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Abstract

The aim of the dissertation is to study the Klein-Gordon equation on asymptotically
Euclidean manifolds. Using Mourre estimates, we obtain KSS estimates for the Klein-
Gordon equation on (R?, g), d > 3, when metric g is non-trapping and approaches the
Euclidean metric like (z)~” with p > 0. Together with local energy decay, we can obtain
the Strichartz estimate for compact perturbation metric. Also, using stationary phase
methods and parametrix constructions, we can obtain the dispersive estimate which im-
plies the global Strichartz estimates for non-compact small perturbation.

READERS: Dr. Christopher Sogge (Advisor).
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Chapter 1

Introduction

1.1 Background

Our research interest lies within the field of Fourier Analysis and Partial Differential Equa-
tions. This is a wide area that naturally intersects with Riemannian geometry, quantum
physics, and complex variables. We concern about the Klein-Gordon equation (1.1) on

compact and non-compact asymptotically Euclidean non-trapping manifolds.

We focused on the asymptotic spectral behavior, local energy decay and global Strichartz
estimate for Klein-Gordon equations on (R%, g),d > 3, when the metric g is non-trapping
and approaches the Euclidean metric like ()~ with p > 0. There has been important
progress concerning these kinds of problems for Schrédinger equations and Wave equa-
tions. Sogge and Wang([2]) used the KSS (Keel-Smith-Sogge) estimate to prove almost
global existence for quadratically semilinear wave equations with small initial data for
p > 1,d = 3 and also established the Strauss conjecture when the metric is radial. Bony
and Héfner applied Mourre estimate to obtain local energy decay for several evolution
equations on asymptotically Euclidean manifolds(see [1] and [3]). Tataru used phase s-

pace methods to construct outgoing parametrices to prove global in time Strichartz type



estimates for Schrodinger equations(see [18] ). And later on, Metcalfe and Tataru finished
the local smoothing estimate and global Strichartz estimate for variable coefficient wave
equation (see [17]). However, certain questions remain open for Klein-Gordon equations.
Fortunately, Klein-Gordon equation is a relativistic version of the Schrodinger equation,
and it is also a quantum type wave equation. Therefore, it’s natural to apply similar

techniques for Wave /Schrodinger equations to Klein-Gordon equations.

1.2 Preliminaries and Main Results

Let us now state our precise results. We consider asymptotically Euclidean manifolds

(R4, g) with d > 3 and

d
g= Z gij(x)da'da’ .

ij=1

We suppose g;j(x) € C“(Rd) and, for some p > 0,
(H1) Va e NT 02(gy — 8y) = O((z)71*17),

with (z) = /1 + |2|? and d;; = 6" being the Kronecker delta function.

We also assume that
(H2) g is non-trapping.

where non-trapping means every geodesic on manifold reaches spatial infinity in forward
and backward time.

Let g(z) = (det(g))"/*. The Laplace Beltrami operator associated with g is given by

1 .
Ag=> ?ai(gjfaj),

]



where g% (z) denotes the inverse metric. Note —A is self-adjoint non-negative on L*(R?, g?dx),
while P = —gAgg~! is self-adjoint non-negative on L2(R%, dx). Let Q = Q. := 240— x40}
be the rotational vector fields.

Let us therefore consider the corresponding linear equation. Let u be solution of

(1.1) (8;:2 — Ag+ Du(t,z) = F(t,z), (t,z) € Ry x R
U(O, l’) = UO(Z'), 8,:u(07 1’) = ul(«T), r € R

With the notation

1 o>
AT)=¢ m@2+T) p= :
T1—2u+26 U< %
and
1 > 1
B(T) = noe
T1—2,u+26 L < %

we have the following KSS estimate. Throughout this paper, L3 = L?E[O,T]‘

Theorem 1.2.1. Assume that (H1) and (H2) hold with p > 0 and let d > 3. For all
U e C°(R), C >0 small, and € > 0, the solution of (1.1) satisfies

(1)For Low frequency, that is, if 0 < u < 1,
(1.2) () He™HRU(P < Cullfy S AT ) ull7s
if > 1, we have

(1.3) [(z) e U (P < Clullzy < [lullf



(2)For intermediate frequency,

Lo

(1.4) () eV TPU(C < P < Syl S BTl

(3)For high frequency,

1

(1.5) () ™ PR (P > Z)ullf, < BL(T)|ulli

Theorem 1.2.2. Assume that (H1) and (H2) hold with p > 0, > 5 and let d > 3. For

all e > 0, the solution of (1.1) satisfies

(1.6)

)Vl o o+ [l 62) Ml 1 S (AU 2 (1O, ) 2 + (0, ) a2 + 1) Pz, )

where we use L2 to denote L?e[o AR

We also have the higher-order KSS estimates. Here, we put Z = {0,,0,,Q}, Y =

{0,,9Q}, X = {0,}. Then following the argument of Theorem 1.3 in [2] we have

Theorem 1.2.3. Assume that (H1) and (H2) hold with p > 2. Let N > 0 and p > 3.
The solution of (1.1) satisfies

l € —l — (e} ‘Zau’
s S0 PRt iz + 3 (AT 920+ Dl

0=tST <ot j<N41 la|<N

< S0, + 3 / 12°F (s, )| zds

la|<N la<N
Note that the estimate (1.2)-(1.5) can be viewed as the local energy decay estimate
for 0,4+ 1 =02 — A, + 1. By combining these with local energy estimates we shall prove

global Strichartz estimates for compact perturbation.



For the Minkowski case, it is known ([34]) that we have Strichartz estimates if (s, q, )
is admissible, i.e., % < min(%,%l (% - %)) (q,7) # (2,00), (00,00), s=d (% — %) - %1.
When Ay is the Laplace-Beltrami operator associated with a smooth, time independent

Riemannian metric g;,(z) which we assume equals the Euclidean metric d;;, for |z| > R,

some R. Our global Strichartz estimates are the following.

Theorem 1.2.4 (Global Strichartz estimate for compact perturbation metric). Assume
that (H1) and (H2) hold with p > 0, d > 3 and s € [0,1] (s € (0,1) if d = 3). The

solution of (1.1) satisfies

(1.7)

S lluol

ull oy we + ]l et + |1 F o,

for any admissible (s,q,r) with ¢ > 2, r < 0.



Chapter 2

Strichartz estimate for compact

metric perturbations

2.1 Mourre Estimate

2.1.1 The general setting

In this section, we’ll present some estimate which will be used to prove our theorem.
We begin this section with the notion of regularity with respect to an operator. A full
presentation of this theory can be found in the book of Amrein, Boutet de Monvel, and

Georgescu [31].

Definition 2.1.1. Let (A, D(A))and (H, D(H)) be self-adjoint operators on a separable
Hilbert space H. The operator H is of class C*(A) for k > 0, if there is 2 € C\o(H) such
that

Rt — ™(H —2)le ™,
is O* for the strong topology of L(H).

Note: The spectrum of a given operator H is often denoted o(H ), and its complement,



the resolvent set, is denoted by C\o(H ).
Let H € C'(A) and I C o(H) be an open interval. We assume that A and H satisfy a

Mourre estimate on I:

(2.1) 1,(H)i[H, A]1;(H) > 61,(H)

for some ¢ > 0. As usual, we define the multi-commutators adJAB inductively by ad, B =
B and ad’{'B = [A,ad’,B] = A - ad’, B — ad’, B - A.

