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ABSTRACT

This thesis makes some contributions to the study of stationary processes, with a
view towards applications to time series analysis. Ever since the work of Gordin [15],
martingale approximations have been a useful tool to study stationary random walks
(random walks with stationary increments). One highlight of this dissertation is a
useful necessary and sufficient condition for martingale approximations. This condi-
tion provides new insight unifying several recent developments on this topic in the
literature. As an application of martingale approximations, we derive a fairly sharp
sufficient condition for the law of the iterated logarithm, including the functional
form, and an improvement of the conditional central limit theorem of Maxwell and
Woodroofe [30]. For statistical applications, we consider the problem of estimating
a monotone trend nonparametrically for time series data. The asymptotic distribu-
tions of isotonic estimators are analyzed, and the accuracy of the approximations are
studied numerically. Estimation of the end point value is a main focus because of

the practical importance and mathematical difficulty.
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CHAPTER I

Introduction

This thesis makes some contributions to the study of stationary processes, with
a view towards applications to time series analysis. The topic has a long history;
but the treatment here is indeed modern, and results are nearly optimal. On the
mathematical side, one novel feature is the consistent interplay between certain parts
of ergodic theory and probability theory from an operator-theoretical point of view.
The techniques employed to achieve this interplay are mostly from harmonic analysis
and functional analysis, but otherwise quite down-to-earth. So I hope readers inter-
ested in ergodic theory and probability theory will find something valuable in this
dissertation. On the more practical side, one nonparametric statistical application is
considered, and the purpose here is to show by example how a theory for time series
analysis might be pursued, based on the development of ergodic dynamical systems.
We divide our treatment into five chapters, with the first chapter as the introduction
here, then the rest addressing four different classes of problems. In this introduction,
we shall briefly preview our main results chapter by chapter.

Let ..., W_q, Wy, Wi, ... be an ergodic, and (strictly) stationary Markov chain
assuming values in a measurable space (W, %). The transition kernel and stationary

distribution are denoted by @ and =, so P[W, € B] = n(B) and Q"(w;B) =



PW, 1 € B|W), = w| for all nonnegative integers n, k, and B € . We shall also

denote the Markov operator by @,

Qf(w) = /W F(2)Q(w: dz)

for any f € L'(W, ). Consider now functions defined on the state space, and in
particular, we are interested in g € L3(7), the space of square integrable functions

for which fw gdm = 0. Interest centers on
(1.1) Sn = Sulg) = g(W1) + -+ g(Wh),

called stationary random walks (partial sums of stationary processes). It turns out
that, to study (1.1), one can often introduce martingale approximations. These are

of the form
(1.2) S, =M, + R,,

where M, is a centered martingale with square integrable, stationary increments,
and ||R,|| = o(y/n). Here || - || = (-,-) denotes the norm in an L? space, which may
vary from one usage to another. One prototype of (1.2) was used in Gordin and
Lifsic [17], where they used Poisson’s equation, g = (I — Q)h. The idea is that, given
g and @, one tries to solve for some h € L?. The consequence is then the following

straightforward decomposition

S =Y _[M(Wi) — Qu(Wi1)] + Qh(Wy) — Qh(W,,).
k=1
So this assumes the form (1.2), with a negligible remainder term. From this phe-
nomenon, one can easily speculate that more g should admit martingale approxima-

tions, if only ||R,|| = o(y/n) is required. Apparently, (1.2) is sufficient to deduce the

central limit theorem (CLT); and even more so, one can derive a conditional version



of the CLT (e.g., [26] and [30]), which is more useful in many real applications; for
example, MCMC. Kipnis and Varadhan [26] made a significant contribution along
this line by showing that, if the underling chain is reversible, then all that be needed
to apply (1.2) is the following variance stability condition

n

(1.3) o? := lim %

Jim — € [0, 00).

It can be shown that, in the case of reversibility, (1.3) is equivalent to the solvability of
a fractional version of Poisson’s equation, g = /I — Qh. This is a special case (with
index 1/2) of the so-called Fractional Poisson’s Equation, which was systematically
studied by Derriennic and Lin [11]. Taking advantage of the equivalence, Derriennic
and Lin [10] were able to generalize the Kipnis-Varadhan theorem to Markov chains,
whose transition operators are normal. To state their result, let * denote the ajoint
operator of @, acting on the space L?*(m). Then the normality of the chain means
QQ* = Q*Q), which is a substantial generalization of the reversibility assumption. In
[10] it is shown that, under the normality assumption, g € /T — QL?(7) is sufficient
to imply the existence of (1.2). As applications, they considered random walks on
compact abelian groups, which give rise to “normal” chains due to the commutativ-
ity of group operations. Motivated by the seminal work of Kipnis and Varadhan,
but unaware of [10], Maxwell and Woodroofe [30] are able to drop the condition of
reversibility, and derived (1.2) under their surprisingly elegant condition

(1.4) > 03 |[E[S Wil < oo.

n=1

This growth condition is optimal within logarithmic factors, as proved in [30]. It is
also sufficient for the functional central limit theorem in a best possible way (e.g.,

Peligrad and Utev [32]).

Allowing for general dependence structure of the underlying chain and general



state space has important implications for general stationary random walks. To
see that, let ..., X 1, Xo, X1,... denote a centered, (strictly) stationary process.
Then its partial sums S, = X; + Xy + --- + X, have the form (1.1), with W, =
(..., Xk_1,Xg), and g just the first coordinate mapping. Representing in this way,
we can work out ) and QQ*, but typically, Q*Q # QQ*. So normality is not generally
satisfied. It can be shown that (1.4) is stronger than the condition g € /T — QL?*(r);
a natural question is then: can one drop the normality assumption in the theorem
of Derriennic and Lin [10]? This question will be answered, along with a much more
ambitious goal to derive a usable necessary and sufficient condition for (1.2). The
important special case of co-isometries, QQ* = I, will receive special attentions. For

easy reference, we now state the main result of Chapter III, put
n—1
Vg =Y Q4.
k=0
so that E(S,|W1) = Vag(Wy). If a martingale approzimation exists, then ||V,g||* =
E[E(S,|W1)?] < 2E(M?)+2E(R?) = o(n), and lim,, .o, E(S?)/n = E(M}). So for a

given g, obvious necessary conditions for the existence of martingale approximations

are that

(1.5) IVagll = o(v/n)

and

. 1
(1.6) ol = timsup -~ B[S, (9)?] < oc.

n—oo

Let £ denote the set of g € L3(r) for which ||g||s < co. Then L is a linear space, and
| - |+ defines a pseudo norm on L, called the plus norm in Chapter III. Moreover, @

maps L into itself. It will be shown that:



Theorem 1.1. g admits a martingale approximation iff ||V,g|| = o(\/n) , and
fim 3™ Q4 0.
e M

This result extends [26], [30] and [11] in a unified manner. For more details, we
refer interested readers to Chapter III, or [47].

As we have already seen, in the case Poisson’s equation can be solved, the mar-
tingale approximation can be derived with a rather negligible remainder term. This
gives a hope to study the fluctuation behavior of (1.1) using martingale techniques.
Indeed, in Chapter IV, we shall develop a set of techniques to prove a law of the
iterated logarithm for stationary processes by slightly strengthening (1.4). To state

the main result, let ¢(-) be a positive, nondecreasing, slowly varying function; and

let

e 1
E(n)—zm.

J=1

Theorem 1.2. If ( is a positive, slowly varying, nondecreasing function and

(1.7) > nm 2 /l(n) log(n) | E(S. [ Wh)|| < oo,

n=1

then
(1.8) Sp=M,+ R,
where M, 1s a square integrable martingale with stationary increments and

R,
lim ———= =0 w.p.l.

n—oo \ /nl*(n)
The law of the iterated logarithm can be easily derived as a corollary. For instance,
if (1.7) holds with ¢(n) = logn, then 02 = lim,, ., F[S?]/n exists, and

S
1.9 li _—
(19) lflsolip v2nloglogn

=0 w.pl



Other side products of Theorem 1.2 include quenched CLT, and invariance principles
of Strassen’s type. These are presented in Chapter IV, which is based on [48]. The
proof employs a variety of techniques—perturbations of linear operators, Fourier
analysis of renewal equations, and operator-theoretical ergodic theory. Whether the
Maxwell-Woodroofe condition (1.4) be sufficient for (1.9) still remains open.

The study of stationary random walks has important applications to time series
analysis. To illustrate one such usage, we consider a model for a time series which is

thought to consist of a nondecreasing trend observed with stationary errors:
Yk = Mg + €k, k= 1727"'

where —oo0 < p; < pg < --- and ...e_1,€0,€1,... 1S a strictly stationary sequence
with mean 0 and finite variance. The global temperature anomalies, in Example 1.3,
provide a particular example. If a segment of the series is observed, say y1,- - , Yn,
then isotonic methods suggest themselves for estimating the p; nonparametrically.

The isotonic estimators may be described as

" Yt Tty
M = Maxmin ——————.
i<k k<j jJ—1+1

Example 1.3. Figure 1.1 plots the annual global temperature anomalies from 1850-

2000 with the isotonic estimates of trend superimposed as a step function.

With the global warming data, there is special interest in estimating ,,, the cur-
rent temperature anomaly; and there isotonic methods encounter the spiking problem,
described in Section 7.2 of [35] for a closely related problem of estimating monotone
densities. We consider two methods for correcting this problem, the penalized esti-
mators of [43] and the method of [28], both introduced for monotone densities. The
former estimates u,, by

e Yt Y = B
Hon = {202, n—i+1

?
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Figure 1.1: Global Temperature Anomalies
where (3, > 0 is a smoothing parameter, and the latter by

o = flm,
where m,, < n is another smoothing parameter. To analyze the behavior of these
estimators, we shall need an important technical tool as developed in [32]. Stating

it slightly specialized for our purpose, let S, =&y 4+ -+ +¢&,, Fn = (..., €n_1,8n);

define
S\_ntJ + (nt - L?’LtJ) E':Lnthrl
Vn ’

and let B denote a standard Brownian motion. Both B, and B are regarded as

Bn(t) =

random elements in C|0, 1]. It can be shown that if

o0

(1.10) S 0| BLS. R < oo,
n=1
then
= E[Sai|Fo]
Z —n || <o
=0
and

1<k<n

(1.11) E [max 5,3} < 6(E[2] +T)°n



1
o? = lim —E[S?]

n—oo 71}
exists; moreover, B,, converges in distribution to ¢B.

The main results of Chapter II obtain the asymptotic distributions of estimation
errors, properly normalized, for the three estimators described above. One of these
results is well known for monotone regression with i.i.d. errors, and analogues of the
others are known for the closely related problem of monotone density estimation.
Interest here is in extending these results to allow for dependence. Other researchers
have been interested in this question recently—notably Anevski and Hossjer [1].
Our results go beyond theirs in several ways: (1) we consider the boundary case—
estimating pu,,, where the analysis of estimation errors pose particular mathematical
challenges; (2) our results may be valid conditional on the past unobserved history of
the series, this appealing fact is still under investigation, but with good progress; and
(3) our conditions are weaker. Instead of the strong mixing condition, called (A9)
in [1], we use a condition like (1.4) above, for the errors. One objective is to show
by example how recent results on the central limit question for sums of stationary
processes can be used to weaken mixing conditions in statistical applications.

Chapter V describes some problems pertaining to the conditional central limit

theorem.



CHAPTER II

Estimating a Monotone Trend

2.1 Preliminaries

In order to model a monotone trend for a time series, such as the global warming
data presented in the introduction, one may consider the following regression model.
Given a nondecreasing function ¢(-) on the unit interval [0, 1], consider observations

Y1, - -, Yp from

k

where the errors are assumed to be ergodic, stationary with mean 0, finite second
moments. For convenience we will sometimes be working with its two-sided extension,
...E_1,€0,€1, . ... The problem is to nonparametrically estimate ¢(-), with particular
focus on the boundary point ¢(1).

To deal with the dependence among errors, we always assume (1.10) holds. This
condition has been central to many recent developments concerning weak depen-
dence, ever since its first appearance in [30]. Taking advantage of the shape assump-
tion about the regression function, isotonic estimates are suggested. To describe

them, let ux = ¢(k/n) and choose fiy, ..., fi, to minimize

n

Z(yi — )%

=1
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subject to the monotonicity constraint, —oco < puy < ps < -+ < p,, < 00. This is a
well-known optimization problem (e.g., [35]), with unique solutions given by

A Yt Tty
2.2 = = 77
(2.2) i = mapemin =y

Alternatively, letting Y,, denote the cumulative sum diagram, i.e.,

) = Y1+ Yt T+ (nt — LntJ>y\_ntJ+1
n )

Y, (t
and ffn its greatest convex minorant, fi is the left hand derivative of ffn evaluated
at t = k/n. See Chapter 1 of [35] for background on isotonic methods.

Next, we define a@n() to be the left-continuous step function on [0, 1], with values
én(k/n) = [, at the knots k/n, k =1,...,n. The large sample behavior of ¢, (t) is
of great interest to us, because it is needed to set confidence intervals for ¢(¢). This
will be studied for ¢ € (0,1) in Section 2.2.

