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Abstract

In this dissertation, the state estimation problem for systems over finite alphabets is
studied, focusing in particular on a significant special instance of such systems consist-
ing of an LTI system with a finite input set and an output quantizer. The need for new
notions of observability is motivated, and a set of new notions of observability are formu-
lated quantifying the degree to which the output of such systems can be predicted by an
observer. The characterization of observability is investigated, with both necessary and
sufficient conditions derived in terms of the dynamics of the system, the properties of the
quantizer, and the finite alphabet sets. The use of deterministic finite state machine as
observers is also explored, with a view towards understanding their advantages and limi-
tations. Building on the notion of finite memory observability, a control design problem
is formulated. Lastly, an idea inspired by the characterization of observability is applied

to solve some remaining open questions in the theory of bisimulation.
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1 Introduction

1.1 Motivation and Overview

In many modern control applications, the dynamics of the physical system being con-
trolled is continuous, while the digital system that controls the physical system is discrete.
A finite quantizer is an interface between the physical system and the digital controller that
maps real numbers to “words” from a finite alphabet. Research on hybrid systems, which
seeks an overarching theory regarding both continuous and discrete systems, has been very
extensive in the recent years [1-6].

In this dissertation, we study a particular class of hybrid systems, namely systems over
finite alphabets, which were first introduced in [7]. Specifically, a system over finite alpha-

bet is a discrete-time system P described as

P cUu™ x YN, with [U| < oo, |Y| < c0. (1)

Here |U{| is the cardinality of . |U| < oo, |Y| < oo indicates that I/, ) are finite sets.
Essentially, P is a set of pairs of signals over some finite alphabets. Although not required
in the definition, we assume P has some underlying continuous dynamics, as we shall see
next.

While the definition of P given in (1) is quite general, in many parts of this dissertation,

we focus on a specific class of systems P whose internal dynamics are described by:

Ty1 = Azy + Buy (2a)
yr = Czy + Duy (2b)
b = Q(yr) (2¢)

where ¢ € N is the time index, x; € R" is the state, u; € U is the input, y; € RP is the



output of the underlying physical system, and ¢, € Y is the quantized output. We assume
that A € R B € R™™ (' € RP*™ and D € RP*™ are given. Finite sets i/ C R™ and
Y C RP? represent the possible values of the finite-valued input and the quantized output
respectively. The quantizer () : RP — ) is a piecewise-constant function. Note that in this
case, the physical state z; of the system is continuous, while the input and output of the
system are discrete, and take values from finite alphabets. We think systems modeled as in
(2) could represent significant applications in practice.

An omnipresent problem in control theory is to design the control input of a system
such that the system behavior satisfies certain prescribed objectives. In most cases, knowl-
edge of the system state is crucial for designing a feedback control law that solves this
problem. However, the system state may not always be available: Rather, only the mea-
surement output, which contains partial information of the state, is available. For instance,
considering system (2), this situation corresponds to x; not being available but ¢, being
available. Therefore, in circumstances where the system state is not available for control
design, it is necessary for an estimate of the state to be generated based on the partial in-
formation obtained from the measurement output. This brings us to the problem of state
estimation. Another closely related concept in control theory is observability. Generally,
observability refers to a property of the system whereby the initial state of the system can
be uniquely determined from a single observation of its input and output over some finite
time interval. In this dissertation, we study state estimation and observability of systems in
the forms of (1) and (2).

At this point, we think it is a good idea to first briefly review observability and state
estimation in the “traditional" setting where linear time-invariant (LTT) systems are consid-
ered. An LTI system described by (2a) and (2b) is said to be observable if different initial
states z( produce different outputs under zero input (pp. 137, [8]). Observability is charac-
terized by the pair (C, A) satisfying certain rank condition (pp. 144, [8]). If an LTI system
is observable (the rank conditions is satisfied), then there is a state estimate generated by a

Luenberger observer (pp. 141, [9]) that converges to the actual system state exponentially



fast.

As we shall see in Chapter 3, the traditional concept of observability does not generalize
well to systems in the form of (2). Therefore, the question we wish to answer in this
dissertation can be phrased in this most basic form: Under what circumstances and in what
sense can we estimate the states of systems (1) and (2)? Moreover, for system (2), how
does the answer to this question depend on properties of the underlying LTI system and on
properties of the quantizer?

As a final point of interest, we study deterministic finite state machines (DFM) as ob-
servers for systems over finite alphabets. As inferred from its name, an observer for a
system generates an estimate of the system state based on observations of the input and
output of the system. Since the input and output values of system (1) are drawn from fi-
nite alphabets, we are curious about the question: What generality, if any, is lost when we

restrict the class of observers of system (1) to the set of DFM?

1.2 Summary of Thesis Contributions

‘We summarize the contributions of this dissertation as follows.

e We propose notions of (output) observability for systems over finite alphabets, and
then characterize conditions for the proposed notions for both systems (1) and (2).

This work is presented in Chapter 3.
e We discuss the construction of DFM observers in Chapter 4.

e We formulate and solve a control design based on the proposed notion of finite mem-

ory observability in Chapter 5.

e We study the initialization process of an existing construction of finite state approxi-
mation, with the goal of characterizing instances in which it is possible to reduce its

complexity. This work is presented in Chapter 6.



e We apply our technical results to address an open problem on the theory of bisimu-

lation in Chapter 7, presenting a new topological approach.

1.3 Notation

We introduce the notation used in this dissertation in this section. We use N to denote
the nonnegative integers, Z to denote the positive integers, R to denote the reals, and C to
denote the complex numbers. For & € R", we use || to denote the Euclidean norm of «.
For v € C", use [v]; to denote its i-th component. For w € C", we use Re(w) to denote
the real part of w. We use the notation [«, ) to denote the interval {z € R : a < x < }
for o, § € R. For two positive integers a, b, we use a mod b to denote the remainder of
the division of a by b. For sets A, B in R", we use |A| to denote the cardinality of set .4
and d(A, B) = inf{|a — 5| : a € A, 5 € B} to denote the distance between sets .4 and B.
We use A" to denote the collection of infinite sequences over A: AN = {f : N — A}, and
use the bold font a to denote elements in A"Y: a € AY. For a € AY, we use a; to denote its
t'" component. Given a square matrix A, we use p(A) to denote its spectral radius. We use
0 to denote the zero matrix of appropriate dimensions. For two functions f and g, we use

f o g to denote the composition of f and g.

Relevant mathematical concepts are reviewed in Section 2.2.2.



2 Background

Previous works on observability, state estimation, and observer design, especially when
the system input involves switching or the system output is quantized, are related to the
current research. Previous works on systems over finite alphabets are also related to the
proposed research. We review the relevant literature on both topics in this chapter. We

review relevant mathematical concepts and results in this chapter as well.

2.1 Related Research

The thesis work is based on and closely related to the robust control inspired design
framework for systems over finite alphabets developed over the past few years [7] [10]
[11] [12]. Specifically, Tarraf et al. developed a constructive procedure to synthesize fi-
nite memory controllers for systems over finite alphabets. The idea is to first construct a
sequence of deterministic finite state machines (DFM) to approximate the original system
over finite alphabets. Such finite state approximations should satisfy a set of well-defined
properties. Next, these approximate models are used as the basis for certified-by-design
control synthesis [11]: A full state feedback control law is first designed for the approx-
imate model, to achieve a suitably defined auxiliary performance objective. This control
law is then used, together with a copy of the approximate model serving as a finite memory
observer of the plant, to certifiably close the loop around the system. Note that DFM’s are
used in this setting as common models of both dynamics and computing processes. The
proposed research is also closely related to [12]. Specifically, we can construct a finite
state approximation by associating each of its states with a sequence of feasible input and
output signals of the original system. Therefore each state of the DFM approximation cor-
responds to a set-valued estimate of the state of the original system. If for certain systems,
this set-valued estimate is good enough in the sense that the corresponding error system is
gain stable, then this DFM approximation satisfies one of the desired conditions in [10].

The literature on observability of dynamical systems is also closely related to the pro-



posed research, since the term “observability" refers to the ability to determine the system
state from the input and output signals measured over some time interval [8]. Recall, in
particular, that an LTI system is observable if and only if different initial states produce
different outputs under zero input. Similarly, a nonlinear system is locally observable at x,,
if there is some neighborhood of x, such that x, and any other state in the neighborhood of
Z,, as initial states of the system, can be distinguished [13].

A more closely related line of research is on observability of switched systems, because
the action of control inputs within a finite set here can be understood as switching between
a finite number of given systems. Observability of switched linear systems has been studied
in recent years [14] [5] [15]. For instance in [5], the authors study switched linear systems
with state jumps and known switching signals. They define such systems to be observable
when identical input and output signals over a time interval imply identical initial states,
and present a necessary and sufficient condition for observability. Under mild additional
assumptions, they design an observer for this class of switched linear systems and show
that the resulting state estimation error decays exponentially.

Observability of quantized-output systems has also been studied [16] [17] [18]. For
instance in [16], the author views the quantizer as providing a limited amount of infor-
mation, and poses the question: How much information about the system state can be
extracted given the past output sequence? Specifically, the author studies observability for
one-dimensional discrete-time LTI systems with quantized outputs, uses differential en-
tropy to measure the uncertainty in the current state estimate given the observation record,
and presents control laws that minimize this uncertainty showing that the differential en-
tropy can tend to negative infinity as the length of past input/output record grows under
certain assumptions on the distribution of the initial state. In [17], the authors design an
impulsive Luenberger observer based on the idea that the continuous time system output is
known exactly at quantizer transition values.

Control design with quantized state feedback has also been studied [1] [2]. For in-

stance, in [1] the author first shows that for any control law depending on quantized state



feedback, for an unstable linear system, the set of all initial conditions whose closed-loop
trajectories tend to the origin has measure zero. For this reason, the author proposes a new
notion of “stabilization" as controlling the trajectory within an arbitrarily small ball around
the origin for an arbitrarily long time, and proposes a control strategy to achieve such sta-
bilization. The idea of such strategy can be described as follows: Assuming reachability of
the linear system and a rectilinear quantizer, the control input drives the center of the set
of states associated with the quantized measurement to the corner of a quantization block,
and therefore achieves sharper knowledge of the system state as the time index increases.
Control design with discrete state estimators have also been studied. In [19], the authors
use discrete state estimators to estimate the discrete variables in hybrid systems where
the continuous variables are available for measurement. In [20], the authors formalize a
notion of finite-state estimators for controller synthesis given temporal logic specifications.
In [21], the authors propose to use locally-affine observers to estimate the system state for a
class of hybrid systems where control specifications are expressed in linear temporal logic.
At this time, we are not aware of any work on observability of discrete-time systems
that involve both finite input alphabet (or switching control) and output quantization. In
addition, we are not aware of any work addressing the state estimation problem with DFM
as observers. The present thesis work therefore aims to pave the way in understanding the

question of state estimation and observability in these circumstances.

2.2 Mathematics Background

We conclude this chapter by briefly reviewing some relevant concepts and results in
mathematics.
2.2.1 Review of Relevant Concepts

For the sake of completeness, we review here relevant mathematical concepts and no-
tation, beginning with the concept of equivalence relations [22]. Given a set A, a subset ~

of A x A is called a relation on A. With some slight abuse of notation, we write a ~ b,



read a is equivalent to b, to mean that (a, b) is an element of the relation ~. A relation ~

on A is an equivalence relation if for any a, b, ¢ € A, we have:

(1) a~a (reflexive),
(11) Ifa~ b,thenb~ a (symmetric),

(1)) Ifa~bandb~ c,thena ~ ¢ (transitive).

An equivalence relation ~ on a set .4 can be used to partition .4 into equivalence classes.
We use [z] to denote the equivalence class of z, defined as [z] = {y € Al|y ~ x}. Note that

this indeed defines a partition as the following properties are satisfied:

(i) [x] #@,Vze A,

zeA

Let a f be a function: f : A — B. f is injective if for all @ and b in A, f(a) = f(b)
implies a = b. f is surjective if for any ¢ € B, there is d € A such that f(d) = c. fis
bijective if it is both injective and surjective.

A point x € R consists of an n—tuple of real numbers x = (z1,z,...,x,). Given a
positive integer p, the p-norm of z is denoted by ||x|, and is defined as ||z||, = (Jz1]" +
-+« 4 |z,[P)'/?, and the co-norm of z is denoted by |||~ and is defined as ||z||. =
max{|zy|, ..., |z}

Next, we review relevant concepts in analysis. For the purpose of illustration, we use
the 1-norm to review relevant concepts, though arbitrary p-norms are equally viable alter-
natives. The distance between two points x and y is then simply ||z — y||;. Given a set A in
R”, the diameter of A is defined as diam(A) = sup{||ly — z||; : * € A,y € A}. The open
ball in R™ centered at = and of radius r is defined by B,.(z) = {y € R : ||y — z||; < r}.
Given a set .4 in R, a point z is a closure point of A if for every r > 0, the ball B, ()

contains a point of A. Similarly, a point x is a limit point of A if for every » > 0, the ball



B, (x) contains a point of A that is distinct from . The closure of A, cl(.A), consists of all
closure points of A. A point x € A is an interior point of A if there exists > 0 such that
B,.(z) C A. The interior of A, int(.A), consists of all interior points of .A. A boundary
point of A is a point which is in ¢l(.A) but not in int(A). The boundary of A, 0.A, consists
of all boundary points of .A.

Lastly, we review the notion of spectral radius of a square matrix. Given a square
matrix A, the spectral radius of A is the nonnegative real number p(A) = max{|\| :
A is an eigenvalue of A}. If p(A) < 1, we say that matrix A is Schur-stable. Given a
square matrix A, the p-induced norm of A is defined as || A||, = max ||Az||,. Recall that

llzllp=1
the induced norms satisfy the submultiplicative property, namely: ||AB||, < ||Al|,||B]|,-

2.2.2 Review of Relevant Results

We next present a set of mathematical results that will be useful to us in deriving our

main results in chapters that follows.

Proposition 1. Given two sets A and B, and A is countable. If f : A — B is onto, then B

is countable.

Proof. Recall that a countable set is one that is equivalent to some subset of Z (pp. 19,
[23]), and two sets are equivalent if there is a one-to-one correspondence between them.
Since A is countable, there is a function g : S — A, where S C Z and g is a bijection.

For any b € B, define a function £ as:

k(b) = min{n € S|f(g(n)) = b}

Because f is onto, g is bijective and the well ordered principle of natural numbers, & is well
defined. Let the image of B under k be K, clearly L C S C Z,. The only thing left to
show is that k : B — K is one-to-one. Let b; and by be two distinct elements in 3. Assume
k(b1) = k(bs) = ng, then by = f(g(ng)) = ba, this contradicts with b; # by. So for any

two elements in 3, by # by implies k(by) # k(b2). Therefore k : B — K is one-to-one.



O]

Proposition 2. If A € R™ " has all eigenvalues within the unit disc, then Y /|| A7«

converges.

Proof. Since A has all eigenvalues within the unit disc, lim A” = 0 (pp.298, [24]). Then
n—oo

there exists 7o € N, such that || A™|| < 1. Then

DA
=0
< T ([ Alloo + -+ 1A o) (1 + [[A™[| oo+
+ 1A oo + [ Ao + )
< T ([[Alloo 4+ 4 1A™[Joo) (1 + | A™ oo+

A5 + 1A% + )
1

=1+ ([|Afloo + [ 4% + -+ + HATO”OO)l_”ToH

where the first and second inequalities follow from the sub multiplicative property of in-
duced norms. We have found an upper bound for the infinite series, and we conclude that

2720 [A7 | converges. O

Proposition 3. For C € R, A € R™ ", If CA™ # 0 for all m € Z,, then there is a

v € R" such that C A™v # 0 for infinitely many values of m € Z.

Proof. Assume contrary, then for any v € R", CA™v # 0 for finitely many m € Z,.
Equivalently, there is M (v) € Z, such that CA™v = 0 for all m > M (v). In particular,
this is true for any element in the standard basis of R".

Let {e; : 1 < i < n} denote the standard basis for R", where e; denotes the vector
with a 1 in the i"" coordinate and 0’s elsewhere. Then there exist M (e;) € Z, such that
CA™e; = 0forall m > M(e;), foralli € {1,2,--- ,n}.

Choose M = max{M (e;), M(e3),- -+, M(e,)}, then CAMe; = 0,V 1 < i < n. This

implies C A = 0, which contradicts with the assumption that C A™ # 0 for all m € Z,,

10



leading to a proof by contradiction.
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3 Output Observability of Systems Over Finite Alphabets

In this chapter, we study the problem of observability of systems over finite alphabets.
We first show that a new notion of observability is needed for the systems of interest, and
we then propose a new set of notions of output observability. Finally, we characterize both
necessary and sufficient conditions for observability, and we illustrate these conditions with

a set of examples.

3.1 Class of Systems of Interest

Before we study the observability of systems over finite alphabets, we first take a closer

look at system (2).

. plant
uteui(MB)yt‘ Y € Y
e ) [ @

Figure 1: A specific class of systems.

The above figure illustrates the structure of systems (2). Recall that the quantizer () :
RP — Y is a piecewise-constant function. To make this notion precise, we describe such

functions as follows.

Definition 1. Given set )/, we say a function () : R? — ) is piecewise-constant if for
any y € RP, if () is continuous at y, then there is § > 0 such that Q(z) = Q(y) for all

|z —y|| <9,z €RP.

The above definition is in accordance with the definition of a function being continuous

at a point (pp. 63, [23]). An example of such a quantizer with p = 1 is:

i, yeli—0.5,i+0.5)forie Zand|i] <R
Q) =< |R], y>|R|+05 3)
_I.RJa y<_|_RJ_O‘5

13



Here R € R, is a given parameter defining the quantizer.
If we assume the one-dimensional quantizer () to be right-continuous, a more general

form of () is described by:
Q[B:: Bi+1)) = Ui» §i €V, 4)

where {3;}Y, contains the discontinuous points of @, and §; = —oo, Sy = oco. Recall
that we use the notation [«, ) to denote the interval {z € R: o <z < 8} for o, 5 € R.
The system (2) shown in Figure 1 with input u; and output y; is nonlinear, takes on
finite input values, produces finite output values, and is thus an instance of a system over
finite alphabets defined in (1). In the following, we investigate the problem of observability
for systems (1) and (2). The work presented in this section consists of the previous work

reported in [25], as well as some new observations.

3.2 Motivation for a New Notion of Observability

A natural starting point in our study is to attempt to apply the definition of LTI system
observability to system (2). Unsurprisingly, we quickly discover that no system in the
class of systems under consideration is observable under the definition of observability of

discrete-time LTI systems.

Lemma 1. The initial state of system (2) cannot be uniquely determined by knowledge of

(u¢, ;) over any finite time interval.

Proof. All possible initial states of system (2) are in the set X; = R". Clearly & is
uncountable.

Now assume that we can uniquely determine any initial condition from the input u; and
output ; over some time interval, say ¢ € {0,...,T} for some T € Z,. Let O be the set
of all such possible sequences: O C UT x YT, Since [U| < oo and || < oo, UT x YT is
countable and so is O.

By assumption, any initial condition in A; can be uniquely determined by an element

in O. So there exists amap f : O — A}, and f is onto. This indicates that A} is countable

14



(Proposition 1 in Section 2.2.2), leading to a contradiction.

]

Remark. Lemma 1 still holds when the initial state of system (2) is bounded. Specifically,
if Xy = {x € R" : ||z]|oc < b} for some b € R, then A} is still uncountable and the proof

follows unchanged.

From Lemma 1, we conclude that any effort to uniquely determine the system state x;
from the observation of input and output sequences over any time interval will fail. We
thus need to think of observability differently.

Specifically, we propose to shift our attention from state estimation, to state estimation
for the purpose of output prediction.

Before we proceed, we point out a distinction of our problem. In the traditional LTI
setting, the effects of the initial state of a stable LTI system will die down eventually.
Consequently, the question of observability is only interesting for unstable systems. This

is not the case for our class of systems of interest, as the following example demonstrates:

Example 1. For system (2) with parameters: A =0.5,B=1,C =1,D =1,U = {0, £1},
@ defined in (3) with R = 1, and (consequently) ) = {0, +1}, consider the following
question: Given u; and g, forall 0 < ¢ < 7T for some 1" € Z ., and an arbitrary ur,.,; € U,

is it possible to uniquely determine ;41 ?

We show that the answer to this question is negative. Assume that 7,1 can be uniquely
determined for some I’ € Z, . Letu; = 0for0 <t <T—2,upr_y = land uyr = ury; = 0.
For two distinct initial states ) = 0.1 and 23 = —0.1, we use §; and §? to denote the
quantized outputs respectively. Then g} = g2 = 0for0 <t < T — 2,and g} = g7 = 1 for
T —1 <t <T. By assumption we can uniquely determine 31, which contradicts with
Jrs1 = land g7, = 0.

As shown in Example 1, the initial state of system (2) impacts the quantized output at
arbitrarily large times, even though the underlying LTI system is stable. Consequently, the

question of observability remains relevant even when the internal dynamics are stable.

15



3.3 Definitions of Observability

Yyt € YV

LU

utEH €t
g @t€y|

Figure 2: Interconnection of plant and observer.

Y v

In the above figure, an observer S for P (1) is described by:

Gt+1 = f(% Ug, yt)7 (5a)

U = g(qs, ur), (5b)

wheret € N, ¢, € Q forsomeset Q,u; € U,y; € V, y; € YV and functions f : QXU XY —
Qandg: Q xU — ). Here u, and ¥, are the input and output of P respectively. In this

work, we assume that the observer S (5) initialize at a fixed state: ¢y = ¢, for some ¢, € Q.

Definition 2. Consider a system over finite alphabets P, and the setup in Figure 2. v € R
is an observation gain of P if there exists an observer S (5) such that for any (u,y) € P,
T

sup — Ue|| — v[|ue|| < o0. (6)
TZO;H% Gell = vl

Here || - || is assumed to be some well defined norm on &/ and Y (pp. 39, [23]). When
system (2) is concerned, || - || is assumed to be the Euclidean norm corresponding with the
appropriate dimensions.

Given a system P, define the O-gain ~* of P as:

v* = inf{y € R : v is an observation gain of P}. (7)
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Next, propose a set of new notions of output observability for P.

Definition 3. Consider a system over finite alphabets P (1), and the setup in Figure 2.

Define the following:

e P is finite memory observable (C1) if there exists an observer S(5)and T € Z. such

that for any (u,y) € P, gy, =y, forallt > T.
e P is weakly observable (C2) if v = (0 is an observation gain of P.

e P is asymptotically observable (C3) if the O-gain v* of P is 0.

3.4 Conditions for Finite Memory Observable

In this section, we characterize finite memory observability (C1) by proposing a set of

conditions for (C1). First, we propose a sufficient condition for (C1). Given system (2),

define sets A and B as
t—1
A={a€R’:a=>» CA""7"Bu, + Du,uc) €Ut € N}, (8)
7=0
B ={8 € RP:Q(y) is discontinuous at y = [3}. )

Now we are ready to propose a sufficient condition for (C1).

Theorem 1. Consider system (2), assume that A has all eigenvalues within the unit disc, and
the initial state x, is bounded. If d(.A, B) # 0, then system (2) is finite memory observable

(CI).

Remark. Theorem 1 is an extension of Theorem 1 in [25], in the sense that Theorem 1

addresses multi-input multi-output systems.

Proof. First note that if C'is the zero matrix, then g, = Q(Du;). Since g; can be determined
by the knowledge of w;, system (2) is (C1). Therefore in the following derivation, we only

consider the case C' # 0.
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Since the initial state x is bounded, we have ||x¢||s < b for some b € R. Next we find

a uniform bound on the state x;. Given system (2), the solution of x; is given by:

-1
x = Alwy + Z AT By,

7=0
Then for any ¢ € N,
t—1

|7t = [[A'z0 + Y A7 Bur||og

7=0

t
< max{|zo]|oc, [|Buslloc} Y 147 oo

=0

Since )7 ) ||A7||~ converges (Proposition 2 in the Section 2.2.2), we can find an upper

bound b; € Ry such that Y7 ||[A7|| < by. Since u; € U and U is finite, || Bu||~ is also
bounded. Let by = max{b, max{||Bul|~ : u € U}}, we have ||z;||o < b1bs forall ¢ € N.

Next, choose T' € Z, such that |CATz,|| < d(A, B)/2. Since

ICA 2l < [ICllooll A ool ]| oo

and lim, ., A = 0 (pp. 298, [24]), recall the assumption that C' # 0, we can choose

T € Z such that

d(A, B)
AT < =2 10
1470 < Znal (10
Then forallt > T :
t—1
y=CATwy_ o + Z CA" ' ""Bu. + Du,
r=t—T (11)

€ Bauns (a),
2

where o = th_:i—:r CA*'""Bu, 4+ Du,, and o € A.

Next, we observe that the quantized output ¥, can be determined by the knowledge of
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. Particularly, for any o € A,

y € cl(Baus (a)) = Qy) = Q(a). (12)

To show this, () is continuous at any point y € cl(B aes) (), otherwise d(A, B) <
d(A, B)/2, which contradicts with d(.A, B) > 0. Next, assume thereisay € cl(B@ ()
such that Q(y) # Q(«). Define two sequences {w,, }°°, {v,}22, as follows: Let w; = a,
vy =y. Foranyn > 2,let z = (w,_1 +v,_1)/2, if Q(2) # Q(w,_1), letw,, = w,_1,v, =
z; otherwise, let w,, = z, v, = v,_1. By this definition, we see that Q(w,,) # Q(v,) implies
Q(wny1) # Q(vp41)- Since Q(wy) # Q(v1), by induction, we have: Q(w,) # Q(v,) for
all n € Z, . At the same time, it is clear that ||w,, — v, || = (1/2)"||wy — v4]|.