Theorem 2.1.2. Let I1 € C*(A) be such that adi‘H, j=1,2, are bounded on H. Assume
furthermore (2.1). Then for all closed intervals J C I and p > %, there exists Cj, > 0

such that

(2.2) sup  [[(A)TH(H = 2)THA) T < Oy
RezeJ,Imz#0

Note: Throughout this dissertation, (A) = (1 + A2%)z.

We now state a result of Kato [32] which is under the conclusions of Theorem 2.1.2.

Theorem 2.1.3 (H-smoothness). Let A and H be two self-adjoint operators satisfying

(2.2). Then for all closed intervals J C I and p > %,
(2.3) / 1CA) e~ 1 (H)ul*dt < 8C. . ]|ull?,
i

Corollary 2.1.4 (Corollary 2.5 in [3]). Let A and H satisfy the assumption in the H-

smoothness theorem. Then for all closed intervals J C I and 0 < p < 3,

T
(2.4) / I(A) e 0y (H yulPdt < My T2,
0



for all 0 < € < 2u. Here,

]\/[]%6 = (8CJ,M/(2}L—€))2M_€

Theorem 2.1.5. (Hunziker, Sigal, Soffer [33]) Let i > 0 and i = min{n € N,n > u+1}.

Let H, A be two self-adjoint operators satisfying (2.2). Then for all x € C§°(I)
(2.5) ICA) e X (H)ull < Puy(lladi H - . llad H )0 (1 (A)ul]

where P, 1s a polynomial.

Then, we look at

(10, — H)u(t) = o(H)G(1)
(2.6)

u(0,z) = 0.

Corollary 2.1.6. (Proposition 2.7 and Corollary 2.8 in [3] Let A and H be two self-
adjoint operators satisfying (2.2) and p € C*(R) satisfying ||¢llee < 1, [|¢' |l < C1 and

suppG € [0, 00), the solution of (2.6) satisfies

2.7) / 1Ay Hu(t)|Pdt < Crpr (B(T)Y / IAYG()|2di

for all 0 < e < 2pu.



2.1.2 The Klein-Gordon equation and the Mourre Estimates

In this part, we will split our operator into low frequency, high frequency and intermediate

one respectively.

Part 1: Low Frequency Mourre Estimates

Let ¥, € C*(R), for all j € N, we have uniformly in A > 1

|2 (@)] S 1

and that there exists an open interval / € [0,00) and constants 0, B, C' > 0, such that

Vo > B,y(z) =¢, and Vrx e l,\(x) > for all \>1.

And here, U € V means that the closure of U is a compact subset of V.
The aim of this section is to establish a Mourre estimate for the operators ¢, (AP) which
holds uniformly in A > 1. Then if A = $(zD+ Dzx), D(A) = {u € L*(R?%); Au € L*(R%)},

we have

Proposition 2.1.7. (Proposition 9 in [1]) (i)For all j € N, and € > 0, we have ¥\(AP) €
CI(A) and

. 1, if d>3
(2.8) lad)a(AP)[ S

X, if d=2

(i1) For X large enough,

1:(AP)i[ha(\P), AJ1;(AP) > 6(inf I)1;(AP)



(1ii) For all ¢ € C§°(R) and p, e > 0, we have
AV OP) )] < A
We will consider ¢ € C§°((0, 00)) such that

Veel0,1], Y () =1

A>1dyadic

To ¢ we associate ¢ € C§°((0,00)) such that pp = .

Let now I € [0, 00) be an open interval such that
supp ¢ + [—h, h| C I for some h > 0 small enough

We use the taylor development of v/1 4 x close to zero, find that

1
Vi+zxz=1+ 3T + higher order

We set
)
0, for <0
(2.9) Ua(z) = s+ Al tg(%), for wel
¢, for x>1B
\
where g(z) = —W Obviously, our ¥, (AP) satisfies the assumption in the beginning

of low frequency part, thus satisfies 2.1.7. We need to prove A+ 1, (AP) satisfies Theorem

2.1.2 too. It suffices to prove

1A+ Ua(AP))i[A + aA(AP), AL (A + a(AP)) > 61;(A + r(AP))

10



Since fy(z) = A + 15 (x) is increasing, there exist open intervals J and .J such that
fa(suppd) € J € J < fi(])

for X large enough. Let 7 € C$°(J) be such that 7 =1 on .J, we get

p(x) < 7(a(@)) < 1,(/a(z)) < 1s(2)

where f < g means that g = 1 near the support of f.

Thus,

Li([x(AP)ILSAAP), AL, (JA(AP))
= Li(AAP)LIAP) PN AP), AL (AP)L,(A(AP)) = o(inf 1)1, (/x(AP))

Then in low frequencies, vP + 1 =1 + A1, (AP), we have the following properties:

Theorem 2.1.8. Assume (H1)(H2)and d > 3, for all ) € C§°(R) and C > 0 small, we
have if 0 < p < g,

(2.10) I{2) ™ PU(P < Chullfs S A(T)|(x) ull7,

Particularly, if p > 1, we have

(2.11) (@) e PP < Chullly S luls

Proof. By Proposition 2.1.7 and Theorem 2.1.5, we have

(A QAP (2) || poy e < A2 min{mg} e

11



I{AY e OO p(APYul| € X% () [ {A) u]

Thus we obtain,

[@) e FPUP < Chulg £ 30 ) e B e(Pulg
A dyadic,A>1
S D2 ) PEAP) AP (A) e O ([ (AP))p(AP)u|
A
$ DA A) RO ([ (AP) Jp(AP)ul
A

< S A dmimlerete (1)< AV (AP
A

—min{u, 4 }+2¢1 +e AR -
S XA:)\ majrzate or [z ull < ()7 () ul

Then
T
@) e < Chulty = [ @) e P < Oyl
T, 0 x

5/0 (&) (@) ull Lot = AL(T)[[ )" ullZ

If 4 > 1, we can apply Theorem 2.1.2, that is
L1y e 8O Pyl S Jul?
Then, we have

/ ) ™ TPY(P < ChulPdt S 3 / )Pt NP o Pyl Pt

S Yoa i [y e AP
A R
_ Z)\min{mg}-i-ﬂ—kl/ [{(A)#e NP (A Pulds < Z)\lfmin{m%}ﬁlHuH? < lul?
A R A

12



Part 2: The high frequency and Mourre estimate

For high frequencies part, we have the following argument. For f € S(m) = {f(z,&;h) €

Y

C*(RIxRY)| \8;‘8?f(x,§;h)\ < m(w, &) (z)71(€) 1P} the pseudodifferential operator

with symbol f is given by

On 1)) = s [ b L s yuty) e

For the symbol a(z, &) € S, ((z)), we define
Ap = Opn(a) € Up((z)) and Qn = Opa(q) € Yi(1)

such that q(z, & h) = qo(w, &) + W, (1)(See Section 3.1 in [1] for more details).

Proposition 2.1.9. (Proposition 13 in [1]) (i)Ay, is self-adjoint on C°(RY) and, for all
p =0, we have |[(Ap)*ul| S [ ()" u]
(ii) We have Qp € C*(Ay) and for all j > 1, HathQhH <h

(111) There exists € > 0 such that for all J € I and h small enough,

1(Qn)i[Qn-An]1;(Qn) = €h1;(Qn)

Let ¢ € C([0,00)) and @ € C®(R;R) be such that ¢(z) < ¢(r2) < F(z). Since
V1+u=1+uk(u), k(u) smooth on [0,1), then

Qn = (z2h + 27 2hg(2))@(h’z) = ky(hz)

13



where ky(z) = (22 + h2z~ zg(%))gb(x). We can take @ such that kj; is an increasing
function satisfying k;, = 0 near 0 and kj(x) is constant for x large enough. Using that
g(2) € C=([0,1)), ky, is C* and all its derivatives are bounded and uniformly with respect

to h.

