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CHAPTER 1

Introduction

Exploding demand for various wireless services has fueled significant development of

wireless networks, especially several generations of cellular networks, and more recently,

ad-hoc data networks with cellular-Wi-Fi convergence. Intense development of radio

hardware and wireless applications has driven system designers and service providers

to design more efficient and cost effective systems that require better understanding of

the channel characteristics and multi-user communications. In particular, technolog-

ical advances in integrated circuits and radio-frequency devices increasingly allow for

more sophisticated signal processing and channel coding algorithms that enable us to

approach the fundamental performance limits. However, compared to point-to-point

single hop communications, we are only beginning to understand the fundamental per-

formance limits of wireless multi-hop networks and practical ways to approach them.

1.1 Overview of Wireless Network

On a typical single link communication, Shannon published his seminal work on

channel coding theory for point-to-point communication [1] in an additive white Gaus-

sian noise (AWGN) channel, where he characterized the point-to-point communication

channel by a parameter, which he named the capacity of the channel. He showed that

communication with arbitrarily small error probability is possible only when the com-

1



munication rate is less than the channel capacity. For more than fifty years, researchers

have tried to design coded systems of reasonable complexity to achieve low error prob-

ability with signal-to-noise ratio close to the Shannon limit. The advent of turbo codes

[2] and low-density parity check codes [3]-[5] allows for point-to-point communication

in AWGN channels close to the Shannon limit with the help of technological advances.

Other than the point-to-point communication, there have been extensions of Shan-

non’s theory to the broadcast and multiple access communication channels. The most

successful extensions have been for the broadcast channels [6] and the multiple access

channels [7].

With the rapid hardware advances that allow more signal processing functionality to

be integrated into a single chip, there are more expectations on future wireless network:

reliable communications among devices are desired regardless of physical limitations.

Wireless cellular networks allow people on the move to communicate with anyone or

anything using multimedia services. Wireless sensor networks allow devices to cooper-

ate in monitoring of stress and strain in buildings and bridges, detection of hazardous

events, tracking of enemy targets, and the support of unmanned robotic vehicles. Wire-

less broadband access networks allow people and devices to have high-speed connections

to the backbone network from any place at any time.

1.2 Challenges and Motivations

Of all potential wireless applications, wireless ad-hoc networks are special due to

their self-configurable characteristic to form a network without the aid of any estab-

lished infrastructure and their emphasis on communication between devices. Multi-hop

routing, whereby intermediate nodes relay packets towards their final destination, can

improve the throughput and energy efficiency of the network as shown in Fig. 1.1.

These networks have hard energy constraints since each node is powered by a small
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Figure 1.1: A typical multi-hop routing network.

battery that may not be rechargeable or renewable [40]. Hence, the nodes can only

transmit a finite number of bits before they run out of energy and reducing the energy

consumption per bit for end-to-end data transmission is the most important design con-

sideration for such networks. In addition, efficient use of the available bandwidth for

end-to-end transmission must be exploited to optimize the system performance. These

two goals of minimizing energy consumption and maximizing bandwidth utilization

cannot be achieved simultaneously, and this motivates analyzing the energy-bandwidth

tradeoff in wireless multi-hop networks.

To date, there have been tremendous research on the network throughput and ca-

pacity maximization (bits per second) or transport capacity (bits-meter per second) in

which the performance measure related to data rate has been regarded as a primary

metric. In data-rate centric applications such as video communication where there is a

continuous data stream, throughput or transport capacity are important with a tolera-

ble delay constraint. However most of energy-constrained ad-hoc wireless networks have

typically intermittent small traffic requirements with limited energy supplies. Hence,

the energy and the bandwidth should be considered jointly. To measure the performance

of transmitting a finite number of data through the network, the bits-per-Joule capacity

of energy-limited wireless networks are considered in [11, 12]. The energy-bandwidth

tradeoff under various assumption on interference with a linear network model are de-

scribed in [21][24]. In addition, in many wireless multi-hop networks which deliver the

data by multi-hop routing, the receiver energy consumption is not negligible since there
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is a significant energy dissipation to process the received signals. Usually the circuit en-

ergy consumption is negligibly small relative to the transmission energy in long-range

communications. However, in short-range multi-hop transmissions such as wireless

sensor networks, the receiver energy consumption at each relay can affect the energy-

bandwidth tradeoff especially in low rate communications [17, 18, 19, 28, 29, 30, 31].

Thus the overall spectrum utilization across the network needs to be jointly considered

with the minimum energy consumption [21, 24, 28, 41]. In particular, the end-to-end

bandwidth efficiency to characterize the energy-bandwidth tradeoff is analyzed through

the optimization of the bandwidth allocation in [24]. The optimal routing to maximize

the bandwidth efficiency is described in [26].

Even though much work has been done on cross-layer design issues in general wireless

networks, we still lack a characteristic between the total energy consumption and the

end-to-end bandwidth efficiency in wireless multi-hop networks, especially for short-

range networks where circuit processing energy must be jointly considered. In this

thesis, we focus on the energy-bandwidth tradeoff in order to optimize the network

performance in an energy-constrained network, where we include receiver energy con-

sumption. We characterize the tradeoff between energy efficiency Eb

N0
and bandwidth

efficiency R. This is similar in nature to the tradeoff in a single hop transmission over

AWGN channel determined by Shannon as

Eb

N0

>
22R − 1

2R
.

We model the optimization problem in a systematic way such that efficient closed-

form solutions can be applied to find the optimal or near-optimal solutions. The main

contributions are listed in the next section.
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1.3 Overview of Contributions

We address the following specific questions in this thesis:

1. For a multi-hop wireless network with arbitrary distributed relays in a 2-dimensional

plane, what is the fundamental tradeoff between the total energy consumption and

the end-to-end rate, and how can we achieve the optimal tradeoff to minimize the

total energy consumption?

2. Given the energy-bandwidth tradeoff for a multi-hop route, how can we find the

optimal routing path which provides the minimum total energy consumption for

a given target end-to-end rate, and how does the relays location affect the overall

performance?

3. How is the energy-bandwidth tradeoff affected without spatial reuse and with

spatial reuse?

4. How is the energy-bandwidth tradeoff different when practical channel codes with

modulation schemes are employed to reflect the successful packet reception instead

of the channel capacity?

5. Is node collaboration beneficial in terms of increasing the end-to-end bandwidth

efficiency? How much can we gain in terms of the energy-bandwidth tradeoff

using different cooperative techniques at relays?

1.4 Outline of the Dissertation

This dissertation continues as follows. Chapter 2 analyzes the energy-bandwidth

tradeoff without spatial reuse in wireless multi-hop networks. Chapter 3 treats energy-

bandwidth tradeoff in wireless multi-hop routing networks, when spatial reuse is em-

ployed to increase the bandwidth efficiency. In this analysis the minimum separation
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between simultaneous transmitters is considered to determine which relays are selected

to operate in the same transmission slot. Chapter 4 considers energy-bandwidth trade-

off when Reed-Solomon codes are employed with BPSK and orthogonal modulation to

incorporating the effect of unsuccessful packet reception. Chapter 5 treats cooperative

relaying in a typical relay network, in particular when decode-and-forward and amplify-

and-forward schemes can be exploited by the forwarding strategy. Finally, Chapter 6

summarizes our results and points to areas for future research.
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CHAPTER 2

End-to-End Energy-Bandwidth Tradeoff in

Multi-hop Wireless Networks

In this chapter energy-constrained wireless multi-hop networks with a single source-

destination pair are considered. A network model that incorporates both the energy

radiated by the transmitter and the energy consumed by the circuits that process the

received signals is proposed. The rate of communication is the number of information

bits transmitted (end-to-end) per coded symbol transmitted by any node in the network

that is forwarding the data. The tradeoff between the total energy consumption and

the end-to-end rate of communication is analyzed. The performance (either energy

or rate) depends on the transmission strategy of each node, the location of the relay

nodes, and the data rate used by each node. Communication strategies include the

rate of transmission on each link, the scheduling of links, and the power used for each

link. Strategies that minimize the total energy consumption for a given rate are found.

Two communication strategies that capture the inherent constraints of some practical

networks are also considered and compared with the optimum strategies. In the case

of equi-spaced relays, analytical results for the tradeoff between the energy and the

end-to-end data rate are provided. The minimum energy over all possible data rates is

also obtained. Low rates incur a significant penalty because the receiver is on for a long

time period while high rates require high transmission energy. At high rates routes with
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fewer hops minimize the energy consumption while at lower rates more hops minimize

the energy consumption.

2.1 Introduction

Wireless ad-hoc networks may be widely deployed in the near future. Wireless nodes

in such a network are typically equipped with a small battery. This makes minimizing

the energy consumption a critical design issue for such wireless ad-hoc networks. In

addition, efficient use of the available spectrum to transmit information bits across the

network is also an important design consideration. These two goals of minimum energy

consumption and maximizing bandwidth utilization cannot be achieved simultaneously

and motivate analyzing the energy-bandwidth tradeoff in wireless multi-hop networks.

Previous research in energy-constrained networks has mainly focused on transmis-

sion schemes to minimize the radiated energy. The capacity per cost with general capac-

ity cost functions on a single link is considered in [11], and the bits-per-Joule capacity

to measure the efficiency of finite data transmission is described in [12]. Some optimal

signaling methods in the wideband regime that minimize the energy per bit while consid-

ering the fundamental energy-bandwidth tradeoff is described [13]. Optimal scheduling

problems to minimize the transmission energy by varying packet transmission times are

considered in [14]. Emphasis on the transmission energy is quite reasonable for typical

long range communications where transmission energy dominates the total energy con-

sumption. However, for short range communication, energy dissipation in the circuit is

not negligible and results in a more complicated tradeoff in the power-limited regime

[29][30]. In [17]-[19] the circuit energy consumption is incorporated to minimize the

total energy consumption but the bandwidth efficiency is not considered. Besides the

energy consumption, the end-to-end throughput of wireless networks or equivalently the

bandwidth efficiency also needs to be considered at the same time. Important guidelines

8



are provided for bandwidth efficient network design in [20] where the cooperative relay-

ing is exploited, and in [21]-[26] where every relay is located equidistantly on a straight

line. However, the energy-bandwidth tradeoff and the optimal routing to maximize the

bandwidth efficiency are analyzed without considering the circuit energy consumption

[23]-[26].

In this chapter, we consider the tradeoff between the total energy consumption and

the end-to-end rate in wireless multi-hop networks where each node can be placed arbi-

trarily between a single source node and a destination node. The problem and solution

we consider is limited to multi-hop transmissions based on point-to-point communica-

tion and interference-free scheduling. This requires perfect synchronization among all

nodes and knowledge of the overall network characteristics at all nodes. We formu-

late the overall costs in terms of the end-to-end bandwidth utilization (channel uses)

and energy consumption to deliver one information bit across the network in order to

fairly evaluate different multi-hop routing strategies. The end-to-end rate measures

how efficiently the network utilizes the bandwidth to forward one information bit. The

total energy consumption includes the transmission energy and the circuit processing

energy to forward data. For an arbitrary placement of nodes we find the optimal rate

of transmission for each link, the scheduling of links, and the power level for each link

that minimizes the energy required for a given end-to-end rate. We also find the end-to-

end rate that minimizes the total energy consumption. If the circuit processing energy

is negligible, then the rate that minimizes the energy consumption is zero in many

single-hop communication systems. We find the dependence of the minimum energy on

the location of the nodes in the network. We also propose two practical communica-

tion strategies namely (1) a common rate strategy and (2) a common power strategy.

For both strategies, we characterize the tradeoff between energy efficiency, measured

in terms of the required Eb/N0 for reliable communications and bandwidth efficiency,

measured in terms of the end-to-end rate R. This is similar in nature to the tradeoff in
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a single hop transmission for the AWGN channel determined by Shannon. Typically,

the energy-bandwidth tradeoff has been studied with linear equi-distant placed nodes,

and only the transmission energy has been included in the model [11]-[14], [21]-[26].

Our work differs from previous works in two fundamental ways. First, to account for

the general topologies, each relay node can be placed arbitrarily between source and

destination. Second, our energy consumption model incorporates both transmission

energy and circuit processing energy.

In summary, the main contribution of this chapter is twofold. First, we propose a

framework to analyze the tradeoff between total energy consumption and end-to-end

rate. In particular, we quantify the impact of the relay’s configuration on the tradeoff

between energy and rate. Secondly, we show that there is a minimum total energy

consumption per information bit that is obtained by the optimal selection of the end-

to-end rate. We find the minimum energy for the optimal transmission scheme and for

more practical transmission schemes.

The rest of this chapter is organized as follows. We describe the system model

in Section 2.2 and the performance measures of wireless networks (energy and rate)

in Section 2.3. In Section 2.4, we investigate the performance in terms of the end-

to-end energy-bandwidth tradeoff for two proposed strategies called common power

transmission and common rate transmission. In Section 2.5 the special case of equi-

spaced relays is considered. We provide numerical results in Section 2.6 and summarize

the results in Section 2.7.

2.2 System Model

Consider a wireless network where a source node communicates with a destination

node, separated by a distance de, through a multi-hop route with the information

traversing through k − 1 relay nodes that are arbitrarily located between the source
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and the destination as shown in Fig. 2.1. We denote the relay distance of hop i as di

and let α
i

= di/de where 0 < α
i

< 1 and α = (α1 , ..., αk
). We assume each relay is

in the far-field region of the corresponding transmitter [36]. For RF carrier frequencies

from 400 MHz to 10 GHz, the far-field assumption is satisfied by relays separated at

least 1m [37]. The received power Pr,i in link i in the far-field is modeled as

Pr,i =
β

dη
i

Pout, di > 1

where Pout is the transmitter output power and η is a path-loss exponent (typically

between 2 and 4), and β is a constant from the antenna characteristics. For simplicity

we assume β = 1.

A simple decode-and-forward protocol is considered in which relay i decodes the

message sent from relay i − 1, re-encodes it, and then forwards the message to relay

i + 1. We consider link connectivity only between intermediate neighboring relays, and

thus any cooperative relaying scheme to exploit cooperative diversity is not allowed.

Each transmission is assumed to employ capacity-achieving codes with the same time

duration for each coded symbol for each link. We impose no peak power constraint for

each transmitter output or delay constraints. The rate of transmission R in information

bits per channel use must be less than the capacity C for reliable communication. That

is

R < C(γ) ⇐⇒ γ > g(R)

where γ is the received energy per channel use-to-noise power spectral density ratio and

g(R) = C−1(R) is the inverse of channel capacity C(γ). We now make the following

assumptions on the channel capacity function C(γ).

1. C(γ) is continuous in γ ≥ 0 and twice differentiable, non-decreasing and concave

in γ.

11



2. C(γ) has an inverse function. That is, C−1(x) = g(x) which is also continuous,

twice differentiable in γ.

For the AWGN channel the capacity C(γ) and its inverse function g(R) are given by

C(γ) =
1

2
log2(1 + 2γ) ⇐⇒ g(R) =

22R − 1

2
.

We assume that each node has the same circuitry which requires circuit energy Ep

Joules to process a single received coded symbol. In practice, the circuit processing

energy depends on a transceiver design and architecture, and coding and modulation

techniques. In some cases the energy consumption of the receiver is dominated by the

RF front-end. In this case the energy per symbol is just the product of the receiver

power consumption and the time duration for each channel use (modulation symbol).

We assume Ep is a constant throughout this chapter. We note that the total energy

consumed per information bit is the energy consumed per coded bit, Ep, divided by

the rate of the code. As such, very low rates require a large amount of energy per

information bit to process the received signal. This leads to an optimal rate that

minimizes the total energy. High rates require high transmitted energy per information

bit. Low rates require high receiver processing energy per information bit.

We assume that each node operates in half-duplex mode, hence it cannot transmit

and receive simultaneously. Thus each transmission needs to be scheduled to avoid

conflicts. Inter-link interference is not considered here since in this chapter we assume

that the network operates without spatial reuse. Perfect synchronization is assumed to

be achieved among the nodes, hence each relay node transmits in its own slot (time or

frequency) without any interference.
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2.3 Problem Formulation and Performance Measures

In this section, we describe the performance measures considered, namely the total

energy consumption per information bit by the network and the end-to-end rate. The

total energy consumption includes the transmission energy and the circuit processing

energy. The end-to-end rate is the number of information bits transmitted (end-to-end)

per coded symbol transmitted by any node in the network that is forwarding the data.

2.3.1 End-to-end Rate

The end-to-end rate is defined as the number of information bits transmitted end-

to-end per channel use across the network. Consider N total uses of the channel by the

k links. Link i connecting node i− 1 and node i is allocated Ni exclusive channel uses.

Node i − 1 transmits at rate Ri on link i. The maximum end-to-end rate that can be

achieved is [23][24]

Re = max∑
i Ni=N

min

{
Ni

N
Ri

}
= max∑

i qi=1
min{qiRi}

where qi = Ni/N . The maximum end-to-end rate is achieved by optimally assigning a

fraction of total channel uses to each transmission. This optimal assignment of channel

uses to each transmission is obtained by using an equalizer strategy. That is, the optimal

solution must have qiRi being a constant for all i. Together with the constraint that
∑

i qi = 1 this yields the solution q∗i = R−1
i /

∑
j R−1

j . Given the optimum channel use

allocation, q∗i , among the links, the maximum end-to-end rate for this route is

Re =
1∑k

i=1 R−1
i

(bits/channel use). (2.1)
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2.3.2 End-to-end Energy Consumption

Consider the i-th link which is communicating at rate Ri. The energy consumption

per information bit of link i, Ei, consists of transmission energy consumption and

receiver energy consumption to process received symbols. Thus, we have

Ei =
Ei,tx + Ep

Ri

where Ei,tx is the energy transmitted per coded symbol and Ep is the energy consumed

by the circuitry at hop i for each coded symbol. Typically, the minimum received

energy (rather than the transmitted energy) is found such that reliable communication

is possible. This avoids the need to know the distance between the transmitter and

receiver. However, the distance and propagation loss must be taken into account to

investigate the actual energy consumption. In order to compare with standard results

on energy required for reliable communications (for instance, a single-hop case) we take

the total energy consumption (transmitted and processing energy of the receiver) and

normalize by the end-to-end propagation loss. In the absence of receiver processing

energy then this is exactly what is typically used for energy (or power) consumption.

Thus if the total energy is normalized by the propagation loss then we should normalize

both the transmitted energy and the receiver processing energy by this same quantity.

From this normalized quantity we can find the actual energy consumption easily. So

we normalize the circuit processing energy by the propagation loss, which depends on

distance. The normalized energy Ei,tx is defined as

Ei,tx

N0

d−η
e =

Ei,tx

N0

αη
i
d−η

i = αη
i
γ

i

where γ
i
=

Ei,tx

N0
d−η

i denotes the received energy per coded symbol-to-noise power spec-

tral density ratio at hop i. Similarly a normalized circuit processing energy γc is defined
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as

γc , Ep

N0

d−η
e .

Our major interest in this chapter is the total energy consumption that includes

the transmission energy and the circuit processing energy required to communicate

a bit across the network. In order to fairly represent the total energy consumption

for different hops, we define the normalized total energy consumption per information

bit-to-noise power spectral density ratio as

Etot

N0

,
k∑

i=1

Ei

N0

d−η
e =

k∑
i=1

αη
i
γ

i
+ γc

Ri

. (2.2)

Note that for low rates, the processing energy for the circuitry will dominate the total

energy consumption whereas for high rates the transmitted energy will dominate.

For a single link the received energy is the usual performance measure as opposed

to the transmitted energy. In order to be consistent with this, we define the end-to-end

energy received per information bit-to-noise power spectral density ratio as

Eb

N0

,
k∑

i=1

Ei,tx

Ri

d−η
e

N0

=
k∑

i=1

αη
i
γ

i

Ri

≡
(

Etot

N0

)

γc=0

(2.3)

which denotes the sum of transmission energy per information bit in each link that is

involved in the end-to-end transmission, and a special case of the total energy consump-

tion when γc = 0.

Our fundamental goal of this chapter is, for a given multi-hop routing path α =

(α1, ..., αk), to find the optimal set of transmission energies (E1,tx, ..., Ek,tx) or equiva-

lently (γ1 , ..., γk
) that provide the smallest total energy consumption for a given end-

to-end data rate Re. This problem corresponds to scarce wireless multi-hop networks

where only a few relays are available and thus location of relays are not design variables.
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This general problem of minimizing total energy consumption for a given end-to-end

rate can be formulated as the following optimization problem.

Problem Ia:

Etot(α, Re)

N0

= min
(γ1,..,γk)

k∑
i=1

αη
i
γ

i
+ γc

Ri

s.t. Ri = C(γ
i
), i = 1, ..., k

∑k
i=1 R−1

i = R−1
e

(2.4)

where the optimization variables are γi’s and C(γi) denotes the channel capacity which

is increasing and concave. Problem Ia can be converted into an equivalent convex

optimization problem as shown in Appendix A. The solution for the above problem

can be obtained in a parametric form as follows.

Parametric Solution to Problem Ia: Let g(x) = C−1(x) be the inverse function of

the channel capacity function. By solving the following set of equations for xi

λ = αη
i

[
g(x−1

i )− 1

xi

g′(x−1
i )

]
+ γc, i = 1, ..., k (2.5)

where xi > 0 and γc ≥ 0, the solution to Problem Ia is as follows

γi = C−1(x−1
i ), Ri =

1

xi

(2.6)

R−1
e =

k∑
i=1

xi (2.7)

Etot(α, Re)

N0

=
k∑

i=1

xi

[
αη

i g(x−1
i ) + γc

]
. (2.8)

Proof : See Appendix A.1.

We can obtain the solution to Problem Ia from the following procedure using numerical

methods:

Step 1. Fix λ.
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Step 2. Solve (2.5) for xi for i = 1, ..., k.

Step 3. Determine γi, Ri and Re from (2.6) and (2.7).

Step 4. Determine Etot/N0 from (2.2) or (2.8).

By varying λ we can determine the tradeoff between Etot/N0 and Re. For the case of

the AWGN channel, the channel capacity is given by

1

C(γ
i
)

=
2

log2(1 + 2γ
i
)

= xi ⇒ γ
i
= C−1(x−1)

g(x−1) = C−1(x−1) =
1

2
(22/x − 1).

Then the parametric solution to Problem Ia for the AWGN channel is obtained by

solving the following equation for xi.

Solution to Problem Ia for the AWGN channel: LetW(x) be the principal branch

of the Lambert W-function, for which W(x) ≥ −1 [34]. Let ui = 1+W
(

2α−η
i (γc−λ)−1

e

)
.

Then from (2.5) we obtain

2λ = αη
i

[
e2 ln 2/xi − 1− 2 ln 2e2 ln 2/xi

xi

]
+ 2γc

1

xi

=
1

2 ln 2
ui = C(γi) ⇒ γi =

1

2
(eui − 1).

