or h. By Rouché’s theorem, g and h have the same number of zeros on
this region. Since h(v) = v — y has exactly one zero in this region, ¢g(v) must as well. Note
that if v € y,, and |v| > 2|y|, then it is not possible for w(u,,v) = y (we can see this
from the calculation for y in terms of v). Therefore g is injective on € ,, for any uy € Q*
and so 1, is injective on €. Furthermore, V(u,,y) € Q5 we know that (u,,y) € Q)
and so there exists a unique element (u,,v) € ) such that ¥ (u,, v) = (u,y). Therefore,
Py qu’v) — qu’w) is a biholomorphism. U
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2.4. Conjugacy to translation

In this section we make a coordinate change so that composition with f acts as the identity

map on the first component. We can re-write (2.10)) and (2.18) for any (u,v) € Q) as:

w=w+n(u,v) =v (1 + i ¢l(lu) + (v, U)) (2.20)

1= VFTT v
k-1
1 1
-——<1+ 1) n(u,v>)_o< )
voow — e v w
u' 1
w=u+ -+ — h(u,v)+0(—2>
U s v

where h = O(1). Let fy := vy o fy o9y, Then for any (u,w) € Qé“’“”, we can express

f2(uaw) = (U1,w1) as:

k—1 k+1
1 U U ur 1
L 1 C) O O(¢ll+()1)+o — = (2.21)
w w — W R=T WE-T W
1 k41
—u+—+M+O<uk>
w w wk—1
w1 =w—+1, (2.22)

where we use and to bound {¢;} and n. By employing the same techniques
as in the proof of Lemma ﬁ we can show that if (u,w) € Q") then (ug,w;) € Q.
Since ¢ is surjective, if (u,w) € Q) then 3(u,v) € QY such that ¥, (u,v) = (u,w) and
1 (ug,v1) = (ug,wr). We can use to roughly bound Re v by Re w: R‘;“ < Rev < 2Rew.
Combining this with , we derive the inequality:

2n

Rew) > Re(u,) — Re(u) > %log (1 + 2RZ(M)) , (2.23)

3log <1+

Proposition 2.11. Fiz some ug € m <Qé“’w)> and let 1 <1 < k. Define:

k

a(u) :== /“ oh(Q)dC,  alu) = Z(—l)lal(u), and  t, == u, —logw, + a(u,) (2.24)

=1

for any (u,w) € qu’w) and n € N. Then the sequence (t,),_, converges uniformly on
compact subsets of Qg”’w). Let 7 be the holomorphic limit function of the sequence. Then

T(ur,wr) = 7(u,w).
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Proof. For any (u,w) € qu’w) and j € N, we use Taylor series expansion as in (2.12)) to get

Uj41
ay(uj1) = an(uy) + o () (ujen — uy) + / af (€)(uj1 = ¢)dc, (2.25)
where we are integrating along the line 7,,(t) = (1 — t)u; + tu;y; for 0 < ¢ < 1, which is
contained in m (Qg"””) = Q" by (2.5)). After substituting the definition of oy into (2.25)),
we get:

Let £ € [0, 1] be such that:

J

L o =i -+ [T Qa@wa -0k @20

0<t<1
and let 4 = 7, ()

|90 (s (1) @0 (v, ()] = max 657" (7, (5)) 9 (3, (D)

Since @ is on the line between u; and u;4; we can bound @ so that
Cluj| > |a| > c|u;| for some constants C' > ¢ > 0 that are independent of w and j. Then we
can bound the integral from (2.26)) as follows:

J

/uj“ Loy () (O) (ujpr — €)d¢ = O ((uj+1 — ) é‘l(ﬂ)%(@)) =0 (w

_k+l
;U )
Combining this bound with (2.26) we get:
A I B o
[ b0 = dhfuuse = w) +0 ().
uj
For any n,m € N with n > m,
n—1 1 %
. U
Un_um:Z _+¢O(UJ)+O J

J=m wj w]'
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Now we bound |[t,, — t,,| using the previous equations:

[t = | = [t = 1) = (100 — 10g o) + ((1tn) = ()

SIAS L do(w) “ S~ JwlF
< (—1)'¢k (uy) <—+u> — log (]—H> +c .
. 1

IN
S
gk
N\
L=
|
<}
09
7~ N
—_
+
&
N——
SN—

IA
(@)
< 3
|| |
3
N
£ |2
| =
T =
=
<
_?r
a-‘t b
=
=
\_/

+20§ (Re(u) + g log (1 + 2Rj(w>>)k:1 (1 + 2R‘é(w)) Re(w)
e [ e
~odke [Re<u>+ Lo (1 o ))} :;1

==
ol

< 2]{;6% (H%)_ + 24ke (Re(u)Jrélog (1+2mRT—($)>)_

for some constant ¢ > 1 independent of (u,w). For any compact K C Qg"w), 45 such that

lul, |v| < S,V(u,v) € K. Then
2%keS m—1\" 1 ~1\\ *
t, —t 1+ —- 24k —1 14+ — .
‘n m}< T (+ 5 ) + C<R+6og(+ 59 ))
Therefore Ve > 0,3M € N such that Yn,m > M and ¥Y(u,v) € K, |t, — t,,| < €. Hence,

RF—1
the sequence of holomorphic functions (t,) converges uniformly on compact subsets of Qéu’w)

e
-

to the limit function 7, which also must be holomorphic on qu’w). S0

7(u,w) = lim t, = D (i —t) +t.
j=0
Finally we show that 7o fo =7 on Q(u “),
o0 o)
T(ul,wl) = Z(tj+2_tj+1)+t1 t—t Z j+1 — t—T(U (.d)
=0 j=0
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Now we show that the following map is a coordinate change:

Pa(u,w) == (7(u,w),w).
Define the function y as follows for any (u,w) € Q5"

p(u,w) = 7(u,w) —u+logw — a(u) = lim (¢, —1). (2.27)

n—oo

We can bound p(u,w) for any (u,w) € qu’w) using the proof of Proposition and m = 0:

(u, w)| < dhe—

_ (2.28)
Re(w)=  (Re(u) — 1)

Re(u) 24ke
— +

Let Qg,’;,)ﬂ, be defined as:

k—1)(k+1 k _1
{(u,w) ’ Re(u) > R, Ju|“ =% < §w|, | Arg(u)] < @', | Arg(w)| < Ta’} (2.29)

for any R',4’,60'. To simplify notation, replace (R, d,8) by (Ra,ds,02) in the preceding work
so that qu’w) = Qg’fs)ﬁz. Given (Ry,d2,05), we choose appropriate constants Ry < Ry <

2

R,0< 9 <01 <dy, and 0 < 0 < #; < 05 so that
Q1= Qff5) © 0= Q) ) o
and all of these domains have satisfied the properties shown thus far for qu’“’.