Theorem 2.1.10. Assume (H1)(H2)and d > 3, for high frequency, we have
, 1
(2.12) ()™ (P 2 Huliy | S Bu(T)ulli

Proof. For high frequencies, we can write
eVIFP = th Qi (B2 P) with Q) = (P2h 4 P~2hk(%))3(h*P)

Just like the argument in [1], from the properties of k; and the functional calculus of the
pseudodiffernetial operators, we can get Qn = ky(h?P) satisfies the assumptions in the
beginning of b.2 with I = suppp. Similar to the low frequencies part, we apply Theorem

2.1.2 and Corollary 2.1.4,

T
| e s @ualPar S 550l
0

Thus,

/ ) e TP > Lyt

Q |

S Y AR T e

h? dyadic,0<h<1

T
S / [(Ap) e Qs (h2 Pul|*dt
h 0

h=iT
-5 [ g et 5 Bl
h

14



Part 3: The intermediate frequency and Mourre estimate

Mimicking the low frequency argument, we set
A =p(P)Ap(P)

where ¢ € C5°([0,00)) with ¢ = 1 near [k, 75]. As before, A is essentially self-adjoint on

D(A). Apply the argument of Proposition 3.15 in [3], we obtain the following one:

Proposition 2.1.11. (i) We have (1+ P)z € C*(A). The commutators ad’, (/T + P),

j=1,2, can be extended to bounded operator.

(it) For each o € [C, §], there exists o > 0 such that
Lio—b.04+6 (P)[ivV1+ P, A p_5045(P) S Lig—s016/(P)
(1ii) For all ¢ € C§°(R) and p,e > 0, we have
[{(A) o (P) ()| < 1

Proof. (i) and (iii) follow directly from Proposition (2.1.7) with A =1
In order to prove (ii), we can apply the argument of Lemma 3.9 in Bony and Hafner [3]

with A = 1. In the following, a term r;, j € N, will denote a smooth function such that
o0 (x) = O((a) ~r=i=11)

Since
P(P)(P+1)7 =1 [®s73p(P)(P+1)(s+ P+1)"1ds

we have
[i(V1+ P —1), A =ig(P)[V1+ P, Alg(P)

_: /OOO sT3(P)[(P + 1)(s + P+ 1)7%, AJp(P)ds

™

' /Oo s72p(P)s(s+ P+ 1)V [P, Ag)(s + P+ 1) '(P)ds

7
™

15



2 [ . ~ ~ ~ -
;/ s20(P)(s + P+ 1)"HP + 0r9(d) + 0*r1 + 710) (s + P+ 1) p(P)ds
0

= PA(P)P(P+1)"2 + R

with R = 2 [ s30(P)(s + P+ 1) 1(9*r9(d) + 01 + 1) (s + P + 1) 'p(P)ds.
Apply the argument of lemma 3.10 in Bony and Hafner [3] with S replaced by s + 1, the

remainder term R can be estimated by
HRUH 5 )\_7+€H<1‘>7"”n(p’%)+27+6uH

foralle>0,0§7§%l.
Back to our proof of (ii), we have
i(VI+ P —1),A] = P(1+ P)2*(P)+ R

where [|Ru|| S || <z >7" ul| for some v > 0.

Then Ry (P) is a compact operator on L?(R?). Let o € [h, 75], since o is not an eigenvalue

of P,
lims—o 1jg—s,044(P)Re(P) =0
Using
Lo—sos (P)I(VI+ P = 1), Alljp_5545(P)
< U—Ml[a—5,0+5](P) + 1o—b0+8(P)RO(P)1o—5016(P)
Vo—0+1
we completed the proof of (ii). O

Then apply the Corollary 2.1.4, we obtain the intermediate frequency result.

Theorem 2.1.12. Assume (H1)(H2) and d > 2, for intermediate frequency, we have

(2.13) [{z) ™ PU(C <@ < D)ullf, < BL(T)|ulli

Ql =

16



Part 4: Combination

Combining high, low and intermediate parts, we have if 0 < pu < g
T Jip
— it/ 14 2 € 2
(2.14) /0 [{z)"*e vl[*dt S By, (T)|[{z)"v]|
Particularly when p > 1, we have
2.15) |y e a5 o
0
This one implies if 0 < p < g,

e (D VI Phull oy S (BL(T)3 (1) (@r VIF Pu(0, ) 2qeey

n / ) F (s, )| 2dls)

Also, if p > 1,
[(z) (0, VI + Pull2gasny S 10, VI + P)ul0, )| L2 za)
4 [P s
0
Proposition 2.1.13. Assume 521 > pu>1,
i) Let

(’i@t— \/1+P>U:G
(2.16)

U‘t:() =0.

17



Then we have,

(2.17) | iwrrelpans [
0 0
i) let

(@2 + P+ Du(t,z) = G(t, x),
(2.18)

uw(0,z) =0, Owu(0,x)=0.

Then we have,

[ee]

(2.19) / ) (0 VI T PulPdt < / () G| di

Proof. 1) Similar to the argument in Proposition 4.6 in [3], we have

Luwmeras s [iwearnitac [ 1@ semera

+Z/|| Pyw|dt = I, + I + 1.

(a) We first estimate Iy,

I <Z)\ Wl/u c(AP)v|2dt = le M+fl/|| ©(AP)3|ds.

18



Notice that ©(s) = v(As) is a solution of the equation

(10, — WIF D)o = AG(As),

77‘520 = 0.

(2.20)

Since AV 1+ P = XA+ ¥\(AP), we can apply Corollary 2.1.6 with // = X+ ¢,(AP). Then

we obtain,

BTN [ AP0 = TN [IAreaPIGOsds
<3 s / ()" G(As)[Pds = Y a2 / () Gt [Pt < / |y G(t) Pt
) R A ® .

(b) We now study I, just replace A = 1 in the [; case.
I S Jp {2 G()|]%dt.

(¢) We finally estimate I3 applying H = Qp,

Y [ APl = S [ 1A ol Pyochs)| s

<Sh / ARG (hs)|Pds < 57 13 / (A G (hs)|ds
=y / (AR G2t < / (AR G|t < / )Gt

ii)Similar to (3.3) in [3], we can rewrite (2.18) as a first order system

Zat (atu) - R(f)tu) + Z( )’ (Bl:u) ‘t:() =0
0 )
with R =
—i(1+P) 0

19



. V1I+P i

We introduce the following unitary transform: U = % which satisfies
vi+P —i
(P+1)"2 (P+1): VI+P 0
(jv‘k:(]_1:75 andL:URU*:
—1 i 0 -1+ P

Now, we can see

1) (0, I+ Puf2e < 1) # M (D)) |22, 12

V1+P 0 1 1
with M = 7]\[U*:\/L§
0 1 —1 1
Thus,

e+ vTE Pruliar = [ o ”]\4<a£2))||L2xL2dt-

Andv=U ( 81‘%)) solves

(i0, — Lyv = iU (2), v|s=o = 0.

