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CHAPTER 1

Introduction

1.1 Background

A main theme in mathematics is the study of integer solutions to equations and
inequalities. These questions are called Diophantine problems in honor of Diophan-
tus of Alexandria’s contributions to the subject in the third century. The study of
such topics as the Fermat equation 2™ 4+ y™ = 2" have spanned centuries, beginning
with the study of Pythagorean triples and concluding with the recent work of Taylor
and Wiles (see [41] and [46]). Once thought of as strictly an area of pure mathemat-
ics, Diophantine problems currently lie at the very center of applied fields such as
cryptography and coding theory.

One of the main tools for counting integer solutions to equations and inequalities is
the circle method. Stemming from work of Hardy and Littlewood in the 1920’s (see
[16]), the circle method serves as an interface between Diophantine problems and
harmonic analysis. Namely, detector functions from Fourier analysis can be used
to count integer solutions to Diophantine equations and inequalities. This thesis
explores various themes in number theory through the use of the circle method.

It should be noted that Chapters III and IV cover work completed with Yu-Ru

Liu. Furthermore, the material in Chapters II, III, IV, and V include work from [37],



[26], [25], and [36], respectively.

1.2 Notation

Although some notation changes from chapter to chapter, we now fix certain
notation which is used throughout the whole thesis. Let f(z) and g(x) be real-
valued functions of x, and suppose that g(x) only takes on positive values. If there
exists a constant ¢ > 0 such that |f(x)] < cg(x) for all z, we write f(z) < g(z)
or f(z) = O(g(x)). If limy_.o f(x)/g(x) = 0, we say that f(z) = o(g(x)). If
lim, ., f(z)/g(x) approaches a positive constant, then f(x) ~ g(z). If f(z) is a
positive-valued function and f(z) < g(z), we may also write g(x) > f(z). Lastly,
whenever € appears in a statement, we are asserting that the statement holds for any

e > 0.

1.3 Diophantine Inequalities

In 1929, Oppenheim (see [31]) stated a weaker version of the following conjecture,

which became known as the Oppenheim conjecture.

Conjecture 1.1. Let Q(xy,...,x,) be a nondegenerate quadratic form. Suppose
that n > 3, that Q(x) takes on both positive and negative values, and that there does
not exist a non-zero real number vy such that yQ(x) has only integral coefficients.

Then, for any 6 > 0, there exists a non-trivial integral solution to the inequality

|Q(x1,...2,)| < 0.

This conjecture, which was eventually proved by Margulis in [29] via algebraic
group theory and ergodic theory, motivated many number theorists to study Dio-
phantine inequalities. In Chapters II, we study the solvability of diagonal Diophan-

tine inequalities in function fields via the Davenport-Heilbronn method.



1.3.1 Diagonal Diophantine Inequalities in Function Fields

Over 60 years ago, the Davenport-Heilbronn method (see [8]) was introduced to
study non-trivial integral solutions of diagonal quadratic inequalities. Let k and s be
positive integers with £ > 1, and let § be some fixed positive real number. Suppose
that A;,...,\s are non-zero real numbers, not all in rational ratio. Let Ny(P, )

denote the number of solutions x € [—P, P]* N Z*® that satisfy
Az + -+ Ak <6

Plainly, in the case that k is an even number, we must impose the restriction that
the numbers \; do not all share the same sign in order to guarantee the existence of a
non-trivial solution of A; 2§+ - -+ ;2% = 0 in R®. Davenport and Heilbronn proved in
8] that if s > 2%, then No(P,, A) > P:* for a sequence (P,)%, which increases to
infinity. This sequence is determined from the convergents of the continued fraction
expansion for an irrational number of the form A;/\;, and as a result, the sequence
(P,)52, may be arbitrarily sparse. In the last decade, the Bentkus-Gotze-Freeman
version of the Davenport-Heilbronn method (see [3], [10], [11], and [47]) has been used
to establish an asymptotic formula for Ny(P, A), valid for all large enough values of
P, provided that

s > k*(log k + loglog k + O(1)),

and an asymptotic lower bound for Ny(P, ), valid for all large enough values of P,
provided that

s > k(logk + loglog k + 2 + o(1)).

In Chapter II, we use the Bentkus-Gotze-Freeman version of the Davenport-Heilbronn

method to study the analogous problem in function fields.



In order to state our main result, it is first necessary to record some notation. Let
A = F,[t] denote the ring of polynomials over F,, the finite field of ¢ elements. Let
Kw =TF,((1/t)) be the completion of K = F,(¢) at the infinite place. In Chapter II,
we wish to exploit the basic observation that A behaves like Z, that K behaves like
Q, and that K., behaves like R.

Let k and s be positive integers with k£ > 1. Let p denote the characteristic of

[F,. Each non-zero element « in K, can be written as a = a;t', where each a;

i<n
is an element in F, and a, # 0. We define orda to be n and lead(«) to be a, in
this situation. Furthermore, we define resa to be the coefficient of t~! in such an
expansion, and we adopt the conventions that ord 0 = —oo and lead(0) = 0. There

ord x

exists a natural non-Archimedean valuation (x) = ¢°*** on K. For any real number

u, we let w denote ¢*. For a positive number z, we let Logz = max(1,logz). When
k has a base-p expansion k = ag+a1p+---+ a,p" with 0 <a; <p—1(0<1i<n),
we define (k) = v,(k) by
v(k) =ag+a;+ -+ a,.

Define the constant B = B, (k) by

1, when k < 2772,

(1 —-277®)~1 " when k > 2772,
Let

Sqk = Bk(Logk + Log Log k + 2 4+ B Log Log k/ Log k).

We are now in a position to state the main result from Chapter II.

Theorem 1.2. There exists a positive absolute constant C' with the following prop-

erty. Suppose that k and s are natural numbers with

s > sqr + Cky/LogLogk/ Log k



and char(F,) t k. For z € F,((1/t)) and u € R, let () = ¢°4* and @ = ¢*. Let T
be some fixed integer, and let A1, ..., s be fived non-zero elements of Ky, not all in

[F,(t)-rational ratio. Suppose also that the equation
Mo+ A2 =0

has a non-trivial solution z in K5 . Then, for all sufficiently large positive real num-

bers P, the number of F[t]-solutions N(P; ) of
(1.1) Mk - Nah) <7
with (z;) < P (1 <i < s), satisfies

N(P,A) > P**,
Here, the implicit constant depends on X, 7, k, s, and q.

A few comments about the above theorem are in order. If p { k, then ~,(k) > 2,
and it follows that B,(k) satisfies 1 < By(k) < 4/3. Also, one should note that
our function s, corresponds to the quantity @q(k:) defined in [28] in the context of
Waring’s problem in function fields, and our work depends on mean value estimates
arising from the use of efficient differencing technology for the latter problem. By
incorporating any improvements to this machinery into the arguments of Chapter
IT, one would be able to get comparable improvements in Theorem 1.2. In the case
that k < char(F,), a combination of Proposition 13 of [23], the amplification method
discussed in Section 1 of [47], and the ideas in Chapter II would give a result similar
to Theorem 1.2 with s > 2¥+1. This bound would be stronger than that of Theorem
1.2 for small values of k. Also, by Lemma 2.12, the equation A;2F +- - -+ \,z¥ = 0 has
a non-trivial solution z € K5_ whenever s > k% + 1, whenever ¢ > k* and s > 2k + 1,

or whenever (k,q—1) =1 and s > k+ 1. Lastly, it’s worth noting that the question



of finding solutions to (1.1), where each x; is a monic, irreducible polynomial in F[t],
has already been studied by Hsu in [20] through the use of the Davenport-Heilbronn

method. Hsu’s paper was restricted to the case that k < p and

2k 1, when 2 < k < 11,
s >

2[2k?log k + k?loglog k + 2k — 2k] + 1, when k > 11.
1.3.2 Diophantine Inequalities and Quasi-Algebraically Closed Fields

The theory of quasi-algebraically closed fields originated with work of Tsen (see
[43]) in 1933 and Lang (see [24]) in 1952, and historically, this theory has primarily
been used to study questions concerning the solvability of Diophantine equations and
of systems of Diophantine equations. It should be noted that the theory of quasi-
algebraically closed fields also provides information about Diophantine inequalities
in function fields.

For example, suppose that

Gi(x), ..., Ch(x) € (Fq((l/t)))[xl, .

are forms of degree k in s > hk? variables, and let M = max, ord A, where \ ranges

over all of the coefficients of the h forms. Let
R
[L’Z:ZCLUtJ (]. SZSS)
=0

For [ € {1,...,h}, the coefficients of ¢,¢2,... t*2*M in Gy(x1,..., ;) that are not
identically zero can be written as forms of degree k over F, in variables (a;;).

Thus, to find a non-trivial common solution to the system of inequalities

(1.2) ord Gy(z1,...,x25) <1 (1 <1< h),



it is enough to find a non-trivial solution (a;;) to our system of at most h(kR + M)
forms over I, of degree k in s(R + 1) variables. The theory of quasi-algebraically
closed fields guarantees (see [24, Theorem 3]) the existence of such a solution when-

(1.3) s(R+1) > hk(kR+ M).

Since s > hk?, this inequality will be satisfied for large enough values of R, and hence,
there exists a non-trivial solution (z1,...,zs) € Fy[t] to our system of inequalities
(1.2). In the case of a single quadratic form, this implies that only 5 variables are
needed to guarantee a non-trivial solution. Furthermore, when M > k, our inequality
(1.3) can be used to show that there exists a non-trivial solution (z1,...,zs) € F,[t]

to our system of inequalities (1.2) with

L < hEML = k)
o Ot = o

Generalizations and applications of this theme can be found in the author and

Trevor Wooley’s manuscript [38].

1.4 Additive Combinatorics

For k € N={1,2,...}, let D3([1, k]) denote the maximal cardinality of an integer
set A C {1,...,k} containing no non-trivial 3-term arithmetic progression. In a
fundamental paper [35], Roth proved that Ds([1, k]) < k/loglog k via an application
of the circle method. His result was later improved by Heath-Brown (see [18]) and
Szemerédi (see [40]) to Ds([1,k]) < k/(log k)* for some small positive constant o >
0. Recently, Bourgain (see [4]) proved that Ds([1,k]) < k(loglogk)/?/(logk)'/?,
which provides the best bound currently known. During the last few years, Gowers

has proved quantitative bounds for the more general question with n-term arithmetic



progressions (see [12] and [13]), and Green and Tao have also shown that there are
arbitrarily long arithmetic progressions of prime numbers (see [14] and [15]).

A main theme in additive combinatorics is that sets are either random or struc-
tured. Suppose that A C {0, ..., k} has no non-trivial 3-term arithmetic progression.
When using the circle method, the set A is random if it is well-distributed throughout
residue classes for all small ¢, and A is structured if it is biased toward a particular
residue class modulo a small number ¢. Note that (z1, 25, x3) is a 3-term arithmetic
progression if and only if x; — 225 + 23 = 0. The set A has |A| trivial solutions to
this equation of the form (a, a,a) and no non-trivial solutions.

When the set A is random, the circle method can be used to show that

A3
% ~ #{(w1, w2, 3) € A 1wy — 200 + a3 = 0} = | AL

If the set A is structured, then it is biased toward an arithmetic progression P =
{r € Z : x =a(modq)}, where g is relatively small and 0 < a < ¢. Suppose that

PN A= (1+9)|A|/q. Since
(gry +a) —2(qgra+a) + (qgzz3+a) =0 < 1 — 2z + a3 =0,

we have a set {(x —a)/q : x € PN A} C{0,...,|k/q]}, which has no non-trivial
3-term arithmetic progressions and is denser in {0, ..., [k/q]} than Aisin {0,..., k}
by roughly a factor of (1 + 4).

In this thesis, we prove generalizations of Roth’s theorem in both function fields

and finite Abelian groups through the use of the circle method.