Note that {w, }7°, C cl(Bw (), and cl(Bw (o)) is a compact set in R?, there-
fore there is a {wy, }72, such that lim,,,, w,, = w for some w € cl(Bw (). Simi-
larly, since {v,,}°°; C cl(Bw(a)), and consequently {v,, }>2; C cl(Bw (a)), there
is a subsequence {vy, }o2; such that lim, . v,, = v for some v € cl(B aA) ().
Rename {wy, } and {v,, } as {w;} and {v;} respectively, we have: Q(wy) # Q(vy,),
|wl, — vl || < (1/2)"||wy — vy ||, for all n € Z, and lim,,_, o0 w], = w, lim,,_,o, v}, = v for
some w, v in cl(Bw(a)). Since ||w — v|| < JJw — wl|| + |Jw), — VL] + ||v], — v||, we
see that for any € > 0, ||w — v|| < ¢, and consequently w = v. Since w € cl(Bw(a)),
(@ is continuous at w. Recall Definition 1, there is 6 > 0 such that Q(z) = Q(w) for all
|z —w|| <9, z € RP. Since lim,,_, w!, = w, there is N; such that Q(w!,) = Q(w), for
all n > N;. Similarly, there is Ny such that Q(v),) = Q(v) = Q(w) for all n > Nj. Let
n = max{ Ny, Ny}, then Q(w!,) = Q(w) = Q(v),), which contradicts with Q(w!,) # Q(v),)
for all n € Z, . Therefore, assumption is false, and we conclude that for any o € A, and
any y € cl(Bw(a)),

Qy) = Q(a). (13)

Based on the observations made in (11), (13), design an observer for systems (2). Sim-

ilar to the construction in the derivation of Lemma 2, consider an observer S described
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qi+1 = ¢(Qt, Ut)»
(14)

Uy = e(qt;ut)a

where ¢, € ¢, U (., ") is the state of S, u, € U is the input of (2). Here T is determined
by (10). Function ¢ : (g, U (U_,U")) x U — |J_, U is described by: For any ¢ €
0% U (U, UY), any u € U,
> If ¢ = q,, then

¢(q,u) = u.

> If g € U U, write ¢ = (uy, ug . .. u;) forsome i € {1,...,T — 1}, then
o(q,u) = (u,uy,us ... u;).
> If ¢ € UT, write ¢ = (uy,uy ... ur), then
o(q,u) = (u,up,ug ... up_q).
Let gy = q,, then by the same argument in the derivation of Lemma 2, we have
@ = (U1, U2, ..., u7), VE>T. (15)

where {u,} is the input of system (2).
Next, define function 6 : (¢, U (U, U?)) x U — Y as: Forany q € ¢, U (U_, U’),

any u € U, if ¢ € UT, write ¢ = (Uy, U, . . ., Ur), then

T
0(q,u) = Q)  CA™'Bu, + Du). (16)
T=1

If ¢ ¢ U7, then let 0(q, u) = yy for some y, € V.
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For any ¢t > T, recall (14), (15), (16), we have

gt = e(qtv ut)

T
= Q) _CA'Bu_, + Du)

=1
t—1

=Q( > CA™'Bu, + Du)

T=t—T

= Q(w),

where a@ = Zt;:lt_T CA™'""Bu, + Du;. Recall (11), we have y; € Baus (a) C
cl(Baus) (). By (13), we have Q(y;) = Q(«). We conclude that g, = Q(«) = Q(y;) =
2
y for all ¢ > T', and consequently system (2) is finite memory observable. 0
Next, we propose another sufficient condition for (C1).
Theorem 2. Consider system (2), if CA! = 0 for some [ € Z., then system (2) is finite

memory observable (C1).

Remark. Again, Theorem 2 is an extension of Theorem 2 in [25], in the sense that Theorem

2 addresses multi-input multi-output systems.

Proof. Given system (2), the solution of y; is given by:
t—1

y = CAlzy + Z CA"™Y""Bu, + Du,.
7=0

Since C A! = 0, then for all ¢ > [:

t—1
y=» CA"""Bu,+Du, V t>I

T=t—I

Use the same observer described in the derivation of Theorem 1, particularly from (14)
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to (16), except changing “7"” to “I”. Then

t—1

G =Q(>. CA™"Bu, + Du)) = Q(y) = G, Yt > L.

T=t—I
We conclude that system (2) is (C1). O

Remark. The condition stated in Theorem 2 is related to the “traditional” observability of

linear time-invariant systems. In particular, we make the following observation:

Observation 1. Given system (2) with “A” not being nilpotent, if CA! = 0 for some
| € Z,, then the pair (C, A) is not observable.

To see this, let A be a nonzero eigenvalue of A. Since A is not nilpotent, such a A
always exists. Let v be an eigenvector associated with )\, then CAlv = X'Cv = 0. Since
A\ # 0, we have ! # 0, and consequently Cv = 0. Since v is in the kernel of C, and v is
an eigenvector of A, the pair (C, A) is not observable (pp. 145, [8]).

We point out that the requirement of A not being nilpotent in Observation 1 can not be

0 1
dropped. In particular, consider a system with C' = [1 0], A = , then CA? = 0.
0 0

But the corresponding observability matrix is the identity matrix, and therefore (C, A) is
observable.
Next, we present a necessary condition for (C1).

Theorem 3. Consider system (2), assume that A has all eigenvalues within the unit disc,
0€U,and 0 ¢ B. If rank(CA!) = pforalll € Z,, and AN B # &, then system (2) is

not finite memory observable (C1).

Remark. Compared to sufficient conditions in Theorems 1 and 2, both the assumptions
“ANB # " and “rank(CA") = p for all | € Z," here are stronger than “d(A, B) = 0",
and “CA! # 0 for all | € Z," respectively. However, when p = 1, rank(C A') = p and

CA! # 0 are equivalent, and a corresponding version of Theorem 3 is reported in [25].

Remark. Again, Theorem 3 is an extension of Theorem 2 in [25], in the sense that Theorem

3 addresses multi-input multi-output systems. However, the proof of Theorem 2 in [25]
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contains additional analysis regarding the construction of DFM observers, which is not
necessary for the derivation of Theorem 3 here. That particular part of analysis is presented

in Section 4 instead.

Proof. We show Theorem 3 by contradiction. For simplicity of notation, for any input
sequence u, write F'(u,t) = S'_ CA*'~7 Bu, + Du,. Essentially F(u,t) is the forced
response of the underlying LTI system at time ¢ under the input u.

Since A N B # @, there exist t; € N and u' such that ¢, = min{¢ : F(u,t) € AN B}
and F(u',t;) € B. The existence of the minimum is guaranteed by the well-ordering
principle of nonnegative integers (pp. 28, [22]). ¢; being a minimum indicates that F'(u!, )
isnot in B for any ¢ < ¢;. So we can define the following distance:

i — d({0}, B), ift; =0 a7
d{0} U{F(ul,t):0<t<t; —1},B), ift; >1
The definition of ¢; and 0 ¢ B imply d; > 0.

Assume that system (2) is finite memory observable, than there exists an observer S ®))
and 7' such that for any 2y € R", any u € UN, 9, = 7, for all t > T. Without loss of
generality, we assume that 7" > ¢; (if T' < ty, justlet T' = ¢, then 3, = y, forallt > T
still holds).

Next, construct an input sequence u of system (2). Given u!, use the truncated sequence

of u': {u} : 0 <t < t,}, the input sequence u is described as follows:

0, 0<t<T—t—1
U= U gy T—t<t<T (18)
0, t>1T

Basically we insert the truncated sequence of {u} : 0 <t < ¢;} into a zero input.
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Next, if distinct initial states x{, and z2 satisfy:
|CA || < dv/f2,  i=1,2 (19)

fort =0,1---T — 1, then under input u (18), the corresponding outputs of the underlying

LTI system, y; and y?, satisfy:
Y € Bq, j2(av), i=1,2

for some a € {0} U {F(u',t) : 0 <t < t; — 1}, fort = 0,1---T — 1. Recall the
definition of d;, and the property (12) of the quantizer Q, we have Q(y;) = Q(a) = Q(y?).
Consequently, we have

g =92, t=0,1---T —1,

where ¢ is the output of system (2) when the initial state is =, and the input is u (18).

In addition, since @ is not continuous at F'(u,T) = F(u',t;), for any 6 > 0, there is
z € RP such that Q(z + F(u,T)) # Q(F(u,T)), and ||z|| < §. Since rank(CAT) =
p by assumption, write CAT = [v1 vg -+ wv,], where vy,...,v, € RP, then there is
{i1,4, ... ip} € {1,2,...,n} such that [v;, v, --- v;,] is invertible.

Let V = [v;, vi, --- v;,], and let Ky = sup{||A"|| : ¢ =0,1,2,---}, choose 0 > 0 as

follows:
2([VAYIC] Ka

J

Then there is z € R? such that Q(z+F(u,T)) # Q(F(u,T)), and ||z|| < §. Letw = V2,
and write w = [w; wy -+ - wy|’ € RP, define a vector x* = [x} x} -+ z3]7 € R™ as: For
alll < j <p,z; =w;yforalll < | <mnandl ¢ {iy,ia,...,1,}, x; = 0. Then we have
CATz* = Vw, and ||2*|| = ||w||, where || - || is any vector p-norm.

Consider two distinct initial conditions: z} = 0,22 = x*. Thenforallt = 0,1---T —

L,

CA'zgll < ICA M2l < ICNEallwll < ICIEANVTHH < [CIEAIVH -

d

sv—Titeric, = d1/2. Therefore (19) holds, and consequently gl=9y2 t=01---T — 1.
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Att =T, 3t = Q(F(u,T)), and 33 = Q(CATz* + F(u,T)) = Q(z + F(u,T)) #
Q(F(u,T)), therefore g1 # .

Since system (2) is assumed to be (C1), let j} and §? be the output of the corresponding
S when the input is u (18), and initial conditions are xJ, 3 respectively. Then at t = T,
recall (5), we have 9+ = g(f(... f(f(qo, w0, 95), 1, 91) - -, ur—_1,U_4),ur), and g3 =
g(f (. F(f(qo, w0, U3),ur, 52) - . . yur—_1, 9% 1), ur). Recall that g} = g2, t =0,1---T —
1, we have g3 = ¢%. Since g1 # %, there is i € {1,2} such that §% # gi.. This is a
contradiction with system (2) being (C1), therefore the assumption is false, and system (2)

is not finite memory observable (C1).

]

In light of Theorems 1 and 3, we continue to study conditions for finite memory ob-
servability particularly when the matrix A is not Schur-stable. In the following, we propose

another sufficient condition for (C1).

Theorem 4. Consider system (2), assume that p(A) > 1, and the initial state x, is bounded.
Given the Jordan canonical form of matrix A, define a set £V as the collection of general-
ized eigenvectors of A corresponding with eigenvalues whose magnitudes are greater than
orequal to 1. If d(A, B) # 0, and £Y is in the kernel of C, then system (2) is finite memory

observable.

Remark. We remind ourselves that v is a generalized eigenvector corresponding to the
matrix A and the eigenvalue A if (A — A\I)'v = 0, but (A — A\I)""'v #£ 0 forsome [ € Z,
(pp. 189, [26]). The condition “£Y is in the kernel of C" is similar to the eigenvector test

for observability of LTI systems (pp. 145, [8]).

Proof. Consider the Jordan canonical form of the matrix A,
A=MJIJM™,

where matrix J is in partitioned diagonal form, and matrix )M is a generalized modal matrix

for A (pp. 205, [26]). Write M = [v; vy - -+ vy,], where v; € C" for 1 < i < n, then each
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v; is a generalized eigenvector of A, and {v;}?_; form a basis of R". For each v;, use \; to
denote the eigenvalue of A corresponding to v;.
Next, we decompose the state vector z; using {v;} ;. Recall the notation: For any

v € C™, use [v]; to denote its i-th element. For all t € N, write z; as a linear combination

of {v;}i,

n

w=) o], (20)

i=1
where oy € C" is the coordinates of x; corresponding to the basis {v; }" ;.

We claim that 3, cv [[c);] is uniformly bounded for all ¢. Here [ov]; is the coordi-
nates of x; with respect to the basis {v;}",, and [ay]; with v; ¢ EY are the coordinates
corresponding with the stable generalized eigenvectors.

In order to show the preceding claim, recall that M = [vy vy - - - v,], we have M =
;. Define af € C™ as
[oli, ifv; € EY,

0, otherwise.

Similarly, define o € C" as

[at]i7 lfUZ ¢ EU,
[Oéf]z' =

0, otherwise.

We have a; = oV +a?. Essentially, oY are the coordinates corresponding with the unstable
or marginally stable generalized eigenvectors, while o7 are the coordinates corresponding
with the stable generalized eigenvectors.

Similarly, we decompose the “Bu,” term of system (2). For all t € N, write Bu; as a

linear combination of {v; }" |,
n

Buy = Z[ﬁt]m,

i=1

where 3; € C™ is the coordinates of Bu; corresponding to the basis {v; }I" ;.
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Then M~ Bu; = B;. Define 3V € C" as

B, ifv; € &v,

[ tU]z =
0, otherwise,
and define 57 € C" as
[ S} [Bt]ia if U; ¢ SUa
t i —
0, otherwise.

We have 3; = Y + 37.
Since forall ¢t € N,

Ty = Axy + Buy,

recall A = M JM™!, we have
MM 2,y = MJM 2, + MM ' Bu,.
Left multiply by M ~!, we have
M ey = JM o, + M~ Bu,.
Recall M 'z, = ay, and M ' Bu, = 3, we have
ape1 = Jay + By

Recall a; = oV + o and 3, = BY + 37, we have

agqjtaf“:J(ag+af)+(5tU+ﬂf)

= (Jay + )+ (Jog + 57).
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Consider the term Ja!. Write J = [w; - - - w,], where wy, ..., w, € C". Then

n

Jal = Z[aij]iwi.

i=1

Since [a]; = 0 for all 7 such that v; ¢ £Y, we have
Ja¥ = Z [a]w;. (22)
i, €EV

Recall the definition of \; for ¢ = 1,...,n, and the form of J, we see that if \; # \;,
then [w;]; = 0, for all 1 < ¢,j < n. For any 4 such that v; € Y, and any j such that
v; ¢ EY, we have |\;| < 1and |\;| > 1, therefore \; # \;, and consequently [w;]; = 0.

Recall the preceding equation, we have: For all j such that v; ¢ EY,

[Jal]; = 0. (23)
Similarly, we can show that: For all j such that v; € £ v,

[Jag]; = 0. (24)

Recall (21), we see that

at+1 (JO‘t + Bt ), (25)

otherwise assume [y, | — (Joy +37)]; # 0 forsome j € {1,...,n}, then by the definitions
of af,, 37, and (24), we see that j satisfies v; ¢ EV. By (21), we have oy, | — (Jai + ;) =
(Ja¥ + BY) — af.,, and note that [(Jaf + BY) — a,]; = 0 for any j such that v; ¢ EV.
Therefore 0 # [ — (JaZ + 87)]; = [(Ja¥ +8Y) —af,,]; = 0, which is a contradiction.

Consider the term J ozf , we have

Jof = Y [of]w;. (26)

Z‘:’U,L' ¢5U
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Define a square matrix J° to be J° = [w{ w$ - -+ w?], where
w;, if V; EU,
wy = ¢ (27)

0, otherwise.

Note that J° is Schur-stable. Then we have
Jaf = Z [ ;w; = Z[af}iwis = J%. (28)

And consequently, we have

apy, = J%a) + 67, (29)

where J¥ is Schur-stable.
Consider system (29), since ||| < ||aolli = |M x|y < ||M 71|01, and xo

Bl < 1Bl =
IM 7 Bug||y < [|[M7B||1||luelly < [|M1B||y max{||ul|; : u € U}. Since U is a finite set

is bounded, we see that ||af |1 is bounded. Similarly, for all ¢t € N,

in R™, max{||lul|; : u € U} is finite, and consequently ||37||; is uniformly bounded. Given
system (29), since J° is Schur-stable, |||, is bounded, and || 37]|; is uniformly bounded,

we can show that ||a?||; < b; for some b; € R, for all t € N (an explicit derivation is

presented in the proof of Theorem 1). Note that ) _; , v [[auli| = ||| 1, we have
> il < by, by € Ry, (30)
1w, gEYV
forallt € N.

Now we are ready to show Theorem 4. Use {¢;}?; to denote the standard basis of R",
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and recall the computation of powers of a Jordan block (pp. 57, [8]), then for all ¢ > n,

Alv; = MJ'M 1,
= MJtei
= D Aot v,

VRYELY
where p(; ;) (t) is some polynomial in ¢, which depends on the pair (j,%). Recall the par-

t
ticular form of J!, the upper triangular elements of J! has the form MF, where

t
0 < k < n; — 1, and n; corresponds to the size of .J;. Note that < t", and that
k

I\ < K|\ | for some k € Ry: If [ N\;| > Lor [\ =0, letky = 1;if 1 > [\;] > 0, let

ke = (max{1/|N\;] : 0 < |N\;| < 1,1 < j < n})™; take K = max{k, ko }. Combine these

observations, we conclude that for any ¢ € {1,...,n}, and any t > n,
Aoy =Y Nopga () vj, 31
JiAi=X;
where
XL pGay ()] < k- A (32)

for some k € R,.
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For any T" > n, and any ¢ € N, recall (20), (31), we have

n

CATzy = CAT (Y [au]ivs)

=1
= zn:[at]iCATUi
i=1
= 0 > N pia (T (33)
i—1 JA=Ni
= Zat Z A p(.i)(T)Cv;
i=1 JiAj=N
= Z Oét Z )\T ]Z CUJ—F Z at Z >\ p(jl CUJ
i, €€V JAj=N 10, ¢EV JAj=Xi

Ifv; € EY, and \; = \;, then \; > 1, and therefore \; > 1, and v; € EY. Since EY is in

the kernel of C, for any i such that v; € €Y, Cv; = 0 for all j such that A\; = \;. Therefore

Z s Z )\p(” )Cv; = 0.

i, €EV JA=N

Continued from (33), we have

CA g, = Z ayl; Z )\T p(.i)(T)Cwj.

i gEY JXj=N;

Recall (32), we have

ICA ) < ) Hlaadilll D Apga (T)Cu

i g€V JiAi=Aq

Z o] Z |)‘T PG (D[ Coyl

i, ¢EV A=\

i 7 (34)
S il Y T[T C|

i, EEYV JAj=Ng

= > el T N[,
i, ¢EYV
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where n = max{||Cv;|| : 1 < j < n}. For any i such that v; ¢ EY, |\;] < 1. Let

p=max{|\]| : v; ¢ EY}, then 0 < p < 1. Consequently,

ICATz < S -l 70"
’i:l}i¢5U

< k- T"p" Y 7 [adlil.
i @EV

Recall (30), we have

|CA || < byknn - T"p", (35)

forany 7" > n, and any ¢ € N.

Note that 0 < p < 1, therefore limy_,, 7"p’ = 0. Choose T' € Z, such that

Then we have

ICA || < d(A,B)/2,

forall ¢t € N. Then forallt > T :

t—1
ye=CA "z, _r+ > CA"'"7Bu, + Du; € Buuw (), (36)
T=t—T 2
where o = Zt;:lt_T CA*™ """ Bu, + Du;, and o € A.
The rest of this derivation follows the exact same lines of the proof of Theorem 1

starting from equation (11). [

Next, we propose a necessary condition for (C1) when the A matrix is Schur-unstable.

First, we introduce some notations. For any § € Q, we use Q~'(y) to denote the set
{z e R?|Q(z) = 7}
Theorem 5. Consider system (2), assume that p(A) > 1,0 € U, and 0 ¢ B. Define

VW={veC"\0: Av = \v, forsome [A| > 1}. If VY is not in the kernel of C, and
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Q~'(Q(0)) is bounded, then system (2) is not finite memory observable.

Remark. Compared with Theorem 2, the hypotheses in Theorem 5 implies C' A’ # 0 for all
| € Z... Otherwise, assume C'A' = 0 for some /. Since VY is not in the kernel of C, there is
A € C,v € C" such that Av = \v, |A| > 1, and Cv # 0. Then ||CAY| = |A'||Cv]| # 0,

which draws a contradiction.

Proof. Since VY is not in the kernel of C, there is v € VY such that Cv # 0. Without loss
of generality, let ||Cv||; = 1. Since v € VY, we have Av = v for some |A| > 1, A € C.

Next, we define a set O as

O = {a € R |Re(yCv) € Q71(Q(0)), forall |y| < o,y € C}. 37)

Next, we show that O is non-empty and bounded. Write Cv = [v; vy ... v,]T, where

v1,...,vp, € Cand |vy| + -+ + |vp| = 1. For any v € C, we have |Re(yv;)| < |7v]lvs

’

therefore

p p
[Re(vCo)lly = ) |Re(yva)l < Iy D loil = 1l-

i=1 i=1

Since () is a piecewise-constant function, and 0 ¢ B, there is > 0 such that B,.(0) C
Q1(Q(0)), where B.(0) = {z € R : ||z||; < r}. Therefore, for all v with |y| < r/2,
Re(~vCv) € B,(0). Consequently /2 € O, and O is nonempty.

Next, we show that O is bounded. Since Q~*(Q(0)) is bounded by assumption, let
Q7 1(Q(0)) C B,(0) for some o > 0. Since Cv = [v; vy ... v,])T # 0, let |vg| > 0 for
some 1 < k < n. Write vy, as vy = |vg|e for some ¢ € [0, 27). Assume O is unbounded,
then there exist & € O with a > 20/|vg|. Let v = (20/|v])e’=?), then |y| < a. By the

definition of O (235), we have Re(7Cv) € Q~*(Q(0)). Observe that

200 i
| Re(vCv)lli > |Re(yur)| = |R€(m6( Duele’®)| = |Re(20)| = 20.

Therefore Re(yCv) ¢ B,(0), and consequently Re(vCv) ¢ Q~'(Q(0)), which draws a

contradiction. Therefore O is bounded.
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Next, we define 8 = sup O. Since O is non-empty and bounded, we have 0 < 5 < oo.

Then for any € > 0, there is x € C such that
Re(kCv) ¢ Q1(Q(0)), and B < |x| < B+ . (38)

and we will apply this observation to prove Theorem 5 by contradiction.

Assume system (2) is finite memory observable, than there exists an observer S (5) and
T € Z, such that y, = y; for all ¢ > T'. Consider the input u; = 0, for two initial states m(l),
r3 € R™, we use g}, 72 to denote the outputs of system (2) respectively. Choose ) = 0,
then ! = Q(0) for all t € N. In (38), let e = 3(|A| — 1), and choose

i Re()%v).

Then forall 0 <t <T —1,

K KA
CA'z? = Re(FC’Atv) = Re(VCU).
Since [kAY/AT| < B, by (235), we see that CA'z2 € Q~1(Q(0)), and consequently 77 =
Q) forall0 <t < T —1. Att =T, CATz3 = Re(kCv) ¢ Q~(Q(0)), therefore
g% # Q(0). Now we see that g} = g2 for 0 < t < T — 1, and y1. # y2. Similar to the

proof of Theorem 3, we can show that §+ = §2, and therefore either g+ # g% or g2 # g2

or both, and we conclude that system (2) is not finite memory observable. [

3.5 Conditions for Weakly Observable and Asymptoticly Observable

In this section, we characterize conditions for (C2) and (C3). Since (C1) implies (C2),
and (C2) implies (C3), the sufficient conditions for (C1) stated in the previous section are
automatically sufficient conditions for (C2), (C3) as well. Therefore, we will focus on
necessary conditions here. In particular, we propose a necessary condition for (C2) for

the general class of systems (1), and then apply this result to characterize the necessary
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conditions for (C2) and (C3) for the specific class of systems (2).

Before presenting the technical results, we first introduce some notations: For any
(u,y) € UN x YN, and any T € Z,, we use ({u;}_, {y:}_,) to denote the segment
of (u,y) from time 0 to time 7. For any finite set S = {s1, $2,..., 5}, where | € Z, we
use {s;},_, as an abbreviation of {5y, 55, ..., 5;}. Now we are ready to propose a necessary

condition for (C2) for the general class of systems (1).

Theorem 6. Given a system P (1) with |U/| < 00,1 < |Y| < oo, consider a family ¥ of

input and output segments of P, where W is described as

U= {{({u™)5 )0 e, (39)

and the following items:

i. Forany k € Z;,and any j € {1,...,2*}, T(; ;) € Z,, and there is (u,y) € P such

T, T . T
that({W}t“” {yt (M) ({Utkj)}t(%”,{y(kj (k])).

ii. Forany k > 1,and any j € {1,2,...,2F" 1},

Tik2i-1) = Tik25), (40a)
Y = My BT =y 2D = 0,1, Taoy — 1, (40b)
ugk,ijl) _ ugmj)’ ygk,ijl) ” yik,?j)’ t = Tioj_1). (40c)

iii. Forany k > 2,and any j € {1,2,...,2% 1},

Tik25) > Tlh-1,) (41a)

" = B =D =01 Ty 41D)

I

iv. For any sequence {j(k)}2°, thatsatisfies j(k) € {1,...,2%} and j(k+1) € {2j(k)—
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1,25(k)}, define (u,y) € UN x YN as

(L4(1)) (L4(1))

Up = Uy y Y =Y ) 0<t< T(l,j(l))7 (42)
g =uf Yy =y T gy <t < T, Vi > 2,
then (u,y) satisfies
(u,y) € P. (43)

If there is a family W (39) that satisfies items 1) through iv), then system P is not weakly

observable.

