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Abstract

While the Deep Neural Networks (DNNs) have led significant improvement boost

in many recognition tasks, their inherit structure and training algorithm has not

significantly changed from traditinal Neural Networks. Sequence of linear and non-

linear layers are trained together using the Back Propagation algorithm.

The idea of deep learning can be compared to the idea of flow diagrams and pipelines

in the engieering design. From this point of view, the deep net components are not

restricted to be simple linear or non-linear functions. More complicated components

can be designed for DNNs and jointly trained within the deep structure. This thesis

introduces two of such components: the Gaussian Mixture Model (GMM) layer and

the a novel Classification layer.

Each neuron in the Gaussian Mixture Model layer outputs a GMM likelihood. This

provides many new possibilities for deep learning. First, it provides a deep density

estimation using a mixture of Gaussian distributions. In addition, it brings the pos-

ii



ABSTRACT

sibility of having trainable non-linearities which have parameters trained through the

coarse of training.

The Classification layer preserves a simple idea of classification objective; finding

parameters which minimize the probability of classification error. In the proposed

two step process, the distribution of classification accuracy is first approximated and

then used to compute the classification error. The classification parameters are then

computed to minimize this approximated error. Using the Central Limit Theorem, it

is shown that the classification layer parameters obey a closed form equation for the

case of binary classifciation. For the multicalss, the parameters are trained using the

back propagation algorithm.

Both layers are experimented in several recognition tasks such as speech, image and

diseases recognition. Competitive results are demonstrated using these components

with state of the art recognition techniques in these tasks. Furthermore, significant

part of this thesis discussed the theoretical aspects of the proposed components.

Primary Reader: Bruno M. Jedynak

Secondary Reader: Gerard G. L. Meyer
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Chapter 1

Introduction

In other engineering areas, the idea of using pipelines, flow diagrams and layered

architectures to build complex systems is quite well entrenched, and our field should

be working (inter alia) on principles for building such systems. The word deep just

means that to me: layering (and I hope that the language eventually evolves toward

such drier words). I hope and expect to see more people developing architectures

that use other kinds of modules and pipelines, not restricting themselves to layers of

neurons.

( Michael Jordan on deep learning)
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CHAPTER 1. INTRODUCTION

1.1 Pattern Recognition Systems

Pattern recognition is the problem of feature extraction and classification. Informative

features as well as efficient classification techniques are required together to design

an accurate pattern recognition system.

1.1.1 Feature Engineering

The feature extraction is the first module upstream of any pattern recognition system,

see Figure 1.1. Starting with a set of raw measurements, the objective of a feature

engineering technique is deriving features X, that intended to be informative and

non-redundant, facilitating the subsequent learning and generalization steps.

Significant amount of research has been devoted toward feature engineering tech-

niques. Sometimes the technique is motivated by investigating how human per-

ception process the pattern to be recognized. The Mel Frequency Cepstral Coeffi-

cients (MFCCs) is one example of such feature engineering techniques widely used

in Aoutomatic Speech Recognition (ASR) tasks, [1]. There also exists feature engi-

neering techniques which are desined by the constraints imposed by the recognition

problem. Many dimensionality reduction techniques such as Principal Component

Analysis (PCA) can be viewed as such methods, [2]. For high dimensional tasks
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CHAPTER 1. INTRODUCTION

where the number of samples is significantly smaller than the number of measure-

ments, the dimensionality reduction techniques are required to only extract the few

most informative features. In the case of PCA these informative features are the ones

corresponding to the PCA components with the largest eigen-values [2, 3].

1.1.2 Classification

The main objective of a recognition system is to recognize the feature pattern by

classifying it into one out of many predefined classes. For a feature vector X ∈ X,

the most relevant class Ŷ ∈ Y is selected among all the C = |Y| classes through a

decision function f : X → Y. Depending on the assumptions the decision function

f is founded on, classifiers can be categorized into parametric and non-parametric

methods [4, 5].

The parametric methods make assumptions about the underlying probabilistic prop-

erties of feature space, P (X) or the conditionaly probability of class given feature,

P (Y |X). The Naive Bayes classifier assumes the value of a particular feature is in-

dependent of the value of any other feature, given the class variable, [6]. The Linear

Discriminant Analysis (LDA) assumes the conditional distribution P (X|Y ) is dis-

tributed under a multi-variate Normal distribution with equal covariance matrices

[7]. The Logisitic Regression classifiers assumes the logarithm of the conditional,

3



CHAPTER 1. INTRODUCTION

log(P (Y |X)), to be a linear function of the feature vector, X, [8]. In some cases

like LDA, the probabilistic assumptions can be further used to derive an estimation

of the probability of misclassification error [9, 10]. However, this holds if the earlier

Normal assumption of P (X|Y ) holds at the first place. The non-parametric methods

do not make any probabilistic assumptions about features or conditional distirbution

of classes given features. The Perceptron [8] and Support Vector Machines [11] learn

the linear mapping directly from training data are two well known examples of such

methods.

1.1.3 Separate vs. Joint Training

The final stage of the pattern recognition module is the parameter optimization. Both

feature extraction and the classification module have set of parameters which required

to be optimized for the desired recognition task. This optimization is usually done

separately. In conventional systems of Figure 1.1a, the features are first extracted

independent of the downstream classification. The classifier parameters are then

optimized with the supervision of the sample labels. Until most recently, practical

speech recognition systems were categorized among the separate recognition systems.

Figure 1.2 presents a conventional ASR system with the feature extraction module at

the first stage and the Gaussian Mixture Model at the final stage. In ASR, the aim of

designing features which are suitable for GMM modeling has been a maijor research

4



CHAPTER 1. INTRODUCTION

(a) Conventional recognition systems with separate optimization.

(b) Discriminative recognition systems with joitn optimization.

Figure 1.1: Pattern recognition systems.

stream [12]. The MFCC features are widely used for this purpose [13, 14]. The GMM

parameters were then trained using Maximum Likelihood optimization methods such

as Expected Maximization algorithm, [15]. Another example of such separate systems

is the Hybrid approach in ASR, which use the feature extracted from a separately

trained Neural Network to train a GMM model [12]. The fact that features were

extracted separately from the recognition task, brought a lot of additional feature

engineering methods in the separately designed recognition systems. Adaptation is

one example of such feature engineering methods [16].

In contrast to separate recognition systems, the joint recognition systems are de-

signed to optimize the feature extraction and the classification module parameters

all together, jointly as shown in Figure1.1b. To the best knowledge of the author,

the first example of such method is the general concept of Discriminative Feature
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CHAPTER 1. INTRODUCTION

Figure 1.2: The layering architecture of the Gaussian Mixture Model (GMM) for
speech recognition.

Extraction (DFE), in which both the feature extraction and classification modules

are optimized jointly [17, 18].

The concept of Deep Neural Network can also be viewed from the joint vs spearate

recognition perspectives. These models usually do not require any further feature

engineering. The raw data can be fed directly to these models and all parameters

of the model are then optimized together. This conjucture has been extensively

experimented in Chapter 2.

1.2 Deep Neural Networks

Recently, the Deep Neural Network (DNN) has been introduced as a recognition

paradigm that beats many other recogntioin techniques by large margin [19, 20, 21,

22]. The Deep Neural Networks consist of a hierachy of linear and non-linear layers
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CHAPTER 1. INTRODUCTION

Figure 1.3: Deep Neural Network.

stacked together to model the conditional density P (Y |X) from raw measurements

X. The structure of such system is shown in Figure 1.3. These models have been

widely used recenly because of their superior performance, no need of extensive feature

engineering and the availability of vast amount of training data and computational

resources [23, 24]. Here, we breifly describe the main components of a deep neural

network.

1.2.1 Linear and Non-Linear Layers

Deep neural networks consist of linear and non-linear layers. A linear layer is an

affine transform of its input Xi−1:

Xi = WiXi−1 + bi−1 (1.1)

7



CHAPTER 1. INTRODUCTION

A non-linear layer, is equivalent to a non-linear function f , such that Xi = fi(Xi−1).

Different non-linearities has shown to provide performance gains on different tasks

[25, 26]. Most non-linearities are functions with preset parameters. However, it is

also possible to design trainable non-linearities which themselves are trained during

the training phase. However, such non-linearities can be easily modeled by a linear

layer together with non-linear layer right after it.

Figure 1.3 show the general structure of Deep Neural Network. The deep structure can

contain sequence of linear and non-linear layers in different order and dimensionality.

While there is no limitation on size or form of the initial hidden layers of DNN, the

final layers need to obey some specific structure. These layers consist of a linear layer,

softmax layer and finally the cross entropy loss. The topology of the final layers of

DNN is shown in Figure 1.4. The linear layer transforms the final hidden layer of

dimension d to a C dimensional vector with a C×d dimensional weight matrix WL+1

. The softmax activations are then used to transforms the input to a vector which has

the probability properties, namely positivity and sum to one. This is then compared

with the true label codeword using the cross entropy loss.

8



CHAPTER 1. INTRODUCTION

Figure 1.4: The topology of the final layers of a DNN. These layers can be considered
as classification layers.

1.2.2 Final Hidden Layer

The layer immediately after the final hidden layer of a deep neural network is a

linear layer. This layer connects a previous layer XL to the softmax layer which is

explained in the next subsection. Assuming the dimension of the XL is d, the number

of parameters of this linear layer is C × d, where C is the number of classes. In other

words, each class, has d parameters which is not shared with other classes. This is

the beasuty of the deep structure. All the parameters up to this layer are shared

among all classes while the final hidden layer provide parameters per class which is

9
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not shared among the other classes.

1.2.3 Softmax

The normalized exponential or softmax activation first introduced by [27]. For an

input XL+1 ∈ RC , this non-linear function, outputs:

P (c|XL+1 = x) =
exp (xc)∑C
c′=1 exp (xc′)

(1.2)

Winner takes all

Softmax is a smooth version of the winner-takes-all activation model [28] in which

the unit with the largest input has the output +1 while other units have output 0. If

the numerator of the above function is replace by exp (αxc), then the winner-takes-all

model is recovered as α→∞.

Generalization of Sigmoid

The softmax activation function can be regarded as the generalization of the sigmoid

function:

P (c|XL+1 = x) =
1

1 + exp (−x′c)
(1.3)

10
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where

x′c = xc − log

(∑
c′ 6=c

exp (xc′)

)
(1.4)

This generalization provide the intuition behind softmax. Similar to the sigmoid

function in logistic regression, this can be interpreted as the posterior probability of

class c given X.

Probabilisitc Interpretation

The softmax is a multivariation function that map its input to an output with the

same dimension for which, all elements are positive and further more they sum to

one. However, are these enough to call softmax a probability function? The author

answer is No.

Lets assume the class conditional densities belong to the family of the exponential

family:

P (XL+1 = x|C = c) = exp
(
A(θc) +B(XL+1, φ) + θc

TXL+1

)
(1.5)

using the Bayes’ theorem,

P (C = c|XL+1 = x) =
P (x|C = c)P (C = c)∑
c′ P (x|C = c′)P (C = c′)

(1.6)

11



CHAPTER 1. INTRODUCTION

Substituting Eq 1.5 into Eq 1.6,

P (C = c|XL+1 = x) =
exp (ak)∑
k′ exp (ak′)

(1.7)

where

ak = θk
Tx+ (A(θk) + log (P (C = c))) (1.8)

which is the final layer of the neural network and show that given the exponential

assumption, the outputs of softmax can be interpretted as probabilities of class mem-

bership, conditioned on the outputs of the hidden units. This is one of the main

motivation behind proposing the GMM layer for DNN in this thesis.

1.2.4 Cross Entropy Loss

The cross entropy is the major loss used in practice to optimize the DNN parameters

H [q, p] = −
C∑
c=1

qc log (pc) (1.9)

where p is the posterior estimated from softmax layer and q is the codeword assigned

to the class label y. This is a 1-hot vector, has one at index y and zero otherwise.

The cross entropy is a divergence measure which is zero if and only if p = q. This

means the minimum loss is achieved when the model is able to produce vectors which

are exactly similar to the label codeword.

12
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Figure 1.5: Each row corresponds to a classifier. The upper classifier is perfect
while the lower one has 50% classification accuracy.

