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Abstract

In this thesis, I will establish the mixed norm Strichartz type estimates for the
wave and Schrodinger equations on certain Riemannian manifold (€2, g). Here Q is the
exterior domain of a smooth, normally hyperbolic trapped obstacle in n dimensional
Euclidean space. I studied the case when n > 3 is odd. As for the normally hyperbolic
trapped obstacles, I got local Strichartz estimates for wave and Schrodinger equations
with some loss of derivatives for the initial data. I also got a global Strichartz type
estimates for the wave equation. In this case, I need two different LY L% norms of the

forcing term to bound the solution of the inhomogeneous equation.

Primary Reader: Christopher D. Sogge

Secondary Reader: Bernard Shiffman
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Chapter 1

Introduction

1.1 Some Classical results for Strichartz

Estimates

In this dissertation, we want to prove Strichartz-type estimates for wave and
Shrodinger equations on the Riemannian manifold (€2, g), where € is the region out-
side a normally hyperbolic trapped obstacle.

The Strichartz-type estimates was brought into interest by the study of the well-
posedness for small data semilinear wave and Schrodinger equations. Based on the
Strichartz-type estimates, a series of systematic techniques and theories has been
developed to prove the global well-posedness or blow-up properties of wave and

Schrodinger equations. Survey articles as [21] and [8] provide great introductions



CHAPTER 1. INTRODUCTION

for the history and recent developments of such topics.

In particular, Strichartz estimates are well understood for Euclidean space. Here
we mean ) = R™ and g;; = §;;. See for example Strichartz [18], Fritz John [9],
Y. Zhou [24], Lindblad and Sogge [12], Georgiev and Lindblad and Sogge [5], D.
Tararu [20], Ginibre and Velo [6], Keel and Tao [11], Smith and Sogge [16] and the
references therein. In section 1.1.1, we will illustrate the basic idea using a classical
example in three dimensional Euclidean space. For more details about this example,
please refer to Christopher D. Sogge’s book on wave equations [17].

Since 2008, the study of the problem on non-trapping manifolds also got many
interesting results. For example Y. Du, J. Metcalfe, C. Sogge and Y. Zhou in [4];
K. Hidano, J. Metcalfe, H. Smith, C. Sogge and Y. Zhou in [7]; D. Tataru [19]; etc.
In section 1.1.2, we will also illustrate the local-global idea in the proof of abstract

Strichartz estimate in [7].

1.1.1 On Euclidean Space

Now let us start by considering the example of an wave equation on the Minkowski
space RT3, For readers that are interested in more details, please refer to Christopher
D. Sogge’s book [17] Lectures on Nonlinear Wave Equations.

Let A = '23:186_;? be the standard Laplacian on R3. Then consider the following

wave equation
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(02 — A)u(t,z) = F(t,z) (t,z) € R"?
(1.1.1)

u(0,z) = f(x), Ou(0,z) = g(xz) z € R

In 1977, Strichartz [18] proved that, if u = u(t, z) is a solution for (1.1.1), we have

lull pa@ivsy < CUIF Il arzmsy + 19l i-172ms) + [1Fllpasgass))- (1.1.2)

So if we consider the following semilinear Cauchy problem on R!*3,

(02 — Au(t,z) = |u(t,z)]® (t,z) € RS
(1.1.3)

u(0,z) = f(x), Ou(0,z) = g(xz) z € R3,

we have that

[ullzswesy < CUS ire@s) + 19lla-12@s) + lulzags). (1.1.4)

This suggests that, if the initial data ||f|| z1/2(gs) and [|g[ -1/2(gs) are both small
enough, estimate (1.1.4) provides sufficient criterion for the convergence of Picard

iteration. In fact, this will deduce the global well-posedness for equation (1.1.3).

1.1.2 On Non-trapping Domain

In this section, we will give a brief review of the Local-Global Analysis Theory

that will be used in later chapters.
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The idea was originated from H. F. Smith and C. D. Sogge in [16] to deal with
the non-trapping perturbation of Laplacians. J. Metcalfe and C. D. Sogge [13] used
the Local-Global analysis and proved the long-time existence of quasilinear wave
equations exterior to star-shaped obstacles in 2006.

In particular, the theory has been used to get the breakthrough results in the
global well-posedness of 3 dimensional and 4 dimensional small data semilinear wave
equations on non-trapping exterior domains by K. Hidano, J. Metcalfe, H. F. Smith,
C. D. Sogge and Y. Zhou in [7]. Later in [23], Xin Yu generalized the theory so that it
can deal with Strichartz estimates with derivative loss, as we will see later in Chapter
2.

Let n > 2 and u = u(t, z) be the solution of the wave equation on the exterior

domain €2 € R" of a compact obstacle:

(

(0} — Ayu= F(t,x) (t,z) € RT x Q

u(0,2) = f(z), Ou(0,x) = g(z) z €N (1.1.5)

ku(t,l’) loo=0 (t,x) € RT x 99,

where B is either the identity operator or the inward pointing normal derivative
0,. The operator A, is the Laplace-Beltrami operator associated with a smooth,
time-independent Riemannian metric g(x) on Q. For some fixed R > 0, assume that
gij(z) = 6;;(z) when |z| > 2R and the compact obstacle K = R" \ Q is contained in

{r € R" : |z| < R}. That is, the metric coincides with the Euclidean metric near
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infinity:.
The following hypothesis is a local energy decay estimate for the solution wu:
Hypothesis B. [7] Fiz the boundary operator B and the exterior domain 2 € R™ as

above. We then assume that given Ry > 0

[ (1t Bos ey + 100, ) )
0

S WAl + Nl [ 1F(s,)lfads, (110
0

whenever u is a solution of (1.1.5) with data (f(z), g(z) and forcing term F(t,x) that
both vanish for |z| > Ry.

Let X be an abstract norm, and here is the definition of abstract admissibility.

Definition 1.1.1 (Definition 1.2 in [7]). Let ¢ > 2 and v € R. We say that (X,7,q)
is an admissible triple if the following two inequalities holds: (i) the Global Minkowski

Abstract Strichartz Estimates

10l e x@xrny S 000, ) vy + 10600, ) a1y (1.1.7)

assuming that

(0} —Aw=0 in RxR" (1.1.8)
(#i) Local Abstract Stichartz Estimates for €
lulloxo,yxey S 11000, i) + 1000, ) g1y (1.1.9)

provided that

(0} = Ayu=0 in [0,1] x Q. (1.1.10)
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The result of Local-Global analysis for the abstract Strichartz estimates gives

Theorem 1.1.1 (Corollary 1.5 in [7]). Let n > 2. Assume that (X,7,q) and (Y,1 —

v, 1) are admissible triples and that Hypothesis B is valid. Also assume that

¢g>2 and ve€l0,1]. (1.1.11)

Then we have the following global abstract Strichartz estimates for the solution u of

(1.1.5)

||u||L§X(R+xQ) 5 HfHHg,(Q) + ||9HHg;1(Q) + ||FHL§/Y’(R+><Q)7 (1‘1-12)
where v’ denotes the Hdlder conjugate exponent to r and || - ||y is the dual norm to
- lly

Notice that, Theorem 1.1.1 derived Global Strichartz estimates from Local Strichartz
estimates. The key idea is to bound the interaction terms generated when we decom-
pose a global solutions into the sum of finite-time solutions.