Proposition 2.12. Let

ok k—1
Qg’w) = {(7’ — log(w),w) ‘ Re(r) > R, |7| < 5|W|(’“_l>k(k+1) | Arg(7)] < 0, | Arg(w)| < T‘g}

o - (157)
Then )y : Q(()u’w) — QéT’w) s a biholomorphism onto its image.

Proof. We use a similar strategy as in the proof of Proposition [2.10, 5 is holomorphic on

Q) since it is holomorphic in each component. For any (u,w), (4, w) € Q"*,
Yo (u, w) = Po(t, w) < 7(u,w) = 7(4,w) and w = Ww.
Fix wy € m () and let 7,,(u) := 7(u, wp). Define
Q2 = {u € C| (u,wp) € Qé“’w)}

Ql,wo = {u eC ’ (U,U)()) € Ql}
QO,wo = {U eC | (U,U)()) S QQ}
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Then 7, is holomorphic on € ,,. Fix any y € g ,,. Let
g(u) = Ty (u) + log(wo) — y and h(u) :=u—y

Then g, h are holomorphic on €23 ,,. Let v be the curve that is the boundary of the region:

Vg = {u eC (Re(u) > Ry, |u| < (81]wo|) T0E D | | Arg(u)| < 91} .

The point y lies inside the curve 7. Using (2.16)), we bound «:

k

) = -1 [“a0ac= o ["an0rc) =0 ().

=1

Then for u € Qs ,,, using this bound and the one on 1 given in ([2.28)), we get:
l9(u) = h(w)| = |(u,wo) + a(w)] < clu|'~F < Ju]'" 7,
for some ¢ > 0 and R, large enough. We want to show that on ~:
|9(u) = h(uw)] < |h(u)].
We bound |h(u)| from below on the segments of :
(1) Re(w) = Ry, (2) lul = (Gulwo) 050, (3) | Arg(u)| = 61,

On the first segment of ~:

|y| R, 1
|h<u>\z(m— ol > (o= 1) ol 2 ul! 75,
1

where the last inequality follows if we assume that Ry > V2R, (1 + lez_l) )

On the second segment of ~:

k
0o \ ¥2—1 1
h(w)] > [l - Jy] > Jul (1— (5—) ) >l

ke —(K*=1)
where the last inequality follows if we assume that Ry > (1 — (‘5—‘)) kzl) i

1

On the third segment of ~:

h(u)] = |u—y| > |u]sin(8; — 6p) > |u|' @,
where the last inequality follows if we assume that Ry > (sin(f; — 90))’(’“2’1)‘

Given {6;,0;}o<j<2, we can choose {R;}o<;<2 large enough. Hence
()] > |g(u) = h(u)] on .
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From this inequality, we know that neither g nor A has a zero on 7. Since the region {2,
contains the closed curve v and both g and h are holomorphic on s ,, with no zeros on
v, we can extend the closed, connected set bounded by 7 to a region slightly larger that
contains no extra zeros of g or h. By Rouché’s theorem, g and h have the same number of
zeros on this region; h has exactly one zero in this region, hence so does g. So V(y, wg) € Qo,
there is a unique element u € Q4 ,,, such that 7(u,wy) = y — log(wyp). Consequently, for any

(y — log(wy), we) € Q) there is a unique u € Q1. such that e (u, wo) = (7(u, wp), wp) =

(y — log(wp), wo). Therefore 1y : Q) — Q™) is a biholomorphism. O
Let
Qéu,V) — wl—l (Q(()u,w)> : Qéw,y) — 1/}0—1 (Qéuﬂj)) , 0= <ng,y)) (230)
W= 1)y 0 1Py 0 1y, and fs:=Vo fyoW L

Lemma 2.13. f3 <QE)T"”)) C Q(()T’w) and f, (Q((]fﬂ,y)> c Q[()m,y).
Proof. For any (#,w) € Q™ let 7 := # + log(w). Then
f3(fw) = (f,w+1) = (7 — log(w),w + 1).

Let
t:=74+log(w+1)=7+log(l+w™).

To show that (#,w + 1) = (£ — log(w + 1),w + 1) € Q") we need:
(1) Re(t) > R, (2) It] < (B + 1)) F00FD, (3) | Arg(t)] < 0.

First of all,
Re(t) = Re(r) + log |1+ w™'| > R.

Secondly,
It| = |T||1 +7 " og (1+w™) ‘ < (5|w|)7(k—1)k(k+l) }1 +77 ' og (1+w™) ‘ < (8lw + ]_|)7(k—l)k(lc+1)’
where the last inequality follows from the Taylor series expansions:

1+7 tlog (1 + w_l) =14+7'w 40 (T_lw_Q)

(1+w )T = 14 w40 (w?)

k2 —1
Finally,
| Arg(t)] < max{| Arg(7)], } Arglog (1 + w_l) ‘} <0,
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because
1
oo %)
< |Arg(w)| < 0.
Note that the last inequality follows because Arg(w™!) and Arg(1—w™!) have opposite signs.

Therefore,
B(OF) caf® = f(af) cof.
O

Also the origin is in the boundary of Q = [ (an,y))7 where [ is the bilinear map (2.2).
Given any (z,y) € Q% we showed that (2,,1,) € Q5 ¥n € N. Since (2n,yn) =

Vo (U, vn) and |uy|, [v,| — oo, the sequence {(z,,y,)} converges to the origin and so
(0,0) € 9 N O,

To summarize, we have shown that there is a domain 2 with the origin in its boundary
that is biholomorphic to Q(()T’w) C C? and on the latter, f acts as the identity on the first
coordinate and translation on the second. Figure [2.1]illustrates all of the coordinate changes

we performed to get that result.

2.5. Fatou-Bieberbach domain

Now that we have finished demonstrating Theorem A, we turn to Theorem B. In order to
apply our previous results, we want to assume that f as in Theorem A is an automorphism.
From Theorem [1.24] due independently to Weickert [W1] and Buzzard-Forstneric [BF], we
know there exist automorphisms of C? that approximate f very closely near the origin. In
the power series expansions of f and fy near the origin, we have only explicitly used terms
up to degree at most 2k — 1. By Theorem [1.24] there is an automorphism whose Taylor
series expansion near the origin agrees with that of f up through its degree 2k terms. We
now assume that f is an automorphism of C? since it is possible to have an automorphism

f as in Theorem A. Then fy = [=!o f ol is an automorphism with the same general form as

before in (2.1)). Let
s = S (96) and =i (50) = U ((987)

n>0 n>0

We can extend the domains of definition of w and 7 to S{":

TOo wl © wO(xa y) =TO 1/}1 o wﬂ(‘rrwyn)’
w o 1/’0@3/) =wo wﬁ('xnv yn) —n,
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f

(z,w) € Qe——Q > (z,w)
[t [=!|bilinear 7!