Proof. First, we make an observation regarding a system P (1) not being (C2). By Def-
inition 3, P is not (C2) if and only if v = 0 is not an observation gain of P. Then, by

Definition 6, for any observer S (5), there is (u,y) € P such that

T
sup 3 g — 4l = oo.
172079

Recall that e; = y; — 4;, we see that P is not (C2) if and only if for any observer S (5),

there is (u,y) € P such that
T
su el = o0. 44)
s3]

Assume the hypotheses in Theorem 6 is satisfied, then system P (1) and ¥ (39) are

given. For any observer S (5), we define a family of its output segments O as:

> ~ K ° 00
6 = {{{t:" 52 e, (45)

where for all k € Z,, 1 < j < 2k, {y{¥ )}tTfo’j) is the output of S when w; and y; in

equation (5) satisfy

up = ugk’j), fort =0,1,..., T,
(46)

Y = yfk’j), fort =0,1,..., Ty — 1.
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Here ug J ), y( 9 are given by V. Essentially, y,f 9 is the output of S when (u (kj), yt(k’j))

are applied to its input.
Given S, and © defined as in (45) (46), we claim that there is a sequence {j(k)}?,

such that for all £ € Z., the following are satisfied:

j(k) c{1,...,2"}, (47a)
"D 4y BT forall € {T iy Moy, (47b)
uiku‘(k)) — D) 0 < < Ty ), (47¢)
j(k) € {2j(k—1) -1, 2j(k —1)}. (47d)

where (47c¢), (47d) are only required for k£ > 2.
We use induction to show this claim. For £ = 1, first make an observation of the output

1, of the observer. By the dynamics of S (5), for any t € Z,

Qt = g(f( s f(f(qm u07y0)7 U, yl) ey Up—1, yt71)7ut)' (48)

Recall (40), we have u{"" = u{"?, fort = 0,1,..., Tj1 1y, and y"" = 4", for t =
0,1,... T(1 n = L Let t = Tj1 1) in (48), and recall (46), we have §{;") = §5*) . Recall
(40c), yT(l + yT(1 1) Consequently, there is j* € {1,2} such that y(Tl( 1‘71) + y(Tl( 1‘7:)). Let
j(1) = j*, then g yt ) o4 yt”(l ) fort = T{1,j(1))» therefore (47) holds at k = 1.

For k = 2, recall (41a), T(22) > T{1,1), and T2 4) > T{1,2). Recall (40a), T(2 ;) > T(1,)
forall j € {1,2,3,4}. Recall (41b), u>” = iV u* = " ¢t = 0,1,... Ty

Recall (40b), (40¢c), u™" = u{*® = oD oY = 4PV = oM 4 = 0,1,..., Ta.
1,1 2,3 2.4 1,2
R R

) It

t
Similarly, by (41b), (40b), (40c), yt(2,1) _ y§2’2) —y
0,1,...,T{1,). Recall (48),

(2,1 (2,2 A(1,1) ~(2,3 (2,4 .
g = g2 = gD gB8 = 5N — g2 — ). (49)

QE

Since (47) holds at k = 1, g™ £ y M) fort = Ty ;1)) = Tiua). Recall j(1) € {1,2},
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by (49), >¥ V7Y = gPH W) = GO 4 = Ty ). Recall (41b), y* ¥ O = 220 =

yt(l,j(l))7 t = T(1,1). Therefore,

~(2,25(1)—1 2,25(1)—1 ~(2,25(1 2,25(1
GRHWOD 4 2AM-D  g2W) @230 ¢ g (50)

» It
Next, recall (40), (48), we have g~ = g% W) 4 — Ty 0. Recall (40c),

(2201 £ 2250) 4 _

Yy Ti2,2i(1)-1) = Ti2,2j(1))-

Consequently, there is j* € {2j(1) — 1,2j(1)} C {1,2,3,4} such that 5> % 47",
t = Tiaj)- Let j(2) = j*, then (47a), (47d) hold. By (50), and i>7") # y*7") t = Tja o),
(47b) holds. By (40), (41b), we see (47c) holds. Therefore (47) holds at k = 2.

Assume that (47) holds for some k& > 2. Recall (40b), (40c), (41b), "+ HF=D —

ul(tk+1,2j(k’)) _ ugkd(k‘)) and y§k+1’2](k)_1) _ y§k+1,2j(k)) _ yéku(k))’ t=0,1,

. _=

- Tk j(k))-
Recall (46), (48), we see that

GUFL2I=Y) (e 12509) _ p(ea(h) 4

=7 =7 e i)

Since (47b) holds for £k, we see that
gt(k+1,2j(k)71) ”: yt(k+1,2j(k)fl)7 g§k+1,2j(k)) £ yt(k+1,2j(k))’ forall f € {T(z,j(i))}le- 51)

Att = Tiry1,2j(k))> by (40), (43),

GrrtAEEY = b2y Tk+1,2j(k))-
By (40a), (40c), y F P00 BHL2W) 4 ). Therefore there is j* €
{2j(k) — 1,2j(k)} such that g7 £ ¢ at ¢ = Ttet12i(k) = Tlwrrym)- Let
j(k+ 1) = j*, and recall (51), we see that (47b) holds for k& + 1. Since j(k + 1) = j* €
{2j(k)—1,2j(k)}, and (47a) holds for k, we see that (47a), (47d) holds for k + 1. By (40),

38



(41b), we see (47¢) holds for k£ 4 1. We see that (47) holds for k£ 4 1. This completes the
derivation of the existence of {j(k)}72, such that (47) holds for all k € Z..

Given S, let {;(k)}22, be such that (47) holds, define an input and output pair (u,y) €
UN x YN ag

up = My =y 0 <t < Ty,

' ' (52)
Up = ugk,](k))’ Yp = ygk’j(k)), T(k—l,j(k—l)) <t< T(k:,j(k:))7 Vk>2.
First we show that (u,y) (52) is well-defined.
Let L(k) = {T(kfl,j(kfl)) +1,... 7T(k,j(k))} C Z, for all kK > 2. We observe that
{0,1,..., Taiany U (| J L(k) =N, (53a)
k=2
L(ky) N L(ky) = @, if ky # k. (53b)
To see this, by (47d), (40a), (41a),
Tk gk > Tlh-1,5(k-1)); (54)

or equivalently T{; jx)) = T(k—1,jk-1)) + 1, for all & > 2. Consequently, T jx)) =
T, ay + (B —1),forall £ > 2, and

sup T(k,j(k)) = Q. (55)
kEZy

For any t € N, if ¢t > T(1), let k(t) = min{k € Zy : Ty k) > t}. Since {k €
Zoy : Tk k) > t} is none-empty, k(t) is well-defined (pp. 28, [22]), and ¢t € L(k(t)).
Therefore (53a) holds. For any k1, ky > 2, and k; # ks, without loss of generality, let
ki < ko. Assume t* € L(k1) N L(k2), then t* > Tip,—1 j(ky—1)), and t* < Tk, sk,)). Since
ko—1 2> ki,by (54), Tiry—1,j(ka—1)) = T(ky,j(k1))» PUE T (ko1 ji(kn—1)) < T < Tiiy j(ky))» Which

draws a contradiction. Therefore (53b) holds. Consequently, (u,y) (52) is well-defined.
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By (47a), (47d), and item iv) of ¥ (see (43)), (u,y) (52) satisfies (u,y) € P.

Next, we apply the observation made in (44) to show P is not (C2). For S, consider
(u,y) € Pin (52). As in the setup in Figure 2, let {jj,}2°, be the output of S corresponding
with (u,y) (52). Recall (52), we see that u; = u{"?"", 0 < ¢ < Tjy ;). Recall (41b),
(40c), (47d), we see that ugl’j(l)) = u§2’2j(1)) = u§2’2j(1)_1) = uEQ’j(z)), 0 <t < Tujay-
Repeat this argument, for any k£ € Z,, we have u; = ugk’j (k)), 0 <t < T jay. Similarly,
we can show that for any £ > 2, u; = ugk’j(k)), Tajay +1 <t < T2 @) Repeat this
argument, then for any k € Z,, we have u; = ugk’j(k)), 0 <t < Tig,j(x))- Similarly, we can

show that forany k € Z., y; = yﬁk’j(k)), 0<t<Tujwy— 1
Recall the definition of © (see (46)), and (48), we have

Uy = gfk’j(k)),t = Tk,j(x)), forall keZ,.

Recall (52), y, = 4."*) ¢ = Ty joay, forall k € Z,.
Recall (47b), "0 2 o ®IED 4 — 1, -, forall k € Z,. Therefore, for all k €
Z,,

U # Ve, t = T(ijr))- (56)

Let 0 = min{||y1 —v2|| : y1 # y2,v1, 2 € YV}, since |Y| < oo, the minimum is well-defined
and § > 0. By (56), ||e;|| > 6 for t = Ty juy, k € Z... Consequently, S, 57 |le,|| > ko.
Recall (55), we see that sup; ST, lledll = oo. By (44), P is not (C2). O

Next, we study the necessary conditions for (C2) for systems (2). As shown in the
preceding, the hypotheses in Theorem 6 might seem a bit abstract, and one might ask
whether systems satisfying such hypotheses exist in practice. Therefore, in the following,
we will present a concrete example of Theorem 6 when it is applied to systems (2).

For the purpose of exposition, we consider systems (2) with the underlying LTI system

being a scalar system.

Theorem 7. Consider system (2) withn =m =p=1, A > 1,0 € U, and Q) is of the form

(4). Assume BNR, # @, and let § = argmin{|b| : b € B, b > 0}. If there is u* € U such
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that C' Bu* + A% = 0, then the following hold:
1. System (2) is not (C2).
ii. Moreover, system (2) is not (C3).

Remark. By Theorem 5, systems that satisfy the hypotheses in Theorem 7 are not (C1).
And compared to the necessary condition of (C1), the requirement “C'Bu* + A?3 = 0" is

new.

Proof. The proof idea is to show there is W (39) such that the hypotheses in Theorem 6 is

satisfied. With out loss of generality, we consider the case where C' is positive. The other

case could be shown in a similar fashion. Note that C Bu* + A% = 0 implies C' # 0.
Within the scope of this derivation, we use “s” to denote the initial state zy of system

(2). Given system (2), define a quantity s, as

B
CAT’

(57)

So =

where ' € Z,,and T' > 2 is to be determined. Define a family S of initial states of system
(2) as
k [e.e]
S = Hswa it (58)

where

S(1,1) = 0, $(1,2) = So, (59)
and forall k > 2,all j = 1,2,...,2F 1,
S(haj-1) = S(h-1g)s  S(h2j) = Stho1) T (A7) s, (60)

Then s ;) is defined forall k € Z, and j € {1,...,2"}.

Next, define a family Z of input segments of system (2) as

VT (k1125 oo
T = {{{u"} %" 2, (61)
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where forall k € Z,,all j = 1,2,...,2%,
Ty = k- T, (62)

and

u" =M =0, t=0,1,...,T, (63)
andforallk > 2,allj =1,2,...,2F2

uEkAj) _ ugk,4j—1) _ ugk—1,2j)7 ugk,4j—2) _ ugk,4j—3) _ ugk—l,Qj—l)’ 0<t<(k-1T,

u™ = P g T = =0 = (k- 1)T + 1,

ugk’4j) = uikAj_l) = uimj_z) = ugk’4j_3) =0, (E—1)T+2<t<kT,
(64)

Then u("7 is defined for all k € Z, j € {1,...,2%},and ¢t € {0,... kT}.
Given S and 7 defined in the preceding, define a family © of output segments of system

(2) as:
O = {{HM 1Y e, (65)

where forall k € Z,, 1 < j < 2k, {g* ““ 7 is the quantized output ¢, (2c) of system

(2), when u; and z; in equation (2) satisfy

Uy = ugk’j), fort =0,1,...,T(x ),
(66)

Ty = S(k,j), fort = 0.

Essentially, ﬂt(k’j ) is the quantized output of system (2) when uik’j ) is applied to its input,

and its initial state is s ;). In the following, we also use x,gk’j ) to denote the state x; of
system (2) corresponding with (66).

Given 7 (61), and 6 (65), define W as

W= {{({u™)5 (a0 e, (67)
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where ugk’j ), gjfk’j ) are given by Z and © respectively. In the following, we will show that
W (67) satisfies items 1) to 1v) in Theorem 6, and therefore the system is not (C2).

Regarding item i), forany k € Z,,1 < j < 2% let u and z, of system (2) be such that
(66) is satisfied, and u; = 0, for ¢ > T{; ;), and let y be the corresponding output of system
(2). By the definition of O, we see that item 1) is satisfied.

Next, we use induction to show W (67) satisfies items ii) and iii). For k = 1, recall (62),
Tay = Taay = T. Recall (63), u™" = u{*? = 0,t = 0,1,...,T. By the definition
of © (66), and sy = 0, g1 = Q(0) for t = 0,1,...,T. Recall 519y = 55 A > 1,
C > 0,and (2), then forall t = 0,1,..., 7 — 1, y{"? = CA's, < CAT B = 5. Recall
(4), and 8 = argmin{|b| : b € B,b > 0}, 3? = Q(0) fort =0,1,..., T — 1. Att =T,
g = Q(CATCAT) = Q(B) # Q(0). Therefore, """ = **,t =0,1,...,7T — 1, and

(
Yi

) 7é (1 2 =T, and item ii) is satisfied for k = 1.

For k = 2, recall (62), for any 1 < j < 4, Ty ;) = 2T'. Recall (59), (60), s2,1) =

0,822 = A 780,503 = So, S24) = So + A Ts,. By (63), (64), u§2’ = uEQ 2 — 0 for
0<t<2T,and ul® = 0> = 0for0 <t <2Tandt # T+ 1, ul*® = Y = u*

fort =T+ 1. Thereforeyﬁzl) Q) fort =0,1,...,2T. Forallt =0,1,...,2T — 1,

CAY A Ts,) < CAT(A"T 1) = B, and therefore ") = Q(CAHATs,)) = Q(0)

fort = 0,1,...,2T — 1. Att = 2T, 5 = Q(CAT AT L) = Q(B) # Q(0).
Consequently, items ii) and iii) are satisfied when k = 2,7 = 1.

For k = 2 and j = 2, by the derivation when k = 1, and note that 53 3) = 5(1,2), u§2’3) =

2 for 0 < t < T, we see that yt(2 3 = =Q(0)fort =0,1,...,7 — 1, and gt(z,g) = Q(p)

gar + Du*) = Q(AB + Du*). Att =T + 2,

3V = QCAT2s, + CBu*) = Q(CA™2 5. + CBu*) = Q(A’8 + CBu*) = Q(0)

by assumption. Also note that for the system state, 7\ = AT+H2 B 4 Bu* = 0 for

fort =T.Att =T + 1, j1*% = Q(CAT+ L.

t =T + 2. Therefore, xt 23) Z 0, and yg 3 = =Q(0) fort =T +2,...,27. We summarize
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the preceding as

Q(0), t=0,1,...,7—1,
t=T
gt(273) _ Q(B)? ) (68)
Q(AB + Du*), t=T+1,
| Q0), t=T+2,...,2T.

For %, att = T — 1, %% = Q(CAT (s, + A Ts,)) = QA1 + A-T)p).

Choose T' € Z such that
A

A-1

AT > (69)

Since A > 1, such a choice of T always exist, for example let 7' > loga(27). Then

AT <1—4,and 5 <1—A"7, orequivalently A —— < 1. Since A} (1+ A7) <

AT
AT A+ A T+ A+ )= A"'—— < j3, and recall G2 = QA (1+ A T)pB)
fort = T — 1, we have g§2’4) = Q(0) fort =T — 1. Since A > 1, C > 0, we see

that 7% = Q(0) forall0 < t < T — 1. Att = T, §*Y = Q(CAT (s, + A Ts,)) =
Q((1+ A~T)3). Recall Q (4) is right-continuous and piecewise-constant, for 3 € R, there

is 07 > 0 such that

Qly) =Q(B), Yy e [B,B+d).

Choose T' € Z. such that

1

Again, since A > 1, (70) is satisfied for all T" sufficiently large. Then 8 < (1 + A1) <
—r < [ + 61, and therefore gj,fm) = QB) fort =T. Att =T + 1, gj§2’4) =
Q(CATH (s, + A7 Ts,) + Du*) = Q((1 + A~T)AB + Du*). Again, by the assumptions
of @, for A + Du* € R, there is 45 > 0 such that

Qy) = Q(AB + Du"), Vy € [AB + Du*, AB + Du* + &3).
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Choose T' € Z such that

1
T AB < AB+ 6 (71)

Then (1 + AT)AB + Du* < AB + Du* + (52, and therefore §°>Y = Q(AS + Du*),

t=T+1. Att = T + 2, the system state 2\ = AT+2(s, + A Ts,) + Bu* = A%s, +

ATl car + Bu® = A%s,. Recall UE Y = 0for T +2 < t < 2T, therefore xtz A AT

forall T +2 <t < 2T. Forall T +2 <t < 2T — 1, Ca{*" = C A" Ts, < CAT(CAT)
= B, and therefore > = Q(Cm§2’4)) =QO0)forT+2 <t <2T—1. Att = 2T,

G = QCAPTTs,) = QCAT )

Q(p). Again, we summarize the preceding as

Q(0), t=0,1,...,T -1,
Q). =T,
G =8 QAB+ Dur), t=T+1,
Q(0), t=T+2...2T 1,
| Q). t = oT.
(1,2)

Recall (68), and the explicit form of 3, "™/, we see that items 11) and 1ii) are satisfied when
k=2,5=2.

We conclude that U (67) satisfies items ii) and iii) in Theorem 6 when k£ = 2.

Before invoking induction to show items ii) and iii) are satisfied for all k, we first make
some observations about S and Z. Recall the family of initial states S defined in (58), (59),
(60), we observe that forany k € Z, and j € {1,...,2%},

sty = (@B 4ol g g ol Y L, (72)

where ¢ = A~7, and al(k’j), 1 €{1,...,k},is defined to be

‘ 0, if0<(j—1) mod (2k1+1) < 220
Ozl(k’])z (] ) ( ) 3 (73)

1, it 2570 < (j—1) mod (281H1) < 2k,
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Essentially, the above is the explicit form of sz ;).

We use induction to show the preceding is valid. For k£ = 1, by (73), agl’l) = 0,
al? = 1. Recall (59), we see that (72) hold for k = 1.

Next, assume (72) hold for some k > 1, about al(k’j ) (73), observe that for any [ €
{1,...,k}

al(lc,j) _ Oél(lerl,zgel) _ al(k-ﬂ,zj)_ (74)

To see this, let (j — 1) mod 2*~!*1 = b, for some 0 < b < 2¥~"+1, Then j — 1 = 2F=+1.
a + b, for some unique @ € N (pp. 32, [22]). Therefore 2j — 2 = 2:+D=1+1 . ¢ 4 9p and
2j—2 = 2k+D=1+1. 4 4 9p+ 1. Therefore ((2j—1)—1) mod 2*+D=1+1 = 2p and (25 —1)
mod 20D — 2p 41 If o" = 0, then 0 < b < 267141 /2. Then 0 < b < 2F1 /21,
and 0 < 2b < 20k+D=I+1/9 9 Therefore, 0 < 2b < 2b + 1 < 26+D=1H1 /9 by (73),

(k.7)

FHL2IL) al(kH’Qj) = 0. Similarly, we can show that if o, = 1, then ¢, =

(k+1,2j—1)

aj

ozl(k+1’2j ) — 1. Therefore (74) holds. Also observe that for all j = 1,2,...,2%, by (73),
(

Q

270 — 0, and a7 = 1. Recall (60), for any 1 < j < 2*

S(k+1,2j-1) = S(k,j)

— (agk‘z.]) _'_C(gk:J) . q + ... + Oél(ckv.]) . qkfl) . 30

(K.j

— () 4 (k) | (k+1.2j-1) &

)'Q+"'+O‘k qk_1+ak+1 q") * So
Similarly,
S(hi1.2)) = S(k) T 4" - So

= (&gk’j) + Ozék’j) g+ -+ Oz,(fk’j) N s, 148 s,

k.j k.j k.j _ 2j
:(a:(l])+a;])q+_.+a](€]).qk 1)'SO‘|‘OZ](€+1 )qk’so

— (agkv.]) + agkvj) . q + Ve + Oél(fkv.]) . qk—l + a]({f:il’2j_1) . qk) . 80.

Therefore (72) hold for k£ + 1. By induction, (72) hold for all k € Z...
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Next, we also make some observations on Z (61). For any k € Z,, and any j € Z,,

define a function h(k, j) as

h(k,j) = ((j—1) mod (2") +1. (75)

Then forall k > 2, j € {1,2,...,2F}, Z (61) satisfies:

WM =0, t=0,1,...,T, (76a)
uﬁk’j) — agk’j)u*, t="1T + 1’ (76b)
k) = ugli—Tl,h(k‘,j))’ t=T+2,T+3,... kT (76¢)

We use induction to show (76) holds. For k£ = 2, recall UEZ’I) = uim) =0for0 <t <
2T, ul®® = u®* =0for0 <t <2Tandt # T+ 1, > =" = w* fort =T + 1,
and u{"" = u{"® =0, for0 < t < T. By (73), o\*" = o{*? = 0, o*¥ = o*¥ = 1. By
(75), h(2,1) = 1,h(2,2) = 2,h(2,3) = 1,h(2,4) = 2. We see that (76) holds for k£ = 2.

Assume (76) holds for some k& > 2. Recall (64),

uf Y = D = D = 0,1, KT (77

forall j € {1,...,2F}. By assumption, v\ = 0,¢ = 0,1,...,T,j € {1,2,...,2¢},
therefore u{* %1 = FT2) — 0 ¢t = 0,1,...,T,j € {1,2,...,2*}, and (76a) holds
for k+ 1. Att = T + 1, by (77) and (76b), u{F 271 = o FFL2D — (ki) — o (ki)
Recall (74), agk’j) = aﬁ’f“’?j‘” = a(lkH’Qj). Therefore ugkﬂ’z‘j_l) = ozgkﬂ’%_l)u*, and
u,ng’Qj) = ang’Qj)u* fort =T + 1. Consequently, (76b) holds for & + 1.

Next, we show (76¢) holds for & + 1. Recall (75), we observe that for all £ > 2, and

jeq1,2,... 21,

Wk, 25 —1) =2h(k —1,§) — 1, h(k,2j) = 2h(k — 1, ). (78)
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To see this, let h(k,2j — 1) = a, then 2j — 2 = 2"z + a — 1, for some z € N, and
(a—1) €{0,1,...,2*1 —1}. Note that a — 1 is even, divide the preceding equation by 2,
we have j — 1 = 2F"2z + &=L Therefore (j — 1) mod (257?) = %2, and h(k — 1,j) =
o1 41 = «HL Therefore h(k,2j — 1) = 2h(k — 1,j) — 1. Similarly, h(k,2j) = b, then
2j —1=212+4+b—1,forsome 2 € N,and (b — 1) € {0,1,...,2* — 1}. Note that
b—1lisodd, and j — 1 = 2""2z + =22 we have (j — 1) mod (2"7?) = & — 1. Therefore
h(k —1,j) =%, and h(k,2j) = 2h(k — 1, j). We conclude that (78) holds.

Recall (77), forall j € {1,..., 2k}, u{FTH270 = o (F+12) — o () Py o < ¢ < kT
Since (76¢) holds for k£ by assumption, we have u,gk’j ) = ugﬁ}l’h(k’j )), T+2 <t <Kkl

Recall (77), ugk_l’h(k’j)) = ugk’%(k’j)_l) = ugk’%(k’j)), t =0,1,...,(k — 1)T. Therefore

uiﬁ}l’h(k’j)) = ugﬁ’;h(k’j)), t=1T,T+1,..., kET. Combine the preceding, we have
u£k+1,2j—1) _ ugliih(k,j)—n, u£k+1,2j) _ ugli,;h(k,j))’ T4+2<t<kTl

Recall (78), 2h(k,j) — 1 = h(k + 1,25 — 1), 2h(k,j) = h(k + 1,2j), and we have

u§k+1,2j—1) U,E’i’;(kH’Qj_l)), U£k+1’2j) _ ugli,;(k—i-lﬁj)) T+2 S ¢ S LT

9

Consequently, forall j € {1,...,2% 1}
ulFHHI) — g (BRHLID 9 <t < kT (79)

Recall (64), we see that forany k > 2, any j = 1,2,..., 2%, ugk’j) =0,(k—1)T+2<t<
kT. Therefore forall j € {1,...,2" 1}

uFF) = = BRI 9 < < (k4 1)T. (80)

Recall (64), for all k > 2, all j = 1,2,...,2% if j mod 4 € {1,2}, then u{*? = 0,
t=(k—1)T+1;ifj mod 4 € {3,0}, then u{*" = u* t = (k — 1)T + 1. Observe that
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forany k > 2,1 < j < 2" let h(k + 1,5) = a, then (( — 1) mod 2*) +1 = a, or
j = a+(2¥72b) -4, for some b € N. Therefore j mod 4 = h(k+1,;j) mod 4. Therefore,

u(k+1,j) _ (k,h(k+1,5))

W41 = Y(p—1)T41 Consequently,

uF D) = L)y gy @81)

By (79), (80), (81), we see that (76c) holds for k£ + 1. We conclude that (76) holds for all
k> 2.
Now we are ready to show items ii) and iii) are satisfied for &£ + 1, assuming that they

are satisfied for some k > 2. Recall (64), we see that
ulPTE2I) — g (BHL2) 0 <y < (k4 1T, (82)

forall 1 < j < 2% Recall (72), Sha12j-1) < (L+q+ -+ q")s, < 1—iqso. Sim-

ilarly, sgi125) < ﬁso. Recall (76a), A > 1, C > 0, forall 0 < ¢t < T — 1,

Caf™™ 7Y = CAls (i pjor) < CAT  Los, = A7 1 8. Recall (69), A~ =i
1, and 57D = Q(C2FTPTY) = Q(0) forall 0 < t < T — 1. Similarly, ") =

<
Q(0) forall 0 <t < T — 1. Therefore,
gkt t2i=l) — gkt 120) oy g T — 1. (83)

Att =T, g% = Q(CATsgr12-n). and G = Q(CATs(412). Re-

call (74), o{FT1270 = oFHL20) - Recall (72), if ol = QL) = 0 then
CATS(kJrLQ];l) < CAT(Q + q2 + ) = CAT qqm = ﬁﬂ Choose T' € Z+
such that

AT —1> 1. (84)

Then CATs(j119j-1) < [3, and therefore y(lchl S - = (0). Similarly, we can show

~(1g+1 27)

that ¢ = Q(0) in this case. If ol = (L2 — 1 then CATs, <

CAT S(k+1,2j—1) < CAT<1 +q+ q2 + - )So = 61—A+T
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Recall (70), we see that CA”s(.112j-1) € [3,8 + d1), and therefore gj(TkH’ijl) =

Q(CAT s(441,2j-1)) = Q(B). Similarly, we can show that gj(TkH’Qj) = @Q([) in this case. We

summarize the preceding as

G2 _ plet12) -y (85)

Att =T + 1, recall (76b), ulr 21 = ang’Qj_l)u*, ugfilmj) = agkﬂ’mu*. Recall

T+1
(74), Oéng’Zj*l) = &gkﬂ’m = czgk’j), and ugf“jf’”*” = ugf“jf’% e {0,u*}. If agk’j) =0,

and therefore #jﬂﬂj—l) = 0, recall (72), then CAT 541051y < CAT (g + ¢ +

++)$o = 47— 3. Choose T' € Z, such that

AT — 1> A (86)
Then C’ATHS(HLQj,l) < (3, and therefore gjgfll’% g Q(0). Similarly, we can show
that g,fp’“jf’”’ = Q(0) in this case. If o!™ = 1, and therefore ugf“jf’?j D = y*, then

CATH s, 4+ Dt < CAT sy 1)+ Dt < CATH (1 gt )so+Du* = Af—tp+
Du*. Recall (71), we see that CA™ sy 95 1) + Du* € [AB + Du*, AB + Du* + &),
and therefore gg“jf’?j*” = Q(CA™ s 119j-1) + Du*) = Q(AP + Du*). Similarly,
gjgfll’% ) = Q(AB + Du*). We conclude that

~(k+1,2j—1
giA=h

e L A (87)

Att=T+2,forany 1 < j < 2% recall (72), (76b),and ¢ = A~7

(k+1,2j=1) _ AT+2 (k+1,2j—1)
T2 = A8 (ky1,25-1) + Bupy,

_ AT+2(0451<+1,2J>1) —|—o¢§k+1’2j’1)q+---+a;gi+ll’2jfl)qk)so+Bagkﬂ’%*l)u*

_ Ag(a;kﬂ,zj—l) I a}(g/:l,zj—l)qk_l)so n agk+1,2j—l)(AT+2so + Bu).