For the boundary value ¢(1), the standard isotonic estimates suffer from the spik-
ing problem. Here we propose two estimators, which will be shown to be consistent

with convergence rate n=/3. The first one has its analogue in the context of density

estimation, [28], it has the following form with boundary correction
(2.3) fin = du(1 — an~3),

where o > 0 is a smoothing parameter. The other estimator has its prototype in
[43]; it modifies the standard isotonic estimator, fi,, by shrinking the size of it,

A . yj‘i‘"'_'_yn_ﬁn
(24) B = ™ 11

Y

where (3, > 0 is another smoothing parameter, depending on the sample size.
The aim of this chapter is to study the behavior of three estimators, (2.2),(2.3),
and (2.4). Their limiting distributions are studied numerically, and the performance

at the end points are compared through simulations.
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2.2 Asymptotic Distributions

Isotonic estimators with boundary corrections. — We first study (2.2) and (2.3),
and start by introducing more notations. Define ®,,(-) to be the linear interpolation
between its values ®,(k/n) = (u1 + --- + p)/n at knots k/n, and ®,(0) = 0;
these give rise to continuous functions in C[0,1]. More generally, we shall denote
by C(K) the space of continuous functions on an arbitrary compact set K C R.
The topology on C(K) will always be induced by the uniform metric p. Further let

S, =¢€1+ -+ &,, and define the partial sum process

1
(2.5) B,(t) = —= [Sinty + (nt — [nt]) €pnej41]
on the unit interval. Then from (2.1), it is not difficult to check
(2.6) Y, (t) = @, (t) + —=B,(t)

for 0 <t < 1.
Put A\, = n~'/3, and take {t,}$° to be a sequence of numbers in (0,1). We say
{t,} is a regular sequence if t,, — to € (0,1], and, in the case t, — 1, n'/3(1—t,) — a

for some v > 0. Next, introduce the process

(2.7) Zn(8) = 0?3 [V (b + Ans) — Yu(ta) — o(tn) Ans],
which is well-defined for s contained in

(2.8) I, = [—nl/?’tn, n1/3(1 — tn)] )

Using (2.6) and letting ®(¢) := fg ¢(s)ds, one can easily verify the following decom-
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position
Zn(s) = n*3[®(t, + Ms) — O(t,) — d(tn) Ans]
+n8 [B(t, + Aus) — Bo(t,)]
+n? 3[Ry (tn + Ans) — Ra(ts)]
(2.9) = U, (s) + Wy(s) + A,(s),

where R,(-) = ®,(-) — ®(-); so, by the mean value theorem, sup,coq) |[Rn(t)| =
O(1/n).
We will first prove a weak convergence result for Z, (). In it we suppose
(A1). ¢ € C0,1], and v = infyeo1) ¢'(t) > 0,
which is slightly stronger than necessity. To state the result, let W(-) denote a

standard two-sided Brownian motion (starting from 0), and for ¢y € (0, 1], define
1 / 2
Z(s) =oW(s)+ §¢ (to)s”.

Theorem 2.1. Suppose (A1) and (1.10) hold; let {t,} be a regular sequence with
tn, — to; further, let K be any compact interval, K, = K N1I,, and Ko = Up>1 K,

Then for Z,, as defined in (2.7),

in C(Ky) (note K,, = Ky, for all large n).

PrROOF. Recall Z,(s) = U, (s) + W,(s) +A,(s) for s € I,, = [-n'/?t,, n'/3(1 -

tn)]. By the Taylor series expansion, as n — 0o, we have
1 / 2
Wa(s) = 56/ (to)s

uniformly for s € K. It will be easy to observe sup,cx. |A,(s)] = O(n~'2), so it
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only remains to study the behavior of W, (s). First

1
Wn<3) = W{Stntn—kn)\nsj + <ntn + n)\n5> Elntn+nins|+1 — SLnth - <ntn>5Lnth+1}a

where (-) denotes the fractional part. Letting

Snsn _Sn Sn ns_Snsn
W1 (s) = [nAns+|ntn ] Lt | Wi a(s) = [t +nAns] n}\tz\nﬂthJ

) \/n_)\n Y

and

nty, + NALS) €int. tnr sl+1 — (Ntn) €in

then one can write W,,(s) = W, 1(s)+W,,2(s)+W, s(s). For brevity, we only consider
the case K, = [0, a] with some fixed positive a, more general K, can be dealt with

similarly. Starting with W,, 3(s), we can observe

Elntn+nins)+1 |5k|
sup ———— < max :
0<s<a nA, [ntn ) +1<k< | nbn ] +|nAnal +3 v/,
then by stationarity,
sup Entn+nins]+1 < 1 A |E |
> kI -
0<s<a ni, VA, |[1<k<|[nAnal+3

Using the fact that, for arbitrary M > 0,

1<i<n

=1

It follows, in view of the mean ergodic theorem,

sup |Wy.3(s)|

0<s<a

-0
as n — 00. That supy,c, Whn2(s) = 0,(1) follows along the similar line.
For W, 1(s), first by stationarity,

S\_n)\ns—l—l_ntn“ - SLnth i SI_n)\nsJ

VA, VA,

in D[0, a;
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then by essentially adapting the method in [32], pp.807-809, one can show
Wik, = oW ()0,

in D|0, a] with uniform topology. Observing the limiting process is continuous with
probability one, the assertion of the theorem follows. [

To introduce more notations, let f be a function defined on an interval J C R,
and let K be a subinterval contained in J. If f is bounded from below on K, we
shall use ff\|; to denote the greatest convex minorant (GCM) of the restriction of f

to K. Viewing Z,(+), introduced in (2.7), as a random function in C(I,), then for

each fixed n, its GCM is given by

Zn(s) =n?? [f/n(tn + Ans) = Yo (tn) — d(tn) Ans].

By the chain rule, one immediately has the relation

~

[0n(tn) — S(ta)] = ZL(0).

W=

(2.10) n

So the behavior of Z/ (0) will be of major interest, but there are difficulties analyzing
it if we want to apply the continuous mapping theorem. One obvious complication
is that I,, is expanding, the other concern is the continuity of the functional under
consideration. For these purposes, we need some technical preparations. The first is

simply a restatement of Lemmas 5.1 and 5.2 of [41].

Lemma 2.2. Let f be a bounded continuous function on a closed interval I and let

f denote its greatest convex minorant. If a,b € I,a < b, and

P - Fo)+ )

then f(z) = f(z) for some a < x < b.
Let a,b € I and let f* denote the greatest convex minorant of the restriction of f

to a,b]. Ifa < xg <y <b, and f(x;) = f(z;),i = 0,1, then f = f* on [z, z1].



Lemma 2.3. Suppose (1.10) holds and {t,} is reqular, then for each fized ¢ > 0,

there exists positive M = M (€), such that

n—oo sel,

(2.11) lim inf P {Sup [[W(s)] —es?] < M} >1—k¢,
where W,,(s) is defined in (2.9), and I, in (2.8).

PrOOF.  We only consider a,, = n'/3(1 —t,) — oo, then the case a,, — a > 0
is almost trivial. Given € > 0, and in view of the weak convergence of W,,, one can

choose M, large enough such that

limsup P {|W,,(s)| > My + es*, 3 s € [-1,1]}

n—oo

(2.12) < limsupP{ sup o|W(s)| > Ml} <

n— o0 —1<s5<1

colm

On the other hand, let x,, be the biggest k for which [2%, —281] C I,,, then

P{|W,(s)| > M+es®, 3s€,N[l,+00)}
<ZP{|W )| > M +es?, 3 s €28 2601}

+P{]W )| > M +es®, Ise 27 ay)}

< ZP{ sup |[Wi(s)| > M+622k}
k=0

2kS8§2k+1

+P{ sup  |[Wh(s)| > M + 622“’L+2}

2rn+1<s<ay,

"‘”il c(nAR2ETT + 1)
= 2. 0200 1 )2

where c is a universal constant, not depending on M and ¢; and the last inequality
in the previous display follows from stationarity and (1.11). Hence, we can find M,

so large that

(2.13) limsup P {|W,,(s)| > My +es®, 3s€1,N[l,+o0)} <

n—oo

wlm
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Similarly one can show an analogue of (2.13) by restricting s € I,, N (—oo, —1]; thus,

combining (2.12) and (2.13), choosing M large enough, assertion (2.11) follows.

Lemma 2.4. Suppose (A1) holds, and I, / R; then for any 0 < € < /2 and

M > 0, there is a compact interval K C (0,+00) such that for all large n,
(2.14)  {|[Wa(s)| <M +es?, sel,} C {Zn(s) — Zy(s) =0 for some s € K} ;
where Zy(-) is the GOM of Z,(-) in (2.9). Similarly, (2.14) holds for some K C
(—00,0).

PROOF. By the assumption on ¢'(-) and applying Taylor’s formula with remain-
der term to ¥, (s) in (2.9), we can find v2 > 0 such that

%32 < W,(s) < s

for all s € I,,. For fixed 0 < e <~/2, M >0, let

Ay ={|Wa(s)| < M +es?, s€l,};

then on the events A, with n sufficiently large,

(2.15) (%—e)sQ—M—éan(s)S(vg+e)32+M—l—5

for s € I,, where 6 > sup,; |A,(s)]. It is easy to see (2.15) is also true with Z,

replaced by Z,. Taking 0 < a < b < oo and employing (2.15),

(2.16)

Z (a + b) B
2

Noticing that

Zn(a) + Zn(b)
2

+0\? 2
§(72+e)(a2 ) —<%—e>“ S +2M +20.

a+b 2_a2+l)2_—(b—a)2
2 2 4
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and taking 0 = 1, say, then one can find a compact interval K containing a pair of

Z (a—l—b) B
2

Applying Lemma 2.2, one can claim Z,(s) = Z,(s) for some s € [a, D], and therefore,

a, b, for which

< 0.

Zn(a) + Z,(b)
2

(2.14) holds. It is not difficult to see such a compact interval K C (—o0,0) can be

found similarly. [

Theorem 2.5. Suppose (1.10) and (A1) hold, and {t,} is regular; let Ky be any
compact interval containing 0 as an interior point, and let Z* denote the GCM of

the restriction of Z,(-) to I, N Ky, then

(2.17) lim lim sup P {Z;(O) v Z:;’(())} ~0.

KO/R n—o0

PRrROOF. Recall Z,(-) in (2.9), and by Lemma 2.2, we first make the observation,

(2.18) {Z,g(o) 4 Z;;’(o)} c {Z<s) £ Z.(s), VseL,NKSN (—oo,())}

(2.19) U {Zn(s) £ Z.(s), Vs € L, N K2 N (0, oo)} :
and it suffices to show, given any € > 0, there exists Iy, such that for all Ky D Iy,

(2.20) lim sup P {Z;(o) ” Z;;’(o)} <e

Consider the event in (2.19) now, we shall find X7, for which

(2.21) lim inf P {Zn(s) = Z,(s), IseL,N KN, oo)} >1- <

n—00 2

If a,, = n'/3(1 —t,) — a > 0, this situation is simple because one can take K to be
containing « as an interior point; then for all large n, it is not hard to see o, € K¢

and Z,(on) = Zy(ov,).
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Next suppose «,, — 00, which means [, is expanding to R. There exists M =

M(e/2) by Lemma 2.3, such that

2
limian{|Wn(s)| < M+ 6—, s € ]n} >1- <.

In view of Lemma 2.4, such a K{ will be easy to find to make (2.21) hold. Similarly,
we can find K for which

limian{Zn(s) = Z,(s), Is€ LN (K;)°N (—oo,())} >1-

n—oo 2

Taking Ky D Ko = K§ UKy, using relations (2.18) and (2.19), the assertion (2.20)

follows. This completes our proof. [

Theorem 2.6. Suppose (1.10) and (A1) hold, then fort € (0,1),

(M) = argmin [W(s) + 7,

W=

(2.22) n

K —00< <00
where W is a two-sided Brownian motion, and k = [302¢'(t)] 5 with 0% = lim L1E[SE;
moreover,
ni (i — 6(1)] = 2% — ag/(1),
where
Z# =D {T(ow] (cW(s) + %¢’(1)32)} |s=0,
with D denoting the left-derivative, and T(_oq)(-) denoting the GCM of a function
on (—oo, al.

PROOF. We first recall the relation n/3[¢,(t,) — é(t,)] = Z.(0). Applying
Theorem 2.5 in conjuction with Theorem 3.2 of [3], it is not hard to see the behavior
of Z'(0) is the same as Z* (0). It will be easy to study Z* (0) by first fixing Ky, and
then letting n — oco. Take ¢, =t € (0,1), in this case I, /' R; let Ky = [-m,m],

then using Marshall’s lemma and properties of convex functions, one can apply the
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continuous mapping theorem to Z* (0), with K fixed. So, letting n — oo and then

m — 00, one can show

~

60(8) = 0] = D{ T W9 + 560 }

wl—=

n

Assertion (2.22) follows by a standard switching argument as in [19].
Similarly, when n'/3(1 —t,) — a > 0, one can take Ky = [~m, a], and establish

the second assertion. [

Comparison with Anevski and Héssjer [1].  The behavior of ¢,(t), ¢t € (0,1),
has been considered in [1] under mixing conditions. These conditions are stronger
than (1.10), as shown below.

Let F, = 0(...,en1,6,) and G, = (e, a1, - - ), define the a-mixing coefficients

an)= sup |P(ANB)— P(A)P(B)|.
AEFo,BEGn

Further denote the LP norm of a random variable X by || X||, = E[|X|?]'/?.

Proposition 2.7. Assume E[e}] < oo, and

Z 04(71)%_6 < 00

n=1
for some € > 0, then (1.10) holds.
PROOF. Let X € L* and Y € L? be two random variables, which are measurable
with respect to G, and Fy, respectively. Applying a mixing inequality (e.g., [21],

Corollary A.2) with p = 2¢ = 4, we have
(2.23) [E[XY]] < 8[[X[[a[|Y ]|z cv(n)7.