(z,y) fO (z,y) > (xla yl) i -1 (u,v)
(r,y)e Q" ———Q ;’% (2 )L’¢o (@)

N4 1o | biholo. Yo Yo Yo

Q(uv fl (u,v)

0 (-—>Q

¥y | biholo. {0 (G0

—~

u,w u.,w 7/
QL) f2 Q)

77[)2 biholo. 77[)2

fs

T,W) € Qe ;»Q S (r,w+1
0

Figure 2.1: Coordinate changes performed for Theorem A.

where fi'(z,y) = (zn,yn) € Q(()‘T’y) for some n € N. These are well-defined so we can use
them to extend the domain of definition of ¥ to ¥

@(x)y) = wZ o wl o w()(xay) = \Ij(xnvyn> - (O,TL),

where f(z,y) = (2, yn) € Q" for some n € N. Since V¥ is holomorphic on Q" and f,
is biholomorphic on C2, this extension of ¥ is holomorphic on E(()m’y). In the following, we
want to show that ¥ (E(()x’y)> = C2

T © \Ij <Z(()x’y)) = w o wo <Eéx7y)>
= U {wovol@am) —n | (o) € 06 |

n>0

Ut (o) )
- U {7r2 (QST’W)) — n}

n>0

:C’
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where the third equality follows because f; is an automorphism of C? and the final equality
follows from the definition of QE)T’“) given in Proposition . For any w € Cand n € N, let

W= (wo ) M(w) N fi (25).
Then (w0 ¢) " (w) NZ5 = U, 5 W2

Theorem 2.14. Fiz any w € 7y <Q[()T’w)). Then

ToYiotpy=moW: (wowo)_l(w) N Eéﬂf,y) NYG
18 a btholomorphism.

Proof. First we show that the extension of 7 o 1)y o 9y to Eéx’y) is holomorphic. For any
(x,y) € Eéx’y), dn € N such that (z,,y,) € Q(()I’y). Let U be a connected open neighborhood
of (x,y) small enough that fJ'(U) C Q(()x’y), which is then a connected open neighborhood
of (n,yn). Therefore 7 o ¢y o 9y is holomorphic on fJ'(U). Since fy is holomorphic and
Tow 01y = Toy oo fi, it follows that 7o 01}y is holomorphic on U. Hence 701 0y
is holomorphic on ng’y).

Now we show injectivity. Suppose 7o 0 y(z,y) = T o1 01ho(T,y) for some (z,y), (T,7) €

(w o) Hw) N Eéz’y). For n € N large enough we have (2, Yn), (Tn, Jn) € Q(()x’y) and
T o1 0 Yo(Tp, yYn) = T oy 0 ho(x,y) =T oy 0 (T, y) = 70y 0 Yo(Tp, Yn)-
Then
meoV(z,y) =w =m0V (7,7) = o o U(xp, yp) =w+n =m0V (T, 7y) -
U is injective on Q™Y and f, is injective on C2, therefore

qj(ﬁnayn) =V (5717@1) = (xmyn) = (5717@1) = (:E,y) = (57.@) .

Finally we show surjectivity.
Claim: 7 0y 04 (W) = 7 0 4by 0 ¢ ((w o ¢ho)~H(w +n) N Qf{”’”).
For any (z,y) € WY, it follows that (z,,y,) € QY and w o Yo(2n, yn) = w + n. Hence

(TnsYn) € (w0 tg) " (w +n) NQF™ and 70 1y 0 9o(x,y) =70 Py 0 Yo(2n, Yn)-
Conversely, for any (z,y) € (wo ¥o)  (w + n) N QY A(ZF,§) € C? such that (Z,,7,) =
(z,y) since fy is an automorphism of C?. Then w o ¥y(Z,7) = w so (T,y) € WY and

T oy og(x,y) =T 0hy 0 Yy(T, 7).
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Therefore, 7 0 1)1 0 Yo(W*) = 7 0 1)y 0 )y ((w o 1)L (w +n) N ng,y)) '

Fix any n € N.
™0ty 0 (W) =70y 0ty ((wo o) (w+n) NG
= oty ((m o) (w +n) N Q§")

= {T(u7w +n) | (u,w+n) € Q((]u’w)}

= {7‘ — log(w + n) ‘ Re(t) > R, |7| < (0|lw + n|)<’f—1>k<k+1) .| Arg(7)] < 9} ,

(u,w)

where the last equality follows because ¢, : 2y — Q((]T’w) is a biholomorphism. For fixed

w, |w + nl CENEEY grows much faster than |log(w + n)| as n — oco. Therefore,

moW ((w o 1) (w) N Efj“”) = Jrowrow(Wp) =C.

n>0
U
For n € N, let
Q, = U (wo ) Hw —n)N E(()x’y)
WET2 <Q§)T’w))

U, :=(moWo fll,mgoW)=Wo fi' —(0,n).

Then
U, Q, - C x {7@ (ng>) - n}

is a biholomorphism and |J, 2, = 25 So {Q,}, oy is an open cover of 5 with

coordinate functions {V¥,},eny which agree with each other on overlaps. This defines on
2" a structure of a locally trivial fiber bundle with base C and fiber C. Hence,

v B

is a biholomorphism and
‘I](,I‘?y) =Vo f(?(x7y) - (O,TL>
(zy

for any (z,y) € X Jand n € N. In addition, fy acts as translation:

Vo fO(x’y) = \Il(x,y) + (07 1)
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for any (z,y) € S, Recall that ¥ = l(EgE’y)) and let ® := Wo[~!. The following

commutative diagram illustrates Theorem B:

)y / )y
P P
2 2
Id+(0,1)

where all maps are biholomorphisms.

We have now completed the proofs of Theorems [A] and [B], extending Hakim’s Theorems
and to a type of map whose director is zero.

2.6. Comparing results

We now compare the two main theorems in this chapter to a theorem proven by Vivas [V2|,
Theorem 1]. In order to understand the statement of Vivas’ Theorem, we must first introduce
a few terms that distinguish between characteristic directions in C?; these distinctions were
made by Abate and Tovena [AT]. Before introducing these terms, let’s recall some notation
from Chapter [T}

Let f € End(C?, O) be tangent to the identity of order k > 2 with characteristic direction

[v]. Near the origin,
fz)=z4+P(2)+ Peya(2) + ...,

where z = (z,y) € Cx C, P, # 0, and P, := (p;,q) : C* — C x C are homogenous

polynomials of degree [. Assume, without loss of generality, that [v] = [1 : u,]. Let:
r(u) == qe(1,u) — pr(1, u)u.
Let m > 0 and n > 0 be the order of vanishing of px(1,u) and r(u) at u = u,, respectively.