Therefore the solution to Problem Ia for the AWGN channel is as follows:

R−1
e = 2 ln 2

k∑
i=1

1

ui

Etot(α,Re)

N0

= ln 2
k∑

i=1

αη
i (e

ui − 1) + 2γc

ui

= ln 2
k∑

i=1

[
2λ

ui

+ αη
i e

ui

]

where xi ≥ 0 for all i. The next problem is to also optimize Etot/N0 over Re.
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Problem Ib:

Etot(α, R∗
e)

N0

= min
(γ1 ,..,γ

k
)

k∑
i=1

αη
i
γ

i
+ γc

C(γi)
(2.9)

where the optimization variables are γi’s. Problem Ib can be converted into an equiv-

alent convex problem as shown in Appendix A.2. The solution for Problem Ib can be

obtained by solving the following equation

Solution to Problem Ib: From the solution x∗i to the following equation

g′(1/xi)

xi

− g(1/xi) = α−η
i γc (2.10)

we can determine γ∗i , R∗
e, and Etot(α, R∗

e)/N0 from (2.6)-(2.8).

Proof : See Appendix A.2.

Note that γc = 0 results in xi = ∞ or equivalently γ∗i = 0 since h(x) , xg′(x)−g(x)

is increasing in x ≥ 0, which leads to C(γ∗i ) = 0 and R∗
e = 0 respectively. Hence

using the following property, the minimum end-to-end received energy per information

bit without circuit energy consumption can be obtained when γi → 0 or equivalently

Re → 0. 1

Property 2.1.

(
Etot

N0

)

γc=0

=
Eb

N0

is strictly increasing in Re > 0.

Proof : See Appendix A.3.

Therefore the minimum end-to-end received energy per information bit for a given

multi-hop routing path without any processing energy is as follows.

Solution to Problem Ib with γc = 0:

Eb(α, R∗
e)

N0

= lim
γi→0

k∑
i=1

αη
i γi

C(γi)
=

1

C ′(0)

k∑
i=1

αη
i

(2.11)

1In (4) for each set of values of γi there will be a value for Ri and hence a value for Re from (2.1).
After optimizing over γi with the constraint on the end-to-end rate Re, there is γ∗i , a function of Re.
When Re is small the optimal value for γi is also small.
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where C ′(0) = limγ→0
γ

C(γ)
.

For the case of the AWGN channel, the solution to Problem Ib for the minimum

Etot/N0 over Re is as follows.

Solution to Problem Ib for the AWGN channel: Let u∗i = 1 +W
(

2α−η
i γc−1

e

)
=

1 +W
(

2d−η
i Ep−N0

eN0

)
. Then the optimal solution to Problem Ib is given as follows:

γ∗i =
1

2
(eu∗i − 1) (2.12)

R∗
e(α)−1 = 2 ln 2

k∑
i=1

1

u∗i
(2.13)

Etot(α,R∗
e)

N0

= ln 2
k∑

i=1

αη
i (e

u∗i − 1) + 2γc

u∗i

= ln 2
k∑

i=1

(
di

de

)η

eu∗i . (2.14)

Proof : See Appendix A.2.

We note from (2.14) that if the end-to-end distance is doubled by adding nodes

in such a way that each link distance is duplicated then the total end-to-end energy

consumption without the end-to-end distance normalization (at the optimal rate R∗
e)

also doubles. That is, the minimum total energy consumption grows linearly with

distance. Also note that γc = 0 results in ui = 0 and γ∗i = 0 since W(−e−1) = −1,

which leads to R∗
i = 0 and R∗

e = 0 respectively. Hence using the property 2.1, the

minimum end-to-end received energy per information bit can be obtained when γi → 0

or equivalently Re → 0.

Solution to Problem Ib with γc = 0 for the AWGN channel:

Eb(α, R∗
e)

N0

= lim
γi→0

k∑
i=1

αη
i γi

0.5 log2(1 + 2γi)
= ln 2

k∑
i=1

αη
i
. (2.15)
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Note that the above result can be verified directly from (2.13) by setting ui = 0 for

i = 1, ..., k.

Besides determining the best achievable performance, we also want to find the re-

lation between Etot

N0
and Re for practical transmission schemes. In the following section

we consider two practical schemes for rate selection and transmission energy selection

of physical layer at each hop and investigate the optimization problem in (2.9).

2.4 Common Power, Common Rate Transmission

Strategies

In this section we consider two practical strategies for selecting the rate and energy

in each relay link. For the first scheme, we fix the transmission rate of each link and vary

the transmission energy of each link. We call this the “Common Rate” strategy. For

the second scheme, we fix the transmission energy of each symbol on each link and vary

the rate of each link. We call this “Common Power” strategy. Common power strategy

may be a more practical strategy than common rate strategy. Common rate strategy

requires nodes to adjust their transmit power levels according to the distances to the

next relay which may, for example, require changing the drive level of an amplifier.

Changing the rate of communication, however, is something that can be done easily,

for example, by puncturing.

2.4.1 Performance of the Common Rate Strategy

We first consider multi-hop transmission where each node communicates at a com-

mon fixed rate, Ri = R for all i. For reliable communication at each hop, the common

rate R should be achievable in any link which is involved in forwarding data. Under

multi-hop transmission where each link communicates using channel-capacity achiev-

ing codes over the channel, the relation between the rate and the signal-to-noise power
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spectral density ratio of each link is

γ
i
= γ = g(R), i = 1, ..., k. (2.16)

Hence the transmission energy of link i is obtained as

Ei,tx = γdη
i N0. (2.17)

Notice that to communicate at a common rate, each link needs to achieve the same

received energy per coded symbol-to-noise ratio. Therefore the transmission energy

in each link is adjusted so as to achieve the same amount of received code symbol

energy-to-noise ratio

Ei,tx =

(
di

dmax

)η

Etx ≤ Etx (2.18)

where Ei,tx denotes the transmission energy per coded symbol in link i, and Etx denotes

the transmission energy per coded symbol in the link with the largest relay distance

dmax = maxi di. Therefore each link uses a rate R while it adjusts its transmission

energy to
(

di

dmax

)η

Etx.

1) End-to-end rate: With a fixed rate at each hop, the end-to-end rate in (2.1) is

simplified to

Re =
1∑k

i=1 R−1
=

R

k
=

C(γ)

k
(2.19)

where the factor k−1 follows from bandwidth sharing among relays.

2) End-to-end energy-bandwidth tradeoff: With the common rate strategy, the
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energy consumption for a given end-to-end rate is

Etot(α, Re)

N0

=
k∑

i=1

αη
i
γ + γc

R
. (2.20)

From (2.16) and (2.19), solving for γ in terms of Re and substituting into (2.20) yields

the relation between total energy consumption and end-to-end rate as

Etot(α,Re)

N0

=
γ

∑
i α

η
i + kγc

C(γ)
=

g(kRe)
∑

i α
η
i
+ γc

Re

. (2.21)

Using (2.21) we can find the relation between the total energy and the end-to-end rate

for the common rate transmission strategy.

3) Problem IIb: Consider the optimal end-to-end rate that minimizes the total en-

ergy consumption and the corresponding minimum total energy consumption. Problem

IIb for the common rate scheme is the following optimization problem.

Problem IIb for the common rate case:

Etot(α, R∗
e)

N0

= min
γ>0

γ
∑k

i=1 αη
i + kγc

C(γ)
(2.22)

where the optimization variable is γ. From (A.3) the above optimization problem can

be converted into an equivalent convex problem with the transformation x = 1/C(γ)

Etot(α, R∗
e)

N0

= min
x>0

[(
k∑

i=1

αη
i · xg(x−1)

)
+ kγcx

]
. (2.23)

By taking the derivative with respect to x and setting it to 0, we have

g′(x−1)

x
− g(x−1) =

kγc∑k
i=1 αη

i

. (2.24)

Let x∗ be the solution to the above equation. Then the optimal end-to-end rate and
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the minimum total energy consumption are as follows

R∗
e =

1

kx∗
(2.25)

Etot(α, R∗
e)

N0

= g′(1/x∗) ·
k∑

i=1

αη
i . (2.26)

For the case of the AWGN channel, the optimal solution to (2.24) is given by

x∗ =
2 ln 2

t
(2.27)

where

t = W
(

2kγc −
∑k

i=1 αη
i

e
∑k

i=1 αη
i

)
+ 1.

Therefore the optimal end-to-end rate and the minimum total energy consumption for

the AWGN channel are as follows

R∗
e =

1

kx∗
=

t

2k ln 2
(2.28)

Etot(α,R∗
e)

N0

= ln 2 · 22/x∗ =

[
ln 2 ·

k∑
i=1

αη
i

]
et. (2.29)

4) Problem IIb with γc = 0: Now consider minimizing the total energy consumption

when the circuit processing energy γc = 0. Problem IIb with γc = 0 is as follows.

Problem IIb for the common rate strategy with γc = 0:

Eb(α,R∗
e)

N0

= min
Re>0

g(kRe)

kRe

k∑
i=1

αη
i
. (2.30)

Note that the right hand side of (2.30) is increasing in Re > 0 and thus the minimum

occurs when Re → 0. Using L’Hôpital’s rule, the minimum end-to-end received energy
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per information bit is

Eb(α,R∗
e)

N0

= lim
Re→0

Eb

N0

= g′(0)
k∑

i=1

αη
i

(2.31)

where notice that for the AWGN channel, g′(0) = ln 2. Note that
∑

i α
η
i

< 1 represents

the gain over multi-hop transmission. We see that increasing the number of hops,

without violating the far-field constraint, is more energy-efficient in terms of the received

energy per information bit in the power-limited regime. Comparing the result of (2.31)

with the result of (2.26) or (2.29), we identify the penalty in the normalized signal-to-

noise ratio resulting from the circuit processing energy consumption.

2.4.2 Performance of the Common Power Strategy

Now consider multi-hop transmission where each node transmits with same energy

per coded symbol, i.e. Ei,tx = Etx for all i while each rate of communication is deter-

mined by the received signal-to-noise ratio on each link. The received signal-to-noise

ratio is determined by the location of relays. Therefore the common power strategy can

be interpreted as an adaptive rate communication strategy. Normalizing by the end-

to-end distance de and relay distance di, and noise power spectral density N0, we have

γ
i
αη

i
= γ

j
αη

j
. Using the minimum SNR from a link with the largest relaying distance,

we have

γ
i

= πiγmin
≥ γ

min
(2.32)

πi ,
(

αmax

α
i

)η

(2.33)

where γ
min

is the minimum link SNR and αmax = maxi αi
, and πi denotes the ratio of

the maximum relay distance to the i-th relay distance.

1) End-to-end rate: With a common transmission energy at each hop, the rate on
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link i is

Ri = C(γ
i
), i = 1, ..., k (2.34)

where γi = Etxd
−η
i /N0. The end-to-end rate in (2.1) is given by

Re =
1∑

i R
−1
i

=

[
k∑

i=1

1

C(πiγmin)

]−1

(2.35)

where γ
min

= Etx

N0
d−η

max.

2) End-to-end energy-bandwidth tradeoff: The end-to-end energy consumption can

be determined from the minimum signal-to-noise ratio.

Etot(α, Re)

N0

=
k∑

i=1

Etx + Ep

Ri

d−η
e

N0

. (2.36)

Substituting the relation of (2.32) into (2.36) yields the relation between total energy

consumption and end-to-end rate as

Etot(α, Re)

N0

=
k∑

i=1

αη
max

γ
min

+ γc

C(πiγmin)
=

αη
max

γ
min

+ γc

Re

. (2.37)

Thus we can parametrically determine the end-to-end rate and the corresponding nor-

malized total energy consumption. As we vary either Etx or γmin the end-to-end rate

changes as does the total energy consumption.

3) Problem IIb: Consider the optimal end-to-end rate minimizing the total energy

consumption and the corresponding minimum total energy consumption. Problem IIb

of the common rate case can be simplified to the following single variable optimization

problem.
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Problem IIb for the common power case:

Etot(α, R∗
e)

N0

= min
γmin>0

k∑
i=1

αη
max

γ
min

+ γc

C(πiγmin)
. (2.38)

From (A.3) (2.38) can be converted into an equivalent problem with k variables where

a transformation of variables xi = C(γi) turns the objective function into a convex

function as follows

Etot(α, R∗
e)

N0

= min
(x1,..,xk)

k∑
i=1

αη
i g(xi) + γc

xi

s.t. αη
maxg(xmin) = αη

i g(xi).

(2.39)

Since the inverse function of channel capacity function is generally not an affine function,

the equality constraint is not an affine function which renders (2.39) not a convex

problem. However the optimal end-to-end rate and the corresponding minimum total

energy consumption can be obtained by numerical techniques. Also note that without

the equality constraint, (2.39) becomes Problem Ib, an unconstrained optimization

problem. Therefore the minimum total energy consumption of common power scheme

is bounded by the result of Problem Ib.

4) Problem IIb with γc = 0: Now consider minimizing the total energy consumption

when the circuit processing energy γc = 0. From (2.39), we have

Problem IIb for the common power case with γc = 0:

Eb(α,R∗
e)

N0

= min
(γ1,..,γk)

k∑
i=1

αη
i g(xi)

xi

s.t. αη
maxg(xmin) = αη

i g(xi).

(2.40)

It can be easily shown that for any xi, from the objective function of (2.40), f(xi) =

g(xi)/xi is increasing in xi ≥ 0 and thus the minimum occurs at xi = 0. To see this,

26



we need to show that f ′(xi) > 0. We can express f ′(xi) in terms of g(xi) as

f ′(xi) =
xig

′(xi)− g(xi)

x2
i

. (2.41)

To show f ′(xi) > 0, it is sufficient to show that h(xi) = xig
′(xi) − g(xi) from the

numerator of f ′(xi) is increasing and h(0) = 0. Since h′(xi) = xig
′′(xi) > 0 and

h(0) = 0, f(xi) is increasing in xi ≥ 0. Hence the minimum end-to-end received energy

per information bit is achieved when xi → 0 for all i from the equal energy constraint.

By taking the limit as xi → 0 and using L’Hôpital’s rule, the minimum end-to-end

received energy per information bit is

lim
Re→0

Eb

N0

= lim
xi→0

k∑
i=1

αη
i

g(xi)

xi

= g′(0)
k∑

i=1

αη
i (2.42)

which is same as the result of the common rate in (2.31). Within the far-field region,

using multiple hops for low rates is more energy efficient compared to single hop when

the circuit processing energy is not taken into account.

2.5 Performance of Equidistant Multi-hop Routing

In this section we derive the optimal end-to-end rate and the optimal number of

hops to minimize the overall energy consumption of equi-spaced relays. The optimal

solutions are obtained by decoupling the joint optimization problem in rate and number

of hops into two sub-problems. We first obtain the optimal number of hops as a function

of Re. Then the optimal value of Re is derived [18][38]. Finally we derive the solution

to Problem IIb for the equi-spaced relays.

Consider the case of equi-spaced relays so that αi = 1/k. In this case the common

rate strategy and the common power strategy are identical. The end-to-end rate Re is
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then

Re =
R

k
=

C(γ)

k
(2.43)

where γ denotes the link SNR. From (2.2) and (2.43), the total energy consumption

per information bit is

Etot(k, Re)

N0

=
k−ηg(kRe) + γc

Re

. (2.44)

With a transformation of variables e−x = k and R−1
e = ey, the minimum total energy

consumption can be converted into an equivalent optimization problem

Etot(x
∗, y∗)

N0

= min
y∈R,x∈R

ey [eηxg(e−x−y) + γc] . (2.45)

Proposition 2.1. The objective function Etot(x,Re)/N0 is convex in x,Re for Re > 0

and x ∈ R if g(u) satisfies the following conditions

1. a′ = u2g′′(u)− ug′(u) + g(u) > 0.

2. a′c′− (b′)2 > 0 where b′ = ηug′(u)− u2g′′(u)− ng(u) and c′ = u2g′′(u) + η2g(u) +

(1− 2η)ug′(u).

Proof : See Appendix A.4.

Therefore, if the sufficient conditions are satisfied, the optimization problem is a

convex problem and thus the locally optimal solution is also globally optimal. Let x̂∗

and ŷ∗ be the locally optimal solution to (2.45). The locally optimal solutions can

provide an upper bound to the global optimum

Etot(x
∗, y∗)

N0

≤ Etot(x̂
∗, ŷ∗)

N0

(2.46)

where the equality holds if the convexity is guaranteed. For the case of the AWGN
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channel, it can be easily verified that the objective function in (2.45) is convex (see

appendix A.4). Other channels of interest are the binary input AWGN channel and the

binary input hard decision AWGN channel whose channel capacity functions are given

by respectively [39]

CBISO(γ) = 1−
∞∫

−∞

1√
2π

e−
(x−2

√
2γ)2

2 log2(1 + e−2x
√

2γ)dx

and

CBIBO(γ) = 1−H2(Q(
√

2γ))

where H2(x) = −x log2(x)−(1−x) log2(1−x) is the binary entropy function. Numerical

methods for the above two channels can verify that the sufficient conditions for problem

to be convex are valid.

2.5.1 Problem IIIa: Optimization of the number of hops

For a given end-to-end rate, treating the number of hops as a continuous variable,

we optimize the total energy consumption over x

Etot(x̂
∗, y)

N0

= min
x∈R

ey
[
eηxg(e−x−y) + γc

]
. (2.47)

Setting the derivative with respect to x equal to zero yields ηg(e−x−y) = e−x−yg′(e−x−y).

Let û∗ be the solution to

ηg(u) = ug′(u). (2.48)

The optimal number of hops for a given end-to-end rate is

k̂∗ = e−x∗ = eyû∗ =
û∗

Re

. (2.49)
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The minimum of the total energy consumption at the optimal number of hops is given

by

Etot(x̂
∗, y)

N0

= g(û∗)(û∗)−ηe(1−η)y + γce
y (2.50)

= g(û∗)(û∗)−ηRη−1
e + γcR

−1
e . (2.51)

2.5.2 Problem IIIb: Optimization of the end-to-end rate

The problem of determining the optimal end-to-end rate is formulated by substitut-

ing (2.49) into (2.45). This results in

Etot(x̂
∗, ŷ∗)

N0

= min
y

min
x

ey
[
eηxg(e−x−y) + γc

]
(2.52)

= min
y

[
g(û∗)(û∗)−ηe(1−η)y + γce

y
]
.

Setting the derivative with respect to y equal to zero yields the optimal end-to-end rate

R̂∗
e = e−ŷ∗ as follows

e−ŷ∗ = R̂∗
e =

γ
1/η
c û∗

[(η − 1)g(û∗)]1/η
. (2.53)

The optimal number of hops k̂∗(R̂∗
e) is obtained by substituting (2.53) into (2.49),

k̂∗(R̂∗
e) = g(û∗)1/η

[
γc

η − 1

]−1/η

= g(û∗)1/η

[
Ep

N0

1

η − 1

]−1/η

de. (2.54)
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The resulting minimum total energy consumption is then

Etot(x̂
∗, R̂∗

e)

N0

=
g(û∗)1/η

û∗
η

[
γc

η − 1

]1−1/η

=
g(û∗)1/η

û∗

[
η

(η − 1)1−1/η

] [
Ep

N0

]1−1/η

d1−η
e

= fc(η)

[
Ep

N0

]1−1/η

d1−η
e

(2.55)

where fc(η) is a function of the channel and the propagation loss exponent. From

the above results we observe that the optimal rate decreases as d−1
e and the optimal

number of hops grows linearly with de. In addition, there are two key observations for

the minimum normalized total energy consumption: it (i) grows as the η−1
η

power of the

processing energy and (ii) decreases as d1−η
e . Therefore we can conclude that the actual

unnormalized minimum total energy consumption increases linearly with de from the

relation between the normalized total energy consumption and the end-to-end distance

in (2.2).

For the case of the AWGN channel, it can be easily verified that the objective

function in (2.45) is convex (see Appendix A.4). Therefore the locally optimal solution

is indeed the globally optimal solution. The optimal solution to (2.48) is u∗ = a/2 ln 2

where a = W(−ηe−η) + η which is determined from the path-loss exponent. Therefore

the optimal number of hops k∗(R∗
e) is

k∗(R∗
e) =

[
aea

2η

]1/η [
γc

η − 1

]−1/η

(2.56)

and the optimal end-to-end rate R∗
e is given by

R∗
e =

a

2 ln 2

[
2η

aea

]1/η [
γc

η − 1

]1/η

. (2.57)

The minimum total energy consumption found by optimizing over the number of hops
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and the end-to-end rate is then

E∗
tot(k

∗, R∗
e)

N0

=
2 ln 2

a

[
aea

2η

]1/η

η

[
γc

η − 1

]1−1/η

=
2 ln 2

a

[
aea

2η

]1/η
η

(η − 1)1−1/η

[
Ep

N0

]1−1/η

d1−η
e .

(2.58)

Notice that the optimal energy consumption constant

fc(η) =
g(û∗)1/η

û∗
η

(η − 1)(1−1/η)
(2.59)

from (2.55) depends on the channel capacity function. For different types of AWGN

channels the resulting energy consumption constants are given in Table 2.1 along with

the loss incurred relative to the AWGN channel.

2.5.3 Problem IVa: Optimization of the end-to-end rate

Now consider optimizing over the rate first and then the number of hops using the

previous results for common rate and common power strategies because they are equiv-

alent for equi-spaced relays. The result gives the minimum total energy consumption

per information bit as

Etot(k, R∗
e)

N0

= min
v>0

[
k1−ηvg(v−1) + kγcv

]

= k1−ηg′(1/v̂∗). (2.60)

where v̂∗ is the solution to v−1g′(v−1) − g(v−1) = kηγc and v = 1/C(γ). The corre-

sponding optimal rate for k equi-spaced relays is given by

R̂e
∗

=
1

kv̂∗
. (2.61)

For the case of the AWGN channel where the locally optimum is the global optimum,
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the optimal rate is given by

R∗
e =

1

2k ln 2

[
W

(
2γck

η − 1

e

)
+ 1

]
.

and the resulting minimum energy consumption is

Etot(k, R∗
e)

N0

= k1−η ln 2exp

(
W

(
2γck

η − 1

e

)
+ 1

)
. (2.62)

When the circuit processing energy is ignored, γc = 0, from (2.43) and (2.44), we

have

(
Etot

N0

)

γc=0

=
Eb

N0

=
g(kRe)

kRe

k1−η (2.63)

which is an increasing function of Re. Therefore the minimum end-to-end energy re-

ceived per information bit for a given number of hops is given by

Eb(α, R∗
e)

N0

= lim
Re→0

Eb

N0

= k1−ηg′(0) (2.64)

which can be also verified in (2.60) for x → ∞. Note that from (2.64), multiple

hop routing can provide more energy-efficiency for low rates than single hop routing.