1.4.1 A Generalization of Roth’s Theorem in Function Fields

Let [F,[t] denote the ring of polynomials over the finite field F,. For N € N, let

Sy denote the subset of IF,[t] containing all polynomials of degree strictly less than



N. For an integer s > 3, let r = (r1,...,75) be a vector of non-zero elements of F,
satisfying r1 +- - - +7r5 = 0. A solution x = (z1,...,25) € Sy of ma; +---+rgzs =0
is said to be trivial if xj, = --- = x;, for some subset {j1,...,5} C {1,...,s} with
rj, +-+-+1r; = 0. Otherwise, we say a solution x is non-trivial. Let D,(Sy) denote
the maximal cardinality of a set A C Sy which contains no non-trivial solution of
rixy+ -+ 12y = 0with z; € A (1 <i <s). In Chapter III, we prove the following

theorem.

Theorem 1.3. For N € N,

N
(log, |Sn[)s=2  Ns=2

D, (Sy) <

Here, the implicit constant depends only on r.

In the special case that r' = (1,—2,1) and ged(2,¢) = 1, the number D, (Sy)
denotes the maximal cardinality of a set A C Sy which contains no non-trivial
3-term arithmetic progression. As a direct consequence of Theorem 1.3, we have
Dy (Sy) < |Sn|/log,|Sn|. We note that this result is sharper than its integer
analogue proved by Bourgain. Our improvement comes from being able to provide
a better estimate for an exponential sum in F,[¢] than for the analogous exponential
sum in Z (see Lemma 3.2). In addition, when r' = (1,—2,1) and ged(2,¢) = 1, by

M one can also

viewing Sy as a vector space over I, of dimension M N, where ¢ = p
derive the above bound for D,/(Sy) from the result of Meshulam on finite Abelian
groups in [30, Theorem 1.2]. However, for a general r = (ry,...,rs), if r; € F,\ F,
for some 1 <i < s, then Meshulam’s method can not be extended to bound D,(Sy).
In order to prove Theorem 1.3, we employ a variant of the Hardy-Littlewood circle

method for IF,[t].

One can also obtain some information about irreducible polynomials from The-
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orem 1.3. Let Py denote the set of all monic irreducible polynomials in F,[t] of
degree strictly less than N, and let Ay denote a subset of Py. By the prime number
theorem for Fy[t] (see [5, Theorem 2.2]), we have |Py| > |Sy|/log, |Sx|. For s > 4,
Theorem 1.3 implies that for each r, there exists a positive constant ¢(r) such that
whenever [Ay| > ¢(r)|Pn|/(log, |Sn|)*~?, it follows that Ay contains a non-trivial
solution of rix; + -+ rxs =0 with z; € Ay (1 <i < s).

1.4.2 A Generalization of Roth’s Theorem in Finite Abelian Groups

For a natural number s > 3, let r = (r1,...,7) be a vector of non-zero integers

satisfying r1 +--- +ry = 0. Given a finite Abelian group M, we can write
M~Z7Z/MZ&-- & Z/k,Z,

where Z/k;7Z is a cyclic group (1 < i < n) and k;lk;i—1 (2 < i < n). We denote
by ¢(M) = n the number of constituents Z/k;Z of M. Moreover, we say that M is
coprime to r provided that (r;, k1) =1 for all 1 <i <s.

A solution x = (z1,...,x5) € M?® of rixy + -+ + rexs = 0 is said to be trivial
if zj, = --- = x;, for some subset {j1,...,5} € {1,...,s} with rj;, +---4+r;, = 0.
Otherwise, we say that a solution x is non-trivial. For a finite Abelian group M
coprime to r, let D,(M) denote the maximal cardinality of a set A C M which
contains no non-trivial solution of rz; + -+ + rax, = 0 with z; € A (1 <@ < s).
Also, for n € N, we denote by dy(n) the supremum of D,(M)/|M| as M ranges over
all finite Abelian groups M with ¢(M) > n and M coprime to r. In Chapter III, we

prove the following theorem.

Theorem 1.4. Letr = (ry,...,rs) be a vector of non-zero integers satisfying r1 +

~+-+ 71, =0. There exists an effectively computable constant C(r) > 0 such that for
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n €N,

de(n) <

We note that in the special case that r' = (1,—-2,1) and G is a finite Abelian
group of odd order, the number D, (G) denotes the maximal cardinality of a set
A C G which contains no non-trivial 3-term arithmetic progression. Moreover, the
constant C'(r’) can be taken to be 2 in this case (see Remark 4.6). Hence, we can
deduce the result of Meshulam in [30, Theorem 1.2] which states that if G is a finite
Abelian group of odd order, then D, (G) < 2|G|/c(G).

In the following corollary, we provide an application of Theorem 1.4.

Corollary 1.5. Let p be an odd prime and ¢ = p" for some h € N. For n € N,
let PG(n,q) denote the projective space of dimension n over the finite field F, of q
elements. For v € N with v > 1, let My(n,q) denote the mazimum cardinality of a
set A C PG(n,q) for which no (v+ 1) points in A are linearly dependent over F,.

Then, there exists an effectively computable constant C’(p, v) > 0 such that

~ n

C(p,v ¢
Mv(nv Q) S }Sv_l ) . Z 1 + ]-
j=1

jv

An m-cap is a set of m points of PG(n, q) for which no three points are collinear.
In the special case that v = 2, the quantity My(n, q) denotes the maximal value of
m for which there exists an m-cap in PG(n,q). For an odd prime p, we can take
C(p,2) = 2 (see Remark 4.6). Hence, Corollary 1.5 implies the result of Storme,
Thas, and Vereecke in [39, Theorem 1.2] about the sizes of caps in finite projective
spaces.

For v € N with v > 1, let M,(n,q) denote the maximum cardinality of a set

A C PG(n,q) for which no (v + 1) points in A are linearly dependent over F,, and

some (v+2) points in A are linearly dependent over [F,,. In [19], Hirschfeld and Storme
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provide a general discussion on M, (n, ¢). We note that M, (n, q) < M,(n, q). Hence,

Corollary 1.5 gives a bound for M, (n, ¢) which is useful when n is sufficiently large.

1.5 The Manin Conjecture

For a number field £, a fundamental problem in arithmetic geometry is to describe
the set of k-rational points on a projective variety X (k) in terms of its geometric
invariants. Let X (k) denote a Fano variety with anticanonical height function H :
X (k) — R. For a suitably nice open subset U C X, the Manin conjecture states
that

#{r € U(k) : H(z) < B} ~aB(log B)*™*,

where a = a(X (k)) is a constant and b = b(X (k)) is the rank of the Picard group
of X (k). Furthermore, Peyre provides an interpretation for the constant a(X (k)) in
[32].

Although Batyrev and Tschinkel have found a counterexample (see [2]) to Manin’s
conjecture, many cases of the conjecture have been demonstrated through a variety
of techniques. For example, Franke, Manin, and Tschinkel originally proved this
conjecture for flag varieties (see [9]). In [1], Batyrev and Tschinkel verified that
the Manin conjecture holds for toric varieties. De la Breteche and Browning have
also shown that the asymptotic holds for many cases of del Pezzo surfaces (see, for
instance, [5] and [6]).

We consider the variety defined by zoyo + - - - + z5ys = 0 in P*(Q) x P*(Q). This

is a flag variety with anticanonical height function

H(x,y) = max |z;y,|°

0<i,j<s ’

where we choose representatives x = (zg,...,zs) € Z™ and y = (yo,...,ys) € Z5T?
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with ged(xo, ..., zs) = ged(vo, - - -, ys) = 1. Let

N(B) =#{(x,y) e P(Q) x P*(Q) :x-y =0, o~ x50 ys # 0,

and H(x,y) < B}.

For the variety xoyo + -+ + xsys = 0, the Manin conjecture predicts that N(B) ~
kBlog B, where k is a constant.

The general case of the Manin conjecture for flag varieties was first proved in
[9] by Franke, Manin, and Tschinkel via deep results concerning the meromorphic
continuation of Eisenstein series. The result has also been studied by Thunder, Peyre,
and Robbiani in [42], [32], and [33], respectively. Thunder’s approach employs the
geometry of numbers and estimates for the number of lattice points in bounded
domains. Robbiani uses a complicated variant of a new form of the circle method
due to Heath-Brown (see [17]), and such an approach cannot be used for forms of
degree greater than three due to limitations of the underlying method. Furthermore,
Robbiani’s proof requires that s > 3.

The purpose of Chapter V is to demonstrate that N(B) ~ kB log B via a classical
form of the circle method. The motivation for this new proof is to provide a method
which has the potential of working in a more general setting. In Chapter V, we prove

the following theorem.

Theorem 1.6. For s > 2 and B > 2, we have

N(B) = (s;;l) ((s)7? <i ?@) (/X dxdy) Blog B+ O(B),

where



CHAPTER 11

Diophantine Inequalities in Function Fields

2.1 Overview

In order to state our main result of this chapter, it is first necessary to record
some notation. Let A = F,[t] denote the ring of polynomials over F,, the finite field
of g elements. Let Ko = F,((1/t)) be the completion of K = F,(t) at the infinite
place.

Let k and s be positive integers with k£ > 1. Let p denote the characteristic of

[F,. Each non-zero element « in K, can be written as a = a;t', where each a;

i<n
is an element in F, and a, # 0. We define ord a to be n and lead(«) to be a, in
this situation. Furthermore, we define resa to be the coefficient of t~! in such an
expansion, and we adopt the convention that ord 0 = —oo. There exists a natural

ordz on K. For any real number u, we let @

non-Archimedean valuation (z) = ¢
denote ¢*. For a positive number z, we let Logz = max(1,logz). When k has a
base-p expansion k = ag + a1p+ -+ + app™ with 0 < a; < p—1 (0 <i < n), we
define v(k) = v,(k) by

v(k) =ao+ar + -+ ay.

14
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Define the constant B = B, (k) by

1, when k < 2772,
2.1) B,(k) =
(1 —2776)=1 " when k > 2772,
Let
2.2 sqr = Bk(Logk + LogLogk + 2+ B Log Log k/ Logk).
a

We are now in a position to state the main result of this chapter.

Theorem 2.1. There exists a positive absolute constant C' with the following prop-

erty. Suppose that k and s are natural numbers with

s > sqr + Cky/LogLogk/ Log k

and char(F,) t k. For z € F,((1/t)) and u € R, let () = ¢°4* and @ = ¢*. Let T
be some fixed integer, and let A1, ..., s be fived non-zero elements of Ky, not all in

F,(t)-rational ratio. Suppose also that the equation
(2.3) M2y 4+ A2 =0

has a non-trivial solution z in K5 . Then, for all sufficiently large positive real num-

bers P, the number of F[t]-solutions N(P; ) of
(2.4) (Mzh + -+ Aak) <7,
with (z;) < P (1 < i < s), satisfies

N(P,A) > P**
Here, the implicit constant depends on X, 7, k, s, and q.

This chapter is based on the author’s submitted manuscript [37].
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2.2 The Davenport-Heilbronn Method for Function Fields

In this section, we set up the Davenport-Heilbronn Method for function fields. We
combine Hsu’s version of the Davenport-Heilbronn method (see [20]) with the ideas
of Bentkus and Gétze (see [3]) and those of Freeman (see [10] and [11]) in order to
prove Theorem 2.1.

2mitr(a
(@/P where

Define a non-trivial additive character ¢, : F, — C* by e,(a) = e
tr : F, — F, denotes the trace map. This character induces a map e : K, — C~
defined by e(a) = e4(resa). Let T be the compact additive subgroup of K, given
by T = {a € Ky : (o) < 1}, and note that we may normalize a Haar measure da

on K, so that [, do = 1. By Lemma 2.2 of [20], for 7 € Z, if we define a function

Xr : Koo — R by

(2.5) Xr(ar) =
0, when (a)>7""
we obtain a method of detecting when () < 7 for an element § € K., by noting

that

1, when () <7,
(26) [ etap)(a)da=
°° 0, when (5) >T.