And in fact, when n = 3,4, if we take the following abstract norm X, ,, one can
prove the global well-posedness for semilinear wave equations on €2 with supercritical
exponent. [7]

1Al x, . = lIPllze (oj<2r) + ||\I|n/2_(n+1)/q_7h’|Lng(\me), (1.1.13)

with n(3 — L) = 1.

Sy
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1.2 The Hyperbolic Trapped Domain

In this section, we want to describe the geometric set-ups for Chapter 3 and
Chapter 2. Throughout Chapter 3 and Chapter 2, we will restrict the dimension of
the manifolds to be odd integers greater than 3.

o is assumed to be a smooth compact Riemannian manifold with boundary. For
fixed R > 0, B(0,R) is the ball of radius R centred at the origin in R". Then
R™\ B(0, R) is the exterior domain in R™ outside the ball B(0, R).

The ambient space (€2, g) we will work on is taken to be @ = Qy U (R™\ B(0, R))
with Riemannian metric g. The metric g equals to the Euclidean metric in the infinite
end R™\ B(0, R). Moreover, we want the trapped set IC for the geodesic flow on the
cosphere bundle S*Q to be normally hyperbolic, as it is defined in section 1.2 of [22].
We are now describing the geometric set up for the normally hyperbolic trapped

domain €.

1.2.1 Trapped Set K

First we have to specify the definition of trapped set of (2.

Let m denote the projection from the cotangent bundles to 2. Let U, for some
indices @ € A form a covering to . Now let ¢! denote the geodesic flow on . We
fix a point 2 € Q, and let r(x) be the distance from z € Q to xy. Now for each U,,

we can define its backward/forward trapped sets I'} /T'® by:
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¢ ={pen(Us): lim r(¢'(p)) # oco}.

t—Foo

Actually I'Y consists of the cotangent vectors for U,, for which its geodesic flow
was trapped in a bounded subset of 2 if we trace backward in time infinitely. And I'*
consists of those cotangent vectors whose geodesic flows will be trapped in a bounded
subset of {2 when being traced forward in time infinitely.

Then we can define the backward /forward trapped sets I'y /T"_ respectively by:

ry=|JrIy.

a€cA

These two sets consist of all the cotangent vectors that corresponds to geodesics
on ) that are trapped forward or backward respectively.

Now we can give the definition of the trapped set based on the above set-up.

Definition 1.2.1. Let I'y and I'_ be the forward and backward trapped set for the
Riemannian manifold (2, g), as it is described above. Then K is called the trapped
set for ) if

ICZF_,_PIF_.

In fact, the trapped set K is a subset of the cosphere bundle S*€). A cotangent
vector is in K if and only if its corresponding geodesic flow is bounded in a compact
subset of Q2. If the wave propagate along a trapped geodesic, other than flow to the

space infinity, it will stay inside a compact subset. This means the energy will not



CHAPTER 1. INTRODUCTION

disperse for such waves. As a result, it is possible to cause accumulation of energy in

a small region, and break the well posedness of a wave or Schrodinger equation.

1.2.2 Hyperbolic Dynamical Assumptions

Then definition in 1.2 characterizes the feature of a general trapped set. The
trapped set of a normally hyperbolic trapped domain has some particular dynamical
assumptions, which restrict the problem into relatively weaker cases. And we describe
those dynamical assumptions here. In the following chapters, we will always assume
these Dynamical assumptions are satisfied.

Let A, be the Laplace-Beltrami operator associated with the metric g. And let
p be the principle symbol of A,. Let '} = I'+ N p~!()\) be the level set of the
backward /forward trapped set, and K} = K£Np~1(\) be the level set of the trapped
set. Then the dynamical hypotheses are

Dynamical Hypothesis

1, There exists § > 0 such that dp # 0 on p~t(\) for |\ < 9.

2, 'y are codimension-one smooth manifolds intersecting transversely at K.

3, The flow is hyperbolic in the normal direction to IC within the energy surface.
This means that there are subbundles E* (or E_) of Tic,I'} (or Tic,T'), which is
Ugerey T3 (o Ugere, T, ), have the following three properties:

(i) Tic,I'} (or Tic,T'2 ) can be decomposed into the direct sum of the tangent space
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of Ky and the subspace of normal directions E, (or E_). That is,

Tk, Ty =TKy® E*.

(i1) For the gradient flow of ¢*, we have

dot: E* — E*.

(i1i) There exists 8 > 0 such that for all |\| <6,
de'(v) < Ce™ ™Mo

forallve ET, £t > 0.

1.2.3 Sobolev Spaces on ()

Before stating the main theorems, we have to specify some function spaces over
(2, g) that we shall consider. So in this section, we will give those definitions. Such
Sobolev spaces were also used in [7] and [23].

Recall that the metric g described in previous sections is a smooth, time inde-
pendent Riemannian metric. And the operator A, is the Laplace-Beltrami operator
associated with ¢g. In section 1.1.1, we used A to denote the standard Laplacian on

the Euclidean space R". As before, f denotes the Fourier transform of f, if f is any

10
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function on R”. And the homogeneous Sobolev space H(R™) on the Euclidean space

has norm defined to be

1y = (V) By = (2)" / llePF©)de

While the inhomogeneous Sobolev space H?(R™) on the Euclidean space has norm

defined by

£ 117 @y = 11 = D)2 |y = (2) 7" /]R [(1+[€[*) 72 f () Pde.

We can also define a Sobolev space on a compact manifold, with or without
boundary.

Let (€,7) be a compact manifold (with or without boundary), and A; be the
associated Laplace-Beltrami operator. Then Aj; has a discrete spectrum. Assume
2y are the eigenfunctions for A, with eigenvalues 0 < A\ < Ay < .... Then
for each function f on Q and each i, we can project it onto the i-th eigenspace
corresponding to e;. We denote the projection by E;f. Then f can be written as an

spectral decomposition

f:ZEif:Z<f>€i >g €i-
i=1 i=1

So the Sobolev spaces on (Q, g) is defined using this spectral decomposition.

In particular, the homogeneous Sobolev space H7() has a norm given by

11
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11 @) = 11/ =29) 117 Z INEfI.

And the inhomogeneous Sobolev space H?(2) has a norm defined to be

o0

112 = I = D)2 = S 1L+ A2 E, 2
i=1

Now we can define the Sobolev spaces on 2 that we will use later.

Take a cut-off function S on R". That is, # is a compactly supported smooth
function on R™. Let R be the same as we used in section 1.2.1. Assume /[ is supported
in{zr € R": |z| < 2R}, and f(z) = 1 when |z| < R. Let @ = Qn{z € R : |z| < 2R}.
Notice that by our choice of R, €2 is contained in €2’. Moreover, the metric g is the
same as the Euclidean metric on Q\ €. Let Q be the embedding of ' into a compact
manifold with boundary, so that 9Q = 9.