However (2.63) is increasing in k for high rate that implies a single hop transmission is

the most energy-efficient.

2.5.4 Problem IVb: Optimization of the number of hops

Now we further optimize the result of problem IVa over the number of hops similar

to problem III. Since v−1g′(v−1) − g(v−1) = kηγc, by setting the derivative of (2.60)
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with respect to k equal to zero, we obtain

k̂∗ =

[
(η − 1)v̂∗g(1/v̂∗)

γc

]1/η

. (2.65)

Substituting the above result into (2.60) yields

Etot(k
∗, R∗

e)

N0

=

[
γc

η − 1

]1−1/η

[v̂∗g(1/v̂∗)]1/η g′(1/v̂∗). (2.66)

For the AWGN channel since ∂W(x)
∂x

= W(x)
x(W(x)+1)

, by setting the derivative of (2.62)

with respect to k equal to zero, we obtain the optimal number of hops as

k∗ =

(
b

2γc

)1/η

(2.67)

where b is the solution to

η − 1

η
=

bW( b−1
e

)

(b− 1)(W( b−1
e

) + 1)
. (2.68)

Note that, as expected, the optimal number of hops varies inversely with the processing

energy at each hop. Then substituting (2.67) into (2.62) yields

E∗
tot(k

∗, R∗
e)

N0

= ln 2

(
2

b

) η−1
η

e1+W( b−1
e

)(γc)
η−1

η . (2.69)

By using numerical methods we can identify that the above results for the optimal

number of hops and the minimum energy consumption are same as the results of (2.56)

and (2.58).
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2.6 Numerical Results

In the results we assume the path-loss exponent η = 4, end-to-end distance de =

3000m, noise power spectral density N0 = −174dBm/Hz and circuit processing en-

ergy Ep = 0.95µJ/symbol (γc = 4.69dB) and 0.095µJ/symbol (γc = −5.31dB) unless

otherwise specified.

In Fig. 2.2 we plot the normalized energy-bandwidth tradeoff for a two hop network

with the ratio of link distances equal to 99. This is done for the optimal scheme obtained

from the solution of Problem Ia as well as for the common rate transmission scheme

from (22) and common power transmission scheme from (34) and (36). At low rates the

energy consumption due to the transmitter alone decreases because of increasing error

protection with lower rate codes, while the overall energy consumption increases due to

the energy needed for processing. At high rates the energy consumption increases due to

the increase in required transmitted energy for high rate communication. Because of this

there is an optimal nonzero rate that minimizes the total energy consumption. These

curves also show that the common power transmission strategy is nearly as good as the

optimal transmission scheme whereas the common rate scheme requires significantly

higher energy. One explanation of the reason common power is significantly better than

common rate is that with a common power scheme each node can adjust the rate of

communications as well as the amount of time each link is scheduled for communication.

With common rate, however, each node uses the same rate of communication and as a

result has the same amount of time allocated for transmission. So common power with

adaptive rate has more flexibility than common rate with adaptive power.

In Fig. 2.3 we plot the normalized energy-bandwidth tradeoff for Ep = 0.095µJ/symbol.

As the circuit processing energy becomes small, the optimal rate for minimum total

energy consumption becomes small. The energy-bandwidth tradeoff shows similar per-

formance without circuit processing energy because the transmission energy is more

dominant at low processing energy. In Fig. 2.4 the normalized energy-bandwidth char-
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acteristic without processing energy is shown. The same minimum energy consumption

is achieved when Re → 0 from the solution of Problem Ib in (2.15), the common rate

scheme in (2.31) and the common power scheme in (2.42).

Fig. 2.5 depicts the normalized energy-bandwidth tradeoff for various AWGN chan-

nel models for a two hop network where the ratio of relay distances is equal to 99. This

is done by applying the procedures to find the solution of Problem Ia to the binary input

with hard decisions AWGN channel (BIBO AWGN), the binary input AWGN channel

(BISO AWGN), and the unquantized input/ouput AWGN channel (SISO AWGN). As

expected it is observed that AWGN channels with input constraint show limited band-

width utilization. The end-to-end rate of input constrained AWGN channels is bounded

at 0.5 (bits/channel use) in a two hop network. In addition, the total energy consump-

tion of input constrained AWGN channels shows a degraded performance compared to

the unquantized AWGN channel because of their limited bandwidth utilization. For

this case the loss by using binary input is about 0.83dB in energy use and a 40% reduc-

tion in the optimal data rate. For binary input and hard decisions there is an additional

loss in energy of about 0.91dB in energy but only a very slight additional loss in optimal

data rate.

Fig. 2.6 plots the normalized energy-bandwidth tradeoff with various locations of

relays. The common power case outperforms the common rate case by allowing adaptive

rate in each link. In particular the common power case with an irregular distribution

of relays may outperform the equi-spaced relays case at high rates. This is because the

gain from the irregular distribution of relays at high SNR dominates the performance.

It implies that the equi-spaced relay case is not always an optimal route for a given

number of hops, which further suggests to reduce the bandwidth sharing at high SNR.

Therefore at high rates a single hop transmission shows the best performance while

the minimum energy consumption is achieved at the equi-spaced relays. In Fig. 2.7

the normalized energy-bandwidth characteristic for various locations of relays without
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processing energy is plotted. As expected multi-hop transmissions within the far-field

region is more energy-efficient at low rates without considering processing energy.

To observe how relays can affect the energy-bandwidth tradeoff, a wireless network

with 3 relays is considered as an example where the locations of the nodes are given

in Fig. 2.1. Using the solution of Problem Ia, we plot the performance of all possible

multihop routes for two circuit processing energy values in Fig. 2.8 and Fig. 2.9

where the numbers in parenthesis denote the selected node(s) for multihop relays. It

is observed from these figures that when γc = 4.69dB, optimal routing is accomplished

with two hops using node 3 as a relay while when γc = −5.31dB, optimal routing is

done with four hops using all available nodes as relays. We calculate the energy-rate

tradeoff for all sensible routes (that is, we do not consider routes that provide negative

progress in reaching the destination such as S → 4→1→ D). At high rates we find that

fewer hops require less energy than more hops while at low rates the reverse is true.

Currently we do not know of an algorithm that can find the optimal route for a given

rate in polynomial time with regard to the number of nodes. However, the insight into

which routing strategy works best at which rates is useful. We can determine optimal

routes provided that the network has linear, equi-spaced nodes as discussed next.

In Fig. 2.10 and Fig. 2.11 the normalized energy-bandwidth characteristic for the

equi-spaced relays from the result of (2.51) is shown. The analytical result treating k

as a continuous variable gives a very good approximation to the minimum energy as a

function of rate. These figures also illustrate the result that at high rates fewer hops

should be used whereas at low rates a larger number of hops is better. In Fig. 2.12

we plot the result of (2.51) and the minimum energy consumption for a single and a

two hop network for comparison. From this figure we can see that there is a region of

rates around Re = 2 whereby the use of time sharing between single hop and multi-hop

transmissions can improve the performance slightly (about 0.2dB). Time sharing does

not help significantly at other rates as can be seen from the previous figures.
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Fig. 2.13 and Fig. 2.14 compare the normalized energy-bandwidth tradeoff for

various AWGN channel models from the result of (2.51). Since we approximated k

by a continuous variable, the optimal number of hops could be less than 1 at high

rates which is impossible practically. The curves for single hop case, k = 1 are also

plotted respectively for BIBO and BISO AWGN channels to show where the continuous

k approximation breaksdown. The threshold end-to-end rate where a single hop is the

most energy-efficient is 0.907, 0.894 and 2.856 for BIBO, BISO and SISO AWGN channel

respectively. This threshold does not depend on γc. The energy loss incurred by using

binary input for the case of a linear network with the optimal number of hops is about

2.2dB with a reduction of the rate by about a 40%. This is roughly the same for different

values of γc. For binary input hard decisions there is an additional loss of about 0.3 dB

and a slight additional reduction in the optimal rate (less than 7%). Fig. 2.15 depicts

the energy-bandwidth characteristic for the equi-spaced relays with selected end-to-

end distances and number of hops. At low end-to-end rates the transmission energy

consumption is k1−η ln 2 which is negligible compared to the receiver processing energy

consumption. Hence from (2.44) the energy consumption is dominated by the receiver

energy consumption. For low end-to-end rates the receiver energy depends on the

end-to-end distance but not the number of hops. However, at high rates the receiver

energy consumption is negligible compared to the transmission energy consumption.

Therefore, the energy consumption at high rates depends on the number of hops but

not the end-to-end distance.

Finally consider a source, destination and a single relay. We have shown that when

the three nodes are located on a straight line at high rates the single hop routing

strategy is better than a two hop strategy while at low rates the two hop strategy is

more energy efficient. However, when the nodes are not collinear then the additional

distance for a two hop strategy may require more energy than a single hop strategy.

In Fig. 2.16 we plot the feasible region of relay locations for selected end-to-end rates
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where the minimum energy consumption of a two hop network for a given end-to-end

rate is less than that of a single hop network using the result of (2.5) and (2.6). As

the end-to-end rate increases, the feasible region of relays shrinks. At high rates a two

hop network needs significantly more received energy because each link must operate

at twice the rate of a single hop route to have the same end-to-end data rate. This

is partially compensated for by the decrease in distance between nodes when relaying.

However the decrease in transmitted power with distance is an inverse power relation

whereas the increase in received power is an exponential relation at sufficiently high

rates. Hence the increase in required received power will dominate the decrease in

power due to a smaller distance when relaying.

Observe that in the region where a two hop network is more energy efficient than a

single hop network, the optimal distribution of relays is that of equi-distant relays. Note

that the processing energy and the end-to-end distance, i.e. γc do not affect the region

for a given end-to-end rate. However in terms of the minimum total energy consumption

over the end-to-end rate, the feasible region depends on the processing energy and

distance through γc. This is because the gain from multi-hop routing decreases as the

circuit energy consumption increases. In Fig. 2.17 we plot the feasible region of relay

locations for selected receiver processing energies where two hop routing is better than

single hop in terms of the minimum total energy consumption at the optimal end-to-

end rate. As explained the feasible region of two hop network becomes smaller as γc

increases.

2.7 Conclusion

In this chapter, we considered interference-free communication through multi-hop

routing where each relay is not necessarily placed on a line between a single source-

destination pair. We formulated the normalized total energy consumption and the end-
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to-end bandwidth utilization to transmit information bits for the optimal transmission

energy and rate on each hop and two practical communication schemes: (1) common

rate scheme and (2) common power scheme. The results showed that the common power

case yields better energy-bandwidth tradeoff than the common rate case due to the rate

adaptation in each link, while both cases have the same asymptotic performance in the

power-limited regime when the circuit processing energy is not taken into account. In

addition, we showed that an irregular distribution of relays with common power scheme

can outperform equi-spaced relays at high end-to-end rates, which implies reducing

the number of hops is more energy-efficient. We also showed that the total energy

consumption can be minimized by optimally choosing the rate, determined from the

location of relays and the end-to-end distance. Therefore, by comparing the total energy

consumption for different location of relays, a routing path which achieves the best

energy-bandwidth tradeoff can be obtained. In addition, we showed that by optimizing

jointly over the end-to-end rate and number of hops for equi-spaced relays, the optimal

number of hops and the optimal end-to-end rate can be found. In the future, more

practical considerations such as spatial reuse and cooperative strategies or multiple

source-destination pairs should be taken into account.

Table 2.1: Optimal energy consumption constants for various AWGN channels

Energy constant Loss (dB)
Type

η = 2 η = 3 η = 4 η = 2 η = 3 η = 4

SISO 2.43 1.85 1.38 - - -

BISO 2.76 2.55 2.28 -0.55 -1.39 -2.18

BIBO 3.26 2.82 2.44 -1.27 -1.83 -2.47
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Figure 2.1: Illustration of 2-dimensional network model where distance between any
two nodes denotes the normalized relay distance by the end-to-end distance.
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Figure 2.2: Normalized energy-bandwidth characteristic when γc = 4.69dB for a multi-
hop (k = 2) with selected location of relays, α1 : α2 = 99 : 1 at de=3000m.
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Figure 2.3: Normalized energy-bandwidth characteristic when γc = −5.31dB for a
multi-hop (k = 2) with selected location of relays, α1 : α2 = 99 : 1 at de=3000m.
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Figure 2.4: Normalized energy-bandwidth characteristic when γc = 0 for a multi-hop
(k = 2) with selected location of relays, α1 : α2 = 99 : 1 at de=3000m.
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Figure 2.5: Normalized energy-bandwidth characteristic for various AWGN channel
models when γc = −5.31dB for a multi-hop (k = 2) with selected location of relays,
α1 : α2 = 99 : 1 at de=3000m.
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Figure 2.6: Energy-bandwidth characteristic when γc 6= 0 with single hop (k = 1) and
multi-hop (k = 2) for selected location of relays, α1 : α2 = 5 : 5, 7 : 3, and 99 : 1 at
de=3000m.
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Figure 2.7: Normalized energy-bandwidth characteristic when γc = 0 with k = 1 single
hop and k = 2 multi-hops for selected location of relays, α1 : α2 = 5 : 5, 7 : 3, and 99 : 1
at de=3000m.
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Figure 2.9: Normalized energy-bandwidth characteristic of 3 relays over AWGN chan-
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Figure 2.10: Normalized energy-bandwidth characteristic when γc = 0 for equi-spaced
relays with k = 1, ..., 20, and the analytical result in (2.51) at de=3000m.
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Figure 2.11: Normalized energy-bandwidth characteristic when γc = 4.69dB for equi-
spaced relays with k = 1, ..., 20, and the analytical result in (2.51) at de=3000m.
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CHAPTER 3

Minimum Energy-Per-Bit Wireless Multi-hop

Networks with Spatial Reuse

In this chapter, a tradeoff between the total energy consumption-per-bit and the

end-to-end rate under spatial reuse in wireless multi-hop network is developed and

analyzed. The end-to-end rate of the network is the number of information bits trans-

mitted (end-to-end) per channel use by any node in the network that is forwarding the

data. In order to increase the bandwidth efficiency, spatial reuse is considered whereby

simultaneous relay transmissions are allowed provided there is a minimum separation

between such transmitters. The total energy consumption-per-bit includes the energy

transmitted and the energy consumed by the receiver to process (demodulate and de-

coder) the received signal. The total energy consumption-per-bit is normalized by

the distance between a source-destination pair in order to be consistent with a direct

(single-hop) communication network. Lower bounds on this energy-bandwidth tradeoff

are analyzed using convex optimization methods. For a given location of relays, it is

shown that the total energy consumption-per-bit is minimized by optimally selecting

the end-to-end rate. It is also demonstrated that spatial reuse can improve the band-

width efficiency for a given total energy consumption-per-bit. However, at the rate

that minimizes the total energy consumption-per-bit, spatial reuse does not provide

lower energy consumption-per-bit compared to the case without spatial reuse. This is
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because spatial reuse requires more receiver energy consumption at a given end-to-end

rate. Such degraded energy efficiency can be compensated by varying the minimum

separation of hops between simultaneous transmitters. In the case of equi-spaced re-

lays, analytical results for the energy-bandwidth tradeoff are provided and it is shown

that the minimum energy consumption-per-bit decreases linearly with the end-to-end

distance.

3.1 Introduction

Multi-hop routing for wireless networks has garnered considerable interest recently.

Energy optimization is a critical issue in the design of low-power wireless multi-hop

networks. Typically, the analysis of such networks considers only the transmitted en-

ergy. However, the energy consumption of the receiver may not be negligible compared

to the transmitter energy consumption. Thus, reducing the total energy consumption

for end-to-end transmission is a critical design objective for such networks. In addition,

efficient utilization of the scarce spectrum is important. In these multihop networks, as

in point-to-point links, there is a fundamental tradeoff between energy efficiency and

bandwidth efficiency.

Recently, research on the performance evaluation of multi-hop networks has focused

on the problems of capacity and minimum transmission energy consumption [10]-[25].

Network capacity in random networks was analyzed to find the maximum throughput

in both random and arbitrary networks [10]. The maximum achievable rate per bit

is analyzed in [11]-[16] while in [15][21] the minimum transmission energy per bit is

analyzed to measure the efficiency of transmission. A potential energy savings of multi-

hop transmission results from reducing the distance between communicating nodes

[25]. However, emphasis on transmission energy may not be an effective approach

when a significant amount of energy relative to the transmission energy is consumed
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in the receiver. In addition to energy consumption, bandwidth utilization needs to

be considered. In [18] and [19], while receiver energy consumption is modeled and

incorporated into the total energy consumption, bandwidth utilization is not considered.

The minimum energy-bandwidth tradeoff with receiver energy consumption is analyzed

in [31] without considering spatial reuse.

Because of the practical constraints in the design of radio devices, multi-hop trans-

mission is usually accomplished with half duplex nodes, which leads to a loss in band-

width efficiency. However, by reusing the time or frequency, increased utilization of

radio resources can be anticipated, since more transmissions are involved. This, how-

ever, comes at the price of increased interference. In this chapter, we analyze the

energy-bandwidth tradeoff with spatial reuse in a multi-hop network where nodes can

be placed arbitrarily between a single source-destination pair over an additive white

Gaussian noise (AWGN) channel. In this analysis, we formulate the overall perfor-

mance in terms of how much energy will be consumed and how efficiently the network

utilizes the bandwidth to deliver a single information bit using spatial reuse. The main

outcome of this chapter is characterization of the tradeoff between energy efficiency Eb

N0

and bandwidth efficiency Re similar in nature to the tradeoff in a single hop (point-to-

point) transmission over an AWGN channel determined by Shannon. Our work differs

from previous work in two ways: (1) unlike the equi-distant assumption, relay nodes

can be placed arbitrarily in a 2-dimensional plane with the requirement that the sum of

each relaying distance should be equal or greater than the end-to-end distance, which

makes it possible to compare the performance of different routing paths; and (2) unlike

the typical transmission energy optimization, receiver energy consumption is included

to find the minimum total energy consumption-per-bit and corresponding optimal end-

to-end rate.

This chapter is organized as follows. In Section 3.2, the system model is described.

Section 3.3 presents the performance measures considered in this work and the problem
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formulation. Section 3.4 investigates lower bounds of the performance in terms of the

end-to-end energy-bandwidth tradeoff. In Section 3.5, the special case of equi-spaced

relays is considered. Numerical results are presented in Section 3.6, and finally Section

3.7 concludes the work.

3.2 System Model

In this section we describe the model we use for the network. We consider a sta-

tionary network that consists of a single source node and a single destination node,

separated by a distance de, and k − 1 relaying nodes located arbitrarily between the

source and destination node, as shown in Fig. 3.1. In particular, we consider a decode-

and-forward relaying protocol where relay node j + 1 decodes the message sent from

relay node j, re-encodes it using the same or a different codebook and then forwards

the message to relay node j + 2. We denote the relay distance of hop i from node i− 1

to node i as di, given by di = αide, where 0 < αi < 1. Note that
∑k

i=1 αi ≥ 1, which

implies that not every relay is necessarily located on the line between the source and

destination. Data from the source is forwarded to the destination through k− 1 relays.

The transmission at each hop is implemented using capacity-achieving codes with the

same duration for each coded symbol for each link. For reliable communication, the rate

of transmission R in information bits per channel use must be less than the capacity C.

That is, R < C(γ) ⇔ γ > g(R), where γ is the received energy per channel use-to-noise

power spectral density ratio and g(R) = C−1(R) is the inverse of the channel capacity

C(γ). We assume that the channel capacity function C(γ) is continuous, twice differ-

entiable, and concave. For the case of an AWGN channel, the capacity and its inverse

function are given by C(γ) = 1
2
log2(1 + 2γ) and g(R) = 22R−1

2
, respectively.

We assume that the network operates with spatial reuse to facilitate simultaneous

transmissions over the network. The bandwidth is reused by transmitters with a min-
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imum separation of ρ hops between simultaneous transmitters. All interference from

simultaneous transmitters is assumed to be modeled as Gaussian noise. Thus, it is

important to determine which relays are selected to operate in the same transmission

slot. We consider a transmission strategy whereby nodes are separated by at least 3

hops. This strategy avoids simultaneous transmissions by two nodes that are one hop

from a neighboring receiving node. Hence, 3 ≤ ρ ≤ k and there are ρ non-overlapping

transmission slots. Let Si be the set of nodes that transmit simultaneously in slot i,

1 ≤ Si ≤ ρ. We assume the propagation of signals follows a η-th path-loss law model

with distance. Thus, the received power Pr at node j + 1 is given by Pr = δPj,tx/d
η
j ,

where Pj,tx is the transmitter output power of node j. The energy transmitted per chan-

nel use (modulation symbol) of node j, Ej,tx can then be expressed as Ej,tx = Pj,txTs for

a modulation symbol duration Ts. Note that δ is a constant depending on the antenna

characteristics. We set δ = 1 throughout this chapter. In Fig. 3.1, as an example with

ρ = 3, transmission by node 3 creates a certain amount of interference to node 1 and the

destination, thus impairing the performance. The link signal-to-interference-and-noise

ratio of the j-th link in the i-th transmission slot is then

Γj =
Ej,txd

−η
j

N0 +
∑

l∈Si,l 6=j El,txd
−η
l,j

=
γj

1 +
∑

l∈Si,l 6=j βl,jγl

(3.1)

where γj =
Ej,tx

N0
d−η

j and βl,j =
(

dl

dl,j

)η

6= βj,l. Note that βl,j denotes the relative distance

ratio of the relaying distance to the interfering distance of link j in slot i. Therefore, the

interfering distances from other simultaneous transmitters and the minimum separation

of hops affects the possible rate of communication and the performance. The rate of

transmission Rj is given by Rj = C(Γj). We assume each node has the same receiver

energy consumption, i.e., Ep Joules are required to process a received coded symbol. In

practice, the energy consumption per channel use depends on the power consumption

and the processing time in the receiver. For some cases the power consumption of the
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RF front end can dominate the energy consumption of the digital processing. In this

case the receiver energy consumption can be expressed as a product of the receiver

power consumption and the modulation symbol duration. Throughout this chapter, we

assume Ep is constant.

3.3 Performance Measures

3.3.1 End-to-end rate

To measure the end-to-end bandwidth efficiency, we consider the number of infor-

mation bits transmitted (end-to-end) per channel use transmitted by any node in the

network that is forwarding the data. Unlike multi-hop transmission without spatial

reuse, multi-hop transmission with spatial reuse suffers from interference from other ac-

tive transmissions. As shown in Fig. 3.2, with spatial reuse there are ρ non-overlapping

transmission slots and k hops for the end-to-end transmission. In contrast, for no spatial

reuse there are k non-overlapping transmission slots and k hops.

