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Abstract

For a strictly pseudoconvex Reinhardt domain 2 with smooth boundary in C™*+!
and a positive smooth measure pu on the boundary of €2 , we consider the ensemble
Py of polynomials of degree N with the Gaussian probability measure vy which is
induced by L?(92,du). Our aim is to compute the scaling limit distribution function
and scaling limit pair correlation function for zeros near a point z € 0f). First, we
apply the stationary phase method to the Boutet de Monvel-Sjostrand Theorem to
get the asymptotic for the scaling limit partial Szego kernel around z € 0€2. Then
by using the Kac-Rice formula, we compute the scaling limit distribution and pair

correlation functions.
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Chapter 1

Introduction

This paper is concerned with the scaling limit distribution and pair correlation
between zeros of random polynomials on C™!. A famous result from Hammersley
[6] which is the following work of Kac [8], [9] says that the zeros of random complex

Kac polynomials,

f(z) =) a;2, z€C, (1.0.1)

J<N

tend to concentrate on the unit circle S' = {z € C : |z| = 1} as the degree of
the polynomials goes to infinity when the coefficients a; are independent complex
Gaussian random variables of mean zero and variance one. Later Bloom and Shiffman
in [2] proved a multi-variable result that the common zeros of m + 1 random complex

polynomials in C™*1,

fr(z) = Z chZlo . 2im (1.0.2)

|J|<k
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tend to concentrate on the product of unit circles |z;| = 1. Shiffman in joint work
with Zelditch in [11] replaced S* with any closed analytic curve 92 in C that bounds a
simply connected domain €2. In their work they used the Riemann mapping function
® which maps the interior of 2 to the interior of the unit disk, mapping zy € 0f2 to
1 € S* and they let ﬁljxm = DV o ¢! (¢71)'|? be the expected zero density for the
inner product with respect to the coordinate w = ¢(z). So the new inner product on

the space of holomorphic polynomials Py is

(f,9)oau = /m Fadu(z), (1.0.3)

where du(z) is a positive smooth volume measure on 0f2. Then with respect to this

inner product, they proved that there is a scaling limit density function D> such that

1 - U .
ngVw(l + N) — D*(u), (1.0.4)

where N — oo. They also showed that there exist universal functions K*:C*>R

independent of €, zg, u such that

1 N u
mKaﬁ,p,(]' + N7

v
1+ =) — K®(u,v), (1.0.5)
N
as N — o0, where K éVQ,# =K é\éw o @71 is the pair correlation function written in
terms of the complex coordinate w = ¢(z). The first purpose of this paper is to
compute the asymptotic expansion of the truncated Szego kernel on the boundary of

the strictly pseudoconvex complete Reinhardt domain € in C™**. Our second purpose

is to generalize the scaling limit expected distribution result [11] to the boundary of
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), and also to compute the pair correlation between zeros. First, we need to introduce
our basic setting: We let 2 be a smooth strictly pseudoconvex complete Reinhardt
domain (see Definition (2.0.5)) in C™*! and let X = 9 and u be a smooth positive

volume measure on X that is invariant under the torus action,
i0 O, (b Om
(70 ., e") (20, oy 2m) = (€720, ..., €72, (1.0.6)

where z = (29,...,2m) € X,0; € [0,27]. We give the space Py of holomorphic
polynomials of degree< N on C™! the Gaussian probability measure vy induced by

the Hermitian inner product
(.9) = | foduta) (107
X
The Gaussian measure vy induced from (1.0.7) can be described as follows: we write
d(N)
F=> ap, (1.0.8)
k=1

where {p;} is the orthonormal basis of Py with respect to inner product (1.0.7) and

d(N) = dim Py. Identifying f € Py with a = (a;,) € C*™) we have

1 .
dyn(a) = — € e da. (1.0.9)

In other words, a random polynomial in the ensemble (Py,7yy) is a polynomial
f = ZZ(:]\P appr such that the coefficients are independent complex Gaussian ran-
dom variables with mean 0 and variance 1. Our first result, Theorem (1.0.1), gives

an asymptotic for the scaling partial Szego kernel with respect to the inner product
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(1.0.7),

d(N)
Sn(z,w) = p(2)pr(w), (1.0.10)

that gives the orthogonal projection onto the span of all homogeneous polynomials

of degree< N.

Theorem 1.0.1. If z = (z9,...,2m) € X N (C)™™ and v = (ug, ..., Up), v =

(vo, -+, Um) € C™FL then

1 U v —

Jim S (2 + o2+ ) = CospmFn(B() + B(0)), (L0.11)

where Cq . ,.m is the constant that depends on €, z, u, m and

dp dp

8_217...’87). (1.0.12)

Futt) = [ ey 5w) = G o) =

Our method to compute scaling asymptotic for the partial Szego kernel is similar to
the method that Zelditch used in [12]. In our proof we apply the stationary phase

method to
Hg(z,y) = /00 /QW e_iKaeiW(ei%’y)s(ewx,y, t)dédt, (1.0.13)
o Jo
where, s(z,y,t) ~ > o0 ™ "si(z,y) and the phase i € C=(C™! x C™) is deter-
mined by the following properties:
1) Y(z,x) = @, where p is the defining function of X,
2) 0,1 and 9,1 vanish to infinite order along the diagonal,

3) lﬁ(%,y) = —1/_}(y,l‘).
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In [4], [5] we see that the expected zero density and correlation functions can be
represented by the formulas involving only the Szego kernel and its first and second

derivatives. For each f € Py we associate the current of the integration
[Zf] c D/l,l(c«m+l)7

such that

(Zel0) = | 4, v eDm™(C™ ).

Zy
In section (4) we show that the scaling limit for the expected zero density, which is

defined by

(m+1)! -

m+1 m
z

w
E;]ZX([Zf] N

), (1.0.14)

where E,)'y is the expected zero current for the ensemble (Py,vy) and w, = £ > im0 dzin

dz;, can be given by the following Theorem.

Theorem 1.0.2. Let D;]ZX be the expected zero density for the ensemble (Py,vn)-

Then
1 u o
Jim WD,]XX(Z + ﬁ) = D% (u),
where
~ B B(P) i -
and
_,Op ap
b= (820"”’82”1)
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Our main result, Theorem (1.0.3), gives a formula for the scaling limit normalized

pair correlation functions

- K}XX(Z,w)

K x(2,w) = B () DY < (a)’ (1.0.15)
where
Kux(ew)g o A iy = e (Zr QA [Zs(w)] A s n sy (10.16)

If z, w are fixed and different then f(}]xx(z,w) — 1 as N — oo, but in the Theorem
(1.0.3) we show that we have nontrivial normalized pair correlations when the distance

between points is O(%) To simplify our computations we define matrices

Go(z) = Fule +2) Falz) , (1.0.17)
Fn(Z)  Fn(0)

Qum(7) = Gs2(x) — Grg1 (2) G (2) PG g (2). (1.0.18)

Theorem 1.0.3. Let f(/ﬂv’X(z,w) be the normalized pair correlation function for the

probability space (Px,vn) and choose u € C™™ such that u ¢ T!'X . Then,
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such that

oL perm@u(B) s
K = Spi a7

o ) — 3 perm(Qu(B(u)))
X (log F ) (B(u) + B(u))(l0g ) (0) det(Gn(B(w))

where Ky (z,w), f(ﬁx(z,w) are defined in (1.0.16), (1.0.15).