Definition 2.15. The origin is dicritical when n = co. When the origin is non-dicritical,

the characteristic direction [v] is:
1. Fuschian if 1 +m = n,
2. arreqular if 1 +m < n, or
3. apparent if either 1 +m >n > 0 or m = oo.

These definitions are invariant under a holomorphic change of coordinates.
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Remark 2.16. The direction [v] is a characteristic direction of f if and only if n > 0. Fur-
thermore, [v] is a non-degenerate characteristic direction of f if and only if m = 0 < n. The

origin is dicritical if and only if r = 0.

Now we can state Vivas’ aforementioned result from [V3].

Theorem 2.17 (Vivas, [V3]). Let f € End(C? O) be tangent to the identity. Assume
that [v] is an irreqular characteristic direction. Then there exists an invariant attracting
domain Q C C? in which every point is attracted to the origin tangentially to the direction
[v] and, such that the restriction of f to V is conjugate to translation. In addition, if f is a

biholomorphism of C2, then such an § exists that is also a Fatou-Bieberbach domain.

In Theorems [A] and [B] we assume that f € End(C? O) is tangent to the identity of
order k > 2, that [v] is a non-degenerate characteristic direction, and that [v] is the only
characteristic direction of f at the origin. Given these assumptions, in Lemma [2.1| we showed

that f is linearly conjugate to:

fo(z,y) = (z,y) (1 +zyR(z,y) +y* ") + (P(z,9). 2" + Q(z,y)) .

It is then straightforward to show that the unique characteristic direction of f; must be
irregular, hence [v] is irregular. Theorems |[A| and |B| can then follow by using Theorem m
and that [v] must be irregular. As was mentioned in the introduction, the author and Vivas

arrived at these results while working independently from each other [L, [V2].
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CHAPTER 3

Invariant attracting domains and curves in C?

In this chapter, we survey what is known in dimension two about the existence of invariant
attracting domains and curves for maps that are tangent to the identity. For the entirety of
this chapter, let f € End(C? O) be tangent to the identity of order k > 2 with characteristic
direction [v] and assume, without loss of generality, that [v] = [1 : 0].

In order to better understand the dynamics of f, we again look at the lift of f to the
blowup of C?* at the origin. As we saw in (1.4)), the lift of f can be expressed in the local

coordinates (x,u) as follows:

21 =z (14 pp(Lw) 2" " + Oz, ||ulz")) (3.1)
u =u(l+ 2" + ur(u) + O(z))) + O(z"),

where
r(u) == qe(1,u) — upg(1,u),
a =1'(0), and 7 is a polynomial in u defined so that:
r(u) = au + u*F(u).
For both degenerate and non-degenerate characteristic directions we can define the following:

Definition 3.1. Abate’s index of f at [v] = [1 : u,], Ind(f,P', [v]), equals Res,—,, p’;((t)”).

If [v] is non-degenerate, we can further simplify the expression for (x1,u;) by performing
the same coordinate change as we did to get (|1.5). Then:

1
ni=a (1= 2 O (fulle o)) (32)

Uy =u (1 — 2" A+ uR(u) + O(x))) + O(2"),

48



where
A= a and R(u) == ! 7(u).
(k - 1>pk(17 0) (k - 1)pk(17 0)
Recall that A is a holomorphic invariant associated to the direction [v] = [1 : 0] called the
director of f at [v].

When [v] is non-degenerate, Abate’s index of f at [v] and the director of f at [v] are

clearly closely related. We use Abate’s index when [v] is degenerate and directors when [v]
is non-degenerate.

In §

2.6| we defined two constants associated to the characteristic direction [1 : 0]; in
particular, the constants m and n are the orders of vanishing of py(1,u) and r(u) at u =0,
respectively. As we saw in Definition [2.15] the origin is dicritical precisely when n = oo and,
when the origin was non-dicritical, characteristic directions were divided into three different

types:
Fuchsian (14 m = n), irregular (1 +m < n), and apparent (1 +m > n or m = 00).

We use this categorization to discuss how the existence of invariant attracting domains whose

points converge to the origin tangentially to [v] depends on the properties of that direction.

Remark 3.2. Apparent characteristic directions must be degenerate because a characteristic
direction is degenerate if and only if m # 0. However, Fuchsian and irregular characteristic

directions can be either non-degenerate or degenerate.

Before discussing the existence of invariant attracting domains in C2, we first discuss the

existence of complex curves in C2. More specifically, the existence of parabolic curves (see
Definition [1.13]).

3.1. Existence of parabolic curves in C?

Ecalle and Hakim showed that there exist (at least) k — 1 parabolic curves for f tangent to
[v] (see Theorem or [EL H2]). By replacing the assumption that [v] is non-degenerate
with some other assumptions on f, Abate and Tovena showed that parabolic curves for f
at the origin still exist. In particular, if the origin is an isolated fixed point, Abate showed
that there exist (at least) k — 1 parabolic curves for f at the origin tangent to some singular
direction (see Theorem or [A1L[AT]). In addition, Abate proved that when the origin is

dicritical, f admits parabolic curves. In particular,

Theorem 3.3 (Abate, [Ad]). Let f € End(C?, O) be tangent to the identity. If the origin is

dicritical, then f admits infinitely many parabolic curves.
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Therefore a map f € End(C?, O) tangent to the identity admits at least & — 1 parabolic
curves if: f has a non-degenerate characteristic direction, the origin is an isolated fixed point,
or the origin is dicritical.

Now we discuss the existence of invariant attracting domains whose points converge to

the origin tangentially to the direction [v] and how this depends on properties of [v].

3.2. Fuschian characteristic directions

We divide the discussion of the existence of invariant attracting domains for a Fuchsian
characteristic direction [v] into five different cases, depending on the values of m,n and the

director [v]. Recall that when [v] is Fuchsian, 1 +m =n < co.

Case 1. m =0 (so [v] is non-degenerate) and Re(A(v)) > 0.

These are precisely the assumptions for Hakim’s Theorems and in dimension 2
[AR] [H2]. Hence, there exist k — 1 invariant attracting domains, each with the origin in
its boundary, in which every point is attracted to the origin tangentially to the direction
[v] [ARL HIL H2]. Furthermore, Hakim showed that there exists one such invariant domain
Q on which f|q is holomorphically conjugate to translation (see Theorem or [H2]). In
addition, if f is a biholomorphism of C2, then f has such a domain ) that is also a Fatou-

Bieberbach domain and the restriction of f to €2 is conjugate to translation (see Theorem

or [H2]).

Case 2. m =0 (so [v] is non-degenerate) and Re(A(v)) = 0.

These assumptions imply that n = 1 and A(v) = Im(A(v)) # 0. As we see in the following
example, there does not necessarily exist an invariant attracting domain for f whose points

converge tangentially to [v].