Apply i), we have

_ u@)) 2 / i 12
“M 2y 2dt§ H/’ 2y th
a0 st s [ 1ol
{0
< [t () essade = [ ey Gizan
R G R

o . o e .o . d
Remark 2.1.14. Combining (2.1.2) and Proposition 2.12(ii), we get if 1 < pu < §

(2.21) 12~ (80, VI + Pullrz, S (80, VI + P)u(0, )|z + [1(2)* Gl s

20



2.2 Local Energy Decay

Lemma 2.2.1. If s € [-1,1], then

(2.22) letllze 2 (1P + 1) 2l 2

Proof. Since

1P+ 1)2ulf. = (P + D)7, (P + 1)7u)|

= [(u, (P + Du)| = (u, Pu) + (u,u) = | P2ulf: + [[u]l3.

we have
lullm = ) 107wl = Jlullz + || ull 2
<1
1 1
~ |lullz2 + | P2ul[r2 = [[(P + 1)2u]| 12
Then by interpolation and duality, we get the case s € [—1, 1]. [l

Lemma 2.2.2. ||(x) *(V,, Dul|2 S |[(x) V14 Pul|2

Proof. Firstly, we need prove || (z) " ul| 72 < ||[{(z)#+/1 + Pul|12, it suffices to prove ||{x) (14
PY e S 1

Consider the kernel of (1 4+ )2, we have the Laplace transform
(1+P)72 =c [ e e N\ "3d)

By [5], it’s known that the heat kernel K (A, z,y) of e satisfies

d2(z,y)

0< K\ z,9) < CsA"2e @rox
for all 0 < 6 < 1, and ¢ > 0, where d is the Riemannian distance between = and .
For P with the metric g, since 92(gi; — d;;) = O({z) 1*1=*), we have d*(z,y) ~ |z — y|?,

then there exists C; > 0 such that




Thus, the kernel of (1 + P)_% is bounded by

*° n (vzlw—y\z A 1 o 1 2 2 Czlac—y\2
/ AT2ze VA T e A T2dN = (7/ |z —y| T Re T e T dL
0 0

|z

_ C|LL’ o y|—n+1 /OO tn_2€_t2€_ ;5‘2 dt = O(|ZL‘ . y|—n+1>
0

Thus, we get the kernel € L'(R") which implies
(@)= #(P+ 1) 72 (z)H) S 1
Then it remains to prove |(z) #V(P + 1)~z (z)#|| < 1
For the operator V(/” + 1)~2, we have the Laplace transform
V(14 P)"2 =C [ Ve e A ~5d)

By [5], we have

n+1 d2

VK| <C A BN 4 p)2(1+ L) e in
A

where Ricci Curvature > —p for some constant p > 0. WLOG, suppose p = 0.

Thus, the kernel of V(1 + P)~z is bounded by

d2 n+1 d2

(1+ X)?e*mf*x%cu

D=

/ A2 )
0

o0 42 n
Slo—yl / ("2 (4 )2 (L4 42) " dt = O —y| )

Similarly, we completed the proof.

O

Theorem 2.2.3 (Local energy decay). For the linear equation (0f — Ay + 1)u = F, if,

for |z| > R with R fized, F(L,2) =0, then for fizred B € C§(R?), we have

(2.23) 180wull 22 + [1Bull L2 S ol + luallrz + | F |l 2212
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Moreover, if F =0 and s € [0,1], then

(2.24) 1BOull 2= + 1Pull 2 s < ol

Hs + H’LL1| Hs—1

Proof. Let v = gu, G = gF, then (0} — gA,g7" + 1)v = G. We will use Remark (2.1.14)

and set % > i > 1 in the following.

180w, Ow, w)l| 22 S (€)™ (O, Owt, )| 212

t5zl<r

< (@) (0 VIF Phullzz, S 1) (0 VIT Pyollss.
S @ VP +1)0(0, )12 + [K2)* Gl 2.2
S (0 VP +1)0(0,) 2z + [1{2)*Cll 21z
S @ VP, 1)0(0, )| 2 + [1(2)* Gl 212
S (0 0, 1)0(0, )|z + 1(2)* Gl 1212
S 100, 02, 1)u(0, )| 22 + |Gl 2212
Then by interpolation and duality, we can get the second statement. O

Remark 2.2.4. If 1 < p < 4, 1) (06, D, Dl 22, S 10, Dy (0, )| 22 + () F | 2,

2.3 KSS Estimates

If 1 > 1, there will be a little difference for || < >3 ||z . Refer to [16], we have

Lemma 2.3.1. Let Oy = 92 — A + h*?(t,2)0005, h*® = BP* and 3~ |h*P| < §. Then if
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0 > 0 is small enough, d > 3, the solution to the equation Onu + u = F satisfies

(n(2+ 7)o 090+ 25 oy + 1) 0T+ 25

S (0, )12y + 100, ) 1 Z2(za)

225
h T
/ /(vu|+ )(|F|+(|h’|+m)|vmu|> dxdt+(/ 1F |2+ 9B - V]| 2dt)?
0

for any ¢ > 0.

Theorem 2.3.2. Assume that (H1) and (H2) hold with p >0, d > 3 and pu > % For all
€ > 0, the solution of (02 — Ay + 1)u = F with initial data (ug,u;) satisfies
(2.26)

||<x>—%—f<|vxu|+%>\|L%z+<1n<2+T>>—%||< )2 (|V, u|+| Dllzz,, (@0, g+ Oz

s

We introduce a cutoff function ¢ € CZ° which equals 1 in the unit ball B; and support

in By and let ¢r(z) = ¢(x/R). Let v = ¢pru and w = (1 — ¢g)u with R > 1 to be

determined later, then
Ugv = [—Ag, qu]u + ¢orF == f + ¢rF.

Ogw = —[=Ag, ¢plu+ (1 — ¢p)F = —f + (1 — ¢g)F.
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By Remark(2.2.4), we have
(227)  fllez, S lle2rBuullzz, + lé2rullzz, < luollmy + llusllzz + @) Fllrare.

Note that v is compactly supported in x, so local energy decay applies again, i.e.

(2.28) ol s + N0l 2 Sholing + ealsz + 1)< F s
If we define

(2:29) g7 = (1= drp)g” + drpad”,

then

Z G720:(3"5%0;) = A+ h0,0; + b'0; + ¢

where W'l = (1 — ¢p2)(g7 — 69), b' = (1 — ¢ppa)ri and ¢ = (1 — ¢pja)r2, with the r;

satisfying the bounds in (H1). Thus since, Aw = Aqw, w satisfies
(2.30) (97 — A= hw = Ogw + (b'0; + c)w = (1 — ¢g)F — f + ('0; + c)w = G.