50



Note that

T42 T42 B _ L o ¥
A s, +Buf = A CAT+BU—5(AB+CBU)—O, (88)
therefore
$£Fki21,2j 1) A2< (k+1,2j— 1)+ . 1(::1 2j— 1)qk_1)so. (89)

Consider x(k hk+1.27-1) recall (72), (76a),
pEROH1L2-D) g2 (hl12-1) | a}(ﬂk;,h(k‘—i—laj—l))qk_l)s& (90)
(k+12j-1) _  (kh(k+12j-1))
2 .

In the following, we show that x;/,

Recall (73), (75), note that (j — 1) mod (2871) = h(k — [ + 2, ) — 1, we see that

, 0, if0<h(k—1+27)—1<2 o1
a; =
1, if 257 <h(k—1+2,5) — 1< 2k

foranyk € Z,,j € {1,...,2"},andl € {1,... k}.
Recall (89), (78), forany | € {2,3,...,k+ 1}, (78),

h((k+1)—14+2,(2j —1)) =2h(k —1+2,7) — 1. 92)

Similarly, recall (90), (78), forany [ € {2,3,...,k + 1},

hk—(1—1)+2h(k+1,2j—1))=h(k—1+3,h(k+1,25 — 1))
=h(k—143,2h(k,j)—1) 93)

= 2h(k — 1+ 2, h(k,j)) —

We observe that forany [ € {2,3,... k+ 1},

hk—1+2,7) = h(k — 1 + 2, h(k, j)). (94)
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Indeed, let h(k,j) = a, and h(k — [+ 2,a) = b. Then j — 1 = (a — 1) + 2¥712, and

a—1= (b—1)+2%"12 forsome z, 2’ € N. Then j—1 = (b—1)+2F"H1(2/4+2722). Since

[ >2,2'+2722 € N. Recall (75), h(k—1+2, j) = b. Therefore h(k—1+2,j) = h(k—I1+

2, h(k,5)). Recall (92), (93), h((k+1)—1+2, (2j—1)) = h(k—(I—1)+2, h(k+1,2j—1)).

Recall 91), forany [ € {2,3,...,k+ 1},

k+1,2j—1 k,h(k+1,25—1
afEF127Y) _ o (hhlir1.2i-D)

Recall (89), (90), forany 1 < j < 2%,

(k+1,2j—1) _ (k,h(k+1,2j—1))
) = L9 .

Similarly, we can show that

L RHL27) s h(k1,25)

Therefore, for any 1 < j < 2~+1,

Recall (76¢), u{*™7) =

T+2 2 :
g — gL (95)

u(li,;g(lwrl,j))7 t=T+2T+3,...,(k+1)T, or equivalently,

t

(419 eh0H10) g

kT. (96)

By (95), (96), and the time-invariance of system (2), we see that for any 1 < j < 2k+1,

jtL) _ plkhled1))

t+T

~(k+1,2j-1)

Yerr =y

=2,3,...,kT. Recall (78), forany 1 < j < 2F,

(k,2h(k,j)—1) ~(k+1,25)
t

~(k,2h(k,j
N

. t=2,3,... kT (97)

By assumption, item ii) is satisfied for k. Therefore, by (40), note that 1 < h(k,j) <
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2k=1 we see that

i) =) _ gk2b(ed) 4 93 pp g
~(k,2h(k,j)— ~(k,2h(k,j
go2n(bi)=1)  pk2bed) 4

Y

Recall (97), we see that forany 1 < 5 < 2k,

gAY = g = P2 T3, (k1T 1,

~(k+1,2j—1 ~(k+1,25 T
yzg a 7 yt( j)’ t (k 1) :

Recall (62), (82), (83), (85), (87), (98), we see that item ii) is satisfied for k+ 1. For item

1ii), recall (64), we see that uEkH’Qj*l) = ugk’j), 0<t< KTl forany1l < j < 2k Recall

, S(k+1.2i—1) = S(k.;). Therefore y 2= :gj", <t < ,forany 1 < 5 < 2%,
(60), 5(k+1.2j-1) = S(kj)- Therefore g2~ — 581 0 <t < kT, forany 1 < j < 2
Since item ii) is satisfied for & + 1, gjt(k+1’2j -b_ yjt(kﬂ’% ), 0 <t < kT, and therefore item

iii) is satisfied for £ + 1.
By induction, we conclude that ¥ (67) satisfies items i1) and iii) in Theorem 6.
Next, we show that W (67) satisfies item iv) in Theorem 6.

Assume a sequence {j(k)}72, is given, and
j(k) € {1,...,2F} and j(k + 1) € {2j(k) — 1,2j(k)}, VEkeZ,. (99)
Recall (72), we observe that limy,_. S(x j(x)) exists. To see this, for any & € Z_, recall (74),

S(k+1,5(k+1)) = S(kj(k))

- (a§k+1,j(k+1)) I OéékJrl,j(kJrl))q TR al(ckﬂ,j(kﬂ))qkq X Oz,(clfll’j(kﬂ))qk)so

(a0 g g 4 ) oty

— (@) _ a0y o (D) (R (R)y

q80+...

T (QEFLI0HD) a0y ety (i) g

_ (k+1,5(k+1)) K
=y q"So.
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Since a,(;fll’j(kﬂ)) > 0,q > 0,5, > 0, we see that s(41 jk+1)) — Skjr)) = 0, and

{S(k,j(k))}zoﬂ is a monotone sequence. Recall (72), we see that s jx) < ﬁso < 00,
therefore {s( (k) 7o, is bounded from above. Consequently, {5 () }n; converges (pp.
6, [23]).

Given {j(k)}?2,, define an initial state s of system (2) as
S = Jir{}o S(;@j(k)). (100)

Also, recall (61), define an input sequence u as

U = ugl’j(l)), 0<t<T,
| (101)
u=ul ) (kDT <t <kT,VE>2.

In the following, let y = {7;};°, be the output of system (2) when its initial state is o = s
(100), and its input is u (101). And we also use z; to denote the state of (2) corresponding
with o = s (100) and u (101).

For y defined in the preceding, we observe that for any k£ € Z,,

g =g 0 <t < kT (102)

Y

We use induction to show this observation.

At &k = 1, by the previous derivation showing ¥ (67) satisfies item ii) for £ = 1,
we have 3" = Q(0) for t = 0,1,...,T, and §\"? = Q(0) fort = 0,1,...,T — 1,
Q(Tm) = Q(p). If j(1) = 1, then aﬁ“‘“” = 0, recall (72), we see that s k) < 75, for
all k € Z,. Recall (100), s < 5 10550 Then forall 0 < ¢ < T, u; = 0 by (101), therefore
Cx, = CAls < C’ATﬁso = mﬁ. Recall (84), Cz; < 3, and g; = Q(0) = yfl’j(l))
for 0 < ¢ < T. Similarly, if j(l) — 2, then o\ = 1, recall (72), we see that s ) <
4% forallk € Z,,s < 5 7550 Then forall 0 <t < T — 1, u; = 0 by (101), therefore

1

Crx, = CAls < CAT! 1q = A~ —=/. Recall (69), A™'—— < 1,and Cz; < f3,

lAT
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and g, = Q(0) = gjt(l’j(l)) for0 <t <T-—1. Att =T, since agl’j(l)) =1,s5s—s, >0, write
Cxp = CAT(s—5,+5,),then 3 < Cap = f+CAT (s—s,) < 6+C’AT1%qso = BH%.
Recall (70), we see that §i = Q(8) = 7% 7", We conclude that (102) holds for k = 1.
Assume (102) holds for some k > 1, since ¥ (67) satisfies items ii) and iii) in Theorem
6, recall (40), (41b), we see that g* T+ W=D — glktL2ik) _ gkik) v o 1 kT
Recall j(k + 1) € {2j(k) — 1,2j(k)}, gt ¢ = g®BiED 4 — 0 1, . kT. By

assumption, (102) holds for £, therefore

G = gFIE) = gLk 4 g kT

Consequently, to show (102) holds for some k£ + 1, we only need to consider £7'+ 1 <t <
(k+1)T.
Recall (76), forany [ € {2,...,k— 1}

(k7 ) — (k_lzh(kv ))
ulT-]H = u(l—l)T-i—lj
— (k729h(k717h(k7j)))
= U941

(=== (1=2) kb (k=R )) )
- YT+1 .

Recall (94), h(k — (I — 2),h(...,h(k — 1, h(k,7)),...)) = h(k — (I — 2),h(..., h(k —
Lj),...)=hk—(0U0=2),h(...,h(k—2,7),...)) = -+ = h(k — (I —2),7). Recall
(76b), (64), and note that h(k — (1 —2),7) = j when 1 < j < 2¥, we see that for all k > 2,
j€{1,2,...,2%}, 7 (61) satisfies:

() aﬁk_(l_l)’h(k_(l_2)’j))u*, t=IT+1forsomelel,...,k—1,
ug Y = (103)

0, otherwise.
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Next, consider =% /1) By (72), (103)

kT—1
JL,}(C/I;rl,j(k+1)) :AkTS(k—i-l,j(k—i-l)) + Z AkalffBung,j(kH))
=0

k—
Z (k+1,5(k+1)) z 1_i_oé’(ck-i-l,](k-i-l))qk—l+a’(€i-lilu(k+1))qk)so_'_

k—
A(H)TJBag(kﬂ)*(l*l),h((kﬂ)*(172),j(k+1)))u*
=1
~1
q
1

(k+1,5(k+1)) o LI+
Aty So+ ayyy So-

o

"“+l(al(k+1’j(k+1))ATso n &(k—l+2,h(k—l+3,j(k+1)))A—QBU*)+

1

l

Note that by (73), a{FTH7 ) — oF=1+200+0) Recall (91), alF 27+ s determined
by h(k—14+2—1+2,j(k+1)) = h(k—1+3,j(k+1)). Similarly, ("> 13i+1)
is determined by h(k — 1 + 3, h(k — I + 3, j(k + 1))). Recall (75), we see that h(k — [ +
3,h(k—1+3,j(k+1)) =h(k—1+3,7j(k + 1)), therefore

al(k+17j(k+1)) _ Oé(lk—l+2,h(k—l+3,j(k+1)))' (104)
Consequently,
' k—1 ‘
Ig;ﬂ,j(kﬂ)) _ Zq_k+zal(k+1,y(k+1))(ATso + A—QBU*)
=1
AT Q) o L) o
So + or

Note that A”s, + A2Bu* = %A”(AQB + C'Bu*) = 0. Therefore,

xl(CkTJrl,j(kJrl)) :ATal(Ck+1,j(k+l)) Sq + 1 l(c’f:rll ](kH))So- (105)

Next, consider x; at t = k7. Recall z; is the system state corresponding with zy = s

(100) and u (101). Recall (40b), (41b), (99), (101), we see that u; = u!™* 0 < ¢ < 2T,
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for any z € Z,. Consequently,

kT—1
zrr = A (8 = S(r1jha1)) T S(httjbe1)) + Z AFT177 B,

kT—1
= A (s = Sger i) T (AT spjany + Y AT By D))
=0

=AM (s — sger1 i) + x(k+1’](k+1))

Recall (72), (100), we see that 0 < s — Sqri1(k+1)) = 2 iog aéﬁti”“ﬁqﬂ))qk“s There-

fore 0 < A" (s — s(t1jet1)) < L5, and

$é§+1,j(k+l)) < dpp < x(k+1,J(k+1)) + %_qso' (106)

Att = KT + 1, recall (103), (104), ugpyy = uper 78 = oFHIED) 0 - Recall

(105), then Czx(HLIFHD) L Dy (ELIRHD) G g (AT | q (LI ¢y
Da}(gk—l—l,](k—f—l))u* _ (k—l—l,] k+1)) (OAT+180+DU ) + C'Aa kij:rlm (k+1)) ¢ S Ifa (k+1,g(k+1))

0, then ng}trll’j(kﬂ)) - Du,(ckTJZrl{J(kH) < CAs, < CA's, = 3, and ~;(ckTT{J ) = Q(0).

Recall (106), then C'zyr 41+ Dugri1 < CAs,+C At s, = CAllquo /3. Recall

Agr—
(86), Axr— 3 < 3, and therefore grr1 = Q(0) = ﬂ/&?fﬁiﬂkﬂ)). If a,&kﬂd(kﬂ)) =1, then

by the preceding, C:z:g}’ff(kﬂ)) + Dug}fl’j(kﬂ)) € [AB + Du*, AB + Du* + A7—0),

and Cxgry1 + Dugryq € [AS + Du*, A + Du* + AATl_lﬁ]. Recall (71), Aﬁﬁ < 09,
and therefore g1 = y;ﬁ’}i’](k“ = Q(AB + Du*). We conclude that g, = gfkﬂ’j (k1))
t=kT+ 1.

For kT + 2 <t < (k+ 1)T — 1, by (103), (104), (105), we have

xékﬁléj(kﬂ = A2(ATQ (+Lik+D) g o, é}:ﬁ17g(k+1))80)+Ba}(€k+1,j(k+1))u*

— A2 ki:rll,y(kﬂ)) 54+ (k+1j(k+1 (AT+2s, + Bu*) = A% ;ﬂlj_-lilj(k—l—l))so‘

Recall (103), u\* "% D) — o kT 4+ 2 < t < (k + 1)T — 1. Therefore Cz{*7*+1) 4
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Dung,j(kH)) — CAt_(kT+2)SC](€’;wJ:_12J(k+1)) < CAT—gAzal(ﬁrll,j(kH))so = A8 < B.
Therefore "% ™) = Q(0),kT + 2 < t < (k+ 1)T — 1. Recall (101), (106), we
see that Czy + Du, < A7'B + C’AT*II%qsO = Aflﬁ%_q. Recall (69), Aflﬁl%q < B,
therefore §, = Q(0) = g" ™™ ) — Q(0), kT +2 <t < (k+ 1)T — 1.

Att = (k + 1)T, recall (103), ufy 4" = ugayr = 0. Recall o/ * ™) =

AQOz,(ﬁrll’j(kH))so, we see that x,&’;’fj’?(ﬂl)) = ATa,(Clﬂl’j(kH))so. Recall (106), and note that

e = A (opr — 2 ) 12 we have ATl s, < gy <

k1,5 (k+1 k1,5 (k+1 (k+1,(k+1 k1,5 (k
AToz,g:l i)+ TS0 If oz,(€++1 IE+D) _ 0, then y((kil)JT( ) Q(Cméfiﬁ( )y =

Q(0). And Cxjp1yr < ﬁﬁ. Recall (84), ﬁﬂ < /3, and therefore 1yr = Q(0) =
oo I o) = 1 then g T = QoY) = Q(B). And
B < Crgunr < 156, by (0), Juinr = Q(B) = G, We conclude that
o= gt = kT 4 T

So far, we have shown that (102) holds for k£ + 1. By induction, we conclude that (102)
holds for all k£ € Z.

Next, we show that the pair (u, ¥), which corresponds with the initial state s (100) and
the input (101), satisfies (42). Recall (62), T} jx)) = k - T, forall k € Z,. For k = 1, by
(101), u, = w0 <t < T. And by (102), §, = 5"",0 < ¢ < T. For any k > 2,
by (101), u; = u™ ™) (k — )T < t < kT. By (102), §; = §"'™) 0 < t < kT, and
consequently g, = "), (k—1)T <t < kT. Therefore (u,y) satisfies (42). Note that
(u,y) € P, where P is system (2), we conclude that ¥ (67) satisfies item iv) in Theorem
6.

Since W (67) satisfies the hypotheses in Theorem 6, we see that system (2) is not weakly
observable (C2). This completes the first part of this derivation of Theorem 7.

Next, we show that system (2) is not asymptotically observable (C3). Since system (2)
is not weakly observable (C2), we apply the derivation of Theorem 6, particularly (56) in

the following. Then for any observer S, there is (u,y), which corresponds with the initial
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state s (100) and the input (101), such that for all k € Z,,

U # Uy, t=FkT.

Let 0 = min{||y; —vo|| : v1 # Y2, 1, y2 € YV}, and define v = 2“2*“ > 0. Forany N € Z,

and N > 2,
NT N kT
S olg =gl = Al =D 0 >0 e = dell = vlwell).
t=T+1 k=2 t=(k—1)T+1

Forany k € {2,..., N}, recall (101), (103), Zfi(k_l)TH ||we|| = ||w*||- Since ¢y # gy, t =

KT, (0L goryrs |19 = 9ell) = 19kr — il = . Therefore

kT }
g = el = Ywell) > 6 — =—|[u|| = <.
t(k;T-H 2||u|| 2

Consequently,
NT 5
D 15 = Gell = Alluell = (N~ 5, VN=2
=T+1
NT - - . .
Therefore, sup >y > ;g 190 — 3¢l — v|lue|| = oo. Since U, Y are finite sets, and each

of their elements are of finite norm, >, ||§ — || — |lu|| is finite, and consequently

SUP7> ZtT:O |9 — 9e|| — v||ue]| = oo. By definition, v = m > () is not an observation
gain of system (2). Recall Definition 2, we see that for any 7' € R, if 7/ < ~, then v/
is not an observation gain. Recall (7), we see that the (O-gain v* of system (2) satisfies

v* >~ > 0. Recall Definition 3, system (2) is not asymptotically observable (C3). [l

Remark. Alternatively, in the hypotheses of Theorem 7, we can require (88) in terms of

the state-space of system (2).
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3.6 Illustrative Examples

In this section, we first present two examples to demonstrate the concept of finite mem-
ory observability. The first example corresponds to Theorem 1, and the second example
corresponds to Theorem 2. We also use a third example to illustrate the conditions of

weakly observable (C2) and asymptotically observable (C3).

Example 2. We present a second order system (2) which is finite memory observable. The

parameters of the LTI system in (2) are:

025 —0.05 2
A= B= c=l05 0]|D=1
0 02 |

The above parameters are minimal. U = {0, 1, —1}. The quantizer Q(-) is defined in

(3), and R = 5. Next we will show this system satisfies the condition in theorem 1.

We assume that the initial state x(0) of the LTI system is bounded, particularly:
[zolloe <0

for some b € R, .

First we find the distance d(.4, B) between the two sets .4 and B defined in (8) and (9).

Since
11 1/4 0 1 -1
A:
0 1 0 1/5 0 1
‘We have
/4™ (1/5)" — (1/4)®
PO B eV
0 (1/5)"
and

CA"B = 1/2((1/5)" + (1/4)™),n = 0,1,2,3---

Then A C (—55/24, —41/24)U(—31/24, —17/24)U(—7/24,7/24)U(17/24, 31 /24) U
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(41/24,55/24). And the set B is {—4.5,—3.5,—2.5---3.5,4.5}, we arrive at the result:
d(A,B) =5/24

This means that the forced response of the underlying LTI system is at least 5/24 away
from any discontinuous point of the quantizer.
Next, we try to find a uniform bound on the state x;. Refer to the proof of theorem 1,

we arrive at:

t
2 < max{]|zo]loo, | Buslloo} Y A%

7=0
Since ||z¢]|oo < band u, € {0, 1, —1}, we have max{||z¢||oo, || Btto||oo} < max{b,2}. And
| Al is the greatest row sum of the matrix A, we have ||A||. = 0.3. Combined with the

above upper bound of ||z;||.., we have:

10
|2t 0o < 7max{b,2}, Vit e N

Next we find a memory length [ for the finite memory observer. Let z; = [z} 2?]7, and

choose [ such that:

|%(1/4)lx§_l + %[(1/5)5 — (1/4)22 | < %

Notice that [|z[| < 2 max{b, 2}, it is easy to come up with a choice of [, say: | =
[log, 2 max{b,2}] + 1. In this case, all possible values of y, lies within the continuous
part of the quantizer Q)(-). Then the DFM observer which stores past [ steps of input and

output of system (2) achieves (C1).

Example 3. We present another second order system (2) that is also observable. The pa-

rameters of the LTI system in (2) are:



U = {0, 1, —1}. The quantizer Q)(-) is defined in (3), and R = 5.

Clearly C'A = 0, so this system satisfies the condition in Theorem 2. Notice that the
solution of v, is: y; = u;—1 + uy, V¢ > 2. Then it is easy to come up with a finite memory

observer that achieves the requirement in (C1), described as follows:

qt+1 = Ut

Ur = Qg + uy)

where t € N, ¢; € Q and Q = U. ¢y can be arbitrary, say 0.

Remark. Both examples 2 and 3 are finite memory observable. If we consider the observ-
ability of the underlying LTI system, then example 2 is observable but example 3 is not
observable. So for system (2), there is no direct link between finite memory observability

and observability of the underlying LTI system.

Example 4. We present a one-dimensional system (2) which is not weakly observable (C3).
The parameters of the LTI system in (2) are: A =2, B = 1,C' = 1, D = 0. The quantizer
@ is described by: Q((—00,0.5)) = 0,Q([0.5,00)) = 1. The input set is U = {0,2, —2}.
Let u* = —2, and note that the discontinuous point of Q is 5 = 0.5, then CBu* + A?3 =
—2 + 2%20.5 = 0, therefore the hypotheses in Theorem 7 is satisfied, and consequently this

system is not (C3).

3.7 Summary

In this section we propose a set of notions of observability for systems over finite alpha-
bets with quantized output based on how well an observer can predict the output of such
systems. We characterized this notion by deriving both necessary and sufficient conditions

for observability.
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4 DFM Observers and Their Construction

Following our study on observability of systems over finite alphabets, in this chapter,
we discuss the construction of DFM observers. In particular, we study the limitations of
an existing construction, and we propose a new construction that has better performance
in certain cases. Some of the work presented in this chapter consists of the previous work
reported in [25], as well as some new observations.

In the setup shown in Figure 2, the observer S generate ¥, to approximate the output y;
of system P, based on the input and output history of P. Therefore, S can also be viewed
as an approximation model for P. And the observation gain vy (see Definition 2) serves
as a measure of the quality of such approximations. In the following, we are particularly
interested in constructing DFM observers as approximation models for systems (2). In
this case, the approximation model S has finite cardinality, while the original system P
has infinite cardinality. In this chapter, we show that in certain cases we do not lose any
generality in requiring the observer S be a DEM.

From the derivation of Theorem 1, in terms of constructing DFM observers, it seems
a reasonable idea to associate finite length of input and output sequences of system (2) to
the states of DFM observers. However, this approach has its limitations, especially when
(C2) or (C3) is concerned. As we shall see next, for certain systems, if the DFM observer
is constructed using the “associating state" approach, the observation gain -y is greater than

zero, but there exist other DFM observers that achieve v = 0.

4.1 Connections between Finite Memory Observable and DFM Ob-

servers

Note that the definition of (C1) in the previous section is different from that defined
in [25] (namely whether the set Q is finite). Recall that if |Q| < oo for an observer S (5),
then S is indeed a deterministic finite state machine. Interestingly, as we shall see next, the

two definitions of (C1) are equivalent in certain cases.
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First, we introduce some notations. Given a pair of signals (u,y) = ({u:}520, {:}320)>

and an integer 7 € N, use (u”,y”) to denote the shifted pair of signals: (u”,y”) =
{uerr 120, {Uesr }i20)-

Definition 4. Given a system over finite alphabet P C UYN x YN (1), we say P is time-

invariant if for any (u,y) € P,andany 7 € N, (u”,y") € P.
Now, we are ready to present the equivalence between the two definitions of (C1).