Then for any function f on €, we can write it as f = 5f + (1 — 8)f. Then gf
is supported on €, so it can be identified with its pull-back function on €. And
the second part (1 — )f is supported outside the ball of radius R. By its support
property and the definition of g, (1 — ) f can be think as a function on the Euclidean
space R™.

So we can define a homogeneous Sobolev norm for f by

HfHHw(Q) = HﬁfHHw(fz) +I(1 = B)fHHW(]R")a (1.2.1)
and an inhomogeneous Sobolev norm by

12
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[l zv@y = B ey + N1 = B)flarvam), (1.2.2)

The function spaces on 2 equipped with the norms given by (1.2.1) and (1.2.2)
are the homogeneous Sobolev space H7(€) and inhomogeneous Sobolev space H?(€)

respectively.

Back to the geometric property of €2, we need to point out that when 2 has non-
trivial trapped set, our estimates will contain some extra derivative loss. In order to
deal with those loss, we introduce a Sobolev-type norm, as it described in [23].

Let us start with the Euclidean space R™ with the standard Laplacian A. For all

e and v in R, we define f-[g (R™) to be the space equipped with norm

12 7 ey = NV =R (L = A)2 | 2y

- (/ 17 (1 + \6\2)5/271(6)\%6) "

Notice that, for all ¢ € R, the norm defined above has the following equivalent

form:

HhHﬁg(Rn) ~ HhHHW(|5|<1) + HhHHw+a(\§\>1)- (1-2-3)

And for € > 0,

10 2 ey =2 112 ey + 1l e eny - (1.2.4)

13
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For compact manifolds (€, §), we can define the Sobolev-type norm H7(Q) using
spectral decomposition similarly. That is, for function f on Q, its f{g norm is given

by

=0

- 1/2
111 22 ) = <Z(\MW(1 + Mi\z)g/Q!EifW) : (1.2.5)
And for a normally hyperbolic trapped domain (€2, g) we described in previous

sections, the Sobolev-type norm || - [| (o) is defined using a cut-off function 3, as we

did earlier,

1l = 1B 2@ + 12 = 8) fll a2 @y (1.2.6)

Notice that (1.2.3) and (1.2.4) also hold for [ - [ 72(q) and [ - || 72(q) When € € R

and € > 0 respectively.

1.3 Main Theorems

1.3.1 Main Theorems: Wave Equations

Now we can state our main result for the wave equations on the hyperbolic trapped
domain (€2, g) we described above.

Consider the following wave equation on (€2, g).

14
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(

(02 — Ayu(t,x) = F(t,z), (t,z) e Ry x
u(0,z) = f(zx), x€Q

(1.3.1)
Ou(0,z) = g(x), x€Q

u(t,x) =0, on Ry x 09,

\

If the forcing term F'(¢,z) = 0 for all (¢,2) € Ry x Q, we get a homogeneous wave
equation on the ambient space. Our first result here is for the homogeneous wave

equation.

Theorem 1.3.1. Let n > 3 be odd and ) be a normally hyperbolic trapped domain

described above. Let u = u(t,z) be the solution of (1.3.1) with F(t,z) =0. Ifp > 2,

v € (=27, "5), and (p,q.7) satisfies

Lyn_n (1.3.2)
_ - = — f}/, L.
P q 2 .
P + q S 1, n>3J3
Then for all e > 0,
lull s, xa) Se 1 f @ + 19l z-10)- (1.3.3)

In section 1.2, we see that the wave propagating along trapped geodesics will stay
in a bounded subset. This could possibly cause energy concentration in a small region.
Above result shows that, in hyperbolic trapped case, the LZL% mixed norm Strichartz

estimate only needs an arbitrarily small derivative loss. This is understandable if

15
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we think about the dynamics for hyperbolic trapped set. From section 1.2.2, we see
that the trapped set of Q2 is highly unstable. An arbitrary small perturbation with a
normal direction summand will result in an escaped geodesic.

Furthermore, we can get an estimate for the inhomogeneous problem. That is for

equation (1.3.1) when F'(t,z) is not constantly zero.

Theorem 1.3.2. Let n > 3 be odd, and ) be the same as above. Assume p > 2,
v E (—”T’S, "T’l), and (p,q,7) and (r,s,1 — ) both satisfy (1.3.3). Let u = u(t,z) be

the solution of (1.3.1), then for any ¢, > 0, we have,
ullzrr o xo) < HfHHg(Q) + HgHﬁg—l(Q)
+ "F"LQ/L;’(R+><Q) + HFHL%"’L;'—é(RJrXQ)' (1'3'4)
Here ' and ' are the Holder’s conjugate of v and s respectively.

Compare our results with the classical mixed norm estimates for non-trapping
domain, it turns out that the forcing term F'(t,z) needs to have better decay rates
when z approaches infinity.

We will prove theorem 1.3.1 and theorem 1.3.2 in Chapter 2.

1.3.2 Main Theorems: Schrodinger Equations

Now we can state our main results for the Schrédinger equations on the hyperbolic

trapped domain (2, g) we described above.

16
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Our goal here is to study the local well-posedness for the following nonlinear

Schrodinger Equation on €2,

w(©,) = f (1.3.5)

u(t,z) =0, on Ry x 09,
\
The nonlinear interaction F' is assumed to behave like |u|? when |u| is small. By

which we mean, there is a €9 > 0 such that,

> Pl F ()] < Jul” (1.3.6)

0<j<2

When |u| < &.

The main estimate we get for (1.3.5) is

Theorem 1.3.3. For every finite T > 0, assume (p,q) € R%, p > 2 satisfies

1 n n
— + - = — 1.3.7
PR (1.3.7)

Then there esists C > 0 such that

HUHLI;WW(Q) < CTl/(Qp)Hf‘ Hs+5(Q) (1.3.8)
Where s € [0,00), u(t) = e'*?sf. Moreover,
||u||L%WSa‘1(Q) S OT1/2p’|F||L1TH5+E(Q) (139)

Where s € [0,00), u(t) = ft

0 =% P (1)dr.

17
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(1.3.8) is the Strichartz estimate for homogeneous Schrodinger equations. It is
the estimate for (1.2.1) when F = 0. (1.3.9) is the Stichartz estimate for the in-
homogeneous linear Schrodinger equations. It is the estimate for (1.2.1) when F' is
independent of wu.

We may notice that, the right hand side of both (1.3.8) and (1.3.9) depends on
the ending time 7.

Using the estimates in Theorem 1.3.3, we can show the following local well-

posedness for (1.2.1).

Theorem 1.3.4. Forn =2,T >0, and (p,q) € R?, p > 2, such that 1/p+1/q = 1/2.

If

Xy = LEHY(Q) N L2Wi-tr==a(Q),

and R < OT~Y/P®?=1) "then (1.3.5) has a solution in Br N Xr.
Forn >3, T >0 and (p,q) € R?, p > 2 satisfies 1/p +n/q = n/2. We also

assume that s > n/q. If
X3 = L H(Q) N LEW*9(Q)

and R < CT~Y/rw=1)(1 4 TV =1/®=1) s ¢ positive radius. Then (1.3.5) has a

solution in Br N X7.