Hence using the identity

n

IESFll = sup / YE[S,|Fo) dP= sup S ElsY),

Y eFo,|YI<1 YeFolYII<1.5
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in conjuction with (2.23), one can show
n [e.@]

s s 1 « k %
221) 3 nRIESIF < Sleols S0 S alh)t < 24l S AEL
n=1 n=1 k=1 k=1 \/E

It is not hard to see this series is summable. Since for each given € > 0, we can take

q < 2 for which }lq’ > % — ¢, and p’ > 2 for which z% + & = 1, such that

Z%auf)i < (Zk) ( a<k>iq'>q ,

and this is finite by assumption. [
Penalized Least Squares Estimators —Let 3, = Bn'/? for some fixed positive (3;

the penalized least squares estimator is given by

~ - yj+"'+yn_ﬁn_ yn-i-l—j_l'"'_‘_yn_ﬁn
flp,n, = Max , = max : .
1<j<n n—j+1 1<j<n J

Then clearly

50 g _ g
i — 6(1) = max 221 P

1<j<n j

where @gn) = fint1—j — P(1) + -+ + p1, — (1) and S](-n) =S, — Sn—j. Next, define

. . n 4 [n?/3¢t]
Gn<t) = ang/StJ + (I)(Ln)z/3tj — <n2/3t> |:€Ln2/3tj + ¢ (T — ¢(1) .

and

Gn(t) _ﬁn
A, = sup
er [n23t]

where J, = [n"%3,n'/3]. It is then not hard to verify ji,, — ¢(1) = A,,.
Lemma 2.8. Suppose (1.10) and (A1) hold. Then for any compact interval K C
[0, 00),

n 3G (lkns. = GOl

in C(K), where G(t) = oW (t) — 5¢'(1)t* with W (-) denoting the standard two-sided

Brownian motion.
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ProOOF. First, by the mean value theorem,

Aoyt 5 ()] 5 (25

n
k:n+1+|_n32§tj k’:n—i—l—i—\_n%tj

W=

for t* = t*(k,n,t) which is contained in the interval|(n + 1 + |n%/3t|)/n, 1]; hence,

1. (n 1
n 3CI)(Ln)2/3tJ — _§¢/(1)t2

uniformly for ¢ € K. Next, utilizing a similar truncation argument as in Theorem

2.1, it is straightforward to show

ns SUp €273 || — 0
teKNJp
as n — oo. The assertion of the lemma then follows from Theorem 1 of [32]. O

Lemma 2.9. Suppose (1.10) and (A1) hold. Then given any e >0 and b > 0, there

exists 0o such that for all 0 < 6 < 4y,

/ _
(2.25) limsupP{ sup PG () = Gl > —b} < e

2/3
n—00 1/6<t<nl/3 [n?/3t]

PROOF. For any fixed 6 > 0,b > 0 and all large n, by simple calculations,

P{ wp 0G0 — i >_b}

1/6<t<nl/3 an/?’ﬂ
s e _ 3 .
<P J 1) E|n2/3/§§j§n
J
(2.26) —p {Sj > —nijb+ B, — 0, IAn3/5 < j < n} :

on the other hand, by the mean value theorem,

(n) g n—k\  m(*—17)
AR VIR = B el

k=n4+1—j

So, over the range j > n%*?/d, the leading term in (2.26) is given by j2/n for large

n (as long as § is bounded from above). In particular, if 6 < 7,/(4b), then the
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probability in (2.26) is majorized by
M1 j2 2/3
P{Sj>§g, 3]271//(5},
for all large n. To estimate this probability, take integer m for which 2™~ < n?3/§ <

2™ then

(o] n2 )
< ;ﬂ 7*224(14;—1) L Lgﬁ}?{k SJ}

for some positive constant ¢, after an application of the maximal inequality (1.11).
Since n?273™ < §3, the probability in the previous display can be made arbitrarily

small by letting 6 — 0. [

Proposition 2.10. Suppose (1.10) and (A1) hold, then

(2.27) limlimsupP{ sup M# sup M}:O.

0=0 n—oo n3<icnd [n?/3t] s<t<1/s  [n*/3t]
PROOF. It will be shown that the supremum of n'/3[G,,(t) — B,]/|[n?/3t] is un-

likely to be achieved on [n~%/3,§] and [1/d,n'/3] when n is large. In view of Lemma

2.9, it suffices to show given any € > 0 and b > 0, then for all sufficiently small § > 0,

n—o00 2 LHZ/ 3ﬂ

n~ 3<t<d

(2.28) limsupP{ sup n3[Ga(t) — Bl > —b} < e
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To see that, applying Lemma 2.8 we have

{ S[Goa(t) — Bu] > —|n2%t]b, 30~ 2/3<t<5}
<p {n W) = B > —b(n 2/35+1),E|n_2/3§t§5}
:P{n SG(t) > B — b(6 +n23), Eln_2/3§t§5}
5 . -2/3
SP{&lt&%n Gn(t) > B —-0b(0+n )}

1 / 2
—>P{(§2§1§ |:O'W(t) — §¢ (1)t} >ﬁ—b5}

asn — 00. On the other hand, one can choose ¢ small enough such that 3—bd > 3/2,

then

P {Org% [aW(t) - %qﬁ’(l)t?] > — bé} <P {gg?gg W(t) > %} =2 {1 — Doy (205\/5)} ;

where @ ; denotes the standard normal distribution. It is easy to see the probability

in the previous display can be made arbitrarily small if § is sufficiently close to 0,

establishing (2.28). O

Theorem 2.11. Under the hypotheses of Proposition 2.10,

oW (1) — B — Lo/ (1)

2

(2.29) N3 [fipn — ¢(1)] = sup g
t>0

’
as n — oQ.

PROOF. Using the relation fi,,, —¢(1) = A,, and Proposition 2.10, assertion (2.29)

follows by an application of Theorem 3.2 of [3]. O
2.3 Numerical Studies
In this section, we report simulation studies to compare the performance of i,

and fi,. For simplicity, we choose the errors to be AR(1) with autoregressive pa-

rameter .25, and the regression functions to be either convex or concave near the
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right end point of the unit interval. In order to compute our estimates, there are

issues of choosing smoothing parameters. Recall

. Y+t g — fns
Hpn = Max -
1<j<n n—j+1

Y

which depends on 3; and for each fixed (3,

15[y — $(1)] = S(0,7) := sup oW(t) =5 -t

>0 t

where v = ¢'(1)/2. Also we can recall fi,, = én(1 — an~3) , with limiting behavior

ol

n

v — (1)] = Za(o,¢'(1)),

where
Zy(0,¢'(1)) =D {T(Oqa] (cW(s) + %gb'(l)sQ)} ls=0 — a¢’(1).

So, the choice of a has to be made to implement our estimation procedure. Here we
choose a and 3 to minimize F[Z, (0, ¢'(1))?] and E[Ss(0, v)?] respectively, supposing
other parameters are given.

Moments of both Z,(o,-) and Ss(o, ) are apparently hard to get, but we can
replace them by Monte Carlo estimates. To select «, we first generate two-sided
Brownian paths using random walk approximations with step size 0.001, on the in-
terval [—2,«]. Then, based on each realization of discrete observations combining
the drift term, we can compute the isotonic estimate corresponding to knot 0. Av-
eraging over 1000 realizations gives us the Monte Carlo estimates. Similarly, we can
select (3, we refer interested readers to [38] for more details. Shown in Figure 2.1 is
a picture suggesting the choice of a and 3, when the regression function is chosen
to be ¢(z) = (2 — 1) + 1. In this case, 0 = 4/3,7 = 3 = ¢/(1)/2, and the minima

seem to be occuring at a = 0.17, 5 ~ 0.68.
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Figure 2.1: Choosing Smoothing Parameters for ¢(z) = (22 — 1)3 + 1

To compare the performance of estimators using mean squared error, we simulate

10,000 samples of sizes n = 50, 100, 200. For each sample, fi,,, — (1) and fip,,, — (1)

are computed with the suggested choices of o and §. Table 2.1 summarizes the

comparison.

Table 2.1:  ¢(z) = (20 — 1) +1
n mean var mse
fipn —@(1) 50  -0.34928 0.18234 0.30434
100 -0.28044 0.13767 0.21632
200 -0.21823  0.09680 0.14443
fivn —o(1) 50  -0.17655 0.23416  0.26533
100 -0.16146 0.16457 0.19064
200 -0.10302 0.11785 0.12847

Note: errors are AR(1) with autoregressive parameter .25

In the previous study, the regression function is convex near the end point. Next,

we shall look at a scenario where the regression function is concave. Take ¢(z) =

exp(13z — 9)/(1 + exp(13z — 9)) and the autoregressive parameter still be .25, so

o =4/3,and ¢(1) = 0.982, ¢'(1) = 0.23. Following a similar procedure as above, we

are suggested to choose o &~ .35 and (§ ~ .28 ; reported in Table 2.2 is a comparison of
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the performance. In both scenarios, the boundary corrected isotonic estimator, i,
outperforms the penalized LSE. Overall, both estimators are reasonable by looking
at the total mean squared errors, which are quite small. The Monte Carlo estimates
of the means do not drop down significantly as sample size increases. This is partially
due to the moderate sample sizes that we have chosen; but still, the biases are quite

negligible.

Table 2.2:  ¢(x) = exp(13x — 9) /(1 + exp(13z — 9))

n mean var mse
fpn —d(1) 50 021352 0.24516 0.29075
100 0.23784 0.18224  0.23881
200 0.22535 0.13246 0.18324
fiom —d(1) 50 0.04325 0.12557 0.12744
100 0.05203 0.10230 0.10501
200 0.05124 0.05285 0.05548

Note: errors are AR(1) with parameter .25

Global temperature anomalies.  There are n = 150 annualy observations for this
time series in the period 1850-2000. One major thorny issue is to estimate ¢/(1), the
change rate of the underlying regression function at 1. We decided to fit an ordinary
regression model with x; = i/n,i = 1,...,n, and y; as the observations, using a
second order polynomial. Based on the estimates, we are suggested ngﬁ’ (1) =~ 1.75; for
the residuals, we fit an ARMA model, and it seems an AR(1) gives the best fit. A
95% confidence interval for the autoregressive parameter is given by (0.17,0.39), the
midpoint 0.28 is taken to be our estimate, so 6 ~ 1.39. Based on these estimates,
we use the same criteria as before to choose «, 3, and they are suggested as o = 0.3,
B = 0.16. Next, we study the distribution of Sy16(1.39,0.875); Table 2.3 below
presents the Monte Carlo estimates for the distribution function. The study of
Z3(1.39,1.75) is computationally very intensive, and we have not succeeded at this

moment. These results may be used to set confidence intervals for ¢(1).
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Table 2.3: Monte Carlo estimates of F(x) = P{S16(1.39,0.875) < x}

-2.9 0.0000 -1.4 0.0080 0.1 0.7335 1.6 0.9910
-2.8 0.0000 -1.3 0.0180 0.2 0.7795 1.7 0.9925
-2.7 0.0000 -1.2 0.0300 0.3 0.8215 1.8 0.9945
-2.6  0.0000 -1.1 0.0505 0.4 0.8530 1.9 0.9950
-2.5 0.0000 -1.0 0.0805 0.5 0.8900 2.0 0.9965
-2.4 0.0000 -0.9 0.118 0.6 09155 2.1 0.9975
-2.3 0.0000 -0.8 0.1670 0.7 0.9310 2.2 0.9975
-2.20.0000 -0.7 0.2195 0.8 0.9420 2.3 0.9990
-2.1 0.0000 -0.6 0.2855 0.9 0.9525 24 0.9995
-2.0 0.0000 -0.5 0.3575 1.0 0.9630 2.5 0.9995
-1.9 0.0000 -0.4 04335 1.1 09735 2.6 0.9995
-1.8 0.0005 -0.3 04960 1.2 0.9790 2.7 0.9995
-1.70.0010 -0.2 0.5645 1.3 0.9835 2.8 1.0000
-1.6  0.0020 -0.1 0.6210 1.4 0.9880 2.9 1.0000
-1.5 0.0060 0.0 0.6800 1.5 0.9900 3.0 1.0000

Estimates are based on 2000 simulated data points.



CHAPTER III

Martingale Approximations

3.1 Main Results

Some notation is necessary to describe the results of this chapter. Let ... W_q, Wy,
W1, ... denote a stationary, ergodic Markov chain with values in a measurable space
W. The marginal distribution and transition function of the chain are denoted by 7
and Q; thus, 7{B} = P[W,, € B] and Q(w; B) = P[W,41 € B|W,, = w| for w € W

and measurable sets B C W. In addition, () denotes the operator, defined by

Qf (w) = /W £(2)Q(w: dz) ace. ()

for f € L'(x), and the iterates of Q are denoted by Q* = Qo --- 0 Q (k times).
Thus, Q*f(w) = E[f(Wy1)|W, = w] a.e. (w) for f € L'(x). The probability
space on which ..., W_y, Wy, Wy, ... are defined is denoted by (22, A, P), and F,, =
o{...,Wy_1,W,}. Finally, || - || and (-,-) denote the norm and inner product in an
L? space, which may vary from one usage to the next.