When R and P are positive numbers with R < P, we define the set of R-smooth
polynomials A(P,R) to be the set of all # € A satisfying both (z) < P and the
property that whenever w|x for an irreducible polynomial w, then (w) < R. We
now can define our classical Weyl sum

F(a) = F(a; P) = e(axk)

(z)<P
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and our smooth Weyl sum

fla)=f(P,R)= > e(az").

z€A(P,R)
Let Fi(o) = F(Na) for 1 < ¢ <'s, and let f;j(o) = f(\jor) for 3 < j < s. It now

follows from (2.6) that the integral

@) | F@R@hH@): f@)(@) da
counts the number of solutions x € A® of
Mz + -+ A2k < 7

with (z;) < P (i = 1,2) and z; € A(P,R) (3 <j <s). Thus, the integral in (2.7)
serves as a lower bound for N(P, A). For the remainder of this chapter, whenever
R appears in a statement, implicitly or explicitly, we are asserting that there exists
a positive number 1y = no(s, u,v, ¢, k; A) such that the statement holds whenever
R =nP, where 0 < n < nq.

Let n denote the set of elements a of T satisfying the property that whenever a
and g are elements of A such that (ga—a) < P1=* and g # 0, then (g) > P. We say
that a positive number u > 2k — 2 is accessible to the exponent k when there exists

a positive number ¢ for which
/ \F(a, P)2f(a, P, R)"| dov < P25,
n
By Lemma A.4, there exists a positive absolute constant C' such that if

u+5> s, + Cky/LogLogk/ Log k,

then u is accessible to the exponent k. Hence, Theorem 2.1 is a consequence of the

following result.
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Theorem 2.2. Suppose that k and s are natural numbers with char(F,) 1 k. Fur-
thermore, assume that u > 2k — 2 is accessible to the exponent k and that s > u+ 5.
For z € F,((1/t)) and u € R, let (z) = ¢°"4% and U = q". Let T be some fized integer,
and let Ay, ..., s be fixzed non-zero elements of K, not all in F,(t)-rational ratio.

Suppose also that the equation
(2.8) My 4+ A2 =0

has a non-trivial solution z in K5 . Then, for all sufficiently large positive real num-

bers P, the number of F[t]-solutions N(P; ) of

(2.9) Mxh + -+ A2h) < 7
with (z;) < P (1 <i < s), satisfies

(2.10) N(P,A) > P**,
Here, the implicit constant depends on X, 71, k, s, and q.

With the exception of Section 2.6, which investigates the solvability of \;z¥ +
-+ A28 = 0 in K, the remainder of this chapter is devoted to proving Theorem
2.2. In order to analyze the integral in (2.7), we split up the subset of K, for which

the integrand is non-zero into two parts. Let
S,(P) = (Log P)"/2.
Define the major arc by
M= {a €Ky : (a) < S (P)PF}
and the minor arc by

m={aeKy:S5(P)P*<(a) <7}
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Theorem 2.2 is proved by demonstrating that for large enough values of P, one has

(2.11) | Fi@Pae)fi(a)+ (@) (a) da = o)
and
(2.12) /m Fi(a) Ba(a) fo(a) - - fu(a)xa(a) da > P*E.

We prove (2.11) in Section 2.4 (see Lemma 2.7) by combining mean value estimates
with a Weyl-type estimate. The mean value estimates depend on the efficient dif-
ferencing arguments in [28], and the Weyl-type estimate proved in Section 2.3 stems
from the ideas of Bentkus, Gotze, and Freeman in [3], [10], and [11]. We prove (2.12)
in Section 2.5 (see Lemma 2.10) by using a line of attack similar to that of [23] and
[28].

By multiplying each side of (2.9) by (¢t77) for some sufficiently large integer j, we
may assume that 7 < 1 and 0 < ()\;) < 1 for 1 <i < s. Since \y,..., As are not all

in F,(t)-rational ratio, there is no loss of generality in supposing that \y/A\; ¢ K.

2.3 A Weyl-Type Estimate

In this section, we mimic the work in Section 2 of [47] to show that when o € m,
one has |Fi(a)Fy(a)] = o(P?). Recall that n denotes the set of elements a of T
satisfying the property that whenever a and g are elements of A such that (ga—a) <
P=* and g # 0, then (g) > p. By Lemma A.5, there exists a small positive constant
v = v(q, k) such that

sup |[F ()| < P,

aen

Our first lemma demonstrates that good Diophantine approximations are produced

by large Weyl sums.
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Lemma 2.3. There is a positive constant c, depending at most on k and q, with the
following property. Suppose that P is a real number, sufficiently large in terms of k
and q, and suppose that § is a positive number with pPv2<§<1. Then, whenever
|F(a)| > 6P, there exist a and g in A such that (a,g) = 1, 1 < {g) < 6%, and

(gor — a) < 6~ FPF.

Proof. Suppose that a is an element of Ko, such that |F(a)| > 6P, where & satisfies

the hypothesis of the lemma. By Lemma 3 of [23], there exists a unique choice of a

and ¢ in A such that g is monic, (a,¢) =1, 1 < (g) < P*!, and (ga — a) < P'7*.
Suppose that (g) > P. It follows that o € n, implying that |F(«)| < P*~*. When

P is sufficiently large in terms of k£ and ¢, one has

1~ ~
|F(a)| < 5Pl-“/2 < —6P,

N | —

which would contradict our hypothesis on 0. Hence, we may assume that (g) < P.

In the latter circumstance, by Lemma A.1, we have
F(a) < P((g) + P*(ga — a)) 7%,
Thus, there exists a positive constant ¢ such that
|F(a)] < *P((g) + P*{ga — a)) ™/,
By recalling that 6P < |F(«)|, we conclude that
(g) + P"{ga — a) < c67F,
and the lemma follows. O

We now use the hypothesis that As/A; € K to begin our study of the product

Fi(a)Fy(«) of Weyl sums.
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Lemma 2.4. Suppose that S is a fived real number with 0 < S < 7=. Then, one

has

lim sup P72|Fi(a)Fy(a)] = 0.

P=eos<(ay<rt
Proof. Suppose that the lemma fails. We can then find a real number § in (0, 1),
a sequence (P,)> , of real numbers that increases monotonically to infinity, and a
sequence ()%, of elements in K, such that for all n, we have that S < («a,,) <7
and |Fy(an; Py) Fy(ap; Py)| > 5183 Since |Fj(ap; Py)| < P, fori € {1,2}, one has
|Fy(aun; P)| > 0P, for i € {1,2}. When n is large enough, say n > r, we have that
P,? < 5 and that P = P, is sufficiently large in the context of Lemma 2.3. By

Lemma 2.3, for ¢ € {1,2} and n > r, there exist elements a;, and g;, in A such that

(Giny Gin) = 1, 1 < {(gin) < cd7F, and
<gm)\zan - ain> < Cé_kﬁn_k,

It follows from the inequality for (g;,) that there are only finitely many possibilities

for such g;,. For i € {1,2} and n > r, by noting that
(@in) < (ginNian) + 5FPF < 1,

we conclude that there are only finitely many choices for a;,. Thus, there are only
finitely many possibilities for the 4-tuples (ain, gin, @2n, g2n), and some 4-tuple, say
(a1, g1, a9, g2), occurs infinitely often.

When i € {1,2} and n > r, we have

Ain

(2.13) (o — ") < {gnhi)"Led R BF < P

and this implies that

A1n Q2n, S5—k
— < P7F.
<91n)\1 g2n)\2> "
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Since (a1, g1in, G2n, gon) = (a1, g1, az, go) for infinitely many values of n, we conclude

that
ar a2
g1\ N GaA
If a; # 0, then
Ay a0y
Mo oag

which provides a contradiction. If a; = 0, by (2.13), there exists some large integer
m with (a,,,) < S, contradicting the fact that S < (a,,) < 77! for all n € N. This

completes the proof of the lemma. O
We now are in a position to prove our Weyl-type estimate.

Lemma 2.5. Suppose that S(P) is a function on (0, 00) that increases monotonically
to infinity and satisfies 1 < S(P) < P. Then, there exists a function T(P) on (0, 00),
depending only on A1, Ao, k, q, T, and S(P), that increases monotonically to infinity,
satisfies 1 < T(P) < S(P), and satisfies the property that
(2.14) sup |y (@) Fy()| < P2T(P)~/0),

S(P)P*<(a)<7~1
Proof. By Lemma 2.4, for each natural number n, we can find a positive number P,

such that if P > P, and 1/n < (a) < 77!, then

P2|Fy () Fy(a)| <

S|

Furthermore, we can choose (P,)>2, to be an increasing sequence with S(P,) > n

for all n. Define T'(P) by setting

n, when P, < P < P41,
T(P) =

1, when P < P.
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If P> P, and T(P)™' < (a) <77, then

P2|Fy () Fy(a)| <

S

This implies that

(2.15) sup  |Fi(a)Fy(e)| < P*T(P)~".
T(P)*lga(a><?*1

Suppose now that P is sufficiently large in the context of Lemma 2.3. Note that

S(P)P~* < T(P)~', and assume that
S(P)P~* < (a) < T(P)™

and

|Fy(a)] > T(P)™"/®R P,

Since

~

P—V/2 S T(P)—I//(2k‘) S 1’

by applying Lemma 2.3 with 6 = T'(P)~*/®*)_ there exist elements a and g of A such

that (a,g9) =1, 1 < {g) < ¢I'(P)"/?, and
(ghov — a) < T (P)*PF,
Hence, by the triangle inequality,
(a) < (gh) + T(P)"/?P~% < T(P)~ "2 4 T(P)"*P~F.
Since

lim (T(P)—1+V/2 + T(P)”/Q}A?‘k) —0,

P—oo

it follows that a = 0 for large enough values of P. This implies that

(a) < (g\) LT (P)*P~F < T(P)"*P~*,
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and thus, for large enough values of P, we see that
(a) < T(P)P™* < S(P)P*.

This contradicts the fact that (a) > S(P)P~*. For P sufficiently large in terms of

A1, A2, k, ¢, and S(P), we have therefore shown that whenever

S(P)P™* < (a) < T(P),

then
|Fy(a)| < PT(P)~"/9),
Hence,
(2.16) sup |Fy(a) Fy()] < P>T(P)~"/2h),
S(P)PF< (o) <T(P)
The lemma now follows by combining (2.15) with (2.16). O

2.4 The Minor Arc

In order to complete our work on the minor arc, we first need to establish a mean

value estimate for the smooth Weyl sum f(«).

Lemma 2.6. Suppose that u > 2k — 2 is accessible to the exponent k and that

s> u+5. One has

/ (o) 2da < P527F,
T

Proof. Let v = [s/2] — 2. By considering the underlying Diophantine equations, we

note that
/ F(@)P*Pda < / ()2 ()] da.
T T

Since 2v > s — 5 > u, we may apply Lemma A.3 to establish that

/‘F(O&)2f(04)2v‘ do < ﬁ2v+2—k’
T
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and this implies that

/ |f(@)[? T2 da < P2s/2A-27F,
T

For even values of s, the proof of the lemma is now complete. If s is odd, the lemma

follows by noting that
/ [f(@)]*da < 13/ (@)% do < PPN 0
T T

We are now in a position to show that the minor arc contribution is 0(}33_’“),

thereby confirming (2.11).

Lemma 2.7. One has

/ Fu(@)Fa(0) fala) - fula)xo (@) dax = o(P*H).