Note that by (H1) and choosing R > 1 large enough and R > max{(%)%,Tﬁ,T}, h
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will be small enough so that we can apply Lemma 4.1 with € < min{p/4,1/4,2'72/},

_1l_. w _ _1 w
(z) 2~ (IVaw| + )72+ (n(2+ 7)) () 2(|Vzw|+<_$>>”%2([o,T]><Rd)

|z]

< (0, ) gy + 1000, s

T w , h T , )

[ (|vxw| ; m) (|G| () + m>|vxw|) dudt + ( / 1G Lz + IVah - Vo] 2t
0

< (0, ) ey + 100, ) By + (1) 2 (rv wl+ 7 |) g IN2) /Gl 5
T
w
(@) <|wa| + H) 2+ </ 1Gllus + |0hV g odt)?
1 1/9—¢ ¢
0 (0. gy + 100, )y + S )2 (\v ol + 5 |) 2y + 1@ Gl

TR () (|v wl + )n%z TG, 12+ 1) Vahl2g 1 ) Vol 2y

| |
SIw' (0, )72 gay + 1w (0, )2 ey + ( )H( )T (\V w!+, ,) 17 + 1) G,

1_e
+HGHL1L2+( Yol waHi;z
Since we know

€/l —1/2—p+e w € —1/2—¢
@) (B D+ cw]| s Sl ()~ ('V””wHE) ez, S5 M)~ (IV w|+m> Iz

Thus combining equation (2.27),

)2 (| Vo] + — >||L2 (1H(2+T))_1||<$>‘5(|wa|+<_Z:Z>)IIL2([0,T]x%d>

1., €
Sl (O, Wz + 1w (0, M iz@a + 1) > Fllzg, HIG oy +lwollz +llun |7+ (2) < F 5

T,x

Next step, we want to transfer ||G||z: 2 to [[(z)'*F|| L2 .

We have

HGHLlTLgrSHFHL;qupr) + I[Ay, ¢R]UHL1TL§ +||(b'0; + C)wHLlTLg7

26



where

_1_ 1 1
HFHL;Lg(|x|>R)§H<$> 2 eHLgpLgoH<$>2+6FHL?FJ§H<$>2+€FHLZM
and

w

i —1_¢ Lyeipi € —3—e
170, + ol 2 S5 I 00+ el S5 1) E (o + g,
Thus we get
_1 _1 w 1, w
(In(2+ 7)) |[(x) Q(IVx?U\er)HL%@JFHM 2 (\waH(wj)HLz([o,T]xm

Sluolln + hnllzz + 1) P,
Combining w and v parts, we get finally that

w w

(In(2 + 7)) 2 |[{x) 2([Vaw] + )2z, + [{z) 2 ([ Vaw| + <x>)HL2([O,T]><§Rd)

]
Sluolli + luallzz + (2} F s,

Therefore, we can use Lemma 4.1 to see that w also satisfies the bounds, which completes

the proof.
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2.4 Strichartz estimate for compact perturbation met-
ric

In the section, we’ll consider the Strichartz estimate for the following K G equation

(024 P+ Du(t,z) =0
(2.31)

(u]i=0, Ortt|t=0) = (uo, u1).

where P = —gAgg_1 and A, is the Laplace-Beltrami operator with a smooth, time
independent Riemannian metric gj; which equals the Euclidean metric d;;, for |z| > R,

for some R.

Lemma 2.4.1. (Theorem 1.1 in [29]) If (0, 0z)*a" (t,x) € Licio L5, for any |a| = 2
and (0? — 9;a" (t,x)0ju = F'), then

(2.32) 1D ulla  np S el

tc[0,1] teo,1

2zt 17| 1 12

te[0,1

for any wave admussible pair with r < oo.

Note, we can write (37 + P + 1) = 87 — 9;9"0; + b;0; + ¢ + 1 with b; = O((z) ")

and ¢ = O({z) %) for a” = ¢g” and |a| = 2 which implies 9%a" (z) = O({z)27") €

Licjo L5 Then we have
ID =l o S I llege 22 + D0+ cu+ ull e S N'llierz + llullzyre

S|z + Jullzeerz S [Juollar + [Jua |22

Proposition 2.4.2 (Local Strichartz estimates). Let s € [0,1], (s,q,r) Klein-Gordon

admissible with r < oo, and let u be the solution of equation of (2.31), then

(2.33) [l

te[0,1]

i S lluoll s + |ur ] grs—
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Proof. Since (82 4+ P + 1)u = 0, we have (92 + P+ 1)P*z u = 0.
t t

Thus,
lullzs,, oz SUPZ P ullgs on SIUD TP F ullps
SIPZ ol + 1P % will e S Mluollars + | 17—
If (s.q,r) is wave admissible,s € [0,1] and r < ;4. O

Now we get the local Strichartz estimates with wave-admissible pairs. Since it’s local
in time, thus, we can extend the wave-admissible pair to Klein-Gordon admissible pair.
Hence we proved the Local Strichartz estimate for Klein-Gordon equations.

Refer to [34], we have the following theorem:

Theorem 2.4.3 (global Strichartz estimates). On R x R", and Ou + u = 0, the solution

u satisfies

(2.34) (/0 Jult, ) B -adt)? (/0 |Beu(t, VB adt)? S (0, ) + [[(Beae) (0, ) 12

-r 1 n n 2 n n
if-+2=%—sand =4+2 < 2.
fp+q 2 p+q—2

Hypothesis 1. Assume given Ry > 0,

(2.35) / el gy + 19002 o) S Nl + [ 22 + / | F|2.ds

where u is a solution of (92 — A, 4+ 1)u = F with initial data (ug, u1) = (u(0, ), du(0,-))

and F' vanishes for |z| > Ry.
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Definition 2.4.4. (X,~,q) is an admissible triple if

(2.36) HUHL;IX(Ran) S HU(OV)‘

i+ 1900, )| s

assuming that (62 — A+ 1)v =0 in R x R™.

and

(2.37) [0l zexoayxrny S 1000, @) + 1000, ) |71y

assuming that (02 — A, + 1)v =0 in [0,1] x R".

Theorem 2.4.5. Let n > 2 and assume that (X,v,q) is admissible triple. Then if
Hypothesis 1 is valid and if u solves (0} — Ay + 1)u = 0 with initial data (ug,u1), we have

the global abstract Strichartz estimates

(2.38) lullox@xrny S lluoll v + lluall -

Obviously, (2.36), (2.37) are satisfied by Theorem (2.4.3) and Proposition (2.4.2) respec-
tively. Also by local energy decay, we can get the Hypothesis 1. In order to prove Theorem

1.4, it is sufficient to prove Theorem (2.4.5) with X = L.
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Proposition 2.4.6. Let w solve

(02 — A+ Duw(t,z) =F
(2.39)

w|t:0 = Wy, i)tw|t:0 = wWq.

Assume q > 2 and v > =252 then if F(t,z) = 0 if |z| > 2R, we have

(2.40) lwllzaxw, xrry S lwollmr + [[willg—1 + [[Fll ez ®y xmm)

In order to mimic the proof of Proposition 2.1 in [8], we need the following lemma.

Lemma 2.4.7. Fiz § € C3°(R") and assume that v < “5%. Then

(2.41) /R||ﬁ(-)(€”<D>f)(t7')II%W(Rn)dtSHﬂI?{m

Proof. Apply Plancherel’s theorem over t,z, the left side of (2.41) can be written as

(27)"! times

@i [T [ 1] e nims/ WP - an(+ €deds

We next apply the Schwartz inequality over 1 to bound this by
(2.43)

//n/ﬁﬁ m3(v/Inf? + 1—7)dn] x /6& MIF PO/ Inl? + 1=7)dnx (14+€°) dédr
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Using the properties of d-function, we have that

(14 €y / 1€ — mIo (/TP 41— 7)dn

SU+E W+ [lg = VA=) (e - )P (14 V=D

Thus, the left hand side is bounded by

r L in— —n
/|f(77)|2(1+|?7|2)7+2|77| 21+ )" I 117

O

Proposition 2.4.8. Let u solves (0 — A, + 1)u = F and assume that the initial data
uo(x) = uy(x) = F(t,z) = 0 when |x| > 2R. Then if (X,,q) is admissible triple with

q>2 cmd’yz—”T_?’ we have

(2.44) Nl orr @y xrry S llwollmr + [Juall -1 + [1Fl L2 o1 Ry xRe)

Proof. We already have
(2.45)

1Bull ge v + 1B0suull g o1 + Nl Bull 210 + 180uull 251 S Mol + [ [z 4+ N1 F'l| -1

The L? estimate with s = 1 comes from local energy decay, then the estimates follow from
Duhamel’s formula and duality.