Observe that no stringent conditions, like Harris recurrence or even irreducibility,
have been placed on the Markov chain. In particular, if ...&_1,&, &, ... are i.i.d.
with common distribution p say, then the shift process Wy, = (... &x_1, &) satisfies the
conditions placed on the chain with 7 = p", where N = {0,1,2,...}, and Qg(w) =

[ g(w,z)p{dx} for g € L*(w). Shift processes abound in books on time series—for

28
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example, [6] and [39].
Next let Lg(m) be the set of g € L*(w) for which [,,, gdm = 0; and, for g € L§(n),

consider stationary sequences of the form X = g(W}) and their sums S, = X; +

---+ X,,. Thus,

Sn = Sn(g) = g(Wy) + -+ g(W,).
The question addressed here is the existence of a martingale M7, Mo, ... with respect
to Fo, F1,Fe, ... having stationary increments and a sequence of remainder terms

Ry, Ry, ... for which ||R,|| = o(y/n) and
(3.1) S, = M, + R,.

If (3.1) holds, we say that g admits a martingale approximation. Ever since the work
of Gordin [15], martingale approximations have been an effective tool for studying
the (conditional) central limit question and law of the iterated logarithm for sta-
tionary processes; see, for example, [7], [45], [8], [47], and their references for recent
developments. The terminology here differs slightly from that of [45].

The sequence Xy = g(Wy) is said to admit a co-boundary if there is a stationary

sequence of martingale differences d; and another stationary process Z; for which
Xy =dy + 2y, — Zg-1,

for all k, in which case S, = M, + R, with M, =dy + --- + d,, and R,, = Z, — Zo.
Here M, is a martingale and R, is stochastically bounded, but does not necessarily
satisfy ||Ry| = o(y/n). Conversely, a martingale approximation does not require R,
to be stochastically bounded. The relation between co-boundaries and martingale
approximations is further clarified by the examples of [13].

Letting Q* denote the adjoint of the restriction of @ to L*(7), so that (Qf,g) =

(f,Q*g) for f,g € L*(m), Q is said to be a co-isometry if QQ* = I, in which case Q*
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is an isometry. Importantly, this condition is satisfied by shift processes. In Section
3.3, a convenient orthonormal basis for L3(7) is identified when @ is a co-isometry,
and a simple necessary and sufficient condition for the existence of a martingale
approximation is given in terms of the coefficients in the expansion of g with respect
to this basis.

Returning to the main question, define
n—1
Vag=> Q%
k=0
so that E(S,|F1) = V,g(Wy). If (3.1) holds, then ||V,g||* = E[E(S,|F1)?] <

2E(M?) + 2E(R?) = o(n), and lim,, .., £(S?)/n = E(M?). So, obvious necessary

conditions for (3.1) are that

(3.2) IVagll = o(v/n)

and

, 1
(33) lg[l3 := lim sup ~E[S,,(9)*] < oo.

Let £ denote the set of g € LE(m) for which ||g]|; < co. Then L is a linear space,
and || - ||+ is a pseudo norm on L, called the plus norm below. Moreover, () maps £

into itself, since

n

(34)  Sul9) = Su(Q9) + > _[g(Wi) — Qa(Wie1)] + Qa(Wo) — Qg(Wo):

k=1

and, therefore, || Qg+ < |lgll+ ++/E{lg(W1) — Qg(Wp)]?}. In Section 3.4 it is shown

that ¢ admits a martingale approximation iff (3.2) holds and

1 m
lim — "gl2 = 0.
Jim = Q|3 =0
k=1
These results are used in Section 3.5 to study the relationship between martingale

approximations and solutions to the fractional Poisson equation, g = /(I — Q)h.
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The relation between martingale approximations and the conditional central limit
theorem is explored in Section 3.6 with special attention to superpositions of linear

processes. Section 3.2 contains some preliminaries.

3.2 Preliminaries

In this section, upon exhibiting some preliminary facts, we establish a useful
criterion for martingale approximations; and in particular, we show martingale ap-

proximations are unique. Let

Then
(3.5) E[S.(9)*] = 2n{g, Vag) — nllgll,
from [6], p. 219, and

_ _ . 1

for all n > 1, ¢ > 1 by simple algebra and induction. Next, let m; denote the joint

distribution of Wy and Wy, define

(3.7) Hy (wo, w1) = Vog(wi) — QVig(wo)
and
(3-8) H,(wo, w1) = Vyg(wr) — QViug(wy)

for wy,w; € W. Then H,, and H,, are in L?(m).

Lemma 3.1. If (3.2) holds, then Sy = My, + R where My, = H,(Wo, Wy) + -+ -+

H,(Wi_1, W) and maxy<, | Rkl = o(y/n).
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PROOF. The lemma is almost a special case of Theorem 1 of [45]. Using

Equation (3.6) with i = 1,
_ _ 1
Ry = Sk — My = QVog(Wo) — QVag(Wy) + ESk(Qvng)v

from which it follows that maxg<y || Ruk| < 3maxyg<, ||Vkgl|, which is o(y/n) by (3.2).

0

Of course, M, is a martingale in k for each n. The following proposition is closely

related to Theorem 1 of [40].

Proposition 3.2. g € L(7) admits a martingale approximation iff (3.2) holds and

H,, converges to a limit H in L*(m,), in which case

(3.9) M, = M,(g) = Z H(Wy_y, Wy).

k=1

Consequently, martingale approximations are unique.

PROOF. Suppose first that g admits a martingale approximation, S, = M, + R,,.

Then (3.2) holds and S,, = M,,, + R, where || R..|| = o(y/n), by Lemma 3.1. So,
nE{[Hn(WO> Wh) — Ml]Q} = E[(Mp, — Mn)z] = E[(Rnn — Rn)Q] = o(n),

implying the convergence of H, (Wy, W;) in L?(P); and this is equivalent to the
convergence of H, in L*(m).

Conversely, if (3.2) holds and H,, converges to a limit H, say; we can let M, =
HWy,Wy) + -+ HW,,_1,W,) and R, = S, — M,,. Then (3.1) holds, R, =
My — My, + Ry, and || R,|| < /0| Hy — H|| + || Ronl| = o(y/n), establishing both the
sufficiency and (3.9). That martingale approximations are unique is then clear.  [J

As a first use of Proposition 3.2, we shall recover Theorem 1 of [30]. To begin, let

gn = V,,g and g, = V,,g, recall the Maxwell-Woodroofe condition

(3.10) > 07|Vl < oo
n=1
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Proposition 3.3. Suppose (3.10) holds, then the conditions of Proposition 3.2 are

verified, and therefore, g has a martingale approximation.
To prove Proposition 3.3, we need two lemmas.

Lemma 3.4. Let H, be as defined in (3.8), then

_ _ 1 _ _ 2n
310 1A= il < (Il + 9]+ 2l + 2l
PROOF By simple algebra, one has
Hﬁn - F[mHZ = H[:[nHz + HF[mH2 o 2<Hna ﬁm>

and

(Hy, Hy) = (Gns Gim) — (QGns QFim)-

Using the identity QV,, = V,, — I + %QVn to expand (Qg,, Qgn) out, and by Cauchy-

Schwarz inequality, we have

A lgnll | llgmlI]? lgnll | llgmll ], - _
H n - m”2 S |: + + 2 + (Hgn” + |Igm||)
n m n m

It is then easy to see

1 1 n N
#2) (Il + Zlanl) 7 (1l + D

n2

I, <
establishing (3.11). O

Lemma 3.5. Fiz p > 1, let {(-) be any nonnegative, slowly-varing function (at cc);
and let v, be a nonnegave, subadditive sequence. The following two conditions are

equivalent:

(i)

(3.12) Zn‘pé(n)un < 00;
n=1
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(i)

> E(Qk)ﬁ k
(3.13) > 2k(p_f) < 00,
k=0

where Uy, = (11 + v+ -+ 1) /n.

PROOF.  We first show (i)= (ii) . Making a change of summation yields

(Ve = 0(28) [ < [ &L (2
S -y (o) -2 (2 )

where m,, = [log,n]. Since £(-) is slowly-varing, one can find a positive integer ko
for which, ¢(2%)/2* is nonincreasing in k > ko. So, when m,, > ko + 1,

=, 02k < p(2® 1 o 2P
DAY A P Syl R )
2kp g 2w log 2 1n yPt plog2 np

k=mn m

as n — 0o, using Karamata’s theorem [4, p. 27]. Hence, it follows that

i (i €(2k)2_kp) Vp < 00,

n=1 \k=mn,
establishing (i) = (ii).
To see (ii) = (i), fix any integer k& > 0, by subadditivity v, < vg + vk, k =

1,...,n, it is not hard to check
k
Un S ZVQJ'
j=0

for any integer n € [2F, 251 — 1]. It then follows that

S £ £ 5w (5

Choose ng large enough such that n=?¢(n) is nonincreasing in n > ng, then one can

find Ky, such that for all £ > K,

ok+1_17

Z nPl(n) (Z 1/2]-) < 27 kp=p(2k) (Z VQJ-) .

n=2k Jj=0



Thus,

0o 2kl

>3 wtn) (Y| € S St e

k=0 n=2k j=0
where < is used in place of big O notation. Further by an integral test and Fatou’s
lemma,

Z Q—k(p—l)g(gk) — 9—ilp—1) Z Q—k(p—l)g(2k+j) < 2—j(p—1)g(2j)‘
=j k=0

So (3.12) holds in view of v, < 20, 1 < 4vp,n=2,.... O

PROOF OF PROPOSITION 3.3.  Let v, = ||g»||, and 7, its Cesaro average. By

Lemma 3.4, and using Lemma 3.5 with p = 3/2, ¢(-) =constant, we have
N ||ﬁ2k - sz—l || S N i (D2k—1 + I;Qk + I/Qk + I/2k—1) < Q.
- 2k

On the other hand, by the subadditivity of v, v, < 2v,,_1 < 41, for n > 2; and also,

U < 20gi for all 2871 < m < 2F k= 1,2,.... It follows that
_ _ 1 k+1
s N =l < gl + Ll + 2ol + 2l

1
S ﬁ [3952k + 21/2k] — 0

as k — oo. Hence by Cauchy’s rule, {H,} is convergent in L?(7;). That g admits a
martingale approximation follows from Proposition 3.2. [

Proposition 3.2 is useful, but not so convenient to be used in concrete problems.
Next, we will consider more specialized examples. The following corollary can be

easily deduced and will be important later.

Corollary 3.6. If g admits a martingale approzimation, then so does Q%g, and

M (Q%g) = H(Wy, W1) — Hy(Wo, W) with Hy as defined in (5.7).

PRrROOF. For k = 1, this follows directly from (3.4); and for k = 2,3, .. ., it follows

by induction. [
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As a second corollary, we may obtain necessary and sufficient conditions for linear

processes; the following decomposition for a linear process has its roots in [24] and

[45]. Let ..., & 1,&0,&1, ... beiid. random variables with mean 0 and unit variance;
let ag, aq,as, ... be a square summable sequence; and consider a causal linear process
[ee]
(314) Xj = Zalfj,i = Zaj,ifi.
i=0 i<j

Such a process is of the form Xy = g(Wy), where Wy, = (..., &_1,&). Letting
b_1=0,b,=ay+ -+ a, for n > 0, and using (3.14),
n—2
Sp =Y (buoi = b_i)i + Y bibus,
i<1 i=0
where the first term on the right is F(S,|W;). It follows that

o

Vagl® = I B(SA WP = Y (b — ),

i=—1
also, Vng(Wl)—QVng(WO) = bnéh and Hn(Wo, Wl) = I;ngl with Z_)n = (bl"‘ : —I—bn)/n
Thus, for a linear process, (3.2) specializes to

o0

1
(3.15) Jim =D (bin = bi)* = 0.

1=—1

Corollary 3.7. For the linear process defined in (3.14), the following are equivalent:
(a) There is a martingale approximation.
(b) (8.15) holds and b, converges.

(c) (3.15) holds and b2 converges.

PROOF. In this case || H,,— H,,||> = (b, —b,)?. Hence, (a) and (b) are equivalent
by Proposition 3.2. It is clear that (b) implies (¢) and remains only to show that (c)
imples (b). If b2 converges, but b, does not, then b, would have to oscillate between

two values, there would be a positive ¢ for which |b,;; — b,| > € infinitely often; but
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this is impossible, since b, 1 — b, = (bpy1—b,)/(n+1) and b, = O(y/n), as ag, a1, . . .
are square summable. [
In the next section, we show how to extend this example from linear functions of

shift processes to measurable ones with mean 0 and finite variance.

3.3 Co-Isometries

We suppose throughout this section that the chain has a trivial left tail field and

that () is a co-isometry; that is,

(3.16) Tim Q=0 and Q@ =1

for all f € L2(w). We also suppose LZ() is separable. These conditions are satisfied,
for example, by (one-sided) shift processes.

With a view towards later examples, we work with .ZZ(7), the space of complex
valued, square integrable functions with mean 0 under 7. Then (3.16) is still valid
for this space if we extend the definition of () to the imaginary part.

Let ‘H denote a closed linear subspace of .Z#(w) that is invariant under both @
and Q*; restrict @) and Q* to H; and let K = Q*H. Then @* is an isometry from H
onto IC, since (Q* f,Q*g) = (f,QQ*g) = (f,g) for f,g € H. This is the origin of the

term “co-isometry.” Moreover,
(3.17) Q*h(Wy) = h(Wy) w.p.1

for any h € L(m), since E[Q*h(W1)h(Wy)] = (QQ*h, h) = ||h||* by conditioning on
Wy, and therefore, B {[QR(Wy) — H(W)J2} = Q"] — 2(QQ*A, k) +]A]]2 = 0. T

then can be easily checked (3.17) also holds for h € ZZ(m).