Example 3.4.

Consider the following map:

flay) = (2l —=), y(I - (1 +ia)z) ),

where v € R\{0}. Note that this map is also discussed in [R1]. The direction [1 : 0] is a non-
degenerate, Fuchsian characteristic direction of f with director ice. The first coordinate is
independent of the second coordinate, so we can use the one dimensional results to understand

the dynamics of the first coordinate.
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Let C C C be the standard cauliflower set, which is the parabolic basin for the map
x = x(1 —x). It is well-known that for this map, {z,} diverges as n — oo if and only
if v ¢ C and {x,} converges to 0 if and only if x € C. Furthermore, if x € C, then
lim,, oo n@, = 1, s0 Re(z,) ~ = and | Im(z,)| < L. We bound |Im(z,)| more precisely, for

x € C and Re(z) # 0, by doing the following:

Re(x1) = Re(z) (1 — Re()) + (Im(2))* > Re(z) (1 — Re(x))
[Im(21)| = [Im(2) (1 — 2Re())| < [Im(2)| (1 — Re(x))*

TT1 - Re(ayy2 < @1
|1m<xn>|sum<w>|g<1 Re(a;)" < Fiyr Re(@n)”

Note that if Re(z) = 0, all of the inequalities except for the last one hold and we can replace
Re(x) by Re(x1) # 0 in the last inequality. Hence, for x € C and n large, Im(z,) = O (55).
Let (x5, yn) := f"(2,y) and w = £. For x, # 0, if

(T, yn) — (0,0) along [1: 0], then i(avn,yn) = (L, w,) — (1,0).

n

Notice that:

|
—

n

=y || (1= (1+ix)z) and w, :wl:[(l—ia:cl(1+0(:cl))).

Assume that x € C and y # 0. Then

n—1 n—1
1
Re(logy,) ~ (Z (1+1ia)x ) ~ —7 — —00,

50 Y — 0 as n — oo and

Il
=)

n—1

Re(logw,,) ~ Re <Z —tax (1 + O(xﬂ)) ~ i (aIm(z;) + O(27)) - —o0,

=1
so w, -+ 0 as n — oo. Hence, C x C is attracted to the origin, but its points (excluding
C x {0}) do not converge along [1 : 0]. Thus, since {x,} converges to zero if and only if

x € C, f has no invariant attracting domain whose points converge to the origin tangentially
o[l:0].

Question. Given the assumptions on f, under what conditions (if any) does there exist an

invariant attracting domain whose points converge to the origin tangentially to [v]?

Case 3. m =0 (so [v] is non-degenerate) and Re(A(v)) < 0.

There does not exist an invariant attracting domain whose points converge to the origin
tangentially to [v] (see Theorem [1.19)).
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Case 4. m > 0 (so [v] is degenerate) and Re <[nd(f, P [v])) € R, where

m+1—- = m+ 1+
o AL S ’H}CC

z —

k-1 2 2

Vivas showed that there exists an invariant attracting domain whose points converge to the

R= {zEC,Re(z) > —

origin tangentially to [v] [V3].

Question. Given the assumptions on f, if f is an automorphism, can such an invariant

attracting domain be a Fatou-Bieberbach domain?

Case 5. m > 0 (so [v] is degenerate) and Re <Ind(f, P [v])) ¢ R.

As we see in the following example, there are maps that do not have an invariant attracting

domain whose points converge to the origin along [v].

Example 3.5.

Consider the following map:

f(x,y) = (.17 + QQQ + P>2(;E,y),y + Q>2(ﬂf,y)> )

where a # 0, Psy and Q< are convergent power series each with degree at least 3, and [1 : 0]
is a degenerate Fuchsian characteristic direction. Then m = 2 and Re(Ind(f, P, [v]) = —1 ¢

R. When Psy = Q-2 = 0, it is clear that f has no invariant attracting domain tangential to
[1:0].

Question. Given the assumptions on f, under what conditions (if any) does there exist an

invariant attracting domain whose points converge to the origin tangentially to [v]?

3.3. Irregular characteristic directions

In the main results from Chapter [2 (Theorems|A|and [B]) we assume that f € End(C?, O) has
a non-degenerate characteristic direction [v] and that [v] is the only characteristic direction of
f at the origin. Given these assumptions, it turns out that [v] must irregular. Furthermore,
the assumption that [v] is irregular is precisely the assumption made in Vivas’ Theorem m
Hence, there exists an invariant attracting domain  C C?, with the origin in its boundary,
in which every point is attracted to the origin tangentially to the direction [v], and such that
the restriction of f to {2 is conjugate to translation. If, in addition, f is an automorphism of
C2, then there exists such an ) that is also a Fatou-Bieberbach domain and the restriction

of f to € is conjugate to translation [L, V3] .
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3.4. Apparent characteristic direction

Recall from Definition that [v] is apparent when 1+ m > n. Vivas showed in [V3] that
when [v] is an apparent characteristic direction of a map f, there are sometimes, but not
always, invariant attracting domains tangential to [v].

In particular, suppose f is of the form f(z) = z + Pi(z) with an apparent characteristic
direction [v]. Then there exist, for j = 1,2, f;(2) = f(2) + Q;(2), where Q;(z) = O(|z]F*1),
such that:

f1 has an invariant attracting domain tangential to [v]; and

f2 does not have any orbit converging towards the origin along [v].

Question. Given the assumptions on f, under what conditions does there exist an invariant

attracting domain whose points converge to the origin tangentially to [v]?

3.5. The origin is dicritical

When the origin is dicritical (n = o0), all directions must be characteristic directions.
Brochero Martinez showed in [Bro2] that there is an open set U whose points converge
to the origin under f and the orbit of each point p € U is attracted to the origin along some
direction, however that direction may not be the same for all points in U. For more details,
refer back to Theorem [L.21]

The following example demonstrates how a map f that is dicritical at the origin can have
an invariant attracting domain whose points converge to the origin tangentially to some

direction, but in which not all points converge along the same direction.

Example 3.6.

Suppose f = Id+P, is dicritical at the origin and P, # 0 is a homogeneous polynomial
of degree k. Then P, = A\Id, where A : C* — C is a non-trivial (A # 0) homogeneous
polynomial of degree k — 1 (see Remark . Rewriting f we get:

(@1,91) = f(z,y) = (2,9) (L + A(2,9)) .

Suppose the orbit of a point (z,y) € (C\ {0})* converges to the origin. Then the orbit
of (z,y) must converge to the origin tangentially to the direction [x, : y,] = [z : y] since
in = y;” Hence, any invariant attracting domain whose points converge to the origin under
iteration by f cannot have all of its points converge along the same direction, however each

of its points converges along a particular direction.
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3.6. Summary of results in C?