We will prove Theorem 1.3.3 and Theorem 1.3.4 in Chapter 3

18



Chapter 2

Global Strichartz Estimates for

Wave Equations

2.1 Introduction

In this chapter, we will focus on the wave equation 1.3.1. Same as before, (€2, g)
is the normally hyperbolic trapped Rimannian manifold. A, is the Laplace-Beltrami
operator associated with the metric g. Our goal is to prove theorem 1.3.1 and theorem
1.3.2 for Q.

This work is based on X. Yu’s Generalized Strichartz estimates theory. In [23],
X. Yu generalized the abstract Strichartz estimate theory from [7] and developed the
Generalized Strichartz estimates theory that takes the derivative loss into account.

The idea is, if there are strong enough controls to the energy momentum of the

19
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solutions local in time, as the wave flows have finite speed of propagation, we can get
a global estimate of the solution.

In particular, in order to get the desired global mixed norm estimate for wave
equations, we have to first prove a good enough time global bounds for the energy
momentum. So in section 2.2, we will derive a local energy estimate. It is important
in the sense that, such estimates provides the control for the solution near the trapped
set. It turns out that, no matter how long does the wave propagate, the bad behaviour
generated from the trapped set will be controlled by the initial values and the forcing
term. However, instead of using the classical Sobolev data, the data we need here
has to be in the Sobolev-type space we defined in Chapter 1.

The second essential estimate we need is the Strichartz estimate for finite time.
And we will prove it in section 2.3. The problem here is that, as the wave propagate
to the space infinity, the bad behaviours generated near the trapped set will also
propagate and cause bad effect to the part of the solution near the infinity end of
the manifold. That is the reason we start with the Strichartz estimate for finite
time. Because of the superposition property of wave equations, we can decompose
the solution of our (1.3.1) into two parts: the part near the trapped set, and the part
near the infinity end. Since the wave has finite propagation speed, the bad effects
only propagated for finite distances in finite time. It is interesting to see that, in this
case, we do not need the data to have any extra derivative loss.

Then in section 2.4, we will prove two of our main theorems. That is the theo-

20
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rem 1.3.1 and the theorem 1.3.2. After proving the local energy decay and the local
Strichartz estimates, the global Strichartz estimates for homogeneous wave equation
follows by applying the theory of generalized Strinchartz estimates in [23]. The in-
homogeneous estimates is more interesting if we want to avoid loss of derivatives for
the forcing term. As you will see in section 2.4.2, we can hedge the derivative loss

using two parallel TT™ argument.

2.2 Local Energy Estimates

Consider 2 = Qg | |(R™\ B(0, R)) be a normally hyperbolic trapped domain, as it
is described in section 1.2 of Chapter 1.

Consider a distribution v = w(t, ) that solves (1.3.1) with f, g, F' compactly
supported near .

Then a special case of Theorem 3 in Section 5 of [22] is,

Corollary 2.2.1. Supposed that €2 is a normally hyperbolic trapped domain as above.
Assume that, if for a fited R > 0, u solves (1.3.1). Assume that F = 0 and f,g

compactly supported in {|x| < R}. Then there exists « >0, K € Z* such that,
[ 0 e, e < C sy + Il (22
for some C = C(a, K, R).
Interpolate (2.2.1) with the energy estimate, we get the following lemma, which
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suggests the exponential decay for the local energy of the solutions with respect to

arbitrarily small derivative loss of the initial data.

Lemma 2.2.1. Fix R > 0. If u = u(t,z) solves (1.3.1) with f, g, F compactly
supported near 0S), dc > 0, so that

o' (t, 2) | 2ol <) S €Ul irvea <y + 1191 ize (2 <)) (2.2.2)
For anye >0

Using this estimate, we can get the local energy decay estimate, as it is stated in

the following proposition.

Proposition 2.2.1. Assume u = u(t,x) solves (1.3.1), and f, g, F wvanishes for

|z| > R. Then we have

| Oty + 100008 )
S ey + 9y + [ 1P (5.0 qyds (223)
Proof:
Now let us prove Proposition 2.2.1.

Notice that the functions of both sides of the equation are compactly supported,

the left hand side of (2.2.3) is equivalent to,

2
A =1t )z e, xgral<ry) (2.2.4)
When F' = 0, square and integrate both sides of (2.2.2), we can get that
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A S ey + N9

Assume that D, = /—A,. Take f =01in (2.2.2), we can see that

Isin(t[ D)l L2 af<ry S €N ll =0

for h € H5(Q) Supported in |z| < R.

And take f =0 in (2.2.2), we can get

[ cos(t|DyDhllr2zi<r) S €Nl j7e (-

So by Euler’s equation,

1PVl 22 o<y S € IRl ey

By Duhamel’s Principle, if we apply Minkowski inequality to

1€™P Rl 2 a<y S €Il o2y

we get the desired estimate for F' # 0.

2.3 Local Strichartz Estimates

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

In order to prove the case global Strichartz estimates, we need to first prove a

Local Strichartz Estimate in this section. Because we are considering finite time
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estimate, the problem is relatively simple, as the trapped effect would not propagate
to infinity.
The main result for this section is the following estimate for homogeneous wave

equations.

Proposition 2.3.1. If u = u(t, z) solves (1.3.1) with F' = 0. Assume that p > 2 and

v E (—”T_?’, "T_l) Then for (p,q,v) satisfying (1.3.2), we have,

lullzrzgqoxey S 1@ i) + 119G 10 (2.3.1)

The idea of the proof is to decompose the solution u(t, z) into the sum of two parts,
because of the principle of superposition. The first part is supported near €. We
will see that it is equivalent to a solution of a wave equation on a compact manifold
with boundary. The second part is supported near the infinity end R™\ B(0, R). This
part is, in fact, equivalent to a solution of a wave equation on the Minkowski space.

Now let us see the proof explicitly.

Proof of Proposition 2.3.1:

Consider a smooth cutoff function ¢ € C§°(R™). We assume that ¢(x) = 0 on
{r € R" : |z| > 2R} and ¢(z) = 1 when |z|] < R. Recall that in Section 1.2 of
Chapter 1, we assumed Q2 € {z € R" : |z| > 2R}.

For the u solving (1.3.1), let us take v = pu and w = (1 —¢)u. Then we can write

u as
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u=v4+w=pu+ (1 —9hu (2.3.2)

(i) Estimate w = (1 — ¢)u
As we assumed, F(t,x) =0 for all (¢,z) € Ry x . So
(07 — Apw = (1 — p)0tu — pAu — [0, A Ju
= —[p, Aglu.
Notice that g;; = d;; when |z| > R, and w = (1 — ¢)u is supported away from

{r € R": |z| > 2R}. This means that taking A jw is the same as taking Aw, where

A is the standard Laplacian on the Euclidean space. So w solves the following wave

equation:
)
(8152 — Aw = —[p, Ag]u
w(0.2) = (1= p(x))f(x) (2:33)
| 0rw(0,2) = (1 = ¢(z))g(2)
In fact, as G(t,x) = —[¢, Aj]u is supported on the annulus {z € R" : R < |z| <

2R}, (2.3.3) is a wave equation on the Minkowski Space R, x R".

Now we can write w as the sum of wg and wy, the solution for the homogeneous
equation and a particular solution for the inhomogeneous equation.