Lemma 2. Given any time-invariant system P (1), P is finite memory observable if and
only if there is a DEM observer S (5) with |Q| < oo, and T € Z, such that for any
(w,y) € P, g, =y, forallt > T.

Remark. Clearly, system (2) is time-invariant according to Definition 4. Consequently, as
stated in Lemma 2, we only need to consider DFM observers for systems (2) as long as (C1)
is concerned. And this is the reason why we adopt the name “finite memory observable"

for (C1), since a DFM has a finite amount of memory.

Proof. Assume a time-invariant P is (C1) as stated in Definition 3. Then there is an ob-
server S (5)and T' € Z4 such that for any (u,y) € P, ¢, = y, forall t > T Next, define a
truncation operator ¢(-) : UN x YN — UTH x YT as: For any (u,y) € UN x YN, where

u = {u}32y and y = {y:}7%, ¥ (u,y) is defined as
’ll)(u,y) - (uTauT—lv"'au07yT—17"'ay0)' (107)
Given P, define a set QF as

QF = {w(uaY> : (11, Y) € P} (108)

Essentially, Qp is the collection of all feasible input and output segments of P with appro-
priate lengths. Clearly, Qr C UT*! x YT,

Given S, recall that S is of the form (5) with initial state ¢,. Define a function 0(-) :
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Qr — Y as: Forany q € Qp, write ¢ = (up, up_1, ..., U0, Y7—1,- - -, Yo), then

Q(Q) = g(f( .- f(f(Q(nan yO)a Uhyl) sy U1, yT—l)’ uT)' (109)

Essentially, 6(q) is the output g7 of S at time T', when the input signals of Sfor0<t<T
are in accordance with q. For the completeness of the construction of DFM (as we shall see

next), define: If ¢ ¢ Qp, then let
0(q) = yu, for some y, € Y. (110)

Next, define a transition function ¢(-). Let ¢, be a symbolic state, then ¢(q, u,y) is a
mapping: (¢, U (U, U x Y1) x U x Y — L, U’ x V', described by:
For any g € ¢/, U (Ulew' x V), yeV,uel,

> If ¢ = ¢}, then

o(q,u,y) = (u,y). (111)

>1Ifqg e UiT;llL{i x Vi, write ¢ = (uy, Uy ... U, Y1, Yo - .. y;) forsome i € {1,..., T — 1},
then

(b(q,u,y) = (U7U1,U2'-.Ui,%ylaym-‘yz‘)' (112)

> If g e UT x YT, write ¢ = (uy,us ... ur, y1,¥s - - - yr), then

o(q,u,y) = (u,ur,uz ... ur_1,Y,Yy1,Y2 - - - Yyr—-1)- (113)
Now, consider a system S’ described by:

qIIH']. = (ﬁ(qllfaut)yt)’
(114)

:’% = Q(Ut, q;)v

where functions # and ¢ are defined in equations (109) through (113). We enforce that S

starts at a fixed initial state: ¢, = ¢..
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Use S’ as an observer for P as in shown in Figure 2, then u; and y; in (114) corresponds
to the input and output of P respectively. Then, for any (u,y) € P, recall (111), we

have ¢| = (ug,yo). Recall (112), we have ¢ = (uq,uo,¥1,Y0), and consequently ¢ =

(ug, u1,uo, Y2, Y1, Yo). Repeat this argument, we have ¢ = (ur_1,..., U0, Y7—1,---,Y0)-
Att =T, recall (113), we have g7, = (ur, ..., u1,¥yr, ..., y1). Consequently, we have
q; = (ut—la ey Wy Yp—15 - - - 7yt—T)7Vt Z T. (115)

Essentially, ¢; contains the past 7" steps of the input and output of P. Recall (114), we have

?); - 9<ut7ut—17 ey Up—Ty Yt—1,5 - - - 7yt—T)7 Vi Z T. (116)

Forany ¢t > T, letT = t—T. As stated previously, use (u”, y") to denote the shifted pair of
signals (u,y): uj = usyr, and y] = ysq,. Since P is time-invariant, we have (u”,y”) € P.

Recall (108), we have ¢)(u”,y") € Qp. Since

w<u77 yT) = (u}, U;,l, ce 7u67y§‘717 ce 7y8)
= (uTJr‘ra UT 147y ooy Ury, YT =147, - - - 7y1'>
= (ut’ Up—1y ooy Ut—T5 Yt—1, - - - 7yt—T)7
and therefore (w, uy—1, ..., W7, Yt—1,---,Yo_1) € Qp.

Next, use ¢; to denote the output of S when the pair (u”,y") is applied to S as its input.

Recall (109), (116), we have

~/

yt = Q(Ut, Up—1yeee sy Uty Yt—1,- .. 7yt—T>
B 9 T T T T ’T)
= O(Wp, W gy e UG YTgs - Y
_ N8
= Y-
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Since P is (C1), by definition, we have ;. = y7. Note that y7. = yr,, = y:, we have

117)

N
[
Ny
ﬂm
I
Neg
N
I
<

Note that the choice of ¢ > T is arbitrary, we conclude that for any (u,y) € P, g, = y; for

all t > T'. Recall (114), we have ¢, € ¢/, U (U, U x ¥), and |¢, U (U, U x V)| < oo,

therefore S’ is a DFM. This completes the proof of the forward implication of Lemma 2.
Recall the definition of (C1), then the backward implication of Lemma 2 follows. This

completes the proof. O

4.2 Limitations of an Existing Construction

We present a technical result to illustrate the limitations of the “associating state" con-
struction. For the purpose of exposition, we restrict our attention to systems (2) with
m = p = 1, and the quantizer () is in the form of (4). Now we are ready to state our

result.

Theorem 8. Consider system (2) with m = p = 1, and (@) is of the form (4). Assume that
p(A) < 1, U contains positive, negative and zero elements, 0 ¢ B, CA! # 0 forall | € Z,
and A N B # &. Then given a DFM observer S, if U 1s uniquely determined by

(Y1, - Yper Ug, Ug—1, - - . , Uy_7) for some T" € Z , then for this S, the observation gain

v > 0.

Remark. The hypotheses on S in Theorem 8 corresponds to the “associating state" con-

struction of DFM observers.

Proof. For any observer S that has the following property:

~ ~ deterministic.
(yt—la"'7yt—T7ut7ut—17"'7ut—T> 7 Y (118)

forsome T € Z, , we find an input u of system (2) such that prediction error occurs (e; # 0)

infinitely often. Similar to the derivation of Theorem 3, let t; € N, u! € UN be such that
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t; = min{t : F(u,t) € AN B}, and F(u',t;) € B. Given u', we use u?! to denote the
truncated sequence of u': u! = {u} : 0 <t < t;}. Without loss of generality, we assume

that 7' > ¢, (otherwise just take 7" = ¢; 4+ 1). Next, we divide this problem into two cases:
Case 1. C A" B # 0 for infinitely many r € Z,.
We start with constructing an input sequence u of system (2) as follows:

I I I I
I i i 1 1 I
U, < 0>« ULH— U, —>i— U, —>{— U, —>— U, —>
| P | i i |
| | 1 I 1 1 1 I
! — ) 1 | | !
r L | | L 1 L Il )_
0 T 1 t,+L 1,42 ¢t +3L
| L) i T
i€ 0 Pitordit O > O el >
Y
" {—— 1 }
L, L+l 1, £
I 1 u I 1 1 [}
I 1 I 1 ] 1
w 4 0 PitorPie 0 >k ) Hieu>
% | R i ] i
I ! I l A 1 i ]
I S— | | I N | 1
L 1 L L )
L il £ t,

Figure 3: Input sequence construction for case 1.

As shown in the above figure, the idea to construct u is to drive the state x; such that at

a particular time, t3 in this case, z; satisfies

d
Hmt“oo < m y and CAT.’L‘t 7é O, (119)

where K4 = sup{||A!|| : t = 0,1,2,--- }, and d; is defined in (17). Then by repeating the
input between time 0 and time 7', we arrive at a prediction error. Shown in Figure 3 as u,,
the input u,; for ¢ > T consists of a sequence of zero input of length [/, a one-step nonzero
input, another sequence of zero input of length k, and a repetition of input between time 0
and time T (essentially a zero sequence followed by ul). By assumption, there exist two
nonzero input vy, u— € U and uy > 0,u_ < 0. By choosing the length of zero inputs [

and k properly, x;, will satisfy (119).
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We want to choose a k large enough such that ||z, is sufficiently small to guarantee
that the outputs y; under u or u_ are identical from ¢3 to ¢4 — 1, but different at £,. And we
choose an [ large enough such that ||z, || is sufficiently small, hence the terms associated
with u and v_ are dominant in x4, 1.

First we choose k. Let K

Umazx

= max{|u|,|u_|} and K, , = min{|u|, |u_|}, then

there exists ky € Z such that
dy

AF > ky. 120
Yoo (<[ 1] P (120

max

Since CA"B # 0 for infinitely many » € Z., choose k such that k& > ky and
CATHB £ .
Next we choose [. By the proof of Theorem 1, ||2;||o is uniformly bounded. Let

|7t]|co < b3, b3 € R. Choose [ € Z such that

K

Umin

bs

Bl

[A oo < € (121)

where € is to be determined. Then z;, = Alzy implies |2,/ < €K

Umin

B|co-

Att =to+ 1, 24,41 = Axy, + Buy or 4,11 = Axy, + Bu_. Then att = t3,

d1 d1||A||OOEKu
2KA[ICllh + 2K4lIC|L K,

min

[ floo <

Umax

Choose ¢ < K

Umazx

(HA”ooKumm)—l, then

d
|24 lloe <

KallClh

In order to achieve CATz;, = CAT ¥z, ., # 0, we require that:

1
|CAT* Az, | < §|CAT+kB|Ku

min
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which can be achieved by:

‘CAT+kB|

€ <
3| Alloo | Blloo [ CATHy

then CAT™*(Ax;, + Bu,) # 0 and CAT*( Az, + Bu_) # 0, therefore C AT *x,, | # 0.
Let e in (121) be:

in{ |CAT+EB| )
€ = —min ,
2 [A]]oo K 3| Allso | Blloo [CAT* Iy

Umin

and choose | € Z, to satisfy (121), then x,, satisfies (119). The outputs 7} and g7, which
correspond to u;, = u4 and uy, = u_, are identical fort = t3,t3+1,--- ,t3+71 — 1. Since
the quantizer @ is of the form (4), we see that 7, # 7, . 7-

In Figure 3, repeat the sequence u, and wu; infinitely many times, and choose w4 or
u_ different from the previous repetition, say u for u, and u_ for u,. Under this input
sequence u, recall that S satisfies (118), we have 4, = 7:,. But by the previous discussions,
we see that §;, # ¥;,. Therefore e, # 0, for some ¢ € {t4,t;}. Consequently, e; # 0 for

infinitely many ¢ € N, and the observation gain vy > 0.
Case 2. CA"B # 0 for finitely many r € Z,..

In this case, there exists N € Z, such that CA"B = 0 for all » > N. Fort > N, the

output of the LTI system y; is :

t—1
y = CAlzg + Z CA™Y""Bu, + Du,
7=0
t—1

=CA'zy + Z CA™'""Bu. + Du,
T=t—N
This shows that y; only depends on the initial condition x( and previous NN steps of input

u;. We will show that under some initial condition, prediction error will occur infinitely

often.
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Since CAT # 0 forall T € Z, , there is v € R™ such that C A'v # 0 infinitely often

(see Proposition 3 in the Section 2.2.2). And we enforce that:

d
lolloo < e

EAllClly

which can easily done by rescaling v. Then there is a sequence of time instances: {7;}5°,

such that for all: € Z,:

C ATy #£0,

Tiv1 —T; > max{N +1,T}.

Given the 7;’s, the input sequence u is shown below:

| 1
U, «— 0 >ele— ) —»

U () el

e

|
1
)
L A -
>

T,

T,

2

S T---
-~

Figure 4: Input sequence construction for case 2.

Under this input u, let §; and 72 be the outputs of system (2) which correspond to the
initial states x5 = v and 2§ = —v respectively. Then §;, # g7, for all i € Z . But g
and g}f, which correspond to the two different initial states, are the same at ¢t = 7; for all

i € Z. . So we conclude prediction error occurs infinitely often for either 2 or z2. [

4.3 A New Construction

We propose a new construction of DFM observers to overcome the limitations of the

“associate state" construction stated in the previous section.

Theorem 9. For certain instance of system (2) that satisfies the hypotheses in Theorem 8,

there is a DFM observer that achieves v = 0.

Remark. The system (2) in Theorem 9 is an instance that is (C2) but not (C1).

71



Proof. We consider the following example.
Example 5. Given system (2) with parameters A = 0.5, B = C' = 1, D = 0, the input set
isU = {0,1,—1}, and the initial state x, satisfies |zo| < 2. The quantizer () is described
by: Q((—00,0.5)) =0, and Q([0.5,00)) = 1.

Clearly, Example 5 satisfies the hypotheses in Theorem 8. Next, consider a DFM ob-

server described as:

Qi1 = f(qr,ue), (122a)

U = g(Qt)v (122b)

where t € N, ¢; € Q, and Q = {0,1,—1}°. Recall the notation of [¢]; being the i-th
element of ¢, the function f : Q x {0,1,—1} — Q in (122a) is described by:

Forany ¢ € Q, any u € {0,1,—1},

[f(g, wh = [g)2, [f(g,w)]a = u,
3, ifu=0, 4, fu=0,
[f(q,u)]s = g _ ’ [f(q,u)]s = 4 _ 0
[qls, ifu#0, [q)s, ifu#0, (123)
faul={ @ 0
u, ifu#0.

Essentially, as we shall see in the following, ¢; stores the last two steps of input as well as
the last three nonzero inputs.
The output function g : @ — {0, 1} is described by the following table:

For any g € Q,
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lg]x lgl2 lals lgls lals 9(q)
0 -1 0,1,or—1|0,1,or—1|0,1,0or—1 0
0 1 0,1,or—1|0,1,or—1|0,1,0or—1 1
1 - 0,1,or—1]0,1,or—1(0,1,0or —1 0
i 0 0,1,or—1]0,1,or—1(0,1,or—1 0
1 I 0,1,or—1)0,1,or—1(0,1,or—1 It
=1 =4 0,1,or—1(0,1,or—1|0,1,0or—1 0
0 0 0,1,or—1|0,1,or—1|0,1,0or—1 0
1 0 0,1,or—1 1 0,1,or—1 1
1 0 0,1,or—1 -1 0,1,or—1 0
o | 1 1 0,1,or—1|0,1,or—1 1
i It -1 0,1,or—1]0,1,or—1 0
All g not listed in the above 0

Table 1: Look-up table of the function g.

Lastly, we let the initial state of the observer (122) be ¢y = (0, 0,0, 0, 0). This completes
the construction of the DFM observer (122). Next, we will show that the observer (122)
achieves v = 0 for Example 5.

For any u € {0,1,—1}", and any |zo| < 2, we first consider the case when u; # 0 for

finitely many ¢ € N. Then there is T, € Z such that v, = 0 for all ¢ > 7;,. Since

Ty = 0'52‘7;75—2 + Ut—1 + 0.5Ut_2,

we have x; = 0.25z,_o for all t > T, + 2. We also observe that |z;| < 2 forall ¢ € N:
Att =0, |zo] < 2; assume |z < 2, att + 1, |zep1| = [0.52 + we| < |0.524] + |we] <
0.5-2+1 = 2, therefore by induction |x;| < 2 for all t € N. Therefore |z;| < 0.25-2 = 0.5
for all t > T, + 2, and consequently ¢, = O for all ¢ > T, 4+ 2. Recall the definition of f
(123), we see that

forall t > 2. (124)

[%]1 = Ut—2, [Qt]z = U1,

Indeed, [g2]1 = [q1]o = wuo, and [g2]2 = wuy, therefore (124) holds at ¢ = 2. Assume
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(124) holds at ¢, then [¢11]1 = [q]2 = w1, and [gs41]o = wy, therefore (124) holds at
t + 1. By induction, (124) holds. Since u; = 0 for all ¢ > T;, by assumption, we have
lq:]1 = [q:]2 = Oforallt > T, + 2. By the definition of g shown in Table 1, we have g, = 0
for all t > T, + 2. Therefore y; = 4, forallt > T, + 2.

Next, we consider the case when u; # 0 for infinitely many ¢ € N. For all ¢ > 2,
2y = 0.5%24 o + w1 + 0.5us_o. If (uy_9,us1) = (0,—1), then z; = 0.25z;_» — 1. Recall
that |z;_o| < 2, we have z; € (—1.5,—0.5), and therefore g, = 0. Recall (124), we have
([gt)1, [@e)2) = (0,—1), and by Figure 1, g, = 0. Therefore we have: For all t > 2, if
(wp—2,us—1) = (0, —1), then g, = ;.

Similarly, for all (w;_o,u;1) € U? such that u;_1 + 0.5u;—2 < 0 or us_q + 0.5us_o >
1, apply the preceding argument, we conclude that: For all ¢ > 2, if (u;_9,u;—1) €
[(0,~1), (0, 1), (1, 1),

(—=1,0),(1,1),(=1,-1),(0,0)}, then g; = @;.

In the following, we only need to consider the cases when (u;_o2,u;—1) = (1,0) or
(ut—2,us—1) = (—1,1). In both cases, z; = 0.25x;_5 + 0.5.

Since u; # 0O infinitely many times, there is 7;, € Z, such that uy; # 0. For any

t > T + 3, define 7* as

" =max{r € N: 7 <t -3, and u, # 0}.

Since upy #0and 7T, <t —3,{r € N:7 <t—3, and u, # 0} is nonempty and 7*
is well-defined. We claim that if (u;—2,u;—1) = (1,0), then [¢]s = u,«. To see this, by
(123), [gre11]5 = up. If 75 =t — 3, then by (123), [¢¢]4 = [¢—1]4 = [¢1—2]5 = u,+, and the
claim holds. If 7* < ¢t — 3, then by the definition of 7%, U «11 = Usrjo = -+ = us_3 = 0.
By (123), [gr+12]s = [¢ra3]s = -+ = [qr—2]5 = ur+. Recall (u;_9,u;—1) = (1,0), we
see [¢t|la = [qi-1]4 = [@—2]5 = u,~, and the claim also holds. Similarly, if (u;_o,u;—1) =

(—=1,1), then [q;]3 = [qi-1]a = [qi_2]5- As stated previously, [¢;_2]5 = u.~, therefore
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[q¢]3 = u,~. We conclude that for any ¢t > T + 3,

(w9, us—1) = (1,0) = [q¢]la = ur-, and  (ug_o,us_1) = (—1,1) = [q:]3 = ur+.
(125)
Since x,+11 = 0.5z« + u,+, and |z.+| < 2, we see that u,« = 1 implies 2«1 > 0,
while u,« = —1 implies z,-; < 0. By the definition of 7, 7,5 = 0.5/ 3 " . ;. If
(ug—o,us—1) = (1,0) or (us_2,u;—1) = (—1,1), then x; = 0.25z,_5 + 0.5. Consequently,
u,« = 1 implies ¢, = 1, while u,~ = —1 implies 3; = 0. Recall Table 1, (125), assume
(wi—2,us—1) = (1,0) or (uy_o,uy—1) = (—1,1), if uy« = 1, then g, = 1, while if u,« = —1,
then ¢, = 0. Therefore for any u.- (note that u,« # 0), 7, = 3;. Combined with previous
observations, we see that when u; # 0 for infinitely many ¢ € N, there is 7], € Z. for any
t>T + 3,5 = Uy
We conclude that for any u € {0, 1, —1}¥, and any |x¢| < 2, §; # 4, for finitely many

t, and therefore v = 0 is an observation gain. This completes the proof. [
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Intended to be blank.

76



5 Control Design based on Finite Memory Observability

In this chapter, we motivate and formulate a control design problem of system (2), and

then propose a procedure to synthesis DFM controllers based on finite memory observabil-

ity.

5.1 Background and Motivation

A natural next step is to look at the controller synthesis of systems (2) that are observ-
able in the sense of (C1), (C2), or (C3). And a common theme in control theory is to design
a control input to stabilize an unstable system around its equilibrium.

However, along this line of reasoning, we quickly encounter some technical challenges.
One of the difficulties associated with finitely quantized inputs is that objectives that are
feasible under analog control become infeasible in this setting. For example, the origin of
system (2) is not stablizable in the traditional sense of Lyapunov under any control input
sequence when matrix A is Schur unstable. This impossibility of stabilizing an unstable
system in the sense of Lyapunov using only quantized state feedback is clearly formulated
in [1]. In particular, the author of [1] show that for any system with an Schur-unstable A
matrix, and any feedback control strategy that is determined by quantized state information,
the set of all initial states whose closed-loop trajectories tend to the origin as time tends to
infinity has Lebesgue measure zero.

Under these circumstances, we shift our attention from the stabilization problem to the
problem of constraint satisfaction and cost minimization. In particular, we consider system
(2) with a Schur-stable matrix A, but the state x; is required to stay within some constraint
set. We formulate a control objective as controlling the system state to stay within the

prescribed constraint set, and optimizing some cost function of the system state and input.
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5.2 Setup and Problem Statement

In the following, we apply our analysis of finite memory observability (C1) to synthe-

size controllers for a class of systems (2) with state constraints. In particular, we consider

Ty, = Az + Buy, (126a)
ye = Cy, (126b)
gt = Q) (126¢)
e X u €U,y €Y, (126d)

where equations (126a) to (126c) represent system (2) with D being the zero matrix. (126d)
describes the constraints on the system: X € R" is the constraint on system states, and I/, Y/
are the finite input and output sets of the system as stated previously.

In the following, we formulate a first case of control design of system (126). Let z. €

R™ be an equilibrium point of (126):

Az, + Bu, = x.,, forsomeu, € U. (127)

Remark. Note that system (126) is not “translation invariant", as opposed to LTI systems.
For example, the origin could be continuous for (), but be discontinuous for (), where ()’
is a translation of (). Due to this reason, we define the equilibrium point of system (126) as

in (127).
Next, we consider the following problem.

Problem 1. Given system (126) and its equilibrium z., assume that only g, is available at

each t € N. Design {u;}3°, € U" such that the following are satisfied:
1. (Constraint Satisfaction) x; € X, forall £ € N.

78



ii. (Attractivity) lim; .., x; = .
iii. (Cost Optimization) >~ I(z;, ;) is minimized.

Here [ : X x U — R is a given cost function, and I(z., u.) = 0.

5.3 A Control Design Procedure

In the following, we make efforts to solve Problem 1. In particular, we propose a control
design, and we also study the conditions under which the proposed design will work. Such
conditions will be stated in terms of the parameters of system (126) and the equilibrium z..

First, we “translate" the control objectives 1) and ii) in Problem 1 into objectives in

terms of y,. Let y. be
ge = Q(Cxe) (128)

And given system (126), for any y € )/, define

Qc' () = {z e R": Q(Cx) = j}. (129)

Essentially, Q' () is the inverse image of § under the mapping @ o C' (pp. 49, [23]).

Next, we make an assumption on system (126) and the equilibrium x..

Assumption 1. (Local Attractivity) For any t € N, if z; € Qg'(7.), and u, = u, for all

T > t, then

r, € X, forallT >t, (130)
lim z, = x.. (131)
T—r00

Now, we are ready to formulate a sub-problem of Problem 1.

Problem 2. Given system (126) and its equilibrium z., assume Assumption 1 holds. Find

N € Z, and {us}Y, € U" such that uy = U, Jy = Yo, and z; € X, forall 0 < ¢ < N.
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We observe that if {u;}, is a solution to Problem 2, then the control input sequence
({us } ¥y, te, U, - . . ) solves items i) and ii) in Problem 1. To see this, since jy = 9. by
assumption, ry € le (ge). By Assumption 1, and note that u; = u, for all t > N, we
have z; € X forallt > N, and lim;_,, z; = z.. Consequently, items i) and ii) in Problem
1 are satisfied. Based on this discussion, to solve the first parts of Problem 1, it suffices to
solve Problem 2.

Next, we study the conditions under which Assumption 1 holds. The following ap-
proach and derivation are based on the works on “maximal output admissible sets" [27]
and on backward reachability iterations (pp. 153, [28]).

Given system (126) and its equilibrium z., and write f.(z) = Az + Bu., we define a

set X' as

X ={r€R" 2 €X,flx) EX,foofur) EX, foofofur)EX,...}. (132)

Essentially, A'*° is the maximal positive invariant set corresponding with X’. Then, we

propose a result on the conditions under which Assumption 1 holds.

Lemma 3. Given system (126) and its equilibrium z., assume p(A) < 1. If Q5' (4.) C X,
then Assumption 1 holds. Moreover, if in addition X is bounded, and z. € int(X), then

X is finitely determined and can be computed in finite steps.

Remark. In the second part of this Lemma, we characterize the situations under which
we can computationally determine the condition “Qal(zje) C X°°". In other words, the

conditions “X is bounded and z. € int(X’)" are not necessary for Assumption 1 to hold.

Proof. Since Qg (4.) C X, for any 2, € Q' (Je), 1 € X*°. If u, = u, forall 7 > ¢,
recall (132), we see that x;,1 € X, x40 € X,.... Therefore (130) is satisfied. Next,
we observe that for any h € Z,, v,y — . = AMx; — 2.). To see this, for h = 1,
Tip1 — Te = Axy + Bu, — x, = Alxy — xe + ) + Bue — v. = A(z; — x.). Assume
Toyn — Te = AM(xy — x,) for some h > 1, x4 py1 — Te = Axyypn + Bue — 2, = A(AM (2 —

r.) + )+ Bu, — x, = A" (x; — x,). Therefore x, ) — v, = A"(x; —x,) forallh € Z,.
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Since p(A) < 1, limy, o A" = 0, and consequently limy, o 2, — T, = 0. Therefore
(131) holds. We see that Assumption 1 holds.