For fixed z € X N (C*)™*!) B is a C-linear function on C™*! that is independent

of the defining function p. We see that

' . o 8’)—(2)7“1‘ .
_ d'p(z) : _ o s )Zi (1.0.19)

m  9p(z)
im0 oy i

So the function S(u) can be interpreted as the weighted average of the s with
respect to the weights g )n The argument of the % measures the angle between
the ¢’s component of the vector v and the radial vector z. Therefore the imaginary
part of the 3(u) is equal to the weighted average of the sin(arg(%*)). In the radial
direction, v = z, and the normal direction, u = d”p(z), the angle arg(%) is zero
for each component. Hence we expect no oscillation for the graph of the normalized
pair correlation functions in those two directions. However for the directions with
nonzero weighted average of the sin(arg(%)), we expect oscillation in the graph,
higher weighted average results in the higher frequency. It is interesting to see the
behavior of the normalized pair correlation function in the normal direction. For

example if we look at the sphere S? in the C? and choose z = (1,0) € S C C? then

the normal vector at (1,0) to S* would be u* = (1,0). If we move along this vector
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Figure 1.1: The normalized pair correlation function k*()) in the normal direction
ut for the sphere in C?

from the origin to infinity then, in the normal direction, we obtain the scaling limit

1
- . ~ U
E(A) = K(Fg).08(Auh) :J&EOK;YSS((LO) + A5 (1,0)). (1.0.20)

The graph of k+(\) in Figure 1 converges to 1 when \ goes to infinity. It is not
oscillatory and we have a zero repulsion when A — 0. It is interesting to measure
the probability of finding a pair of zeros in the small disks around two points on X
in terms of scaled angular distance # between them. In this example to consider the
scaling limit for the pair correlation function in the % direction, we move along the
curve v(0) = €(1,0). The vector u’ = (i,0) is the tangent vector to this curve at

~(0) = (1,0). We observe that

1 e
00 oy 18 N
K{lo)s0(u”) = Jim <Kl ((1,0) + ==, (1,0)), (1.0.21)
0
K = K s (') = lim K ((1,0) + AUN, (1,0)). (1.0.22)

This means that the scaling limit pair correlation function grows as fast as N* along
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Figure 1.2: The normalized pair correlation function k()) in the 2 tangent direction
u? for the sphere in C?

the curve v(0). We can see in the graph of k? in Figure 2, the zeros repel when A — 0
and their correlations are oscillatory. Now if we move along h(t) = (cos(t),isin(t)) C
S3. then

h

]\}lir(l)o WKM,S?’((]W 0) + N? (

1,0)) = K¥oy.8 (u"), (1.0.23)
where u" = h'(0) = (0,7), u" = (0,i) € ThS3. The behavior of the scaling pair
correlation function between zeros is totally different when we move in the u” direction
compare to u*, and u?. In this example we observe that if we move along the u”
direction that belongs to T1S® then K¢ ((1,0) + “ (1,0)) is asymptotic to N°, but

in other directions, Kljxsg((l,O) + %.(1,0)) is asymptotic to N*. Our result shows

that Ky (z + &, z) is asymptotic to N* when u ¢ T/'X.
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Background

Throughout this paper, we restrict ourselves to a smooth boundary complete
Reinhardt strictly pseudoconvex domain in C™*!. This is by far one of the most
interesting cases to study, and it includes many interesting examples. We recall the

elementary definitions:

Definition 2.0.4. A domain ) is strictly pseudoconvex if its Levi form is strictly

positive definite at every boundary point. The Levi form of
Q={zecC™":p(z) <0},

with p is a real valued C* function on C™* | d'p # 0 on 0N defined as the restriction

of the quadratic form

0p ~
(’Uo, . ,Um) — Z m(Z)UjUk,
gk

10
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to the subspace {(vg,...,v,) € C™ Y %(z)zj = 0}. It is defined independently

of p up to constants [1].

Definition 2.0.5. A domain Q C C™! is complete Reinhardt if z = (29, ..., z,) €

implies (020, - - - hmzm) € Q for all p; € C with ;| < 1,7 =0,...,m [10].

Throughout this article we assume that du is a smooth volume measure on 0f2 that
is invariant under the torus action. In the next section I will review some background

materials from [10]

2.1 Szego kernel and orthogonal polyno-

mials

Let A(Q2) be the space of holomorphic functions in §2 that extend continuously on
the boundary. We define H2(92) to be the closure of the restriction of the functions
in A(Q) in L*(09,du) [10]. So H?(0R) is a proper closed subspace of L*(99Q,dpu),
in other words H?(9f) is a Hilbert subspace. The Poisson integral Pf, Pf(z) =

Joq P(z,w) f(w)dp(w), is a holomorphic extension of the function f € H?*(952) on €.
Theorem 2.1.1. The monomials {z*} span H*(0).

Proof. For any multi-indices «, z® is holomorphic on € and continuous on €. To

prove the completeness we need to show the span of the functions {2} is dense in

11
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A(Q) with respect to the uniform topology on 0f2. The subalgebra of C(0f)) gener-
ated by {z*} and {z°} separates points, contains 1. It is also self-adjoint, therefore
Stone-Weierstrass Theorem implies that the closed sub-algebra generated by {z“},
{z%} is dense in A(Q?). Since Q is complete Reinhardt then for f € A(Q) the func-
tions {f, Yo<r<1, fr(2) = f(rz), are holomorphic and uniformly bounded on Q and
continuity of f on Q implies that lim,_; f.(z) = f(2) for z € 9Q. Let PP cs2? be
the power series expansion of f around the origin, therefore Z,@ cprP 2P uniformly

converges to f.(z) on Q when 0 < r < 1. So for any nonzero multi-indices o we have,

(12 = [ @ dne) =t [ f)du)
Ge) o)
(2.1.1)
:llir%/a ZC/} r2)* P dp(z )—hm Cﬁ/ r2)*Pdu(z) = 0.
So the monomials {z*} are orthogonal to A(Q2) when o # 0. O
Proposition 2.1.2. For each fized z € €2, the functional
¢. + H*(0Q) = C, ¢.(f) = Pf(2), (2.1.2)

is a linear continuous functional on H?*(9Q) where Pf(z) is the Poisson integral of

the function f.