So we want wy to solve the corresponding homogeneous equation of (2.3.3), that
is,
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p

(07 = A)wy =0
wo(0,2) = (1 - $(2) (@) 2.3.4)

Orwo(0, ) = (1 — p(z))g(z).

\

By Corollary 1.2 in chapter 4 of [17], we have,

lwollzraqonxrey S (1= (@) f (@)l g @ry + 11 = (@) g ()| 71 @ny- (2:3.5)
for (p, q,7) satistying (1.3.2).
And for wy, it solves the inhomogeneous equation with zero initial data, that is,

p

(0F = A)wy = =[i, Aglu

w(0,2) =0 (2.3.6)

Jwy1(0,2) =0
\

By (3.2.6) and Minkowski inequality, we have that

t
I / ci(t=5)ID| ’D’flG(t, ')dSHLfLZ([O,l}an)
0
t .
< / Hez(t—s)lD|’D’*lG(t7 ')HLtpLZ([O,l}an)dS
0
S./ HG(t>x)HL%Hw—l([OJ]XRn) (237)

Where |D| = v—A.
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So combine (3.2.6) and (2.3.7), we get that

||wHLng([o,1}xQ) S - @)fHHv(Rn) + (1 = Cp)gHval(Rn)

+ H [(107 Ag]u"L3H7*1([O,1]an) (238)

As [p, Aglu = —(Agp)u+ Vo - Vyu is supported on {z € R" : R < |z| < 2R},

and g;; = 0;; on this annulus, we know that

H[%Ag]UHLgm—l([o,uan) = |l[e, Ag]uHLfH”Y—l([O,l}XQ)'

So by energy inequality, we can get

Il Aglull 210,11 mm) S Wl + 11911210 (2.3.9)

So plug (2.3.9) into (2.3.8), we can see that w is bounded by

12 = @) fll 2 ery + 11X = @)l rvr ey + 1 iz @) + N9l 21

which is controlled by a constant times
1 iz ) + N9l 210

(ii) Estimate v = gu
Now let us consider v = pu.

Since v = pu,
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(8? —Ayv = go@fu — pAgu+ [p, Agu

= [¢, A,]u.

So v is a solution to the following wave equation,

p

(07 — Ag)v = [p, Aglu

v(0, ) = ¢(z) f(z)
(2.3.10)

(0, ) = @(x)g(x)

U(t, ZE)‘QQ = O

\

Since v itself, the forcing term [p, AjJu and the initial conditions are all compactly
supported in {z € Q : |z| < 2R}, (2.3.10) can be considered as a wave equation on
the compact manifold (Q, g) with boundary. In particular, we can take Q so that
90 = 99, and § coincide with g.

Now we can write v = vy + v1, where vy solves the corresponding homogeneous
equation and vy solves the inhomogeneous equation.

More precisely, for vy solves the homogeneous wave equation
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(

(07 — Ag)ug =0

'UO(Owr) = gO(.T)f(.T)

(2.3.11)
Ovo(0, ) = p(z)g(x)
vo(t, )|pe = 0.
\
Then by Theorem 1.1 in [1], if (p, q,) satisfies (1.3.2), we have that
HUOHLng([o,uxQ) ~ HU0||L§LZ([071}XQ) (2.3.12)
< el + Ioslaes (23.13)
~ [lofll i) + 1991l 100y (2.3.14)

Notice that, by Duhammel’s principle and (2.3.13) for f = 0, we get that

HhHLﬁL%([O,I]xQ) S G, x)HLfHW—l([O,l]XQ) (2.3.15)

If h solves (07 — Ay)h = G(t,z) for (t,z) € [0,1] x Q with zero initial data and
zero boundary value.

In fact, v; solves the inhomogeneous wave equation below:
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4
(8152 - AZ})UI - [907 Ag]u
vo(0,2) =0
(2.3.16)
0yvo(0, ) =0
’Uo(t, 5’7)‘6@ =0.
\
So by (2.3.15),

lvillzeraqoyxa) S 1o, Aglull 12 -1 0,1x6)- (2.3.17)

So by (2.3.13) and (2.3.17), we have

lvllzzraonx) S e flla@ + leglm-1@) + e Agdull 2 pv-1qoxey  (2:3.18)

where the right hand side of the inequality is bounded by || f|| () + 19/l 21 ();

as ||, Ag]uHLgHw—l([o,uxfz) ~ ||[e, Ag]u’|L3HV*1([O,1]><Q)‘
Therefore, by Minkowski’s inequality, we got the desired local Strichartz estimate

for u solving (1.3.1).
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2.4 Global Strichartz Estimates

2.4.1 Homogeneous Wave Equation

Let us first prove Theorem 1.3.1, the global mixed norm estimates when F' (¢, z) =
0in (1.3.1).

There is a long history of establishing the global Minkowski Strichartz estimate,
beginning with the original work by Strichartz [18]. Some subsequent works are done
by Genibre-Velo [6], Pecher [15], Kapitanski [10], Lindblad-Sogge [12], Mockenhaupt-
Seeger-Sogge [14], Keel-Tao [11], etc. One of the result is the following estimate,
which is Corollary 2.1 in chapter 4 of [17], as we used several times above.

Global Minkowski Strichartz estimates.

Let u = u(t,z) be a solution to (1.3.1) with F' = 0, in the case of = R"™ and

gi; = 0;;. Assume that p > 2, and (p, ¢, ) satisfies (1.3.2). Then we have the following

mixed norm Strichartz estimate hold for w:

||u||L§’L%(R1+n) N ||fHH"/(]R") + HgHH’Y*l(R”) (2.4.1)

Almost admissibility

As we mentioned in the introduction of this Chapter, in [23] Xin Yu developed gen-
eralized Strichartz estimate theory to deal with Strichartz estimates with derivative
loss on the initial data. A key definition in her theory is the almost admissibility

of function spaces. Let us quote the definition as follows.
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Definition 2.4.1 (Definition 1.4 in [23]). Let X be some Strichartz norm, and ~y, n,
p are some real numbers. We say that (X, v,n,p) is almost admissible if it satisfies

i), Minkowski almost Strichartz estimates

lullze x o,s1xrm) S 1160, ) v mny + 106000, ) 1R (2.4.2)

ii), Local almost Strichartz estimates for €

H“HL?X([OJ}XKZ) < Jlu(0, ')HH‘;{(Q) + [|0pu(0, ')||f1;*1(sz) (24.3)

According to the generalized Strichartz estimate theory in [23], for almost ad-
missible spaces (X,7,n,p), we have the following Local-global theorem for abstract

Strichartz estimates.