For the second part of Lemma 3, first we review the term “finitely determined" intro-
duced in [27]. Given t € Z,, we use the notation fe(t) to denote the ¢-time composition of

the function f, : £ () = feo---o fo(x). Next, define set
X ={reR":zecX, fP)cXfork=1,... 1t}

Then X'* is said to be finitely determined if for some t € Z, X>° = X",
Forany xr € R", let 2z = = — x.. Let X = X — z,, then z € X if and only if 2z € X.

Next, we observe that for any k£ € Z,,
f®(z) e X ifandonlyif A*ze X. (133)

Indeed, for k = 1, fél)(x) € X & Ax+ Bu, € X. Recall (127), we note that Az + Bu, —
v, = A(z+z.) + Bu, — v, = Az. Since Az + Bu, € X < Ar+ Bu, —z, € X, we have
fe(l)(a:) € X & Az € X. More generally, for any k € Z ., e(kﬂ)(x) cx o AP (x) +
Bu, € X. By the derivation for k = 1, Af" ()4 Bu, € X & A(fék) (z) —z.) € X. We
observe that ") (r) — 2, = A¥(x — 2.): For k = 1, Az + Bu, — z. = A(x — z.); assume
the equation holds for some & > 1, then fékﬂ)(a:) —z. = A( ) ()) + Bue — z, =
A(fP () = Az, = A(FP(2) — 2.) = A (z — z,). Consequently, fF(2) — 2z, =
A¥(z — z,) holds for all k € Z,. Therefore, A(f"(z) — 2.) € X & A (z —z,) €
X < AFtly € X. Therefore for any k € Z., e(kﬂ)(zt) € X < Ay € X, and (133)
holds.

Next, define set

Xt={2eR":2€ X, Afzc Xfork=1,...,t},
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then we observe that

X =X"+z,. (134)

Indeed, recall (133), z € X' & (v — z,.) € X*. Consequently, X' = X! + z,. Similarly,
let X ={2c€R":2€ X, AFz € X fork =1,2,...}, then

X =X + z,.

Since z, € int(X), and X = X — ., we see that 0 € int(X). Then there is r > 0
such that B,(0) C X. Since p(A) < 1, limg_,o ||A*|| = 0. Since X is bounded, X is also
bounded. Therefore, there is 7* € Z, such that A" *hz € B.(0) C X, forall h € N,
and all + € X. Therefore, ¥>* = X7 . Consequently, ¥>* = X7, and X is finitely

determined.

Next, we introduce a procedure to compute X. Let Oy = X, define
Op={z€R": Az € O} Ok k=0,1,2, ... (135)

Then we observe that

Ok:.fk, Vk€Z+

To see this, for k = 1, 2 € O; < Az € Oy, and z € Op. Recall O, = X, we see that
O, = X'. Assume O, = X* for some k > 1. If 2 € Oy 4, then z € O, = X*. Also
Az € X%, therefore A¥(Az) € X. Therefore z € X**!. If z € X**!, then Az € X,
A2z € X, .- AF*1y € X. Therefore Az € X* = Oy, and z € {z € R* : Az € O}.
Note that z € X**1 C X* = Oy, we see that z € O;. We see that Oy, = XFF1

We conclude that O, = X* forall k € Z,.

The sets Oy (135) can be computed iteratively, and such computations are relatively
straightforward especially when X is a polytope. When Oy,1 = Oy, for some k, terminate
the iteration, and we have X*° = Oj, + x.. This completes the procedure of computing

X, U
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So far, we have transformed Problem 1 to a sub-problem Problem 2. Next, we propose
a first solution to Problem 2. We want to point out that this solution is rather basic and
relatively conservative. Other approaches could be designed later.

The idea of this solution is: Given a system (126) that is (C1), we first make sure x;
stays in X for 0 < ¢ < T'. And after 7" steps, design u; based on the output of the observer
S, which is identical to y for t > T. We will identify the initial states under which this
approach will work.

Now we start formulation this solution. Recall f.(z) = Az + Bu,, define

RO = {z eR": 2 € Q5 (), fo(x) € Q5 (Fe), fe 0 fe(x) € Q5 (), -} (136)

Essentially, R(”) is the maximal positive invariant set within Q' (7). Similar to X', if
p(A) < 1, Q5'(7.) is bounded, and z. € int(Qz' (7)), then R is finitely determined
and could be computed.

For any k € Z., we define the backward reachability sets as

RW ={z € X: Az + Bu e R, forsome u € U},

RP ={zeX: Az + BuecRW, forsome uec U},
(137)

RM = {2z e X: Av+ Buc R* Y, for some u € U}.

If Assumption 1 holds, by (130), we have R € X. Forany z € R, Az + Bu, €

Qo' (7e), fo(Az + Bu.) € Q5" (%), fo o f.(Azx + Bu.) € Q' (Je), - - ., therefore Az +
Bu, € R, Consequently, R(® c R,

More generally, we observe that
R c RE+D vk eN. (138)
To see this, we have shown the case £k = 0 previously. For £ = 1, for any = € RO,
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Az + Bu € RO ¢ RW for some u € U, therefore z € R, and RV ¢ R®. Assume
RE=D < R® for some k > 2, then for any © € R¥), Az + Bu € R* Y c R® for
some u € U, therefore z € R* 1 and R® ¢ R*+1, By induction, (138) holds.

Given R¥) (137) for some k € Z, and given T' € Z, define set Y, C ) as: § € ), if

there is (ug, uy,...,up_1) € UT such that

Qc (@) C X,
AQZ' (§) + Buy C X,
A2Q61(g) + Bu1 + ABUO C X,

(139)
T—2

ATQGN ) + Y AT Bu, C X,

=0
T-1

ATQ ) + > AT Bu, < RW.

7=0

And define
c={J s (140)

GEVe
We propose a solution to Problem 2 when system (126) is finite memory observable,
and its initial state x satisfies xy € C.
Assume system (126) is finite memory observable with parameter 7' (see Definition
3), and let ). (139) and C (140) be defined corresponding with this 7. If xq € C, then
zo € Q' () for some § € V.. Let (ug, Uy, - . ., up_1) € UT be such that (139) holds for .
Let the input u; of system (126) be u; = u; for 0 <t <T'— 1. By (139), we have

wE€X, t=01,...,T—1,
(141)

T € R(k)

Since z € R™, by (137), there is (uy, Us, . . . , u;,) € U* such that if the input u, of system
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(126) satisfies w4 = 1, for 0 <t < k — 1, then

274 € REY,

w749 € RETD,

(142)
TT+k € R(O)
Note that R(® ¢ le (%), and R C X fori = 0,...,k, we see that
vwekX, t=T+1,T+2....,T+k,
(143)
Yr+k = Ye-
Next, we determine (uy, u,, . . . , u;,) based on the finite memory observability of system
(126).
Ut €Y
> P >
i e U 5 Svl
# '~ >
= €Y
. g Qt & y U = U
N 2

Figure 5: A copy of the observer for predictive control.

In the above figure, P represents system (126) which is finite memory observable. Then
there is an observer S (5) such that for any u € U~, §, = g, for all t > T'. Note that for
system (126), 7, = Q(Cz,), therefore we observe that the output g; of S can be written as
U = ¢g(q;) instead of 9, = g(q;, u;). Indeed, for any t > T, 4, = 4, = g(q, us) for any
u; € U by assumption. Since ; does not depend on u;, we see that g(q:, u) = g(q:, u’) for

any u,u’ € U. Therefore we let 5, = ¢'(¢;) = g(q, u) for some u € U, and this g, also
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satisfies 4, = ¢, for all t > T". We conclude that there is an observer S described by

di+1 = f(Qtv utvgt)y

(144)
9 = 9(qr),
such that for any u € U", §j, = ¢, forall t > T.
As shown in Figure 5, we define a “copy"” S’ of S described as
qle-l = f(qgau:ta?%% t 2 T
h=9(q), t =T, (145)
qfll“ =dr,
where f, g are the same functions as in (144). We observe that
If u, = u, forall ¢ > T, thenq, = ¢, 4, = 3, forall ¢t >T. (146)

To see this, at t = T, ¢ = g(¢%) = g(qgr) = yr. By the definition of finite memory
observability, yr = yp. Therefore (146) holds for ¢ = 7'. Assume (146) holds for some
t>T,att+1, g = flg,u,9) = flaun9) = f(@,u9) = G, therefore
Qi1 = Q1 Gre1 = 9(Gs1) = 9(@+1) = Y1 = Yo1, therefore (146) holds for ¢ + 1. By
induction, (146) holds forall t > T'.

Based on (146), we see that for any k& € Z,

Ifu,=ufor T<t<T+k—1,thenq, =q, §J, =0, for T<t<T+k—1. (147)

Recall (142), there is (uy, Us, . .., u;) € U" such that if the input u; of system (126)
satisfies uy 7 = u,, for 0 < ¢ <k — 1, then ypyp = ge. By (147), if uy, p = Uy =y

for 0 <t < k — 1, then q£+T_1 = qt+T_1,?)£+T_1 = 1;.7_1. Recall (144), (145), q{”k =
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qr+x. Consequently, we have

Upir = Uk = U1k = e (148)

We conclude that there is (u;, Us, - . ., u;,) € U" such that if the input u} of system (145)
satisfies u, = u, ., for0 <¢ <k — 1, then 93, = .

Next, we begin to determine the input u, of system (126) for 7' < t < T+ k — 1.
First, let u; fort = 0,1,...,T — 1 be chosen such that (141) is satisfied. At¢t = T —
1, gqv = f(qr—1,ur_1,J7—1) can be determined. Then ¢/ is also determined. Given S’
(145), calculate the output 7, of 5, when {u]}7 ! assumes all possible values in U{*. By
the previous discussion, there is a set of input segments w',w?,... , w/ € U (1 < j <
|U|*) such that when {u}}/f~" = w' forany 1 < i < j, 94, = F.. Consequently, if
{uy1HF1 = wi forany 1 < i < j, then iy = .. Note that w! w? ... w’ can be
computed at time ¢t =71 — 1.

So far, we have formulated a method to determine {ut}tTjjlf_l att = 7" — 1 such that
UT+k = Ye-

However, for any w’, 1 < i < j, when {u;}/F~! = wi, the requirement “z, € X for
t=T+1,...,T+ k" may or may not be satisfied. Therefore, to address this requirement,
we need to modify this method in the following.

Given system (126), recall (129), define
Yy ={§eY:Q:(§) c x}. (149)

If Assumption 1 holds, then Q' (7.) C X, and therefore )y is non-empty.

For system (126), if ; € Yy, then z; € Q(_;l (g;) C X. Therefore, for any ¢t € N,

€Yy =12 €X. (150)

87



Next, define

X ={reX:Q,(Q(Cx)) C X} (151)

Then for any z € X/, Q(Cx) € Y, and Q' (Q(Cx)) C X. Recall (149), we see that
re X' = Q(Cx) € Vy. (152)

If Assumption 1 holds, then Q;'(7.) C X. Forany z € Q;'(%.), Qc'(Q(Cxz)) =
Q' (§e) C X. Therefore x € X”, and we see that Q' (.) € X’. Recall (136), we have

RO &’ (153)

Similar to (137), define

R'W ={xc X' : Az + Bu € R, for some u € U},

R'® ={z e X' : Az + Bu e R'W, for some u € U},
(154)

R'® = {2z € X' : Az + Bu € R'*7V for some u € U}.

Essentially, in the above definition, we change “X™" in (137) to “AX”".
Correspondingly, define set ). C YV as: § € V! if there is (ug, u1,...,ur—1) € U" such
that
Qc'(y) C X,
AQG'(§) + Bug C X,
A?Q:M(§) + Buy + Bug C X,

(155)
T-2

AT @) + Y AT Bu, C X,
7=0
T-1

ATQGM () + Y ATV Bu, ¢ R'W.

7=0
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And define
¢'=|]J e ® (156)

GEVL
Recall (141), we see that if xy € C’, then there is (g, U1, . . ., Ur_1) € UT such that when

the input u; of system (126) is u; = u; for 0 <t <T'— 1, then

neX, t=0,1,...,T—1,
(157)
JITER/(k).

Recall (142), note that R’ W) ¢ X' for1 < J < k, and recall (152), we see that there is
(U, Uy, - ., uy,) € UF such that if the input u; of system (126) satisfies u;r = u, , for

0<t<k-—1,then

pweEVy, t=T+1,....,T+Fk,
(158)

Ur+k = Ye-

Next, we determine the input wu; of system (126) for T <t < T+ k — 1. If xq € C', let
uy fort =0,1,...,T — 1 be chosen such that (157) is satisfied. Consider S (145), then at
t =T — 1, ¢/ = qr is determined. By (158), (147), (148), there is a set of input segments
whw? W e U (1 < §' < [UJF) such that if {u}} /! = wi forany 1 < i < j/, then

U €Yy, t=T+1,...,T+k,
(159)

/\, ~
Y11k = Ye-

Again, note that w',w?, ..., w’" can be computed at time t = 7' — 1.
Foranyi € {1,...,j'}, let the input of system (126) be {u;}/_~" = w?, then by (147),
(148), (159), we have

G E€Vx, t=T+1,....,T+k,

QT—l—k - ge-
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Recall (150), we see that

2, €X, t=T+1,....,T+k,
(160)

gT—i—k = ge~

So far, we have computed the input u; of system (126) fort =7,...,7 + k — 1. For
0<t<T-—1,given g, € ), recall (155), there is a set of input segments %, 2, ... V! €

UT (1 <1 < U|P) such that

.TtEX, t:O,...,T,

(161)
xrT € R/(k)
Note that !, 2, ..., 1! can be computed at t = 0.
For Problem 2, let N =T + k, forany i; € {1,...,1l},i € {1,...,j'}, let
{udisy = v {wdi sy = w? urgy = u,, (162)

recall (161), (160), we see that Problem 2 is solved for all 2y € C'.

In addition, assume Q' (7. ) bounded, Q' (7.) € X, x. € int(Q5' (7)), and p(A) <
1. In (155), let (ug, uq,...,up_1) = (Ue,...,u.), choose T large enough (note that finite
memory observability holds for all 7" larger than the parameter “7" of system (126)), and
realize that 0 € int(R©) C int(R'®), we see that g, € V..

We conclude the control design based on finite memory observability as follows:

Theorem 10. Given system (126) and its equilibrium x., assume p(A) < 1, X is bounded,
Q' (Fe) C X, x. € int(Qg' (7)), and system (126) is (C1). Then for all zy € C’, where
C' # &, Problem 1 has a solution, and it can be computed according to the procedure stated

in this section.

Remark. The input segments w',...w/ and v*, ..., 1! can be computed offline: Compute

v, . Vforall § € Y, and w!,...w' forall ¢ € Q according to the dynamics of &,
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where Q is the state space of S’. Then the online controller can simply use a table-lookup.
The cost optimization of Problem 1 can be implemented by choosing an appropriate
(11,19) € {1,...,1} x{1,..., '} that minimize a reformulated cost function, which corre-

sponds to the quantized output y; instead of x;.

Remark. A conservatism of this approach is that the designed control input u; for 0 < ¢ <
T —1 is determined only by the initial observation gy. This corresponds to a static feedback

law. A less conservative approach could be that for 0 < ¢t < T — 1, u, is determined by

(@0;3]17 s 7?]15)'
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Intended to be blank.
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6 On Initialization of DFM Approximations

In this chapter, we continue to study DFM approximations for systems over finite al-
phabets. In particular, we focus on improving an input-output construction of finite state
p/ 1w approximation proposed in [12], by seeking to build such approximations using fewer
states. We propose a necessary and sufficient condition for simplifying the initialization
process of the input-output construction of p/u approximations without incurring a loss in
performance. We give an alternative characterization of this necessary and sufficient con-
dition for a specific class of systems with linear internal dynamics. For instances where
this necessary and sufficient condition is not satisfied, we present an alternate initialization
process leading to approximations with fewer states than those resulting from the exist-
ing construction in [12]. The work presented in this section has been previously reported

in [29].

6.1 Preliminaries: Finite State p/;. Approximations
6.1.1 Existing Input/Output Construction

Consider a discrete-time system P described by:

Ti41 = f(%:a Ut)> (163a)

yr = g(x), (163b)

where ¢t € N is the time index, x; € R" is the state, u; € U is the input, y, € ) is the
output, and f, g are functions f : R” — R" and g : R — ). We enforce that the input u;
and the output y, take finitely many values in sets I/ and ) respectively. Therefore P is a

“system over finite alphabets" as defined in [7].

93



P thy
utGL{
Ly gz Uyt €Y

Figure 6: Finite state approximation.

In Figure 6, P represents the system to be approximated, and S; represents the finite
state p/u approximation of P. Given a plant P, a sequence of approximations {S’i}fil can
be constructed, and S*Z- is the i*" element of this sequence.

A~

S; is a finite state p/p approximation of system (163), which is described by:

qt+1 = ¢(Qt7 Ut, yt) (164a)

U = ‘9(%) (164b)

where t € N, ¢; € Q for some finite set Q, u; € U, y; € YV, 1 € )V, and ¢, 6 are functions
P: OxUXY — Qandl: OxU — V.1 € Z, is aparameterofgi. As shown in Figure
6, S; has for its inputs both the input u, and the output y, of system (163), and generates
U as an estimate of y;. We enforce that there is no direct feedthrough from y; to 4, (see
(164b)), therefore 7, and y, cannot be trivially matched. We require the state-space Q of SZ-
be of finite cardinality.

In this section, we will describe the finite state-space Q and the transition function ¢.
We refer to [12] for more details such as the construction of function 6.

In order to describe Q, we first introduce the following definition:

Definition 5. Given system (163), use f,(z) to denote f(z,u). Forany j € Z,, let ¢ =

(Y1,Y2. .. yj, U1, uz ... uj) € Y x UI. We say that q is feasible if there exists 2 € R™ such
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that

y; = g(x)
Yj-1 = g(fu,; (7))
Yi—2 = g(fu;_y © fu;(2)) (165)

Y1 =9g(fuy © fus 00 fuj—l © fuJ(x))
are satisfied.

Essentially, ¢ is feasible if and only if g consists of segments of some input and output
sequences of system (163), namely ¢ = (yi—1, Ys—2 - - - Yt—j, U1, Ut—2 - . . Uy—;) for some

input sequence {u;} and output sequence {y; } of (163).
Remark. For j = 1, every element ¢ in ) x U is feasible.

Now we are ready to describe the state-space Q of S;.

State Set: For the setup in Figure 6, the finite state-space Q of S; is defined as:

Q= QrUQsU{q,q} (166)
where
Qr = {q € V' x U'|q is feasible} (167)
and
i—1
Qr = | J{g € V7 x U|qis feasible} (168)
j=1

and q,, qz are two symbolic elements.
Next, we define the state transition function ¢ of Sl
State Transition Function: For the setup in Figure 6, the function ¢ : Q x V) x U — Qis
defined as:
Foranyg € Q,y € Y,u €U,
> If ¢ = q,, then

o(q,y,u) = (y,u). (169)
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> If ¢ = ¢y, then

> If ¢ € Qy, write ¢ = (y1,Y2...Yj, U1, U2...u;), Where 1 < j7 < i—1,and let § =
(yayhyQ-"yj7uau17u2--'uj)’then
Cja lfq S QI U QF
o(q,y,u) = (171)
(s, otherwise
> If ¢ € Qp, write ¢ = (Y1, Y2 - - - Yi, U1, Uz . . . 4;), and let
q= (yayhyQ e Yi-1, Uy U, U - '-Uz‘—l), then

¢(q,y,u) = (172)
Gz, otherwise

Lastly, we require that the initial state of S; be fixed.

Fixed Initial Condition: For the setup in Figure 6, at ¢ = 0 the initial state g, of S”Z- satisfies:

qo = 4o-

Up to this point, we have defined the state space and the state transitions of S;. Asa
result, given any input sequence {u;} and output sequence {y;} of system (163), we are

able to determine the state ¢; of S, forall t € N.

6.1.2 Initialization

We next describe the initialization process of S”Z Att = 0, SZ starts at a fixed initial
state q,; fort = 1,2,...,2 — 1, S, adds the input u; and the output y; into its state at
each time increment. After ¢ steps, the initialization process is complete and the state g;

of S; corresponds to the previous ¢ steps of the input and output of the plant P, namely

q; = (?Ji—b Yi—2..-Yo, Ui—1, Uj—2 - . -Uo)-
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One issue with this initialization process is that it requires additional states be added to
the state-space Q of S,. Specifically, Q; in (166) will never be visited after the initialization
process: q; ¢ Qp for all t > 4. In an application of p/; approximation to a water tank
model [30], the size of Q; is roughly a third of the size of Q, and is thus significant.
Since the number of states, or the “memory" of the approximation, directly impacts the
complexity of the associated control design procedure as well as the implementation of the

resulting controller, it is imperative to keep the size of Q as small as possible.

6.2 Problem Statement

We notice that a straightforward approach to potentially reduce the size of Q is as
follows: Initialize S; at an arbitrary state qo in Qp. If after ¢ steps, the state ¢; corresponds
to the sequence (¥;_1,¥i—2--- Yo, Ui_1,Ui_2 - ..Up), then we can remove Q; from Q and
still achieve the same approximation quality for ¢ > 7. We want to identify the instances of
system (163) this straightforward approach will work.

Before posing the problem of interest, we make the following observation:

Observation 2. Given a system P (163) and its finite state p/; approximation S; as con-
structed in Section 6.1. For any input sequence u, any x, € R™ and any ¢y € Q, if ¢; € Qp,
then ¢; = (Yi—1,Yi—2- - - Yo, Wi_1,Ui—2 ... Ug), Where uy and y,, are the input and output of

Pattimet=k0<k<7—1.

To see that Observation 2 holds, first note that ¢; € Qp implies that ¢;_; € Qr U Q.
Consequently ¢, € Qp U Q; forall 1 < k& < ¢. From the definition of the transition
function ¢, we see that the pair (y, uy) is stored in g forall 0 < k£ < i — 1. We also
note that during the first i time increments, (yx, ux) get shifted at most i — 1 times within
{qi}i_,. Therefore ¢; = (yi1,Yi—2 - - - Yo, Ui—1, Ui—2 - .- Up)-

With the straightforward approach to reduce Q and Observation 2 in mind, we formu-

late the problem of interest as follows:

Problem 3. Given system (163) and its finite state p/u approximation S, constructed as
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described in Section 6.1. Consider the statement:

Q9 € Qr = ¢ € Qp, (173)

under what conditions on system (163) does (173) hold for any input sequence u € U%+

and any xy € R"?

Remark. We will first discuss Problem 3 in the general context of system (163), and we

will propose a set of specific results for system (2) with m = p = 1.

6.3 Conditions for Simplifying the Initialization Process

In this section we state our technical results regarding Problem 3. First, we propose a

necessary and sufficient condition for system (163) such that (173) holds.

Lemma 4. Given a system (163) and its finite state p/p approximation S, as constructed in
Section 6.1. (173) holds for any input sequence u € U%+ and any x, € R" if and only if

Proof. For the forward implication, assume that ¢y € Qp implies ¢; € O for any input
sequence u and any xg. Then particularly ¢; # ¢y, otherwise ¢; = g and ¢y ¢ Qp. Since
@1 = ¢(qo, Yo, uo)- Let yo = y, ug = u, and write qo = (Y1, Y2 - - - Ys, U1, Us - . . u;), and let
7= (Y,y1,Y2---Yi_1,U, U1, Uz ... U_1), then § € Qp holds for any ¢y € Qp, any y € Y
and v € U. Consider any q € V' x U*, write ¢ = (91,2 - - - s, U1, Uz - - . U;), then for any
Qo = (Y1, Y2 - - - Yi, Ur, Uz - . . Uj).

Let yo = ¥i, uo = U;, then (Gi, y1,Y2 ... Yio1, Uiy ug, Uz ... u;—1) € Qp. Next, let
Yo = Yi—1» Uo = Ui—1, and let qo = (Fi, Y1, Y2 - - - Yio1, Ui, U1, Ug ... Ui—1) € Qp, then
(Ji1, Uis Y1, Y2 - - - Yio, Ui—1, U, Uy, Us - .. Uj—2) € Qp. Repeat this argument i times, we
have ¢ € Qp. Since q is arbitrary, ) x U* C Qp. By the definition of Qr (167), we
conclude Qp = V! x U°.

For the backward implication, assume that Qp = Vi x U*. For any qo € Qp, Yo € Y

and uy € U, by (172) we see that ¢; € Qp. Assume that g, € Qp forsome 1 < k <17 — 1,
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then for any y, € Y and up, € U, ¢ € V' x U = Qp. Therefore ¢, € Qp. By

mathematical induction, we have ¢; € Q.

]

Next, we propose a sufficient condition, and a necessary condition stated in terms of

the properties and parameters of system (2) withm =p = 1.

Theorem 11. Given a system (2) with m = p = 1 and its finite state p/p approximation S;
as constructed in Section 6.1. If the pair (C, A) is observable and i < n, then (173) holds

for any input sequence u € %+ and any 7, € R".

Proof. We first consider the case ¢ = n. We will show that every element in " x U" is
feasible.
For any ¢ € Y™ x U™, write ¢ = (y1,Y2 - - - Yn, U1, Us . . . Uy). By the axiom of choice

(pp.26, [31]), there exist ¢y, Yo, - - . , Yn € R such that
Q(yr) = yx, forall 1 <k <n. (174)

LetG= (Y1,%2 - - - Un, U1, Us . . . Uy,) € R?", define 2 € R™ as:

r=07" - My (175)
where the matrix O is defined as:
CAn—l
CAn—Q
0= ' (176)
C
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and the upper-triangular matrix M is defined as:

D CB CAB --- CA" B

M = . -, CAB (77)
CB
D

We see that O is invertible by the assumption (C, A) being observable.