Proof. Let {f;}32, be a sequence of functions in H*(9Q) that converges to f in

12
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L*(09Q, dp) thus

|Pf(z) = Pfi(2)| = | o P(Zaw)f(w)du(w)—AQP(Z,w)fj(W)du(w)l

< | PGz w)f(w) = P(z,w)fi(w)|dp(w)
o9 (2.1.3)

< ( \P(Z>W)!2du(W))1/2(/ |f (w) = f(w)Pdp(w))"?
89 a0
< CIf = fille2o0.du)

where P(z,w) is the Poisson kernel on . O

Lemma 2.1.3. Let K C Q be a compact set. There is a constant Cx depending on

K, such that

su};g |Pf(2)| < Ckl|fllL200.d0) for all f€ Hg((‘)Q). (2.1.4)
S

Proof.

IPf(Z)\ZI/ P(z,w) f(w)dp(w)| < [|P(2,)|[2000) | 1] L2(00) 215)
0% 1.5

< Crllfllz200)-

]

The Riesz representation theorem implies that there is a function k., € H?(99)
that represents the linear functional ¢, ¢,(f) = (f, k.). We define the Szegd kernel

S(z,w) by S(z,w) = k,(w) for z € Q, w € 9. To be more precise, S(z,w) is the

13
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reproducing kernel of the projection map,

Pf(z) = (f,k:) = | [lw)k(w)dp(w) = [ f(w)S(z,w)du(w), (2.1.6)

o0 0N

for all z € Q.

Lemma 2.1.4. The Szegd kernel S(z,w) is conjugate symmetric, S(z,w) = S(w, z)

for z,w € Q.

Proof. For each fixed w € Q we have S(w,.) = ky,(.) € H*(9). Hence

S(w, z) = PS(w,.)(2) =

/
- /a S(w, )80z y)dp(y) (21.7)

]

The Szego kernel is unique in the sense that is conjugate symmetric, reproduces
H?(09Q) and holomorphic in the first variable. Since H?(df2) is a separable Hilbert
space spanned by monomials, so there is a complete orthonormal basis {p; 220 of

polynomials for H?(99) with respect to the measure dpu.

Lemma 2.1.5. The series Y~ p;j(2)p;(w) converges uniformly on any compact set

K x K cCQxQ.

Proof. Every element f € H?(09) has a unique representation, f = Z;io a;p;, where

Z;’io la;|> = ||f H%Q(m 4y Therefore with respect to the new representation, the

14
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linear functional ¢, is

b, 1> = C,
o (2.1.8)
({a;}) = Zajpj(Z) = ({a;}, {p;(2)})-

So by using Riesz-Fischer Theorem

Z!pj(Z)\2= sup |({a}, {p;(2))I*

[{a;}Hl2=1

= sup |Zajpj(z)\2 (2.1.9)

HasHlp=1 =

= swp |f(2)? < Ok

||f‘|L2(aﬂ’du):1

Last inequality follows from the Lemma (2.1.3). So the series 7 |p;()[* uniformly

converges on K. Hence if we choose N big enough such that

Z Ip;j(2)|* < € form,n > N,

J=m+1

then we have

(D @l < () \pj(Z)IQ)(Z Ipj(w)?)

jomrl j=mt (2.1.10)
< ECK <.
Therefore the series ) ™ p;(2)p;(w) is uniformly Cauchy on K x K. O

Theorem 2.1.6. The series Y~ p;(z)pj(w) extends to (Qx Q) U (2 x Q) almost

everywhere.
Proof. For w € Q we already showed that (3 7% |p;(w)|?) is finite. Therefore the

15
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function 7% p;(w)p; belongs in H*(9Q), so > e o 2j(w)p; is holomorphic on Q and
extends to {2 almost everywhere. Hence the series > =0 Pi(2)pj(w) is bounded almost

everywhere on Q x  and similarly on Q x Q. O]
Theorem 2.1.7. The Szegd kernel S(z,w) is equal to the 377 pj(2)p;(w).

Proof. The sum ) 7% p;(2)p;(w) is conjugate symmetric and holomorphic in the first

variable for z € €2, so to complete the proof we require to show the reproducing

property of the Z;’iopj(z)pj(w). For any arbitrary f € H?*(0Q), ||f|lr200.dy) =
> iz l(f p;)|> < oo and the partial sums ijzo(f, p;)p;(2) are holomorphic and con-
verge uniformly on any compact subset of 2. So the sum Z;io( f,p;)p; is holomorphic

on €, and for arbitrary z € 2 we have
2 (Fpo)py(e) = Jim 3 (f.py)s(2)
j=0 =
= lim > pi(2) [ f(w)ps(w)du(w)
j=0 onN
=1Ii , Tw)d
vl /QngopJ(z)f(w)p] (w)dp(w)
:/ ij(z)pj(w)f(w)du(w),
CleRrr

where the last two equations follow from the Theorem (2.1.6) and Lebesgue dominated

(2.1.11)

convergence Theorem. So

/m ij

7=0

= (f,0)p;(= (2.1.12)
7=0
that implies the integral [, (3272 p;(2)p;(w)) f(w)dpu(w) is a holomorphic extension

16
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of f to Q. Therefore Y 7 p;(2)p;(w) reproduces H?(0S2). Since the Szegd kernel is

unique, it implies that S(z, w) = 37 p;(2)p;(w). O

Proposition 2.1.8. If f € £*(9Q,dp) then [y, f(w)S(z,w)du(w) belongs to H*(9Q).

Proof. Functions {p;}52, form an orthonormal basis for H2(02) C L*(9€2, dp), so

Z| F0) 12 < |1f1| 200,40y < 00 for f € L2(0, dp). (2.1.13)
7=0

This means Y22 (f,p;)p; € H*(0R), so by using Theorem (2.1.7) we have

o, f(w)S(z,w)du(w) =Y (f.p;)p;, (2.1.14)

=0

that implies [, f(w)S(z, w)du(w) € H?*(09). O

Proposition (2.1.8) introduces a new representation of the Szegt kernel. We can
think of S(z,w) as the kernel of the orthogonal projection map from L?*(9, du) to

H?(0%),

I1: L?(092, dp) — H?(0K2),
(2.1.15)

o

H()E) = [ fw)SCw)duw) = > (Fpns(z

Let’s define Hg (992) to be the closed subspace of H?(9) spanned by {2*} for |a| =

K. Since Q is a Reinhardt domain then Hx N Hg: = {0} for K # K’ and monomials

17



CHAPTER 2. BACKGROUND
span H%(0) by using Theorem (2.1.1). So

HY00) =D Hk(09). (2.1.16)
K=0
We define the orthogonal projection map,

My : L2(09, dp) — Hg(09),
(2.1.17)
i (f)(z) = > (f.px,)px,(2),

where {pk;,}1, is the subset of the orthonormal basis {p;}32, that spans Hx (9).

Therefore

II= EB Z [Tx and consequently,
K=0 (2.1.18)

S(z,w) = Z g (z,w).