Theorem 2.4.1 (Theorem 1.5 in [23] for Dirichlet-wave equation). Let n > 2 and

assume that (X,~,n,p) is almost admissible with

n—3 n—l)
2 7 2 7

p>2 and e (—

Then if there exists some € such that the local smoothing estimate (2.2.3) is valid and

if u solves (1.3.1) with forcing term F = 0, we have the abstract Strichartz estimates
||u||L§’X([o,oo)xQ S Hf||ﬁg+n(9) + HQHﬁg;;(Q) (2.4.4)

End of proof for Theorem 1.3.1:
Now let us consider v = u(t, x) solves the (1.3.1) with F'(t,z) = 0. From the result
of section 2.2, we can see that (2.2.3) is valid for u, f, and g. By proposition 2.3.1
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and (2.4.1), it follows that (L(€2),~,0,p) is almost admissible, if v € (—252,251)
and (p,q,~y) satisfies (1.3.2). So our Theorem 1.3.1 follows directly from Theorem

2.4.1 above. 0

2.4.2 Inhomogeneous Wave Equation

The inhomogeneous estimate is interesting in the hyperbolic trapped case, because
the loss of derivative grows up when there are non-trivial forcing terms. In particular,
if the initial data f and g have e-loss of derivative, the forcing term F' will have 2e-loss
of derivative. It is obvious to see that if we iterate for a non-linear equation, such
growing effect could accumulate and blow up and the number of iterations tends to
infinity. So we want to get rid of such effect.

In Theorem 1.3.2, we in fact get rid of the derivative loss by using two mixed
norms for the forcing term F'(¢,x). This means, the control for the inhomogeneous
solutions can be depend on F' itself, which is independent of its derivatives. As you
can see in the following proof, it turns out that we can hedge the derivative loss by
using the two different mixed norms. You may also notice that, our main idea is still
the classical TT™ duality argument.

Another important ingredient is the Christ-Kiselev lemma [3]. We quote the

lemma here for completeness. A proof can be found in [16].

Lemma 2.4.1 (Christ-Kiselev Lemma [3]). Let X and Y be Banach spaces and
assume that K(t,s) is a continuous function taking its values in B(X,Y'), the space
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of bounded linear mappings from X toY that —oo < a < b < o0, and set

b

TF(E) = / K(t,5) f(s)ds. (2.4.5)
Assume that
\T flajap),y < CI S Legan,x)- (2.4.6)
Set
¢
Tf(t)= /K(t, s)f(s)ds. (2.4.7)

Then, if 1 <p < q < o0,

9—2(1/p=1/9) . 9
W fllzsonyy = 75— 1/ lrgen. - (2.4.8)

Now let us prove the inhomogeneous estimate in Theorem 1.3.2.
Proof of Theorem 1.2:

Comparing Theorem 1.3.1 and Theorem 1.3.2, we can see that it suffices to show
the case in which f =g = 0.

By Duhammel’s Principle, we have to show,

t
H/ ¢ INPDI (s, -)ds|| 1z g v <o)
0

S HF(t> x)HLfL?!(]R.~.><Q) + HF(t’x)HLg’L;'—é(RJFXQ)a (2'4'9)

for (p,q,v) and (r,s,1 — ) satisfying (1.3.2) respectively, and any § > 0

Taking T to be the operator
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t
TE(t,-) = / I DI7LF (s, )ds (2.4.10)

0

in Lemma 2.4.1, we can see that it suffices to show

I [ IO Jisligise,
0
S HF(t,x)HL;'L;/(RJrXQ) + ||F(t, I)HL;«/LQSDLzS(R+><Q) (2411)

By theorem 1.3.1, the left hand side of (2.4.11) is bounded by

[ / e HIPIDI F (s, )ds | 3 . (2.4.12)

for any € > 0.

According to (1.2.3), (2.4.12) equals to

1] e PR sl gz + [ PG sl (2413)
0 0

So in order to prove the theorem, we need to show that

I e PG sl sz 1 [ PP, sl

S IF(, 37)HL;’L;’(R+xQ) + [ F(t, x)HL;’Lg’*f‘(RMQ) (2.4.14)

In fact, if (r,s,1 — ) satisfies (1.3.2), by Theorem 1.3.1, for all ¢ > 0,

35



CHAPTER 2. WAVE EQUATIONS

1€V =% fllrry @y c) S I L a- (2.4.15)

By duality,

A O P L o) P (2.4.16)
According to the definition of the HY norm, the left hand side of (2.4.16) is

equivalent to

1] e PR sl gz + [ e PG sl gz (2417
0 0

So the first term in (2.4.14) is bounded by || F'(t, x)||L:/LS/(R+XQ), which is exactly
the first term on the left hand side of the inequality (2.4.14).

Then consider (r, 5,1 — (7 + 4¢)) satistying (1.3.2). Similar as (2.4.15), we get

1€V 729 Fll yrs e, x0) S 11l -0 (2.4.18)

Then the duality of (2.4.18) gives

H/O eiis|D|F(s>')dSHHZ*Q'fE—l(Q) S IF(, -T)HL;/Li’(]RJrXQ) (2.4.19)

And the left and side of (2.4.19) turns out to be,
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H/O e MIPIE (s, )ds|| gryse-1q) ~ H/O e IPIE (s, )ds| frrsae 1 ey

[ (s, sl gz (24:20)
0

which provides the bound for the second term in (2.4.14). Notice that e can be
arbitrarily small, it follows that we can choose § = s’ — ¢, for arbitrarily small § > 0.

And this completes the proof for Theorem 1.2.
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Chapter 3

Local Strichartz Estimates for

Schrodinger Equations

3.1 Local Strichartz Estimates

Let us prove the Strichartz type estimate in Theorem 1.3.3 first.
Using the result in Corollary 2 of Wunsch and Zworski [22], we can prove the

following lemma.

Lemma 3.1.1. Let u = u(t,z) solves (1.3.5) with forcing term F = F(t,x) indepen-
dent of u. Let p(x) € CP(R™), and p =1 on {x € R" : |x| < 2R}. Then we have the

following local energy decay estimates. If f, F' are supported in |z| < 2R,

pull L2 v 0,11 x00) S HfHHwEf%(Q) + | F || 2 rv2e-1j0,71x2) (3.1.1)
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and
Vg SIS e+ 11 E N g ey - (3.1.2)
For all v € R.
Proof:
(i).Firstly, let us consider (3.1.1).
Recall that, by Corollary 2 of [22], we have that for any € > 0,
J I+ ) S 1 ey 3.13)

So we can take p(z) € C§°(R™) such that p = 1 on {x € R" : |z| < 2R}. Since

f(z) =0 when |z| > 2R, it follows that
T

HpeitAgingHnys([QﬂXQ) S / H(l + ’x‘Q)il/SeitAgfH?{l/?%(ﬁ)
0

S 1z @)-

By Duhammel’s principle and Minkowski inequality, if F'(¢,2) = 0 when |z| > 2R,

we have that by TT™* argument

t
u / pe I8 B (L, sl Eagors < oy S | / 10639 B (8, ) g /e s 20z
0 0
< / 0% F(t, Y| e s 20

0

T
/Hpe = S)A“’F )||L§H1/2—s([o,T]xQ)dS
0

5 "F"LfH*1/2+€([O,T]XQ)'
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So we proved (3.1.1) for y =1/2 —¢.

Then by elliptic regularity of A,

I ol g S0 e ol
Shotsgull e+ 1 Dg ol g+l oul

Since Aju solves the equation with initial data A,f and forcing term Ay F, we

get

x

oAl e S 180z + 1AGFI 0

< WSl + 1P, 5
ttlx

Notice that [Ag, p] = p10,u + pou, where py, po € C§° have support belonging to

supp(p). Thus,

I{Ag plull , ac S psull, 5

< 6 1-6
Sosell, ol psu 0

1_
2
z t

z%—s

Where p; € C§° has support in supp(p1) N supp(ps), and € is any real number in
(0,1).