Let f € End(C?,O) be tangent to the identity of order k > 2 with characteristic direction
[v]. Below we summarize the results from this chapter on the existence of parabolic curves
and invariant attracting domains.

There exist (at least) & — 1 parabolic curves for f if:
e [v] is non-degenerate, in which case the curves are tangent to [v] (see [E, [H2]),

e the origin is an isolated fixed point, in which case the curves are tangent to some

singular direction (see [All [AT]), or
e the origin is dicritical, in which case infinitely many parabolic curves exist (see [Al]).

In the following table, we summarize the results on the existence of invariant attracting

domains whose points converge to O tangentially to [v]. In order to simplify the table, let:

A be Abate’s Index of f at [v].

A be the director of f corresponding to [v] if [v] is non-degenerate.

U be an open set whose points converge to O, each point along some direction.
Q be an invariant attracting domain whose points converge tangentially to [v].
Q be O such that f is conjugate to translation on Q.

Y be ) and, if f is an automorphism, it is a Fatou-Bieberbach domain.
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[v] is Non-Degenerate (m = 0) Degenerate (m > 0)
. E)Y [H1] . Y
Fuchsian eReA>0 = . eReAec R =30 V3]
k—-1)Q [AR]
(I+m=n) |[eReA=0+#A eReA¢R =
= sometimes ﬂ@ Ex. sometimes ﬂﬁ Ex.
eReA <0 = 30 [H1]
Irregular
(A=0) always = 3% [L, V3] [always = J¥ V3]
(1+m <n)
Apparent ) 30 V3]
Does not apply sometimes = R
(14+m > n) 1 [V3]
O is
(r=0)
Dicritical y = 3JU [Bro2] |(r=0) = U [Bro2]
=0
(m = o) ( )

Table 3.1: Summary of the existence of invariant attracting domains in C2.
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CHAPTER 4

The higher-dimensional case

In this chapter, we survey what is known about the existence of invariant attracting domains,
submanifolds, and curves for maps that are tangent to the identity in dimension m > 3. For
the entirety of this chapter, let f € End(C™,O) be tangent to the identity of order k > 2
with characteristic direction [v] and assume, without loss of generality, that [v] = [1 : O].
Unless otherwise stated, assume that [v] is non-degenerate.

In order to better understand the dynamics of f, we again look at the lift of f to the
blowup of C™ at the origin. As we saw in , the lift of f can be expressed in the local

coordinates (z,u) € C x C™ ! as follows:

zy =2 (14 2" 'p(1, u) + O(2F, ||ul[z"))

wn = u+ () + Ok, |u] %),
where r(u) := qx(1,u) —p(1,u)u, so r is a polynomial in u whose terms have degree between
1 and k + 1. The previous coordinate change did not require [v] to be non-degenerate, but
the next one does require [v] to be non-degenerate. We can further simplify the expression

for (x1,u1) by performing the same coordinate change as we did to get (1.5 as well as a

linear change of the u coordinates so that A is in Jordan canonical form. Then:

=z (1 -7 i 195’“*1 + O(a*, Hu||ack)> (4.1)

u = (1— xk_lA)u — xk_lf(u) + O(xk‘7 ||u||xk)7

where r(u) corresponds to —Au — 7(u) after the coordinate change, 7 is a polynomial in u
whose terms have degrees between 2 and k£ + 1, and A is in Jordan canonical form. Recall
that the eigenvalues of A are the directors corresponding to the characteristic direction [v].
Let {ai,...,am-1} C C be the directors corresponding to [v].

&

As we saw in §1.2] and Chapter [3| directors play a significant role in the existence of

invariant attracting domains or submanifolds whose points converge tangentially to a direc-
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tion. In this chapter, we discuss how directors and other factors affect the existence and
characteristics of invariant attracting domains or submanifolds. In addition, we discuss the

existence of parabolic curves.

4.1. Existence of parabolic curves in C",m > 3

Most of the results we discussed in Section on the existence of parabolic curves in C?
also hold in higher dimensions. In particular, a map f € End(C™,0O) that is tangent to
the identity admits (at least) k — 1 parabolic curves along some direction if: f has a non-
degenerate characteristic direction (Ecalle [E], Hakim, [H2]) or the origin is an isolated fixed
point (Abate [A1], Abate-Tovena [AT]). However, we do not have an extension of Abate’s

result in C? for maps where the origin is dicritical.

4.2. All directors have strictly positive real part

When all directors have strictly positive real part (i.e., Re(a;) > 0 for all j), Hakim showed
that there exist £ — 1 invariant attracting domains, each with the origin in its boundary,
in which every point is attracted to the origin tangentially to the direction [v] [HI) [H2),
AR]. Furthermore, Hakim showed that there exists one such invariant attracting domain
D on which f|p is holomorphically conjugate to translation (see Theorem or [H2]).
In addition, if f is a biholomorphism of C™, then f has such a domain D that is also a
Fatou-Bieberbach domain and f|p is conjugate to translation (see Theorem or [H2]).

4.3. At least one director has strictly negative real part

When at least one director has strictly negative real part, Hakim showed that there does
not exist an invariant attracting domain in which every point is attracted to the origin
tangentially to the direction [v] (Theorem or [HI]). However, if some of the directors
have strictly positive real part, an invariant submanifold whose points are attracted to the
origin tangentially to [v] can exist (see Theorem or [HI]). We discuss this further in the

next section.

4.4. Some, but not all, directors have strictly positive real part

Suppose [v] has exactly d directors with strictly positive real part. Then Hakim showed that
there exists M9t!, an invariant piece of analytic manifold of dimension d + 1, with the origin

in its boundary, that is tangent to CV + E at the origin, and such that every point of M !
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is attracted to the origin tangentially to the direction [v] (see Theorem or [HI]). In the

following, we see that such a manifold of dimension greater than d 4+ 1 sometimes exists.

All directors have non-negative real part

When all of the directors corresponding to [v] have non-negative real part, an invariant
attracting domain whose points converge to the origin tangentially to the direction [v] some-
times exists.

The following is an example of a map that has an invariant attracting domain whose
points converge to the origin, but the map cannot have such a domain in which its points

all converge tangentially to the given direction.