Proof. By Holder’s inequality,

(2.17) / Fi(a)Fo() f3(a) - - - fo(a)xs () da < (sup|F1 )Hﬂ/ ==2)

aem
where

= / F(@) 2 da
(a)y<7—1

for 3 < i < s. Note that f(a+ g) = f(«a) for all @« € T and g € A. By Lemma 2.6,

one has

)| 2da = =24
/Wl\f( ) Zl /<a_x><1|f(a)l o
Z /|f s 2 do < Ps 2-k

x)<7L

For 3 <i < s, since (\;) < 1, we see that

(218) I, = <Ai>—1/<> . |f(a)|s‘2da<</ (@) 2 da < P*=27,
a)y<(\)T L

(a)y<7—1
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By applying Lemma 2.5 with S(P) = S1(P), we obtain the bound

(2.19) sup | F1 (o) Fy ()] = o( P?).
aem
The result now follows by combining (2.17), (2.18), and (2.19). O

2.5 The Major Arc
We now wish to find an asymptotic for the major arc contribution. Let
Fla) = Fi(a)Fy(a) fs(a) - - fs(a)

and

Since SI(P)ﬁ_k < 77! one has

| Fen@yda=7 [ Flayda

We first wish to compare this integral to the singular integral

To do this, let p(u) denote the Dickman function, which is defined as the unique con-
tinuous function on [0, 00) that satisfies the differential-difference equation up'(u) =

—p(u — 1) (u > 1) with the initial condition p(u) =1 (0 <u < 1).
Lemma 2.8. One has

/m Fla)da — p(P/R)*2].p < P (Log P)~1/®9).
Proof. Let P be large enough so that P > 1 and

2P/log(2P) < R =nP < P —log(P).
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For 3 <i < s, we deduce from Lemma A.2 that
fi(a) = p(P/R)Fi(a) < P(Log P)™/*(1+ P*(\a))
< J3(Log 13)_3/8
for a € M. Hence,
F(a) — p(P/R)*?G(a) < Jgs(Log 13)_3/8

for a € M. Furthermore, by noting that the measure of 9t is O(ﬁ_k(Log 18)1/8), one

has
/ F(a)da — p(P/R)s_z/ G(a) da < P F(Log P)~/*.
m m
By Lemma A.1, whenever 1 < i < s and (a) < P'=*, we have the bound
Fy(a) < P(1+ P*(na)) V% < P(1+ P*{a)) =",
Therefore,
/ Gla)do — J, < P° /(1 + }A’k<a))_s/k do,
m T

where T = {a € Koo : 51 (P)P7% < (a)}. Let V = log,(S1(P)). Since the measure of

the set of points v in T with (o) = ¢™ is less than ¢™*!, we deduce that

/g(a)da—J&k < ﬁs Z qm+1(1_|_qu+m)—s/k
m

V—kP<m
< PRk« psTR(Log P)TV/6R)
We have now established that

/ Fla)da— p(P/R)*?J,) < ﬁs_k(Log ﬁ)_l/(8k). O
m

Since 0 < n < 1 and R = nP, it follows that p(P/R) > 1. Thus, we are left
to show that J,; > P>k in order to get an asymptotic lower bound of the desired
form for the major arc contribution. To do this, we use ingredients from the proof

of Lemma 16 in [23].
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Lemma 2.9. For sufficiently large values of P, one has Jsj > Pk,

Proof. By Lemma 1 of [23],

(2.20) Jop = / Fi(a)--- Fy(a) da = PF1W,
(a)<P1=F

where W denotes the number of s-tuples (xy, z, ..., x) in A® with

(2.21) Mzl + -4 A2y < PP

and (x,}ﬁf’forlgigs.
By our hypothesis in Theorem 2.2, we know that there exists a non-trivial solution
z € K&, for (2.8). Choose r such that (\.zF) is maximal. Let d = ord )\, and

w = lead(A,). For 1 <i < s, we define a; by

lead(z;), when (\2F) = (\,.2F),

a; =

0, otherwise.

For1 <1i<s, let
d—ord\; + kord z,
k b

m; =
and let n = [P] — maxj<;<s;m;. Suppose that P is large enough so that n 4+ m; > 0

for 1 <i<s.For1l<i<s,letx; be an element of A with z; = a;t"™™ + 1;, where

y; € A and ordy; <n + m;. Let
Tp = artn-‘rmr- + bn+m7._1tn+mr—1 I bO,
where each b; is an element of F,, and define the coefficients ¢; € F, via the relation

Alx'f 4+ +)\s:c'§ = Z ot

l=—o0

The inequality (2.21) is satisfied when ¢; = 0 for all [ > (k — 1)P. For 1 <i < s,
observe that

ord \; + k(n 4+ m;) < d+ k(n+ m,)
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with equality holding whenever (\;2¥) = (\,2¥). Thus, the coefficient ¢; = 0 for
all | > d+ k(n + m,). Furthermore, our choice of (ai,...,as) guarantees that

Catk(ntm,) = 0. When
d+(k—=1D(n+m) <l<d+k(n+m,),
one has
o k-1
c = kwar bl_d—(k—l)(n—i-mr) + hla

where Iy is an element of F;, depending at most on A, a, b; with
i>l—d—(k—1)(n+m,),

and y; with j # r.

Let y; be arbitrarily selected for each j # r. Since kwaF~! # 0, we can choose
bngm,—1 80 that cqyi(nim,)—1 = 0. Similarly, we can now choose by4m,—2 so that
Td+k(ntm,)—2 = 0. Continuing in this manner, it is possible to choose z, in such a
way that ¢, = 0 for all

[>d+ (k—1)(n+m,).

Since d is negative, one has
d+ (k—=1)(n+m,) < (k—-1)P,

and it follows that (2.21) holds for (zy,...,x,). Since y; was arbitrarily selected for
j # r, for sufficiently large values of P, it follows that W > 185_1, and from (2.20),

we conclude that J, > Pk, O

By combining Lemmas 2.8 and 2.9, we obtain the following result, which confirms

(2.12).
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Lemma 2.10. For sufficiently large values of P, one has

| F@P@h@)- fe)(@) das P
m
2.6 The Solvability of Alzf 4+ 4 )xszf =0 in K

Let 1(q, k) denote the minimum integer such that for all n > (g, k) and any
choice of ay, ..., a, € F,, the equation a;yf + - - - + a,y* = 0 has a non-zero solution
y € F;. We now use the function (g, k) to discuss the solvability of A2F 4

Asz® =0 in K, which is a necessary hypothesis in Theorems 2.1 and 2.2.

Lemma 2.11. Let Ay,..., Ay be non-zero elements of Ko. Whenever char(F,) {
k and s > ki(q,k), there exists a non-trivial solution z € K2  of the equation
Mz 4+ A2E =0,

Proof. Suppose that s > ki(q, k). Note that for any ly,...,[s € Z, we have

(2.22) Mab b A2 = T (g t")F e (TR (2t

Hence, without loss of generality, we may assume that 0 < ord\; < k for each
1 < i < s, and we can find an integer w with 0 < w < k such that ord \; = w
for at least [s/k] distinct choices of i with 1 < i < s. By multiplying the equation
M2F 4 4+ A28 =0 by 7%, using (2.22) if necessary, and rearranging the indices if
required, there is no loss of generality in supposing that ord \; = 0 (1 < ¢ < n) and
ord\; <0 (n < j <s), where n > s/k > 1(q, k). Therefore, there exist elements

Y1, .-, Yn € Fy, not all zero, such that
lead(A)ys + - - + lead(\,)y* = 0.
By reordering the indices if necessary, we may assume that y; # 0. Let z; = y;

(2<i<n)and z; =0 (n < j <s). Consider the function

F(2) = A2+ doo 4+ da2f - 1 N 2E
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Since ord f(y;) < 0 and ord f'(y;) = ord(kA\yF™') = 0, a variant of Hensel’s lemma
implies that there exists an element 2; € K., such that ord(z;—y;) < 0 and f(z;) = 0.

The lemma now follows. O

By Chevalley’s theorem (see Theorem 1 of Section 10.2 in [22]), we see that
(g, k) < k. When g > k*, it follows from the work of Weil (see [45]) that v (g, k) < 2.
Furthermore, when (k,q — 1) = 1, the mapping z +— z* from F, to F, is a bijection,
implying that (¢, k) = 1. We summarize the results of this section in the following

lemma.

Lemma 2.12. Suppose that char(F,) t k, and let A\, ..., \s be non-zero elements of
Keo. The equation A2 + - -+ Ae2¥ = 0 has a non-trivial solution z € K$_ whenever

one of the following three conditions are met:
1. s >k*+1,
2. q>k* and s > 2k + 1,

3. (k,q—1)=1and s> k+ 1.



CHAPTER III

A Generalization of Roth’s Theorem in Function Fields

3.1 Overview

Let IF,[t] denote the ring of polynomials over the finite field F,. For N € N, let
Sy denote the subset of IF,[t] containing all polynomials of degree strictly less than
N. For an integer s > 3, let r = (r1,...,75) be a vector of non-zero elements of F,
satisfying r1 +-- - +7r5 = 0. A solution x = (21,...,25) € Sy of ma; +---+rgzs =0
is said to be trivial if z;, = --- = x;, for some subset {j1,...,5} C {1,...,s} with
rj, + -+ -+1r; = 0. Otherwise, we say a solution x is non-trivial. Let D,(Sy) denote
the maximal cardinality of a set A C Sy which contains no non-trivial solution of
rzy+ -+ rses =0withx; € A (1 <i<s).

We will now state the main result of this chapter.

Theorem 3.1. For N € N,

[Svl ¢
(log, |Sn[)*=2  No=2

D, (Sy) <

Here the implicit constant depends only on r.

Before proving Theorem 3.1, we recall the Fourier analysis of F[t]. Let K = F,(t)
be the field of fractions of F,[t], and let K, = F,((1/t)) be the completion of K at

0o. We may write each element o € K, in the shape o = ZKU a;t* for some v € Z

32
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and a; = a;(a) € F, (i <v). If a, # 0, we define ord @ = v, and we write (a) for
q®*4®. We adopt the conventions that ord0 = —oo and (0) = 0. For a real number
R, we let R denote ¢®. Hence, if z is a polynomial in F,[t], then (z) < N if and only
if the degree of z is strictly less than N. Consider the compact additive subgroup
T of K defined by T = {a € Ko (o) < 1}. Given any Haar measure da on K,
we normalize it in such a manner that fT lda = 1. Thus, if 91 is the subset of K,
defined by 9t = {a € Ky: orda < —N}, then the measure of 9%, mes(IM), is equal
to N1,

We are now equipped to define the exponential function on F [t]. Suppose that
the characteristic of F, is p. Let e(z) denote €*™#, and let tr : F, — F, denote the
familiar trace map. There is a non-trivial additive character e, : F, — C* defined for
each a € F, by taking e,(a) = e(tr(a)/p). This character induces a map e : K, — C*
by defining, for each element o € K, the value of e(«) to be e,(a_;(a)). It is often
convenient to refer to a_;(a) as being the residue of «, an element of F, that we
denote by resa. In this guise, we have e(a) = e,(resa). The orthogonality relation

underlying the Fourier analysis of F,[t], established in [23, Lemma 1], takes the shape

1, when h =0,
/e(ha) do =
T

This chapter is based on the author and Yu-Ru Liu’s submitted manuscript [26].

0, when h € F,[t] \ {0}.

3.2 Proof of Theorem 3.1

For N e Nand s > 3, letr = (1q,...,7s), Sy, and D,(Sy) be defined as in Section
3.1. Write d,.(N) = D,(Sy)/|Sn|. For convenience, in what follows, we write D(Sy)
in place of D,(Sy) and d(N) in place of dr(N). Hence, to prove Theorem 3.1, it is

equivalent to show that d(N) < 1/N*72.
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For a set A C Sy, let T(A) = T:(A) denote the number of solutions of rx; +
sty =0 with o, € A (1 <i <'s). Let 14 be the characteristic function of A,
e, 1y(z)=1if 2 € A and 14(z) = 0 otherwise. Define

file) = Y La(@)e(arz) = e(ar).