1.2.5 Discussion

The cross entropy loss takes it minimum value only if the distribution of p is exactly

similar to the q. In the winner-takes-all scenario, there is only one element of q which

win everything while the other elements are all zero. However, is there any warrantee

that model learn such vector for p?

Figure 1.5 presents the softmax probabilties for two different classifiers. The y-axis

of these curves is P (Ŷ = ŷ|Y = y) which is the posterior of classification decision, ŷ,

given the true class , y. Each row in this figure presents one classification scenario.

13
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Based on the posteriors both classifiers can perfectly do the classification when Y =

−1. The first classifier can also correctly classify all samples belong to the class Y =

+1. However, the second classifier is not able to classify any samples corresponding to

the class Y = +1 simply because the posteriors for class −1 is larger than posteriors

for class +1. For both classifiers, the absolute difference |P (Ŷ = +1|Y = +1)−P (Ŷ =

−1|Y = +1)| is 2ε, where ε can take any positive value. Lets compute the cross

entropy loss for these classsifiers. We assume the prior is P (Y = 1) = p. For the first

classifier

H1 = P (Y = 1)H

[
[1, 0], [

1

2
+ ε,

1

2
− ε]

]
+ P (Y = −1)H [[0, 1], [0, 1]]

= −p (log (0.5 + ε)− log (Z)) (1.10)

where Z = exp (0.5 + ε) + exp (0.5− ε). For the second classifier:

H2 = P (Y = 1)H

[
[1, 0], [

1

2
− ε, 1

2
+ ε]

]
+ P (Y = −1)H [[0, 1], [0, 1]]

= −p (log (0.5− ε)− log (Z)) (1.11)

It is clear that for ε→ 0 the two cross entropies H1 and H2 become equal. In terms

of loss, both perfect and poor classifier lead to same average loss value! This clearly

shows one concern with cross entropy loss. Better losses are required to handle this

problem. This is the other contribution of this thesis in Chapter 3 and 4.
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1.3 Gaussian Mixture Model Layer (GMM

Layer)

The second chapter of this thesis is devoted to introduce the concept of the Gaussian

Mixture Model Layer (GMM) layer [24]. The main contribution of this layer to the

deep learning community will be summerized in the following subsections.

1.3.1 Deep Gaussian Mixture Model

Gaussian Mixture Model (GMM) represented as the last layer of a Deep Neural Net-

work (DNN) architecture and jointly optimized with all previous layers using Asyn-

chronous Stochastic Gradient Descent (ASGD). The resulting Deep GMM architec-

ture was investigated with special attention to the following issues: (1) The extent to

which joint optimization improves over separate optimization of the DNN-based fea-

ture extraction layers and theGMMlayer; (2) The extent to which depth (measured in

number of layers, for a matched total number of parameters) helps a deep generative

model based on the GMM layer, compared to a vanilla DNN model; (3) Head-to-

head performance of Deep GMM architectures vs. equivalent DNN architectures of

comparable depth, using the same optimization criterion (frame-level Cross Entropy

(CE)) and optimization method (ASGD); (4) Expanded possibilities for modeling of-
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fered by the Deep GMM generative model. The proposed Deep GMMs were found

to yield Word Error Rates (WERs) competitive with state-of-the-art DNN systems,

at the cost of pre-training using standard DNNs to initialize the Deep GMM feature

extraction layers. An extension to Deep Subspace GMMs is described, resulting in

additional gains.

1.3.2 Density Estimation

The GMM layer is easily configured to estimate the underlying density of any set

feature through a mixture of gaussians. Using the GMM layer on the top of neural

network, we propose a technique that estimate feature extraction as well as GMM

parameters jointly together. This can be used for supervised and unsupervised tasks.

Due to the poor quality of features, most traditional Gaussian Mixture estimation

methods require huge number of densities in the mixture. However, we show that our

method require only few number of Gaussian mixture because of the deep power of

feature extraction in the Deep GMM model.
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1.3.3 Trainable Non-linearities

Non-linearities in neural network are the considered as major part of learning algo-

rithm. The GMM layer can be used a non-lineariy and with the parameters trained

jointly in the model. Instead of huge amount of tuning effort, one can simply learn

what need to be learned. This is addressed in Chapter 2.

1.4 Distributional Approximation of the

Classification Accuracy (DACA)

A new classiifcation technique is introduced in the Chapters 3 and 4. This classifier

is based on the three simple steps.

• Modeling the accuracy even: A detector variable t is introduced which capture

the event that accurate classification happen. This C − 1 dimensional vector

is defined such that the error occurs if there is at least one element of t which

is not positive. In other words, the event is classifed as correct if t ≥ 0, where

0 is also C − 1 dimensional zero vector and the inequality should hold for all

elements.

17



CHAPTER 1. INTRODUCTION

• Approximating the accuracy density: The density of the variable t is estimated

through an iterative process. Normal mixtures are considered for the density

estimation. This involves the usage of the GMM layer.

• Computation and minimization of the probability of the error: Using the es-

timated density, we approximate the probability of error. The derivative with

respect to model parameters are then derived and back-propagated through the

model to optimize the parameters.

Figure 1.6 presents a schematic description of the proposed method. For the detector

variable t, the emprical distribution of t is shown in the first figure. This emprical

distribution is then estimated with a single Gaussian red curve. As the third figure

shows, the error corresponds to the shaded area. The loss is the shadded area under

the curve and the proposed classifier minimize this area.

The classifier name comes from the abbreviation of the methodology behind the

method: Distributional Approximation of the Classification Accuracy (DACA). The

underlying distribution of the accuracy event is approximated which is used to mini-

mize the probability of error.
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Figure 1.6: Description of the Distributional Approximation the Classification Ac-
curacy (DACA)

1.4.1 Closed Form Equation

For the binary classification, we show that there exist a closed form equation for

this classification technique. This has been proved thorugh a Central Limit Theorem

given in Chapter 3. It is shown that, under set of assumptions, this classifier is the

best classification method that minimize the probability of error. In this chapter we

also examined the performance of this classifcation against exisitng methods in high
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dimensional tasks.

The propsoed classification technique is extended to multiclass classification. Same

idealogy is considered to generalize the method. This has been examined in Chapter

4.

1.4.2 Deep Neural Network with DACA loss

The configuration shown in Figure 1.7 is used as an alternative to the cross entropy

loss on the top of Deep Neural Network. Similar to the convential DNN architecture

the layer L+ 1 is a linear layer which transform the final hidden layer ot a C dimen-

sional layer. Instead of 1-hot codeword used for cross entropy, we propose a coding

scheme which not only allow compettition for the class itself but also consider the

competition amoung classes. Using this coding, the detector variable is computed in

layer L+ 2. At each stage we have an approximate of the density of this parameter.

Given the density φT (t), one can easily compute the probability of error which is

1 − Φ (t ≥ 0). This is the DACA loss computed on the top of network. The normal

Back-Propagation algorithm is then used to optimize all the model prameters jointly.

For further clarification of the proposed algorithm, Figure 1.8 presents the experi-

mental results using the DACA loss for a task of binary character recognition. The

MNIST dataset is used to classify characters larger than 4 from the one smaller or

20



CHAPTER 1. INTRODUCTION

Figure 1.7: The classification layers with Distributional Approximation the Classi-
fication Accuracy (DACA) classifier.

equal to 4. As this figure shows, the model is able to have a good approximation of

the accuracy density thorugh the iterations. The approximation is more exact for the

estimation of the error which is the shaded line under the curves. At the initialization

step the error is 50%. After only 100 iterations, this error reduced to 22.70. After

1000 iteration, it reduces to 16.81 and finally after 10k steps, this gets to 14.04%.
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(a) Initialization. (b) Iter 100.

(c) Iter 1000. (d) Iter 10000.

Figure 1.8: Deep Neural Network with DACA loss.
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Chapter 2

Deep Gaussian Mixture Models

This chapter proposes and evaluates a Gaussian Mixture Model (GMM) represented

as the last layer of a Deep Neural Network (DNN) architecture and jointly optimized

with all previous layers using Asynchronous Stochastic Gradient Descent (ASGD).

The resulting “Deep GMM” architecture was investigated with special attention to

the following issues: (1) The extent to which joint optimization improves over separate

optimization of the DNN-based feature extraction layers and the GMM layer; (2) The

extent to which depth (measured in number of layers, for a matched total number

of parameters) helps a deep generative model based on the GMM layer, compared

to a vanilla DNN model; (3) Head-to-head performance of Deep GMM architectures

vs. equivalent DNN architectures of comparable depth, using the same optimization

criterion (frame-level Cross Entropy (CE)) and optimization method (ASGD); (4)
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Expanded possibilities for modeling offered by the Deep GMM generative model. The

proposed Deep GMMs were found to yield Word Error Rates (WERs) competitive

with state-of-the-art DNN systems, at the cost of pre-training using standard DNNs

to initialize the Deep GMM feature extraction layers. An extension to Deep Subspace

GMMs is described, resulting in additional gains.

2.1 Introduction

The recent gains in the field of ASR obtained from the use of DNNs rather than

GMMs are typically attributed to the greater ability of DNNs to extract useful dis-

criminative features automatically [23] [29]. In particular, [23] carefully examines the

GMM vs. DNN picture as progressively more complex features are engineered into

the GMM architecture. Eventually, the GMM results improve quite a bit compared

to the no-engineering baseline, but still trail the DNN results. There is some evidence

[30] that higher DNN layers represent features that are more invariant to speaker dif-

ferences. These studies, among others, suggest that the fundamental breakthrough

with DNNs derives from this superior feature extraction. However, there is no need

to limit “deep” feature extraction to DNN architectures. Previous work proposed

the general concept of Discriminative Feature Extraction (DFE), in which both the

feature extraction and classification modules are optimized jointly [17]. One can
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Figure 2.1: The Gaussian Mixture Model (GMM) layer: n nodes with g Gaussian
components per node, and associated µ, Σ & ω parameters.

view the many successful DNN results as special cases of DFE, with the final DNN

layer(s) being the classifier, and the preceding layers corresponding to the feature

extractor. From this perspective, there is no reason to limit the classifier to be a

DNN layer, itself closely related to a single Gaussian model with a globally pooled

covariance matrix [31] [32]. This last observation makes the link to more structured
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classifiers based on generative models such as GMMs. Previous work [33] [34] [35] ex-

plored this possibility by separately training DNNs to generate “bottleneck” features

which are fed into independently trained GMM systems. This offers the possibility of

preserving familiar GMM techniques for optimization (such as use of the Expectation-

Maximization (EM) algorithm) and adaptation, on top of the richer “deep” features

from the DNN. These hybrid approaches, however, did not address the possibility of

joint optimization of the DNN features together with the GMM backend. That is ex-

actly what the Deep GMM proposed here aims to address. The benefits of previously

investigated hybrid systems still apply, but are now amplified by a new capacity for

joint optimization.

We note that a related “Deep GMM” was proposed in [36] in which successive layers

of log-linear models are built on top of GMM-derived posteriors; this work did not

evaluate joint optimization of the GMM parameters. Moreover [37] investigated the

joint training of the bottleneck features with sequence training objective, while the

GMM parameters are separately trained using the EM algorithm. Finally, [38] pro-

posed a deeply factored GMM, operating on original input features and not involving

DNNs.
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2.2 A GMM layer for deep learning

The GMM layer, shown in Fig. 2.1, embeds a set of Gaussian Mixture Models into

a DNN. The layer is designed so that it can easily be imported to any part of the

deep structure. Throughout this paper, the GMM layer is mainly used as the last

layer. Each node in the Gaussian Mixture sub-layer has g Gaussian components. The

number of GMM nodes in the layer is equal to the number of classes (or states).

For each state s, the corresponding node in the GMM layer outputs the negative log

likelihood −log(p(x|s)), p(x|s) being produced by a mixture of Gaussians,

p(x|s) =

g∑
i=1

ωsiN (x, µsi,Σsi). (2.1)

Here µsi and Σsi represent the mean vector and covariance matrix of the ith Gaussian

within state s, and ωsi is the corresponding weight.