To prove (2.45), let us fix 5 € C5°(R") satistying 5(z) = 1, |z| < 3R and write

u = v+ w where v = fu,w = (1 — f)u
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Then w solves the free Klein-Gordon equation,

(02 — A+ 1w =[B,Alu
(2.46)

'U)|t:0 = atU)|t:0 = 0

By Proposition (2.4.6), there exists a cutoff function p € C§°(R")
HUJHLZL; S B, A]“HL%H‘Y—l S ||ﬂu||L§Hv
S Mwolla + [l s + 1 Fl 221

As a result, we're left with showing that if v = Su then

[0l gy ey xmey S lolla + luall o + [ 200

To do this, fix ¢ € C§°((—1,1)) satisfying 372 ¢(t — j) = 1. For a given j € N, let

v; = p(t — j)v, then v; solves

(07 = Ag + 1)vy = —p(t = J)[A, Blu+ [0F, o(t — 5)|Bu+ o(t — j)BF
(2.47)

Uj’tzo = aﬂ{j’t:o = 0.

while vy = v — 3772 v; solves

(2.48)

U0|t:0 = Up, at”()|t:0 = Uj.

if @=1-3"7,(t—j)if t > 0 and 0 otherwise.
If we then let G; = (87 — A, + 1)v; be the forcing term for vj, j = 0,1,2,---, then we

have

Zfio HGJH%wa—I(]RJFX]Rn) 5 HpuHiwa + HﬁatuHLzTH“Y—l + HF"%gH'y—l

S Mol + uallZmr + IE11T s
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By (2.37) and Duhamel, we get for j =1,2,...

vll ey sy S Jo- 1G3 (8, M l-rds S NGl -

using Schwarz’s inequality and the support properties of the G; in the last step.

Similarly,

lvoll Loy s xrey S llwollzr + lJuall -1+ [[Goll 2 v

Since ¢, > 2, we have

0ll7sr, < 32520 10l asy S ol + luallF— + 1F1172 0

End of proof of Theorem (2.4.5),
By Proposition (2.4.8), we may assume the initial data for u vanishes when |z| < %.

We then fix 3 € C§°(R") satisfying 8(z) = 1, |z| < R and (z) = 0, |z| > 3£ and write
u=1u—-v=(1-pB)u+ (Bu—wv)

where @ solves the Cauchy problem for the Minkowski space free Klein-Gordon equation
with initial data defined to be (uq, uy).
Then (02 — Ay +1)(1 = B)u= (02 — A+ 1)(1 — B)a = —[B, Al

By Proposition (2.4.6) and (2.45), we know

11 = B)all o Slwoll s + fuall o + 118, Al 2 v Sllwoll s 4 [l |-

Also, w = pu — v satisfies
(OF —Ag+1Nw=-[ABla=G
is supported in R < |z| < 2R, and satisfies
Jo NG padt < ol + -1
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Then by Proposition (2.4.8), we have
loleess < Jo NG imadt < Nl + sl
We completed the proof of
lullzgry S Nuollm + lluall v

if u solves(02 — Ay + 1)u = 0 with initial data (ug, u;).

35



Chapter 3

Strichartz Estimate On

Asymptotically Euclidean Manifolds

Similarly to the argument in section 5, if we can prove the global Strichartz estimates for
small perturbation(theorem (3.1.1) below), then combining the local Strichartz estimate
and hyperthesis 1, we can get the global Strichartz estimates of Klein-Gordon equations

on asymptotically non-trapping Euclidean manifolds.

3.1 Introduction

We can follow the method in [18] to prove the following global Strichartz estimates for
small perturbation for asymptotically euclidean Klein-Gordon equations. Let’s set up our

operator and equation firstly. We define

R 1 . 1 i ;
P==2 5007505 = ~0g70; + Vo, +c
ij
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where g7 = (1 — ®pp)g”? + Prpd?, b = —2¢719;(33") — §g“0;,57" + 9;¢” and ¢ =
§'0:(370;9).

Consider the Klein Gordon equation

(R +P+1u=0, (t,z)ceRyxR?
(3.1)

u(0,2) = ug(z), Ou(0,z) =wu(x), ze€RL

We denote

Ay =Rx {2 < |o] <291}, ALy =R x {|a] < 27},

By hypotheses of H1 and H2, we know

> sup a2 V25 (@) + [« V5 ()] + 15 (x) — 6] < e
j J

ngp 2P|V ()] + |[[b'(2)] S €
j J

and

> suplaf'le(t, o) S e
i

For ¢ small this guarantees nontrapping. For ¢ large it restricts trapping to finitely many

dyadic regions.

Theorem 3.1.1. (global Strichartz estimates for small perturbation, in progress) Let d >

3, s €[0,1](s € (0,1)if d = 3). The solution of (3.1) satisfies

(3.2) [ullzgzy < lluol

Hs + Hu1| Hsfl
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for any admissible (s,q,r) with ¢ > 2,17 < 0o. In other words,

(3.3) 1€ fllezy < N1 ]

HS

Similar to Proposition 5.2 in [2], we get

Proposition 3.1.2. (in progress) Let d > 3, s € [0,1](s € (0,1) if d = 3). The solution

u of (0? + P+ 1)u = BF = F satisfies

(3.4) [ullggr; < lluol

we + lwall s + [ F| p2ps1

3.2 Parametrix for non-compact small perturbation
with frequency 1

In order to prove (3.2), we just need to prove the dispersive estimates for Klein-Gordon

equations. I obtained the dispersive estimates at frequency 1 following the arguments in

18].

Proposition 3.2.1. Assume that € is sufficiently small. Then for each s € R, there is an
outgoing parametric Sj+ for the half Klein Gordon operator D, + Ay in {t > s} which is
localized at frequency 1 and satisfies the following:

(i) L? bound:

1S5 (t, )l Lamsre S 1

(11) Error estimate:
l2%(Dy + A©) S} (L. 8) P |2z S (27 + [t — s

[2%Dy(Dy + Aw))SF (t,8) P |22 S (22 + [t — s
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(13) Initial data:
SF(s40,8) =1

(1v) Outgoing parametriz:
1L e <2-10(e—sl+29) S5 (, 8) P lzamsze S (2 + [t = s
(v) Finite speed:
1105210520y S; (8 8) Pyl asre S (27 + [t —s[)™Y
(vi) Frequency localization:
(1= 13[—4,4])5f(t, 8)1Dj+||L2—>L2 S+ t—s))™
(vii) Pointwise decay:

S(A+|t— s|)_%

~

||SJ_"—<t7S)Pj+HL1—>L°°

With obvious modifications , the same hold for S; .

To help you understand the proof of Proposition (3.2.1) easily, I'll repeat the proof in

[18] and do some modifications.

3.2.1 Notations

(i) Frequency Littlewood-Paley decomposition

(3.5) 1= Y Sj(D,), supps; C {27 < ¢ <271}

j=—c0
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(ii) We say a function f is localized at frequency 2* if f is supported in {21 < |¢| < 2811
An operator K is localized at frequency 2 if for any f localized at frequency 2* its image

K f is frequency localized in {28710 < |¢| < 2k+10},

(iii) S® is defined by a € S®) = |€)§‘€)ga(x,§)| < Cag, |a| + 8] > k.