Theorem 2.1.9. Let I1x(z,w) be the conjugate symmetric reproducing kernel for the

projection map Iy, then
1 27 ) )
Mk (z,w) = 2—/ e 08"z, w)db. (2.1.19)
0

A

Proof. The Szegd kernel S(z,w) is conjugate symmetric and holomorphic in the first

variable, so if we let I (2, w) = 5= 0% e~ K05(e 2 w)dh then Tl (2, w) satisfies the

18
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same properties. For any monomial 2% we have,

N 1 me .
/ g (z, w)w*dp(w) = —/ / e 05 (e 2, w)dOw dp(w)
0 21 Joa Jo

1 21

B 1 2w
2 J,

P 2

e_iKe/ S(e®z, w)w*dp(w)do
o (2.1.20)

efiK€<€i6’Z)ad9

_ —iK0 i\a|9d9'

o /. e "e

Therefore, if |o| = K then

/ M (2, w)wdp(w) = 22, (2.1.21)
o0

and for |a| # K
/ Mg (2, w)w*dp(w) = 0, (2.1.22)
o0

So by using the uniqueness property of the Szegé kernel, g (z,w) = g (z,w). O

2.2 Kac Rice Formula

In this section I assume that do is the Lebesgue measure on C and B is the set of
all Borel subsets of C. On a probability space (2, %, P), we let a random variable X
to be a map

X :(Q,3,P)— (C,B,do).

Definition 2.2.1. Probability distribution function of a random variable X is a real

19
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valued function Dx(t) on R that is identified by
Dx(t) = PIX™*((—00,1])] = X, P(—00,].

Definition 2.2.2. A standard normal complex Gaussian random variable is a random
variable

X: (%, P)— (C,B,do),
that has a probability distribution function of the form
Dx(B) = PIX"\(B)] = = /B e dor(2).
Note that in this case E(X) =0 and F(XX) = 1.

Definition 2.2.3. The probability density function for the random variable X is a

real valued function fx such that

P[X~Y(B)] :/ dP = / fxdo for all B € B.
X-1(B) B

Definition 2.2.4. The set of random variables X7, ..., X, are called independent if

and only if
PX;YB)N---Nn X, (B))=P(X;'(B))... P(X;*(B)) for any B € B

And similarly we define the joint probability distribution function D¢ for a vector

random variable X = (X1,...,X,): Q — C" to be

Dg(ACC")=dP(weQ : X (w) € A) for all Borel subset of C".
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Definition 2.2.5. The n x n Hermitian matrix

A = [E[XiXj]l1<ij<n,
is called the covariance matrix of the vector random variable X.

Definition 2.2.6. A vector random variable X = (X1,...,X,) : Q@ — C™is complex

Gaussian if any complex linear combination of X is complex Gaussian.

Theorem 2.2.7. If X;,..., X, are complex Gaussian random variables on (2, %, P)

then

1 1 -1
D=(A) = —-<A ,Aa>d n
x(4) w”/Adet(A)e 7n(a),

where do,, is the Lebesgue measure on the Borel subsets, A C C" and A is the
covariance matrix of the Xjs.
In the next step I want to introduce the ensemble of random complex polynomials.
All the holomorphic polynomials of degree< N on C™, Py, make a finite dimensional
vector space of degree d(N) < oo. Any choice of inner product on Py gives us an

d(N)

orthonormal basis {pj}j:1 . Hence any holomorphic polynomial fy in Py can be

uniquely identified by a d(NN)-tuple, (a1, ..., aqn)) such that

d(N)
In(z) =Y api(2), (ar, ..., aq) € T,
j=1

If one lets coefficients a;s to be i.i.d complex random variables then it induces a

probability distribution dyy on C*™), and so on Py.
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Now let’s define the punctured space

(C™) = {(z',...,2") € (C™)* | 2" # 27 fori # j}.
And for any holomorphic polynomial of degree < N, fy : C"™ — C, let

fu(z) = (fn(2h),. . In(2h) € CF, Vin(z) = (Vin (), .. Vi (Y),

where z = (2%,..., 2F) and

for z' € C™.
PR v ) for 2" €

Vin(z') = (

Let’s define the map

T (C™) x Py — C"™ x CF x CF™,

where
J(z, In) = (2, [n(2), Vn(2)).
Let
v= (o, ) = (fn (), .., FY(25) e CF,
€= (¢4,..., 6" where & = (0fgz(12i),...,a“g\;gji))forzi cC™
Also let

dz =dzb. .. d2", dv=dv'...dv", d¢é =det. .. der,

be the intrinsic volume measures on C*™ ,C* and C*™ respectively.

Definition 2.2.8. Suppose that J is surjective. We define the k-point density func-
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tion Dy(z,v,&)dzdvd of dyn by
J(dzdyn) = Dy(z,v,&)dzdvd§.

Definition 2.2.9. For fy € Pn, we let [Z;,]| be the current of integration along the

regular points of Zg, .

Definition 2.2.10. For fy € Py, we let [Z,]* be the current of integration along

the regular points of Z, C (C™)y,
[ZfN]k = [ZfN] X X [ZfN]?
its expectation F([Z;,]",.) is called the k-point zero correlation measure.

Theorem 2.2.11. If J is surjective then there is a continues function K (21, ..., 2%)

on (C™)g such that
B2 = Y () I (2) = [ deD(0,0 ¢TI det(€67)

The function K} is called k-point zero correlation function.
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Chapter 3

Boutet de Monvel-Sjostrand

Theorem and Partial Szego kernels

Our mission in this chapter is to give an asymptotic expansion for the partial

Szegd kernel, by using the Boutet de Monvel-Sjostrand Theorem for X.

3.1 Partial Szego Kernels

Theorem 3.1.1. Let S(z,y) be the Szegi kernel of the boundary X of a bounded
strictly pseudo-convex domain ) in a complex manifold. Then there exists a symbol

s € S™"(X x X x RT) of the type s(z,y,t) ~ > oo " Fsp(z,y) so that,
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where the phase ¥ € C*(X x X) is determined by the following properties:

1) Y(z,x) = 22) phere p is the defining function of X.

7

2) 0,1 and d,2p vanish to infinite order along diagonal.

3) ¢($ay) = —@Z)(y,x).

The integral is defined as a complex oscillatory integral and is regularized by
taking the principal value. So our goal is to find asymptotic expansion for Il (z, z)
by using above Theorem. Theorem (2.1.9) implies

1 2T ] ]
Hk(z,2) = —/ e 05?2, 2)do
0

2n ) (3.1.1)
1 o0 4 . . i .

= —/ / e O itvle ez’z)s(elaz, z,t)dodt.
2r Jo  Jo

1
2w

For simplicity we let s(e?z, 2,t) := =s(e?z, 2, t). By using the change of variable
t— Kt ) ¢(t7 97 25 Z) =0- ﬁ/’(r(a% Z),

we have

00 2
k(z,2) = K/ / e OO g(r gz 2, Kt)dOdt. (3.1.2)
o Jo
Also we have
Imap(z,w) > c(d(z, X) + d(w, X) + |z — w|?) + O(|z — w?), (3.1.3)

where ¢ is a positive constant. This results in Imi(z,w) > 0. We want to give an
asymptotic expansion for (3.1.2) by using stationary phase method. For this purpose

we need to consider phase function, hence first step is to find the critical point of the
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phase function.