The GMM layer has four additional sub-layers. A linear bottleneck sub-layer of d

nodes feeds its output to all nodes in the GMM layer as the input feature x (of

dimensionality d). The notation GMM(d, g) is used for a GMM layer with given input

dimensionality and number of Gaussians per state. Three parameter sub-layers, the

µ-layer, Σ-layer, and ω-layer store real-valued parameters for each node, representing

the standard GMM parameters, or transformed versions thereof. Each of these sub-

layers has the same number of nodes as the GMM layer, to which they are connected

one-to-one.
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The actual model parameters are derived by transforming the stored values to re-

spect the parameter constraints of a Gaussian Mixture distribution, detailed below.

To avoid confusion between actual model parameters and stored values, the param-

eters in the trainable layers are referred to as µ′, Σ′ and ω′. Each node stores a

supervector corresponding to the model parameters. For a GMM(d, g) layer, each

node in the µ-layer stores the supervector µ′s = [µ′s1, ..., µ
′
sg], where µ′si is the vector

stored for component i of state s. Similarly, Σ-layer and ω-layer store corresponding

supervectors Σ′s and ω′s. In the forward pass, these parameters are transformed to

the corresponding GMM parameters in the GMM layer. In the backward pass, the

corresponding gradients are fed back to update the parameters.

Forward Pass. In the forward pass, the GMM layer outputs the negative log likeli-

hood, L(x, s) = −log(p(x|s)), where p(x|s) is the Gaussian Mixture distribution from

Eq. (2.1), with parameters µ, Σ, and ω. To ensure that the parameters of the GMM

layer obey the constraints of a Gaussian mixture, appropriate activation functions are

applied within the GMM layer for each state s and component i:

• µ-layer: There is no constraint on µ values, so µsi = µ′si.

• Σ-layer: The parameters stored in this layer, Σ′, correspond to the diagonal

components of the covariance matrix. To impose the semi-positivity of these

parameters, the exponential activation function was used, i.e. Σsi = exp(Σ′si).
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• ω-layer: To impose positivity and the sum-to-one property of the mixing weights,

this layer stores real values but applies a softmax transform:

ωsi =
exp(ω′si)∑g
i=1 exp(ω′si)

.

The input to the GMM layer is first fed to the bottleneck sub-layer. This layer is a

linear layer which changes the dimensionality of input features and reduces the cor-

relation between features. The latter is jointly enforced with the diagonal covariance

matrix assumption. The bottleneck layer outputs a d-dimensional vector which will

be fed to the GMM layer as input feature vector. The number of nodes in this layer

can significantly affect the overall performance.

Backward Propagation of Gradients. The partial derivatives of each parameter

back-propagated by the GMM to the rest of the network are as follows. The index i

corresponds to the GMM component and index j denotes the dimension, so i = 1, ..., g

and j = 1, ..., d 1.

∂L(x, s)

∂µ′ij
= πi(x, s){

xj − µij
σij2

}

∂L(x, s)

∂σ′ij
= πi(x, s){(

xj − µij
σij

)2 − 1}

∂L(x, s)

∂ω′i
= πi(x, s)− ωi

∂L(x, s)

∂x
= −

g∑
i=1

∂L(x, s)

∂µij
(2.2)

with

1The state dependency of variables is dropped to simplify the equations.
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Figure 2.2: GMM optimization within overall NN structure.

πi(x, s) =
ωiN (x, µij,Σij)∑g
i=1 ωiN (x, µij,Σij)

(2.3)

which is the contribution of each Gaussian distribution in the mixture. Detailed

derivation of the above equations can be found in [39, 40, 41, 42, 43].
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2.3 Training a Neural Network with GMM

layer

Fig. 2.2 shows the structure of the embedded GMM within a Neural Network (NN)

architecture during optimization with Cross Entropy (CE) [29]. There are three

modules in this figure. The top module estimates priors online during CE training.

This is done by inputting a constant value of 1 and the reference frame label into

the softmax. The logarithm of the estimated prior distribution, log(p(s)), is then

calculated.

The GMM layer is used as the last layer of the network. If the GMM layer is used

after the stack of hidden layers, the corresponding structure is referred to as Deep

GMM (DGMM), otherwise it will be called Shallow GMM. The GMM layer outputs

−log(p(x|s)) for each frame of the data. By subtracting this value from the logarithm

of the prior, the logarithm of the joint distribution can be formed:

log(p(x, s)) = log(p(s))− (−log(p(x|s))). (2.4)

The state posteriors for CE training can then be derived using

p(s|x) =
exp(log(p(x, s)))∑
s exp(log(p(x, s)))

. (2.5)

In this paper all experiments used CE training. However, the proposed design allows
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the use of any optimization criterion, such as Maximum Likelihood (ML), CE, or Dis-

criminative Sequence Training [44] [45]. (Use of ML to optimize the entire structure

requires care, since the Jacobian of the bottleneck features has to be handled; this is

not detailed here).

The trainable sub-layers are initialized as follows. The µ-layer values are initialized to

random numbers derived from a normal distribution, N (0, 1). All parameters in the

Σ-layer are initialized with a constant value of 0 (corresponding to a transformed value

of 1) and the parameters in the ω-layer are initialized with a uniform value of 1/g.

We considered the effect on training of each parameter separately. Our observation

was that training all parameters jointly achieves the best performance, but requires

more overall training steps than first training just the means and weights while fixing

the variances, before then training all parameters together.

2.4 Experiments

The main concept behind the DGMM model is the joint optimization of feature ex-

traction and classification. Since GMMs primarily function on the classification side,

the “depth” of the model proposed here primarily operates on the feature extraction

side. These two are then jointly optimized in the DGMM structure. The experiments

are designed to carefully examine the effect of each of these components. DNNs can
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also be seen as joint models with both deep structure and a final classification layer.

Both jointly optimized GMMs and DNNs are compared in matched conditions for

shallow and deep structures. Further on, the Subspace GMM (SGMM) model is

investigated using the GMM layer.

Datasets. The experiments described here used two anonymized datasets: Ice-

landic (is-is), consisting of 60 hours of read speech, simulating Voice Search queries,

and American English (en-us), consisting of 3000 hours of spontaneous speech from

anonymized, human-transcribed Voice Search data. The test sets for each language

are separate anonymized, human-transcribed Voice Search datasets of about 25 hours

each.

The training examples are log energy features obtained from the concatenation of 26

frames, 20 left and 5 right. Frames consist of 40-dimensional log-energies extracted

from a 25 ms window shifted over the audio samples in 10 ms increments. Each

training step has a batch size of 200 examples. For both en-us and is-is, the DNN

baseline uses 8 hidden layers, each with 2560 nodes. The is-is system uses 2432

context-dependent output states (resulting in about 55 M parameters in total) while

the en-us system uses 13568 output states (for a total of about 85 M parameters).

The DGMM model hidden layers are initialized using the baseline DNN model, unless

explicitly mentioned otherwise. The rectified linear units were used for the hidden

layers. ASGD training used 100 multi-core machines.
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Effect of Joint Optimization. In this experiment we evaluated three configurations

on is-is. The first configuration is the baseline DNN, trained to convergence. The

second system is a DGMM with a GMM(272,5) layer and 7 hidden layers. The

hidden layers are initialized using the corresponding baseline DNN model and then

kept frozen during training. This simulates the separate optimization approach where

feature extraction is done independently of classification. The third system, the jointly

optimized DGMM, uses the same structure as the second one, with the difference that

all the layers are trained together. Both DGMM systems have about 49 M parameters

in all, but only 7.3 M of those are trained in the 2nd system. Table 2.1 summarizes

the results of this experiment. The jointly optimized DGMM clearly outperforms the

separately optimized DGMM.

System baseline separately jointly
DNN optimized DGMM optimized DGMM

state acc 60.75 59.01 62.66
WER 15.6 14.6 12.2

Table 2.1: Separate versus joint optimization of model and features in deep archi-
tectures (is-is).

The results for the two DGMM systems suggests that joint training successfully ex-

tracted features beneficial for GMM training. However, a counter-argument is that

the gain is due to the greater number of trainable parameters in the jointly trained

DGMM. To address this possibility, we compared the two approaches using a shallow

structure. A GMM(39, 21) layer was used without any hidden layers. In the first

experiment, we used PLP + LDA features extracted outside the model as input to
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the GMM layer. In this case, the GMM layer doesn’t have the bottleneck sub-layer.

In the second experiment, we used log energies as the input features and a bottleneck

sub-layer of size 39 as feature extractor. Each system here has about 4.0 M parame-

ters in total. Table 2.2 shows the results, as well as the number of training steps and

CE cost at the time of of evaluation. The high WERs here suggest that optimization

of shallow, randomly initialized GMMs using ASGD is not very effective compared

to conventional GMM initialization techniques and ML-based training using the EM

algorithm. Nonetheless, the joint system outperforms the separate system signifi-

cantly, using a smaller number of steps. This argues against the number of trainable

parameters having a dominant effect in the previous experiment, highlighting instead

the importance of joint optimization.

Front Topology CE cost num steps state acc WER

PLP+LDA 10.12 33.92 M 33.35 51.7
Log Energy 8.92 17.8 M 44.7 29.3

Table 2.2: Separate versus joint optimization of features and classification for
shallow GMMs (is-is).

Effect of DGMM depth. To examine the effect of depth more carefully we con-

ducted another experiment comparing DGMM models with different numbers of hid-

den layers. Three structures with 1, 3 and 7 hidden layers, and 2560 nodes per layer,

were considered. The GMM layer, GMM(272,5), is used right after the last hidden

layer in each structure. Table 2.3 summarizes the results. Performance significantly
improves with depth, suggesting that the deep structures possess superior feature

extraction ability. In addition, the number of training steps significantly decreases as
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# hidden #params CE cost #steps state WER
layers acc

1 10 M 10.02 19.74 M 47.43 32.4
5 36 M 8.00 2.75 M 59.44 14.8
7 49 M 7.62 1.4 M 62.66 12.2

Table 2.3: Effect of depth on DGMM performance (is-is).

the structure becomes deeper. This supports the discussion in [46] on the learning

efficiency of deep structures over shallow ones. Note, however, that the total number

of parameters is not matched across configurations.

Feature Extraction vs Classification Power in NNs & GMMs. In this sec-

tion, the tradeoff between deep feature extraction capacity and classification power

is examined by comparing GMMs and NNs with both shallow and deep architectures

with matched total numbers of parameters. All four models have roughly the same

number of parameters, 54 M. The shallow NN has 3936 hidden nodes in a single

hidden layer while the deep NN is the baseline DNN described earlier. The shallow

GMM has a GMM(272, 41) layer without any hidden layers beyond the 272-node

linear bottleneck layer. For the DGMM, we used 7 hidden layers of 2560 nodes with a

GMM(480, 5) layer. All four models were trained starting from randomly initialized

weights. Table 2.4 summarizes the results. For both GMMs and NNs, the deep struc-
ture outperforms the corresponding shallow structure in terms of number of training

steps as well as state accuracy and WER. The shallow NN outperforms the shallow

GMM by a large margin. The performance difference between deep and shallow ar-

chitectures is much larger for GMMs than for NNs. It might be that optimized deep
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Shallow Deep
GMM NN GMM NN

state acc 30.66 53.38 55.67 54.06
WER 71 18.2 15.6 16.1

CE cost 10.21 1.33 7.33 1.18

#training steps 9.4 M 23 M 4.2 M 8 M

Table 2.4: NN and GMM results using shallow and deep structures, with matched
# of parameters, and no pre-training (is-is).

feature extraction is inherently more important for GMMs than for NNs. However,

as observed earlier, the high WER for the shallow GMM suggests that optimizing

shallow, randomly initialized GMMs using ASGD is not very effective. In any case,

deep structure leads to much better optimization and/or feature extraction capability

for the GMM system: the jointly optimized DGMM outperforms the shallow GMM

structure significantly. The DGMM also outperforms the DNN.

Use of pre-training; large scale ASR results. Table 2.5 shows results comparing

DNNs and DGMMs with matched numbers of parameters for the large-scale en-us

task, as well as for is-is, with some use of pre-training. The DNN models have 8

hidden layers with 2560 nodes per layer; the is-is DNN was initialized cross-lingually

from an existing en-us DNN. The DGMMs share the input layer and the first 7 hidden

layers with their corresponding DNN model. A GMM(480, 5) layer was used for is-is

and a GMM(80, 15) layer was used for en-us. The DGMM models are initialized

from the corresponding DNN models. The DGMM training results for en-us are not

fully converged. For both tasks, the proposed DGMMs yield WERs competitive with
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Figure 2.3: Integrating a Subspace Gaussian Mixture Model (SGMM) into a DGMM
architecture: the Deep SGMM (DSGMM).

state-of-the-art DNN systems.