Hence the L? part (3.1.1) is true for v = % — ¢. Similar arguments hold for

v = % —¢, % —¢, 177 —¢&,.... So by interpolation and duality, we proved (3.1.1) for all
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v € R.
(ii).To show (3.1.2), we use the result of part (i).
In fact, by (i) above, if v solves the inhomogeneous equation with 0 initial data,

v satisfies

vl L2y @, x0) S ||FHL%H;+€7%(R+XQ) (3.1.4)

By duality, energy estimate and elliptic regularity, we get
e 1 Pt R 1 Y, (3.1.5)
And we proved (3.1.2). O

In the next proposition we show that away from the trapped set, the free evolution

satisfies a Strichartz estimate with loss.
Proposition 3.1.1. Let n > 2. Suppose u = u(t, x) solves (1.3.5), with F' = 0. Let

X € C§° and x(z) = 1 when |z| < R.

Then there exists C' > 0 such that

11 = x)ullLrwsa@, x) < Cl|f[lms+e (3.1.6)

A

where s € Ry, u(t) = e9ug and (p,q), p > 2, is an Strichartz admissible pair,

1.€.

n o n
242 _Z 1.
P 2 (3 7)



CHAPTER 3. SCHRODINGER EQUATIONS

and € is the one in (3.1.1) and (3.1.2).

Proof:

Set v(t) = (1 — x)eA9uy. Then v satisfies the equation

(10; + Ay)v = [Ay, —x]u,
(3.1.8)

v(0) = (1= Yo

Since x = 1 when |z| < R, 1 — x = 0 when |z| > R. Remember that the metric
g is assumed to be the same as the Euclidean metric when |z| > R, Aj,v = Av on
its support. So equation (3.1.8) can be regarded as a Schrédinger equation on the
Fuclidean space R™.

Hence

t
o(t) = (1 — x)up + / DN, —yJu(r)dr (3.1.9)

0
where A is the standard Laplacian on R™. Therefore, the first term on the right
hand side satisfies the usual Strichartz estimate. And it is suffices to study the second

term, i.e.

w(t) = /Ot EDAA,, —x]u(T)dr (3.1.10)

Notice that, by lemma 3.1.1, we get

HAg, =xlull 15 -y S Wl (3.1.11)
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Let Tf(t,z) = ¢® f(x). We now investigate the smoothing effect for the operator

T. Using (1.10) and (3.4) in [2], we have, for every cutoff function x, in R™,

(1= A)s (x0T )l 2@y xrmy S [1Fllz2cen) (3.1.12)

The dual version is,

1T (xo(1 — A)*9) | 2y S N9/l 2r, xrn) (3.1.13)

Applying Strichartz estimates on R™ for T', we can get

ITT*(xo(1 = A)* )| 12 Lagny S Mlgllz2, xmy (3.1.14)

Notice that

TT*(f)(t) = /0 DA f(r)dr (3.1.15)

Taking H(t,z) = (1 — A)~Y4[A,, —x]u, we get

T
||/ ez(t_T)A(l - A)IMHHL;LQ(RM 5 ||HHL2(R+XR”)
0

S A, _X]UHLQTH—U?(]R") S lluollme (3.1.16)

Hence by Christ-Kiselev lemma, we completed the proof for s = 0.
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The case s = 1,2, 3... can be treated similarly by differentiationg the first equation
of (3.1.8), considered as an equation on the Euclidean space R™. Then interpolate

between s = k and s = k + 1, we can get the inequality for all s € R. O

Now we can deal with the Strichartz estimate for e®?s.

Proposition 3.1.2. There exists C > 0 such that

[ullpwea < ClUFN o 1e (3.1.17)
where ¢ satisfies (3.1.1) and (3.1.2), u(t) = @9 f and (p,q), p > 2, satisfies

(3.1.7).

Proof:
Take a cut-off function x € C§°(R™) which equals to 1 when |z| < R. We can

write u(t) as

u(t) = xe™ o f + (1 —x)e™s f = v(t) +w(t) (3.1.18)

Due to Proposition 3.1.1, we know that w(t) satisfies the desired Strichartz es-

timate with loss. So by Minkowski inequality, it suffices to show the estimate for

v)(1).

Using lemma 3.1.1, we get

HUHLle(Q) N HfHH1/2+s(Q) (3.1.19)
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Then using energy argument, we can deduce,

vl oo z2) S N fllz2e) (3.1.20)

Interpolate between (3.1.19) and (3.1.20) gives

||UHLfH2/P(Q) S HfHH%Jr% (3.1.21)

By Sobolev embedding theorem, H?/?(Q) c L(Q) if % +4 = 5, we completed the
proof for s=0.

Then we consider s = 1. By energy inequality, we get

HUHLgoHp/(p—z)(Q) Sl gwro-2 (3.1.22)

Interpolate between (3.1.19) and (3.1.22), we get

HUHLfHH‘?/P(Q) S ||fHH1+1/P+E(Q) (3.1.23)
So by Sobolev embedding theorem, H'*2/7() < Whe(Q), we get that (3.1.17)
holds for s = 1. Interpolate between s = 0 and s = 1, we get the case s € [0, 1].
Similarly, we can get s = 2,3,4..., and interplation gives us for all s € R.
O
Now we can state the time-dependent Strichartz type estimate, which is key to

the local existence theorem.

45



CHAPTER 3. SCHRODINGER EQUATIONS

Proposition 3.1.3. For every finite T > 0, there esists C' > 0 such that

HUHL%WS"Z(Q) < CTYCP| £ Hs+(Q) (3.1.24)

Where s € [0,00), u(t) = e®s/ and (p,q),p > 2 satisfies

1 n n
-+—== 3.1.25
PRI ( )
Moreover,
[ull Loweaiy < CTYVP||F| s grsve(e) (3.1.26)

Where s € [0,00), u(t) = [; ¢t~ F(r)dr, and (p,q), p > 2 satisfies (3.1.25).