(z)<N reA

Then, by the orthogonality relation for the exponential function, we have

(3.1) ﬂ@=4ﬁ@ﬁ@~ﬂ@ﬂw

We estimate T'(A) by dividing T into two parts: the major arc 9t defined by 9 =

{a:orda < =N} and the minor arc m =T \ M = {o: —N < orda < 0}.

Lemma 3.2. Suppose that A C Sy contains no non-trivial solution of rixy +--- +

rsts =0 with x; € A (1 <1 <s). Then, we have

sup | fi(a)| < d(N —1)N — |A].

acm
Proof. For o € m, let W = W(a,r;) = {y € Sy: e(ar;y) = 1}. Since ordr; = 0
and —N < orda < 0, we can write ord(ar;) = —l and ar; = >, bt/ with —N <
—1<-1,b;€F, (j <-1),and b_; # 0. Then, for y = cx_1t" ' + -+ + ¢ € Sy,

the polynomial y € W if and only if
res(ariy) = b—lcl—l -+ b_l_lcl + e 4 b—NCN—l =0.

Therefore, we have that W ~ FY~! as a vector space over F,,.

Since ord(ar;) > —N, by [23, Lemma 7], we have

Z e(ar;x) = 0.

(z)y<N
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For y € W, since e(ar;y) = 1 and y € Sy, we have by a change of variables that
Z La(z)e(arx) = Z la(x)e(ari(z+y)) = Z Ta(x —y)e(arx).
(z)<N (z)<N (z)<N

It now follows that

card (W) - |fi(a)| = \

(3 aw=1=3 talo ) )eara)

(x)y<N “yeEW yew
<> §jd@ﬂ4»—§jlux—m'
(z)<N ' yeW yew

= ‘d(N — 1) card (W) — card (W N (z — A))‘.

(z)y<N

Since r; +---+1rs = 0 and A contains no non-trivial solution of ryzy +---+7r,zs =0
withz; € A (1 <i <'s), the set WN(z—A) also contains no non-trivial solution of the
same equation. Since W ~ Sy_; as a vector space over F, and r; € F, (1 <1i < s),
any invertible F-linear transformation from W to Sy_; maps WnN(z— A) to a subset
of Sy_1 which contains no non-trivial solution of r1x1 4+ - - - 4+ rsxs = 0. This implies

that card (W N (x — A)) < d(N — 1) - card (IW). We may now conclude that

card (W) - [fi(@)| < 3 (d(N — 1) card (W) — card (W N (z — A)))

(x)<N

= d(N —1) - card (W) - N — card (W) - card (A).
Thus, if @ € m, we have
[fi(@) <AV ~1)- N~ |A]
This completes the proof of the lemma. O

Now, we are ready to prove Theorem 3.1.

Proof. (of Theorem 3.1) Suppose that A C Sy contains no non-trivial solution of

riry + -+ rxs = 0 with z; € A (1 < i <'s). We suppose further that |A|/|Sy| =
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d(N). By (3.1), we have

T(4) = / (@) fola) - fu(a) do
(3.2) T

_ / f1(0) fal0) - fula) da + / f1(0) fale) -+ fulr) da
m

m

If a € M and = € Sy, we have e(ar;z) = 1. It follows that

(3-3) /gm fila) fo(@) -+ fo(a) dov = | A" - mes(9M) = d(N)* N*~".

By the orthogonality relation for the exponential function,

/T|f1(04)|2doé=|A|=/T | fo(a)? de.

Hence, by Cauchy’s inequality and Lemma 3.2, we have

/m (@) fa(a)- - f,(a) da
30 <o | ol ([ |f1(oz)|2doz)l/2< / Ifz(oz)|2da)l/2

aem

< d(N) (d(N —1) — d(N))* > N*~".

By combining (3.2), (3.3), and (3.4), we obtain

T(4) > /m Fi(@)fal@) - fule) do —

/ f1(@) fala) - fu(e) da

> (d(N)S —d(N)(d(N = 1) — d(N))S_2) Ne1
Since A contains no non-trivial solution of rizy + - + raxs = 0 with z; € A (1 <

i < 's), there exists a constant B = B(r) such that
T(A) < B|A[*"2 = Bd(N)* 2N*2.

Combining the above two inequalities, we have

(3.5) d(N)* = Bd(N)*2N~" = d(N)(d(N — 1) — d(N))"* <0.
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We now claim that there exists a constant C'= C(r) > 1 such that for all N € N,

Cs—2
AN) < 15

This statement follows by induction on N. Since d(N) < 1, the cases where N < C'
are trivial. Let N > C, and suppose that d(N — 1) < C*72(N — 1)*>*. We now
verify that d(N) < C*"2N%7%. Since N*~1(2V)~1/2 — 0 as N — oo, without loss of
generality, we may assume that C*~2 > BY/2N=1(2V)=1/2 for all N € N. Hence, if

d(N)* < BN2N-!, since N > 2V we have
d(N) < BY2NN-1/2 < Bl/2N(2N)—1/2 < Cs—2N2—s’

which gives the desired conclusion. Thus, in what follows, we assume that d(N)? >
BN2N-!. Since Bd(N)*2N~' < d(N)*N~2 and N > 2, by (3.5), we have

s—2

d(N)*27" < d(N)*(1 = N7%) < d(N)(d(N — 1) — d(N))

Let £ = E(r) be the unique positive number satisfying F*~2 = 27!, By the induction
hypothesis for d(N — 1), the above inequality implies that

05—2

(3.6) Ed(N)=2 +d(N) < d(N —1) < =

We note that without loss of generality, we can assume that C' > E~1(257! — 2).

Then by the binomial theorem, we have

N8_1:<N_1)8—1+(Szl)(N—l)S_z—F(Sgl)(N_ly_g_'_'“_'_(z:i)

SN =1 7H (N =122 = 1)
< (N =114 (N-1)2CFE +1).

Then, it follows that

Cs—2 05—2 Z%; Cs—2
<k Ns—2 + Ns—2'
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We note that Ex+= +x is an increasing function of . Thus, by combining the above
inequality with (3.6), we conclude that d(N) < C*2N?~%. This completes the proof

of Theorem 3.1. O



CHAPTER IV

A Generalization of Roth’s Theorem in Finite Abelian
Groups

4.1 Overview

For a natural number s > 3, let r = (r1,...,7) be a vector of non-zero integers

satisfying 1 + - -+ r, = 0. Given a finite Abelian group M, we can write
M~Z7Z/MZ&-- & Z/k,Z,

where Z/k;Z is a cyclic group (1 < i < n) and k;|k;—1 (2 < i < n). We denote
by ¢(M) = n the number of constituents Z/k;Z of M. Moreover, we say that M is
coprime to r provided that (r;, k1) =1 for 1 <i <s.

A solution x = (z1,...,25) € M® of rizy + -+ + rgxs = 0 is said to be trivial
if xj, = --- = xj, for some subset {j1,...,5} € {1,...,s} with rj;, +---4+r;, = 0.
Otherwise, we say that a solution x is non-trivial. For a finite Abelian group M
coprime to r, let D,.(M) denote the maximal cardinality of a set A C M which
contains no non-trivial solution of rz; + -+ + rax, = 0 with z; € A (1 < i < s).
Also, for n € N, we denote by d,(n) the supremum of D,.(M)/|M| as M ranges over
all finite Abelian groups M with ¢(M) > n and M coprime to r.

We will now state the main result of this chapter.

39
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Theorem 4.1. Let r = (ry,...,75) be a vector of non-zero integers satisfying r1 +
o+ 1y =0. There exists an effectively computable constant C(r) > 0 such that for
neN,

dy(n) <

In the following corollary, we provide an application of Theorem 4.1.

Corollary 4.2. Let p be an odd prime and ¢ = p" for some h € N. Forn € N,
let PG(n,q) denote the projective space of dimension n over the finite field F, of q
elements. For v € N with v > 1, let M,(n,q) denote the maximum cardinality of a
set A C PG(n,q) for which no (v+ 1) points in A are linearly dependent over F,.

Then, there exists an effectively computable constant C'(p, v) > 0 such that

n

CN’ p,v
Mv(nv Q) S }Ev_l ) . Z
j=1

J
jf_l 1

Before proving Theorem 4.1 and Corollary 4.2, we introduce the Fourier transform
on a finite Abelian group M. Let M denote the character group of M. The Fourier
transform of a function g : M — C is the function g : M — C defined by

() =) g(@) x(—=).

zeM

Q)

Then, we have Parseval’s identity,

> G0 =1M] Y gl

XEJ/V[\ zeEM

This chapter is based on the author and Yu-Ru Liu’s preliminary manuscript [25].

4.2 Proof of Theorem 4.1

Let r1,...,rs be non-zero integers with ry +---+r, =0. For n € N, let M be a

finite Abelian group coprime to r with ¢(M) > n. For convenience, in what follows,
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we write D(M) in place of D.(M) and d(n) in place of dp(n). For a set A C M, we

denote by T'(A) = T(A) the number of solutions of
riTy+ -+ rsws =0

withx; € A (1 <i<s). For1 <i<s,let A= {rz: z € A}, and let 1,,4 be the
characteristic function of r;A, i.e., 1, 4(x) = 1 if z € ;A and 1,,4(x) = 0 otherwise.
Let f; = 1/7;1. We note that since M is coprime to r, the map from M to M defined
by x +— r;x is a bijection. Thus, for x € ]/\4\, we have

F00 =Y Lal@)x(—z) =Y x(—riw)  (1<i<s).

zeM €A

It follows that

Z [100f2(0) -+ fs(x) = Z Z Z X( = (ra + -+ rezy))

(4.1) xeM €A @€A yeM
= |M|T(A).
Moreover, we define

h(x) =Y d(n—1)x(-x).

xeM
Hence, h(x) = d(n — 1)|M| if x = xo and h(x) = 0 otherwise. The function h(x) is

a good approximation for f;(x). More precisely, we have the following lemma.

Lemma 4.3. Let M be a finite Abelian group coprime to v with ¢(M) > n. Suppose
that A C M contains no non-trivial solution of rix; + -+ ryxs = 0 with x; € A

(1 <i<s). Then we have

sup |h(x) — fi(x)| = d(n — 1)|M| — [A].
xEM
In particular, since h(x) = 0 for x # xo, it follows that

sup [ ()| < d(n — DIM]| — |4].

XFX0
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Proof. Let x € M and W = ker(x). Since x(M) is a cyclic group and M = x(M) &

W, we may conclude that ¢(W) > ¢(M) —1 > (n—1). Note that

=1 ) dn—Dx(-x) = Y Y Lyl

yeW xzeM yeW xzeM

card (W) - |h(x)

Since y € ker(y), by a change of variables, we have

Z La(z)x(—z) = Z La(@)x(=(z +y)) Z La(z — —z).

zeM reM reM

Hence, it follows that

card (W) - [h(x) — fi(X)| =

=) (Z dn—1)- Y 1riA(x—y))X(—x)

xeM yeWw yeW
SIPIFIEIE W
zeM 'yeW yew

_ Z ‘d(n —1) - card (W) — card (W N(z— TiA)) ’

zeM

We note that since A contains no non-trivial solution of rjzy + - -+ + r,o, = 0 with
zi € A1 <i<s), theset WN (x—r;A) also contains no non-trivial solution of
the same equation. Furthermore, the fact that M is coprime to r implies that W is
coprime to r. Since ¢(W) > (n—1), we have card (WN(z—r;A)) < d(n—1)-card (W).

We may conclude that

card (W) - |h(x) — fi(x)] < Z (d(n —1) - card (W) — card (W N (z — mA)))

zeM
=d(n—1)-card (W) - card (M) — card (W) - card (A).
Hence, we have

[h(x) = fi()] < d(n —1)[M[—|A].
We note that for y = xo, one has
[h(x0) — filxo)| = d(n — 1)|M| — [A].

This completes the proof of the lemma. O
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Now, we are ready to prove Theorem 4.1.