Dataset is-is (60 hours) en-us (3,000 hours)
DGMM DNN DGMM DNN

state acc 61.69 60.75 57.4 59.2
WER 13.3 15.6 12.0 11.7

Table 2.5: Results for pre-trained DNNs and DGMMs.

Deep Subspace-GMM (DSGMM) The Subspace GMM (SGMM) extends GMMs

by introducing a shared subspace, vs, among mixture components and two linear

transforms M and W which are tied among all mixtures [47]. For mixture s, the

mean parameters are µs = Mvs and the mixture weights are derived by applying the

softmax activation on Wvs. In [47], the variances are not modeled with a subspace,

due to a cited difficulty with training.

The SGMM model can easily be applied to the GMM layer, as shown in Fig. 2.3.

The shared subspace layer is a trainable layer that stores a shared subspace, vs.

There are three linear transforms, M , S, and W , corresponding to the three model
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parameters, means, variances and mixing weights. These transforms are tied across

states. The subspace layer can be shared by one, two, or all three sub-layers above.

This is shown by dotted connections in the figure. We examined three configurations

in Table 2.6. All these DSGMM models share the same deep structure of 7 hidden

layers (baseline DNN) and a GMM(80, 5) layer. The subspace dimensionality is

the same as that of the input feature, 80. The only difference is in the way that

models share the subspace layer. The parameters that do not share the subspace

have their own trainable layer instead. The experiments show that the DSGMM

model outperforms the baseline DGMM model of similar size. The configuration that

uses the subspace only for the mean parameters slightly outperforms other models

in terms of state accuracy and WER. This required fewer training steps than in the

other configurations. Sharing the subspace among all parameters also outperforms the

baseline DGMM, but a significantly larger number of training steps is required than

for other models. Sharing the subspace among just means and weights outperforms

sharing the subspace among all parameters.

baseline shared shared shared
DGMM mean mean-weight all

state acc 60.63 62.38 61.8 61.13
WER 14.9 12.7 13.3 13.7

# training steps 2.1 M 0.3 M 1.8 M 4.2 M

Table 2.6: Deep Subspace GMM experiments (is-is).
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2.5 Conclusions

This paper proposed a GMM layer as an alternative to the softmax layer in a DNN

structure. The resulting Deep GMM system combines the advantages of deep feature

extraction and GMM representation. Joint training of this model with ASGD pro-

duced results competitive with DNNs on two Voice Search tasks, particularly for the

smaller task. Extension of this model to Deep Subspace GMMs resulted in additional

improvements.
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Chapter 3

Toward Minimization of the

Classification Error

This chapter considers the problem of binary classification of a long feature vector

using a linear classifier with the constraint to minimize the classification error. The

proposed linear classifier, notated as C−1µ, is derived under the assumption of Normal

approximation of the classification error. The derived linear classifier is then extended

to general nonlinear classification using two alternative techniques: a Neural Network

architecture and Reproducing Kernel Hilbert Spaces (RKHS).
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3.1 Introduction

At the root of machine learning is the problem of classification using a linear (affine)

classifier where the goal is to minimizes the classification error. A linear classifier

maps the feature vector X ∈ Rd into a class label Ŷ using set of real value weights,

w = (w0, w1):

Ŷ = f(w0 + 〈w1, X〉)

where, w0 ∈ R, w1 ∈ Rd and 〈 , 〉 denotes the scalar dot product. The function f

maps its argument score values to one of the classes. Often f is a simple function

that maps score values into classes by comparing them with prespecified threshold

value. For a task of binary classification, usually the threshold is set to be zero, which

is equivalent to use of the sign function.

The classification error occurs when the decoded class Ŷ differs from the true class,

Y . For a binary classification, the probability of error is:

P (Ŷ 6= Y ) = P((w0 + 〈w1, X〉)Y < 0) (3.1)

The main difficulty is that P is not necessarily known. Instead, using the training

examples {(xi, yi)}ni=1, the above equation is rewritten in terms of the emprical risk
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[48]:

n∑
i=1

ψ
(
(w0 + 〈w1, x

i〉)yi
)

(3.2)

which is to be minimized subject to some constraints over weight vector w as well as

the loss function ψ. Different choices for the loss function ψ and the constraints, lead

to the most used linear classifiers including Support Vector Machines and Logistic

Regression.

Due to the Bayes Error Rate theorem, the minimum classification error is achieved if

the classifier decides Ŷ that maximizes the posterior density P (Y |X). Alternatively,

using Bayes rule, the classifier can compute the product of likelihood P (X|Y ) with

prior P (Y ). In practise neither P (Y |X) nor P (X|Y ) is known. To overcome this

issue most linear classifiers make assumptions on either of these distributions. In lit-

erature, the classifiers that make assumptions on the likelihood distribution P (X|Y )

is known as generative models [4, 5]. Examples of such algorithms include Linear

Discriminant Analysis (LDA) and Naive Bayes. LDA, or Fisher Linear Discrimi-

nant, assumes Gaussian conditional density model [7] while the Naive Bayes classifier

assumes multinomial or multivariate Bernoulli events models.

On the other hand, the discriminative models make no probabilisitc assumptions on

the conditional distribution P (X|Y ), [4, 5]. The discriminative methods themselves

categorized into probabilisitc and non-probabilisitc methods. The Logistic Regression
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is an example of the discriminative methods which assumes the log(P (Y |X)) to be

a linear function of the feature vector X. Other methods like Perceptron [8] and

Support Vector Machines [11] learn the linear mapping directly from training data

without any further probabilisitc assumptions.

Independent of generative or discriminative, non of the above methods explicitly min-

imize the classification error. The main idea is estimating the conditional distribution

P (Y |X) and then using the Bayes decision rule. However, this methods are highly

dependent on how good the assumptions matche with given training data.

In this chapter we explore an alternative path consisting in approximating Eq. 3.1 by a

function which depends only weakly in P. Specifically, we use a Normal approximation

to this quantity. To simplify the discussion we introduce the variable Z ∈ Rd+1 for

which

Z0 = Y

Zi = XiY 1 ≤ i ≤ d

By assuming 〈w,Z〉 =
∑d

i=0wiZi is Normally distributed, the probability of error in

Eq. 3.1 is approximated by

P (Ŷ 6= Y ) = φ

(
− 〈w, µ〉

(wTCw)
1
2

)
(3.3)

where φ is the cumulative distribution of the standard Normal distribution, µ is the

expected value of Z, µ = E[Z], and C is the covariance matrix of Z, C = Cov[Z].
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When C is invertible, minimizing Eq. 3.3 provide the solution

w = C−1µ (3.4)

up to a positive multiplicative constant, which gives the name to the proposed classi-

fier family. Estimating the emprical (d+ 1)× (d+ 1) dimensional inverse covariance

matrix C−1, and the emprical d + 1 dimensional mean vector µ, using the training

data provides the following binary classifier weight values:

w∗ = Ĉ−1µ̂ (3.5)

The rest of this chapter is organized as follows: in Section 3.2 we present sufficiency

conditions under which the approximation above is justified by the central limit the-

orem. We then discuss the invertibility of C and the existence of the C−1µ classifier.

We further review a collection of methods available for the estimation of µ and C

using the training data. Section 3.2 is then concluded with a toy example: the case

of a naive Bayes model. In section 3.3, we present two extensions of the C−1µ linear

classifier to non linear classifiers, first using a Neural network architecture and sec-

ond using Reproducing Kernel Hilbert Spaces. Section ?? is devoted to experiments

on real data. We consider first a digit recognition problem using the classic MNIST

dataset and secondly an image classification problem where molecular imaging allows

to identify subjects suffering Parkinson’s disease versus healthy controls. Section 3.5

contains our concluding remarks.
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3.2 C−1µ Classifier

For a feature vector X ∈ Rd, we are looking for a linear (affine) classifier that mini-

mizes the probability of misclassification. More precisely, if we denote binary classes

by −1 and 1, the decision rule is f(X) = sign (w0 + 〈X,w1〉) for a well chosen vec-

tor w = (w0, w1). The choice of this vector is based on the following minimization

problem:

wBayes = argmin
w∈Rd+1

P ((w0 + 〈X,w1〉)Y < 0) (3.6)

Of course, with no further assumptions or knowledge of the joint distribution of

(X, Y ), Eq. 3.6 cannot be solved exactly. Using the notation Z given in Eq. 3.3 and

setting µ = E(Z) and C = Cov(Z), the above equation can be rewritten as follows:

P ((w0 + 〈X,w1〉)Y < 0) = P

(
〈w, (Z − µ)〉

(wTCw)
1
2

<
−〈w, µ〉

(wTCw)
1
2

)
(3.7)

Nest, notate

Td =
〈w, (Z − µ)〉

(wTCw)
1
2

(3.8)

In certain cases where d is not too small, and under further conditions discussed in

next section, the central limit theorem assess that Td converges in distribution to a

standard Normal random variable. Thus performing the following approximation is
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justified:

P

(
〈w, (Z − µ)〉

(wTCw)
1
2

<
−〈w, µ〉

(wTCw)
1
2

)
∼ φ(

−〈w, µ〉
(wTCw)

1
2

) (3.9)

where φ is the cumulative distribution function of a standard Normal distribution.

When this approximation is valid, the optimization for w is reduced to the optimiza-

tion problem:

ŵ = argmax
w∈Rd+1

〈w, µ〉
(wTCw)

1
2

(3.10)

There are many gradient based techniques that can be used to derive the weights w

that minimize the above function. Fortunately, for the binary classifier, the above

minimization problem can be solved analytically. Notate

g(w) =
〈w, µ〉

(wTCw)
1
2

(3.11)

we consider three cases based on the invertiblity of C and weither µ is in Im(C) or

not. The invertiblity of C can be easily determined by evaluation of the determinant

of C. There are many ways to check if µ is in Im(C) or not, one easy way is to

determine if CC†µ = µ, where C† is any psuedo inverse of C.

Case I: C is invertible

Since C is invertible, we use change of variable y = C
1
2w in function g(w) to derive
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the following function:

h(y) =
〈y, Ay〉
||y||2

(3.12)

where A = C−
1
2µµtC−

1
2 which itself can be written as A = vvT , for v = C−

1
2µ.

Since C is invertible, there is a one to one relation between any maximizer of the

function h(.) and the function g(.). The matrix A has rank one, so it assets only one

strictly positive eigen value with corresponding eigen space, spanned by the vector v.

Hence, any positive multiple of the vector v is a maximizer for h(.) which requires

any positive multiple of the vector w = C−1µ is a maximizer of g(.).

Case II: C is not invertible and µ ∈ Im(C)

The weight vector w can be decomposed as follows:

w = wIm + wKer (3.13)

where wIm and wKer are representations of w in the image and kernel space of matrix

C, respectively. Using this, the numerator of the fucntion g(w) can be written as:

〈w, µ〉 = 〈wIm + wKer, µ〉

= 〈wIm, µ〉+ 〈wKer, µ〉

= 〈wIm, µ〉 (3.14)

where the last equality holds because of the assumption µ ∈ Im(C). Similarly, the
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denominator of g(w) can be written as:

〈w,Cw〉 = 〈wIm + wKer, CwIm + CwKer〉

= 〈wIm, CwIm〉+ 〈wKer, CwKer〉

= 〈wIm, CwIm〉 (3.15)

since Im(C) ⊥ Ker(C), due to the symmetry of the covariance matrix C.

Using the above equalities, for each value w, the function g(w) need only be computed

at wIm:

g(w) =
〈w, µ〉
〈w,Cw〉

1
2

=
〈wIm, µ〉

〈wIm, CwIm〉
1
2

(3.16)

So instead of maximizing g in whole space we only need to maximize g in the subspace

Im(C). Applying the discussion of the first case, for any w in Im(C), we can pose

y = C
1
2 b where C

1
2 is any square root of C but also b = (C†)

1
2y where C† is any

pseudo-inverse of the covariance matrix C. The solution of the problem (3.10) will

be then any positive multiple of C†µ.