Consider N total uses of the channel by the network. We assume that the same

number of channel uses are assigned to the same transmission slot, i.e., Ni channel

uses are assigned to the i-th slot for i = 1, ..., ρ. The number of information bits

communicated in slot i by node j ∈ Si is NiRj. Let Rmin,i denote the minimum rate

of all the transmissions in slot i. Then, the minimum number of information bits for

the i-th slot is NiRmin,i = min
j∈Si

(NiRj). With Ni channel uses, the j-th link can deliver

NiRj information bits while the network can only handle NiRmin,i information bits.

Hence, NiRmin,i/Rj channel uses are needed to transmit NiRmin,i information bits.

Maximizing the minimum end-to-end number of information bits yields the end-to-end
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rate as follows

Re = max∑ρ
i=1 Ni=N

min

{
Ni

N
Rmin,i

}

= max∑ρ
i=1 qi=1

min{qiRmin,i}

where qi = Ni/N . The optimal solution to the above minimax problem can be easily ob-

tained by letting qiRmin,i = qjRmin,j, which yields q∗i = R−1
min,i/

∑ρ
j=1 Rmin,j. Therefore,

the end-to-end rate with spatial reuse is

Re =

(
ρ∑
i

R−1
min,i

)−1

(bits/channel use) (3.2)

where ρ denotes the minimum separation of hops between simultaneous transmitters.

Therefore, with spatial reuse, the end-to-end bandwidth utilization is enhanced by

the spatial reuse factor ρ while the rate of each link is degraded by interference from

simultaneous transmissions.

3.3.2 End-to-end energy consumption-per-bit

Consider the j-th link in slot i which is communicating at rate Rj. The energy con-

sumption per information bit of link j, Ej, consists of transmission energy consumption

and receiver energy consumption to process NiRmin,i/Rj received symbols. Thus, we

have

Ej =

NiRmin,i

Rj
(Ej,tx + Ep)

NiRmin,i

=
Ej,tx + Ep

Rj

. (3.3)
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Note that Ej,tx and Ep can be normalized with de to be consistent with a single hop

case [31] as follows:

Ej,tx

N0

d−η
e =

Ej,tx

N0

αη
j
d−η

j = αη
j
γ

j
(3.4)

γc , Ep

N0

d−η
e (3.5)

where αj = dj/de is the normalized distance for link j. Our major interest in this

chapter is to consider the overall energy consumed by all the nodes that forward the

data across the network. In order to fairly represent the total energy consumption

for different hops, we define the normalized total energy consumption per information

bit-to-noise power spectral density ratio as

Etot

N0

,
k∑

j=1

Ej

N0

d−η
e =

k∑
j=1

αη
j γj + γc

Rj

. (3.6)

Note that, for low rates, the processing energy for the circuitry will dominate the total

energy consumption, whereas for high rates the transmitted energy will dominate. In

particular, when γc = 0, (3.6) denotes the sum of received energy per information bit

in each link that is involved in the end-to-end transmission. This is consistent with a

single link where the received energy is the usual performance measure as opposed to

the transmitted energy.

3.3.3 Minimum energy consumption-per-bit with arbitrary trans-

mission energy

For a given multi-hop routing path, the problem of minimizing total energy consumption-

per-bit with arbitrary transmission energy of each link for a given end-to-end rate can
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be formulated as the following optimization problem:

Etot(α, Re)

N0

= min
γj

k∑
j=1

αη
j γj + γc

Rj

s.t. Rj = C(Γj), j = 1, ..., k
ρ∑

i=1

R−1
min,i = R−1

e

(3.7)

where the optimization variables are γj’s for j = 1, ..., k. Due to the cross coupled

terms of variables in the objective function, which can be seen in (3.1), it is difficult

to prove the convexity of the optimization problem for the general case of number of

hops and to find the optimal set of transmission energies for each link as well. Instead

of finding the optimal solution to the general problem, we propose a common power

strategy as a sub-optimal strategy, which was shown to provide a good result for the

case without spatial reuse in [31]. We assume that concurrent transmitters in the same

transmission slot transmit with the same energy, that is, Ej,tx = ESi,tx for j ∈ Si. With

this assumption we obtain the following relations. For j, l ∈ Si

αη
j γj = αη

l γl (3.8)

Γj =
ESi,txd

−η
j

N0 +
∑

l∈Si,l 6=j ESi,txd
−η
q,j

=
γj

1 + γjβj

(3.9)

βj =
∑

l∈Si,l 6=j

(
dj

dl,j

)η

(3.10)

where βj denotes the sum of relative distances of link j in slot i. The fundamental goal of

this chapter is, for a given multi-hop routing path α = (α1, ..., αk) and β = (β1, ..., βk), to

find the optimal set of transmission energies (E1,tx, ..., Eρ,tx) that provides the minimum

total energy consumption per information bit for a given end-to-end data rate Re. We

also focus on finding the global minimum total energy consumption and corresponding

optimal end-to-end rate.
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3.4 Minimum energy consumption-per-bit

3.4.1 Minimum energy-per-bit for a given end-to-end rate

We start with the optimization problem for a given end-to-end rate. This general

problem of minimizing the total energy consumption-per-bit for a given end-to-end rate

is given as

Problem I:

Etot(α, Re)

N0

= min
ESi,tx

k∑
m=1

Em,tx + Ep

Rm

d−η
e

N0

s.t.
∑ρ

i=1 R−1
min,i = R−1

e

Em,tx = ESi,tx

Rm = C(Γm) for m ∈ Si

(3.11)

where the optimization variables are ESi,tx’s for i = 1, ..., ρ. Because the objective

function contains the sum of decreasing convex functions and the constraint contains

increasing concave functions, Problem I is not a convex optimization problem. However,

by letting x−1
m = C(Γm), Problem I can be converted into the following problem.

Etot(α, Re)

N0

= min
xm

k∑
m=1

xm [αη
mh(x−1

m ) + γc]

s.t.
ρ∑

i=1

ẋi = R−1
e

αη
j h(x−1

j ) = α̇η
i h(ẋ−1

i )

(3.12)

where

γm = h(x−1
m ) =

g(x−1
m )

1− βmg(x−1
m )

> 0 (3.13)

Ii = argmax
j∈Si

xj (3.14)

ẋi ≡ xIi
= max

j∈Si

xj = R−1
min,i (3.15)

α̇i ≡ αIi
, β̇i ≡ βIi

. (3.16)
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The form in (3.12) is still not a convex optimization problem due to the non-affinity

of the second equality constraint. While numerical methods can provide the minimum

energy consumption-per-bit for a given end-to-end rate, it is hard to obtain an optimal

solution for arbitrary networks.

In summary, the original problem in (3.7) is simplified to Problem I in (3.12) by the

assumption of equal transmission power for concurrent transmitters. This enables us to

simplify the SINR relation in (3.1) to (3.9). While optimal solutions for both problems

can be obtained by numerical methods, it is not easy to find optimal solutions when the

number of nodes becomes large. In particular, Problem I is a nonconvex optimization

problem even though it has been converted. Thus, instead of finding the optimal

solution of Problem I, a lower bound to Problem I can be obtained by eliminating the

equal power constraint in (3.12), which is applicable to any arbitrary networks with a

large number of nodes. This leads to the following convex problem.

Lower bound of Problem I:

Etot(α,Re)

N0

≥ min
xm

k∑
m=1

xm [αη
mh(x−1

m ) + γc]

s.t.
ρ∑

i=1

ẋi = R−1
e

(3.17)

where the optimization variables are xm’s for m = 1, ..., k. For (3.17) to be a convex

problem, it is required that h(x) =
g(x)

1− βg(x)
be an increasing convex function for

0 < g(x) < 1/β and β > 0 [31], which can be easily shown. Therefore, the optimal

parametric solution to the lower bound of Problem I can be obtained from the Karush-

Kuhn-Tucker (KKT) conditions.

Parametric solution to lower bound of Problem I: For m = 1, ..., k, let x−1
m =

C(Γm). For a given Lagrange multiplier λ, and α and β, ẋ∗i can be determined by

solving the following equation from its Lagrangian function for ẋi, i = 1, ..., ρ

α̇η
i

[
h′(ẋ−1

i )

ẋi

− h(ẋ−1
i )

]
= γc − λ (3.18)
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and x∗j 6= ẋi for j ∈ Si can be determined by solving the following equation for xj

αη
m

[
h′(x−1

m )

xm

− h(x−1
m )

]
= γc (3.19)

where 0 < x−1
m < C(1/βm) for m = 1, ..., k and γc ≥ 0. Since the function f(u) =

uh′(u) − h(u) in the left hand side of (3.18) and (3.19) is increasing with u > 0 and

f(0) = 0, it is required that λ ≤ γc. Hence, the optimal γ∗m is obtained from x∗m, which

also provides

Re =

(
ρ∑

i=1

ẋ∗i

)−1

≤
(

ρ∑
i=1

C−1(1/β̇i)

)−1

(3.20)

where it should be noticed that the end-to-end rate is bounded, since the minimum

link rate of each slot i is bounded by the maximum achievable SINR. The resulting

minimum total energy consumption-per-bit is lower bounded by

Etot(α,Re)

N0

≥
k∑

m=1

x∗m [αη
mh(1/x∗m) + γc] (3.21)

=

ρ∑
i=1


α̇η

i h
′
(

1

ẋ∗i

)
+ λẋ∗i +

∑
j∈Si
j 6=i

αη
j h
′
(

1

x∗j

)

 .

The parametric solution to the lower bound of Problem I is obtained from the following

procedure using numerical methods:

Step 1. Fix λ.

Step 2. Solve (3.18) for ẋi.

Step 3. For xj 6= ẋi with j ∈ Si, solve (3.19) for xj.

Step 4. Repeat the above steps for i = 1, ..., ρ

Step 5. Determine Re and Etot

N0
from (3.20) and (3.21).
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By varying λ we can determine the tradeoff between Etot/N0 and Re. Using (3.13),

(3.18) can be simplified to

α̇i
η(ẋ−1

i g′(ẋ−1
i )− g(ẋ−1

i ) + β̇ig(ẋ−1
i )2)

= (γc − λ)(1− 2β̇ig(ẋ−1
i ) + (β̇i)

2g(ẋ−1
i )2). (3.22)

Note that when there is no significant interference, i.e., β̇i ¿ 1, (3.22) can be approxi-

mated as

α̇i
ηẋ−1

i g(ẋ−1
i ) +

[
2β̇i(γc − λ)− α̇i

η
]
g(ẋ−1

i ) = γc − λ. (3.23)

For the case of an AWGN channel, we have g(x) = C−1(x) = 0.5(22x − 1), which leads

to h(x−1
m ) = (22/xm−1)

2−βm(22/xm−1)
. Therefore, it is straightforward to obtain the solution to the

lower bound of Problem I for an AWGN channel. In particular, the solution to (3.22)

for an AWGN channel can be approximated as

2 ln 2

ẋ∗i
≈

[
W

(
θ1(1 + β̇i)− 1

e
eθ1β̇i

)
+ 1− θ1β̇i

]
(3.24)

where θ1 = 2α̇i
−η(γc−λ), and W(·) is the principal branch of the Lambert W-function,

for which W(x) ≥ −1 [34]. Note that when there is no interference, i.e., βi = 0, the

approximated solution (3.24) is the same as the result of [31].

3.4.2 Minimum energy-per-bit for an optimal end-to-end rate

Now consider the minimum total energy consumption-per-bit by optimally selecting

the end-to-end rate for a given multi-hop routing path as follows.
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Problem II:

Etot(α, R∗
e)

N0

= min
Ej,tx

k∑
j=1

Ej,tx + Ep

Rj

d−η
e

N0

s.t. Rj = C(Γj), j = 1, ..., k

Ej,tx = ESi,tx for j ∈ Si

(3.25)

where the optimization variables are Ej,tx’s. Note that in (3.11) and (3.25), both Ej,tx

and ESi,tx are the same, but in (3.25) our goal is to find the global minimum energy-

per-bit over the rates by removing the constraint for the given rate related to the first

condition related to ρ in (3.11). Thus, Ej,tx is preferred over ESi,tx.

As in Problem I, (3.25) cannot be converted into an equivalent convex optimization

problem. However, a lower bound of Problem II can be obtained from the unconstrained

convex optimization problem of (3.17)

Etot(α, R∗
e)

N0

≥ min
xm

(
k∑

m=1

xm [αη
mh(x−1

m ) + γc]

)
. (3.26)

Solution to lower bound of Problem II: Let x∗m for m = 1, ..., k be the solution to

αη
m

[
h′(x−1

m )

xm

− h(x−1
m )

]
= γc. (3.27)

The solution to the lower bound of Problem II is then as follows

Etot(α,R∗
e)

N0

≥
k∑

m=1

x∗m [αη
mh(1/x∗m) + γc] (3.28)

=
k∑

m=1

αη
mh′

(
1

x∗m

)
(3.29)

where (3.28) can be obtained from (3.21) by substituting λ = 0. For the case of an
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AWGN channel, when β ¿ 1, the solution to (3.27) is approximated as

2 ln 2

x∗m
≈

[
W

(
θ2(1 + βm)− 1

e
eθ2βm

)
+ 1− θ2βm

]
(3.30)

where θ2 = 2α−η
m γc. Notice that when there is no interference, i.e., βm = 0, the

approximated solution (3.30) is the same as the result of [31]. In particular, when

the circuit processing energy is ignored, substituting γc = 0 to (3.27) yields w(u) ,

ug′(u) − g(u)(1 − βmg(u))2 = 0, where u = x−1
m . It can be easily shown that w(u)

is increasing in u for 0 < g(u) < 1/βm and w(0) = 0. Therefore, we obtain the

optimal solution 1/x∗m = 0 and, correspondingly, the optimal minimum total energy

consumption-per-bit for the case of γc = 0.

Solution to Problem II with γc = 0:

Eb(α, R∗
e)

N0

= lim
1/x∗m→0

(
k∑

m=1

αη
mx∗mh(1/x∗m)

)

= ln 2 ·
k∑

m=1

αη
m.

This implies that the minimum energy consumption-per-bit occurs at Re = 0 when

only the transmission energy is considered. Hence, without receiver energy consump-

tion, multi-hop routing with spatial reuse achieves the same minimum total energy

consumption per information bit as multi-hop routing without spatial reuse in [31].

3.5 Performance of equi-distant multi-hop routing

In this section we derive the optimal end-to-end rate and number of hops to minimize

the overall energy consumption-per-bit of equi-spaced relays between the source and the

destination. We also investigate how the number of hops and the end-to-end distance

affect the performance. The optimal solutions are obtained by decoupling the joint
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optimization problem in rate and number of hops into two sub-problems. We first

obtain the optimal number of hops as a function of Re. Then, the optimal value of Re

is derived [18][38].

Consider the case of equi-spaced relays using spatial reuse with minimum separation

between simultaneous transmitters. In practice, depending on the relay position in the

network, each link SINR can vary even if the same transmission energy level is allowed

in each link. However for the purpose of investigating the impact of the end-to-end

rate and number of hops, we assume that each link experiences the same amount of

interference. This requires k ≥ 2ρ, since at least one interferer must exist in each

transmission slot. Also, the cochannel interference is assumed to be independent of the

number of hops by considering the major interference from the immediate neighboring

concurrent transmitter, that is, β = (ρ − 1)−η. As such, each link is assumed to

communicate at the same rate. Let Γ be the SINR at each link. The end-to-end rate is

then

Re =
R

ρ
=

C(Γ)

ρ
≤ C(β−1)

ρ
(3.31)

and the received SNR of each link is γ = g(ρRe)
1−βg(ρRe)

, h(ρRe), where g(·) denotes the

inverse of the channel capacity function and 0 < g(ρRe) < 1/β, since γ > 0. The total

energy consumption per information bit is then

Etot(k,Re)

N0

=
k∑

i=1

k−ηγ + γc

ρRe

=
k1−ηh(ρRe) + kγc

ρRe

. (3.32)

With transformation of the variables k = e−x and ρRe = e−y, the problem of minimizing

the total energy consumption-per-bit can be converted into an equivalent optimization

problem

Etot(x
∗, y∗)

N0

= min
x∈R,y∈R

ey
[
e(η−1)xh(e−y) + γce

−x
]

(3.33)
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where h(e−y) = g(e−y)
1−βg(e−y)

.

Proposition 3.1. The objective function Etot(x, y)/N0 is convex in x, y for x, y ∈ R if

g(u) satisfies the following conditions

g(u)g′(u) + u
[
g′′(u)g(u)− g′(u)2

]
> 0. (3.34)

Proof : See Appendix B.1.

Therefore, if the sufficient conditions are satisfied, the optimization problem is a con-

vex optimization problem and thus any locally optimal solution is guaranteed to be a

globally optimal solution. For the case of an AWGN channel, it can be easily verified

that the objective function in (3.33) is convex (see Appendix B.1). Other channels of

interest are the binary input AWGN channel and the binary input hard decision AWGN

channel, whose channel capacity functions [39] are given by

CBISO(γ) = 1−
∫ ∞

−∞
g(x−

√
2γ) log2(1 + e−2x

√
2γ)dx

CBIBO(γ) = 1−H2(Q(
√

2γ))

where g(x) = 1√
2π

e−x2/2 and H2(x) = −x log2(x) − (1 − x) log2(1 − x) is the binary

entropy function. Numerical methods can verify the sufficient condition for convexity

of the above two channels. Note that interference from other transmissions is regarded

as additional Gaussian noise.

3.5.1 Optimization of the number of hops

For a given end-to-end rate, treating the number of hops as a continuous variable,

we optimize the total energy consumption-per-bit over x:

Etot(x
∗, y)

N0

= min
x∈R

ey
[
e(η−1)xh(e−y) + γce

−x
]
. (3.35)
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Setting the derivative with respect to x equal to zero yields the optimal number of hops

for a given end-to-end rate as follows

k∗ = e−x∗ =

[
η − 1

γc

g(e−y)

1− βg(e−y)

]1/η

. (3.36)

The minimum total energy consumption-per-bit at the optimal number of hops is then

Etot(k
∗, Re)

N0

=

[
η − 1

γc

]1/η−1
η

ρRe

[
g(ρRe)

1− βg(ρRe)

]1/η

. (3.37)

3.5.2 Optimization of the end-to-end rate

The problem of determining the optimal end-to-end rate is formulated by substitut-

ing (3.36) into (3.33) which results in

Etot(x
∗, y∗)

N0

= min
y

(
η

[
η − 1

γc

] 1
η
−1 [

eηyg(e−y)

1− βg(e−y)

]1/η
)

.

Setting the derivative with respect to y to be equal to zero yields ηg(e−y)(1−βg(e−y)) =

e−yg′(e−y). Let u∗ be the solution to ηg(u)[1−βg(u)] = ug′(u). The optimal end-to-end

rate is then

R∗
e =

u∗

ρ
(3.38)

and the optimal number of hops at the optimal rate is obtained by substituting (3.38)

into (3.36),

k∗(R∗
e) =

[
η − 1

γc

g(u∗)
1− βg(u∗)

]1/η

=

[
g(u∗)

1− βg(u∗)

]1/η [
Ep

N0

1

η − 1

]−1/η

de. (3.39)
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The resulting normalized minimum total energy consumption-per-bit at the optimal

rate is then

Etot(k
∗, R∗

e)

N0

= η

[
η − 1

γc

] 1
η
−1

1

u∗

[
g(u∗)

1− βg(u∗)

]1/η

= fc(η)

[
Ep

N0

]1−1/η

d1−η
e . (3.40)

where

fc(η) =
1

u∗

[
g(u∗)

1− βg(u∗)

]1/η [
η

(η − 1)1−1/η

]
(3.41)

which is a function of the channel and the propagation loss exponent. From (3.6), the

unnormalized minimum total energy consumption-per-bit is given by

EU
tot(k

∗, R∗
e)

N0

=
Etot(k

∗, R∗
e)

N0

dη
e = fc(η)

[
Ep

N0

]1−1/η

de. (3.42)

From the above results it is observed that the optimal rate depends only on the rel-

ative distance ratio β if the optimal number of hops satisfies the constraint k∗ ≥ 2ρ,

which grows linearly with de, as in the case without spatial reuse. This is because the

transmitted energy becomes dominant as de increases, which implies that more hops

yields more energy efficiency for small γc. Thus, as γc becomes small, networks with

more hops can achieve the minimum energy consumption-per-bit, as will be shown in

the numerical results. In addition, there are two key observations for the minimum

normalized total energy consumption-per-bit: it (i) increases with the η−1
η

power of the

processing energy and (ii) decreases with d1−η
e . Therefore, we can conclude that the

actual unnormalized minimum total energy consumption-per-bit increases linearly with

de from the relation between the normalized total energy consumption-per-bit and the

end-to-end distance in (3.6). Note that the optimal energy constant in (3.41) depends

on the channel capacity, the path-loss exponent, and the relative distance ratio. For
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different input/output AWGN channels (e.g. binary input or binary output), the re-

sulting energy consumption constants are given in Table 3.1 along with the loss incurred

relative to the AWGN channel for ρ = 3.

3.6 Numerical Results

In the numerical results, unless otherwise specified, we assume that the path-loss

exponent is η = 4, the channel is an AWGN, the minimum separation of hops between si-

multaneous transmissions is ρ = 3, the noise power spectral density N0 = −174dBm/Hz,

and the circuit processing energy is Ep = 0.095µJ/symbol which at an end-to-end dis-

tance of de = 3km yields γc = −5.31dB.

In Fig. 3.4, the normalized energy-bandwidth tradeoffs are plotted, where results

are drawn based on numerical optimization with the same transmission energy, the

lower bound of Problem I, the numerical result with arbitrary transmission energy, and

the optimal result without spatial reuse in [31], respectively. The distance ratio vector

is α = (0.3, 0.25, 0.15, 0.3) and γc = −5.31dB. The lower bound on the energy-per-bit

with the same transmission energy constraint in the same slot is shown to be very

tight to the actual energy-per-bit with the same constraint. The arbitrary transmission

energy and the case without spatial reuse are drawn together to observe the effect of

transmission energy restriction and the performance loss from spatial reuse. At low

rates the energy consumption due to the transmitter alone decreases while the total

energy consumption increases due to the energy needed for processing. At high rates,

however, the total energy consumption increases as the transmitted energy increases.

Thus, such characteristics yield a nonzero optimal rate that minimizes the total energy

consumption-per-bit, similar to the result in [31]. It is also seen that the end-to-end

bandwidth utilization is limited, because the rate of communication in each slot is

bounded by cochannel interference, as indicated in (3.20).
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In Fig. 3.5 and Fig. 3.6, the normalized energy-bandwidth tradeoff with a transmis-

sion energy constraint is plotted for different processing energies, γc = −17.36dB and

γc = 0 (−∞dB) where the distance ratio vectors are given as α = (0.3, 0.25, 0.15, 0.3)

for k = 4 hops and α = (0.3, 0.2, 0.1, 0.25, 0.15) for k = 5 hops. As the processing energy

decreases, the optimal rate minimizing the total energy consumption-per-bit decreases,

because the transmitted energy is more dominant as γc becomes small. In particular,

when γc = 0, the minimum total energy consumption-per-bit occurs at Re = 0, which

verifies the result of Problem II with γc = 0. In addition, when γc = 0, it shows that a

multi-hop network with more hops is more energy-efficient. This is because more relays

reduce the distance between hops, which further contributes to reducing the transmitted

energy.