Lemma 3.8. K is a closed, proper linear subspace of H; and ﬂ?‘;OQ*jH = {0}.
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PROOF. That K is closed is clear, since QQ* is an isometry; and that C is
proper follows from ﬂ;";OQ*jH = {0}. So, it suffices to establish the latter. If
f e ﬂ;”;OQ*jH, then there are hg,hy,... € H for which f = Q*h; with each j.
In this case, ||| = ||f|l, since Q* is an isometry, h; = Q’Q%h; = Qf, and

lim;_o [|Q7 f|| = 0. So, || f|| = 0, establishing the lemma. O

Next, let Kt = {f € H: (f,h) =0for allh € K}. Then K+ = {g € H: Qg = 0},
since (Q*f,g9) = (f,Qg) = 0 for all f € H iff Qg = 0; and Q*Q is the projection
operator onto K, since (Q*Q)? = Q*Q and Q(I — Q*Q) = 0. Let & = {e; : j € J}

be an orthonormal basis for Kt, let & = Q*&, and £ = Ui>0&;-
Lemma 3.9. & is an orthonormal basis for 'H.

PROOF. E; consists of orthonormal elements for each ¢ > 0, since Q* is an
isometry; for any f € & and f' € &y, where i < i/, there are e, ¢’ € & for which
f = Q" and f' = Q*¢, in which case (f, ') = (Q"e,Q*¢') = (Q" e, e’) = 0,
since Qe = 0. Finally, if f L &, then f € K and f = Q*hy for some h; € ‘H. If also,
f L Q*&, then Qf L &, Qf = Q*hy for some hy € H, and f = Q*Qf = Q*?h,.
Continuing, we find that if f 1 &, then f € Q*H for all j, and completeness follows

from Lemma 3.8. O

Now write ¢; ; = Q*'¢;, so that & = {e;; : j € J}, and let H; = span(e;; : ¢ > 0),
the closed linear span of {e; ; : 4 > 0}. Then QH; = H, for each j, and H = ®,c,H;.
In the language of [9, 16|, the H,, j € J, are an orthogonal invariant splitting of
‘H. Then, any g € H may be written as g = Zjej Y oo Cijj€ij, Where ¢; ; are square
summable. Let b,; = coj + -+ + o 1j 5 bnj = (b1 + -+ + b, )/n and regard

b, = (by;:j€J)and b, = (b, : j € J) as elements of £2(.]).

Theorem 3.10. g € L3(w) admits a martingale approzimation iff b, converges in
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%(J), and
IS
(3.18) lim ;; Ibisn — b)) = 0.

PrOOF. We take H = ,;%2<7T). Since Qem = QQ*iej =0if 7 =0 and €i—1,j if

i>1,Q9=73 ;2 Cijei-1g s

oo o0

k
Qg = E E Cij€ikj = E : E CitkjCiy s
i—k jeJ i=0 jeJ
[ee}
Vhg = E E (bitn,g — bij)eij
i=0 jeJ

and

IVagl? =D ) " bigmy — bigl” = Z 1bin — by

i=0 jeJ

So (3.18) is just (3.2), specialized to the present context.

Next Q*Qg = > ;c; > o1 Cij€ij, 50 that from (3.17),

g(W1) = Qg(Wo) = [g — Q" Qgl(W1) = _ cojeo; (W),

jeJ

.07, W0) = 3 (1= 1) [Q4a074) = Q¥1g(0a)) = 3 bugea 071

n -
k=0 jeJ

and

HHn - ﬁm” = ”Bn - Bm”
The theorem now follows directly from Proposition 3.2. [

Example 3.11 (Bernoulli Shifts). The one-sided Bernoulli shift process is defined

by
Wi, = Z <§> Sk—j>
j=0
where ...&_1,&p,&1, ... are i.i.d. random variables taking the values 0 and 1 with

probability 1/2 each. The state space W is the unit interval, the marginal distribution
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7 is the uniform distribution, Qg(w) = $[g(3w) + g(3w + 3)], and Q*g(w) = g(2w)
for a.e. w € W and g € L'(7) with the convention that g is continued periodically.
For this example, any g € .Z#(w) has a Fourier expansion

(3.19) g= Zcre,n,

r#0

where e,(w) = >V

and c., r € Z, are square summable. Then QQe, = 0 or eL,
accordingly as r is odd or even, and Q*e, = ey, for all r. With H = ZZ(n), it
follows that K, respectively K+, consists of all functions g for which ¢, = 0 for odd,
respectively even, r. Thus, & = span(e, : 7 € Odd), and & = span(e,q: : r € Odd),
and there is an invariant splitting with e; ; = e;:. Necessary and sufficient conditions

for the existence of a martingale approximation can be read from Theorem 3.10. See

[42] for more on the Fourier analysis of Bernoulli shifts.

Example 3.12 (Lebesgue Shifts). By a (one-sided) Lebesgue shift, we mean the
Markov chain Wy = (...Ug_1,Ux) where ...U_y,Upy, Uy, ... are independent uni-
formly distributed random variables over [0,1), in which case W = [0,1)Y and
7 = AN, where ) is the uniform distribution. Lebesgue shifts are similar to Bernoulli
shifts. Let I denote the set of sequences j = (jo, j1,...) € Z" for which j; = 0 for all
but finite number of i. Then, letting j - w = jowp + j1w_1 + - -+ and e;(w) = >
for w= (... w_y1,wp) € [0,1)" and j € T, any g € .£Z(7) has a Fourier expansion,
g(w) = " cje;
jer
where ¢; are square summable. Next, let J = {j € I' : jo # 0}. Then, since

1 o0
Qej(w) = {/ eQmJ'O“du} Hexp(?mjiw,iﬂ),
0

i=1
& = {ey : k € J} is an orthonormal basis for Kt (with H = £2(r) and K = Q*H).

Define ¢ : I' — T" by ¥(j) = (0, jo, j1,- - ), then it is not difficult to check Q*e, =
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ey, Q@ ey = Cyi(k), Where " is the composition of ¥ with itself 7 times. Necessary

and sufficient conditions can be read from Theorem 3.10.

Example 3.13 (Superlinear Processes). Let & ;,1 € Z, j € N, be independent ran-
dom variables, all having mean 0 and bounded variances, for which ... &1 ;, &0, &1, - -
are identically distributed for each j, and let ¢;;,7 € Z,j € N, be a square summable
array. Then
(3.20) Xp=> > cijbi-ij

j=0 i=0
converges w.p.1 and in mean square for each k and defines a stationary process.
Letting &, = (&0, &1, - - -), X is of the form X, = g(W}), where Wy, = (..., &,_1, &)
is a shift process. Next, letting H = span(§;; : ¢ < 0, j > 0), one finds easily that
there is an invariant splitting with e; ; = £, ; for 4,7 > 0. Necessary and sufficient
conditions for the existence of a martingale approximation can again be read from

Theorem 3.10.

3.4 The Plus Norm

To study the plus norm, we first recall the definition || g||2 = limsup,,_,. E[S.(g)*]/n.

The following example serves as a simple illustration.

Example 3.14. If () is a co-isometry and the chain has a trivial left tail field, we may

write g = Y., >0 ¢ e, as in Section 3.3, and H,(Wo, Wh) = 3. ; bnjeo (W),

jeJ

as in the proof of Theorem 3.10. So, if (3.2) holds, E(S?) = nE[H2(Wy, W1)]+o(n) =

nl|by* + o(n), and [lg]|} = limsup, . [[ba]*

The main result of this section is that g admits a martingale approximation iff
1Vagll = o(y/n) and Y7L, [|Q%g|> = o(m). The following two lemmas are needed;

their proofs are given after the proof of Theorem 3.17.



42

Lemma 3.15. If g € L(7) and (3.2) holds, then

o 2 2 QVing ||”
nhjgo ||Hn_Hm||2_E<Vnganmg>:| :_E<Vmg7QVm9>_‘ ‘

Lemma 3.16. If g € L(7) and ||g||+ < oo, then

l\')IH

limsup (V,.9, QVing) <

n—oo

— 1
> Il + SIQVigl* + {9, VinQ);
k=1

and if g admits a martingale approximation, then the limit exists and there is equality.

Theorem 3.17. g admits a martingale approximation iff (3.2) holds and
1
(3.21) Jim SR I -
k=1

PrROOF OF THEOREM 3.17.  Suppose first that g admits a martingale approxi-
mation. Then ||V, g|| = o(v/n) and lim,,, o [lim,, .o || H,, — H,n||?] = 0 by Proposition

3.2. Next, by Lemmas 3.15 and 3.16,

2 2 QVimg |I?
lim ([, — By = lim (V9. QVig) — —<vmg,@vmg>+' g
—00 M m m

=—Zu@kg||+ + @Vl + (9. QVing)

2 QVimg|?

- _<VmgaQVmg> - ’

m

Since [|[Vig|| = o(y/m), the last four terms on the right approach 0 as m — oo, and,
therefore, so does the first. This establishes the necessity of (3.21).

Next suppose that (3.2) and (3.21) hold, then lim,, .., [limsup,, . |H, — Hn||?] =
0, by Lemmas 3.15 and 3.16. It follows easily that, sup,,>, | H,|| < oo, which implies
H,y, H,, ... is weakly compact in L?(m). Let H* denote any weak limit point of
Hy, Hy,,.... Then |H* — H,,|| < limsup,,_., [|H, — H,|| for each m (cf. [12], p. 68).
Thus, lim,, e || H,n — H*|| = 0 from which the converse follows from Proposition 3.2.

O
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Proor or LEMMA 3.15. To begin, write

||Hn - Hm||2 = ”(Vn - Vm)g||2 - “Q(Vn - Vm)g||2

= (I +Q)(Va = V), (I = Q)(Var = Vin)
:2<<Vn_vm)g7<@vmg Qvng)> ‘vag QVag ||

n

and when the first term in the last line is expanded, it becomes

3<Vng, QVimg) — 2<Vng, QVng) — 3<Vmg, QVmg) + 2<Vmg, QVng)-

m n m n
The lemma now follows directly from (3.2) and the mean ergodic theorem, which
implies that all those terms multiplied by 1/n approach 0 as n — oco. [

ProoOF Oor LEMMA 3.16.  Writing

(Vag, QVing) =Y (Vag, Q"9),

k=1

and using (3.6), then

(Vig. QVing) = > {(VnQ’“mQ’“m + (Vig, Q%) — %(QVndg,ka :
k=1
Here
m m k
D (Vig, Q%) =D (@ 'g,Q%)
k=1 k=1 j=1

=5 210~ 5 LI + (Vs
j=1

1 — .
= §||VmQ9||2 =52 IQgl* + (9. Vo).
j=1

Combining terms together,

V09, QVimg) = [2(V,Q%g, Q% g) — |Q%9g|1?]

N | —
NE

=1

+511QVngll® + (9. VinQ9) = D

k=1

I—‘E‘

(QV,Vig, Q%g).

SI*—‘
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The first assertion follows directly from (3.2) and (3.5). So does the second; for if g
admits a martingale approximation, then the limit exists in the definition of [|Q*g]|, .

O

3.5 The Fractional Poisson Equation

It is possible to attach a meaning to the symbol /I — () by replacing ¢t with @) in

the series expansion of /1 —t. The definition may be written
VI-Q=1-) 5Q"
k=1

where (3, = (—1)’“’1(122) and the series converges in the operator norm, since (3 ~
1/(24/7k%?) as k — oo. A function h € L2() is said to solve the fractional Poisson
equation (for g) if g = Mh. The relation between the existence of a solution
to the fractional Poisson equation and the existence of a martingale approximation

is considered in this section for co-isometries and normal operators (QQ* = Q*Q).

Lemma 3.18. Ifg € /(I — Q)Li(w), then ||V,g| = o(v/n); and if g = /(I — Q)h =
VI = Q) then ||g|l} = (I + Q)h, I¥).

PROOF.  Observe that (I — Q*)V, = (I — Q™)V;. So, if g = /(I — Q)h, then
Vg =Y oo Bl — Q"™ Vianh, where A (V) denotes minimum (maximum). Using

the mean ergodic theorem, ||V,,h|| = o(n), then
[Vagll <2 BellVianhll =23 _ Brolk An) = o(v/n),
k=0 k=0

establishing the first assertion. If, in addition, g = +/(I — Q*)h*, then ||g||* =

(I —Q)h,h*), and

(Vg 9) = (I = Q)Vab %) = (b, 1) = —(QVah, %) — (b, 1),



using the mean ergodic theorem again in the final step. Thus, in view of (3.5),
19112 = lim,—[2(Vag, g) — |lg]l*] = ((I + Q)h, h*); similar calculations also appear
in [11]. O

Normal Operators.  As an interesting generalization of [26] in the reversible
case, it is known, [5, 10, 18], that if @) is a normal operator and there is a solution
to the fractional Poisson equation, then g admits a martingale approximation. This
result can be easily deduced from our Theorem 3.17. Recall that if R is any bounded
normal operator on a Hilbert Space H, then v/I — R and /I — R* have the same

range (cf. [10], Lemma 2).

Proposition 3.19. Suppose that Q is normal, then any g € /(I — Q)L:(w) admits

a martingale approximation.