Case III: C is not invertible and µ 6∈ Im(C)

In other words, the system CX = µ does not have any solution. Here, we show the

existence of a sequence wn for which g(wn) → ∞ as n → ∞. Lets u and v be two

eigen vectors of the covariance matrix C such that u ∈ Im(C) and v ∈ Ker(C), we
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define the sequence wn as follows:

wn = u+ nv (3.17)

Since g(w) is an odd function, g(w) = −g(−w), the w that maximizes g(.) maximizes

g2(.) as well. The numerator of the g2(.) can be written as:

〈wn, µ〉2 = 〈u, µ〉2 + 2n〈u, µ〉〈v, µ〉+ n2〈v, µ〉2 (3.18)

since µ 6∈ Im(C), it is possible to choose v such that 〈v, µ〉 6= 0 so the numerator of

g2(wn) goes to ∞ as n → ∞. On the other side, the denumator of this function is

not function of n:

〈wn, Cwn〉 = 〈u+ nv, Cu+ nCv〉

= 〈u,Cu〉 (3.19)

Since u ⊥ v.

Using the above equations for the numerator and the denominator, the limit of g2(wn)

can be derived as follows:

lim
n→∞

g(wn) = lim
n→∞

〈u, µ〉2 + 2n〈u, µ〉〈v, µ〉+ n2〈v, µ〉2

〈u,Cu〉

=
n2〈v, µ〉2

〈u,Cu〉

= ∞ (3.20)

For v that 〈v, µ〉 6= 0. This admits that g(wn) also goes to ∞ as n→∞.
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In colcusion, for the case that the covariance matrix is not invertible and µ is not ine

the image space of C, the maximum of function g(.) is∞. Assuming the central limit

theorem assumption of the Eq. 3.3 holds, this leads to perfect classification. However,

it is more possible that central limit theorem does not hold at all in this case. This

will be discussed in the next section.

3.2.1 Central Limit Theorem Assumptions

Intuitively, the central limit theorem assumption for the variable Td in Eq. 3.8 is

reasonable in the case where the number of important features a function of d. It

grows to infinity when d diverges to infinity, i.e the number of important features is

large enough. More rigorously, we prove under some assumptions the central limit

theorem is hold. For a feature vector X = (X1, ..., Xd), we construct (XB1 , ..., XBnd
)

which is a vector decomposition of X into blocks Bi. These blocks are simply group

of indices, Bi ⊂ {1, ..., d} and

nd∑
i=1

|Bi| = d

where |Bi| is number of elements of Bi.

C.L.T Assumptions

A1. Given the class Y, the XBi
’s are independent.
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A2. For each i, the lowest-eigenvalue of the covariance matrix of ZBi
= Y ×XBi

is bounded below by a constant λ0 > 0 that does not depend on i. Moreover,

the covariance matrices of XBi
’s are equal under class 1 and class −1.

A3. There exist a uniform constant M such that |Bi| < M .

A4. One can arrange the indices i such that the largest eigenvalue of cov(Zi, Zj) ≤

1
j−i for i sufficiently large and j > i.

A5. ∃δ > 0, and finite scalar Cδ such that maxiE[||XBi
||2+δ] < Cδ

A6. f(d) = maxi≤nd

|wBi
|2∑n

j=1 |wBj
|2 goes to 0 when n goes to +∞.

This assumptions are necessary for the proof of the central limit theorem holds for

Td. The first condition is basically saying that we are under a generalized Naive

Bayes model in which we can replace the individual features by blocks of features.

The second condition ensures that the ZBi
is not close to degenerate random variables

and that the covariance matrices of the blocks of features do not depend on the class.

This assumption is similar to LDA assumption, however, in LDA, there is a general

assumption about P (X|Y ) to be Gaussian which is not the case here. The third

assumption is just ensuring that each of the blocks Bi has finite number of elements.

The fourth assumption required the number of correlated blocks is small compared

the total number of pairs of blocks. This assumption is immediately satisfied when

we perform a PCA on the raw features. Notice also that the last condition is on the
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classifying vector w, that is not fixed yet. The idea is to find the vector w assuming

the C.L.T assumptions hold and then verifying the assumption on w.

Next, we propose the main theorem of this section. In this theorem we assume the

meand, µ, and the covariance matrix C of the random variable Z is known. Without

lack of generality, we assume that Zi are centered around zero. In reality we can use

change of variable Z ′i = Zi − µi and prove the theorem for Z ′.

Theorem 3.2.1 Assuming the C.L.T assumptions A1− 6 holds, then∑
i〈wBi

, ZBi
〉(

V ar(
∑

i〈wBi
, ZBi
〉)

1
2

) L−→ N (0, 1). (3.21)

where
L−→ denotes convergence in probability.

Before proving this theorem, we need to proof soem lemma needed for the main proof.

There are two improtant theorem used in the proof, namely Lyapunov Central Limit

theorem [49] as well as the Slutsky theorem, [50].

Lyapunov Central Limit Theorem: Suppose U1, U2, ... is a sequence of indepen-

dent random variables, each with finite expected value µi and variance σi
2. Define

sn
2 =

∑n
i=1 σi

2. If for some δ > 0, the Lyapunovs condition:

lim
n→∞

1

s2+δn

n∑
i=1

E
[
|Ui − µi|2+δ

]
= 0 (3.22)

is satisfied, then sum of (Ui − µi)/sn converges in distribution to a standard normal
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random variable, as n goes to infinity:

1

sn

n∑
i=1

(Ui − µi)
L−→ N (0, 1). (3.23)

For our setting Ui is defined for each block of feature, Ui = 〈wBi
, ZBi
〉. The following

lemma prove that the Central Limit of the Theorem 3.2.1 holds under conditioning

on the class Y .

Lemma 3.2.1 For each Y , we have:∑nd

i=1〈wBi
, ZBi
〉

(V ar(
∑

i〈wBi
, ZBi
〉|Y ))

1
2

L|Y−→ N (0, 1) (3.24)

Proof: This lemma is derived easily from the version of Lyapounov theorem stated in

[51] (section 1.5). The main outline of the proof is prooving the Lyapunov’s condition

holds for the sequence Ui = 〈wBi
, ZBi
〉. Here, sn is bounded from below by:

snd
=

nd∑
i=1

V ar (〈wBi
, ZBi
|Y = y)

=

nd∑
i=1

V ar (〈wBi
, XBi

|Y = y)

=

nd∑
i=1

wBi

TV ar (XBi
)wBi

≥ λ0

nd∑
i=1

||wBi
||2 (3.25)

where the second equality holds because of definition of Z. The fifth C.L.T assump-

tion, A5, were used for the final inequality.
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The numerator of the Lyapunov’s condition can also be bounded from above as fol-

lows:

nd∑
i=1

E [|〈wBi
, ZBi
〉|] ≤

nd∑
i=1

E
[
||wBi

||2+δ
]
E
[
||ZBi

||2+δ
]

≤ Cδ

nd∑
i=1

||wBi
||2||wBi

||δ

≤ Cδ

(
max
i
||wBi

||δ
)( nd∑

i=1

||wBi
||2
)

(3.26)

Using the above inequalities, the Lyapunov’s condition can be derived as:

1

snd
2+δ

nd∑
i=1

E [|〈wBi
, ZBi
〉|] ≤

Cδ

(
maxi ||wBi

||δ
) (∑nd

i=1 ||wBi
||2
)

(
λ0
∑nd

i=1 ||wBi
||2
)1+δ/2

= K

(
max
i

||wBi
||2∑nd

j=1 ||wBj
||2

)δ

(3.27)

Where K is a constant fundtion of Cδ and λ0. For nd → ∞, the right hand side of

the inequality goes to 0 ans since the left hand side is a positive value, this also goes

to 0. Thus the Lyapunov conditions holds which complete the proof.

Slutsky Theorem: Let Ui, Vi be sequences of random elements. If Xi converges in

distribution to a random element X and Yi converges in probability to a constant c,

then
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Xi + Yi
L−→ X + c

XiYi
L−→ cX

Xi/Yi
L−→ X/c c 6= 0 (3.28)

Now, we are ready to give the proof of the Theorem ??.

Proof of Theorem ??: First, we prove that:

lim
nd→∞

V ar(
∑nd

i=1〈wBi
, ZBi
〉)

V ar(
∑nd

i=1〈wBi
, ZBi
〉|Y )

= 1 (3.29)

PY almost surely. For this we write:

V ar

(
nd∑
i=1

〈wBi
, ZBi
〉

)
=

nd∑
i=1

V ar(〈wBi
, ZBi
〉)

+
∑
i6=j

Cov(〈wBi
, ZBi
〉, 〈wBj

, ZBj
〉) (3.30)

But:

nd∑
i=1

V ar(〈wBi
, ZBi
〉) = V ar

(
nd∑
i=1

〈wBi
, ZBi
〉|Y

)
(3.31)

because of the assumption saying that the covariance matrices of the blocks do not

depend on the classes, A2, and the conditional independence of the XBi
’s given

Y ,assumption A1. All we need to prove then is∑
i6=j Cov(〈wBi

, ZBi
〉, 〈wj, ZBj

〉)∑nd

i=1 V ar(〈wBi
, ZBi
〉)

→ 0 (3.32)
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Now we have that:

∑
i6=j

Cov(〈wBi
, ZBi
〉, 〈wBj

, ZBj
〉) ≤ max

i
||wBi

||2
∑
i6=j

λi,j (3.33)

where λi,j is the largest eigen-value of the covariance matrix Cov(〈wBi
, ZBi
〉, 〈wBj

, ZBj
〉).

Assumption A4 ensures that:

max
i
||wBi

||2
∑
i6=j

λi,j ≤ c1 (3.34)

(3.35)

max
i
||wBi

||2 (3.36)

where c1 is a positive constant. Now, using assumption A2, we know that:

nd∑
i=1

V ar(〈wBi
, ZBi
〉) > c

∑
i≤nd

||wBi
||2 (3.37)

Finally, assumption A6 ensures the convergence of our ratio to 0. Now using the

result:

lim
nd→∞

V ar(
∑nd

i=1〈wBi
, ZBi
〉)

V ar(
∑nd

i=1〈wBi
, ZBi
〉|Y )

= 1 (3.38)

and using the first Lemma and the Slutsky’s theorem, for all Y :∑nd

i=1〈wBi
, ZBi
〉(

V ar(
∑nd

i=1〈wBi
, ZBi
〉)

1
2

) L|Y−→ N (0, 1) (3.39)

If we denote FTd(t) and FTd|Y (t) to be the characterisitc function of Td and Td|Y ,

respectively, then:

FTd(t) = EY
(
FTd|Y (t)

)
→ exp−t

2

2
(3.40)
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which terminates the proof 1.

3.2.2 Estimation of the Covariance Matrix

The accuracy of the estimation of the covariance matrix of Z ∈ Rd+1 highly depends

on the feature dimension, d, as well as the number of training samples, n. For the

case that number of samples is significantly lower than the number of dimensions,

this estimation is more challenging. Typically for the cases that d
n
≤ 0.1, estimating

the emprical covariance matrix Ĉ using

Ĉ =
1

n− 1

n∑
i=1

(Zi − Z̄)(Zi − Z̄)
T

(3.41)

can lead to several issues. First of all, since the rank of Ĉ is necessarily less than

min(d + 1, n), the emprical estimation Ĉ is not invertible for n < d + 1. Even when

n is greater than d but still close to d, the matrix Ĉ is ill-conditioned. Moreover, the

usual empirical estimator for the covariance matrix results in high variance (overfitting

issues) in the case of high dimensional data and relatively small sample size.