In order to show that different selection of relays causes different amounts of inter-

ference because of the different distances from transmitters to the receivers, we consider

a wireless network with 3 relays as an example, where the locations of the nodes are

given in Fig. 3.3. Using the lower bound to the solution of Problem I, we compare

the performance of two possible multihop routes in Fig. 3.7. It is observed based on

the bound that route 2 is better than route 1 at low rates while at high rates route

1 is better, because route 2 suffers more from interference as the transmission energy

increases. An efficient algorithm that can find the optimal route for a given rate is

currently unknown when the number of nodes is large. However, the insight into which

route is better based on bounds is very useful.

Fig. 3.8 depicts the impact of the minimum separation of simultaneous transmitters

when the relays are placed equidistantly for γc = −5.31dB at de = 3km. Instead of the

result in Section 3.5 where the same interference is assumed in the same transmission

slot, lower bounds to the solution of Problem I are used. Note that as ρ increases,

fewer simultaneous transmissions are used and ρ = k corresponds to the case without

spatial reuse. At low rates, the energy efficiency is improved with fewer simultaneous
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transmissions. However, at high rates, an optimal selection of ρ is necessary, because

more spatial reuse can cause a significant amount of interference whereas less spatial

reuse reduces the bandwidth utilization. Hence, it should be noted that whether spatial

reuse can improve the bandwidth utilization and contribute to enhancing the energy

efficiency depends on the desired end-to-end rate.

In Fig. 3.9 and Fig. 3.10, lower bounds on the normalized energy-bandwidth tradeoff

are plotted for γc = −17.36dB and γc = 0 to further explore the impact of processing

energy. In Fig. 3.9 where γc > 0, it is seen that a multi-hop transmission without

spatial reuse is more energy efficient at low rates. This is because the receiver energy

consumption without spatial reuse, γcR
−1
e , is less than that with spatial reuse, γc(R

−1
e +

∑
Rj 6=Rmin,i

R−1
j ), for i = 1, ..., ρ at a given end-to-end rate. However, as shown in Fig.

3.10 for γc = 0, more spatial reuse yields more energy efficiency at low rates, because: (1)

only the transmission energy is considered, and (2) less transmission energy is required

for more spatial reuse transmission to produce the same end-to-end rate before it suffers

from severe cochannel interference. For short end-to-end distances such as de = 3000m

in Fig. 3.9, it is seen that at high rates the spatial reuse case cannot outperform the

no spatial reuse case, even if the minimum separation is adjusted. However, when de

becomes large, such as de = 30km in Fig. 3.11, it is observed that the spatial reuse

case is better than the no spatial reuse case at high rates. This verifies that, although

both cases suffer from bandwidth efficiency loss due to half duplex property, for large

end-to-end distance, increased utilization of resources is expected by spatial reuse.

To investigate the relation between the optimal number of hops and the end-to-end

distance or equivalently normalized processing energy, we plot the normalized energy-

bandwidth tradeoff for the equi-distant relays case in Fig. 3.12 and Fig. 3.13 with

the same interference assumption as in Section 3.5. Since we assume that at least

one interferer must exist in each transmission slot, k ≥ 6 hops are considered for

ρ = 3. In order to assess the performance for very low processing energy, cases with
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γc = −45.31dB are compared with cases for γc = −5.31dB. When γc = −5.31dB, the

minimum energy consumption-per-bit occurs at k = 6, which is the smallest number of

hops when ρ = 3. This implies that when the normalized processing energy consumption

is not negligible, a multi-hop network with less hops is more energy efficient. On the

contrary, when the normalized receiver energy consumption is very low but not equal

to 0, e.g. γc = −45.31dB, a multi-hop network with more hops is more energy efficient

compared to a multi-hop network with less hops. This can be identified from the result

in (3.39) that as γc increases, the optimal number of hops decreases. Correspondingly,

the minimum energy consumption-per-bit also increases as de decreases, which verifies

the results in (3.40). It is also observed that, due to the limited achievable SINR,

the end-to-end bandwidth utilization is limited and converges to C(β−1)/ρ, because

its immediate neighboring simultaneous transmitter is a major source of interference.

Note that when multiple interferers are considered, the end-to-end rate converges to

(
∑

ρ C−1(1/β̇i))
−1, as described in (3.20).

Performance comparisons for various AWGN channel models are presented in Fig.

3.14, where k = 6 equally spaced hops are considered. Input constrained AWGN chan-

nels, binary input with hard decision (BIBO AWGN) and binary input/unquantized

output AWGN (BISO AWGN), show a bounded bandwidth utilization at Re = 1/3

bits/channel, and degraded performance compared to the unquantized input/output

AWGN channel (SISO AWGN) due to their inherently limited bandwidth utilization.

This can be identified in Table 3.1, where the optimal normalized energy consumption

constants are provided for different channel models. It is seen that the optimal energy

consumption per information bit decreases as bandwidth is utilized efficiently through

the channel.
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3.7 Conclusion

This chapter establishes the minimum energy-bandwidth tradeoff for wireless multi-

hop networks where relays can be placed arbitrarily between the source and destination.

The end-to-end rate is first introduced to capture the end-to-end bandwidth utilization,

in which spatial reuse is used by restricting the minimum number of hops between

simultaneous transmitters. Normalized total energy consumption-per-bit for a multi-

hop network, which includes the transmission energy and required energy for processing

at each receiver, is considered to be consistent with a single hop network. A parametric

solution for lower bounds on the minimum total energy consumption per information

bit is derived by solving an equivalent convex optimization problem. An optimal end-

to-end rate exists from the relation of the transmission and processing energy at a given

end-to-end rate. When the normalized processing energy is small, the optimal end-to-

end rate decreases due to the dominance of the transmitted energy consumption. In

particular, when the receiver processing energy is not included, multi-hop routing with

spatial reuse shows the same performance as multi-hop routing without spatial reuse.

It is shown that spatial reuse only contributes to enhancing bandwidth utilization, not

reducing energy consumption-per-bit. Instead the energy efficiency can be improved by

varying the minimum separation of hops between simultaneous transmitters, which is

related to adjusting the resulting cochannel interference.

The chapter also establishes a general relationship between the number of hops or

equivalently minimum energy consumption and the end-to-end distance by approximat-

ing cochannel interference as being equal for each link. It is shown that the normalized

minimum energy consumption-per-bit decreases with 1 − η power of the end-to-end

distance, which indicates that the unnormalized energy consumption-per-bit increases

with the end-to-end distance. In addition, the optimal number of hops is linearly pro-

portional to the end-to-end distance, implying that for large end-to-end distance, more

hops achieves the minimum energy consumption.
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In conclusion, there exists an optimal transmission strategy that provides the best

performance at a given energy-bandwidth tradeoff by considering simultaneous trans-

missions and the number of hops. Therefore, in order to minimize the energy consumption-

per-bit at a given end-to-end rate, the number of hops and the minimum separation of

simultaneous transmitters should be considered jointly.
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Figure 3.1: Illustration of network model with spatial reuse, ρ = 3.
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(a) Multi-hop communication without spatial reuse
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(b) Multi-hop communication with spatial reuse

Figure 3.2: Illustrative example of multi-hop transmission scenario.
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Figure 3.3: Example of two possible routes in 2-dimensional network model where
distance between any two nodes denotes the normalized relay distance by the end-to-
end distance with spatial reuse, ρ = 3.
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Figure 3.4: Comparison of normalized energy-bandwidth tradeoff when γc = −5.31dB
with k = 4 hops for selected location of relays at de = 3000m and ρ = 3.
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Figure 3.5: Comparison of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot when γc = −17.36dB with k = 4 and k = 5 hops for
selected location of relays at de = 3000m and ρ = 3.

Table 3.1: Optimal energy consumption constants for various AWGN channels
Energy constant Loss (dB)

Type
η = 2 η = 3 η = 4 η = 2 η = 3 η = 4

SISO 3.27 2.83 2.25 - - -

BISO 3.35 3.03 2.55 -0.10 -0.29 -0.54

BIBO 4.34 3.60 2.86 -1.23 -1.04 -1.04
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Figure 3.6: Comparison of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot when γc = 0 with k = 4 and k = 5 hops for selected
location of relays at de = 3000m and ρ = 3.
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Figure 3.7: Comparison of lower bounds of normalized energy-bandwidth tradeoff for
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de = 3000m.
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Figure 3.8: Lower bound of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot: k = 6 hops for selected minimum separation of
simultaneous transmitters when γc = −5.31dB for equi-distant relays at de = 3000m.
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Figure 3.9: Lower bound of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot: k = 6 hops for selected minimum separation of
simultaneous transmitters when γc = −17.36dB for equi-distant relays at de = 3000m.
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Figure 3.10: Lower bound of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot: k = 6 hops for selected minimum separation of
simultaneous transmitters when γc = 0 for equi-distant relays de = 3000m.
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Figure 3.11: Lower bound of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot when ρ = 3 and γc = −45.31dB for equi-distant
relays de = 30km.
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Figure 3.12: Comparison of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot for selected number of hops, k = 6, 7, 8 when γc =
−5.31dB for equi-distant relays de = 3km and ρ = 3.
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Figure 3.13: Comparison of normalized energy-bandwidth tradeoff with transmission
energy constraint in the same slot for selected number of hops, k = 10, 20, 30 when
γc = −45.31dB for equi-distant relays de = 3km and ρ = 3.
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Figure 3.14: Comparison of normalized energy-bandwidth tradeoff with transmis-
sion energy constraint in the same slot for various AWGN channel models when
γc = −5.31dB and k = 6 hops for equi-distant relays de = 3km and ρ = 3.
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CHAPTER 4

Energy-Bandwidth Tradeoff in Multi-hop Wireless

Networks with Reed-Solomon Codes

The energy-bandwidth tradeoff of an additive white Gaussian noise channel is char-

acterized for multi-hop wireless networks with a single source-destination pair. A total

energy consumption model takes into account both the energy radiated by the trans-

mitters and the energy consumed by the circuits to process the received signals. The

channel coding and modulation is that Reed-Solomon codes are used with either BPSK

or orthogonal modulation. A modified threshold model is used for the successful packet

reception from the error correcting capability of channel code and symbol error proba-

bility of modulation scheme. Then the end-to-end throughput is defined as the number

of information bits successfully delivered (end-to-end) per coded symbol transmitted

across the entire network. The performance depends on the location of relays, the

energy transmitted and the data rate used by each relay. Optimum strategies that

minimize the total energy consumption-per-bit for a given end-to-end throughput are

found. In particular, it is shown that BPSK modulation can achieve higher bandwidth

efficiency while at low rates orthogonal modulation achieves higher energy efficiency.

Also to examine the impact of overhead to the overall costs when packet retransmission

allowed, the minimum total energy consumptions per bit for a specific rate are com-

pared. When the relays are equally spaced, a closed-form expression for the energy-
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bandwidth tradeoff is provided and the minimum energy consumption-per-bit over all

possible end-to-end rates is obtained as well. Low rates require more receiver energy

consumption because the receiver is on for a longer time while high rates incur high

transmission energy. Therefore at low rates routes with more hops achieve the mini-

mum energy consumption-per-bit while at high rates less hops achieve the minimum

energy consumption-per-bit.

4.1 Introduction

Multihop routing for wireless networks has recently garnered much attention due to

its potential for reducing energy consumption and extending the effective communica-

tion range. The potential for energy-savings of multihop networks results from reduc-

ing the average distance between communicating relays and plays an important role in

energy-limited wireless environments. In addition, efficient utilization of the available

bandwidth is an important design issue in wireless networks. However, these two fun-

damental goals of minimum energy consumption and maximum bandwidth utilization

cannot be achieved simultaneously. Therefore this motivates the need to analyze and

design protocols for wireless networks which provide the best possible energy-bandwidth

tradeoff.

Previous research has taken different approaches to analyzing wireless multihop re-

lay network [8]-[16]. The study of wireless networks using information theory has led

to new achievable rates [8]-[20] as well as several relaying protocols for the maximum

throughput [47]-[10]. In [21], the energy-bandwidth tradeoff is analyzed based on equi-

spaced relays in a linear network without considering the receiver energy consumption

at the receivers. The energy efficiency of cooperative multihop networks over an orthog-

onal AWGN channel is studied in [16]. Although various results have been derived, they

have something in common: namely they focus on the energy radiated from the trans-
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mitters. Consideration only on transmitted energy is quite reasonable for typical long

range communications because total energy consumption is dominated by transmission

energy. However, for short range communications such as sensor networks, the situation

may be different because the energy dissipation to process the received signal at the

receiver is not negligible compared to the energy transmitted. In [18]-[19], the receiver

energy consumption is considered for minimizing the total energy consumption but the

bandwidth efficiency is not analyzed. In addition to the total energy consumption, the

end-to-end achievable bandwidth efficiency also needs to be taken into account. The

end-to-end bandwidth efficiencies of different routing schemes are analyzed to find a

sub-optimal routing path with high bandwidth efficiency in a linear network without

considering the receiver energy consumption [26]. In [31], the tradeoff between the to-

tal energy consumption-per-bit including circuit processing energy dissipation and the

end-to-end rate is studied in arbitrary 2-dimensional networks with the assumption of

channel capacity achieving codes between relays.

In this chapter, we consider the tradeoff between the total energy consumption-

per-bit and the end-to-end throughput in wireless multihop networks where relays can

be placed arbitrarily between a single source-destination pair when practical channel

coding and modulation are used. The problem and solution we consider is limited

to multihop transmissions based on point-to-point communication and interference-

free scheduling which requires perfect synchronization among nodes and geographical

information of all relays in the network. The end-to-end throughput measures how

efficiently the network utilizes the bandwidth to deliver one information bit successfully

by considering the codeword error probability of Reed-Solomon code with BPSK or

orthogonal modulation. The total energy consumption-per-bit captures the energy

transmitted and the energy required to process the received symbols to forward data.

For an arbitrary distribution of relays we find the optimal rate and the power level of

each link that minimizes the total energy required for a given end-to-end throughput.
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Also we find the end-to-end throughput that minimizes the total energy consumption-

per-bit and further compare the performance in order to observe the additional resources

required when packet retransmission is allowed. When the receiver energy consumption

is ignored, unlike channel capacity achieving codes, the rate that minimizes the total

energy consumption-per-bit is not zero. This is because at low rates the energy-per-

coded bit becomes small which leads to the increase of error probability. However, the

code is not able to compensate for the increase of error probability with the increase in

error correction capability.

In summary, the main contribution of this chapter is two fold. First, we propose a

framework to analyze the tradeoff between total energy consumption and end-to-end

bandwidth utilization for practical coding and modulation schemes. In particular, the

impact of the relay’s distribution in 2-dimensional networks are quantified to provide the

best route for a given distribution of relays unlike the typical analysis in linear networks.

In addition, for the successful packet reception, a modified threshold model is used to

provide the highest available code rate for a given SNR level. This can be computed from

error correcting capability of channel code and symbol error probability of modulation

scheme. Secondly, we show that there is a minimum total energy consumption-per-

bit for a given route that can be obtained by the optimal selection of the end-to-end

throughput depending on transmission scheme.

The rest of this chapter is organized as follows. We describe the system model in

Section 4.2, and provide the performance measures and the problem formulation in

Section 4.3. In Section 4.4, we evaluate the performance in terms of the total energy

consumption-per-bit and end-to-end throughput for BPSK and orthogonal modulation.

In Section 4.5, the special case of equi-spaced relays in linear networks is considered.

We provide numerical results in Section 4.6 and summarizes the results in Section 4.7.
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4.2 System Model

Consider a wireless network where a source node communicates with a destination

node, separated by a distance de, through a multi-hop route with the information

traversing through k − 1 relay nodes that are arbitrarily located between the source

and the destination. We denote the relay distance of hop i as di and let α
i

= di/de

where 0 < α
i
< 1 and α = (α1 , ..., αk

).

In the i-th link transmission, an (N, Ki) Reed-Solomon code is assumed where the

elements of the code words are selected from an alphabet of M = 2L symbols. Thus

L information bits are mapped into one of the M symbols. The block length N , the

number of information symbols Ki, and the error correcting capability t are related by

N = M − 1 = 2L − 1 (4.1)

Ki = 1, 2, ..., N − 1 (4.2)

t = b0.5(N −Ki)c. (4.3)

A RS encoded symbol is mapped into L-BPSK or 2L-ary orthogonal signals. Note that

for L-BPSK modulation, NL channel uses are required to transmit KiL information

bits and each modulated symbol has energy Es, thus an L-BPSK modulated signal

has energy LEs. For 2L-ary orthogonal modulation, N2L channel uses are required for

KiL information bits and an orthogonally modulated signal has energy Es. The rate of

transmission Ri in information bits per channel use is then

Ri =





Ki

N
(bits/channel use), BPSK

KiL
N2L (bits/channel use), orthogonal modulation.

(4.4)

Then the modulated symbols are transmitted through the channel and each relay is

assumed to be in the far-field region of the corresponding transmitter. The received
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power Pr,i in link i in the far-field is modeled as

Pr,i =
β

dη
i

Pout, di > 1

where Pout is the transmitter output power and η is a path-loss exponent (typically

between 2 and 4), and β is a constant from the antenna characteristics. For simplicity

we assume β = 1.

The received symbols are then demodulated with a symbol error probability of the

i-th link, PM,i. For L-BPSK modulation, the symbol error probability PM is given by

PM = 1− (1− p)L (4.5)

where p is the bit error probability of BPSK which is given by p = Q(
√

2Es/N0) =

Q(
√

2γ) when the received SNR per channel use is γ = Es/N0. For 2L-ary orthogonal

modulation, the symbol error probability PM can be expressed using an upper bound

by the union bound as follows

PM < 2LQ

(√
Es

N0

)
. (4.6)

For RS codes with bounded distance decoding, the decoder can decode correctly only

if t or fewer error occurs. Hence the probability of not decoding correctly is given by

Pe,i =
N∑

j=t+1

(
N

j

)
P j

M,i(1− PM,i)
N−j (4.7)

where PM,i denotes a channel encoded symbol error probability of the i-th link [39].

The throughput of the i-th link, Si is then given by

Si = Ri(1− Pe,i). (4.8)

92



Regarding the forwarding strategy, a simple decode-and-forward protocol is consid-

ered in which relay i decodes the message sent from relay i − 1, re-encodes it, and

then forwards the message to relay i + 1. We consider link connectivity only between

intermediate neighboring relays, and thus any cooperative relaying scheme to exploit

cooperative diversity is not allowed.

We assume that each node has the same circuitry which requires circuit energy Ep

Joules to process a single received symbol for L-BPSK modulation, and thus totally

NLEp Joules are required. However, for 2L-ary orthogonal modulation, N2LEp Joules

are totally consumed. In practice, the circuit processing energy depends on a transceiver

design and architecture, and coding and modulation techniques. We assume Ep is

a constant throughout this chapter. We note that the total energy consumed per

information bit is the energy consumed per coded bit, Ep, divided by the rate of the

code. As such, very low rates require a large amount of energy per information bit

to process the received signal. This leads to an optimal rate that minimizes the total

energy. High rates require high transmitted energy per information bit. Low rates

require high receiver processing energy per information bit.

We assume that each node operates in half-duplex mode, hence it cannot transmit

and receive simultaneously. Thus each transmission needs to be scheduled to avoid

conflicts. Inter-link interference is not considered here since in this chapter we assume

that the network operates without spatial reuse. Perfect synchronization is assumed to

be achieved among the nodes, hence each relay node transmits in its own slot (time or

frequency) without any interference.
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4.3 Performance Measures and Problem Formula-

tion

4.3.1 End-to-end Rate

To measure the end-to-end bandwidth efficiency, we consider the number of infor-

mation bits transmitted (end-to-end) per channel use transmitted by any node in the

network that is forwarding the data. The end-to-end throughput Se without spatial

reuse is given by Se =
(∑k

j=1 S−1
j

)−1

(bits/channel use) where Sj is the throughput on

the hop j and k denotes the number of hops [31].

4.3.2 End-to-end Energy Consumption

To measure the total energy consumption per information bit, we consider the energy

transmitted and the energy required for processing the received symbol at the receiver.

The total energy consumption per information bit, Et, is the ratio of total consumed

energy divided by the total number of information bits transferred over the network,

which can be expressed as

Et =
total energy for transmitting and processing

total number of information bits
.

For fair comparison purposes with the standard results on energy required for reliable

communication in [31], the energy is normalized by the end-to-end propagation loss.

We define the normalized total energy consumption per information bit-to-noise power

spectral density ratio as

Etot

N0

=
Et

N0

d−η
e
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and the normalized energy transmitted on the i-th link is defined as

Ei,tx

N0

d−η
e =

Ei,tx

N0

αη
i
d−η

i = αη
i
γ

i

where Ei,tx is the energy transmitted per coded symbol and γ
i
=

Ei,tx

N0
d−η

i denotes the

received energy per coded symbol-to-noise power spectral density ratio. Similarly a

normalized circuit processing energy γc is defined as γc , Ep

N0
d−η

e .

4.3.3 Minimum energy consumption per bit

For L-BPSK modulation, since it requires NLEs and NLEp Joules for transmitting

and processing KL information bits, the total energy consumption per information bit

for L-BPSK modulation is

Et =
NLEs + NLEp

KL
=

NEs + NEp

K
=

Es + Ep

R
(J/information bit) (4.9)

where R = K/N for L-BPSK. However, for 2L-ary orthogonal modulation, it requires

NEs and N2LEp Joules for KL information bits, we have

Et =
NEs + N2LEp

KL
=

Es

2LR
+

Ep

R
(J/information bit). (4.10)

where R = KL/N2L for 2L-ary orthogonal modulation.

Therefore, for a given relay distribution α = (α1, ..., αk), the problem of minimizing

the total energy consumption per information bit with arbitrary transmission energy

and rate of each link for a given end-to-end throughput Se can be formulated as the

following optimization problem
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Problem Ia:

Etot(α, Se)

N0

= min
(γ1 ,..,γ

k
)

(R1,..,Rk)

k∑
i=1

αη
i
γ

i

FiSi

+
γc

Si

s.t. S−1
e =

∑k
i=1 S−1

i

Si = Ri(1− Pe,i)

Fi =





1, BPSK

2L, orthogonal modulation.