Within the scope of this derivation of Theorem 11, we use “u}" to denote “u;" , “y;" to
denote “y,", and “7," to denote “7," for system (2) in order to avoid overwriting notations
with that of ¢ used.

From the solution of LTI systems, we have:

t—1

y, = CA'zg+ Y CA"'"7"Bu. + Du, (178)
=0
Lett =0,1,...,n — 1, and stack the above equation, we have:
y?”L—l U;L_l
=0Oxo+ M : (179)
Yo ug

Let zo = x, where z is defined in (175), and let (u), |, ul,_o...uy) = (ug,uz, ... uy,).

Then the preceding equation becomes:

/
Yn—1

(180)
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Or equivalently, (¢, 1,9, _o---Y) = (Y1, U2 - - - Un)-

By (174) and (2c), we have (9, 1,79 ---Uy) = (Y1,Y2...yn). Comparing this with
the definition of feasibility in (165), we see that ¢ € V" x U" is feasible with the choice of
x defined in (175). Since q is chosen arbitrarily, we conclude that Qp = VixUt.

Next we show that for i < n, Qr = V' x U* also holds. For any ¢ € V' x U, write
q= (y1,Y2...Yi,u1,us...u;), and choose any y € ) and u € U. Let ¢’ be an element in
YrxU"and ¢ = (y,y.. .Y, Y1,Y2 - Yi, U, U ... U, U, Uz ... u;). Then ¢ is feasible since
Qr = Y™ x U". Particularly, the first 7 equations in (165) holds, therefore ¢ is feasible.

Finally, we conclude that Qp = ) x U* for all i < n. By Lemma 4, ¢y € Qp implies

q; € Qp for any input sequence u and any zy € R". [

Next, we propose a necessary condition for simplifying the initialization process for
system (2).
Theorem 12. Given a system (2) withm = p = 1,0 € U, |Y| > 1, and its finite state
p/ 1L approximation S; as constructed in Section 6.1. If (173) holds for any input sequence

u € Y%+ and any 77 € R", theni < n.

Remark. In Lemma 4, Qp = ) x U’ requires that every sequence of length 2i in J* x U

be feasible, which can be quite restrictive in general, particularly when ¢ is large.

In order to prove Theorem 12, we first derive the following Lemma, which will be

instrumental in the derivation of Theorem 12.

Lemma 5. For any collection of vectors in R™: {v;}%,, v; € R, if forany (s1, S, ...,5,) €
{—=1,1}", there exists v; = [v} v? ... v"]7, suchthatforalll <k < n,
P <0, if s = —1,
(181)

’U2k>0, if s, =1,

then span({v;}2,) = R™.

Proof. (Lemma 5)

Clearly span({v;}%.,) C R", therefore we only need to show R™ C span({v;}7-,).
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We first show that e; = [1 0 ... 0] is in span({v;}%.,). By assumption, there exists

. vMT and v; = [vjl v oL v;?]T such that

v; = [v} v? ;

7

Uf>0, forall 1<k<n

and
v;-“>0, forall 1<k<n-1

vy <0
Let wy = v]'-v; + (—v}) - v;, then wy € span({v;};2,). Write wy = [w} wi ... wi]”,
then
wh >0, forall 1 <k<n-—1
wy =0
By a similar argument, there exists wy € span({v;}7.,) that satisfies:
wh >0, forall 1 <k<n-—2
wy™! <0,
wy =0
where wy = [ws w? ... wj]”. Next we define ws = (—wj ) - wy + wP™ - w,. Write
wy = [wi w3 ... wf]T, then
w'§>07 forall 1<k<n-—2
wy Tt =wl =0
Repeat this process until we get [w 0... 0] € span({v;}2.,) with w > 0. Therefore
er=1[10 ... 0T € span({v;}2",).
By re-ordering, we can repeat the above process forany e; = [0 ...0 1 ...0]T, where

{e;}"_, is the standard basis of R™. We conclude that e¢; € span({v;}%,) forall 1 < i < n,

and R" = span({v;}?-,).

102

]



Now we are ready to show Theorem 12.

Proof. (of Theorem 12)

We will prove by contradiction. Particularly, if we can show that Qp # Y x U for all
1 > n, then by Lemma 4, we see that Theorem 12 holds.

Since qg € QF implies ¢; € Qp for any input sequence u and any xy € R", by Lemma
4, Qr =YV  xU'. Weassume i > n+1,any ¢ € V" x U" and any ¢’ € V"™ x Y™ are
feasible (this indication is discussed in the proof of Theorem 11).

First, if CA™ = 0y, then there exist ¢ € V"' x Y"*! is not feasible (consider the
input is identically zero for ¢ € N and investigate the output at ¢ = n). Therefore, we only
consider the case where C'A™ # 0, for the remainder of the derivation of Theorem 12.

Let b € R be a point where the quantizer ()(-) is discontinous. The existence of b
is guaranteed by |Y| > 1. Next, choose o, 3 € )Y such that sup{Q'(a)} < b and
inf{Q(B)} > b. Since any ¢ € Y™ x U™ is feasible, then any q € {a, 3}" x {0}" is also
feasible. By the definition of feasibility (165), the dynamics of system (2) and the input and
output relations expressed in (179), we conclude that for any (sq, S2,...,s,) € {—1,1}",
there exists x € R™ such that forall 1 < k£ < n,

CAFtz < b, if 5, = —1,
(182)
CA1lx > b, if s, =1.
In the above equation, we use “>" because ()(-) is right-continuous. In order to invoke
Lemma 5, we need to replace “>" with “>". Given any (s1, So,...,5,) € {—1,1}", let

x € R” be the vector that satisfies (182), then define index set Z as:
CA* 'y =1, forall k€T (183)

If 7 is nonempty and b # 0, let

o =1+ 6%)% (184)
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Then we can choose € > 0 and e sufficiently small, such that:

CA* 12" > b, forall k €T,

and
CAlg < b, if s, = —1,

forall ke {l,...,n}\Z.

CAF1o > b, if sy = 1,

If 7 is nonempty and b = 0, by (182), there exist z € R™ such that

CA*'z < b, forall ke

Let

(185)

(186)

then we can choose ¢ > 0 and e sufficiently small, such that (185) and (186) are also

satisfied.

We conclude that: For any (s1, so,...,$,) € {—1,1}", there exists z € R" such that

CAF 1y < b7 if s, =—1,
CA*'x > b, if s, = 1.

Next we divide this derivation into two cases.
Case A (C,A) Observable
If the pair (C,A) is observable, define +* € R" as:

- =4 -1 r -
C b
) CA b
Tr =
CA! b
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then

CAF 1z =b, forall 1<k<n (189)

Since |[{<, >}"| = |{1,...,2"}

, let function

he{l,..., 2"t — {<,>}" (190)
be a bijection. Next define a collection of sets {S;}3", as: Forany j € {1,...,2"}, write
h(j) = (s1,82,...,5y,), then

S;={reR":CA* 'z s, bforalll <k<n} (191)
We claim that
S¢ # @, forall 1 <j <27 (192)

To see this, by (187), it suffice to show that = (187) is in the interior of the corresponding set
S;. Particularly, for any S}, there exist z € S; and x satisfy (187). Then either C A*z < b

or CA*z > bforany 0 < k <n — 1. Let §, = |C A*x — b|, then & > 0. Let

Ok
. — 193
= oA (o)
Then for any y € B.x(z),
CA*y —b=CA*(y—z+2)—b
(194)
= CA*y —z) + CA*z — b
Since
[CA (y — 2)| < |CAMly — 2|
< ||CA*|lex (195)

= 5,/2
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By (194) and (195), we see that C' A¥y — b and C A*x — b have the same sign. Let
e=min{e, : 0< k<n-—1} (196)

then B(z) C S}, therefore x € S5 and S5 # @.

Next, we claim that there exist j;,j_ € {1,...,2"} such that

CA"r > CA"z", forall x € 57,
(197)
and CA"r < CA"z", forall x € S}

We show this by contradiction: Assume that Vj € {1,...,2"}, there exist z; € S§ such

that

CA"z; = CA"s* (198)

Notice that for all 7, C’Akzj # bforall 0 < k < n — 1. Otherwise, for any ¢ > 0, we can

find two points u, v € B.(2;) such that:
CA*u < b and CA*v > b (199)

therefore z; is a boundary point of \S;, which contradicts with z; € S7.

Next, we define a collection of vectors {v;}7;:

C
CA .
vj = . (zj —x) (200)

C A

then {v;}3", satisfy (181), by Lemma 5, span({v,}7_,) = R™. For any z € R", then exist
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coefficients (s, ..., aon) € R?" such that:

C
CA 2"
Z = Z ozjvj
7j=1
C A

this indicates

therefore span({z; — 2*}7_,) = R”™. For any z € R", from the above equation and (198)

271
CA"z = Z a;(CA"z; —CA"z") =0
j=1
This contradicts with the condition that CA™ # 0,4, as stated in the beginning of this

derivation. Therefore the assumption (198) is false, and we conclude: There exist j €

{1,...,2"}, such that for all x € S
CA"x #+# CA"x" (201)

We observe that if CA"r > C'A"z* for some x € S, then CA"z > CA"z” for all
r € 53, To see this, assume CA"y < C'A"z* for some y € S7, then we can show that
S5 is a convex set, therefore the line segment connecting x and y lies in S7. Since the line
segment is compact, and the function () = C'A"x is continuous, there exist z € S¥ such
that CA"z = C'A™x*, which contradicts with (201).

From (201), for the particular j, we see that there exist j € {1,...,2"} such that:
S;={zeR":x=22"—y,y € S}} (202)

Finally we observe that {j,j} = {j.,7_}, where j,j_ are defined in (197), and conse-
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quently the claim (197) holds.

Next, we claim that there exist j;,j_ € {1,...,2"} such that

CA"x > CA"x”, forall x € Sj,
(203)

and CA"x < CA"x"*, forall z € S;_

Comparing (197) and (203), we see that it suffice to show: For any j € {1,...,2"}, any
point in z € S; can be approached by a sequence of points in S7, namely there exist
{zx}72, such that

lim zp = r,and {z}32, C S5 (204)
k—o0

If z € 57, then the above is evident. Therefore we only consider the case when z is a

boundary point of .S;. From (196) and (199), x is a boundary point of S; if and only if
CA¥z = b, for some k € {0,...,n — 1} (205)

Then from equations (183) through (187), we can construct a sequence of points that satisfy
(204). Consequently the claim regarding (203) holds.

Recall that b € R is a point where the quantizer ()(-) is discontinous. «, § € ) satisfy
sup{Q ' (a)} < band inf{Q'(B)} > b. And by assumption any g € {a, 3}"* x {0}"*!
is feasible. Next we define a correspondence between the sets {S;} and {«, 3}" x {0}",
where {a, B} x {0} C Y™ x U™.

Given any j € {1,...,2"}, let h(j) = (s1,...,Sn), where function h is defined in
(190). Let a function ¢(j) = (q1,--.,¢n,0,...,0) € {a, 5} x {0}" satisfy:

a, if s is <
Qe = (206)

B, if s is >

Next, if b < CA"x*, then let ¢(j..) = (q1,---,Gn,0,...,0) where j,, ¢(-) are defined
in (203), (206) respectively. Consider ¢ = (o, qy,...,qn,0,...,0) € YY" x Yyt If
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q is feasible, then the corresponding state x (165) is in the set S;, and CA"x < b. This
implies that there exist x € S}, such that C A"z < C'A"x*, which contradicts with (203).
Ifb > CA™z*, let q(j-) = (q1,---,Gn,0,...,0) where j_ is defined in (203). Let ¢ =
(B,q1y- -+ n,0,...,0) € Y"1 x Y"1, then there exist € S; such that CA"z >
C A™x*, which contradicts with (203). In both cases, we can find an element ¢ in Y"! x
U™ that is not feasible. This contradicts with the assumption at the beginning of this
derivation that any g € Y™ x U™t is feasible.

Case B (C,A) Unobservable

First we claim that there exist £* € R" such that:

C b

CA b
= (207)

CA! b

To see this, by (187), there exist z1, x5 € R" such that:
CA¥zy > b, forall 0<k<n-—1
and
CAFzy > b, forall 1<k<n-—1

and

Cl'2<b

Let I(y) = C(yx1 + (1 — y)xs),y € [0, 1]. Since [0, 1] is compact, [(+) is continuous, and
[(0) < band (1) > b, there exist v* € (0, 1) such that [(y*) = b. Let 3 = v*z1 + (1 —
v*)xo, then:

CAFzs > b, forall 1<k<n-—1
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and

Cl'gzb

Similarly, we can find x4 such that

CA¥zy > b, forall 2<k<n-—1

and

Cl’4 =b and CAZE4 <b

Then there exist a convex combination x5 of x4 and x5 such that

CAFzs > b, forall 2<k<n-—1

and

Cl’5 =b and CAZE5 =b

Repeat this process, we can find a z* such that (207) holds.

From (187), define {z;}3", C R" such that for all (s, s, ...

exist j such that

CAF 'z, s, b, forall 1 <k<n

Similar to Case A, define another collection of vectors {v; }]2;1

vj = 0O(z; — ")

where © is defined in (176). We see that {v;}7_, satisfy (181).

,8p) € {<,>}", there

(208)

(209)

By Lemma 5, span({v;}3_;) = R™. By (209), we see that v; is in the column span

of ©. Therefore the column span of © equals R”, which contradicts with (C, A) being

unobservable. This completes the derivation of Theorem 12.
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6.4 Alternate Initialization Scheme

According to Theorem 12, if the memory length ¢ of the finite state approximation S
is greater than the dimension n of the state space of system (2) with m = p = 1, then
S; cannot start arbitrarily within Q and achieve the same approximation quality as when
it is initialized at g,. Consequently, in order to reduce the size of Q, we need to design
an alternate initialization process for S; when the conditions in Lemma 4 or Theorem 12

are not satisfied. We start constructing the alternate initialization scheme by making the

following observation.

Observation 3. Given system (163) and its finite state p/; approximation Sz Or and 9y
are defined in (167) and (168) respectively. There exists a function ¢ : Q; — Qp such
that for any ¢ = (y1,y2. ..y, w1, uz ... u;) € Qp, let (q) = (1,92 - - Ui, Uy, Uz - . . Uy),

the following relations hold:

Yi—(j-1) = N Ui—(j—1) = U

Yi—(j—2) = Y Ui—(j—2) = U
=2 > and =2 2 (210)
Yi = Y u; = uj

To see this observation, we construct a function ¢(:). Given ¢ € Q, write ¢ =
(y1,Y2...yj,u1,us ... u;), then there exist € R™ such that (165) is satisfied. Choose

any v € U, and let

Yioj = g(fuy0---0 fuj (z))
gif(jJrl) = g(fu ° ful O«:-0 fu](x))

Ui—(+2) = 9(fu © fu © fuy 0 -0 fu;(2)) (211)

?}1:g<fu0‘“ofu0fu10"'0ij(£U))
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and let
@D(Q) = (gla <. 7g7l—j7y17 .. 'yj7u7 cee, Uy U, - 'uj) (212)
then ¢(q) is in Qp.
Now we are ready to present an alternate initialization scheme which reduces the size

of Q.
Consider S/ described by:

qi+1 = ¢/(Qt, Uty Yt, t) (213a)

where ¢; € Q' for some finite set @', u; € U, y; € V, 9, € YV and functions ¢’ : Q x U x
YxN-—=Qandf: Q@ xU — Y. Next we describe the new state set Q' and the transition
function ¢'.

State Set Q': Given a system (163), the finite state-space Q' of S'l’ is defined as:
Q' = {q €Y xU'|qis feasible} U {qs} (214)

Essentially, Q" = Qr U {qy } where Qp is defined in (167).
Transition Function ¢': Forany ¢ € Q',y € Y,u € U,andt € N
> If ¢ = gy, then

¢/(Q7y7 Uﬂf) = {4y, forall t € N

> If ¢ # gy and t = 0, then
¢'(q,y,u,t) = P((y,u))

where function 1 satisfies (210).

>Ifqg#qgyand 1 <t <i—1,writeq = (y1,Y2- - Yi, U1, Uz ... u;), and let

q = (y7 yi—(t—l)u sy Yin Uy u’i—(t—l)a s 7ui>7 (215)
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then

(a9, u,t) = ¥(q)

where function ) satisfies (210).
> If g # gy and t > i, write ¢ = (Y1, Y2 - - - Ys, U1, Us - . . U;), and let
q=(Y,Y1,Y2- - Yi—1,U, U1, Uz ... U;_1), then

q, if qis feasible

¢'(q,y,u,t) =
(s, otherwise

We claim that the above construction of S’Z’ achieve the same approximation quality as
S’Z- fort > i.
Observation 4. Given a system (163) and its modified finite state approximation S’l’ as
constructed in Section 6.4, for any input sequence u, any ry € R" and any ¢y € @',
¢ = (Yi-1,Yi—2 - - - Yo, Ui—1, Uj—2 . . . ug) Where uy, and yj, are the input and output of system
(163)attimet =k,0 < k <i— 1.

We verify Observation 4 in a straightforward manner. Indeed, at t = 0, write ¢; =

@' (qo, Yo, uo,0) = (1, ..., 95,41, ..,u}), then (g}, a}) = (yo,uo). Next, at t = 1, write

q2 = ¢/<q17 Y1, Uz, 1) = (?j%) s agz‘zﬂ a%? s 71212)’ then (g?_l’ gzza a?—lv azz) = (yla y07u17u0)°
Repeat this argument until t = i — 1, then we have ¢; = (y;_1, ..., Yo, Ui—1,- .., Up).
Remark. We comment on the significance of 5'2’ here. Particularly, 5‘; recovers the original

construction g@ for time ¢ > ¢, and 5’1’ has a strictly smaller state-space than S’Z The tradeoff

is that S} is a time-variant system, while .S; is time-invariant.

6.5 Summary

In this section, we derived conditions for systems over finite alphats such that the initial-
ization process of their finite state p/u approximations may be simplified. We characterized
such conditions for the general case, as well as for a particular class of systems with lin-

ear internal dynamics. We also proposed a time-variant initialization scheme to reduce the
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number of states used in the approximation, when these necessary and sufficient conditions

are not met.
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7 Existence of Finite Uniform Bisimulations

Along the way of our research, we realized that the results derived in [25] can be ex-
tended to address some relevant open problems in the theory of bisimulation. In this chap-
ter, we begin by proposing a refined notion of finite bisimulation that we refer to as a ‘finite
uniform bisimulation’. We then derive a sufficient condition for the existence of such finite
uniform bisimulations, and we investigated necessary conditions. We constructed an al-
gorithm to compute finite uniform bisimulations when the sufficient condition is satisfied.
We concluded with an illustrative example showing how to construct finite state machine
models of the underlying system when these finite uniform bisimulations exist.

Some of the results presented in this chapter has been reported in [32]. A preprint

version of this work can be found at [33].

7.1 Finite Uniform Bisimulations
7.1.1 Proposed Notions

We begin by defining the notion of finite uniform bisimulation, which is simply an

equivalence relation that satisfies certain desired properties:

Definition 6. Consider a discrete-time system

Ti41 = f($t7 Ut) (216)

where t € N is the time index, x; € R" is the state, u; € U is the input, f : R xU — R"is
given, and input alphabet I/ represents the collection of possible values of the input. Given
asetS C R"”, we say an equivalence relation ~C S x S is a finite uniform bisimulation on
S if the following two conditions are satisfied:

(i) Forany z, 2’ € S and any u € U, if x ~ 2/, then

fla,u) ~ (@, u) 217
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(ii) For x € S with [z] = {y € S|y ~ =}, we have

1 < |{z]|lz € S} < o0 (218)

Essentially (217) requires that each equivalence class transition into another equiva-
lence class under any input, and (218) requires that there be a finite number of equivalence
classes while avoiding the trivial instance of a single equivalence class.

We define a finite uniform bisimulation to be regular if the equivalence classes have a

specific topological structure:

Definition 7. Given a finite uniform bisimulation ~ on S of system (216), we say ~ is
regularif forall x € S, [x] = {y € S|y ~ x} consists of open sets in R" and possibly their

boundary points.

We are interested in regular finite uniform bisimulations because we wish to avoid cer-
tain “pathological” finite uniform bisimulations, as will become clear when we discuss the

necessary conditions for the existence of finite uniform bisimulations in Section 7.3.2.

7.1.2 Deterministic Finite State Bisimulation Models

Given a finite uniform bisimulation ~ on S of system (216), it is straightforward to
construct a deterministic finite state machine (DFM) that is bisimilar to the original system

when the latter is restricted to evolve on S. Indeed:

Definition 8. Given a system (216) denoted by P and a finite uniform bisimulation ~ on &

of P, consider the DFM P defined by

qt+1 = f~<Qt,Ut)7 (219)

where ¢ € N is the time index, ¢; € Q is the state, u; € U is the input, Q@ = {[z]|z € S}

(essentially Q is the finite quotient set of S under equivalence relation ~), U/ is the input
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alphabet of system (216), and state transition function f. : Q x U — Q is defined as

folgu) = [f(z,u)], Vo eq. (220)

We say that Pis uniformly bisimilar to P.

Note that since ~ is a finite uniform bisimulation, it follows from (217) that f. is well-

defined.

7.2 Problem Setup and Formulation
7.2.1 Systems of Interest and Problem Statement

We first introduce the specific class of systems (216) that we will study in this section.

Consider a discrete-time dynamical system described by
T4 = Axy + Buy, (221)

where ¢t € N is the time index, z; € R" is the state, u; € U is the input, and A € R"*"
and B € R™™ are given. We enforce that the input u; can only take finitely many values
inU C R™ (that is, |U| < 00).

For this class of systems, we are interested in questions of existence and construction
of finite uniform bisimulations on a subset S of the state space R™. Particularly, in order
for the bisimulation relation to yield a meaningful “equivalent” DFM, we require the set S

be an invariant set of the system:

Definition 9. A set S C R" is an invariant set of system (221) if for any input sequence
{u}i2o € U™

ro €S =ux, €8, forallt € N. (222)

We are now ready to state the first problem of interest:
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Problem 4. Given system (221), under what conditions on A, B, U does there exist a finite

uniform bisimulation ~ on some invariant set S of system (221)?
When Problem 4 has an affirmative answer, another set of problems naturally follows:

Problem 5. Given a system (221) that admits a finite uniform bisimulation on some invari-
ant set S, under what conditions on A, B, U can an arbitrarily large number of equivalence

classes be generated by a finite uniform bisimulation?

Note that we seek (and propose) both analytical and constructive, algorithmic solutions

to the above problems.

7.2.2 Comparison with Existing Work on Finite Bisimulations

Before presenting our main results, we briefly discuss the similarities and differences
between the current problem of interest and some of the previous developments on finite

bisimulations:

e Our definition of finite uniform bisimulation is stronger than that of finite bisimula-
tion used in some of the literature, of which we pick [34] as a representative paper. In
particular in that setting, the definition requires that if two states are bisimilar (z ~ y)
and x transitions to 2’ under input u, then there exists an input «’ such that y transi-
tion to ¥’ under v’ and 3/ ~ y. Note that u and v’ need not be the same, and thus a
finite bisimulation as in [34] is not necessarily a finite uniform bisimulation. We will

use Example 6 in Section 7.5 to illustrate this difference.

e Our definition of finite uniform bisimulation is in accordance with the definitions of
finite bisimulation introduced in [3, 35]. However, the sufficient conditions for exis-
tence of finite bisimulations derived in [3] concern linear vector fields, and as such
correspond to special cases of (221) where B is the zero matrix, whereas the present
contribution addresses the more general case where B is nonzero. Likewise, the dy-

namics of the system of interest in [35] are different, as the authors study systems of
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the form z,, = A, ()7, where o(t) is the switching signal and is considered to be

the input.

e Finally, the finite input alphabet setup is unique in the literature, in contrast to typ-
ically studied setups where the input signal takes arbitrary instantaneous values in
Euclidean space, or else the input signal is of certain form such as polynomial, expo-

nential or sinusoidal as in [36].

7.3 Conditions for the Existence of Finite Uniform Bisimulations
7.3.1 Sufficient Conditions

We begin by defining a set that will be useful for formulating a sufficient condition for

the existence of finite uniform bisimulations.

Definition 10. Given system (2), define set A, as

t
A;={a €R"a=) A""Bu,u, €U,tcN} (223)

T7=0

Essentially, A; is the collection of forced responses of system (2) in the state-space.
Now, we are ready to propose a sufficient condition for the existence of finite uniform

bisimulations on some invariant subset of the state space.

Theorem 13. Given system (221) with 0 € U, assume that A has all eigenvalues within the
unit disc. If ¢l(Ay) is not connected, then there exists a finite uniform bisimulation on a
subset of R” that is an invariant set of system (221).

To show this result, we first introduce several Lemmas which will be instrumental in

this derivation of Theorem 13.

Lemma 6. Given system (221), if matrix A has all eigenvalues within the unit disc, then

cl(Ay) is compact.

Proof. If A € R™*™ has all eigenvalues within the unit disc, then > 7, ||A7||; converges

(pp- 298, [24]). Since U is finite, max{||Bul|; : v € U} is also finite. Combining these
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two facts, and applying triangle inequality, we conclude that 4 is bounded and therefore

cl(Ay) is bounded. Since cl(.A;) is closed and bounded in R™, ¢l(Ay) is compact. O

Next, we study the structure of set .4, as defined in (223). By the definition of A, and

0 € U, and recall (234), we have

q
Us) =c(A). (224)
j=1
Generally, for any k € Z,, let {u;,us,...,u,} be an enumeration of the set U *, where
w; = (u),...,ub), ul, ... uf €U, we define sets {Sf}?il as follows
Sf = Buj + ABu} + -+ + A" Buf + c(AFA,),  j=1,2,... 4" (225)
We also have
qk'
S = cl(Ay). (226)
j=1

Now we introduce the following Lemma.