It is necessary to propose a regularized estimator fixing the above issues. The estima-

tion method we adopt is presented in [52]. For the true covariance matrix, C, assume

the empirical estimator Ĉ follows a Wishart distribution Ĉ ∼ W(C, n− 1) (it would

1we don’t even need dominated convergence theorem here even if it applies since Y takes a finite
huber of values
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follow exactly this distribution if Z was a multivariate Normal vector). Next, put a

conjugate prior on C. The most natural conjugate prior in this setting is the inverse

Wishart distribution IW(S−10 , ν0), where S0 and ν0 are hyper parameters such that

S0 is a definite positive matrix and ν0 an integer representing the degrees of freedom

of the distribution. The estimator ĈMAP is then derived as follows:

ĈMAP = argmin
C

E
(
||C − Ĉ||

2

F

)
(3.42)

The solution to this problem is:

ĈMAP = λΣ0 + (1− λ)Ĉ (3.43)

where Σ0 = S0

N0
, λ = N0

N0+N
and N0 = ν0 + 1 + d. With S0 = diag(Ĉ), the estimator

ĈMAP can be simplified as, [52]:

ĈMAP (i, j) =


Ĉ(i, j) if i = j

(1− λ)Ĉ(i, j) otherwise

(3.44)

The parameter λ will be computed using cross validation. There are several other

methods to derive a regularized estimator of the covariance C, see for example [53,

54]. However, so far our best empirical results have been obtained using the cross

validation estimation of λ.
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3.2.3 Properties

Now that we exposed the steps used to build the C−1µ classifier, let us underline

some of its important properties:

1. It is easy to train: it reduces to an estimation problem, where the only com-

plicated estimation is the covariance matrix estimation which is of dimension

(d+ 1)× (d+ 1). In the case where d is very large, the C−1µ will required to be

combined with a proper dimension reduction mechanism. This will be discussed

in the section 3.3

2. Despite the reduction to an estimation problem, we do not parameterize the

joint distribution (X, Y ). Usually, the classifiers obtained by estimating param-

eters are parametric models (LDA, QDA, Naive Bayes).

3. Finally, the classifier provides an analytical estimation of the generalization

error,

P (Ŷ 6= Y ) = φ(−〈µ̂, Ĉ−1µ̂〉
1
2 ) (3.45)

This has computational advantages compared to the cross-validation-based es-

timation of the generalization error.
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3.2.4 A Toy Example

In this subsection, we present a toy example which help understanding the intuition

behind the C−1µ classifier in a very simple situation. It is assumed that the covariance

matrix C and the mean µ of the vector Z are perfectly known. Denote by π1 and

π−1 the probability of each class (1 or -1). We take a feature vector X of dimension d

such that the joint distribution (X, Y ) is defined as follows. For each i in 1 ≤ i ≤ d,

Xi = Y Ui, where the Ui’s are independent Normal random variables with mean µi = 1
i

and variance σ2, that does not depend on i. Assume that µi and σ are also known.

Here, we designed the joint distribution (X, Y ) such that the three first conditions of

the Central Limit Theorem discussed above are satisfied. The whole discussion will

be on the fourth condition, which concerns the vector w that we choose.

Notice that the LDA classifier in this case (using the known parameters) is the best

classifier, since it corresponds to the decision rule :

Y = 1η(X)≥ 1
2
− 1η(X)< 1

2
(3.46)

But recall also that the LDA classifier belongs to the set of linear classifiers. It can be

represented by the Fisher discriminant vector that we will denote by w′. On the other

hand our proposed vector w = C−1µ is optimal (asymptotically), with respect to the

misclassification problem over the set of w’s that are matching with the central limit

theorem stated above. First, we will explain why it is reasonable for this toy example

61



CHAPTER 3. MINIMIZATION OF THE CLASSIFICATION ERROR

Figure 3.1: The C−1µ classifier and the LDA classifier agree perfectly in this toy
example except for the constant parameter b0 which is plotted for both estimators.
Note that the two estimators are close when the prior for class 1, π1 is close to 0.5.
however, they disagree when the prior is very skewed.

to state that C−1µ satisfies the central limit theorem assumptions. Then we will

examine the cases where the LDA discriminant w′ ”satisfies” the CLT conditions,

and compare the misclassification error of our classifier and the LDA. One should

expect that when the LDA discriminant satisfies the C.L.T conditions, our classifier

will be very close to the optimal Bayes error, i.e the LDA misclassification error in this

case, since it would optimize the misclassification error over a set to which belongs

the LDA classifier.

First of all let us compute explicitly w and w′. Computing C−1µ in this case gives:

w =

(
2π1 − 1

1− (2π1 − 1)2
,
µ1

σ2
, ...,

µi
σ2
, ...

µd
σ2

)T
(3.47)
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The vector b′ corresponding to LDA is:

w′ =

(
1

2
log(

π1
1− π1

),
µ1

σ2
, ...,

µi
σ2
, ...

µd
σ2

)T
(3.48)

Notice that the two vectors w and w′ have the same components from component 1

to d. The difference between the two vectors lies in the first components w0 and w′0.

It is reasonable (since the sum
∑d

i=1
1
i

diverges) to assume that condition 5 in the

stated CLT is satisfied for w and w′ when the prior π1 is close to 1
2

since w0 and w
′
0

stay close to zero around π1 = 1
2

and diverges to infinity at π1 = 0 and π1 = 1, see

Figure 3.1. This is perfectly consistent with the C−1µ classifier optimality property

that we expect: The C−1µ classifier should be (at least approximately) optimal over

all the classifiers for which the C.L.T holds, which is the case when the prior is not

too skewed . LDA classifier belongs also to the set of these classifiers when the prior

is not too skewed also, and at the same time it is optimal over all the classifier. This

implies that when the prior is not too skewed, the misclassification error of LDA and

C−1µ classifiers should be (approximately) the same. This is exactly what we observe

since w ≈ w
′

when the class prior is close to 1
2
. Note that in practice, in case the

prior is skewed, an alternative version of the C−1µ classifier consists in estimating w1

as described and then estimating w0 using cross validation.
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3.3 Non-linear Extension

Designing a recognition system with C−1µ classification constitutes two pahsess: 1.

Feature extraction 2. Parameter Estimation. While the feature extraction parameters

can be estimated independently of the classification parameters, there is always a

benefit of training the feature extraction jointly with the classification module. Such

joint training has been addressed in the context of Discriminative Feature Engineering

[55].

The feature extraction module maps the raw measured pattern xi into the feature

vector fθ(xi) for which θ is the feature extraction parameters. The feature map

belongs to a feature space Fθ which can be parameteric or non-parameteric. Notating

the linear classifier parameters by w, the objective loss function for the C−1µ classifier

is as follows:

L(θ, w) =
−〈w, µθ〉√
〈w,Cθw〉

(3.49)

where, µθ and Cθ are the first and the second order statistics of the zi = fθ(xi)yi

while yi is the i’th pattern label.

The objective of the joint recognition system with C−1µ classifier, is to find pair

(w∗, θ∗) that minimizes the above loss function:

(θ∗, w∗) = argmin
θ,w

L(θ, w) (3.50)
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over all possible feature map parameters θ and the coefficients w. In Section 3.2, the

classifier coefficient that minimizes the loss for fixed feature mapping fθ was shown

to be w∗ = Cθ
−1µθ. This induce the follwing two step minimization scheme to find

the optimum pair (θ∗, w∗):

step 1: Let w = Cθ
−1µθ in the loss function and find the optimum θ∗:

θ∗ = argmin
θ

L(θ, Cθ
−1µθ)

= argmin
θ

−〈µθ, Cθµθ〉 (3.51)

step 2: The optimum w∗ is then simply equal to Cθ
−1µθ for θ = θ∗.

The optimum θ∗ can be derived using gradient descent. At each step i, the θi can be

updated as follows:

θi = θi−1 − α
∂L(θi, wθi)

∂θi

where,

∂L(θ, wθ)

∂θ
=

n∑
j=1

∂L(θ, wθ)

∂fθ(xj)

∂fθ(xj)

∂θ
(3.52)

here, wθ is Cθ
−1µθ and α is the learning rate.
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The graident derivation is pretty straightforward and is summarized as follows:

∂L(θ, bθ)

∂fθ(xj(k))
= µθ

T Cθ
−1

∂fθ(xj(k))
µθ

T

+ 2µθ
TCθ

−1 ∂µθ
∂fθ(xj(k))

Cθ
−1

∂fθ(xj(k))
= −Cθ−1

Cθ
∂fθ(xj(k))

Cθ
−1

(3.53)

for s 6= t,

∂Cθ(s, t)

∂fθ(xj(k))
=


1

n−1yj(zj(t)− µz(t)) ifi ∈ {s, t}

0 Otherwise

(3.54)

and

∂Cθ(i, i)

∂fθ(xj(k))
=

2

n− 1
yj(zj(i)− µz(i)) (3.55)

The convergence of the above iterating process highly depends on the choice of the

feature function space, Fθ. In this paper, we use graident descent to minmize above

loss for two class of feature spaces: Neural Network, and Reproducing Kernel Hilbert

Space (RKHS).
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3.3.1 Neural Networks

One can view the many successful Deep Neural Network results as special cases of

joint optimization of features and classification. From this perspective, the primary

layers right before the classification layer provides the feature space with parameters

corresponding to the layers weights. The primary layers can be chosen from a pool

of possibilities among linear and non-linear structures while the classification layer is

usually set to be the softmax.

Here, we propose to use the C−1µ classifier as the final layer of a deep structure. The

only change which need to be made is the derivation of the loss gradients which was

given in the previous section. The same back-propagation algorithm [56] is then used

for learning the feature space parameters. For the neural network, the feature space

Fθ is parameteric since it is the weights of the layers before the classification layer.

This faciitate the minimization process of step 1. Next, a non-parametric feature

space is addressed.

3.3.2 Reproducing Kernel Hilbert Space (RKHS)

Lets the feature space Fθ be RKHS of functions taking values in Rl produced by a

multi-dimensional kernel matrix K(xi, xj) which associates the matrix for any sample
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pairs xi and xj.

The minimum over the feature space is achieved within a subspace F′θ of functions

fθ(x) which

fθ(x) =
n∑
k=1

K(x,Xk)θk (3.56)

The minimization problem is then aim to minimize the following loss function over

the subspace F′θ:

L′(θ, w) = L(fθ(x1), ..., fθ(xn)) + λ||f ||2RKHS (3.57)

here we introduce the regularization term λ||f ||2RKHS to prohibit the possibility of

overfitting due to the large size of feature space. The graidents are then computed as

follows:

∂L′(θ, wθ)

∂fθ(xj)
=
∂L(θ, wθ)

∂fθ(xj)
+ 2λfθ(xj) (3.58)

3.4 Experiments

The experiments are designed with special attentions to the following issues: (1) Head-

to-head comparison of the C−1µ performance against the other classifiers, LDA, SVM,

and Logistic Regression; (2) The extent the proposed classifier scaled with data set

size; (3) The extent to which joint optimization of feature and classification improves
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over separate optimization for the C−1µ classifier.

3.4.1 Data

Dopamine transporter (DAT) imaging is increasingly utilized for diagnostic purposed

in suspected Parkinson’s diseases (PD). The mean regional uptake in the Striatum,

which is a subcortical part of the forebrain is the measurement of reference. However,

it is hypothesised that finer measurement, at the voxel level, would allow for a finer

diagnosis and the tracking of the progression of PD. The raw data was acquired

as part of the Parkinson’s Progressive Marker Initiative, see [57]. The processed

data was obtained using the technique described in [58]. It contains 195 images of

the Caudate (left and right hemisphere) which is a substructure of the Striatum for

77 healthy control (HC) subjects and 118 subjects diagnosed with PD. The images

are registered using a sophisticated registration algorithm, see [59], onto a common

coordinate system allowing to compare voxel per voxel the DAT SPECT uptake for

each subject. Each image is made of 3969 voxels, with values ranging from 5.00 to

540.34. We will consider the classification problem of HC versus PD for each image.

Due to the relatively small data size (n=195) and the absence of a separate test

set, we assess the performance of the classification algorithms using leave-one-out

cross-validation.
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Figure 3.2: Misclassification rate versus number of principle components.

MNIST: The standard MNIST handwritten character recognition data set was used.

From the total 60k training samples, 59k was used for training and the rest was used

for validation. The standard 10k test sample size was used for testing. Every instance

is a 28 28 pixel grayscale image which used as raw features for all experiments [60].

The binary recognition tasks were defined to discriminate the classes below 5 from

classes above it.

3.4.2 Parkinson Recognition

Figure 3.2 compares the miscalssification rate of the C−1µ classifier against two other

classifiers, svm and LDA on the left caudate data. The features are the principle

components after performing PCA. This simulates the separate recognition scheme

discussed earlier. Same validation data was used for tuning the parameters of all three
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classifiers. We also have examined the logistic regression on this data set, however

the performance was far from the other three classifiers shown in Figure 3.2. The

predicted misclassifcation rate for the C−1µ classifier is also depicted in this figure.