Proof. (of Theorem 4.1) Let M be a finite Abelian group coprime to r with ¢(M) > n.
Suppose that A C M contains no non-trivial solution of riz; + - -+ + r,xy = 0 with
x; € A (1 <i<s). Furthermore, let d*(n) = |A|/|M]|.

By (4.1), we have

(M| T(A) =" ALK f(X)

(4.2) xeM
= fi(x0) f2(x0) - -~ fs(x0) + Z SO () - fs(X)-
X7X0
We note that
(4.3) fi(xo0) f2(x0) - - - fs(xo0) = |A]® = d"(n)*|M]".

Also, by Cauchy’s inequality and Lemma 4.3, we have

5> A0S0 L)

X#X0
< sup |00+ £ (; Ifl(x)|2)1/2 (; \f2<x>\2)1/2
1/2 12
< (-1 - a @) v (T IAr) (X 1R00r)

By Parseval’s identity,
Do LACIP =M Y [Lal@) = [M]|A]
xEJ\/Z zeM
The same equality also holds if we replace f; by fo. Thus, from the above estimates,

we have

@) | AR fs(x)' < d*(n) (dn — 1) — d*(n))" "2 |M".

X7X0
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By combining (4.2), (4.3), and (4.4), it follows that

> ALK f(X)

XFX0

T(A) > ﬁ Si(xo0) f2(x0) - - - fs(x0) = ﬁ

* s * * 5—2 s—
> (@ (n) = d"(n) (dln — 1) = d"(m))" ") M,
Since A contains no non-trivial solution of rixy + - + raxs = 0 with z; € A (1 <

i < 's), there exists a constant B = B(r) such that
T(A) < B|A]*? = Bd*(n)* *|M|*"2
Combining the above two estimates, we have

2

(4.5) d*(n)* — Bd*(n)* 2| M|~ — d*(n)(d(n — 1) — d*(n))"" <0.

We now claim that there exists a constant C'= C(r) > 1 such that for all n € N,

03—2

s—2"

(4.6) d(n) < "

This statement follows by induction on n. Since d(n) < 1, the cases where n < C'
hold trivially. Let n > C, and suppose that d(n — 1) < C*72(n — 1)>7*. We now
verify that d*(n) < C*~2p?~*, and since this inequality holds for any valid choice of
A and M, we may conclude that d(n) < C*~2n?7%. Let F' be any real number with
F > 1. We split the proof into two cases:

(1) Suppose that d*(n)? < FB|M|™!. Since |M| > 2", we have d*(n) < (FB2™")'/2,
Hence, if (FB27™)/?m*=2 < C*2 for all m > C, one has that d*(n) < C*?n?>~*. For
m > 0, the function 27™/2m*=2 obtains its global maximum of (2s —4)*~2(elog2)?~*

when m = (2s — 4)/log2. Therefore, this case follows provided that

. 2s — 4
C > (FB)Y®s= (@) .
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(2) Suppose that d*(n)? > FB|M|™'. Since F~'d*(n)* > Bd*(n)*?|M|™!, by
(4.5), we have

(1— FYd*(n)* < d*(n)(d(n — 1) — d*(n))* %

Let £ = E(F) be the unique positive number satisfying F*~2 = (1 — F'7!). By the

induction hypothesis for d(n — 1), the above inequality implies that

05—2

Ed*(n)"= +d*(n) <d(n—1) < o

Since Exs-2 + x is an increasing function of x, to prove that d*(n) < C*2n*72 it

suffices to show that

s—2 5—2 % s—2
C < E (C’ ) n C .

(n _ 1)8—2 - ns—2

We note that the above inequality is equivalent to

ns—l

(4.7) RS CE.

For m > 1,

ms—l

- "

is a decreasing function of m. Since n > C, to prove (4.7), it is enough to show that

Cs—l

The above inequality is satisfied whenever

o> (E+1)Y=2)
T (F+ 1)Y= -1

Hence, provided that C' is large enough in terms of r, it follows by induction that

(4.6) holds for all n € N. This completes the proof of Theorem 4.1. O
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Remark 4.4. We see from the above proof that our constant C' = C(r) can be

computed explicitly. For any value of F such that 0 < £ < 1, we may choose C' to

B\ r2s -4\ (B4 1)Y62
max —
1— 52 elog2 )’ (E+1)V6=2) —1 (7

where B = B(r) is chosen as in the proof of Theorem 1. For any choice of r =

be

r1,...,Ts), one can numerically choose E to minimize the above expression. We
ically ch E inimize the ab i Wi
note that
. (E+1)Y/6-2 5 —2 1 0
1 —_— _—— pum—
s—oo \ (B +1)Y/6-2) — 1 log(F+1) 2

Thus, for fixed B, the constant C' can be chosen in such a way that it grows like a
linear function in s.

Remark 4.5. If the vector r = (ry,...,7s) € Z° satisfies the condition that there is
no proper subset {ji,...,5} € {1,...,s} with r;, +--- 4+, = 0, then a solution
X = (z1,...,2s) € A® is trivial if and only if 1 = --- = x,. Hence, T'(A) = | 4|, and

in place of (4.5), we obtain the inequality
d*(n)* — d*(n)|M|>~* — d*(n) (d(n — 1) — d*(n))" "> < 0.

By an argument similar to the proof of Theorem 4.1, for any value of E such that

0 < E <1, we may choose C' to be

1\ [s-1 (E + 1)1/6-2)
max{ [ ———— , .
1— Fs—2 elog2 /)’ (E+1)V/6=2 -1

We note that in this case, the constant C' depends only on s. Moreover, we can

change the constant E as n varies in our proof, i.e., E = F(n) can be chosen to be

a function of n. Table 4.1 lists valid choices of C'(s) for small values of s.

Remark 4.6. One can also optimize the choice of C' = C(r) by utilizing the inequality

in (4.5) directly. Consider the special case that r = (1, —2,1) and G is a finite Abelian
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Table 4.1: Values of the Constant C(s) in Remark 4.5
s 3 4 5 6 7 8 9 10 11
C(s) | 2.050 | 3.138 | 4.766 | 6 | 7.598 | 9 | 10.436 | 12 | 13.277

group of odd order with ¢(G) > n. Since a solution x = (21, x9, x3) is trivial if and
only if z; = x5 = x3, we can take B(r) = 1 in this case. Since |G| > 3", by (4.5), we
have

d*(n)* +d*(n) =3 <d(n—1).

2 2\° 2 .
<(=) +=-3"
n—1 n n

Since 22 + & — 37" is an increasing function of z, by induction, we can show that

We note that for n > 3,

d(n) < 2/nfor all n € N. In other words, when r = (1, —2,1), we can take C(r) = 2.

4.3 Proof of Corollary 4.2

Let p be an odd prime and ¢ = p” for some h € N. For n € N, let PG(n, q) denote
the projective space of dimension n over F,. For v € N with v > 1, define M, (n, q)
to be the maximum cardinality of a set A C PG(n, q) for which no (v + 1) points in
A are linearly dependent over F,. We can similarly define MVU (n,q) as the maximum
cardinality of a set B C F} & {1} C PG(n, q) for which no (v + 1) points in B are

linearly dependent over F,.

Corollary 4.7. There exists an effectively computable constant C(p,v) > 0 such that

vi Cp,v)q"
MU ) < —
(n q) — (nh)v_l
Proof. Let r1,...,7,_1 be any integers that are not divisible by p. Since p > 3,
there exists an r, € Z such that p{ r, and r{ 4+ --- + 7, Z 0 (modp). By taking

Tor1 = —(r1 + -+ - +1,), we have shown that there exists a vector r = (r1,...,711)

of integers not divisible by p that satisfies r; +--- 4+ 7,41 = 0.
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Suppose that B C F; @ {1} and no (v + 1) points in B are linearly dependent
over F,. Let r = (ry,...,7,41) be a vector of integers not divisible by p that satisfies
ri1+---+r,y1 = 0. If B contains a non-trivial solution of r1x1+4- - -4+7,117,41 = 0 with
z; € B (1 <i<wv+1), then there are (v+1) points in B that are linearly dependent
over F,. Hence, by viewing IFj as a finite Abelian group with nh constituents, we

can derive from Theorem 4.1 that

v—1 n
(49 Futna) < S
Define

C(p,v) = inf {C(r)""'},
where r runs through all vectors (ry,...,7r,41) of integers not divisible by p with
r1+ -+ 1y = 0. Then, by (4.8), the corollary follows. O

We are now ready to prove Corollary 4.2, which states that

~ n

C(p,v
Mv(nu q) S }Ev_l ) : Z
j=1

Proof. (of Corollary 4.2) We note that an element of PG(n,q) can be written either

J
jf_l +1.

as (y,1) with y € F} or as (2,0) with z € PG(n —1,q). Thus, for n > 1, we have

(4.9) M,(n,q) < My(n,q) + My(n—1,q).

We note that

(4.10) M,(1,q) < My(1,q) + 1.
By (4.9), (4.10), and Corollary 4.7, we have

J=1 J=1

The corollary now follows. O



CHAPTER V

The Manin Conjecture for zgyy+ --- + x5ys = 0

5.1 Overview

We consider the variety defined by zoyo + - - - + 25ys = 0 in P*(Q) x P*(Q). This

is a flag variety with anticanonical height function

where we choose representatives x = (zg,...,zs) € Z and y = (yo,...,ys) € Z5T?

with ged(xo, ..., zs) = ged(vo, - - -, ys) = 1. Let

N(B) :#{(Xay) G]P)S(Q) X]P)S(@) : X-yzo, xO"'xSyO"'ys%Oa

(5.2) and H(x,y) < B}.

For the variety xoyo + -+ + xsys = 0, the Manin conjecture predicts that N(B) ~
kBlog B, where k is a constant.

We first need to define some notation. Let x = (xg,...,xs) andy = (vo,...,ys) be
vectors lying in R*T!. For the sake of concision, we write x; for (zg, ..., 21, Tiy1, ..., Ts)
and likewise y; for (yo,...,%i—1,Yit+1,---,Ys). Furthermore, for any vector u, we de-
fine ||ulloc = max|u;|, where the maximum is taken over all components u; of u.
Let

X, = {(%0,¥0) € R* : ||%0]loo <1, [[¥0lloo < 1, and |xo - yo| < 1}.

49
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We define the local density at infinity to be

(5.3) aoo:/ dxq dyo,

and the singular series to be

Note that for s > 2, we have & < 1.
In this chapter, we prove the following theorem.
Theorem 5.1. For s > 2 and B > 2, we have

s+1
2s

N(B) = < ) ((s) 20,6 Blog B+ O(B).

Let
W= {(x.y) € (Z\{0})*** : yo >0, [[ylloc < o < BY?, and |l < B/yo}
and
No(B) = #{(x,y) e W : x-y = 0}.

In order to verify Theorem 5.1, we prove the following theorem.

Theorem 5.2. For s > 2 and B > 2, one has
1
No(B) = 5000635 log B+ O(B?).
Let e(a) = exp(2ma) and
(5.4) Fla) = Z e(ax-y).
(x,y)eW

Let § > 0 be a small positive constant with § < 1/10, and let Q = B°. We define

M(a,q) ={a €R:|a—a/q < B'Q}.
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The major arcs are defined to be

M = U M(a,q),
1<a<g<@
(a,9)=1

and the minor arcs are
m=[B'Q,1+B7'Q)\M

Note that when 1 < a; < ¢ < Q and 1 < a3y < ¢ < Q with (a1,¢1) = (a2, ) = 1,
we have M (a1, 1) NIM(ag, g2) # 0 if and only if a; = ay and ¢; = ¢o. Thus, the major

arcs M(a, q) that constitute M are disjoint. Since

1, when n =0,
/e(an) da =
T

0, when n € Z\{0},

where T = [0, 1), we have

1+B71Q
No(B) = /B L, Flayde

In order to prove Theorem 5.2, it now suffices to demonstrate that for B > 2, one

has
(5.5) t/mea:O@”@*)
and
1
(5.6) /m Flo)da = J0-&B log B+ O(B").