(4.11)

where the optimization variables are γi and Ri for i = 1, ..., k, and Fi results from

the bandwidth characteristics of each modulation which can be identified in (4.9) and

(4.10). While numerical methods can determine the minimum energy consumption-

per-bit for a given end-to-end throughput, it is hard to obtain an optimal solution for

arbitrary networks.

In this chapter, we provide a threshold model for successful packet reception where

the code rate can be expressed as a function of symbol error probability from the

error correcting capability of channel code and symbol error probability of modulation

scheme, which makes the optimization problem with a single variable. For this threshold

model, we have

Pe,i =





0, t > NPM,i

1, t ≤ NPM,i.

Then from the parameter relations of the RS codes in (4.3), we have

Ki

N
≤ 1− 2PM,i (4.12)
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and from (4.4) and (4.8),

Si = Ri ≤





1− 2PM,i, BPSK

(1− 2PM,i)
L
2L , orthogonal modulation.

(4.13)

where 0 ≤ PM < 1/2. With this bounded code rate, the optimization problem in (4.11)

can be expressed as

Problem Ib:

Etot(α, Se)

N0

= min
(γ1 ,..,γ

k
)

k∑
i=1

αη
i
γ

i

FiRi

+
γc

Ri

s.t. S−1
e =

∑k
i=1 R−1

i

Si = Ri =





1− 2PM,i, BPSK

(1− 2PM,i)
L
2L , orthogonal modulation.

Fi =





1, BPSK

2L, orthogonal modulation.

(4.14)

where PM,i denotes the symbol error probability of the i-th link and the optimization

variable is γi for i = 1, ..., k. Our fundamental goal of this chapter is, for a given routing

path α = (α1, ...αk), to find the optimal set of transmission energies (E1,.tx, ..., Ek,tx) that

provides the smallest total energy consumption per information bit for a given end-to-

end throughput Se. We also focus on the global minimum of total energy consumption

and the corresponding optimal end-to-end throughput.

4.4 Performance Evaluation

In this section we investigate the energy-bandwidth tradeoff for the case of BPSK

and orthogonal modulation. For each case we approximate the symbol error probability

to obtain closed form solutions for arbitrary networks. Before proceeding this section,
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we summarize what is done for the problem simplification as follows. Problem Ia is the

original optimization problem which contains two variables regarding SNR and code

rate but it is hard to obtain optimal solutions when the number of relays becomes

large. Thus, Problem Ia is simplified to Problem Ib, a single variable optimization

problem, by using threshold model where the maximum achievable rate is found from

the characteristics of channel code and modulation scheme. However it is still hard to

find optimal solutions when the number of relays becomes large. As such, we need to

approximate the symbol error probability which enables us to find optimal analytical

solutions for arbitrary networks.

4.4.1 BPSK

Using the fact that Q(x) ≤ 0.5 exp (−0.5x2), the symbol error probability PM can

be approximated as

PM ≈ L · p ≤ L

2
e−γ. (4.15)

where since PM < 1/2, we have γ > ln L. Therefore, from (4.13), we have

R =
K

N
≤ 1− 2PM ≈ 1− Le−γ (information bits/channel use) (4.16)

Then the optimization problem for k multihops can be written as

Etot(α, Se)

N0

= min
(γ1,..,γk)

k∑
i=1

αη
i
γ

i
+ γc

1− Le−γi

s.t. S−1
e =

∑k
i=1(1− Le−γi)−1

γi > ln L

(4.17)

where the optimization variables are γi’s. The above optimization problem can be

converted into an equivalent convex optimization problem as shown below. Let 1 −
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Le−γ = x−1 and thus we have γ = ln
(

Lx
x−1

)
.

Problem IIa:

Etot(α, Se)

N0

= min
(x1,..,xk)

k∑
i=1

xi

[
αη

i
ln

(
Lxi

xi−1

)
+ γc

]

s.t. S−1
e =

∑k
i=1 xi

xi > 1.

(4.18)

The objective function f(x) = x ln
(

x
x−1

)
is easily shown to be convex for x > 1 because

its second order derivative with respect to x is f ′′(x) = 1
(x−1)2x

> 0 for x > 1. Then the

optimal solution can be obtained using the Lagrangian function of (4.18)

L(x1, ..., xk, λ) =
k∑

i=1

xi

[
αη

i
ln

(
Lxi

xi − 1

)
+ γc

]
− λ

[
k∑

i=1

xi − S−1
e

]
(4.19)

where xi > 1 for all i. Therefore the Karush-Kuhn-Tucker (KKT) conditions give the

following parametric solution which can be evaluated by numerical techniques,

λ = αη
i

[
ln

(
Lxi

xi − 1

)
− 1

xi − 1

]
+ γc (4.20)

where xi > 1 for all i. The solution to the above equation can be obtained as

x∗i =
W−1(−ea−1)

1 +W−1(−ea−1)
(4.21)
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where a = (λ− γc)α
−η
i − ln L and W−1(x) denotes the alternate branch of the Lambert

W-function, for which W(x) < −1. Therefore the solution to Problem IIa is as follows:

γi = ln

(
Lx∗i

x∗i − 1

)
(4.22)

S−1
e =

k∑
i=1

x∗i (4.23)

Etot(α, Se)

N0

=
k∑

i=1

x∗i

[
αη

i
ln

(
Lx∗i

x∗i − 1

)
+ γc

]
(4.24)

.

4.4.2 Orthogonal Modulation

Using the union bound, the symbol error probability PM can be upper bounded

PM < MQ(

√
Es

N0

) ≤ 0.5Me−0.5γ = 2L−1e−0.5γ (4.25)

where since PM < 1/2, we have γ > 2L ln 2. Therefore, from (4.13), we have

R =
KL

N2L
≤ (1− 2PM)L

2L
≈ (1− 2Le−0.5γ)L

2L
(information bits/channel use) (4.26)

Then the optimization problem for k multihops can be written as

Etot(α, Se)

N0

= min
(γ1,..,γk)

k∑
i=1

αη
i
γ

i
+ 2Lγc

(1− 2Le−0.5γi)L

s.t. S−1
e =

∑k
i=1

[
L2−L(1− 2Le−0.5γi)

]−1

γi > 2 ln 2L

(4.27)

where the optimization variables are γi’s. The above optimization problem can be

converted into an equivalent convex optimization problem as shown below. Let (1 −
2Le−0.5γ) = x−1 and thus we have γ = 2 ln

(
2Lx
x−1

)
.
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Problem IIb:

Etot(α, Se)

N0

= min
(x1,..,xk)

k∑
i=1

L−1xi

[
2αη

i
ln

(
2Lxi

xi−1

)
+ 2Lγc

]

s.t. S−1
e = 2L

L

∑k
i=1 xi

xi > 1.

(4.28)

Since we have shown that the objective function is convex for x > 1, the optimal

solution can be obtained using the Lagrangian function of (4.28)

L(x1, ..., xk, λ) =
k∑

i=1

xi

L

[
2αη

i
ln

(
2Lxi

xi − 1

)
+ 2Lγc

]
− λ

[
2L

L

k∑
i=1

xi − S−1
e

]
(4.29)

where xi > 1 for all i. Therefore the Karush-Kuhn-Tucker (KKT) conditions give the

following parametric solution which can be evaluated by numerical techniques,

λ = 2−L

(
2αη

i

[
ln

(
2Lxi

xi − 1

)
− 1

x1 − 1

]
+ 2Lγc

)
(4.30)

where xi > 1 for all i. The solution to the above equation can be obtained as

x∗i =
W−1(−ea−1)

1 +W−1(−ea−1)
(4.31)

where a = 2L−1(λ − γc)α
−η
i − ln 2L and W−1(x) denotes the alternate branch of the

Lambert W-function, for which W(x) < −1. Therefore the solution to Problem IIb is

as follows:

γi = 2 ln

(
2Lx∗i

x∗i − 1

)
(4.32)

S−1
e =

2L

L

k∑
i=1

x∗i (4.33)

Etot(α, Se)

N0

=
k∑

i=1

L−1x∗i

[
2αη

i
ln

(
2Lx∗i

x∗i − 1

)
+ 2Lγc

]
. (4.34)
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4.4.3 Parametric Solution to the Minimum Energy-Bandwidth

Tradeoff

From the results of previous sections, we can obtain the solution to Problem I and

II from the following procedure using numerical methods:

Step 1. Fix λ.

Step 2. Solve (4.21) or (4.31) for xi for i = 1, ..., k.

Step 3. Determine γi, Se and Etot/N0 and from (4.22) and (4.32).

By varying λ we can determine the optimal tradeoff between Etot/N0 and Se.

4.5 Performance of Equidistant Multi-hop Routing

Consider the case of equi-spaced relays where αi = 1/k. In this case the same link

SNR, γ is achieved and thus each link communicates at the same rate.

1) BPSK: From (4.17), the end-to-end throughput Se is then

Se =
R

k
=

1− Le−γ

k
(4.35)

and the total energy consumption per information bit is

Etot(k, Se)

N0

=
k1−ηγ + kγc

1− Le−γ
=

k−η ln
(

L
1−kSe

)
+ γc

Se

(4.36)

With a transform of variables k = e−x and Se = e−y, the minimum total energy

consumption can be converted into an equivalent optimization problem

Etot(x
∗, y∗)

N0

= min
x,y∈R

eηx+y ln
(

L
1−e−x−y

)
+ γce

y (4.37)

s.t. x + y > 0
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where the constraint results from the relation that 0 < Se < 1/k, that is, e−y < ex.

2) Orthogonal modulation: From (4.27), the end-to-end throughput Se is then

Se =
R

k
=

L2−L(1− 2Le−γ/2)

k
(4.38)

and the total energy consumption per information bit is

Etot(k, Se)

N0

=
k1−ηγ + kγc

L(1− 2Le−γ/2)
=

k−η2 ln
(

2L

1−k2LSe/L

)
+ 2Lγc

2LSe

(4.39)

With a transform of variables k = Le−x and 2LSe = e−y, the minimum total energy

consumption can be converted into an equivalent optimization problem

Etot(x
∗, y∗)

N0

= min
x,y∈R

2L−ηeηx+y ln
(

2L

1−e−x−y

)
+ 2Lγce

y (4.40)

s.t. x + y > 0. (4.41)

3) Minimum total energy consumption: From the previous sections, we can rewrite

the minimum of the total energy consumption per information bit as

Problem III:

Etot(x
∗, y∗)

N0

= min
x,y∈R

a1e
ηx+y ln

(
a2

1−e−x−y

)
+ a3γce

y (4.42)

s.t. x + y > 0. (4.43)

where for BPSK, a1 = a3 = 1 and a2 = L. For orthogonal modulation, a1 = 2L−η and

a2 = a3 = 2L. The convexity of the objective is shown in Appendix C. Then from the

complementary slackness in the Karush-Kuhn-Tucker (KKT) conditions [38], we can

derive that the Lagrangian multiplier is equal to 0 since x + y > 0 which makes the

optimization straightforward.

4) Optimization of the number of hops: For a given end-to-end throughput, treating
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the number of hops as a continuous variable, we optimize the total energy consumption

over x

Etot(x
∗, y)

N0

= min
x

[
a1e

ηx+y ln

(
a2

1− e−x−y

)
+ γce

y

]
. (4.44)

By setting the derivative to zero, we obtain

e−x∗ = bey (4.45)

where

b = 1− L · exp

(
W−1

( −1

ηLe−1/η

)
+

1

η

)
(4.46)

The optimal number of hops for a given end-to-end throughput is given by for the case

of BPSK

k∗(Se) = bey = bS−1
e (4.47)

and for the case of orthogonal modulation respectively

k∗(Se) = Lbey =
Lb

2L
S−1

e . (4.48)

Then the total energy consumption at the optimal number of hops is given by

Etot(x
∗, y)

N0

= a1b
−η ln

(
a2

1− b

)
· e(1−η)y + a3γce

y. (4.49)

5) Optimization of the end-to-end throughput: The problem of determining the

optimal end-to-end throughput is formulated by substituting (4.45) into (4.42), which
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results in

Etot(x
∗, y∗)

N0

= min
y

[
a1b

−η ln

(
a2

1− b

)
· e(1−η)y + a3γce

y

]
(4.50)

Setting the derivative with respect to y equal to zero, we obtain

e−y∗ =

[
a3γc

a1b−η(η − 1) ln
(

a2

1−b

)
]1/η

(4.51)

The optimal number of hops k∗(S∗e ) for the case of BPSK is obtained by substituting

(4.51) into (4.45),

k∗(S∗e ) = bey∗ =

[
γc

a1(η − 1) ln
(

a2

1−b

)
]−1/η

(4.52)

=

[
1

a1(η − 1) ln
(

a2

1−b

) · Ep

N0

]−1/η

de (4.53)

and for the case of orthogonal modulation,

k∗(S∗e ) = Lbey∗ = L

[
a3γc

a1(η − 1) ln
(

a2

1−b

)
]−1/η

(4.54)

= L

[
a3

a1(η − 1) ln
(

a2

1−b

) · Ep

N0

]−1/η

de. (4.55)

The resulting minimum total energy consumption is then

Etot(k
∗, S∗e )

N0

=

[
a1b

−η ln

(
a2

1− b

)]1/η

[1 + a3(η − 1)]

[
γc

η − 1

]1−1/η

(4.56)

=

[
a1b

−η ln

(
a2

1− b

)]1/η
1 + a3(η − 1)

(η − 1)1−1/η

[
Ep

N0

]1−1/η

d1−η
e (4.57)

From the above results we observe that the optimal rate decreases as d−1
e and the optimal

number of hops grows linearly with de. In addition, there are two key observations for
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the minimum normalized total energy consumption: it (i) grows as the η−1
η

power of the

processing energy and (ii) decreases as d1−η
e . Therefore we can conclude that the actual

unnormalized minimum total energy consumption increases linearly with de from the

relation between the normalized total energy consumption and the end-to-end distance.

4.6 Numerical Results

In the results we assume the path-loss exponent η = 4, end-to-end distance de =

3000m, noise power spectral density N0 = −174dBm/Hz and circuit processing energy

Ep = 0.293µJ/symbol (γc = −5.31dB) unless otherwise specified.

In Fig. 4.2 - Fig. 4.4, we plot the normalized energy-bandwidth tradeoffs for a two

hop network where the ratio of link distances are 6 : 4 with different processing energies,

γc= -∞, −5.31, and −15.31 in dB scale respectively. This is done based on numerical

optimization of Problem Ia in (4.11) and Ib in (4.14), and approximate parametric so-

lutions of each modulation scheme in (4.22) and (4.32). Energy-bandwidth tradeoff of

soft-input/soft-output AWGN channel is plotted for comparison using the result of [31]

as well. Problem Ib where a modified threshold model is assumed without any approxi-

mation for the symbol error probability is shown to be tight to Problem Ia which is the

actual energy-per-bit as γc becomes large. Because the symbol error probabilities are

approximated as shown in (4.15) and (4.25), there are performance gaps in Problem IIa

and IIb where parametric solutions are used. However it is shown that our approximate

parametric solution tracks well the actual energy-bandwidth tradeoff characteristic. At

low rates the energy consumption due to the transmitter alone decreases because of

increasing error protection with lower rate codes, while the overall energy consumption

increases due to the energy needed for processing and the increased error probability.

In particular, when γc = 0, unlike channel capacity achieving codes, the minimum

energy-per-bit is not achieved as Se → 0 because of the increased error probability. At
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high rates the energy consumption increases due to the increase in required transmitted

energy for high rate communication. Such characteristics lead to an optimal nonzero

rate that minimizes the total energy consumption-per-bit. The results also show that at

low rates, orthogonal modulation achieves better energy efficiency while at high rates,

BPSK modulation achieves higher bandwidth efficiency.

In Fig. 4.5, we compare the normalized energy-bandwidth tradeoffs of BPSK and

orthogonal modulation for γc = −5.31dB when packet retransmissions are allowed using

numerical optimization of Problem Ia. To incorporate the impact of retransmission, we

assume the geometric distribution for the successful packet distribution with p = 1−Pe

in (4.7) and the average number of retransmission is then 1/p. A packet is retransmitted

until it is successfully decoded. The overhead in terms of energy consumption and

channel uses is considered. It is observed in both modulation schemes that there are

a slight performance loss due to retransmission. Note that this small loss may result

from the small number of hops, and thus when the number of relays becomes large, the

performance loss accumulated at each hop can be significantly large.

To show that different selection of relays affect the energy-bandwidth tradeoff, we

consider a wireless network with 2 relays as an example where the locations of the nodes

are given as shown in Fig. 4.1. Using the approximate solutions in (4.22) and (4.32),

we compare the performance of three possible multihop routes for γc = −5.31dB in

Fig. 4.6. It is observed from these figures that optimal routing is done with three hops

using all available nodes as relays at low rates while at high rates, two hops using relay

2 outperforms the other routes regardless of the modulation. This is because fewer

hops require less energy than more hops while at low rates the reveres is true, which

can be also verified for the linear, equi-spaced network as discussed next. The efficient

algorithm which can find the optimal route for a given rate is currently unknown when

the number of nodes is large. However the insight into which route is better based on

approximated solutions is very useful.
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In Fig. 4.7, the normalized energy-bandwidth characteristics for the equi-spaced

relays from the result of (4.49) are shown for BPSK and orthogonal modulation for

γc = −5.31dB. The analytical result treating k as a continuous variable gives a very

good approximation to the minimum energy consumption-per-bit as a function of rate.

These figures also illustrate the result that at high rates fewer hops should be used

whereas at low rates a larger number of hops is better.

4.7 Conclusion

In this chapter, we considered interference-free communication through multi-hop

routing where relays can be arbitrarily placed between a single source-destination pair.

Instead of channel capacity achieving codes, we introduced a modified threshold model

where a practical Reed-Solomon channel code with BPSK and orthogonal modulation

scheme are considered for the successful packet retransmission. Based on this model,

we formulated the normalized total energy consumption-per-bit and the end-to-end

throughput to transmit information bits successfully for the optimal transmission en-

ergy and rate on each hop. The results showed that there is a performance gap due to

approximations on the symbol error probability but its overall characteristic tracks well

the actual energy-bandwidth tradeoff. We showed that orthogonal modulation yields

better energy-bandwidth tradeoff at low rates due to its improved energy efficiency

whereas BPSK modulation yields better energy-bandwidth tradeoff at high rates. Un-

like the channel capacity achieving codes, when receiver processing energy is not taken

into account, the minimum total energy consumption-per-bit is not achieved as the

end-to-end throughput becomes small. It is shown that the total energy consumption-

per-bit can be minimized by optimally choosing the rate, determined from the loca-

tion of relays and the end-to-end distance. Therefore, by comparing the total energy

consumption-per-bit for different location of relays, a routing path which achieves the
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best energy-bandwidth tradeoff can be obtained. We also showed that by optimizing

jointly over the end-to-end throughput and number of hops for equi-spaced relays, the

optimal number of hops and the optimal end-to-end throughput can be found. In the

future, practical cooperative strategies or MIMO technologies can be taken into account

to improve the bandwidth utilization.

(0.15, 0.26)

(0, 0) (1, 0)

S

R1

R2

D

(0.58, -0.25)

Figure 4.1: Illustration of 2-dimensional network model where distance between any
two nodes denotes the normalized relay distance by the end-to-end distance.
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Figure 4.2: Comparison of energy-bandwidth tradeoff for practical modulation with
L = 5 when γc = 0 for a multihop (k = 2) with selected location of relays, α1 : α2 = 6 : 4
at de = 3000m.
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Figure 4.3: Comparison of energy-bandwidth tradeoff for practical modulation with
L = 5 when γc = −15.31dB for a multihop (k = 2) with selected location of relays,
α1 : α2 = 6 : 4 at de = 3000m.
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Figure 4.4: Comparison of energy-bandwidth tradeoff for practical modulation with
L = 5 when γc = −5.31dB for a multihop (k = 2) with selected location of relays,
α1 : α2 = 6 : 4 at de = 3000m.
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(a) BPSK modulation
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Figure 4.5: Comparison of energy-bandwidth tradeoff between the case without retrans-
mission and with retransmission for BPSK modulation with L = 5 when γc = −5.31dB
for a multihop (k = 2) with selected location of relays, α1 : α2 = 6 : 4 at de = 3000m.
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Figure 4.6: Comparison of normalized energy-bandwidth characteristic of 2 relays over
AWGN channels when γc = −5.31dB at de=3000m.
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Figure 4.7: Normalized energy-bandwidth tradeoff with L = 5 when γc = −5.31dB for
equi-spaced relays with k = 1, 2, 3, 4 and the analytical result in (4.49) at de = 3000m.
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CHAPTER 5

On the Energy-Bandwidth Tradeoff for AWGN

Relay Channels

This chapter investigates the energy-bandwidth tradeoff of various relaying strate-

gies over the AWGN channel. The total energy consumption per information bit in-

cludes the receiver circuit processing energy at the relay and destination as well as

the transmitted energy. With the cooperation of the source and relay, the end-to-end

bandwidth efficiency can be improved at the cost of receiver processing energy. We con-

sider both decode-and-forward and amplify-and-forward strategies. Energy-bandwidth

tradeoffs for the decode-and-forward and amplify-and-forward relaying strategies are

compared. It is shown that for low rates, the case without cooperation outperforms the

case with cooperation for both strategies. However when the energy required for pro-

cessing at the receiver is ignored, it is helpful to cooperate for the amplify-and-forward

scheme while the result depends on the desired rate for the decode-and-forward scheme.

It is also shown that the amplify-and-forward scheme does not achieve the minimum

energy per bit at low SNR due to its noise propagation characteristic. Bounds on the

minimum total energy consumption are derived and compared with the result without

cooperation.
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5.1 Introduction

Wireless ad-hoc networks consist of a number of nodes where the communication

between nodes takes place through several intermediate nodes and forms a multi-hop

network. In such systems, high bandwidth efficiency is of great importance to deliver

information bits across the network. In addition, the total energy consumption in en-

ergy constrained networks is an important consideration because nodes have limited

power to transmit data. Thus minimizing the energy consumption should be consid-

ered. Therefore the energy-bandwidth tradeoff needs to be analyzed in wireless ad hoc

networks for an efficient channel utilization and energy consumption.

The range and capacity of wireless networks can be increased by employing relays[42][43].

In [44][20], user cooperative protocols for relay networks have been investigated to ex-

ploit spatial diversity. In [45], upper and lower bounds on the outage capacity and the

ergodic capacity were established for wireless relay channels where nodes operates in

a time-division manner. The capacity of the Gaussian degraded relay channel and an

upper bound for the capacity of the Gaussian relay channel were established in [46].

Also motivated by energy constraints, recent work has also investigated the saving in

transmission energy using relaying [12][14]. In [15], bounds on the capacity of AWGN

relay channels were used to establish bounds on the minimum energy per bit. While

focusing on the transmission energy is reasonable for long range communication, energy

dissipation in the receiver to process the received signal is not negligible for short range

communication. In [31], the circuit energy consumption was incorporated to minimize

the total energy consumption while considering the bandwidth efficiency simultaneously

.