The predicted values are very accurate for lower dimensional features. The difference

between the predicted error and classification error for large dimensional features can

be explained by overfitting due to the small size of the training data.

Due to small size of the Parkinson data, we did not observe significant improvement

on training joint recognition systems using C−1µ classifer. However the best misclas-

sification rate achieved was 30 for which the both orientation of the caudate data

was used to train a separate recognition system with PCA components as feature and

C−1µ as classifier.

3.4.3 Character Recognition

The efficiency of joint recognition systems over the separate ones are more visible

on the character recognition task. Table 3.1 compares the recogniton performance of

three systems. In all three systems, the original high dimensional feature is embedded

to a lower dimension subspace. This has been done using PCA for the first system.

For the other two systems, the projection was done through the joint training of a

hidden layer and loss function. As this tables shows, the joint training outperforms
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the separate training for all feature dimensions shown in the table. However, there is

not a significant difference between the joint system trained with C−1µ loss and the

one trained with the cross entropy loss.

feat-dim PCA + C−1µ NNet + C−1µ NNet + Softmax

10 27.5± 0.0018 5.3± 0.001 5.6± 0.0009
30 19.5± 0.0016 3.8± 0.0008 4.2± 0.0008
50 17.5± 0.0016 3.4± 0.0007 3.6± 0.0008

Table 3.1: Comparison of the misclassification rate for the separate and joint
recognition system.

In addition to the neural network architecture, the kernelized version of the propsoed

classifier is examined in Table 3.2. Due to the scalability of the kernel methods for

large data sets, for this experiment we only used the first 10k of the original training

data to train the kernel parameters. For the kernel systems we used a simple linear

kernel. The kernel systems comapred to the separate system trained on the same

dataset. Again, the kernelized C−1µ is in par with the SVM classifier while both

kernel systems outperform the separate system.

feat-dim PCA + SVM PCA + C−1µ Kernel + C−1µ

10 27.8± 0.0045 27.8± 0.0045 16.2± 0.0037
30 18.0± 0.0038 19.9± 0.0040 15.4± 0.0036
50 16.8± 0.0037 17.6± 0.0038 14.7± 0.0035

Table 3.2: Comparison of the misclassification rate for the separate and joint
recognition system using kernel method.

72



CHAPTER 3. MINIMIZATION OF THE CLASSIFICATION ERROR

3.4.4 Error Prediction

Table 3.3 presents the prediction error for three recognition systems used the C−1µ

classifier. The prediction error and the actual error are pretty close for the spearate

system and the joint kernel system. However, the error predicted for the joint system

with embedded hidden layer, is far smaller that the observed error.

Front-End Classification Prediction

PCA 19.5± 0.0016 19.9± 0.0016
NNet 3.8± 0.0008 0.01± 0.0004
Kernel 15.4± 0.0036 15.1± 0.0036

Table 3.3: Comparison of the misclassification rate and the prediction rate for three
systems.

3.5 Conclusion

We have presented a novel family of classifiers named C−1µ which applies to the

situation where the number of features is large enough. We have demonstrated using

real data that it provides competitive results compared to other binary classifiers, as

SVM, Logistic regression, LDA and Neural Networks. However, many open questions

remain open. In particular, this classifier does not apply to all classification situation

as it relies on the Normal approximation of the classification error. Would it be

possible before hand to know if this classifier is applicable to a given situation? Also,
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most classification problems are not binary. Is there then a method to generalize the

Normal approximation to the multiclass setting?

74



Chapter 4

Multiclass Classification with C−1µ

In Chapter 2, we described the main concept of C−1µ classification method for case of

binary classification. The natural idea of minimizing the probability of error is easily

extendable to the multi class classification which is of important interest for many

practical machine learning tasks. This chapter is devoted to develop the multiclass

C−1µ classifier. Starting from linear classification, the classifier is extended to the non

linear classification by using it as classification layer of deep neural network structure.
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4.1 Introduction

Most classification algorithms were devised first for binary classification problems.

However, most large scale practical probelms involve classifying the feature vector X

into a class Y among more than two choices. This defines the essence of the multiclass

classification problem.

There are two ways of deriving a multi class classification based on the original bi-

nary classifier. The Support vector machines (SVMs) is first introduced for binary

classification [61] They are accurate, robust and quick to apply to test instances. How-

ever, the elegant theory of using large-margin hyperplanes cannot be easily extended

to multi-class classification problems [62]. For such algorithms, usually a reduction

algorithm is used to reduce the multiclass problem into set of binary classification.

There exisit a number of reduction approaches; One Versus the Rest (OVR) method

[63], Pairwise Comparison [64] , Direct Graph Traversal [65], Error Correcting Output

Coding (ECOC) [66, 67] and specifically for SVM, multiclass objective functions has

been proposed [68]. In practis choice of the reduction method is not easy. Each of

these methods works under certain curcumstances of the problem [67]. In addition,

reduction fo large scale multiclass problem into large number of binary classification

is not currently feasible in large scale domain for all classification techniques mainly

dues to the training time and computation efficiency [62].
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For some classification algorithms, the multiclass extension is very straight forward

because of the elegant idea behind the classification design at the first place. Linear

Discriminant Analysis was first described as two classes problem [7]. The multiclass

extension of LDA could be easily derived via multiple discriminant analysis [69].

The multiclass LDA has been widely used in practice [70, 71]. Logisitc Regression

is another type of classification technique that inherit multiclass definition from its

original idea. This with the feature extraction capability of the Deep Neural Networks

[24] has led to superior recognition performance in many tasks [19, 20, 21, 22].

The idea behind developing the C−1µ classifier is easily extendable to the multiclass

classification. Similar to the binary case, we develop an algorithm that aim to minmize

the true probability of error. Combining with deep feature extraction ability of Deep

Neual Networks, we proposed a classification technique which is deep and at the sime

time minimizing the probability of misclassification error explicitly.

4.2 C−1µ: Multi-Class Extension

For given set of n training pairs {xi, yi}ni=1, goal of a multiclass classification algorithm

is to derive a map between feature space X to class space Y. It is assumed the feature

space lie down in Rd where d is the feature dimension and there is |Y| = C number of

classes. For a feature vector X ∈ X, the multiclass of interest decides class Ŷ = f(X)

77



CHAPTER 4. MULTICLASS CLASSIFICATION WITH C−1µ

with the following decision rule:

f(X) = argmax
i∈{1,...,C}

Wi0 +
d∑
j=1

WijXj

= argmax
i∈{1,...,C}

〈Wi, X
e〉 (4.1)

where Wi is the i’th row of the C × (d+ 1) weight matrix W . Here, Xe is the

extended X which is derived simply by adding a single 1 as the first component of X.

Introducing this notation make the error notations easier to describe.

Similar to the binary case, the goal is to find the weight matrix W which minimizes the

classification error. The classification error occurs if there exist a class i ∈ {1, ..., C}

which i 6= y and:

Wy0 +
d∑
j=1

WyjXj < Wi0 +
d∑
j=1

WijXj (4.2)

In the occasion of error, there should be at least one such i while there is at most

C − 1 of them, since there is only C classes.

4.2.1 Notations

Definition: For each class y ∈ {1, ..., C}, we define C dimensional vectors Ui|y,

1 ≤ i ≤ C − 1 constructed as follows:

• Ui|y(j = y) = 1
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• If i ≤ y, Ui|y(j = i) = −1

• If i > y, Ui|y(j = i+ 1) = −1

• Otherwise Ui|y(j) = 0

As an example, the following vectors represent Ui|y for different possible values of i

and y:

U1|y U2|y

y = 1 (+1,−1, 0)T (+1, 0,−1)T

y = 2 (−1,+1, 0)T (0,+1,−1)T

y = 3 (−1, 0,+1)T (0,−1,+1)T

Remark: The U.|y is a random variable with the representation Ui|y, for 1 ≤ i ≤ C−1.

Using the above definition, we can mathematically describe the occasion of the mis-

classification error of Eq. 4.2:

〈Wy, X
e〉 − 〈Wj, X

e〉 < 0

〈Uj|y,WXe〉 < 0 (4.3)
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The random variable Z is then defined as follows:

Zj|y = X̃Uj|y (4.4)

where X̃ is (C(d+ 1))× C dimensional vector:

X̃ = (I|X1I|X2I|...|XdI)T (4.5)

here, I is the C × C dimensioanl identity matrix. The Xi denote the value i of the

original feature vector X. In other words, X̃ contains d blocks of XiI and one block

of I, where blocks are separated by the notation | in the above vector. The single

block I is in fact simulate the addition of 1 to the vector X in definition of Xe.

For each class y there is C − 1 vector Zi|y. The random vector Zi is then defined as:

Zi = {Zi|y|y ∈ {1, ..., C}} (4.6)

We also use µi and Ci to present the mean and covariance of random variable Zi,

respectively.

The w is ued to present the vectorized version of the weight matrix W

w = (W
′
1,W

′
2, ...,W

′
d+1)

T (4.7)

Here W ′ is the transpose of W . The C(d + 1) dimensional vector w is built using

concatenation of the columns of the weight matrix W .
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4.2.2 Probability of the Misclassification

The misclassification even in case of multiclass classification can formulated as follows:

f(X) 6= Y ←→ {∃i ∈ {1, ..., C}|wTZi < 0} (4.8)

In other words, classification error occurs if and only if there exist a 1 ≤ i ≤ C − 1

that wTZi|Y < 0. The probability of error is then written as:

P (f(X) 6= Y ) = P
(
{∃i ∈ {1, ..., C}|wTZi < 0}

)
= P (min

i
wTZi < 0)

= 1− P (∀i : wTZi > 0) (4.9)

In the last equality above, the subtracted term is in fact the classification accuracy.

Assuming the density of the above probability is known, one can easily minimize

the probability of error. Assuming central limit theorem holds, this density can be

estimiated with a multivariate normal. Minimizing the probability of error is then

straightforward.

4.2.3 Bounds on Probability of Error

This section is devoted to introduce the upper bounds for the probability of error. We

first describe a loose bound derived using the Bonferroni inequality [72]. Furthermore

81



CHAPTER 4. MULTICLASS CLASSIFICATION WITH C−1µ

a tighter upper bound is introduced using the Slepian inequality [72].

Theorem 4.2.1 The minimum classification error for multi class classification is

bounded from above as follows:

minP (f(X) 6= Y ) ≤ (C − 1) max
i

min
w
P (〈w,Zi〉 < 0) (4.10)

Proof: The classification error happens if

f(X) 6= Y ←→ {∃i ∈ {1, ..., C}|wTZi < 0} (4.11)

Then,

P (f(X) 6= Y ) ≤
C−1∑
i=1

P (wTZi < 0)

≤ (C − 1) max
1≤i≤C−1

P (wTZi < 0) (4.12)

where the last inequality holds using Bonferroni inequality, [72]. Minimizing both

side of the above inequality and using minmax equality, is then led to the desired

inequality mentioned in the Theorem:

min
w
P (f(X) 6= Y ) ≤ (C − 1) min

w
max

1≤i≤C−1
P (wTZi < 0)

= (C − 1) max
1≤j≤C−1

min
w
P (wTZi < 0) (4.13)

which completes the proof.
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The above theorem gives an upper bound for the misclassification error. By mini-

mizing this upper bound, the misclassification error will be minimized too. For each

term i in the upper bound

P (wTZi < 0) = P (
〈w,Zi − µi〉
〈w,Ciw〉

1
2

<
−〈w, µi〉
〈w,Ciw〉

1
2

) (4.14)

Notating:

Td
i =
〈w,Zi − µi〉
〈w,Ciw〉

1
2

(4.15)

and assuming central limit theorem conditions hold, we can approximate the contri-

bution of the i’th term in the error sum as follows:

P (Td
i <

−〈w, µi〉
〈w,Ciw〉

1
2

) ∼ φ(
−〈w, µi〉
〈w,Ciw〉

1
2

) (4.16)

Next, note

min
w
P (wTZj) = φ(

−wTµj
〈w,Cjw〉

1
2

)

= φ(−〈µj, Cj−1µj〉
1
2 ) (4.17)

Using the above equality we can find the upper bound for the classification error:

min
w
P (f(X) 6= Y ) ≤ (C − 1) max

j
φ(−〈µj, Cj−1µj〉

1
2 ) (4.18)

So, this can lead to the first multi class classification algorithm for C−1µ multi class

classification.
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Algorithm 1: Two step approximation of the C−1µ parameters:

step 1: Find j∗

j∗ = argmax
j
〈µj, Cj−1µj〉

1
2

step 2: Set w∗

w∗ = Cj∗
−1µj∗

The first multi class algorithm derived using the approximation of the upper bound

of the error with the Bonferroni inequality. However, this is not the most tight error

bound since it does not consider a lot of common event errors. A tighter upper bound

is desired particularly for more complicated problems. Using the Slepian theorem [73],

we derive a tighter upper bound for the missclassification rate.