ProOF. If g € /(I — Q)L3(w), then (3.2) follows from Lemma 3.18, and it

suffices to establish (3.21). Since the ranges of /(I — Q) and /(I — Q) are the
same, there are h,h* € L2(m) for which g = /(I — Q)h = /(I — Q*)h*. Then
Qtg = /I = Q)Q%h = /(I = Q7)Qh*, so that |Q%g|2 = (I + Q)Q*h, Q"h).
Thus, letting R = Q*Q, [|Q%g||2 = (I + Q)h, R*L*), and it is necessary to show

m

1
3.22 lim — I+ Q)h, REh*) = 0.
(3.22) Jim AT+ QR

To see this let R be the closure of (I — R)L3(w). Then R* consists of all f for
which Rf = f, and @, Q*, and R map both R and R* into themselves. Write
h = hy + hy with by € R, hy € R*, and let g; = /(I —Q)h;. Then g, € R
and g, € R*, since @Q maps R and R+ into themselves. Next, write h* = h} + h}

with hi € R, hi € R*, then g; = /(I — Q*)h} by the uniqueness of direct sum
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decomposition of g. Returning to (3.22), we have
(I +Q)h, R*h*) = (I + Q)ha, R*hY) + (I + Q)ha, h3)
= (I + @)1, R*hY) + |l g2l
by orthogonality and Lemma 3.18. It will be first shown that ||gs||+ = 0; to see it,

note Rgs = go, then

n—1 n—1 n—1

Vagal? =2 (@92, QFg2) = > [1Q7g2 ]
Jj=0 k=j j=0
n—1

=2 (92, anjg2> - an2H2 =n [2<92, Vn92> - ”92”2} )

<.
Il
o

thus, ||g2||+ = 0 follows from (3.5) and Lemma 3.18. That (3.22) holds when h} €
(I — R)L%(w) is clear by forming a telescoping sum, and the boundary case then

follows by approximation. [J

Co-isometries.  The existence of a solution to the fractional Poisson equation
does not imply the existence of a martingale approximation for co-isometries. Here

is a simple example.

Example 3.20. Let ...,& 1,&0,&,... be ii.d. with mean 0 and unit variance;

consider the shift process Wy, = (..., &1, &). Forj > 0,let a; = 1/[\/(7 + 1) log(j+

2)] and define h by

[e.9]

h(Wo) = a6,

J=0

so that h(WWy) is a linear process. Then g = /(I — Q)h admits a solution to the

fractional Poisson equation, and

Zﬁk I Qk chg 7

with

[e.9]

¢ =Y Bila; — ajpn),

k=1
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after some straightforward calculation. Observe that a; — a; > 0 for all 7 > 0 and
k > 1, and that a;+; < 3a;/4 for all k > j+ 1 and all j > 0. So,

> aJ Zﬁk_(—>

k=j+1

for all sufficiently large j. Therefore, b, = ¢y + --- + ¢, — 00, and also, its Cesaro

average b, — oo as n — 0o. No martingale approximation can exist.

However, the existence of solutions to both the forward and backward fractional

Poisson equations, does imply the existence of a martingale approximation.

Proposition 3.21. Suppose () is a co-isometry and the chain has a trivial left tail

field, and if g € /(I —Q)Li(m) N /(I — Q*)Li(r), then g admits a martingale

approximation.

PROOF. As in Section 3.3, we can take H = £2(7), and there is an orthogonal
invariant splitting, H = @,e;H;. Let g = \/m}l for some h € H, g = Zjej g5,
and h = )., h; with g;,h; € H; for all j. Clearly g = >, ; V(I = Q)h; and,
therefore, g; = th, by taking the projection on each H;. Similarly, g =

(I —Q*)h*, where h* = Y, h? with b € H;, and g; = /(I — Q*)h; for each
j. Tt then follows easily from Lemma 3.18 and Example 3.14 that lim, ., |b, ;|> =
951 = (T + @)y, h2) exists for cach § and that lim, ..o [B2 = g2 = {(T +
Q)h, h*) exist. It then follows from (the proof of) Corollary 3.7 that b; = lim,, . b,
exists for each j, so that b, converges weakly to b = (b : j € J). So, to show
convergence of b, in the norm of ¢2(.J) and, therefore, the existence of a martingale
aproximation, it suffices to show that lim, .. [|b||> = ||b]|?; and this follows easily
from Lemma 3.18 which implies

lim [, = (1 +Q)h, k") =Y (I +Qhy,h5) = b = [[bl>. O

jedJ jedJ
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3.6 The CCLT for Superlinear Processes
Let F,, denote the conditional distribution function of S, /1/n given Wy,
F.(w;z)=P Sn < z|W,
n(w; z) = — <z =w|.
NG ’

We will say that the conditional central limit theorem (CCLT) holds (with a /n
normalization) iff
ES;]

lim — = k% € [0, 00)
n—oo n

and

lim [ d[®, Fn(w;-)]m{dw} =0,

=0 Jyy
where ®,. denotes the normal distribution function with mean 0 and standard devi-
ation k, and d is the Lévy metric or any other bounded metric that metrizes weak
convergence of distribution functions.

It is clear that the existence of a martingale approximation implies the CCLT;
see, for example, [30]. It is also clear, for simple linear process as defined in (3.14),
CCLT necessarily requires the existence of martingale approximation. However, in
general, the converse is not true as shown in the example below. To proceed as in
Example 3.13, let F; be the common distribution function of &; ;,i = ... —=1,0,1,...
and suppose that the F; have mean 0 and bounded variances. Recall the notation
bnj=coj+ +++co1jand by = (byj+ -+ +b,;)/n and that b, = (b, 1,bn2,...)

and b, may be regarded as elements of /2(N).

Example 3.22 (superlinear process revisited). Consider a superlinear process, de-
fined in (3.20), with ¢; ; = 0 for all j > 2, b, o = cos(y/logn), b, 1 = sin(v/logn) , and
Coj = C15 = 0 fOI‘j = 0, 1. Then Cn,j = bn,j - bn—l,j = O(l/(n\/ logn)) fOI‘j = 07 1.

So, the process is well-defined. If Fy and F; both have mean 0 and unit variance,
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then the CCLT holds, but martingale approximation does not exist. To see this, first

observe that for any § > 0,

Z(bk+n,0 —bro)? < (Z Z) cos(y/log(n + k)) — cos(y/log k)]?

k<nd  k>nd

2
n
< 4né L
= +k§5<2k\/—logk) ’

so that 322 (brino — bro)? = o(n), and similarly, Y 77 (bksn1 — br1)? = o(n). So,

|V,agll> = o(n). Next, for any € > 0,

bno—bno = — Z cos(y/log k) — cos(y/log n)]
log — cos(y/logn)] + Z [/1ogn — /log k]

k<ne ne<k<n

A
S |-
M
o
8

1 1
<2+ — (n — ne)

n ne;; 2k\/1og - 2¢+/log(ne)
for all large n. It follows that b, — b,o = o(1). Similarly b,; — b,1 = o(1), and
therefore, b2 0—|—b — 1. So, applying Theorem 2 of [45], CCLT holds; but martingale

approximation does not exist since b, ; does not converge for j =0,1. [
Next, we investigate some partial converses for superlinear processes.

Theorem 3.23. If the CCLT holds for all choices Fi, Fs, ... with means 0 and unit
variances, then b, is pre-compact in (>(N); and if the CCLT holds for all Fy, Fs, ...

with means 0 and bounded variances, then b, converges in (*(N).

Proor. If the CCLT holds, then (3.2) holds by Corollary 1 of [30]. So, by

Lemma 3.1, S,, = M,,, + R, where |R,,|| = o(y/n) and

oo
Mnn: E bn,j<’n,j7
Jj=1

where ¢, ; = &1+ ... + & So, if the CCLT holds for any choice of Fi, Fy, ... with

means 0 and unit variances, then lim, ., ||b,||*> = 2. In particular, b,, n > 1, are
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bounded and, therefore, weakly pre-compact. To show pre-compactness, it therefore
suffices to show that any weak limit point is a strong limit point. Let b € ¢*(N) be

an arbitrary weak limit point and let Ny be a subsequence for which lim, ey, b, = b.

Then lim,, ey, Bn,j = b; for all j, and
Jn B
lim [bnﬂ‘ - bj]2 =0

neN
0 st

for some subsequence j, — oo. By thining the subsequence Ny, if necessary, we
may suppose that j,,n € Ny are strictly increasing. There is a strictly decreasing
sequence 1 > q; > @, ... for which lim,en, ng;, = 0. Let p; = ¢; — ¢j+1 and let Fj
be the distribution which assigns mass %pj to j:l/\/p_j and mass 1 — p; to 0. With
this choice of F, Fy, ..., let ’

Jn

My = by
j=1

Then P[(,; # 0] < np;, and
P[an 7é Mn,n] S ng;, — 0

as n — oo in Ny. So, Mnn /+/n has a limiting normal distribution with mean 0 and

variance k2 and, therefore,

n€ENg neENg N

In
_ 1 -
liminf » "0% ; = liminf —E(M?,) > K,
j=1

and
o
lim E b2 =0.
n€Ng | 4 J
J=Jjn+1

It follows easily that lim,cy, b, = b in £2(N), and since b was an arbitrary weak limit
point, this establishes the first assertion.

The second assertion is now immediate. Setting all of the variances but one to

zero, shows that lim,,_ bi’j exists for a fixed j, in which case lim,_. b, ; exists,
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since |by41; — bnj| = O(y/n), as in the proof of Corollary 3.7. It then follows that b,
converges weakly, from which the assertion follows since b,,, n > 1, are pre-compact.

O



CHAPTER IV

Law of the Iterated Logarithm

4.1 Introduction

Let ... X 1, Xg, Xq,... denote a centered, square integrable, (strictly) stationary
and ergodic process, defined on a probability space (€2, A, P), with partial sums
denoted by S, = X; + --- 4+ X,,. The main question addressed is the Law of the

Iterated Logarithm: under what conditions is

Sn
(4.1) lim sup ———= =0 w.p.1

n—oo 4/ 2n 1Og2 n

for some 0 < 0 < oo, where log, n = loglogn. Of course, (4.1) holds if the X; are
independent, by the classic work of Hartman and Wintner [22], and more generally—
for example, [37], [23], and [34]. Here we employ an approach which has been used
recently in the study of the central limit question for stationary processes, martingale
approximations.

As in Maxwell and Woodroofe [30], it is convenient to suppose that Xj is of
the form Xy = g(Wy), where ... W_1, Wy, Wy, ... is a stationary, ergodic Markov
chain. The state space, transition function, and (common) marginal distribution are

denoted by W, @, and 7; thus, n(B) = P[W,, € B], and

Qf(w) = E[f(Wn+1)|Wn = w]
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for a.e. w € W, measurable B C W, and f € L'(r). The iterates of @ are denoted
by Q. It is also convenient to suppose that the probability space € is endowed with
an ergodic, measure preserving transformation 6 for which Wy o 6 = Wy, for all k.
Neither convenience entails any loss of generality, since we may let the probability
space be RZ, X} be the coordinate functions, Wy, = (... X;_1, Xi), and 0 be the shift
transformation. Some other choices of W), are considered in the examples.

Let || - || denote the norm in L?(P), F, = o(..., Wy_1, Wy), and recall the main

result of [30]; if

(4.2) > 0 E(S,|Fo)|| < o0,
n=1
then
2 .1 2
(4.3) o = lim EE(Sn)

exists and is finite, and
(4.4) S, =M, + R,,

where M, is a square integrable martingale with ergodic, stationary increments,
and ||R,|| = o(y/n). It is shown in [30] that if (4.2) holds, then the conditional
distributions of S,,/\/n, given Fy converge in probability to the normal distribution
with mean 0 and variance o2 (See their Corollary 1). It can also be shown that (4.2)
is best possible through Peligrad and Utev [32].

To state the main result of this chapter, let ¢ be a positive, nondecreasing and

slowly varying (at co) function and let
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Theorem 4.1. If ¢ is a positive, slowly varying, nondecreasing function and

(4.5) > n 2 V/ln) log(n)|| E(S.|Fo)| < oo,

=1

3

then

Corollary 4.2. If (4.5) holds with ¢(n) = 1V log(n), then (4.1) holds.

PROOF. In this case £*(n) ~ log, n, so that R,/y/nlogyn — 0 as n — oo, and

lim sup = lim sup

Sh M,
n—oo /2nlogsn n—oo /2nlogsn
both w.p.1. The corollary now follows from the Law of the Iterated Logarithm of

martingales—for example, Stout [37]. O

The next corollary strengthens the conclusion of [30] from convergence in probabil-
ity to convergence w.p.1, under a slightly stronger hypothesis. Kipnis and Varadhan
[26] call this an important question in a closely related context (see their Remark
1.7). Let F), denote a regular conditional distribution function for S, //n given Fy,
so that

Fo(w;2) = P[% < z|Fo)(w)

for w € Q and —00 < 2z < o0; and P, denote the normal distribution with mean 0

and variance o2.

Corollary 4.3. If (4.5) holds with some { for which 1/[nl(n)] is summable, then

F,(w;-) converges weakly to ®, for a.e. w.

PROOF. Let G,, be a regular conditional distribution for M, /y/n given Fy. Then

G, (w;-) converges weakly to ®, for a.e. w, essentially by the Martingale Central



Limit Theorem, applied conditionally given Fy. See [30] for the details. Moreover,
Pllim,, .o Ry,/+/n = 0|Fo] = 1 w.p.1, since P[lim, o R,//n = 0] =1, by Theorem

4.1. The corollary follows easily. [

A major contribution of this chapter is to obtain a simple, general sufficient con-
dition (4.5) for the LIL. Our results differ from those of Arcones [2], for example,
by not requiring normality, and those of Rio [34] by not requiring strong mixing.
In [29] Lai and Stout have a quite general result for strongly dependent variables.
Their results require a condition on the moment generating function of the delayed
partial sums, and only cover the upper half of LIL. Yokoyama [46] also uses mar-
tingale approximation in a similar setting to ours. His results require a martingale
approximation, as in (4.4) and bounds on higher moments of the remainder term.