Proof:
Firstly, let us study u(t) = ¢/As/,
Let x € C°®") he the cut-off function such that x = 1 when |z| < R. Similarly

as it is in the proof of Theorem 1.3.1, we can write u(t) as

u(t) = xu(t) + (1 — x)u(t) = v(t) + w(t) (3.1.27)

Hence Minkowski’s inequality implies

HUHL’%WM(Q) < HUHL’%WW(Q) + HwHngsyq(Q) (3.1.28)
So we evaluate each term on the right hand side separately.
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By lemma 3.1.1, we have

||UHL2THS+1/2(Q) Sl (3.1.29)

Then an energy argument yields,

[l zeems ) S I lms o) (3.1.30)

Interpolate between (3.1.29) and (3.1.30), we can get,

HUHLI;HsH/p(Q) S f s+ (3.1.31)

By Sobolev embedding thoerem, if (p,q) and p > 2 satisfies (3.1.25), we have

Hs+1/P(Q) € W*9(Q). Hence we obtain,

HUHL’}WSH(Q) SIS Hs+e() (3.1.32)

Then we investigate w(t) = (1 — x)u(t).
Let p* = 2p, then for (p,q), p > 2 satistying (3.1.25), we have p* > 2 and (p*, q)

satisfies (3.1.7). Hence by Holder’s inequality and Proposition 3.1.1, we get,

w2 wea(orx0) S TV |w| o wsagoryxay S TN fllreve (o) (3.1.33)

This completes the proof of (3.1.24).
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Estimate (3.1.26) comes from (3.1.24), Christ-Kiselev lemma and Minkowski in-

equality in time variable.

t T
I [ e @ argannier S 1 [ €IS F@ e
0 0

t
< e / e B (1) dr s
0

S Tl/(zp)HFHLlTHHe(Qy

Proposition 3.1.4. For every T' > 0, there exists C' > 0 such that for all s € R,

9+25

(3.1.34)

< CTVEDHYED| (1= A) ™ F| g 1,

[l s <

If the right hand side is finite. Here u(t) = fo =n% F(r)dr, (p,q), p > 2

satisfies (3.1.25), and (p,q), with p € [1,2), satisfies

L4 (3.1.35)

Rl 5 1.
Notice that (p,q) and (p,q) do not need to have any correspondence.

Proof:
Due to Christ-Kiselev lemma, it suffices to evaluate
T .
w(t) :/ MR P(1)dr (3.1.36)
0
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Using (3.1.24), we can get

||w’|LgWs,q(Q) S OTI/(QP)||h| Hste(Q)» S € [O, OO) (3137)
Where h = fOT e T A (T)dr
The Dual of (3.1.24) gives
1] e () < CTl/(Zﬁ)H(l - Ag)(SJrE)/ZfHLI;Lq(Qy s € (—00,0) (3.1.38)

Where (5, G), p € [1,2), satisfies (3.1.35). As €*®s commutes with A, (3.1.38) is

also true for s € [0,00). This completes the proof. O

3.2 Local Well-posedness of Schrodinger

Equations

Now let us consider the initial value problem (1.3.5). In this section, we always
assume € > 0 be the small positive number in (3.1.1) and (3.1.2). And the initial
value f is small enough.

So by Duhamel’s principle, the solution of (1.3.5) can be written as

u(t) = e f + /t e B (u(7))dr, (3.2.1)
0

Where F' and () are described as they are in the Chapter 1.
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So F'(u) satisfies the following point-wise estimate:

[F(u)| < ul” (3.2.2)

and

IVF(u)| < |Vul|u[P~! (3.2.3)

Moreover, as F(u) — F(v) = fol F'(tu+ (1 — t)v)(u — v)dt, it follows that

[F(u) = F()] < Ju—vl([ul~" + [v~) (3.2.4)

[V(F(u) = F(v)| S 1V (w=0)|(lul"™" + [0l + [u = v (V] + Vol ) (Jul 7 + o)
(3.2.5)
Let ®(u) = e f4 [ /=7 F(u(r))dr, it suffices to show that @ is a contraction

on some Hilbert Space X.
The next proposition is the result for 2 diminsion. The local well-posedness in 2d

follow from it.
Proposition 3.2.1. Let n =2, and (p,q) € R?, p > 2, such that 1/p+1/q=1/2. If
Xp = LYHY(Q) N L2Wi-tr—=a(Q),

and
lullx, = llullzge @) + lull e wi-m-—cagq)
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Then ® is a contraction from Xr to X in a ball of Xp

Proof:

By Proposition 3.1.1, the free Schrodinger propagator e®s is bounded. So it
suffices to show that A = ® — €29 is a contraction.

So AG = f(f et="2sG(7)dr. By Christ-Kieslev lemma, energy argument, Propo-

sition 3.1.1 and Minkowski inequality, we have

[AGx, < CG Ly a0 (3.2.6)

On the other hand, we can bound F'(u(t)), where F' is the forcing term in (1.1),

satisfying the assumptions in the introduction. So using (3.2), we have

T
POz < C [ N i B21)
’ 1
< C/O (7)o () [ Loy AT (3.2.8)
< CTYP|lu(r) |l mallw(m) [y e o (3.2.9)

If we choose 1/p > ¢ > 0, we will have 1 — 1/p — e > 2/q, hence W'~1/P=54(Q)

L>(£2). So we get

—1 1
[ull7p poe ) < Cllulli, (3.2.10)

So the forcing term satisfies
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@)y < CT ), B1)
()

Substitute (3.2.11) into (3.2.6), we get

IAF (u())llxy < CIF ()l gm0y < CTVPlu(t)], (3.2.12)

Similar to the above proof, we can show that

1F(w) = F(0)ll a0 < CTYlu —vllxp (i, + lloll,) (3.2.13)

Which completes the proof. O

In conclusion, when n = 2, by Proposition 3.2.1, for any 7" > 0, in a ball By of
radius R > 0 of Xy, if R < CT~/?®=1_and the initial value f is small, then ® is a

contraction on Br N Xr. Hence there is a solution of (1.3.5) in B N Xr.
The higher dimensional case can be treated similarly.

Proposition 3.2.2. Letn > 3, and (p,q) € R3, p > 2 satisfies 1/p+n/q=n/2. We

also assume that s > n/q. If
X5 = LEH™(Q) N LEW(Q)

and

lullxs, = llullLge rsve) + Nlull Lzwea()
We have

T
D(u) = et f +/ e =% P (u(7))dr
0
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is a contraction in some ball of X7.

Proof:

By Proposition 3.1.4, the free Schrodinger propagator e2¢ is bounded from X3

itA

to itself. So same as in Proposition 3.2.1, it suffices to show that A = & — e~ is a
contraction.
By Christ-Kieslev lemma, Proposition 3.1.4 and energy argument,
IAGIlxs < CC1L+ TV Gl oy srese (o (3:2.14)
On the other hand, using (3.2.2) we can get,
T
IF D yarseey <€ [ Nar)Plesdr (3:2.15)
0
T
<C [ @l Ladr (3210
< OTl/Py|uy|L5.9Hs+s(Q)||u||§;;Loo(m (3.2.17)
As s > n/q, we have W*4(Q) C L*>®(Q) is a continuous embedding. So
[lies P Loo(@) (3.2.18)
It follows that the forcing term F'(u) satisfies
[ E () |y areie) < OT (3:2.19)
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Substitute (3.2.19) into (3.2.14), we get

IAF (u(®)|lx; < CL+TYENF ()|l g rove) < CTVP(L+ TV ) ulf,
(3.2.20)
Similarly, using (3.2.4) we can get,
1F(w) = F ()| pyareve < CTY?llu = vz (lulli” + llvll%;) (3.2.21)
Hence
JA(F () = F@)llx; < C(L+ TV F(u) = F(0) 120 (3.2.22)
< CTYP (1 4+ TYC) lu — vl (fulli + lvllks)  (3.2.23)

So for any T > 0, if R < CT~'/Pe=1(1 4- T/ P))=1/(P=1) ig g positive radius, then
® is a contraction on Br N X7, which completes the proof. 0

By Proposition 3.2.2, when n > 3, (1.1) has a solution in B N X3.
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