Slepian Lemma: for Gaussian random variables X = (X1, . . . , Xn) and Y =

(Y1, . . . , Yn) in Rn satisfying the following:

E[X] = E[Y ] = 0 (4.19)

E[X2
i ] = E[Y 2

i ], i = 1 . . . , n, (4.20)

E[XiXj] ≤ E[YiYj] for i 6= j (4.21)

the following inequality holds for all real numbers r1, ..., rn:

P [X1 ≥ r1, . . . , Xn ≥ rn] ≤ P [Y1 ≥ r1, . . . , Yn ≥ rn] (4.22)
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Theorem 4.2.2 Under the following assumption

E[Td
iTd

j] ≥ 0 ∀ 1 ≤ i, j ≤ C − 1 (4.23)

then minimizing the upper bound of the classification error is equivalent to the maxi-

mization of the following loss function:

L(Z, µ, C) =
C−1∏
j=1

φ(
wTµj

〈w,Cjw〉
1
2

) (4.24)

where φ is the multivariate normal distribution with mean 0 and covaraince matrix

I, which is the C × C dimensional identity matrix.

Proof:

P (f(X) 6= Y ) = P (∃i|wTZi < 0)

= 1− P (∀i|wTZi > 0)

= 1− P (Td
1 > r1, ..., Td

C−1 > rC−1) (4.25)

where

ri =
−〈w, µi〉
〈w,Ciw〉

1
2

(4.26)

and Td
i was defined in Eq. 4.15. Using the Slepian lemma:

P (Td
1 > r1, ..., Td

C−1 > rC−1) > P (V1 > r1, ..., VC > rC−1)

(4.27)

85



CHAPTER 4. MULTICLASS CLASSIFICATION WITH C−1µ

where V is a multivariate gaussian random variable with independent components

and

E[V ] = E[Td] = 0 (4.28)

E[Vi
2] = E[Td

i2], i = 1 . . . , n, (4.29)

E[ViVj] = 0 for i 6= j (4.30)

under the assumption that E[Td
iTd

j] ≥ 0 for any pairs of 1 ≤ i, j ≤ C − 1, we can

apply the Slepian lemma to derive the following:

P (Td
1 > r1, ..., Td

C−1 > rC−1) =
C−1∏
i=1

P (Vi > ri)

=
C−1∏
j=1

φ(
wTµj

〈w,Cjw〉
1
2

) (4.31)

The lest side of the above equality is the correct classification event. Minimizing the

error is equivalent to the maximization of the accuracy, and the right side of the above

inequality is the proposed loss in the theorem.

The possibility of deriving a closed form equation for the w∗ than minimize the above

loss is not clear. Instead, we use Gradient Descent to find the weight vector that

maximize the loss. The following equation provides the gradient of the above loss
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with respect to the weight vector w:

∂L

∂w
=

C−1∑
j=1

∂

∂w
φ(

〈w, µj
〈w,Cjw〉1/2︸ ︷︷ ︸

x

)

=
C−1∑
j=1

f(x, µj, Cj)
∂x

∂w

=
C−1∑
j=1

f(x, µj, Cj)〈w,Cw〉−1/2(µj − 〈w,Cw〉−1CjwwTµj) (4.32)

The second multi class algorithm is shown in the Algorithm 2. Here, we used Slepian

bound derived above to minimize the classification error. The algorithm starts with

the random initialization of the weight vector w0. At each iterstion, the first and

second order statistics are computed. These parameters are then used to derive the

loss which itself is the accuracy of the model at the current iteration. Finally the

partial derivative of the loss with respect to the weight vector wi−1 is computed and

together with the learning rate α is used to update the weight wi for next iteration.

The algorithm continue until the desired number of iterations N .

87



CHAPTER 4. MULTICLASS CLASSIFICATION WITH C−1µ

Algorithm 2: Error minimization using Slepian bound:

step 1: Parameter Initialization

w0 ∈ RC(d+1) (4.33)

step 2: Mean and Covariance Computation

µj = E [Zj]

Cj = E
[
(Zj − µj)T (Zj − µj)

]
(4.34)

while i ≤ N do

step 3: Loss Evaluation

L(Z, µ, C) =
C−1∏
j=1

φ(
wTµj

〈w,Cjw〉
1
2

) (4.35)

step 4: Parameter Update

wi = wi−1 + α
∂L

∂wi−1
(4.36)

end

4.3 Experiments

The multiclass C−1µ experimented with two perspectives. The first set of experiments

is designed to evaluate the performance of this classification technique on separate

recognition module where the features are extracted separately from the classification

parameters. To simulate this situation we used PCA as the mean of feature extraction.
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The multiclass C−1µ has been also evaluated on joint scheme. By removing the

traditianl softmax and layer on the top of the neural network, we used the proposed

loss at the top of the deep neural network. This provides the possibility of having

any number of linear or nonlinear layer before the loss.

The experiments presented here is using the MNIST dataset. The standard 59k

training samples were used for the training. There is 1k samples used for validation

of the model parameters, like the covariance shrinkage parameter λ. The standard

10k test set used for evaluation of the multiclass problem. Since the number of classes

in MNIST dataset is 10, we only limited ourselves to model with fewer number of

parameters. One important fact about the experiments designed here is, we do not

like to evaluate our model on tuning scenarios. Thus, we believe the experiments are

reproducable as it is mentioned here.

4.3.1 PCA + C−1µ

In the first experiment the origninal 784 dimensional features of the images were used

to derive the PCA matrix. Among these 784 features, we only selected few number

of features, 10, 20, 40, 80, 160.

The main parameters of our model are µj, Cj and the weight matrix W . After

extraction of the PCA matrix, we directly compute the first and second order statistic
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Figure 4.1: Effect of regularization term for shrinking the covaraince matrix. PCA
with 10 dimension is used for feature extraction.

parameters µj, Cj for 1 ≤ j ≤ C − 1.

Efefect of λ:

Like to the binary case, we use a grid search over the shrinkage parameter 0 ≤ λ1

with the incremental step 0.1 to find the λ to be used for shrinking the covraince

matrix. Figure 4.1 presents how different values of λ affects the model accuracy

on validation, training, as well as test data. We selecting the λ that maximize the

accuracy on validation data. The author observed that for this dataset, usually λ = 0

is the optimum shrinkage parameter. Figure 4.1 also supports this claim for the 10

dimensional feature extracted by PCA.
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Figure 4.2: The proposed upper bound is minimized over number of iterations. The
PCA dimension of 40 is used as feature with λ = 0.

Minimizing the Probability of Error:

The mian idea behind the C−1µ classifier is minimization of the probability of error

by assuming the normal density for the probability of error. At each step of the

Algorithm 2, we update the weight parameters W such that it minimizaes the upper

bound of the probability of error.

The second experiment is designed to monitor the training procedure of the C−1µ

using Algorithm 2. The 40 dimensional features were extracted separately using the

PCA. As this figure shows, the true emprical probability of error derived on training,

test and validation data is always below the upper bound proposed by the Slepian
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lemma. Curefully observing the Theorem assumption, led to this finding that for all

values of W , the covariances E[Td
iTd

j] are positive which means the assumptions of

theorem holds.

Effect of Feature Dimension

The feature dimension is of important interest in classification comparison. From one

persepctive, one can say increasing the feature dimension lead to larger models with

more number of free parameters, thus higher accuracy is expected. However, if the

number of samples is not large enough training large models might not necessarily

result in huge improvement gap. These facts make it ineteresting to observe how

the multiclass C−1µ performs in case of large dimension model size. Similar to the

previous cases, PCA was used to extract features in 5 different sizes, 10, 20, 40, 80, 160.

Figure 4.3 plots the upper bound of the miscclassificaiton error in Algorithm 2 as well

as the true emprical error for training, validation and test data over the five different

feature dimension of interest. The error is decreased by increasing the feature dimen-

sion. However, the improvement is not huge at the larger dimensional features. This

could be explained by the number of parameters our model required. There is d + 1

free parameters for estimatin each µj and (d+1)×(d+1)
2

parameters in total for estima-

tion of each covariance matrix Cj. In total, the C−1µ classifier required (C−1)(d+1)(d+3)
2

parameters to be estimated. The ration of the total number of parameter for the 160

dimensional feature to the total number of training samples is 4 which is relatively
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Figure 4.3: The probability of error versus number of PCA dimension.

smaller than typical number of samples required per parameter.

4.3.2 Neural Network + C−1µ

Replacing the traditional optimization module of the neural network with the C−1µ

loss is of sufficient interest for the author. The cross entropy loss only minimize the

entropy between the true label probability vector and the estimated vector derived

using the softmax layer. Here, we replace this last two layers with the multicalss C−1µ

loss function of the Algorithm 2. By doing normal back propagation, we update all

parameters of the model jointly together.
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Figure 4.4: The probability of error versus number of iterations for single linear
hidden layer and the C−1µ loss.

Here, we start with raw 784 dimensional features. There is no extra feature engineer-

ing. The first layer is a linear layer. The experiments were done on the same feature

dimension used for the PCA experiments. We designed two experiments, one is the

linear module and the other one is the non linear system.

Linear Model

Figure 4.4 presents the proposed theoretical upper bound of the misclassification error

and the true emprical error for training, validation and test condition. The dimension

of the hidden layer is 10.

The final error rate of this model is 11.61% which is significantly lower than the
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Figure 4.5: The probability of error versus number of iterations for single sigmoid
hidden layer and the C−1µ loss.

error rate of the PCA setting in Figure 4.3 which is 27.6%. Both models have same

number of parameters and same classification module. This boost in improvment

clearly comes from the joint optimization discussed in previous chapters.

Effect of Non-Linearity

One of the main benefit of the neural network structure over other structures is the

non-linearities used in different layer. This has been examined in details in Chapter

2. Here, we used a sigmoid non-linearity in front of the hidden layer.

Figure 4.5 shows the training curve of the model with 10 dimensional hidden layer and

a sigmoid non-linearity. In terms of improvement, the non-linear structure provides
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additional 4% improvement over the linear structure after convergence. However, we

observe that for the first time the theoretical upper bound does not hold after few

hundred training epochs. Looking at the weights at this stage, we noticed that the

positivity of the off-diagonal component of the covaraince matrix does not hold for

this case. This is one major direction of the further research.

4.4 Conclusion

This chapter extended the binary classification technique C−1µ to the general mul-

ticlass classification. By approximating the classification error probability with the

multivariate Gaussian distribution, we proposed a classification technique that mini-

mized the probability of the error. The linear and non-linear classification scheme of

the proposed classifier was examined and discussed. The main further effort is in the

direction of the better upper bound for the misclassification error.
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Chapter 5

Conclusion

This thesis provides multiple novel techniques in the machine learning, deep learning

and speech recognition.

5.0.1 Deep Gaussian Mixture Model

The concept of Deep Gaussian Mixture Model is proposed and evaluated. This model

combines the advantages of deep feature extraction and GMM representation. Joint

training of this model with ASGD led to a superior model, strongly competitive with

DNNs on two Voice Search tasks. Extension of this model to Deep Subspace GMMs

resulted in additional improvements.
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5.0.2 Distributional Approximation of the Classi-

fication Accuracy

Maybe the most natural idea of classification is behind this technique. It is shown

how to model the accuracy event. Then it is shown how to estiamte the density of this

event and using that, we find the approximation of the classification error through

the training process.
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