We prove (5.5) in Section 5.2 and (5.6) in Section 5.3. In Section 5.4, we derive
Theorem 5.1 from Theorem 5.2.

This chapter is based on the author’s preliminary manuscript [36].
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5.2 The Minor Arcs

Our goal for this section is to prove (5.5). We first record a reciprocal sum estimate
and a version of Hua’s inequality. In this section, we write ||| for the fractional

part of a.

Lemma 5.3. Suppose that X and Y are real numbers with X > 1 and Y > 1. Also,

suppose that a € Z, ¢ € N, and o € R satisfy |« —a/q| < ¢~ 2 and (a,q) = 1. Then,

. /XY 1 1 1 q
S min (7 oyl ™) < XY(; + ﬁ) log(2Yq).
1<y<Yy

Proof. See [44, Lemma 2.2]. O

Lemma 5.4. One has
(5.7) #{(z. 2, y,y) € Z' : 1 <|ay| = |o'y| < B} < B'*.

Proof. For a natural number n, let 75(n) denote the number of positive integers that
divide n. A standard divisor function estimate (see, for example, the argument on
page 10 of [7]) shows that 75(n) < n¢, and hence,

#{(z,2',y,y) €2 1< |ay| = |2’y | < BY < Y (ma(n))?

1<n<B

< Z n¢ < Bt O

1<n<B

With greater effort, in fact, one may obtain an upper bound for the left hand
side of (5.7) of the shape O(B(log B)?) (see [21, Lemma 2.5]). We are now in a
position to show that the minor arc contribution is O(B**¢Q~!), thereby confirming
(5.5). One difficulty that arises in the proof is that F(«) does not naturally break
apart into a product of s exponential sums owing to dependencies on . In order to

get around this, we employ a standard argument from the theory of Fourier analysis
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to de-interlace the pairs (z;,y;) (see the appendix due to Montgomery in [48]).

define
glasy,m) = > elaxy —yz —ny).
1<[eyl<B
Let

Dr(y) = Y ey2),

1<|2|<R

and note that for positive real numbers R and S with RS < B, we have

(5.8) /g(a,%n)DR(v)Ds(n)dvdnz > elay).
b 1<[2|<R
1I<]y|<S

Lemma 5.5. For s > 2, one has

/ Fa)da = O(BQ™).

Proof. Denote by v = (71,...,7s) and = (1, ...,ns) vectors lying in T*. Let

g(aa')/ﬂ?) = Z e(a'roy()) Hg(aa%Jh)Dyo(%)DB/yo(m)
1<yo<Bl/2 =1
1<]zo|<B/yo

By using (5.8), we are able to rewrite F(«) as

(5.9) Fla) = / N G(a,v,m) dydn.

Let

C = [3_28_2,1 o B—2s—2}5 )

Using trivial estimates, we find that

(5.10) gla,v,m) < Z Ik Z B/y < Blog B

zy 1<y<B
1<|zy|<B

and

Dy (7) Dy (n) < 90(B/yo) = B
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uniformly in «, v, and 7. Hence, we have
(5'11) g(a,'y,n) < B2s+1(logB)s+l < B2s+2

uniformly in «, 4, and 1. The measure of (T* x T®) \ (C x C) equals the volume of
the boundary shell, which is O(B~272). Hence, together with (5.9) and (5.11), we

obtain

(5.12) /mf(oz)doz:A/Cfcg(oz,'y,n)dvdnda—ir()(l).

When v ¢ Z and R > 1, one finds by summing the geometric progressions that

e(y) —e(|[R+1]7) +e(—|R]y) — 1
1—e(7) '

D*(v,n) = lel (1 _i(%)) (1 —i(m)) :

By applying (5.13), we find that there exists a complex number p(B, yo,7,n), inde-

(5.13) Dr(y) =

Let

pendent of 2y and of modulus at most 4%, such that

(5.14) 1124 () Do (m:) = p(B, 0. v.m)D* (v, m)

i=1

for all (,n) € C2. Hence, for all (v,n) € C?, we may write

(5.15) G(a,v,m) =D"(v,n)h(e, B,v,n <Hg L Vg, M ) ,
where

h(aaBa7>n) = Z P(BJJO,%??) Z 6(a$0y0)'

1<yo<B/? 1<|zo|<B/yo

By the triangle inequality, we find that

h<a7 Ba 77 "7) S 428 Z Z e(Oé.fCoyo)

1<yo<B1/2 |1<|z0|<B/yo

< Y max(B/yo, llol )

1<yo<B/2



95

uniformly in v and 1. By Dirichlet’s approximation theorem, for every a € R, there
exist elements a, ¢ € Z such that 1 < ¢ < BQ™!, (a,q) = 1, and |a—a/q| < ¢7' B71Q.
If « € m, for such a choice of a and ¢, we must have that ¢ > @ and |a — a/q| <
¢ 'B7'Q < ¢2. Therefore, an application of Lemma 5.3 with X =Y = B2 implies

that
(5.16) h(e, B,y,m) < BQ™'log B
uniformly in v, n, and o € m. From (5.10), (5.15), and (5.16), we may conclude that

///ga'y, ) dvy dnda

(5.17)

2
<5 Q tog By [ [10*vm] [ T]lota.vm)1dayan
mi=1

On making use of orthogonality, it follows from Lemma 5.4 that

JACERR T SR
T

xx/ !

1<|zy|=|2"y'|<B

Hence, by Schwarz’s inequality, we find that

2 2 1/2
/ [Tls(e.vs.m)de < T (/ Ig(a,%—,m)IQda) < Bt

From (5.17), we now have that

(5.18) ///Q(a,%n)d'ydndoz<<BS+EQ‘1//\D*(%n)\dvdn-
mJCJC cJC

Observe that
1_pB—2s—2 1-B—2s-2
dp / dp
T < < log B,
Lo Tem <, T
which implies that

(5.19) /c/c ID*(v,n)| dvdn < (log B)* < B°.
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Combining (5.12), (5.18), and (5.19) yields the upper bound

/ Fla)da < BTQ™".
m
This completes the proof of the lemma. O

5.3 The Major Arcs

In order to prove (5.6), we first prove an auxiliary lemma. Throughout this section,

when a € M(a, q), we write § = o — a/q.

Lemma 5.6. When o € M(a,q), y € Z, and X > 1, we have

3 e<axy>=q—12e(guy) [ etm e+ 0t +151%0).

1<[e|<X u=1 —X

Proof. By splitting the sum into arithmetic progressions modulo ¢, we have

> ctam =3 (Bw) X s +oq)

1<]a|<X w=1 N4 2| <X
z=u (mod q)

(5.20) _ e<9uy) S e(Blgr+u)y) + O()
IqriiIZSX

=) e (—uy) Z e(B(gr +u)y) + O(1).
1 ¢ U= X—u)<r<g=H (X ~u)

The inner sum may be replaced with an integral by noting that from the mean value

theorem,
(X—u)/q
> e(B(qr+u)y) = / e(B(qr +u)y) dr
¢ (=X —u)<r<g—1(—=X—u) (—X—u)/q
FO(Lr'X | max gy
g (—X—u)<r<g~1(X—u)

X
=q‘1/ e(Bry) dx + O(1 + [BXy]).

-X
Therefore, we may conclude from (5.20) that

X

Z elazy) = ¢ Ze (guy) / e(Bzy) dz + O(q(1 +|8Xy])). O

1<|z|<X X
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Define
={yezZ 1< nl,-, |yl <o < BY?}
and
X = {x e R ¢ ||x[oc < B/yo}-
Let
a
(5.21) S(a,q.y) = > (—X : y)
q
x (mod q)
and
B1Q
(5.22) T(y) = / e(Bx - y) dx df.
_Ble Xo

Lemma 5.7. For s > 2, one has

/f = S S S0 y)T(y) + O(B).

1<a<q<Q yeVL
(a,q)=1

Proof. For a € 9M(a, q), by Lemmas 5.6, we have that

- Z J(CM, Yo, yO) e ‘](a7 Yo, ys)a

yeWV1

where

d a B/yo
T, yo,y) =q ") e <6uy) / e(Bay) dz + O(q(1 + [B]B)).

—B/yo

Note that for a € M(a, q), we have

q(1+|8|B) < qQ.

In addition, the trivial estimate |e(z)| < 1 for z € R yields

a a B/yo
q! Z e <§uy> / e(Bry) dr < B/yo.
u=1

—B/yo
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Therefore, we may write

/f ) dov — Z quSSaq, v)T(y) < Ey + Es,

1<a<g<Q yeWV:

(a,9)=1
where
- X ) wera
1<a<q<QyeV:
(a,9)=1
and

- > 3 wowmr

1<a<qg<Q yeV1
(a,9)=1

Noting that the measure of the domain of integration is O(B~'Q), we observe that

E, <<B—1Qs+2 Z qs+2 Z y(s]<< B(S_l)/2Q2s+5,

1<q¢<Q 1<yo<B1/2

and

B, <<BS_1Q2 Z q2 Z 1<<BS_1/2Q5.

1<¢<@Q  1<yg<B/2

Recalling that we chose Q to be B® and § < 1/10, we may conclude that £} + Ey <

B?. This completes the proof of the lemma. O

Let
(5:23)  Xly) = {x0 € R ¢ [xolloe < Land loyys/yo+- - + 29/l < 1},

Lemma 5.8. For s > 2, one has

BS
T(y) = Bsy‘l‘s/ dxy + O <7) .
: X3(y) Q%Yo -+ ys|

Proof. Let

G(x,y) :xo+z1@+---+zs&
Yo Yo

and

X = {x e R ¢ ||x|le < 1)



59

By a change of variables in the right hand side of (5.22), namely x — (B/yo)x and

B — B713, we have

T(y) = By, '™ /Q /X4 e(BG(x,y)) dxdp.

-Q
Since

D
/ e(va) dr < min(|D — C|, ]y,
C

for v # 0, it follows that when y; # 0 for 0 < i < s, we have

s

Yo Yo
e(fG(x,y dxdﬁ<</ —d/6<<7.
/5>Q X ) >0 185 yr - sl Q*ly1 -+ s

Therefore, we have
s, —1l—s OO B*
T(y) = By; e(0G(x,y)) dxdf + O [~
—oo J Xy Q ‘yoys‘
Let
Xs(y,u) ={x0 € R* : [|Xo[loc <1 and [u— (z191/y0 + -+ + =sys/yo)| < 1}.
Observing that

e(Bu) dp

A U

/ A _ sin(27Au)
for u # 0 and making a change of variables, namely

To — (U — 2191 /Y0 — -+ — Ts¥Ys/Yo),

we may conclude that

/ e(0G(x.y)) dxdf = lim SIn2rAG(x,y))
—00 J Xy X WG(X, y)

s sin(27Au)
2 =i [ vty g,

—S

where

wz(y,U) :/ dxp.
X5 (yvu)
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We note that if w is not in the interval

[= 1= (wnl+ -+ lysl) /yo, T+ (nl + -+ lysl) /o]

then Xs5(y,u) is empty, and hence 5 (y,u) = 0. The latter values of u consequently
make no contribution in the last integral in (5.24). By the Fourier Integral Theorem,

we have that
/ /X e(BG(x, ) dxdf = (. 0).

On noting from (5.23) that X5(y,0) = X;(y), it now follows that

Ualy, 0) = / dxo,
X3(y)

which completes the proof of our lemma. O

It is convenient to have available the following technical lemma in order to more

concisely estimate the major arc contribution in Lemma 5.10.

Lemma 5.9. Let Iy = [-1,1] and
I(z,y0, K) ={x e R : |zz/yy — K| < 1}.

Suppose that 0 < |y| — 1 < |¢/| < |y| < wyo. Then, for any real number K, one has

/ dr — / dzx
ToNI(y',yo0,K) ToNI(y,y0,K)

/ dr — / dz
ToNI(y ,yo0,K) ToNI(y,yo0,K)

it suffices to prove this lemma under the assumption that |y| > 2. By symmetry, we

<4/lyl.