Lemma 3.1.2. The phase function ¢(0,t; z,z) = 0 — t1p(rgz, z) has only one critical
point, (0, m).

Proof. If % = 0 then 9 (rgz,2z) = 0. Now by using (3.1.3),
(rgz,2) =0 192 =2 <> 0 = 0. (3.1.4)

Next by taking derivative respect to # we have

ékb 0 — zl/f oz, 2)
¢ E ; 1.
t 8:{,’1 7,7 (3 5)
next we plug in =0
d9 / _
20 =1—td'p(z)- 2z for =0. (3.1.6)

We know () is a strictly pseudoconvex domain, so the holomorphic tangent plane at

the point z € X doesn’t go through the domain. Consequently
0¢ThX ={weC™ :dp2) (z—w)=0} = dp(z) 2 #0, (3.1.7)

that implies

1
1 —td c2=0—=1 = 3.1.8
p(z) -z 0= To() 2 (3.1.8)

It is also a nondegenerate critical point because,

. 0 % 1
197(0,20)| = | =—— <0. (3.1.9)

1% fo

to 002

O
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Theorem 3.1.3. For z = (zg,...,2,) € X N (C*)™ we have
i (z,2) = so(z, 2)to(Kto)™ + R0, (3.1.10)

such that |Ryo| < CoK™ 1, and Cy depends on X, v, z and sq is the first term of the

symbol s(z, z,t) and ty is equal to —d,p(lz).z~

Proof. By using inequality (3.1.3) we see that the imaginary part of —¢(t,6) that is
equal to the imaginary part of ti(rgz, z) is positive everywhere on [0, 27| x [0, +00)
except at the critical point. If we choose K, be a compact set in [0,27] x [0, +00)

that includes critical point (0, %) and we let K¢ = [0, 27 x [0,4+00) — K then

K | e #0022 g(r2 2 Kt)dAdt = O(K ™). (3.1.11)
Ke
Next by using (3.1.2) we will have
Ik (z, 2) :K/ e KOO g (g2 2 Kt)dOdt+
Ke

(3.1.12)

K 6—iK¢(07t;zvz)s(7’ez’ 2’7 Kt)dedt
K¢

To compute the first term in the last equation we use stationary phase method. As

we already proved our critical point is nondegenerate and here we are taking integral
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over the compact set K, which includes (0,%,). By using Theorem (7.7.5) from [7],

K [ e #0852 5(ryz 2 Kt)dOdt
K.

K - .
~— Z K™ 7R L (1" %51 (rpz, 2))

J 9
K¢"(0,t0) “—
V" am A0 (3.1.13)

which

Z ZZJ|2V_' ”Oto) IDD> tQ))

v—p=j 2v>3u

In this equation g, is equal to the third order reminder of ¢(6,t) at (0,t,) and in
the left hand side you can see that if j = 0,k = 0 then we will get the highest power
of K. By looking at the definition of L; we have Lo(t™s¢(rpz, 2)) = ti'so(z, 2), and

by using the stationary phase Theorem from [7]:

|k (z,2) — to K™ Lo(t"so(rez, 2))| = [k (2, 2) — K™t so(z, 2)to]
(3.1.14)
< K™ 1OM,

where M =3 o |[ D8] O

For the next step we need to find asymptotic expansion for the derivatives of
Ik (2, z) by using (3.1.2). For that purpose we introduce some notations that help us
to understand the derivatives of [Ix (2, z). We know that s(x,y,t) is a smooth function
on X x R, but we don’t know about the behavior of s(z,y,t) on the neighborhood of
X in C™*. So we can only use (3.1.2) for computing derivatives of II(z, 2) in real

tangential directions. Now let’s talk more about the real tangent plane on X at point
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z=(z0,...,2m) € X. Reinhardt property of the Q implies that

(€29, ...,2m) € X for 6, € [0,27], (3.1.15)
so we have
0 .
a—eo = (ZZO,...,Zm), (3116)
. . a
and similarly we can define 90

Lemma 3.1.4. If f : C™*' — C is an anti holomorphic function then

. Of
Dy, f(2) = _szﬁ_ij (3.1.17)
Now we introduce some notations to simplify computations. Let
a = (0507"‘705711)7& = (ﬁ(]?"'aﬂm)?
Yi = (7@’,07 s 7’7@',M)7 {kl}7
which (3.1.18)
ai?ﬁiafw,ja k’z c {0, 1, 2, e },
Lo={l= B, {v}.{ki}) Y ki + B =a}.
For any multi indices o = (av, . . ., ;) we define:
D* = Dym ... Dy?. (3.1.19)
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If | € I, then we define
Zi(f,9) = (D [)*(D"g). (3.1.20)

If we let lp = (B, {7:},{k:i}) such that g = (0,...,0), v = (1,0,...,0),

ey Ym = (0,...,1), ko = v, . . ., ki = v, then

Zy,(i0(r92, 2), 50(r02, 2))|o=0 = IL(i D) "1h(rg2, 2))* s0(r92, 2)]0=0

=AU iz sy (3120
Zi
_Op dp

= a—go Ce 8?yz‘{(—’lbz)c‘{S(](Z, Z).

Lemma 3.1.5. There are constants ¢; only depend on [, o such that

D(efg)=e' Y aZi(f.g)

c€ly

Now by using lemma (3.1.5) we have this result:

D;‘(e_m‘bs(rgz, z, Kt)) = Z ce K07 (—iK ¢, s(roz, 2, Kt))

c€ly

=Y e FOE R Zy (i), i) (K )" (3.1.22)

k=0 lel,

=3 ) e TR Z (i), sy,).

k=0 lel,

Theorem 3.1.6. If z = (20,...,2,) € X N (C*)™"! then there is a constant C,, that

only depends on z,a, 1, X such that:

0P O iR, (3.1.23)

DTl (z, ) = so(z, 2)to (K o)™ 1! PR e
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|Rio| < CoKmHel=1,

Proof. 1f we use equation (3.1.2) and lemma (3.1.5) then
0 27 )
Dyl (2, 2) = D;‘K/ / eTHKOOEZ) (o 2 Kt)dOdt
o Jo
oo 27 )
= K/ / D;‘(e_ZK(i’(e’t‘z’z)s(mz,z,Kt))d@dt
o Jo

0 2
:KZC, / / e KL (—iK b, s(rgz, z, Kt))dOdt
0 0

lely

0 27
=K ¢ / / e K7 (1K), s(roz, z, Kt))dOdt
0 0

lely

00 2
= KZC[/ / e BtV Ri Zy (i), s(rpz, 2, Kt))dOdt
ler, Y0 70

K e .
2 oo 2,

(3.1.24)
If we look at in the series then the highest degree of K happens whenever [ = [y, k =
j = 0. In this case k; = ay,¢, = 1 and by using equation (3.1.20) and using