The rest of this chapter is organized as follows. The proof of Theorem 4.1 is
outlined in Section 4.2, with supporting details in Sections 4.3 and 4.4. Invariance

principles are considered in Section 4.5, and examples in Section 4.6.

4.2 Outline of the Proof

In this section we give an outline of the proof for the main result. Let

B 0 Cgkflg
(4.6) he = ; Ao

and H,(wg,w;) = he(w;) — Qhe(wp). Thus H, € L*(m;), where m; denotes the joint
distribution of Wy and Wi. In [30] it is shown that if (4.2) holds, then H := lim, |y H.
exists in L?*(m;) and that (4.4) holds with M, = H(Wy, Wy) + -+ + H(W,,_1, W,,).

Letting &, = g(Wy) — H(Wy_1, Wi) leaves

(4.7) R,=) &= &ob
k=1 k=1
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in (4.4).

For appropriately chosen By, ~ ¢/+/k3((k) (see (4.12), below), the series

(4.8) B(z)=> B

k=1
converges for all complex |z] < 1, is analytic in |2| < 1, B(1) = 1, and |1 — B(2)| > 0
for z # 1. Letting T be the operator on L*(P) defined by Tnp = no 6, it is also true

that B(T") converges in the operator norm. Thus,

(4.9) BTy =Y _ BT*=> ot
k=1 k=1
With this notation, there are two main steps to the proof. It is first shown that in
(4.7), & € [I— B(T)]L*(P), the range of I — B(T), so that & = 1o — B(T')no for some

no € L*(P). Tt is then shown that for any & € [I — B(T)]L*(P), with probability one,

1 n
lim ————» "T*¢ =0.
k=1

e/l (n) 42

The broad brush strokes follow Derriennic and Lin [11], but with complications.

Formally, the solution to the equation &, = 1y — B(T)no is no = A(T)&p, where

1 oo
4.10 A )= ——— = k
(4.10) )= =g ~ Lo
k=0
but there are technicalities in attaching a meaning to A(7T")&.

4.3 Fourier Analysis

The Size of R,,. The first item of business is to estimate the size of ||R,||. Here
and below, the symbol || - || is used more generally to denote the norm in an L? space,

which may vary from one usage to the next.

Lemma 4.4. Let 6; = 277. If (4.5) holds, then

[e.e]

> IVI)VG R || < oo,

Jj=1

where (now) || - || denotes the norm in L*(r).
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PROOF. Let V,g =g+ Qg+ -+ Q" 'g, so that V,,g(w) = E[S,|W; = w] and

I1Vagll < 2||Xo|| + || E(Sn|Fo)||- Then, rearranging terms in (4.6),

||Vng||

and
14 2j)53

PNCEONVIIAES DD W} IVagll.

Comparing the inner sum to an integral for any fixed integer n > 0, then

< j\/L(2)d] v/ 0
Z 1ng(e)/o tl(2/t) log 2/t

Aro) = R

j=1
By a change of variables and the dominated convergence theorem, using Potter’s

bound (cf. [4], page 25) to supply a dominating function, the integral on the right

hand side of last inequality is just

from which the lemma follows. [

Proposition 4.5. If (4.5) holds, then

R, = Jtn
(4.11) lim /¢(n ” ” =0 and ) \/% IR, < oo
n=1

PROOF. Let H.(wg,w;) = he(wy) — Qhe(wy), and M, () = H (Wo, W7) + -+ +

H.(W,_1,W,). Then, it is shown in [30] that S, = M,(¢) + R,(¢) for each € > 0
with R, (¢) = €Sn(he) + Qh (W) — Qh(W,,) and S, (he) = he(Wh) + -+ + he(W,,).
So,

R, = M, (e) — M, + €S, (he) + Qh(Wy) — Qh(W,,)

and

[Rall < [|Mn(€) = Mall + (ne + 2)|[hell < VnllHe — H| + (ne + 2)||hc]|-
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Now let €, = 27 where 2"=1 < n < 2% Then 1/(2n) < €, = 0, < 1/n, and

| Hs

41

— Hy, || < 4./0;||hs, ]|, by Lemma 2 of [30],

1Rl < Vi) [1Hspy — Hs, ||+ 3llhs, || < 107/ ) V/8l1hs, .

j:kn j:kn

Since k,, < j implies n < 2/, and so

> —Vi(”) < V) )y % < 2j/0(2),

kn<j n<2J

then we derive

i\/@HRnH < 03 [% @}ﬁ!|hajl|

j=1  kn<j
< 20 VA@)jV/5 lhs,
j=1

which is finite by the previous lemma. Thus, the series in (4.11) converges. That
VEen)||Ru||/v/n — 0 then follows from the sub-additivity of ||R,||; ||Rminl <

| R || + ||Rnl]. Since |Ry|| < ||Rk|| + ||Ro—k|| for all & = 1,---n — 1, and there-

V<o /M S ri<s ¥ By

In<k<3n In<k<3n

fore,

for all sufficiently large n, and this approaches 0 as already shown. [

The Size of ay,.  Let

4.12 = -
412 S
where ¢ is chosen so that 3; + B + -+ = 1. Then, B(z) = Y 77, 3xz" converges for

all [z| < 1in (4.8) and RB(z) < 1 for all z # 1, so that A(z) is well-defined in (4.10)

for all |z| <1, except z = 1. Observe that A(z)[1 — B(z)] = 1 and, therefore,

(413) Qp = Z ﬁkan_k
k=1
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forn>1and g = 1. Let

(4.14) b(t) = B(e') =) Bre™
k=1
for —m <t <.

Proposition 4.6. b is twice differentiable on —m < t # 0 < m, |1 — b(t)| ~

ﬁo\/H/\/E(l/|t|), and

/ 2Cﬁ 1/ K2
. V)|~ —e YT )~
415) o~ ey PO e

ast — 0, where kg # 0 and ko are constants (identified) in the proof.

ProOOF. Clearly (4.14) is absolutely convergent, b is continuous, and b(0) = 1.

By Theorem 2.6 of Zygmund [49, p. 4], the formal expression for the derivative

(4.16)

o0 oo
SO I
P n3€
converges uniformly on € < |t| < 7 for any € > 0, and therefore, is the derivative of

b. By Theorem 4.3.2 of [4, p. 207],

2c\/T
[E1£(1/1¢])

as t — 0. So, |1 — b(t)] ~ dey/n[t]/\/€(1/]t]). Reversing the order of summation in

'(E)] ~

(4.16) (which can be justified by truncating the outer sum at K and letting K — 00)

gives us,
- - it o .
zkt e int ic
=1 g e . 1 — ™) ——x = f(t)g(t),
i n%( ) 1t ;( ) ) F(#)g(t)

where f(t) = e /(1 — ") is continuously differentiable on —7 <t # 0 < 7, and ¢ is

continuous. As above,

B ;6 v/ nl(n)
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converges uniformly on € < |t| < 7 and

N
[£[eCL/1¢)

as t — 0. Hence, b is twice continuously differentiable on —7 < ¢t # 0 < 7,

lg' ()] ~ cv/m

and the second relationship in (4.15) follows from 0”(t) = f'(¢)g(t) + f(t)g'(t) =

f)g'(t)+ [ib'(t)/(1 — e")] and symmetry. O

In (4.10), A(z) is defined for all |z| < 1, except z = 1. Let a(t) = A(e") for

—m <t # 0 < 7, then one can derive the following properties.

Corollary 4.7. a is twice differentiable on 0 < |t| < 7, and

(0~ o= and W(ﬂ‘:()( 6(1/|tr>)

t[°

ast — 0.
ProOF. This follows directly from (4.10) and Proposition 4.6. [

Proposition 4.8. Let v, be the coefficients of A(z), then 0 < a,, < 1 for alln >0

and
l(n
Qp — Qpy1 = O (%)
n
as n — oo.

PROOF. The first assertion follows easily from (4.13) and induction. By Proposi-
tion 4.6, a is absolutely integrable, so that 2wa,, = ffﬂ e~"q(t)dt, and then

1 ™

. —int . t dt
27_‘_ 771-6 a ( ) ?

Qp — Qpy1 =

where a,(t) = [l—e "]a(t). Both a’(s) and sa”(s) are integrable over (—, 7r|. Hence,

integration by parts (twice) is justified and yields

IR L
n — Un - m t)dt = 1-— nt tht.
n =t =g [ a5 [ - e ay

—Tr —T
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By Corollary 4.7, there is a C' for which |a](t)] < C\/£(1/]t|)/|t]? for all 0 < |t]| < 7.

[ ety il

—Tn

™m ' 3
| ey

— 2mn3 [t]3 ¢

\/;/ B |i|

using Potter’s theorem again and monotonicity of £. This establishes the proposition.

So
1

2mn3

|an - an+1| -

O

Existence of ng. We need the following fact which is easily deduced from Lemma
1.3 of Krengel [27, p. 4]: Let L3(P) be the set of n € L*(P) with mean 0; if 6 is
ergodic, then [I — T|LZ(P) is dense in L2(P). Recall the defintion of & in (4.7) and
expression for B(T) in (4.9); observe that & € L3(P); and let Ay(T) = 3.0 a, 7"

and U, =T+ ---4+ 1"

Proposition 4.9. If (4.5) is satisfied, then ng = limy o, An(T)&y exists in L*(P),

and & = [I — B(T)]no.

PROOF. From (4.7), we have U,& = R,. Then, summing by parts,

N-1

An(T)éo = &o + anRy + Z(an — Qpy1) R

n=1
In view of Propositions 4.5 and 4.8 and Karamata’s theorem, the sum converges in
L*(P) and ayRy — 0.

For the second assertion, let ny = Ay (T)&. Then, rearranging terms and using
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(4.13),
00 N
BTy =Y _ By oy

=0

k=1
N 00 N
= Z am T80 + Z [Z B T" &
m=1

m=N+1 ;=0

=y — & + Cn(T)&
where Cn(T') := 1 — [I — B(T)]An(T). So, it suffices to show that ||Cn(T)&|| — 0.

For this, first observe that, replacing 7" by z in the definition of Cn(T'), 1 — Cn(z) =
[1 — B(z)]An(z). Then Cn(1) = 1 and the coefficients of Cy(z) are all positive, so
that [|Cn(T)||op < 1, where || - ||, stands for operator norm. So, it suffices to show
that ||Cn(T)E|| — 0 for all £ € [I — T)L2(P), a dense subset of L(P). This is easy:

for if £ =1 — T, then

N 00

Cn(T)E = Zaj [Bnp— TN + Z (Bms1-5 = Bm—j) Tt

7=0 m=N+1

and
N
ION(T)EN < 201811 ) ajBn1-5 — 0
j=0
as N — oo by (4.13) and Proposition 4.8. [

4.4 Ergodic Theory

Some preparation is necessary for the second step. First, for any n € L*(P), n* :=
sup,,>1 Un|n|/n € L?(P) by the Dominated Ergodic Theorem (see, for example, Kren-

gel [27, p. 52]). We will also use the following fact:

(4.17) B (V) ) <2l

whose proof is essentially an application of the Maximal Ergodic Theorem [33, Corol-
lary 2.2] to (n?)*.

The proof of Theorem 4.1 will be completed by proving:
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Theorem 4.10. If ¢ € [ — B(T)]L*(P), then

lim Unt =0 w.p.1.
n—oo \ /nl*(n)
PROOF. By assumption, there is an n € L?*(P) for which, ¢ = n — B(T)n =
> ney Bkln — T*n], and there is no loss of generality in supposing that n € L(P).

Observe that [T*n|P = T*(|n|P) for any integer k > 0 and real p > 0, and write

Un§ = Iyn+ Il,n,

where
L= BeUnln — T*n),
k=1

and

=Y BUan— T
k=n+1

If k > n, then |U,(n — T*n)| < |U.n| + |U.T*n| < [n* + T*n*]n. So,

[l <n > Beln® + Tp7].
k=n+1

Here
Z BTy < Z ABpUrn"™ < Z kAGkn™
k=n+1 k=n+1 k=n+1

where Afy, = By, — Br41 and 0™ = sup,, Upn*/k. Observing that

> (Be+kAB) =nBupi +2 Y B,
k=n+1 k=n+1
Thus,
** n
[ Ln| <n(n*Vn Zﬁwzmﬂk 77\/77)><0( é(_n))
k=n+1 k=n+1
and
1I
(4.18) lim ——""— = 0 w.p.1.
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Similarly, for k < n, U,n — U,T%n = Uyn — U,T™n, then

Lig =Y BulUkn — Y _ BUkT™.
k=1 K1

Letting v; = > ;2 ; O and recalling (4.12), we have

- 2 2 n# — (46)20* (n
S A2 ~ (4e) (Zﬂ@) — (40" (n),

and
n

k n
(L <8 D> [Tl + T ] <>y [Tl + 774 )]

k=1 j=1 j=1

Using (4.17), there exists a constant C' > 0, such that

B (sup 1) < oy
n TLE*(TL)

where C' doesn’t depend on 7. Hence, to show
(4.19) lim ———==0w.p.1

for each n € L%(P), one only needs to consider n € (I — T)L3(P), a dense subset
in L2(P), and this is easy. If n = ¢ — T¢ for some ¢ € L(P), then U,T"n =

T g — TF g for 1 < k < n, so that

1Ll < T il — TH0) | + TS Bl — Th)| < T+ T4,
k=1 k—1

where

6= Blo—T¢| € L*(P).

k=1

Since ¢ € L2(P), lim,_o T"'¢//n = 0 w.p.1 by an easy application of the Borel-
Cantelli lemmas, and therefore, lim,, o [,,n/+/n¢*(n) = 0 w.p.1. The theorem now

follows by combining (4.18) and (4.19). O



4.5 Invariance Principles

Let C[0,1] be the space of all real-valued continuous functions on [0, 1], endowed

with the metric
p(x,y) = sup |z(t) —y(t)],

0<t<1

where z,y € C[0,1]. For any v > 0, let K, denote the set of absolutely continuous

functions = € C0, 1] such that x(0) = 0 and

/Ol[x'@)]? it < 2.