Example 4.1. Let

flz,y,2) = (1 —x),y(1 — ), 2(1 - 22)).
Then [1 : 0 : 0] is a non-degenerate characteristic direction with corresponding directors 0
and 1. In addition, f has infinitely many characteristic directions, but the origin is non-
dicritical. As we mentioned in Example the map x — x(1 — z) has a parabolic basin
C C C such that {x,} diverges as n — oo if and only if v ¢ C and {x,} converges to 0 if
and only if v € C. In addition, if x € C, then x,, ~ % for large n. For x € C,

n T 1
y—:—w—forlargen
n

Y i

and, as n — o0,
- anl
n
___Il(l_
x x

Hence, if f has an invariant attracting domain whose points converge to the origin, then it

n—1
.Z'j . iL'j
— 0 R § — Q.
— $j> since (§ ( 1_ J:j) (0. ]

J=0

must be contained in C x C%. For any point (z,y,z) € C x C%, as n — oo,
(’rn7 yn) Zn) % (07 07 0)7

R N = (= S

Therefore f has an invariant attracting domain whose points converge to the origin, but not

but

RI@

one whose points converge tangentially to the direction [1: 0 : 0].
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4.5. All directors are zero

We divide this section into two parts, each of which depends on properties of the matrix
A from . In the first part, we assume that A is the zero matrix. In the second part,
we assume that all eigenvalues of A are zero, but A is not the zero matrix. In each part,
we discuss results relating to when there exists an invariant attracting domain whose points

converge tangentially to the direction [v].

Part 1. A is the zero matrix

We split this into two cases: (1) the origin is dicritical and (2) the origin is non-dicritical.

Case 1. The origin is dicritical

When the origin is dicritical, all directions must be characteristic directions. The same result
that we discussed in Section |3.5| also holds in higher dimensions. In particular, Brochero
Martinez showed in [Bro2] that there is an open set U whose points converge to the origin
under f and the orbit of each point p € U is attracted to the origin along a particular
direction, however that direction may not be the same for all points in U. For more details,
see Theorem or [Bro2].

Case 2. The origin is non-dicritical.

For some maps, an invariant attracting domain whose points converge to the origin tangen-
tially to the direction [v] exists, while for other maps such a domain does not exist.

Let’s consider a particular class of maps for which A is the zero matrix, but the origin
is non-diciritical. Suppose that m = 3, k = 2, and f has no higher-order terms. Then
f=1d+P, € End(C? 0O) and (21,91, 21) := f(z,y, 2) equals:

( vl —2 -1y 2)] —py,2), y[l —x— by, 2)] —a2®, z[1 —x— I3y, 2)] — asy?) ) ,

where [; and p are homogeneous polynomials of degree 1 and 2, respectively, and a; € C.
Notice that the expression for f is missing a few terms: (1) there is no x? term in yy, 21, (2)
the coefficients of 2, zy, and xz in xy,y;, and z;, respectively, is —1, and (3) the coefficients

of xz in y; and zy in z; are both zero. We can express f in this way for the following reasons:
(i) there is no 2% term in y;, 2; because [v] = [1: 0: 0] is a characteristic direction of f,

(ii) the coefficient of 2 in z; is non-zero because [v] is non-degenerate and, after a linear

change of coordinates, we can assume the coefficient is —1,
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(iii) 7(O) = O because A is the zero matrix, so the coefficients of: (a) zy in y; and zz in

21 must be the same as 22 in x; and (b) zz in y; and zy in z; must both be zero.

Given these assumptions, such a map f may or may not have an invariant attracting domain
whose points converge to the origin tangentially to [v] = [1: 0 : 0]. One problem that arises
when determining whether such an invariant attracting domains exists for f is that it is not
clear how to control the relative sizes of y and z upon repeated iteration of f. We can avoid
this problem by making more assumptions on f, as we do in the following two examples. In
the first example we show that f has an invariant attracting domain whose points converge
to the origin tangentially to [v], while in the second example we show that no such domain

exists.

Example 4.2.
Let f be the map:

flzyy,2)=(x(1l—x—ay—bz) —cyz, yl—oz—dy—bz), z(1 —x—ay—ez) ), (4.2)

for any constants a,b,c,d,e € C. Assume that a # d and b # e, which is equivalent to
assuming 11 (y, z) Z la(y, 2) and I, (y, 2) # I3(y, 2z). When we lift f to the blowup of C* at the
origin, we can successfully avoid terms of the form ¢ and 5 so we do not need to know how
y and z behave relative to one another. Using many of the same techniques as in the proofs
of Theorems [A] and [B, we can show that f has an invariant attracting domain whose points
converge to the origin tangentially to the direction [1: 0 : 0]. First we perform the coordinate

change (y,z) — (ﬁ, ﬁ), renaming our constants a, b, c, our new coordinates (x,y, z), and

our new map f so that:
Fy,2) = (0(1 — 2 — ay — b2) — cyz,y(1 — 2 — (a+ Ly — b2), 2(1 — v — ay — (b+1)2)).

Then we define the following coordinate change ¢ : (C\ {0})* — (C\ {0})° by:

1l =z x 1 1 1

o) = (L05) = o) = o) = (L) = o)

'y z w uv’ uw
Let f := ¢ofop=t. When |u|,|v],|w| > 1, f acts on the new coordinates (u, v, w) as follows:

a b c 1 a b e\’ 1

m=utlt (=t — )+ (1+-+—+—) +0(

voow o vw u voow o vw u
1 c 1
U1:U+—<1——)+O -
u w u
1 1
u v u
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Define € to be:
{(wvw) € € | | Arg(o)],| Arsw)] <0, | Arg(u)| < 0o, and R < o, fuw] < Jul¥}.

for R>> N > 2 and 0 < 20y < 0 < §. It is straightforward to show that f(Q) cQ, so
f (7)) € ¢71(Q). In addition, we can see that |uy|, |v.|, |[w,| — 0o as n — oo so for
any point (x,y,2) € ¢~HQ), (Tn, Yn, 2n) — (0,0,0) tangentially to [1:0:0] asn — oo. It

remains to be seen if f is conjugate to translation (x,y,z) — (x + 1,y, 2).

Instead of choosing f as in the previous example, we can choose f so that it cannot
have an invariant attracting domain whose points converge to the origin tangentially to the
direction [1: 0 : 0].

Example 4.3.
Let f be the map:

[y, 2) = (2l —2), y(l—z—y), z(1-x+y) ).
Then [1 : 0 : 0] is a non-degenerate characteristic direction whose corresponding matriz A
is zero. Although f has infinitely many characteristic directions, the origin is non-dicritical
since not every direction is a characteristic direction. For any n € N, let t, = g—’; and
wy, 1= 2= s0 that (1,t,, wy,) = i(zn,yn,zn). Suppose (T, Yn, 2n) — O, but x,y;, 2 # 0 for
alll € N. We want to show that [z, : yn : z,) 7 [1: 0 : 0] or, equivalently, that (1,t,,w,)
cannot converge to (1,0,0). Consider the following expressions for t,,w, asn — 0o:
n—1 n—1 n—1
ly, = yHl:OE}_xl_yl) :tOH <1— v ) —+0 & Re (Z Y ) — —00
z [T (=) 1=0 1= = -

ZHn_l (1 — o+ ) n—1 n—1
Wy, = Lo LT _ wo H (1 + d ) —+0 <& Re (Z e > — —00.
=y (1 — 1) 1 - 11—

=0

We cannot have both sums diverge to —oo, so (1,t,,w,) cannot converge to (1,0,0). Hence,
(T, Yn, 2n) cannot converge to the origin tangentially to the direction [1 : 0 : 0]. Thus, f
cannot have an invariant attracting domain whose points converge to the origin tangentially
to the direction [1:0:0].