Theorem(7.7.5) from [7] we will get this result,

(6% m « a a 6% - =\
DS (2, 2) — (Kto)™ |<a_2"‘37p) (—i2)%s0(2, 2)to|
" (3.1.25)

< KON N DR Z (i), 5) || oo

lels |B]L2

If welet M =C37cr > 5<0 |DP Zy(—ith, 5)||oo then

é? 69 N\« m+|o|—
\D;HK(z,z)—(Kto)m+la(a—;...a7p)a<_zz) so(z, 2)to] < ME™HPI=1 (3.1.96)

where M is a constant that only depends on 1, p and their partial derivatives. So I
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can tell,

0 0
Dol (2, 2) = (Kto)mlol (22 2P

5e g ) (=i2) sz 2o + R, (3.1.27)

where |Rg.o| < MEK™Flel=L O

An upper bound for DyTlk(z, z) is,

o o
Zo  O0Zn
mtlal 0P Op
< (Kto)™" |(_20"'g
ap dp

m+lal o YF P Na(_ x5\«
<K ((820”'62,%) (—12)%so(z, 2)to + M)

Dylk(z,2) = (Kto)m™Hel( )*(—12)%s0(2, 2)to + Rk .a

) (—iZ)%so(z, 2)tg + M ™11
(3.1.28)
< [(m—i—\oc|]\4;7

where M/, depends on M, p, z, cv.

Lemma 3.1.7. If f is an anti holomorphic function on C™** then

o« f 1
= D + esDP f, 3.1.29
oz (=) |/3%:a| ’ | )

where eg only depends on o, 3, z.

Theorem 3.1.8. If z = (2¢, ..., 2m) € X N(C*)™* then there is a constant C!, such

that,

O (z,2) = soles 2)to(Kto) (2 D yay g (3.1.30)

0ze 0z 0zZn,

and | Ry | < C! Kmlel=1,
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Proof. By using lemma (3.1.7) and Theorem (3.1.6) we have,

0~ 1
— o g
@HK(z,z) = WD Hk(z,2)+ Z eg D"k (2, 2)
18]<|e
_ ! (so(z z)to(Kto)mHa'(@ . @)O‘(—@E)a + Rio) + Z esDPTl (2, 2)
(z) ’ 0zy Oz “ ’

1Bl<l|al

dp 0 1
) ——Riat Y esDillk(z,2)

Zo  OZnm (—iz)

= 50(2, Z)to(Kt(])m+|a|(

|B]<|el
ap dp
— to(Kto)™Hel (=2 =y 4 R/
so(2, 2)to(Kto) ( 2 (%m) + g
(3.1.31)
where
1
Ry = WRK,Q + Y egD Tk (2, 2). (3.1.32)
|B<|el
Now by using inequality (3.1.28)
1
/ _ B
Ko — (_ig)aRK7a+ Z €5D HK(’Z72)
18|<|c]
1
< O Mol ML KM+
— (_Z‘E)a + Z eﬁ B
181<la (3.1.33)
1
< KM= —_¢ M
— ((—Zé)a + Z 65 5)
18|<|e]
_ KM—HO(|—10/
where
1
! = C, MY,.
« (_Z'g)a + Z 65 B
1BI<]a
O
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Theorem 3.1.9. For any z = (29, ..., 2m) € X N (C*)™ we have

]' aa . m+1 ! ap 8,0 «@
Jim Nontlal 1 aa —Sn(z,2) = so(z, 2)(to) /0 Y™ (yto 05z @) dy. (3.1.34)

Proof.

1 loa
NILOO Nmtlal+1 93 aSN(Z’Z) 1520 Nm+|a|+1 Z aza

N

dp Op
— m+\Ot|
= M Near Nm+| (UK (55 3z, S0l 2o+ ZR“

K=0 K=0

op  dp , Kto 1 Rra 1
—— ... =—)%o(z, 2)tp lim ( E (== )mrlel — 4 E ——)
0% 0Zn Nooo' £=1 N N = f= NmHINT (31 35)

=

ap 0

1
_ P \a m+|al+1 / m+|af
= . t dy +
(820 9% ) 80<Z7Z>( 0) 0 Yy Y 0

0 0 1
= so(z ) (t) ™ (8 2. 0P ye / ymrleldy

820 8zm

! ap dp
o m+1 «@
= a0l 200" [yt Sy

]

For the next step we consider the behavior of the scaling Szego6 kernel when N goes

to infinity. For this purpose we pick a point on the X and we call it z = (2o, ..., 2n)
then we move in the direction of u = (ug,...,u,) € C™. For the simplicity we
define,

Gn(u) = {W} (3.1.36)

We want to use Arzela Ascoli Theorem to show that Gy (u) uniformly converges on
any compact set in C™*!. I should mention that we fix the point z € X.
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Lemma 3.1.10. G y(u) is uniformly bounded on B(0,1) C C™+.

Proof.
1 U 1 J T
G| = | Sv(z + 52l = | > e+ ) E
[JI<N
. Uo Um g, JsJ
[t 2 +N_z0)0 ( +N—zm) Jesz Z" |
lJI<N
uo U/m —
S Nl Z(|1+N—ZO|J°~-\1+W|J"“)CJZJZJ
|7I<N "
METI. T3
Semns D e’z
[JI<N
m oug ]
= 621_0|2i |—Nm+1 SN(Z, Z)
At the end we have,
m oqug ]
(Gv(u)| < =55 Sz, 2),

(3.1.37)

(3.1.38)

By using theorem (3.1.9), we see that t7-rSn(z,2) converges. So there is a positive

constant M such that | Sn(z,2)] < M. So

G (u)| < Me=ol51,

(3.1.39)

]

Lemma 3.1.11. %GN(u) is uniformly bounded on B(0,1) C C™*! fori=0,...,m.
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Proof. We prove this lemma for ¢ = 0. Same proof works for i = 1,...m.