And also 1'S®) are classes of symbols in R x T*R" whose seminorms are given by

(1 Led=181Y |y
> 20T 020 alt, 2, €) | e (o J] + 18] > K,
J

and we have

. lo|—18]
a € 11SM = S DTN 0000 alt, 3, €) | (gimzs) < a0l + 18] = F,

J

especially 11S*) is a subset of {1S®) which let the seminorms to be bounded by ¢ and

ol + 18] = k.

(iv) The distance is defined by dg((x, ), (y,n))* = sz — y|* + s]€ — n|*.

3.2.2 Proof

Let’s tart with the Hamilton flow.

Consider

(3.6) (Dy + a®(t,2, D))u =0, u(0) = uo,
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where S(t, s) denotes its evolution operators.

The Hamilton flow of D; + a" is given by

57) T = ag(t,x,§)

é = _(Lx(t7 f:é)

with a real symbol a € S®. We use X(t,s) to denote the phase space evolution. ¢ —
(x¢, &) denotes the trajectories of the flow. We also have a corresponding Egorov theorem.
For a pseudodifferential operator ¢*(0), we define its conjugate with respect to the flow
by

q"(t) = 5(t,0)g*(0)5(0,1).

Then the corresponding Egorov’s theorem is

Proposition 3.2.2. (Proposition 9 in [17]) Assume that a is a real symbol in S@ uni-
formly in t € [0, 1].
(a) If g(0) € SO, then q(t) € S© uniformly in t.

(b) If q(0) € SW, then q(t) € SV uniformly in t, and

qlt,z,€) — q(0) o x(0,¢) € S©

Proposition 3.2.3. (Similar to Proposition 10 in [17]) Assume that a(t,x,&) = /1 + |£|?,

let q(0) € S@ | then q(t) € S@ uniformly in t € [0,1] and

q(t,z,€) — q(0) o x(0,1) € S©
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Proof. We compute directly

X(t,5)(@,6) = (z+ (t = 5)§(6) 7, ¢)

. Then we want to show that
re(t,z, D) = e Pl (z, D)eP) — ¢¥(z — tD(D)~', D) € OPSO

uniformly in ¢ € [0, 1]. We have

%6it<D>T’w (t7 z, D)e—it(D) — eit<D>T111)(t, x, D)e—it<D>

where r{/(s,z, D) = —i[{D), ¢"(z — sD{D) 1, D)] = &¢"(x — sD{D) !, D).

We know in Proposition 10 of [17] that

: _ D -
i[|D|,q(x — sD|D|™, D)] — — v, q(z — sD|D|™', D) € S©

D)

which by weyl calculus implies
) . D -1 0
i[|D|,q(x — sD{(D)~, D)] — DI Vi q(x —sD(D)™, D) e SY.

Then, our

ri’ = i[(D) — Dl q(z — sD{D)~", D)]

HillD], glx — sD{D) ", D)] - ,—g, e alz — sD{D) ", D)
D D Lo
+(—@ + W) Ta gz — sD(DY', D) = T+ 1T+ I11I.

As we mentioned before 17 € S© T € SO by Kohn-Nirenberg formula and 777 € S©

obviously. Thus we get (s, z,£) € S, By Proposition (3.2.2), conjugation by e**)
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leaves the S class unchanged. [

Next, consider global in time evolution of the form
(3.8) (Dy+a"“(t,z, D) —ib*“(t,x, D) + c*(t,x,D))u=0, t>0

with a real symbol a € 'S, b € 'S with b > 0, which is a damping term, and a

possibly complex symbol ¢ € 115,

Proposition 3.2.4. [Proposition 11 in [17]] Assume that a € I1'S® and b € I1'SY are
real symbols with b > 0, while ¢ € I'S©. Then the (3.8) is forward well-posed in L*(R™),

and the corresponding evolution operators satisfy
(39) HS(t,S)HLz_wz 5 1, 0<s<li.

To be more convenient to parametrize x(t,s) using the variables (z5,&). We obtain

the following regularity.

Proposition 3.2.5. [Proposition 12 in [17]] If a € 'S with ¢ small and s < t then

Oz, &) (om0
_ ) ,
a(xs7 ft) €O(5)  Int+eO(1)

Now introduce the FBI transform T%, where

(z—y)?

Tlu(t,%f):cns_z/e_ ” eig(m_y)u(f»y)dy-
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The phase space kernel K (t,s) of S(¢,s) are defined to be the kernels of the conjugated

operators:

S(t,s) = TuS(t, )T

And define
t
wm%mz/Mw%aw
0

Theorem 3.2.6. [Theorem 31 in [18]] Let a € 1152 b e 11SY be real symbols with b > 0

and c € I'SO). Then for s <t the kernel K(t,s) of the operators S(t, s) satisfy the bound

|z — 4|

‘K(t7‘x7€t787x87§)‘ S t_%S%(l + (w(ffs:fs) - ¢(xt7£t))2 + T + 8’5 - 58‘2)_]\['

Now, let’s wrap up all the above and relate to Klein-Gordon equations. For our Klein

Gordon operator
8,52 + 6(1&0‘583 + %0, + ¢+ 1, where a® = g as above.

Work with the principal part of P = D,a®”Dg + b*D, + ¢ + 1 which we denote by
Pa = —D? + DZCLUD] + 1.

We factor the principal symbol as

7% 4 a,"jﬁiij +1=—(t+at(t,r, )T+ a (%))

where at(t,2,§) = —a~(t,x,—0) = \/a"§&; + 1. The corresponding operator which is
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localized in frequency 1 is D; + A(g).

The symbols a* are small perturbation of :I:\/T]ﬂ? , precisely
at e :I:\/T\f]?—kll&@), €] ~ 1, |z| =~ t.

Thus, we consider the evolution equation

(3.10) (D + (Dy) +af (t,x, D) —iby (t,z, D))u =0

where ag € 1'S?, by € 1'SM are real symbols with by > 0.

We denote by Sy(t, s) the L? evolution generated by (3.10), Sy(t, s) its phase space image

Solt, s) = Ty So(t,5)S 10<.<10T7.

At each time t we consider the symplectic map p defined by

pa(,€) = (x +1€(§) 7. €)

which corresponds to the for D; 4+ (D,) evolution.

This extends to a space-time symplectic map

plt 7 w,8) = (6,7 — (€), 2 +1£(6) 7. €).

If pg is the symbol,

po(t,T,w,f) =T+ <€> + aO(t7x7€)7
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then its image through u is

p()(,lL(t,T,{lT,f)) =T+ a<t7$»£)7 a(t,r,f) = (Io(t,fﬁ + t£<£>_1»£)

Hence the conjugate of the Hamilton flow x(, s) for 7 + (£) + ao with respect to p, is

the Hamilton flow x(¢, s) for 7+ a(t, z,§),

Xolt,s) = o x(t,s) ot (Note,a € 'SP «— ay € I'S?).