Set Sop = My = 0, define sequences of random functions {6,(-)} and {(,(-)} respec-

tively by
2nlog,(n)
)~ Mt (= O - My
! 2nlog,(n)

for k<nt<k+1k=0,1,--- ,n—1. Then 0,,¢, € C[0, 1].

Corollary 4.11. If the hypothesis in Corollary 4.2 holds, then w.p.1, {0,}n>3 are

relatively compact in C[0,1], and the set of limit points is K.

PrRoOF. Under the hypothesis, (4.3) and (4.4) hold, then

(O, Gn) < max 7]

— 0 w.p.1,
k<n 4 /2nlogy(n)

which implies that ,, and (,, have the same limit points; and the limit points of (,

are known to be K, w.p.1 (see, for example, Heyde and Scott [23], Corollary 2). [

Let
1
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for0 <t < 1,B,(1) = B,(1—), where | -] denotes the integer part. Then B,, € D|0, 1],
the space of cadlag functions as described in Chapter 3 of Billingsley [3]. Let F,
denote a regular conditional distribution for B,, given Fy, so that F),(w; B) = P[B,, €
B|Fo)(w) for Borel sets B C D[0, 1]; and let ®, denote the distribution of oB, where
B is a standard Brownian motion. Let A denote the Prokhorov metric on D]0, 1] (cf.

3], page 72).
Corollary 4.12. If the hypothesis in Corollary 4.3 holds, then

(4.20) lim A[F,(w;-), ®,] =0 a.e. w

PROOF.  For S, = M, + R,, let M} (t) = My /v/n,0 <t < 1and M}(1) =
M} (1-). Let G,, denote a regular conditional distribution for the random element
M; given Fy. Then G, (w;-) converges to @, for a.e. w (P), by verifying Theorem
2.5 of Durrett and Resnick [14] in view of the mean ergodic theorem. Under the

hypothesis of Corollary 4.3, maxj<g<, |Rx|/+/n — 0 w.p.1, and therefore,

p(My, Br) = sup [My(t) =Bu(t)] =0 wp.l.

0<t<1

(4.20) follows. [

4.6 Examples

In this section, we illustrate our conditions by considering linear processes, addi-
tive functionals of a Bernoulli shift, and p-mixing processes.
Linear processes.  Let ...€e_q, €, €1,... be an ergodic stationary martingale dif-

ference sequence with common mean 0 and variance 1. Define a linear process

00
Xk: E Aj€—j,
J=0

where ag, aq, ... is a square summable sequence, and observe that X, is of the form

g(Wk) with Wk = ( cey €1, Gk).
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Proposition 4.13. Suppose a, = O[1/(nL(n))], where L(-) is a positive, non-

decreasing, slowly varying function. If
> log®(n)
4.21 <

with o = 3/2, then (4.5) holds with £(n) = 1V log(n) and, thus the conclusions to

Corollaries 4.2 and 4.11; Furthermore, if (4.21) holds with some a > 3/2, then also

the conclusions to Corollaries 4.3 and 4.12.

PrOOF.  Letting s, = aji1 + -+ + ajyn, straight forward calculations yield

that
HES ‘fo H2 ZSJTL

If 7 > 3, then

C /J’*” 1 C n
53 L)), = L(j) 8 J)

for some constant C' > 0, and therefore,

o0

2 <c? h
ZSM_C/Z LQ()log(1+ ™y da

=3
"2 1 logi(1 4+ t) n
_ 2 _
=nc / By e =0 {m(n)} ’

where the last step follows from the dominated convergence theorem, using Potter’s
bound to supply the dominating function, or by Fatou’s lemma. It is then easily
verified that ||E(S,|Fo)| = O[v/n/L(n)], and the proposition is an immediate con-

sequence. [

REMARK 1.  If L(n) ~ log®(n), then (4.21) requires 8 > 5/2. This is similar to,
but not strictly comparable with, the results of Yokoyama [46], who required finite

moments of order p > 2 and 3 > 1+ (2/p).
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Additive Functionals of the Bernoulli Shift. Now consider a Bernoulli shift

process, say

=1
Wy = Z 2 €k—j+1,
j=1
where ...€_1,€q,€1,... are i.i.d. random variables that take the values 0 and 1 with

probability 1/2 each. Then W = [0, 1], 7 is the uniform distribution, and

Qfw) =3 [f (%) +7 (”Tw)]

for f € L'. Next, consider a stationary process of the form X = g(W}), where g
is square integrable with respect to 7 and has mean 0. In this case, it is possible to

relate (4.5) to a weak regularity condition on g.

Proposition 4.14. If

(4.22) / / |x — y| log2 [log <|a7 i y|) ]dxdy < 00

for some § > 0, then the conclusions to Corollaries 4.3 and 4.12 hold, and so also

those of Corollaries 4.2 and 4.11.

PROOF (sketched). The proof involves showing that (4.22) implies (4.5), for
which, ¢(n) can be chosen such that ¢*(n) remains bounded. The details are similar
to the proof of Proposition 3 of Maxwell and Woodroofe [30], and will be omitted.

O

p-mizing processes. Our condition (4.5) can be checked when a mixing rate is

available for a p-mixing process, see [31, pp. 4-5] for a definition.

Corollary 4.15. Let p(n) be the p-mizing coefficients of a centered, square integrable,
stationary process (Xg)kez- If p(n) = O(log” n) for some v > 5/2, as n — oo, then

(4.1) holds.
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PROOF (outline). Let S, = X; +---+ X, and h(z) = (1 Vlogx)*?. By a similar

argument as in [31, p. 15|, one can easily show that, for some constant C' > 0,

L h(20)|| E(Sar | Fo) o
Z_; PP < o3 hyote

Since ||E(S,|Fo)|| is sub-additive, it’s then straightforward to argue as in Lemma

2.7 of [32], that
E(S,|F
h(n)||E(Sn|Fo)|] <

n3/2

[M]#

1

n

Therefore, (4.1) holds by Corollary 4.2. O

REMARK 2.  Shao [36] showed that LIL holds when p(n) = O(log” n) for some

~v > 1, but through a completely different approach.



CHAPTER V

Conditional Central Limit Theorem

5.1 The Problem

This is the only chapter where there is no theorem yet. Following the notations
in Chapters III and 1V, let Wy, Wy, ... be an ergodic and strictly stationary Markov
chain with measurable state space (W, %), and let 7, @) denote the invariant distri-
bution and transition kernel. Consider g € L3(W, 7), the space of square-integrable

functions with mean 0 under 7; and let
Su(g) == g(Wi) + -+ + g(Wy).

The purpose of this chapter is to further pursue a study of conditional central
limit questions with o,, normalization, where o,, = 0,,(g) := ||S.(9)||, and || - || stands

for L? norm. Varying g, the standard deviation, o, (g), may exhibit diffent kinds

2

= ~ nk for some k > 0, has

of behavior; see an example below. The linear case, o
been well understood (e.g., [30, 47]); but the general case, including sublinear and
superlinear, requires further investigations. To state the conditional central limit
theorem (CCLT), let S* := S, /0,, and let F,, denote the conditional distribution

function

Fo(w;z) :== P(S; < z|Wy = w).

70
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The CCLT asserts that

(5.1) lim [ A[®, F,(w;-)]r(dw) = 0,

n—oo w

where @ is the standard normal distribution, and A denotes the Lévy metric which
metrizes the weak convergence in (R, B(R)).

It is shown in Wu and Woodroofe [45] that, if (5.1) holds, then necessarily v,, =
o(c,), which entails 02 = nf(n) for some slowly varying ¢(-). Our aim here is to find a
simple and usable criterion for (5.1). The importance of CCLT has been discussed in
[7] and [45]. We recall here, CCLT will gurantee CLT, but not vice versa (cf. Example
1 of [45]). CCLT also bears relevance to MCMC, since (5.1) implies the asymptotic
normality of S} even when the chain starts at certain different distribution other

than .

5.2 Reversible Markov Chains

In the context of reversible Markov chains, it has been a well-known result, due

to Kipnis and Varadhan [26], that if

LA

— 0 € [0, 0),
n—00 n

then (5.1) holds. A natural question is then, to what extent, can the result be
extended to 02 = nf(n)? To study this question, we first present a lemma, which

points some direction along the line in [45].

Lemma 5.1. Suppose the chain is reversible, i.e., Q = Q*, then o2 = nf(n) for

some slowly-varying function () iff |Vagll = o(o,).
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PROOF. One direction has been shown in [45]; now let us look at the other

direction, assuming o2 = nf(n). The following calculation is straightforward:

_.
I
—

3

n

IVagll® = {9.Q"g)

i
=
il
o

2n—2

(Z+1)9Q1 + ) (2n—1-1){g,Q'g)

1=0 i=n

-2

= Z2n—1—z (9,Q"g) —QZn—l—ngQZ)

=0

01 + (20 = Dgll’] = [on 1 + (n = D)]g]l”]

Il
M:

NJ

wl»—twl»—ts

Ot = Onq + 5”9”2
The assertion of the lemma then follows easily. [

Lemma 5.1 assures martingale approximations in triangular array under the single
condition 02 = nf(n), but it is still unclear whether (5.1) holds. Dalibor Volny
(personal communications) indicated an example for which, the variances o2 = nf(n),
growing nonlinearly, and the CLT fails. So some additional conditions may be needed.
Just to illustrate the approach, as developed in [45], is not as effective as we have

expected, we shall now study H,,/+/¢(n), where H,, = V,,g(w;) —QV, g(wy). One can

show H, /+/{(n) is not Cauchy when ¢(n) — oo. First, by simple algebra,
2

H, | 1
l(n)

H Vi) /lm)

where

1 2
L l* + S | Hunll* = — = (Hun, Ha),

{(m) t(m)e(n)

(Hu, Ho) = (Vag(wi) — QVag(wo), Ving(wi) — QVing(wo))
= (Vag, Ving) — (QVag, QVing)
= (Vag, Ving) — (Q*Vag, Ving)
= ((I- Qz) 19, Ving)
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then for any fixed m,
2

=1+ o — | Hul*,

H H,, 1
t(m)

Vi) /lm)

in view of the mean ergodic theorem. Letting m — oo,

lim

n—oo

2

H,  H,
Vin)  /lm)

So even in the context of reversible chains, more tools will be needed.

=2 40.

lim [ limsup

m—00 n—oo

The Metropolis-Hastings algorithm. We shall construct Markov chains using the

Metropolis-Hastings algorithm. Let

anl lf Un S p(anl)
W, =
Y., 0.W.
where U, are i.i.d. U(0,1), Y, are i.i.d. with symmetric density f(y), and p(z) is

some symmetric function with range [0,1). To make the chain stationary, one can

choose the common distribution 7 for W,, to be with density

- cof(x)
ﬂ@_l—M@’

where ¢( is a normalizing constant. It is easy to check that the chain is also ergodic.

The transition kernel of the chain is given by

(5.2) Q(z;dy) = p(x)0.{dy} + (1 — p(x))F{dy}

where §,(+) is the Dirac measure putting unit mass at x, and F' is the distribution

corresponding to the density f(y). Then for any F-integrable function g : R — R,

Qg(z) = p(x)g(z) + (1 — p(z))K,

where k, = [ g(y) dF = E[g(Y1)]. Thus, in particular, when g is odd,
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Now let us look at the functional g(z) = = which is an odd function, then
Qg(x) =p(x)z, Qg(z) = (p(x))*z, -+, Q"g(x) = (p(x))"z.

Specializing p(z) = exp(—1/|x|), then obviously p(z) € [0,1) for any = € R. Tt is

worth observing here h(z) := x/(1 — p(x)) formally solves Poisson’s equation

= g(x) = (I - Q)h(x),

but h ¢ L?(m). Further, let the density of F' be

_ l=p@) 1
T = T ™ el
then
3
@) = AT e

It follows that

noy n 2 B —m x? dx B e,% n3y?
0,09 = [porsto) o= [ AGETR = [

Using
o) <o () 7
exp| —— | ———<exp| —— | —,
lyl/) (5 + |y vl ) 2

and applying the dominated convergence theorem, it can be shown that

. 1
(9,Q g)NCg

for some constant C' > 0. Further, one can show

—_
—_

| =

3

n—

+ constant ~ 2C'log(n).

S |§qw
I
[\

k
(1= "), Q%) ~ lgl/* ~ 2C

i

0

iy

0

Thus, 02 = nf(n) with ¢(n) ~ vlogn for some constant v > 0.
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