0 1 0 U 1 0 u
SN(Z + N,Z)l = ’Wa—ZOSN(Z‘F N,Z)’

Dug N(u)| = !—Nmﬂa—uO

1 . u . U i
G D> caolzo+ ﬁo)m Lo (ot W)JmZ‘”

|JI<N
1 Uy i Upy - 1 o
= Iz 2 (U ot (o Pyl 2
|J|<N m

(3.1.40)

1 Uy .
< iz Z(\H—NZO\” L e )
|JI<N #m

UZ|

= 0| -1 ]m*J
Se N2 E CJJOZ B E
|J|<N

o TN S
= e~'= —Sn(z, 2).
Nm+2 820

By using (3.1.18) we see that Nm+2a 2 Sy(z, 2) converges. So there is a positive

constant My such that |ﬁa%05]v(z, 2)| < My. In other words

0 mojug
|8—UOGN(U)| < MyeX=o =1, (3.1.41)

]

Now by using lemma (3.1.11) we see that {Gx} is an equicontinuous sequence of
holomorphic functions on B(0,1) C C™*! that is also uniformly bounded on B(0,1).
So by using Arzel Ascoli Theorem, there is a subsequence like {Gy, } which converges
uniformly on B(0,1). In the next Theorem we compute the limit of this subsequence

and after that we prove that the whole sequence converges to the same limit.
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Theorem 3.1.12. If z = (zq,...,2m) € X N (C*)™ ™ and u = (ug, . .., Uy,) then

! SN(Z + %7 Z) = CQ,z,u,mFm(ﬁ(u))

lim ———
N—oo Nm+1

where Cq . ,.m 15 a constant that depends on §2, z, 1, m and

1 /
F.(t) = /0 eymdy , B(w) = Mforw e Cmt, (3.1.42)

Proof. We already proved that there is a convergent subsequence of Gy, Gy;, that
converges uniformly o B(0,1) € C™*'. Now by writing Taylor series for any {Gy;,}
around the origin we will have,

(67 o

G, (u) = za: e GN].(O)%. (3.1.43)
On the other hand if we let,
G(u) = limj oG, (u), (3.1.44)
then
;:aa(()) = lim %GNJ.(O). (3.1.45)

Because each Gy, is holomorphic on C™*' and they converge uniformly on B(0,1)
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to G(u), so
80‘ ue
= — lim .
Za: 8ua Z oY —00 aua N; ) ol
1 0* (u)*
- - Nh—>oo Nm+|a|+1a aSNj(Z’Z) ol
(t Uy 2Ly,
— Z z tm‘HZ/ Oyazo 0- ‘8,2 ) dy
: (3.1.46)
= 80< z, )tm-‘rl/ 6yt0(dp “u) mdy
0
dp(z)-u
= tm I E (e —
80(272) 0 (d/p(Z)Z)
Hence any convergent subsequence of
1 U
{WSN(Z+N’Z)}’ (3.1.47)

converges to Cq . ;u.mFim(6(uw)), and also we showed it is bounded. So it means

1 u
1\}13%0 A Sn(z+ N’ 2) = CazpmEm(B(1)). (3.1.48)

0
Theorem 3.1.13. If z = (20,...,2,) € X N (C)™ and u = (ug, ..., Up), v =
(v, - -+, Um) € C™TL then
. 1 u v _
lim ——Sy(z+ =, 2+ =) = CapmFm(B(u) + 5(v)), (3.1.49)
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3.2 Derivatives of partial Szego kernel

Our main tool for computing scaling limit correlation function is the Kac-Rice
formula which for that we need to know derivatives of partial szego kernel. In this

section we put our aim to compute scaling limit of derivative of partial szego kernel.

Theorem 3.2.1. If 2 = (20,...,2m) € X N (CH™ and u = (ug,...,Up), v =

(0o, -+, V) € C™L then

, 1 0 u v, ma2 OP -
dim s 8_27;SN(Z o2t ) = sz 2)t 8_z2-Fm“(ﬁ<u> +B(v), (3.2.1)
1 0 U

lim

N—oo Wa_z z+ E) = 80<’Z7 z>t81+2a_§Fm+1(ﬁ<u> + B(U)) (322)

Sn(zt g2ty B

Proof. Let
1 U v
GN(U,U) = WSN(Z+N’Z+N)’ (323)
then
0 1 0 U v, 1
- g il YN
g, V) = N+ g at (3.2.4)
1 0 Sn(z + U n U)
T Nmr2 gy, NV TN TN
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On the other hand

19
I, e g, oV

0
,z—i—%)— lim Gn(u,v)

u
N N—o00 auz

= Gu; o O )

- 3ai(50<z’z)t6n+lFm(5(u) +B(v)))
8iFm((ﬁ(U)+ﬁ(v)) (3.2.5)
)tm+185(u)

= s0(z, 2)t; ™
[

= sule L FL(5(0) + F(w)

= s0(2, 2t

F,(B(u) + B(v))

_ so(z, )t jp Frer (B(u) + B(0),

and similarly by following the same proof we can show that

0 0 -
I o Sl 2 0 = sl L s (3) 4 0. (329

]

Theorem 3.2.2. If z = (z9,...,2m) € X N (C)™™ and v = (ug, ..., Up), v =
(vo, -+ ., V) € C™ then

1 02 u v ym+3 0P dp Op -

Alj)lloo Nm+3aZ—aZJSN(Z+_,Z+_) _SO( ) azza Fm+2(ﬂ(u)+ﬂ(v)>

(3.2.7)
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Proof.

1 0? U v . 1 0?

SN(Z + N’ S N) - J\ll—{noo Nm+1 8vi8uj

& li L Gn(u,v)
= im ——
6Ui8uj N—oo Nm+l1 N

82 S _
— m(so(z, T F(B(u) + B(v)))

() + B(v))

aviauj "

N N 95,02, Gt

m+1
tO

= 50(27 Z)

— sl z>tg+3§—g§—;Fg<5<u> +Bw))

op 0
= 5oz 215 57 ST Foa(B(u) + B(v)).
v J

(3.2.8)

]
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Chapter 4

Scaling Limit Zero Correlations

We now have all the ingredients that we need to compute the Scaling limit distribu-
tion functions. We expect the scaling limits to exist and depend only on the m, z, X.
Bleher, Shiffman, and Zelditch in [4] gave a formula for the I- point zero correlation

function in terms of the projection kernel and its first and second derivatives.

4.1 Scaling Limit Distribution Functions

For the 1-point correlation function we define the matrices

An By
Ay = , where : (4.1.1)
By Cy
U U
0 U U
By = (82-SN(Z + N z+ N))Ogigm; (4.1.3)



CHAPTER 4. SCALING LIMIT ZERO CORRELATIONS

0°Sn u u
Cy = (8zi82j (z+ 572+ 3 )osijzm, (4.1.4)
Ay = COx — (By)*Ay' By. (4.1.5)
Writing
EY (2] A ) = DY () - 4.1.6
x ([ f]/\m)— u,x(z)m, (4.1.6)

by using the general formula given in [4] for the l-point density functions we get

157" (AN)ii
DN = &= 4.1.7
#X T det(Ay) ( )
Our goal is to compute,
DN (z+ L) Zm (A
: H,X N . + £ui=0 Nm+3
R N L g det(Ax) (4.18)
We define
ap ap
P=(—/—,...,—/). 4.1.9
(820’ ' 8Zm) ( )

So by using the definition of P we can simplify each formula that we computed for
the scaling limit of szegd kernel and its derivatives. Now if we use theorems (3.1.13),

(3.2.1), (3.2.2) then we will have:

Jim % o, ) EL (B() + Blu)), (4.1.10)
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dp(z) Op(2) B
0z 0%, Fo2(B(u) + B(w)))o<ij<m

lim ——— = so(z, 2)tT+3(
(4.1.12)

= sz, W Fyra(B(u) + B(u) PP,
Now if we plug results that we have from equations (4.1.10), (4.1.11), (4.1.12) in,

Cy By An By

. . i} .
Nooo Nm43 N_{noo Nm+3 (Nm+2) (N’"H) (N"”r?))’ (4.1.13)

then we will have,

. Ay — (5. 2)pmt3 u 3(u _Fr2n+1<6(u)+3(u)) *
Jm 2 = s I Fua(8(0) + B() — ST PP (4114
Consequently
oy AN)ii v mes Dt Bl P (B) + B(w) | o,
]\}ﬁoo Nm+3 0( ’ )tO (Fm+2(ﬂ( )_’_B( )) Fm<ﬁ(u)+ _(U>> )(P P)H
(4.1.15)
We know that || P[> = Y"1, (P*P);;, so we have
‘m “ (AN)i,i N u 3(w)) — Féﬂ(ﬂ(“)“‘ﬂ_(u)) 2
dm 3SR = su(e 2 Fal(P(a) + Bla) = S O
(4.1.16)

Theorem 4.1.1. Let D/’ZX be the expected zero density for the ensemble (Py,vn)

then

. 1 U o
]\}gﬂm ﬁDﬁx(Z + N) = Dk (u),
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where

D) = P 100 b Y (Bl + B,

R
where P is defined at (4.1.9).
Proof.
B i S i N TE T

s0(2, )3 (Fryaa(B(u) + Blu)) — Lnsn P50,
)

Fr (B(u)+6(u)) HP||2
so(z, 2)tg T Frn(B(u) + B(u))
+

_ 1o a0 + B(0) Pn(5(0) + 5(0) = Fioa(B) + B} o
70 En(B(u) + B(u))?
_ %(toupu)?aog Fo)" (B(u) + B(u))
_ b)) o "(B(w) + B(u
= [ (o) (300) + Bw)
(4.1.17)
]

4.2 The Scaling Limit Pair Correlation Func-

tion of Zeros

Let z € X N (C*)™ and u € C™*1. So the scaling covariant matrix Ay (u) is

A (u) = Awlw) Butw) | (4.2.1)

By (u) Cn(u)
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where

such that

where

AN(U) =
Sn(z, 2+ ) Sn(z,2)
By(u) Bf(u)
By(u) = ,
BY(u) By(u)
By(u) = (6 (z+ ;7 +%))0§i§ma
B?V(u) - (aa SN( ;\‘[7 ))0<2<m7
B(u) = (88 (2,2 + N))ogigm,

0
B?V(u) = (@_ZSN(Z7 Z))OS@'SWH

Oy (u) Oy (u)

CN(U) = ,
C3' ) C3
0%S u u
Czlv’l(u) (8z 8JZ (z+ — N zZ+ N))OSi,jgmy
i0%;
0%S u
011\/12(71’) (82’ a];[ ( + N ))0<z ,J<m
i0%;
6251\[ u

CR'(u) = (5595 (52 + 3 )osigzm,
i0Zj

%S
CN (u) = (824(3]; (2,2))o<ij<m-
i0%;
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So the scaling limits of the matrices, Ay, By, Cy are

AOO(U)ZJ\}I—IP Nm+1AN

R (12.7)

Fru(B(u)) F,u(0)

Boo(u) = lim ——s B (u)

— s(z, 2)tm 2 Frs1(B(w) + B(w)) P Fryr (B(w)) P (4.2.8)

Foia(B(u) P Frni1(0)P

Coo(u) = lim ——Cn(u)
I Frio(B(w) + B(w))P*P  Foo(B(u))P*P (4.2.9)
| Foya(B(u) P*P Fins2(0)P*P

To simplify the computations, we define the two by two matrix,

Gom(z) = Fule +2) Falo) , (4.2.10)

Fn(z)  Fn(0)
where all the entries of the matrix GG, are identified by F,,. If x € C* then
Fo(2)Fn(Z) < Firp(0)F(x 4+ 2) = —F(z + ). (4.2.11)

So for nonzero = € C the matrix G,,(z) is invertible, therefore

Qm(x) = Gm+2<=73> - Gm+1($)Gm(ZL’)_1Gm+1($)7 (4212)
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is a well defined two by two matrix on C*. This means that G,,(B(u))™" is a well-

defined matrix. Hence we have

Ao =Co — BLA By,

m+3

= s0(z, 2)t :

Q2.1 P*P  Qq2P*P

Our goal is to compute scaling limit normalized pair correlation function,

K (u) = lim — i’gzxf +)DNX)( 7 (4.2.14)
where
ENv(1Zp(2)] A [Z5(w)] A (f;! A %!) — KNy (2 w) (7:’%1:1)! A (T:wa (4.2.15)

Theorem 4.2.1. Let f(le(z,w) be the normalized pair correlation function for the

probability space (Px,vn) and choose u € C™ such that u ¢ T!'X . Then,

1 oo
]\}1_{20 N4K;ZLVX( z+ _72) = Kz,X(u)a

lim K x(z+ %,z) = KSX(u),

N—oo

where

L perm(Qu(BW), . s
P det(Co(BE))) N

L perm(Qu(5(u)))
(log Fa) (B(u) + 3(u)) (108 ) (0) det(Grn(B(w)))

where Ky (z,w), f(ﬁx(z,w) are defined in (1.0.16), (1.0.15).

KZDX(U) =

KSOX(U) =
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Proof. At first by using Kac-Rice formula we compute w7 K iv x(2+ %, 2) and then by

using Theorem (4.1.1) we compute the scaling limit for the normalized pair correlation

function.
LKN (2 + u 2) = (Zz‘:o Nm+3)(zz m+1 Nm+3)+
N4TmX N7 2 det(AN)
N2m+2
9m AN, AN AR AN,
ZZ —m+1 Nrrlz+3 Nm+3 oot Zz m+1 Nm+3 Nm+3
e N
WQ% (4.2.16)
N (Q1,1Q22 + Q12Q2.1)||P|[*tg
m2det(Gr (6 (u)))

1 perm(@u(B@)
= PP det(Co(Blu))) OV

Now we are ready to give a general formula for K ¢ (u). If we use equation (4.2.16)

then,
KN(z+ %, 2)
Koo — 1 w, X
ox(u) = lim DY (z 1 )DgyX< 2

KN x (2t 52)

_ N4

- ]\P—I)I;o DY« (z+ % )D;]:I,X(Z)
N? N? (4.2.17)

perm(Qm (B(w))) (|| P[lto)*
_ ©2det(Gn (B(1)))
- (APES E(B(u) + B(u)) (LR, (0))
1 perm(Qnm(8(u)))

~ (log ) (B(u) + B(u))(log F)"(0) " det(Grn(B(u)))
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