In this chapter, we consider the tradeoff between the total energy consumption and

the end-to-end rate in wireless relay networks where nodes can be placed arbitrarily

between source-destination pair and operate in a time-division manner. Specifically by

taking into account the circuit energy consumption, we characterize the overall cost
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in terms of the end-to-end channel uses and the total energy consumption to deliver

a single information bit to the destination. Depending on whether nodes cooperate or

not, we study bounds on the channel capacity for the AWGN channel. Building on

these we provide bounds on the total energy consumption per information bit for the

case of decode-and-forward (DF) and amplify-and-forward (AF) schemes.

The rest of this chapter is organized as follows. We describe the system model and

problem formulation in Section 5.2. We present bounds on total energy per bit using

capacity bounds for the decode-and-forward scheme in Section 5.3 and the amplify-and-

forward scheme in Section 5.4. Section 5.5 contains the numerical results and Section

5.6 contains our conclusions.

5.2 System Model and Problem Formulation

We consider the two discrete-time AWGN relay channel models depicted in Fig. 5.1

where the source and destination are separated by a distance, de and the relay is located

arbitrarily between the source and destination. We denote the distance between the

source and relay as d1 given by d1 = α1de, and the distance between the relay and

destination as d2 = α2de where 0 < αi < 1 for i = 1, 2 with the constraint
∑2

i=1 αi ≥ 1.

The transmitted signal is attenuated with a power decay law in each transmission.

Thus, the received power Pr along the distance d is given by

Pr =
δ

dη
Pout

where Pout is the transmitter output power, η is a path-loss exponent (typically taking

values between 2 and 4), and δ is a constant depending on the antenna characteristics.

We set δ = 1 throughout this chapter. Furthermore we assume that each node cannot

transmit and receive simultaneously.

Consider the relay channel with cooperation in Fig. 5.1(a). The system considered
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has two states. In state 1 the source node transmits a signal to the destination or the

relay. In state 2 the relay transmits as well as the source in the case of cooperation.

The received signals at the relay and at the destination in state 1 are given by

YR,1 =

√
d−η

1 XS,1 + ZR,1

and

YD,1 =
√

d−η
e XS,1 + ZD,1.

The received signal at the destination in state 2 is given by

YD,2 =
√

d−η
e XS,2 +

√
d−η

2 XR,2 + ZD,2

where XS,i and YD,i are the signals transmitted by the source and received by the

destination in state i and XR,2 is the signal transmitted by the relay. The noises ZR,1

and ZD,i are assumed to be independent white Gaussian noise with power σ2 = N0/2.

In the relay channel without cooperation, Fig. 5.1(b), the received signal at the relay

during the relay reception, state 1, is given by

YR,1 =

√
d−η

1 XS,1 + ZR,1

and the received signal at the destination during the relay transmission, state 2, is given

by

YD,2 =

√
d−η

2 XR,2 + ZD,2.

Suppose that in a total of N channel uses, the channel is used N1 times in state 1 and

N2 = N −N1 times in state 2. We assume the following per-symbol power constraints:
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(i) E[X2
S,i] ≤ E1 and (ii) E[X2

R,2] ≤ E2 where XS,i and XR,2 are the transmitted signals

from the source at state i and relay. Depending on the relaying strategy, the problem

is to find the end-to-end rate, Re which is defined as the number of information bits

transmitted per channel use across the relay network [31].

We are also interested in finding the actual energy consumption per information bit

which includes the transmitted and processing energy at the receiver. For comparison

purposes with the standard results on energy required for reliable communication in

[31], the energy is normalized by the end-to-end propagation loss. Therefore the total

energy consumption per information bit, Et, is the ratio of total consumed energy

divided by the total number of information bits transferred using N channel uses which

can be expressed as

Et =
total energy for transmitting and processing

total number of information bits
.

We assume that each node has the same circuitry which requires circuit energy Ep Joules

to process a single received coded symbol and Ep is constant throughout this chapter.

Also we define the normalized total energy consumption per information bit-to-noise

power spectral density ratio as

Etot

N0

=
Et

N0

d−η
e

where the normalized energy transmitted on the i-th link is defined as

Ei

N0

d−η
e =

Ei

N0

αη
i
d−η

i = αη
i
γ

i

and γ
i
= Ei

N0
d−η

i denotes the received energy per coded symbol-to-noise power spectral

density ratio. Similarly a normalized circuit processing energy γc is defined as γc ,
Ep

N0
d−η

e .
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Our goal is, for a given relay location, to find the optimal set of transmission energies

E1 and E2 that yields the minimum total energy consumption for a given end-to-end

rate. However, this is, in general, a nonconvex optimization problem. Thus, in this

chapter we consider a suboptimal strategy, common power scheme, in which every node

transmits at the same energy, that is, E1 = E2 or equivalently αη
1γ1 = αη

2γ2 [31].

5.3 Decode and Forward Relaying

5.3.1 Without Cooperation

Consider a typical decode-and-forward (DF) multihop protocol where each decoding

is done based on the transmission from its immediate neighbor node [31]. The end-to-

end rate Re is given as

Re = max
0≤q≤1

min{qI(XS,1; YR,1), q̄I(XR,2; YD,2)} (5.1)

where

I(XS,1; YR,1) ≤ R1 =
1

2
log2

(
1 +

2E1d
−η
1

N0

)
,

I(XR,2; YD,2) ≤ R2 =
1

2
log2

(
1 +

2E2d
−η
2

N0

) (5.2)

and

q = N1/N, q̄ = 1− q = N2/N.

Note that the equalities in (5.2) are achieved with the Gaussian input distribution which

is assumed throughout the chapter. The end-to-end rate Re is maximized with respect

to a by setting qR1 = q̄R2, which yields q∗ =
R−1

1

R−1
1 +R−1

2

. Hence we have

Re =
1

R−1
1 + R−1

2

. (5.3)
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The corresponding total energy consumption per information bit is expressed as

Et =
N∗

1 E1 + N∗
1 Ep + N∗

2 E2 + N∗
2 Ep

NRe

=
E1 + Ep

R1

+
E2 + Ep

R2

(5.4)

and the normalized total energy consumption is then

Etot

N0

=
2∑

i=1

αη
i γi + γc

Ri

(5.5)

where γi = Eid
−η
i /N0 denotes the received signal energy per channel use-to-noise power

spectral density ratio at i-th link. For the case of a decode-and-forward without coop-

eration, the optimal energy-bandwidth tradeoff is derived in [31].

5.3.2 Upper Bound with Cooperation

Consider a decode-and-forward relaying of a Gaussian relay channel where the des-

tination decodes using block 1 and block 2, and the source node cooperates with the

relay transmission. The end-to-end rate Re is upper-bounded by [45][46]

Re ≤ R+
e

= max
0≤q≤1

min{qI(XS,1; YR,1, YD,1) + q̄I(XS,2; YD,2|XR,2),

qI(XS,1; YD,1) + q̄I(XS,2, XR,2; YD,2)}

where

I(XS,1; YR,1, YD,1) ≤ R1 =
1

2
log2 (1 + 2(1 + αη

1)γ1)

I(XS,2; YD,2|XR,2) ≤ R2(ρ) =
1

2
log2(1 + 2(1− ρ2)αη

1γ1)
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and

I(XS,1; YD,1) ≤ R3 =
1

2
log2(1 + 2αη

1γ1)

I(XS,2, XR,2; YD,2) ≤ R4(ρ)

=
1

2
log2(1 + 2αη

1γ1 + 2γ2 + 2ρ
√

αη
1γ1γ2)

and we define

ρ =
E[XS,2XR,2]√
E[X2

S,2]E[X2
R,2]

.

For any ρ, 0 ≤ ρ ≤ 1, since R2 < R3 < R1 and R2 < R3 < R4, the minimax

solution for q is obtained by solving qR1 + q̄R2(ρ) = qR3 + q̄R4(ρ), which yields q∗(ρ) =

R4(ρ)−R2(ρ)
R1−R3+R4(ρ)−R2(ρ)

. Hence we have

R+
e = max

0≤ρ≤1

R1R4(ρ)−R2(ρ)R3

R1 + R4(ρ)−R2(ρ)−R3

. (5.6)

The corresponding total energy consumption per information bit is expressed as

Et(ρ) ≥ N∗
1 E1 + 2N∗

1 Ep + N∗
2 E1 + N∗

2 E2 + N∗
2 Ep

NR+
e (ρ)

=
E1 + (1− q∗(ρ))E2 + 2Ep

R+
e (ρ)

(5.7)

and the normalized total energy consumption is then lower-bounded by

Etot(ρ)

N0

≥ E+
tot(ρ)

N0

=
αη

1γ1 + 2γc

R+
e (ρ)

+
R1 −R3

R1R4(ρ)−R2(ρ)R3

αη
2γ2.

(5.8)

Note that the optimum value of ρ maximizing the end-to-end rate may be different from

the value of ρ minimizing the total energy consumption per information bit which can

be seen in (5.6) and (5.7).
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5.3.3 Lower Bound with Cooperation

The lower bound is obtained using a special case of Theorem 7 in [43] that yields

Re ≥ R−
e = max

0≤q≤1
min{qI(U ; YR,1) + qI(XS,1; YD,1|U)

+ q̄I(XS,2; YD,2|XR,2),

qI(XS,1; YD,1) + q̄I(XS,2, XR,2; YD,2)}

where the relay decodes part of the message which is represented by U and cooperatively

sends information with the source to help the destination decode the previous message,

and the destination decodes the current message. Consider

I(U ; YR,1) + I(XS,1; YD,1|U)

= h(YR,1)− h(YR,1|U) + h(YD,1|U)− h(YD,1|XS,1, U)

=
1

2
log2

(
1 +

E1d
−η
1

σ2

)
+ h(YD,1|U)− h(YR,1|U)

where σ2 = N0/2. Note that h(YR,1) = h(aXS,1 +ZR,1) = 0.5 log2(2πe(E1d
−η
1 +σ2)) and

h(YD,1|XS,1, U) = h(bXS,1 +ZD,1|XS,1, U) = h(ZD,1) = 0.5 log2(2πeσ2) where a =
√

d−η
1

and b =
√

d−η
e . We now find an upper bound on h(YD,1|U)− h(YR,1|U). Since we have

the following relation such that

1

2
log2(2πeσ2) ≤ h(YR,1|U,XS,1)

≤ h(YR,1|U) ≤ h(YR,1)

=
1

2
log2(2πe(E1d

−η
1 + σ2))
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there exists a constant 0 ≤ β ≤ 1 such that

h(YR,1|U) =
1

2
log2(2πe(βE1d

−η
1 + σ2))

≤ h(YR,1) =
1

2
log2(2πe(E1d

−η
1 + σ2)).

Note that a
b

= α−η
1 > 1 since 0 < α1 ≤ 1. From [15], h(YR,1|U) = h(aXS,1 + ZR,1|U)) =

h(aXS,1 + ZD,1|U) > h(bXS,1 + ZD,1|U) = h(YD,1|U) and thus,

I(U ; YR,1) + I(XS,1; YD,1|U) <
1

2
log2(1 +

E1d
−η
1

σ2
)

= I(XS,1|YR,1)

which leads to the capacity of degraded relay channel as follows [45][46].

R−
e = max

0≤q≤1
min{qI(XS,1; YR,1) + q̄I(XS,2; YD,2|XR,2),

qI(XS,1; YD,1) + q̄I(XS,2, XR,2; YD,2)}

Therefore the tightest lower bound of decode-forward relaying channel is the capacity

of degraded relay channel. The end-to-end rate and total energy consumption per

information bit can be obtained using the upper bound case in (5.6) and (5.7).

5.3.4 Minimum energy per bit

Next consider a special case where the source and relay transmit at the same power.

Since each node transmits at the same power level, we have αη
1γ1 = αη

2γ2. For the case

of the degraded relay channel, we have

I(XS,1; YR,1) ≤ R1 =
1

2
log2(1 + 2α−η

1 αη
2γ2)

I(XS,2; YD,2|XR,2) ≤ R2(ρ) =
1

2
log2(1 + 2(1− ρ2)αη

2γ2)
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and

I(XS,1; YD,1) ≤ R3 =
1

2
log2(1 + 2αη

2γ2)

I(XS,2, XR,2; YD,2) ≤ R4(ρ)

=
1

2
log2(1 + 2αη

2γ2(1 + α−η
2 + ρα

−η/2
2 )).

The resulting total energy consumption per information bit is then

Etot(ρ)

N0

≤ E+
tot(ρ)

N0

=
αη

2γ2(2R1 + R4(ρ)−R2(ρ)− 2R3)

R1R4 −R2R3

+
2γc

R−
e (ρ)

.

When γc = 0, it can be easily shown that the total energy consumption per information

bit is non-decreasing in γ, and hence the minimum total energy per information bit of

degraded relay channel for a given ρ is as follows.

(
Etot

N0

)

min

= lim
Re→0

E+
tot(ρ)

N0

= lim
γ→0

αη
maxγ(2R1 + R4(ρ)−R2(ρ)− 2R3)

R1R4(ρ)−R2(ρ)R3

= ln 2
αη

1 − 2(α1α2)
η + 2αη

2 + ρ2(α1α2)
η + ραη

1α
η/2
2

1 + αη
2 − (α1α2)η + ρ2(α1α2)η + ρα

η/2
2

.

(5.9)

Similarly for the case of the upper bound of the capacity,

I(XS,1; YR,1, YD,1) ≤ R1

=
1

2
log2

(
1 + 2(1 + αη

1)

(
α2

α1

)η

γ

)

and hence the minimum total energy per information bit is given as follows.

(
Etot

N0

)

min

= lim
Re→0

E−
tot(ρ)

N0

= ln 2
αη

1 + 2αη
2 + ρ2(α1α2)

η + ραη
1α

η/2
2

1 + αη
1 + αη

2 + ρ2(α1α2)η + ρα
η/2
2 (1 + αη

1)
.

(5.10)
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For the case without cooperation, we have [31]

(
Etot

N0

)

min

= lim
Re→0

Etot

N0

= ln 2(αη
1 + αη

2).

5.4 Amplify and Forward Relaying

In this section, we investigate a relaying scheme where the relay amplifies its past

received signal and forwards it to the destination, so called amplify-and-forward (AF)

scheme.

5.4.1 With Cooperation

Consider the following relaying scheme for AWGN channel. In state 1, the message

is encoded and XS,1 is transmitted. The destination receives YD,1 =
√

d−η
e XS,1 + ZD,1,

and the relay receives YR,1 =
√

d−η
1 XS,1 +ZR,1. In state 2, the source sends XS,2 = XS,1

and the relay transmits XR,2 = aYR,1, where a =
√

E2

E1d−η
1 +σ2

is chosen to satisfy the

per-symbol energy constraint of the relay. The destination receives YD,2 =
√

d−η
e XS,1 +√

d−η
2 a

(√
d−η

1 XS,1 + ZR,1

)
+ ZD,1 and starts decoding the message using YD,1 and

YD,2. Note that the relay amplifies the received signal without any further operation,

and thus the relay transmission requires the same number of channel uses as the source

transmission which leads to q = 0.5, a fixed same fractional block length. Then the

achievable rate is given by

Re =
1

2
I(XS,1, XS,2; YD,1, YD,2) =

1

2
I(XS,1; YD,1, YD,2)

=
1

4
log2


1 +

d−η
e E1

σ2
+

(√
d−η

e + a
√

(d1d2)−η
)2

E1

σ2(1 + a2d−η
2 )




=
1

4
log2


1 + 2αη

1γ1 +
(2γ1 + 4γ2

1)
[√

αη
1 +

√
2γ2

1+2γ1

]2

1 + 2γ1 + 2γ2



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where a is the scaling factor at the relay which is given by

a =

√
E2

E1d
−η
1 + σ2

=

√
2γ2d

η
2

1 + 2γ1

.

The corresponding total energy consumption per information bit is expressed as

Et =
N1E1 + N1Ep + N2E1 + N2E2 + N2Ep

NRe

=
2E1 + 2Ep + E2

2Re

where N1 = N2 = N/2 and the normalized total energy consumption is then

Etot

N0

=
αη

1γ1 + γc + 0.5αη
2γ2

Re

(5.11)

5.4.2 Without Cooperation

Next consider an amplify-and-forward relaying scheme where there is no direct con-

nection between the source and destination. Similar to the previous section, the achiev-

able rate is given by

Re =
1

2
I(XS,1; YD,2) =

1

4
log2

(
1 +

a2(d1d2)
−ηE1

σ2(1 + a2d−η
2 )

)

=
1

4
log2

(
1 +

4γ1γ2

1 + 2γ1 + 2γ2

) (5.12)

where a =
√

E2

E1d−η
1 +σ2

=
√

2γ2dη
2

1+2γ1
. The corresponding total energy consumption per

information bit is expressed as

Et =
N1E1 + N2E2 + N2Ep

NRe

=
E1 + E2 + Ep

2Re

(5.13)

127



where N1 = N2 = N/2 and the normalized total energy consumption is then

Etot

N0

=
αη

1γ1 + αη
2γ2 + γc

2Re

(5.14)

5.4.3 Minimum energy per bit

Next consider a special case where the source and relay transmit using the same

power, αη
1γ1 = αη

2γ2. Hence the end-to-end rate with cooperation becomes

Re =
1

4
log2


1 + 2αη

1γ1 +
(2γ1 + 4γ2

1)
[√

αη
1 +

√
λ
]2

1 + 2(1 + β)γ1




≥ 1

4
log2

(
1 + 2αη

1γ1 +
2αη

1γ1 + (αη
1 + β + 2

√
αη

1β)4γ2
1

1 + 2(1 + β)γ1

)

= R−
e .

where β = αη
1α

−η
2 and λ = 2βγ1

1+2γ1
. Thus we obtain

γ1 =
c(1 + β)− 2αη

1 +
√

[c(1 + β)− 2αη
1]

2 + 4cλ1

4λ1

≈ c(1 + β)

2(αη
1(2 + β) + β + 2

√
αη

1β)
.

(5.15)

where c = 24R−e −1 and λ1 = αη
1(2+β)+β+2

√
αη

1β. Then the lower bound on the end-

to-end rate leads to a upper bound on the total energy consumption per information

bit as follows

Etot

N0

≤ 1.5αη
1γ1 + γc

R−
e

.
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Therefore the normalized total energy consumption per information bit is approximated

as

Etot

N0

≈ 1

R−
e

(
3

4

(αη
1 + αη

2)(2
4R−e − 1)

1 + αη
1 + 2αη

2 + 2
√

αη
2

+ γc

)
. (5.16)

When γc = 0, the minimum energy per bit is approximated as

(
Etot

N0

)

min

≈ 3 ln 2
αη

1 + αη
2

1 + αη
1 + 2αη

2 + 2
√

αη
2

. (5.17)

Note that when γc = 0, the achievable rate is not a concave function of SNR; it is concave

for high SNR and convex for low SNR. It can be interpreted that as the transmission

energy is decreased, the received signal at the relay becomes too noisy and hence the

relay transmission largely contains information about the received noise at the relay.

Such characteristic yields that the minimum energy per bit does not occur at Re → 0

although limRe→0
Etot

N0
= 1.5 ln 2.

For the case without cooperation, we have

Re =
1

4
log2

(
1 +

4αη
1α

−η
2 γ2

1

1 + 2(1 + αη
1α

−η
2 )γ1

)
(5.18)

and thus

γ1 =
(1 + αη

1α
−η
2 )c +

√
(1 + αη

1α
−η
2 )2c2 + 4αη

1α
−η
2 c

4αη
1α

−η
2

≥ 1 + αη
1α

−η
2

2αη
1α

−η
2

c

where c = 24Re−1. Therefore the normalized total energy consumption per information

bit without cooperation is given by

Etot

N0

≥ (αη
1 + αη

2)(2
4Re − 1) + γc

2Re

(5.19)
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and when γc = 0,

(
Etot

N0

)

min

≈ 2 ln 2(αη
1 + αη

2). (5.20)

Note that when γc = 0, the minimum energy per bit is not achieved when Re → 0 as the

case with cooperation. In addition, limRe→0
Etot

N0
= ∞ unlike the case with cooperation

which converges to 1.5 ln 2. The intuitive reason is that as the transmission energy

reduces, both schemes apparently suffer from the noisy signal propagation but even a

small amount of side information from the source can be useful, which results in more

energy efficiency for the case of cooperation.

5.5 Numerical Results

In the results we assume the path-loss exponent η = 4, end-to-end distance de =

3000m, noise power spectral density N0 = −174dBm/Hz and circuit processing energy

Ep = 0.095µJ/symbol (γc = −5.31dB) unless otherwise specified.

In Fig. 5.2 and Fig. 5.3 where a two hop network is assumed with the ratio of

link distances equal to 7:3, energy-bandwidth tradeoffs of the forward-and-decode and

amplify-and-forward schemes are compared for various transmission power selections,

that is, (i) arbitrary E1 and E2, (ii) E1 = E2 (common power), and (iii) E2 = 0.4E1.

For case (i) the result is obtained by brute force optimization and for case (ii) and

(iii), the results are used for the decode-and-forward scheme from (5.8), amplify-and-

forward scheme from (5.11) and (5.14). It is observed that there is an optimal non-zero

rate minimizing the total energy consumption as in [31]. Note that the performance

gap between arbitrary power case and common power case with amplify-and-forward

scheme is larger than the gap with decode-and-forward scheme. This is because the

relay in the amplify-and-forward scheme scales its power level based on the transmitted

signal from the source. In particular when the relay is close to the destination, arbitrary
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transmission power scheme is more energy efficient than common transmission power

scheme. This further implies that transmission power adaptation is necessary especially

for the amplify-and-forward scheme. Also notice that there is a significant performance

loss in the degraded relay channel in Fig. 5.2

In Fig. 5.4 and Fig. 5.5, we plot the normalized energy-bandwidth tradeoff for dif-

ferent location of relays to see the impact of relay location. In the amplify-and-forward

scheme, when the relay is close to the source where the received signal strength is rel-

atively good, cooperative strategy shows better energy efficiency at high rates while

noncooperative strategy does at low rates. However when the relay is close to the des-

tination, cooperative strategy is inferior to noncooperative strategy since the source

consumes more transmission energy to achieve the same end-to-end rate as noncooper-

ative strategy. When it comes to the comparison between two forwarding schemes, the

decode-and-forward scheme outperforms the amplify-and-forward scheme at high rates

regardless of node cooperation. This is because the amplify-and-forward scheme has a

fundamental limit in terms of the bandwidth utilization unlike the forward-and-decode

scheme. Also note that as the relay is closer to the source, upper and lower bounds of

the decode-and-forward scheme are very close because the loss by the degraded channel

becomes small.