Proof. Since

<2

may also assume that 1 <3y’ <y <yy and K > 0. Observe that for z > 0, we have

z z

1(z, 50, K) = {%(K 1) yo(K + 1)} |
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We now divide our work into two cases: 0 < K <1 and K > 1.

(i) Suppose that 0 < K < 1. The relation 1 <y’ <y < g, implies that

yo(K/— 1) < Yo(K — 1) <0<1< Yo(K +1) < yo(K/"‘ 1)_
Y Y Y Y
Hence,
Ioﬁ](y7y07K> g [Oﬂj(y/7y07K)7
and so

/ dr < / dz.
IoNI(y,yo0,K) ToNI(y ,y0,K)

Furthermore, we have that

1-K
/ d:czl—i-min(l,u)
ToNI(y,y0,K) Y
and that
1-K
/ d$:1+min<1,y0(7/>).
Ioﬂ[(y’,yo,K) y
If
1 ?/0(1 — K)
—_— y )
then
/ dr =2 = / dzx.
ToNI(y,yo0,K) ToNI(y’ ,y0,K)
If, on the other hand,
1-K
Yo( ) <1,
Yy

then

ToNI(y ,yo0,K) ToNI(y,y0,K) Yy Yy

y(l — K) _ yo(l — K)
Yy’ (0
yo(l - K)(y - y’) < yo(y/yo)
vy’ -y

=1/y' <2/y.
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(11) Now suppose that K > 1. The relation 1 < ¢’ <y < y, implies that

K-1 K -1
o< WU 1) ol 1)
Yy Yy
and
1< Yo(K +1) < yo(K/"‘ 1)
Yy Yy
Therefore,

Ioﬂ[(y/>y0aK) g IOHI(y7y07K)a

which implies that

/ dr < / dz.
ToNI(y’ ,yo,K) IoNI(y,y0,K)

Also, we see that

/ dle—min(LM)
ToNI(y,yo0,K) Yy
and
K-—-1
/ dle—min(l,yo(i/)>.
IoNI(y ,y0,K) Yy
If
1 yo(K — 1)
- y )
then

/ dr =0= / dx.
ToNI(y,y0,K) IoNI(y',yo,K)

Yo(K —1)
Y

If, on the other hand,

<1,
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then

K—-1 K—-1
OS/ dx—/ dx:min(ljyo(i,))_u
ToNI(y,y0,K) TIoNI(y',yo,K) Yy Y

< yo(K - 1) yo(K - 1)

Yy Yy
_ Yo(K —1)(y —v') < Yo(y/yo)
yy' - oyy
=1/y <2/y.
This completes the proof of our lemma.
Lemma 5.10. For s > 2, one has
1
/ F(a)da = —0,6B%log B + O(B?).
o 2
Proof. Let
Volq) ={y € Z"' : 1< |ul,..., lys| <o < B and gl ged(yo, .- ., ys)}
and
Vs(q) = {y € Z*" : 1< |yil, .., |ys] <o < g 'BY?}.

Note that from (5.21),

s+1

S(a,q,y)= Y (gx-y)z o

x (mod q) O’ When q Jf ng(yOa s 7y5)'

when ¢ | ged(yo, - - ., ¥s),
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By Lemmas 5.7 and 5.8, we have

/f Jda—B* Y >y /Xg

1<a<q<Q yevz (q
a,q)=1

<<BS+BSQS Z Z

1<a<q¢<@Q yEVz )

(a,9)=1
<miret Y oty
1<q¢<Q y€Vs(q)
< B?,

and hence, in view of the definitions of V»(q), V3(q), and X3(y), one has

(5.25) /]—" Jda=B" > q Z o S/XS(y) dxo + O(B*).

1<a<q<Q yeVs(g
(a,9)=1

Let

Xs(yo) = {(x0,¥0) € R* :[[x0lloc < 1, [|¥olloc < 0, and

\z1y1/yo + -+ + 2sys/yol < 1}

Observe that for K € R and yo > 1, by Lemma 5.9 and the mean value theorem, we
have
2 / ot AT /x<1,y|<yo dedy < ) 4/ly
1<]yl<yo ¥ |2y /yo—K|<1 lzy/yo—K|<1 1<|y|<vo

< log(2yo).-

We may iteratively apply the above inequality s times to exchange our sum over y;
for an integral over y; for each 1 <1 < s. By carrying out this procedure and noting

that

/ dxo < 2°,
X3(y)
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we obtain that

C1_s lo
DRI T DR TR D
X3(y) Xs(yo)

yEV3(q) yo<q~1B1/2 Yo

(5.26) < 1.

Furthermore, by making the change of variables yo — yoyo and recalling (5.3), one

has

(5.27) > w / dxodyo =00 Yy
Xe(yo)

yo<g—1B1/2 yo<q~1B1/2

Combining (5.25), (5.26), and (5.27), we have now shown that

/f )do = 05, B* Z g Z y51+O<BSZq_S)

1<a<q<@Q yo<q—1B1/2 1<q<Q
(a,q)=1

= 0,,B° Z gt ( log B —log g+ O(1 )) + O(B%).
1<a<q¢<@Q
(a,q)=1

_ L B ¢ B Z >+O(BS)

2 o
1<q<Q

On observing that

> Sl -s 0@
1<¢<Q

we now find that

1
/ Fla)da = 5000638 log B + O(B?). O
om
Theorem 5.2 now follows from Lemmas 5.5 and 5.10.

5.4 The Proof of Theorem 5.1

Now that we have completed our proof of Theorem 5.2, we are able to derive

Theorem 5.1. Let

UB) = {(x.y) € (Z\ {0} : x-y =0 and max fouy | < B)
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and Ni(B) = #U(B). We first prove two auxiliary lemmas. Then, we derive an
asymptotic formula for Ny(B), and we conclude by applying our asymptotic formula

for Ni(B) in combination with Mobius inversion to prove Theorem 5.1.

Lemma 5.11. For s > 2, one has
#{ecy) e @n =BV B i x oy =0} < B

Proof. Note that

1

wy=1((@+9) = (@ —y)’)

and that the mapping L : Z? — Z?, defined by L(z,y) = (z + y,x — y), is injective.

Hence, by setting (u;, v;) = (z; + i, ©; — v;), the set

2542

{(x,y) e(zn [—31/2,31/2]) Xy = O}

injects into the set
{(u, v) € (ZN[=2B"22BY2)* ™ . (2 — 02) + -+ (12 —0?) = o} .
The size of the above set is equal to
JALIR

where

0<z<2B1/2

Since (2s 4 2) > 6, it follows from Chapter 2 of [44] that
/ |H(B)|*"da < (2B"?)* < B®.
T

The lemma now follows. O
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Lemma 5.12. For s >2, B> 2, andi € {0,...,s}, one has
#{(x,y) €U(B) : [yl = max|y;| < BY* and max [yi| < [yil}
= 0,,6B%log B+ O(B%).

Proof. One can follow the argument of our proof of Theorem 5.2 mutatis mutandis

to show that
#{(c,y) €U(B) : yi = maxy;| < BY? and max |ye| < i}
1_
= 5000633 log B+ O(B?).
The lemma now follows by noting that
xy=0 & x-(-y)=0
in order to account for both positive and negative values of ;. O
Lemma 5.13. For s > 2 and B > 2, one has
Ni(B) = (25 + 2)0,,6B°log B + O(B?).

Proof. We first split the set U (B) into 2s+ 2 regions. Note that for each point in this
set, either max; |z;] < BY? or max; |y;| < BY2. The 2s + 2 regions that we consider

are R, ..., Rq, Lo, ..., Ls, Where

Ri={(x,y) €eU(B) : |z;| = m]ax|:)sj| < BY? and Orrglgicl|xk| < x|}
and

i ={(x,y) €U(B) : |yi| = max|y;| < BY* and max [y] < |y}
Observe that when 0 < k <[ < s, we have &, N & = 0 = £, N £;. Furthermore, for

k.l €{0,...,s}, the intersection of K and £; lies inside the set

2s+2

{(x,y) € (zn[-B"? B"?) x -y =0},
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and so by Lemma 5.11, the size of & N £; is O(B?).
By applying Lemma 5.12, we see that each of our 2542 regions Ry, . . ., R, £o, . . ., £

is of size

0,6 B°log B + O(B?).

Hence, we have

Ni(B) = (25 +2)0,,6B%log B + O(B*). O
We now prove Theorem 5.1.

Proof. (of Theorem 5.1)

Recall the definitions of H(x,y) and N(B) in (5.1) and (5.2), respectively. When
counting the points that contribute to N(B) and N;(B), note that the height of a
solution differs by a power of s. Furthermore, for (x,y) € P*(Q) x P*(Q), the def-
inition of our anticanonical height function H(x,y) assumes that ged(xo,...,z5) =
ged(yo, - -, ys) = 1. Also, for (x,y) € P*(Q) x P*(Q), we have (x,y) = (x,—y) =
(—x,y) = (=%, —y). Let M(B) = N(B*). Hence,

N(B) =43 : M (g) ,

=1 j

and by Mobius inversion, we have that

M) =1 OO éu(i)u(J)Nl ()
= (S ; 1) 0B ZJ p()p(j) (g)slog (5) +0 ZJ ZBJ
_ (s ;L 1) oo G B log B Z “(ﬁﬁff” colpy loigsgisj)
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Note that

and that

1) (g 1 1 1
Z“(isz”( > ) o iy

1<i<B/2 l

C(s)™t+ O(B(l—s)/2)>2 +0(BU9/2),

I
I/~

(5)72+ O(BU=9/2).

Hence, we have

s+1
2

M(B) = < ) ((s) 20,6 B log B + O(B?),

which implies that

s+1
2s

N(B) = M(B'*) = ( ) ((s)?0,&Blog B + O(B).

This completes the proof of Theorem 5.1.
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APPENDIX A

Statement of Results Used in Chapter II

In this appendix, we provide statements of the lemmas used in Chapter II which
are from the preprints [28] and [27] of Liu and Wooley. The notation here will be
consistent with that of Chapter II, and we will assume that char(F,) t k.

Let

Ula,g) = Y elar*/g).

(r)<(g9)
Lemma A.1. (i) Suppose that « € T and that o = a/g + ( with a,g € F,[t],

0 < (a) < (g) < P, and (8) < (g)"*P'"*. Then, F(a; P) = (g)"'U(a, 9)F(B; P).
(ii) When (3) < Pk, one has F(3; P) < P(1 + P*{(3))~V/.

(iii) When (a,g) =1, one has U(a, g) < {g)'~V/*.
Proof. This is Lemma 4.1 of [28]. O

Lemma A.2. Let P and R be positive numbers with P > 1 and 2P/log(2P) < R <
P —log P. Suppose that o € T, that a and g are elements of F,[t] with g monic and
(a,9) = 1, and write 3 = a — a/g. Then, whenever (g} < R and (8) < P'*, one

has
f(a; P,R) — (g)""U(a, g)p(P/R)F(B; P) < (g) P(log P)~"/2(1 + P*(3)).

Proof. This is Lemma 4.3 of [28]. O
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Lemma A.3. Suppose that u > 2k — 2 is accessible to the exponent k and that v is

an integer with 2v > u. Then, we have
/ |F(Oé)2f(0z)2v| do < ﬁ2v+2—k‘
T

Proof. This is Lemma 6.2 of [28]. O

Lemma A.4. There exists a positive absolute constant C' such that if

u+5> s, + Cky/LogLogk/ Logk,

then u is accessible to the exponent k.

Proof. This is a combination of Theorem 9.4, Corollary 13.3, and Lemma 14.1 of

[28]. 0

Lemma A.5. There exists a small positive constant v = v(q, k) such that

sup |[F ()| < P,

aen

Proof. This is a theorem in [27]. O
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