Given the assumptions that A = A(v) is the zero matrix and the origin is non-dicritical,
we have seen an example in which there exists an invariant attracting domain whose points
converge to the origin tangentially to [v] and another example in which such a domain does

not exist.
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Question. Given these assumptions on f, under what conditions does there exist an invariant

attracting domain whose points converge to the origin tangentially to the direction [v]?

Part 2. A is not the zero matrix

As we saw in (4.1)), f is of the form:

1
T =z <1 — T 1131“1 +O(z", Hu||a:k)>

up = (1 — 2" Au — 25717 (u) + 02", |ul|2"),
where 7(u) corresponds to —Au — 7(u) after the coordinate change and 7 is a polynomial in

u whose terms have degree at least 2 and at most k4 1. In addition, A is in Jordan canonical

form and its eigenvalues are all zero, so it must be of the form:

0 €1 0 ... 0
0 O €y ... 0
A=

0 0 0 ... €eno

00 0 ... 0
where ¢; € C. Express u € C™" ! as u = (u,... u™ V) and 7 : C™1 — C™ ! as
7= (FV,...,#™=Y) Then we can rewrite f as:

1

T =2z <1 - 137’“’1 + O(a*, Huka)) (4.3)

k —
uf?) = u@ — 2P (eul ) 479D (u) 4+ Oz, ||u]|2))
u{™ ™V = D R (R () 4 O(a, [|ul|)

where 1 < j < m — 1. A major problem in finding an invariant attracting domain for f

that converges to the origin tangentially to [1 : O] arises from the behavior we see in the ugj )

coordinates for 1 < j < m — 1. In particular, for 1 < j <m — 1, ugj) depends significantly
on uY*tY when €j # 0. As we see in the following example, an invariant attracting domain

that converges to the origin tangentially to [v] = [1 : O] might not exist for f.

Example 4.4.
For e #0, let:

flz,y,2) = (x(1 —2),y(1 — ) —exz,2(1 —x — 2))
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Then [1:0: 0] is a non-degenerate characteristic direction of f whose corresponding matriz

0 €
A equals . Define 1 to be the following map:
00

V(v 2) = (T, u,0) = (m,%,g), where 1 : C\ {0} x C* — C\ {0} x C>.

When 0 < |z| < 1, ¢ o foy™ acts on our new coordinates u,v as follows:

U1:U—€1lj)x =u—exv + O (2°v) (4.4)
2
v =0U — fjgc:v(l—xv—l—O(xzv)).

Suppose for some x,y,z # 0, the orbit (n,Yn,2,) — (0,0,0). We want to show that
(T, Yn, 2n) cannot converge tangentially to the direction [1 : 0 : 0]; in particular, we want
to show that [x, : yn @ zn] = [1 @ up v, A [1 20 :0]. We perform another coor-
dinate change, moving the origin to oo, by inverting each coordinate. In particular, let

¢ : (C\{0})* = (C\ {0})? be given by:

6+ (2,u,0) — (1 B 1) — (r,5,1).

)
r u v

For |z|,|v| < 1, hence |r|,|t| > 1, f acts on the coordinates r,t as follows:

n—1
1 1
T1:r+1—|—0<—) = Tn:T+”+E O(_)
r Jay T

' 1 1 1 1
t = :t+—+O(—> = ot =t+ —(1+O<—>)
! 1_%“—0(%) T 7”2 ;7’] Tj

Therefore r, ~ n and t, ~ logn for large n; hence x,, ~ % and v, ~ @ for large n. Then

we see that u, + 0:

n—1

Up = U — eZa:jvj (1+O(x;)) ~ —elog(log(n)),

j=0
for large n. Therefore f cannot have a domain of attraction to the origin whose points

converge along the direction [1: 0 : 0].

Question. Given the assumptions on f, under what conditions (if any) does there exist an

invariant attracting domain whose points converge to the origin tangentially to the direction
[0]?
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4.6. Summary of results in C™, for m > 3

Let f € End(C™,O) be tangent to the identity of order £ > 2 with non-degenerate char-
acteristic direction [v]. Let a4, ..., a;,—1 € C be the directors corresponding to [v], and let
A = A(v) be in Jordan canonical form. In the following table, we summarize the results from
this chapter on the existence of invariant attracting domains and submanifolds. In order to

simplify the table, let:

U be an open set whose points converge to O, each point along some direction.

M be a submanifold of dimension d + 1 whose points converge to O tangentially to [v].
Q be an invariant attracting domain whose points converge to O tangentially to [v].
Q be Q) such that f is conjugate to translation on Q.

> be © and, if f is an automorphism, a Fatou-Bieberbach domain.

Assumption Existence Result
Re(a;) > 0 for all j =)y [HI]
Ak —1) Q [ARL HI]

Re(a;) > 0 for all j, Re(ej) = 0 for only some j | sometimes 10 Ex. 4.1
Re(a;) =0 for all j
e A=0

e O is dicritical (extends to [v] degenerate) |3U [Bro2]

e O non-dicritical sometimes 3Q & ﬂ@ Ex. & 4.3
e AZ£0 sometimes ﬂﬁ Ex. 4.4
Re(a;) > 0 for d of the j’s IV [Hl] |
Re(a;) < 0 for some j 1 Q [HI]
[v] is non-degenerate or J at least k — 1 parabolic [E, [H2]
O is an isolated fixed point curves along a direction  [All [AT]

Table 4.1: Summary of the existence of invariant attracting domains, invariant attracting
submanifolds, and parabolic curves in C™ for m > 3.

There are two main differences in the study of the existence of an invariant attracting
domain whose points converge to the origin tangentially to a given direction when we consider
maps in C? versus maps in C™, for m > 3. Table[d.1]and Table[3.1] its C? counterpart, clearly
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illustrate these differences. First of all, there is a classification of characteristic directions
in C? that has not been extended to C™; in particular, Fuchsian, irregular, and apparent
characteristic directions. Secondly, for a map f € End(C™, O) that is tangent to the identity,
a given non-degenerate characteristic direction of f has only one director when m = 2 where
as it has multiple directors when m > 3; directors play a significant role in the existence
of invariant attracting domains, so this allows for many more possible situations in higher
dimensions. However, in both cases, as we can see from Tables and [4.] there are still
many open questions on the existence of invariant attracting domains whose points converge

to the origin along a particular direction.
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