In Fig. 5.6 and Fig. 5.7, we plot the normalized energy-bandwidth tradeoff when

the receiver processing energy is not taken into account. For the amplify-and-forward

scheme, the relay location does not incur significant performance gaps between coop-

erative and noncooperative schemes unlike the case with receiver energy consumption.

However for the decode-and-forward scheme, the relay position determines the useful-

ness of node cooperation. Note that the minimum energy per bit of the amplify-and

forward scheme does not occur as Re → 0 because its achievable rate is a convex

function at low rates but a concave function at high rates as shown in Fig. 5.8. The

approximations of the energy-bandwidth tradeoff from (5.16) and (5.19) are plotted in
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Figure 5.1: Illustration of relay channel.

Fig. 5.9. Our results approximate well except at low rates and the minimum energy

per bit at Re → 0 is relatively close to the true minimum.

5.6 Conclusion

The chapter investigated the energy-bandwidth tradeoff for wireless multi-hop net-

works where relays can be placed arbitrarily between the source and destination. With

emphasis on the circuit energy consumption and node cooperation, we derived bounds

on the total energy consumption per information bit using the capacity of the Gaussian

channel for the decode-and-forward and amplify-and-forward scheme. In particular,

the generalized block Markov lower bound on capacity of the relay channel are used

to show that the tightest lower bound is the capacity of the degraded relay channel in

time-division mode. For the low rate region where the circuit energy dominates the

overall energy consumption, noncooperative relaying strategy outperforms cooperative

strategy regardless of its forwarding method, and in particular the amplify-and-forward

scheme is useful in this region since it does not need to process the received signal at the

relay. However at high rates the decode-and-forward scheme outperforms the amplify-

and-forward scheme which shows limited bandwidth utilization. Therefore, depending

on the location of relay and desired end-to-end throughput based on the available net-

work energy budget, both forwarding strategy and node cooperation should be used.
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Figure 5.2: Comparison of the decode-and-forward scheme when γc = −5.31dB with a
selected location of relay, α1 : α2 = 7 : 3 for a common power scheme.
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Figure 5.3: Comparison of the amplify-and-forward scheme when γc = −5.31dB with a
selected location of relay, α1 : α2 = 7 : 3 for a common power scheme.
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Figure 5.4: Energy-bandwidth tradeoff when γc = −5.31dB with single hop and a
selected location of relay, α1 : α2 = 7 : 3 for a common power scheme.
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Figure 5.5: Energy-bandwidth tradeoff when γc = −5.31dB with single hop and a
selected location of relay, α1 : α2 = 3 : 7 for a common power scheme.

0 0.5 1 1.5 2 2.5 3
−10

−8

−6

−4

−2

0

2

4

6

Re (bits/channel use)

E
t
o
t
/N

0
(d

B
)

 

 

DF with cooperation: degraded
DF with cooperation
DF without cooperation
AF with cooperation
AF without cooperation
Direct transmission

Figure 5.6: Energy-bandwidth tradeoff when γc = 0 with single hop and a selected
location of relay, α1 : α2 = 7 : 3 for a common power scheme.
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Figure 5.7: Energy-bandwidth tradeoff when γc = 0 with single hop and a selected
location of relay, α1 : α2 = 3 : 7 for a common power scheme.
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Figure 5.8: Comparison of end-to-end rates with a selected location of relay, α1 : α2 =
3 : 7 for a common power scheme.
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CHAPTER 6

Conclusions

This final chapter summarizes the contributions of the dissertation and highlights

numerous areas for further research.

6.1 Summary of Contributions

In this dissertation, we have created a framework for analyzing the energy-bandwidth

tradeoff in energy-constrained wireless multi-hop networks where relays can be placed

arbitrarily between a source-destination pair in 2-dimensional plane. By jointly con-

sidering the energy transmitted and processed at relays, some interesting results are

obtained, such as that there is an optimal rate which minimizes the total energy con-

sumption and increasing number of hops may not always be energy efficient. We also

studied how spatial reuse and cooperative relaying strategies can be useful for the

greater benefits gained by simultaneous transmission and node cooperation to improve

the end-to-end bandwidth efficiency, and how practical limits on the energy-bandwidth

tradeoff can be close to the fundamental limits by considering the successful packet

reception.

Specifically, in Chapter 2, we formulated the normalized total energy consumption

and the end-to-end bandwidth utilization to transmit information bits for the optimal

transmission energy and rate on each hop and two practical communication schemes:
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(1) common rate scheme and (2) common power scheme. The results showed that the

common power case yields better energy-bandwidth tradeoff than the common rate

case due to the rate adaptation in each link, while both cases have the same asymptotic

performance in the power-limited regime when the circuit processing energy is not

taken into account. In addition, we showed that an irregular distribution of relays with

common power scheme can outperform equi-spaced relays at high end-to-end rates,

which implies reducing the number of hops is more energy-efficient. We also showed

that the total energy consumption can be minimized by optimally choosing the rate,

determined from the location of relays and the end-to-end distance. Therefore, by

comparing the total energy consumption for different location of relays, a routing path

which achieves the best energy-bandwidth tradeoff can be obtained. In addition, we

showed that by optimizing jointly over the end-to-end rate and number of hops for

equi-spaced relays, the optimal number of hops and the optimal end-to-end rate can be

found.

In Chapter 3, we introduced spatial reuse for multi-hop routing transmissions, where

spatial reuse is used by restricting the minimum number of hops between simultaneous

transmitters. A parametric solution for lower bounds on the minimum total energy

consumption per information bit is derived by solving an equivalent convex optimiza-

tion problem. When normalized processing energy is small, optimal end-to-end rate

decreases due to the dominance of the transmitted energy consumption. In particular

when the receiver processing energy is not included, multi-hop routing with spatial reuse

shows the same performance as multi-hop routing without spatial reuse. It is shown

that spatial reuse only contributes to enhancing bandwidth utilization, not reducing

energy consumption-per-bit. Instead the energy efficiency can be improved by varying

the minimum separation of hops between simultaneous transmitters, which is related to

adjusting the resulting cochannel interference. This chapter also established a general

relationship between the number of hops or equivalently minimum energy consumption,
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and end-to-end distance by approximating cochannel interference as equal for each link.

Then in Chapter 4, instead of channel capacity achieving codes, we introduced a

modified threshold model where a practical Reed-Solomon channel code with BPSK and

orthogonal modulation scheme are considered for the successful packet retransmission.

Based on this model, we formulated the normalized total energy consumption-per-bit

and the end-to-end throughput to transmit information bits successfully for the op-

timal transmission energy and rate on each hop. The results showed that there is a

performance gap due to approximations on the symbol error probability but its overall

characteristic is well tracking of the actual energy-bandwidth tradeoff. We showed that

orthogonal modulation yields better energy-bandwidth tradeoff at low rates due to its

improved energy efficiency whereas BPSK modulation yields better energy-bandwidth

tradeoff at high rates. In addition, we showed that unlike the channel capacity achieving

codes, when receiver processing energy is not taken into account, the minimum total en-

ergy consumption-per-bit is not achieved as the end-to-end throughput becomes small.

Finally in Chapter 5, we derived bounds on the total energy consumption per in-

formation bit using the capacity of the Gaussian channel for the decode-and-forward

and amplify-and-forward scheme. In particular, the generalized block Markov lower

bound on capacity of the relay channel are used to show that the tightest lower bound

is the capacity of the degraded relay channel in time-division mode. For the low rate

region where the circuit energy dominates the overall energy consumption, noncoop-

erative relaying strategy outperforms cooperative strategy regardless of its forwarding

method, and in particular the amplify-and-forward scheme is useful in this region since

it does not need to process the received signal at the relay. However at high rates the

decode-and-forward scheme outperforms the amplify-and-forward scheme which shows

limited bandwidth utilization. Therefore, depending on the location of relay and desired

end-to-end throughput based on the available network energy budget, both forwarding

strategy and node cooperation should be used.
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6.2 Future Research

There are a variety of fruitful areas for future research on cooperative diversity and

related topics. We have mentioned many issues in earlier chapters, but we repeat some

of the larger and more important ones here.

• Non-static network: There are a number of modeling and analytical consid-

erations that can be further exploited in the context of multi-hop routing in 2-

dimensional network. Our analysis has assumed a static network and interference-

free scheduling which presumes perfect synchronization among all nodes and

knowledge of the overall network characteristics at all nodes. However, for a

dynamically changing network with time varying wireless channel characteristics,

we need to find an optimal energy-bandwidth tradeoff in a decomposed or dis-

tributed way since only part of the network needs to be reconfigured which makes

distributed algorithms more efficient. In our future work, it would be interesting

to find more efficient distributed algorithms so that the complete recomputation

of the optimal energy-bandwidth tradeoff may not be required when the topology

changes.

• Practical cooperative forwarding with temporal or spectral diversity:

We saw that cooperative relaying may be very beneficial depending on the target

end-to-end rates and forwarding strategies. We focused in the latter part of

this dissertation on scenarios in which only amplify-and-forwarding and decode-

and-forwarding strategies are employed. In more general channel environments,

the channel may exhibit variations across time and frequency as well as space.

Since there are many effective methods for exploiting both temporal and spectral

diversity, it is important to address whether, and to what extent, it is useful

to additionally exploit spatial diversity through cooperative diversity. For the

relaying based on node collaboration, the framework can be extended to more
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complicated space-time codes, which leads to another tradeoff between diversity

and multiplexing. It will be interesting to investigate how many nodes should

participate in reliability enhancement and throughput boosting. Due to the local

information exchange required for node collaboration and the necessity of routing

in a networking scenario, the tradeoff between diversity and multiplexing will be

different from that in a traditional MIMO system.

• Multiple source-destination pairs: Throughout the dissertation we have as-

sumed a single source-destination pair in the network in which interference-free

scheduling is possible. However, in real networks, there are tremendous traf-

fic across the network from different source-destination pairs that may result in

severe interference. As such, there will be two significant considerations: (1) load-

balancing scheduling to coordinate confliction from several source-destination

pairs, that is, how to prevent specific relays from being overused, and (2) the

best candidate relays for a single source-destination pair may not be the best

choice for multiple source-destination pairs because the selfish selection may de-

grade the overall network performance due to the unwanted excessive interference.

Future work in this area should focus on finding the optimal interference-aware

scheduling algorithms for load balancing and the best energy-bandwidth tradeoff.
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APPENDIX A

Convexity and Solutions of Chapter 2

A.1 Convexity and Solution of Problem Ia

Proposition A.1. Suppose f : R → R is increasing and concave. Let g denote its

inverse, i.e., g(f(x)) = x. Then y = g(x) is an increasing convex function.

Since g(f(x)) = x, we have f ′(g(x))g′(x) = 1. Hence the first derivative with respect

to x is given by

g′(x) =
1

f ′(g(x))
> 0

since f ′(x) > 0. Further the second derivative with respect to x is given by

g′′(x) = −f ′′(g(x))g′(x)

[f ′(g(x))]2
> 0

since g′(x) > 0 and f ′′(x) < 0. Therefore g(x) is an increasing convex function.

Proposition A.2. The function y = x(c1g(x−1) + c2) is convex in x for x ≥ 0 and

c1 > 0, c2 ≥ 0 if g(x) is increasing convex.

Proof : The first order partial derivative with respect to x is given by

∂y

∂x
= c1g(x−1)− c1

g′(x−1)

x
+ c2
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and further the second order derivative with respect to x is given by

∂2y

∂x2
=

c1g
′′(x−1)

x3
> 0

since g′′(x) > 0 for all x.

For a given location of relays, the energy optimization problem for a given end-to-

end rate Re from (2.4) is

min
(γ1,..,γk)

k∑
i=1

αη
i γi

+ γc

C(γ
i
)

s.t.
∑

i C(γ
i
)−1 = R−1

e

(A.1)

where the optimization variables are γ
i
’s. Let xi = 1

C(γi)
and C−1(x) = g(x). Then the

optimization problem can be converted into an equivalent convex optimization problem

min
(x1,..,xk)

k∑
i=1

xi

[
αη

i g(x−1
i ) + γc

]

s.t.
∑

i xi = R−1
e

(A.2)

where the optimization variables are xi’s and the equality constraint is affine.

Proposition A.3. The function f(x1, ..., xk) =
k∑

i=1

h(xi) =
k∑

i=1

xi

[
αη

i g(x−1
i ) + γc

]
is

convex in xi for xi ≥ 0 for i = 1, ..., k and γc ≥ 0.

Proof : To prove convexity of f(x1, ..., xk), it is sufficient to prove convexity of

h(xi) = xi

[
αη

i g(x−1
i ) + γc

]
for any i since a non-negative sum of convex functions is

convex. From (A.1), g(x) = C−1(x) is increasing convex since the channel capacity

function C(x) is increasing concave. Then using the result from (A.2), h(xi) is convex

for xi > 0.

The optimal solution can be obtained using the Lagrangian function of (A.2)

L(x1, ..., xk, λ) =
k∑

i=1

xi

[
αη

i g(x−1
i ) + γc

]− λ(
∑

i

xi −R−1
e )
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where xi ≥ 0 for all i. Therefore the Karush-Kuhn-Tucker (KKT) conditions give the

following parametric solution which can be evaluated by numerical techniques,

λ = αη
i

(
g(x−1

i ) + xi
∂g(x−1

i )

∂xi

)
+ γc (A.3)

= αη
i

(
g(x−1

i )− 1

xi

g′(x−1
i )

)
+ γc (A.4)

k∑
i=1

xi =
1

Re

(A.5)

where xi ≥ 0 for all i.

A.2 Convexity and solution of Problem Ib

For a given location of relays, the energy optimization problem is

min
(γ1,..,γk)

k∑
i=1

αη
i γi

+ γc

C(γ
i
)

(A.6)

where the optimization variables are γ
i
’s. Let xi = 1

C(γi)
and C−1(x) = g(x). Then the

optimization problem can be converted into an equivalent convex optimization problem

from (A.3)

min
(x1,..,xk)

k∑
i=1

xi

[
αη

i g(x−1
i ) + γc

]
(A.7)

where the optimization variables are xi’s.

Setting the first derivative to zero yields

g′(1/xi)

xi

− g(1/xi) = α−η
i γc (A.8)

where xi ≥ 0 for all i. Therefore from the optimal solution of the above equation, we
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obtain the optimal SNR for i-th hop

γ∗i = g(1/x∗i ) = C−1(1/x∗i ) (A.9)

where x∗i ≥ 0 for all i.

For the case of the AWGN channel, from (A.8) we obtain

ln 2

x∗i
e2 ln 2/x∗i − 1

2
(e2 ln 2/x∗i − 1) = α−η

i γc

where x∗i ≥ 0 for all i. Substituting 2 ln 2/x∗i = u∗i + 1 yields

u∗i =
2 ln 2

x∗i
− 1 = W

(
2α−η

i γc − 1

e

)
(A.10)

1

x∗i
= C(γ∗i ) =

1

2
log2(1 + 2γ∗i ) (A.11)

γ∗i =
1

2

[
exp

(
W

(
2α−η

i γc − 1

e

)
+ 1

)
− 1

]
. (A.12)

Using (A.12), it is straightforward to obtain the optimal end-to-end rate and the min-

imum total energy consumption in (2.13). Further using ui = 1 + W
(

2α−η
i γc−1

e

)
, we

obtain eui − 1 = uie
ui − 2α−η

i γc which yields the second part of the minimum total

energy consumption in (2.13).

A.3 Proof of Property 2.1

Property 2.1

(
Etot

N0

)

γc=0

=
Eb

N0

is strictly increasing in Re > 0.

Proof : Suppose that for a given R′
e, {γ′1, ..., γ′k} is the set of received SNR that

achieves the rate at each hop R′
i and the end-to-end received energy per information bit

E ′
b/N0. Now suppose we are allowed to have λR′

e where λ > 1. Then it is easy to see

that the rate at each hop has increased by λ from the fact that 1
λR′e

=
∑k

i=1
1

λR′i
. Since

this new received SNR γi resulting from the increased rate of each hop should only be
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greater than γ′i and γi

C(γi)
in (2.3) for i = 1, ..., k is an increasing function on γi, Eb/N0

is strictly increasing in Re.

A.4 Conditions for convexity of Problem III

Proposition 2.1 The function f(x, y) = eηx+yg(e−x−y) + γce
y is convex in x, y for

x, y ∈ R if g(u) satisfies the following conditions for u ≥ 0

1. a′ = u2g′′(u)− ug′(u) + g(u) > 0.

2. a′c′− (b′)2 > 0 where b′ = ηug′(u)− u2g′′(u)− ng(u) and c′ = u2g′′(u) + η2g(u) +

(1− 2η)ug′(u).

To prove convexity of f(x, y) in x and y, it is sufficient to prove convexity of

f1(x, y) = eηx+yg(e−x−y) since f2(y) = γce
y is convex in y for γc ≥ 0 and a non-negative

sum of convex functions is convex. The second order partial derivative of f1(x, y) with

respect to x is given by

∂2f1

∂x2
= ey+ηx

[
g(u)− ug′(u) + u2g′′(u)

]
, a

and with respect to y

∂2f1

∂y2
= ey+ηx

[
η2g(u) + (1− 2η)ug′(u) + u2g′′(u)

]
, c

where u = e−x−y ≥ 0. Finally with respect to x and y, we have

∂2f1

∂x∂y
= ey+ηx

[
ηg(u)− ηug′(u) + u2g′′(u)

]
, b.
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Therefore, the Hessian of f(x, y) is given by

H =




a b

b c


 .

A 2×2 matrix of the form H with a > 0 is positive definite if and only if ∆ = ac−b2 > 0

(Schur’s complement condition [38]). Then for u ≥ 0 and γc ≥ 0, it is sufficient for its

Hessian to be positive definite that the following conditions be satisfied for any γc ≥ 0.

1. a′ = u2g′′(u)− ug′(u) + g(u) > 0.

2. a′c′− (b′)2 > 0, where b′ = ηug′(u)−u2g′′(u)−ng(u) and c′ = u2g′′(u) + η2g(u) +

(1− 2η)ug′(u).

For the case of the AWGN channel it is sufficient to show that g(u) = eu − 1 satisfies

the conditions. For the first condition, we have

a′ = u2eu − ueu + eu − 1 > 0, for u ≥ 0

since a′ is increasing with u ≥ 0 and f1(0) = 0. For the second condition, we obtain

b′ = (η − ηu + u2)eu − η hence

a′c′ − (b′)2 = (η − 1)2ueu(eu − u− 1) > 0 for u ≥ 0.

Therefore the function Etot(x, y)/N0 for the AWGN channel is convex in x, y ∈ R.
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APPENDIX B

Convexity of Chapter 3

B.1 Condition for convexity

Proposition 3.1 The function f(x, y) = e(η−1)x+yh(e−y) + γce
−x+y is convex in x and y

for x ∈ R and y ∈ R if g(u) satisfies the following conditions for u ≥ 0 and β ≥ 0

g(u)g′(u) + u
[
g′′(u)g(u)− g′(u)2

]
> 0 (B.1)

where h(u) = g(u)
1−βg(u)

> 0 for 1− βg(u) > 0.

Proof: To prove convexity of f(x, y) in x and y, it is sufficient to prove convexity of

f1(x, y) = e(η−1)x+yh(e−y) since f2(x, y) = γce
−x+y is convex in x, y for γc ≥ 0 and the

non-negative sum of convex functions is convex. The second order partial derivative of

f1(x, y) with respect to x is given by

∂2f1(x, y)

∂x2
= (η − 1)2e(η−1)x+yh , a > 0

and with respect to y

∂2f1(x, y)

∂y2
= e(η−1)x+y

[
h− e−yh′ + e−2yh′′

]
, c
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Finally, with respect to x and y, we have

∂2f1(x, y)

∂x∂y
= (η − 1)e(η−1)x+y

[
h− e−yh′

]
, b

where h, h′, and h′′ denote h(e−y),h′(e−y), and h′′(e−y), respectively. Therefore, the

Hessian of f1(x, y) is given by

H =




a b

b c


 .

A 2×2 matrix of the form H with a > 0 is positive definite if and only if ∆ = ac−b2 > 0

(Schur’s complement condition [38]). Let u = e−y ≥ 0. Then, for u ≥ 0, its Hessian is

given by

∆ = uh(u)h′(u) + u2
[
h(u)h′′(u)− h′(u)2

]
(B.2)

where

h(u) =
g(u)

1− βg(u)
> 0 (B.3)

h′(u) =
g′(u)

(1− βg(u))2
> 0 (B.4)

h′′(u) =
g′′(u)− βg(u)g′′(u) + 2βg′(u)2

(1− βg(u))3
(B.5)

since g(u) is increasing convex [31] and 1−βg(u) > 0. Therefore ∆ > 0 if the following

condition is satisfied for u ≥ 0 and g(u) < 1/β with β ≥ 0

u [1− βg(u)]
[
g(u)g′(u) + u(g′′(u)g(u)− g′(u)2)

]

+ βu2g(u)g′(u)2 > 0

Therefore, for any β ≥ 0, it is sufficient for the Hessian to be positive definite if
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g(u)g′(u) + u [g′′(u)g(u)− g′(u)2] > 0.
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APPENDIX C

Convexity of Chapter 4

C.1 Convexity of Problem III

For the minimum energy consumption, we need to show the convexity of the ob-

jective function in (4.42) which can be shown using the proposition V.1 in [31]. The

function Etot(x,y)
N0

= eηx+yg(e−x−y) + γce
y is convex if g(u) = − ln(1 − u) satisfies the

following conditions for 0 < u < 1:

1. a′ = u2g′′(u)− ug′(u) + g(u) > 0.

2. a′c′− (b′)2 > 0 where b′ = ηug′(u)− u2g′′(u)− ng(u) and c′ = u2g′′(u) + η2g(u) +

(1− 2η)ug′(u).

For the first condition, we have

a′ =
u2

(1− u)2
− u

1− u
− ln(1− u). (C.1)

By letting u
1−u

= v > 0 for 0 < u < 1, we have

a′ = v2 − v + ln(1 + v) = f(v). (C.2)
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It can be shown easily that f(v) is increasing for v > 0 because f(0) = 0, which leads

to a′ = f(v) > 0. For the second condition, we have

b′ = ηv − v2 − η ln(1 + v) (C.3)

c′ = v2 + η2 ln(1 + v) + (1− 2η)v. (C.4)

Therefore we obtain

a′c′ − (b′)2 = v (n− 1)2 [(v + 1) ln (1 + v)− v] = h(v). (C.5)

It can be easily shown that h(v) is increasing for v > 0 since h(0) = 0, which results

in a′c′ − (b′)2 = h(v) > 0. Therefore the optimization problem in (4.42) is a convex

optimization problem.
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[23] Ö. Oyman and S. Sandhu, “A Shannon-theoretic perspective on fading multihop
networks,” in Proc. Conf. Information Sciences and Systems, 2006, p.525-530.
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