Follow the arguments above, we have

Proposition 3.2.7. If ag € 11S? with ¢ sufficiently small and t > s then the Hamilton

flow xo(t, s) has the lipschitz reqularity

(e, &) (O OW+HI=(O) (01 -6D9)
(s, &) o(d) In+€O(1)

We do the similar thing to by and set

b(t7 l',f) = bO(t7 t§<§>_17 g)

Theorem 3.2.8. (Similar to Theorem 5 in [18]) Let ay € 'SP by € 1'SM be real
symbols with by > 0 with ¢ sufficiently small, so that ag and by — Bg(t) are localized at

frequency 1. Then for s < t the kernel Ky of the operator S'O(t, s) satisfies the bound

2
_n n r—=x _
Kot €] 5 30 (1 (ol ) — () + 2 ey

X (1+ td(lg], [277°,2%])) 7
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Proof. We use (3.2.6) via a conjugation with respect to the flat Klein Gordon flow,

which corresponds to the canonical transformations p;, denote
S(t,s) = P Sy(t, s)e D)
Then we have

d , ,
ES(t, ) = —ie™P)(—a¥(t,z, D) + ib¥(t, z, D))e ) S(t, )

Hence S(t, s) is the evolution associated to the pseudodifferential operator
MO (—al(t,z, D) +ibY (L, x, D))e ).
By Proposition (3.2.2) and Proposition (3.2.3), the operator can be expressed in the form
a®(t,z, D) —ib" (t.x.D) + " (t,z, D)

where ¢ € 1S,

Then we can use Theorem (3.2.6) to bound phase space kernel of S(t, s).

So(t,s) = T%e_it<D>S—1o<~<1oS(t7 8)S_10<.<106 T

=T e‘it(D)S_1o<~<10TfT%S(ta S)TIS—10<~<106“<D>TI

t

= (T%e_it<D>S—1o<.<1oT$)g(ta s) (T% S_10<.<10€"PITY).

Kernel of the first term is rapidly decreasing on the t3 x 172 scale away from the graph

of 1; as well as away from the support of the symbol S_19<..109. Similarly for the third
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term. -

Last step, we’ll do the parametrix construction in the following to prove Proposition
(3.2.1).

We partition the annulus |£| &~ 1 in phase space.

s_1(€) + 50(8) +51(6) = D> pE(x,€)

+ >0

with

suppp; C {27! < || < 2F' 426 > —270z[},j > 1
supppaE C {|z| < 2, %x€ > —27°z|}

We may replace p;-—L by S<_10(D$)pjE which allow us to assume that the operators p;-—L are
frequency localized to frequency 1.
We construct evolution operators S ;—L(t, s) as the evolutions associated to a certain damped

half Klein Gordon equations. We then form K, by setting

> =05 (t,s) (P )" (2, D).t < s
Ko(t,s) =

220 57t s) (P (x, D)t > s

7=

Then we’ll present the proof of dispersive estimates as follows.

Proof. Following the arguments of Proposition 16 in [17], the necessary modifications
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are about the case 1: |t — s| > s.

Under the conditions of (iv), (v), (vi) and additionally

(3.11) e Ses(Da) S} (1, 5) P lzosie < (1t — o] +2) 7,
(3.12) 10°0°S55(Da) S5 (8, )P} s < (It = 5| +29) ™,
(3.13) a8 (.2, D)S] (¢ )P} lgaoszz < (1t — 5| +2) 7,
(3.14) e D (L2, D)S} (1 5) Pyl omsre S (= 5| +20) 7,

we can reduce the proposition to the case of an evolution governed by a symbol of the

form

(&) +ao(t,2,8), agel'SP.

Also, we define S}J“(t, s) to be the forward evolution operator of the equation
(Dy + (Dy) + ag (L, z, D))u = ib§ (L, z, D)u.

Now, we proceed to the modification of case 1: |t — s| > s.

In this region, we may neglect the damping. For initial data u(s) = dy, we have

2
Tiu(s,zs,&) = sThe z ek,
S
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Using Theorem (3.2.8), we see that
Tyultn, & S ¢F (144 = e )

(14 8|6 — &y(aa E)P) Ve 5 da,de

12
<tTisT: /(1 + 7 e — 2y (&, ) )?) " Nem 25 d

1

5 t_i(l + t_l‘l' — ﬁl}'t(ft, 0)‘2)_1\[

And applying T, we have
t

)| S [+ 0y - e, 0)F) s

If |t — s| < s, the map & — z4(&,0) has lipschitz constant which is bounded by ¢, and

has rank n. Hence, integration with respect to & yields
u(t,y)| T2
What left is to prove all the remaining estimates (ii),(iv),(v),(vi) and (3.11)-(3.14). =

To finish the proof of Proposition (3.2.1), we need the following lemma.

Lemma 3.2.9. There exists a symbol b € I'S which satisfies, in addition to

(b1) t3b is nonincreasing along the Hamilton flow for D, + (D) + a¥, and

0 < t%b(t,xt,ft) < 1 — b(2t,$2t,§2t) = 0

(b2) At the initial time, we have
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b(27, x, &) = 0in{27%2 < |¢] < 252,297 < |z| < 22 26 > —2792|z|}.

(b3) At any time t > 27, we have

B(t,z,&) = 7%, outside{2™* < |¢] < 2%} ﬂ{Q‘ﬁt < |z| < 2%t}

Proof. Let ® be a smooth cutoff function which equals 0 in (—oc0,0) and 1 in (1, 00).

We define the symbol b as

b(t, 2, &) = 75 (1 — B(by) D () D (bs) D (b1)®(b5)).

e(s) =¢! /OS @da

g

Here select the frequencies which are not too large,

b(t.6) = 25 +C:S) - |§!7

select the frequencies which are not too small,

Iy
b1, = O

select the outgoing parts,
27 |a||¢] + 2¢
2—18@’ ?

b3 (t7 xZ, 6) =
select a spatial region not too far from the origin,

26t — |x
)= Pl
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select a spatial region not too close to the origin,

_ lollél = 24l + o

b5<t,l',€> 2_13t

We can easily see that
{2752 < |¢] < 22 272 < || < 2%, 26 > —27%%|z|} = D, C {b =0}

{tib <1} C B, = {274 < [¢] < 2,275t < |2| < 201, 2¢ > —27 2 |z|¢[}

which satisfies the conditions (b1) and (b2). Next, we need to prove (b1), and it’s sufficient
to prove that

by > = inB [ {0 <b <1}

SN
SARS)

For (z,€) € E; along the Hamilton flow D; + (D,) + ay we have & = O(@), d —
€)™+ O(e(t)). Then,

d

1.
(1) & —inB {1 < b <1},

similarly for bs.

7
%53<t7x7£) _ E1% )z — (x€)? L O(e(t)) - Llel?

273 (€) b 27l(E)

in £ ({0 < by < 1}.

d, a2 — e O(() _ 2

" = TR Lo
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in B, ({0 < by < 1},

d x|+ Jxl|€]P |af|é] = a€ | O(e(t)) _ 2
O = Somne T emE T ST
in £, N{0 < bs < 1}. -

Lemma 3.2.10. Assume that the symbol by € 1*SW) satisfying the properties (b1),(b2)

and (b3) above. Then, the remaining bounds hold.

Proof. The necessary modifications to the arguments from [18] are quite simple. We

just need to fix the second estimate of (ii). Here, modulo negligible errors, we have
D" (t,x, D)ST(t,s) = —i(Otbo)"(t,x, D)ST(t,s) — by (t,z, D)(D,)S™ (1, s)

—B(t 2, D)ag (b2, D)S* (1, ) + ity (1,2, D)S™ (1,5).

Since the symbols (9,bo)™, b¥(D,), bra and bEHY are all in S!") and have supports which
are contained in the support of by, we can apply Proposition 17 in [18] to complete the

proof. [
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