Lemma 7. Given system (221), assume that A has all eigenvalues within the unit disc. If
open sets WV and V is a disconnection of c/(.A;), then there exists k* € Z such that for all
jefl,....¢"},

STNnW#£o = STcw (227)

Proof. We show this Lemma by contradiction. We first assume that for all £k € Z_, there

is j(k) € {1,...,¢"} such that S§,) N W # @ and S},

iy NV # . For each k, choose

wy, € S]’."’(k) NWand v, € Sf(k,) NV. Then we have constructed two sequences {wy }7° ; and
{vr}izs-

Since {wy}72, C cl(As), {ve}2, C cl(As) and cl(As) is compact (by Lemma 6),
there exists a subsequence {wy, }7°, that converges to a point in cl(.Ay). Similarly, there

also exists a subsequence of {vy, }7°, that converges to a point in c/(.A;). By relabeling, we
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have found two sequences {wy, }o2; and {vg, }°2,; such that

lim w, =w, and lim v, =v (228)
pP—00 p—00

where w, v € cl(Ajy).

By the construction of SF (225), we see that for any j, diam(S}) < || A¥||1diam(A,).
Since A has all eigenvalues within the unit disc, klggo AF =0, (pp.298, [24]). By bound-
edness of set A,, diam(A,) is finite. Therefore diam(S}) goes to 0 as k tends to infinity.
Note that wy, € Sf(‘}cp) and vy, € Sf(pkp), and k;, > p, therefore lim,, o ||wy, — vy, |l = 0.
Combine with (228), we have lim,, o, wy,, = lim,, o v, = w, where w € cl(A,). With-
out loss of generality, let w € V. Since W is open, there exist ¢ > 0 such that the open
ball B.(w) CW. Since WNV = &, {vy, };2, N Be(w) = &. Therefore |[vy, — wl|; > €

for all p. This is a contradiction with lim,,_, vy, = w. Therefore (227) holds. O

Next, we introduce another Lemma which is based on Lemma 7.

Lemma 8. Given system (221), assume that A has all eigenvalues within the unit disc. If
open sets WW and V is a disconnection of ¢/(.A;), then there exist open sets W' and V' in R”

such that the pair W and V' is also a disconnection of ¢/(A;), and forall j € {1,...,q}
SSNW+#ao = S cw (229)

Proof. By Lemma 7 , (227) holds, and we only need to consider the case when k* > 2.
Define a function f : R” — R™ as : f(z) = Ax. Clearly f is continuous. For any set S,
use f~1(S) to denote the set f~1(S) = {z € R"|f(x) € S}.
For {Sf ?I:l as constructed in (225), let u be an element of I/, then define an index set
J as
T={efl . d"}ul =),
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then | 7| = ¢* ~L. Define sets

S =-Bu+8F, jeJ. (230)

J

For any 5 € J, by (227), either S]k C —Bu+ W or S’Jk C —Bu + V. Write W =
fYU~Bu+W)and V' = f~(—Bu+ V), then either f~1(S*") c W' or f~1(SF") c V.
For each j € 7, by (225), (230), and the compactness of c/(.A;), we have

Sk — A(Bu? T Ak*’zBuf* + cl(AF T AY))

J

for some (u?, ... ,uf) € U* ~1. Consequently, we can determine one and only one j' €

{1,...,¢" '} such that

Skt fH(SH). (231)
We also observe that
U@ ud, . uf)y =urt (232)
JjeTJ
Recall (226), (231), we see that
qk*fl
dA) = | s e s cwuy. (233)
§'=1 Jj€T

It is clear that Y} and V' are disjoint open sets. Therefore (227) holds for £* — 1 and

W', V. Repeat this argument k* — 1 times, we conclude that (229) holds. O
Finally, we provide the proof of Theorem 13.

Proof. (of Theorem 13) Since cl(.Ay) is not connected, let YV and V be a disconnection
of cl(As). Then by Lemma 8, (229) holds. We propose an equivalence relation on Aj.
Since A, is an invariant set of system (221), the proof is complete if we can show that this
equivalence relation satisfies (217) and (218).

Given open sets VW' and )’ that satisfy (229), let X; = A, N W and A, = A, N V.
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Define an equivalence relation ~ as
r~1 & xe X and 2 € X, forsomei € {1,2}.

For any z,2" € A, any u; € U, if 2 ~ 2/, then Az + Bu; € Sj and Az’ 4+ Bu; € S;. By
(229), we see that Az + Bu; ~ Ax’ + Bu;. Therefore (217) is satisfied. Since 1 < 2 < oo,

(218) is also satisfied. This completes the proof. [

Next, we continue to study Problem 5. It turns out that additional assumptions are
needed to guarantee the existence of arbitrarily many equivalence classes, as we shall see
in Section 7.5 Example 7. In order to describe such conditions, we first define a relevant
collection of subsets of the state space R™: Given system (221), let U = {uy, ua, ..., u,}

for ¢ € Z, and define sets {Sj1 9_1 as follows
S} = Bu; +cl(AA,), j=12,....q (234)

We can now propose a sufficient condition for the existence of an arbitrarily large number

of equivalence classes.

Theorem 14. Given system (221) with 0 € U and |U/| > 1, assume that A has all eigenvalues
within the unit disc. If A is invertible, and {Sj1 j_1 (234) are disjoint, then for any z € Z,
there is a finite uniform bisimulation ~ of system (221) such that the number of equivalence

classes associated with ~ is greater than z.

The derivation of this result is given in Section 7.4.

7.3.2 Necessary Conditions

Next, we investigate necessary conditions for the existence of finite uniform bisim-
ulations. We quickly realize that system (221) may admit “pathological” finite uniform
bisimulations: If A, B,U have entries in Q, then the partition Q" and R™ \ Q™ affords a

finite uniform bisimulation of system (221). This motivates us to study regular finite uni-

123



form bisimulations. We propose a necessary condition for the existence of regular finite

uniform bisimulations.

Theorem 15. Given system (221) with 0 € Y. If ~ is a regular finite uniform bisimulation

on an invariant set S of system (221), 0 € int(]0]), and [0] is bounded, then p(A) < 1.

Remark. Theorem 15 states that under certain assumptions, there do not exist regular finite
uniform bisimulations for Schur unstable systems (221). This justifies why we study Schur

stable systems in Theorem 13.

Proof. (of Theorem 15) We will prove by contradiction. Assume p(A) > 1, let Av = \v
with || > 1,

v|i =1, A € C,v € C". And for any w € C", we use Re(w) to denote the

real part of w. Define a set O as

O = {a € R |Re(yv) € [0], forall |y| < a,v € C}. (235)

We show that O is non-empty and bounded in the following. Write v = [v; vy ... v,]%,

where vy, ...,v, € Cand |v1|+---+|v,| = 1. Forany v € C, we have |Re(~yv;)| < |v||vi,

therefore

[Re(yo)ll = D |Re(yo) < 10 Y il = 1l-
i=1 =1

Since B,(0) C [0] for some r > 0 by assumption, for all v with |y| < r/2, Re(yv) €
B,(0). Therefore r/2 € O, and O is nonempty.

Next, we show that O is bounded. Since [0] is bounded by assumption, let [0] C B,(0)
for some o > 0. Since v = [v; vy ... V)T # Opx1, let [vg]| > 0 for some 1 < k < n. Write
vy, as vy, = |vg|et® for some ¢ € [0,27). Assume O is unbounded, then there exist « € O
with |a| > 20/|vg|. Let v = (20/|vg|)e’=%), then |y| < a. By the definition of O (235),

we have Re(yv) € [0]. Observe that

20 . :
[Re(y0)ll1 = |Re(vyor)| = |Re(—€""? |ui]e’)| = |Re(20)| = 20.

|V
Therefore Re(yv) ¢ B,(0), and consequently Re(vyv) ¢ [0], which draws a contradiction.
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Therefore O is bounded.
Next, we define § = sup O. Since O is non-empty and bounded, we have 0 < 3 < oc.
Then for any ¢ > 0, there is 0 < ¢ < e such that Re(kv) ¢ [0] for some ~ € C and

|k| = B+ d. Choose € = (WT_I)B and let &' = £, then

g5l _B+6 _Bt+e _B+(AN-1S
S Vi VR YV g

Therefore |k'| < (. Since § = sup O, there exists & € O such that « > |x/|. By (235),
we see that Re(k'v) € [0], or equivalently Re(x'v) ~ 0. Since ~ is a finite uniform
bisimulation, by (217) and letting the input u be zero, we have ARe(x'v) ~ 0. We observe
that

ARe(k'v) = Re(Ar'v) = Re(rk'(Av)) = Re(k' ) = Re(kv),

therefore Re(kv) ~ 0 ,which draws a contradiction. We conclude that the assumption
p(A) > 1is false, and therefore p(A) < 1.
O]

We point out that the condition “[0] is bounded" in Theorem 15 cannot be dropped (see
Example 8 in Section 7.5). However, the condition “[0] is bounded" in Theorem 15 can be
dropped for scalar systems, where we restrict our attention to instances of (221) described
by

Tl = axy + buy (236)

where z; € R, u; € U, and a,b € R. U is a finite subset of R.
Corollary 1. Given system (236) with O € U. If ~ is a regular finite uniform bisimulation

on an invariant set S of system (236) and 0 € int([0]), then |a| < 1.

Proof. We will prove by contradiction. Assume |a| > 1, and use [0] to denote the equiva-
lence class [0] = {z € S|z ~ 0}. By the assumption B,.(0) C [0] for some r > 0, define
as

B =sup{z € §|[0,z] C [0]}, (237)
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where [0, z] is the closed interval between 0 and z. Since int([0]) is nonempty, there is €
such that [0, €) C [0], therefore the supremum is well defined, and 5 > 0.
First, we consider the case 5 < oo. Clearly [0, 3) C [0]. By the definition of 3, we

have that for any € > 0, there is 0 < § < € such that

B+d¢[0] (238)

Let e = (a*> — 1)3 > 0, and let § denote the nonnegative number that satisfy (238). We

observe that

Pro_y

z =
a

therefore z ~ (. Since ~ is a finite uniform bisimulation, when the input is 0 we have
az ~ 0, and a’?z ~ 0. This draws a contradiction with (238).

For the case 5 = oo, let 5/ = inf{zx € S|[z,0] C [0]}, then ' > —oo, otherwise for
any x € R, z € [0], which implies R = [0] and there is only one equivalence class. Next,
for any € > 0, there is 0 < § < e such that 3 — § ¢ [0]. Choose ¢ = (1 — a?)3" and

z = (8" — §)/a?, then the preceding argument follows. O

7.4 Constructive Algorithms

In this section, we present algorithms for computing finite uniform bisimulations when
the sufficient conditions are satisfied. First, when the conditions in Theorem 13 are satis-
fied, we propose an algorithm, and we show that the proposed Algorithm 1 is guaranteed
to generate a finite uniform bisimulation when the sufficient condition is satisfied.

We begin by introducing the notation of binary partitions of the finite input set {/ with
|U| > 1: A pair (U,Us) is a binary partition of U if Uy, U, are nonempty, disjoint subsets
of U, and Uy U Uy = U. The order of U, U, is not relevant: (U,Us) is the same as
(Us,U,). Since U is a finite set, there are finitely many distinct binary partitions of /. We
use {(Z/{l(i), UQi)) :1=1,...,r} to denote the collection of all binary partitions of &/. Here

r=(Ci+C24---+CI7")/2, where g = |U|, and C] = j!(qq—ij)! represents the quantity “q
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choose j". Now we are ready to present the following algorithm to compute finite uniform

bisimulations of system (221).

Algorithm 1 Computing a Finite Uniform Bisimulation
Input: Matrix A, B, setU

1: Compute: h = max{||Bul; : u € U}
2: Choose: e such that 0 < ¢ < 1 — p(A).
3. Compute: Matrix 7', invertible, such that || T AT||; < p(A) +e.
4: Compute: All binary partitions of U/: (uf“,ué“), i=1,...,r
5: Compute: x = —2”1T_”;(|L‘T)1‘1
6: k<« 1.
7: loop
8:  Compute: [, = h||A*|;
9: 1+ 1.
10: while : < r do
11: Compute: C = {Bu;+ABuy+-- -+ A*1Buy vy € U ,uQ, o up €U
—{Bu1+ABu2—l— + A1 By, u1€Z/{2 U,y ..., U €
U}
12: Compute dk = min{|ja— 8|, : a € ¢, 3 e '}
13: 1fd > nlk then
14: i i,k k.
15: Exit the loop
16: end if
17: 141+ 1.
18: end while
19: k<« k+ 1.
20: end loop

d@)
21: Compute: S = {z e R": [T 'z||; < 2HTH1}

22: Compute: X; = C@ + 8, X = Cé) + S
23: Return: X, A5

Remark. In the preceding algorithm, one approach to compute matrix 7" involves Schur’s
triangularization of matrix A (pp. 79, [24]). We refer interested readers to [24] on the

specifics of computing matrix 7" such that |7 *AT||; < p(A) + € is satisfied.

Remark. Here we explain why Algorithm 1 returns two equivalence classes. We first point
out that if the conditions in Theorem 13 are satisfied, the number of equivalence classes
generated by a finite uniform bisimulation could be greater than two, which is the case in

Example 9 in Section 7.5. However, for certain systems (see Example 7 in Section 7.5),
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two, and only two equivalence classes can be generated based on the analytical result stated
in Theorem 13. Therefore Algorithm 1 returns two equivalence classes, since it is capable
of computing finite uniform bisimulations for any system that satisfies the conditions in
Theorem 13. As we shall see next, we propose another algorithm in case more equivalence

classes are desired.

We claim that Algorithm 1 is guaranteed to generate a finite uniform bisimulation when

the sufficient condition is satisfied.

Theorem 16. Given system (221), and let the hypotheses in Theorem 13 hold, then Algo-
rithm 1 terminates, and returns X7, X5 such that X, X afford a finite uniform bisimulation

on an invariant set S, namely § = X} U X, of system (221).

Proof. To derive Theorem 16, we first show that Algorithm 1 terminates, and then show
that the equivalence classes X7, X, returned by Algorithm 1 afford a finite uniform bisim-
ulation on X; U A%,

Given system (221), since matrix A has all eigenvalues within the unit disc, and c/(.A;)
is not connected, by Lemma 8, there is a disconnection of cl(.Ay), VW and V, such that for
all j € {1,...,q}

SSNW#o = S cw (239)

where ¢ = [U|. LetU; = {u; € U|S; N W # @}, and U = U \ U;. Recall (224),
we see that U} is nonempty, otherwise cl(.A;) N W = &, which contradicts with V¥ and
V being a disconnection of cl(Ag). Uy is also nonempty, otherwise cl(A;) C W, then
cl(As) NV = @, which draws a contradiction. We also observe that |U/| > 1, otherwise
U = 0 by assumption, and cl(.4;) = 0 is connected. Therefore the binary partitions of U
are well-defined. Since U} and U5 are nonempty, disjoint subsets of U/, and U; UU; = U,

there is a binary partition of I/, (L[l(i*) ,US™)Y, such that

U Ul = Uy, up) (240)
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where 7" is an integer between 1 and 7.

Since for any k € Z,
a’ = minflla— B a e, g e}, (24D

we claim that d,(;*) (241) is uniformly bounded away from zero, that is: There exists d > 0
such that

d) >d, forall keZ,. (242)

To see this claim, we define two sets Gy, G, by
G=1s, =S (243)
jeu;r jeu;

By the definition of U}, we see that G; C W. Recall (224) and that VW and V is a dis-
connection of cl(Ay), we see that Go C V. Because V and WV are disjoint, G; and G, are
also disjoint. Since G is a finite union of closed sets, G; is closed. By Lemma 6, cl(.A;)
is bounded, and therefore G; is bounded. We see that G; is closed, bounded, and there-
fore compact. Similarly, G, is also compact. By an observation in analysis: The distance

between two disjoint compact sets is positive (pp. 18, [31]), we have
d=inf{|la — Bl :a € G1,8 € G} > 0. (244)

Since

CY) = {BU1 + ABug + -+ - + Ak_lBUk NS ul(i)7u27 sy U € U}

' ’ (245)
Cél) ={Buy + ABug + -+ + AR Buy, s ug € UQ(I),uZ, o up €U
and recall (234), (240), and (243), we observe that: For all k € Z,
¢ cg, ¢ ca. (246)
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Recall (241), we have d,(f*) >d>0forall k € Z,.
Since matrix A is Schur stable, we see that [;, = h||A*||; — 0as k — oco. Consequently,
there exists k* € Z. such that

_ 2T

d(i:)> Lo A s
e = Btk 1—p(A)—ek

Now we see that the loop in Algorithm 1 terminates, and returns two sets X7, Xo:

X = Cf) + S,
i (247)
X, =C + 8.
For the second part of this derivation, we show that X} U X is an invariant set of system
(221), and that A, X5 afford a finite uniform bisimulation on X} U A5.
For any x € X} U X, by (245) and (247), there exist (uy, ..., u;) € U* and s € S such
that

z = Buy + ABuy + - - + A¥ ' Bug + 5. (248)

Then for any u € U,
Ax + Bu = (Bu+ ABuy + - - + Akleu;C_l) + (AkBu,; + As). (249)

Recall [T-' AT, < p(A) + € 1 = A and b = max{||Bully : u € U}, we
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observe that
|7~ (A* Bug + As) ||y

< || T AFBug|s + | T As|,
< T2 | A¥|fy | Bugly + [|(TATYT sy

< 1T iz + (T AT) LT sl

(1)
Sy L=p(A) — € 6 4
< |77, =5 4\ A Kk __
I g %+ e g,
(@)
P— d];: .
2T

Therefore (A’;Bu,; + As) € S. By (245), we see that (Bu + ABuy + -+ -+ A’;_lBu,;_l) €
C! U CL, therefore, we have

We conclude that X} U Xj is an invariant set of system (221).
Next, we show X} N Xy = &. We show by contradiction: Assume z € X} N X,, then
by (247), there exist ¢; € C%, cy € Cg, s1 € S,and sy € Ssuchthat 2 = ¢y + s1, and z =

Co+ sy, andrecall S = {z € R™ : || T 'z|; < dg)/(ZHTHl)}, we have

ler = cofls < flew = 2lhi + [|2 = e2[ls
= lIs1llx + [[s2]lx
= [|T(T" 1)l + I1T(T " s9) s
<NTI AT s1ll + (1T s2 )

(8)
<d.

But by (241), we have ||c; —co|1 > dg), which draws a contradiction. Therefore X} N X, =
.

Now we are ready to define an equivalence relation ~ on X; U &’ as:
r~a & e X and 2’ € X, for some i € {1,2}.
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We show that ~ is a finite uniform bisimulation on X; U X,. For any z, 2’ € X} U X5, and
any u € U, if x ~ x’, we consider two cases: If u € L{%, recall (245), (247), and (249), we
see that Ax + Bu € X} and Az’ + Bu € X}, therefore Ax + Bu ~ Ax’ 4+ Bu. Similarly, if
u e Uﬁ then Az + Bu € X, and Az’ + Bu € X, therefore Ax + Bu ~ Az’ + Bu. Since
(U1, U}) is a binary partition of U, we see that (217) is satisfied.

Since {[z]|x € A} U Xy} = {7, Xy}, we have [{[z]|z € X1 U Xy} = 2, and (218)
is satisfied. Therefore ~ is a finite uniform bisimulation on &} U X5. This completes the

proof. 0

Next, we present a second algorithm, which is an extended version of Algorithm 1, to
generate an arbitrarily large number of equivalence classes when the conditions in Theorem

14 are satisfied.
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Algorithm 2 Computing a Finite Uniform Bisimulation with Many Equivalence Classes

Input: Matrix A, B, set U = {un),u),...,uq}, integer z: Lower bound of the
number of equivalence classes.

Compute: [, = h|| A,
Compute: ka) = {Buy + ABuy + -+ + A¥ ' Buy, : uy = U(1), Uz, - - -, Ug € U}
Cék) — {Bu1 + ABUQ 4+ .4 Ak—lBuk DU = UR), U, -y U S Z/{}

1: Compute: i = max{||Bul; : u € U}

2: Choose: e such that 0 < e <1 — p(A).

3. Compute: Matrix 7, invertible, such that || T~ AT||; < p(A) + e.
4: Compute: k = %

50 k<« 1.

6: loop

T:

8:

Cék) = {Buy + ABuy + -+ -+ A¥ 1 Buy, s uy = U(g), U, - - -, Ug € U}
9: Compute: d;, = min{||ja — f|; : a € Cq(f),ﬁ € Cq(,f),w #v,1 <w,v<q}
10: ifdk~2 k[, then

11: k + k.

12: Exit the loop

13: end if

14: k< k+1

15: end loop

16: Compute: S = {z € R" : || T 'z||; < Z‘flﬁ}

17: Compute: X; = Cfic) +8, X = Cé’;) 4S8, X, = Céff) LS
18: Choose: 1 € Z_ such that ¢"™* > 2.

19: Compute: An enumeration {uy, Uy, ..., U, } of the set A", where u; = (u]l, o).
20: Compute: X, = Buj + ABuy + -+ + A" 'Bu, + A"X;, 1 < k < ¢""', where
(u1,...,uy) =u;forsome 1l <j<g"”and1<i<gq.

21: Return: X, ... Xy

Again, we claim that Algorithm 2 is guaranteed to generate a finite uniform bisimu-
lation with many equivalence classes when the corresponding conditions are satisfied. In
particular, we claim that the sets &, ..., X n+1 returned by Algorithm 2 afford a finite

uniform bisimulation on Uz': X}, of system (221).

Corollary 2. Given system (221), and let the hypotheses in Theorem 14 hold, then for any
z € 2, Algorithm 2 terminates, and returns a finite uniform bisimulation ~ that has more
than z equivalence classes.

Remark. These equivalence classes computed by Algorithm 2 can also be made arbitrarily
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fine, that is to say, the diameter of each equivalence class can be made arbitrarily small (see

the following derivation).

Proof. (of Theorem 14 and Corollary 2)
To show Theorem 14 and Corollary 2, it suffices to show that Algorithm 2 terminates,

and that the sets &', ..., Xyn+1:
Xy = Buy + ABug + -+ + A" 'Bu, + A"X;, 1<k <", (251)

returned by Algorithm 2 afford a finite uniform bisimulation ~ on Uzzl X}, of system (221).
By Algorithm 2, the number of equivalence classes ¢! is guaranteed to be greater than z.
By assumption, { S} ?:1 (234) are disjoint. By Lemma 6, S} is also compact for all

j €{1,...,q}. Since the distance between two disjoint compact sets is positive, we have
min{d(S,,Sp) 1w #v,1 <w,v < q} > 0.

Recall

C{Y = {Bus + ABug + -+ + A" ' Buy, : . = uqry, ua, . .. up € U},
C = {Buy + ABuy + -+ + A* ' Buy, s uy = ugay, us, . .. uy € U,
(252)

Cék) ={Bu; + ABug + -+ + AR By, sy = U(q), Uz, - - -, Ug € UY,

we observe that C](k) (252) is a subset of S} forany j € {1,...,¢q} and any k € Z,,
therefore d, = min{||ja — f]|; : o € ) e w#vl<wu< q} is uniformly

bounded away from zero:
dr, > min{d(S,,S}) :w #v,1 <w,v<q} >0, Vk €Z,. (253)
Since [}, tends to zero as £ tends to infinity, we see that Algorithm 2 terminates.
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Recall

X=c® s,
X =cP 1S,
(254)
X, =C® 18,
we observe that Ay, ..., A, afford a finite uniform bisimulation on U!_,X; of system

(221) by the derivation of Theorem 16. We will use this observation to show that sets
X1, ..., Xgne1 (251) also afford a finite uniform bisimulation.
We first show that ug’jf X} is an invariant set of system (221). For any z € X}, by

(251), we can write
x = Bu; + ABuy + -+ + A" ' Bu, + A"z
for some (uy,...,u,) € U" and some = € X; with 1 < i < q. Then for any u € U,
Az + Bu = Bu+ ABu; + A*Buy + -+ - + A" ' Bu,_; + A"(AZ + Bu,).

Since UI_, ; is an invariant set of system (221), we have (AZ + Bu,) € X; for some
1 < j < q. Recall (251), we see that (Ar + Bu) € X}, for some 1 < k < ¢""!, and
therefore Uzn:ll X} 1s an invariant set of system (221).

Next, we use an inductive approach to show that the sets X, k = 1,...,¢""! (254) are
disjoint. Write i = {u), ..., u(g)}, we observe that the ¢ sets Bugy + AX;, i =1,...,q,
J = 1,...,q are disjoint. Indeed, consider any Bu) + A.)Ejl and Bu;z) + Az’?jz with
(i, 7Y # (i%,5%). If it = 2, then j' # j2. Since X),..., X, are disjoint, we have
)Ejl N )Ejz = @&. Since A is invertible by assumption, we have A)Eja N A)Ejz = ¢, and
therefore (Bu1y + AXj1) N (Bugzy + AXj2) = @. If i' # 42, from the second part of the
derivation of Theorem 16 (equation (248) through (250)) and the construction of )Ej (252),

X,

q

(254), we see that (Bug1y + AX;j) C X and (Bugz) + AXj2) C Xp. Since X, . ..

Y
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are disjoint, we have X;i N X;2 = @, and therefore (Bu1)+ AXj1) N (Bugz)+ AXp) = @
We conclude that the sets Bu; + A??j, 1t =1,...,q, 7 = 1,...,q are disjoint, where
U={uqy,...,uq}

For the ease of exposition, we use X!, j = 1,...,¢* to denote the ¢* disjoint sets
Bug + AX;, i = 1,....q, j = 1,...,q. We observe that the ¢* sets Bu) + AX],
i=1,...,q,5 = 1,...,¢* are also disjoint. Indeed, consider any Bugny + AX1 and
Bugzy + AX}, with (i, j1) # (%, 5%). If i' = *, then j' # j%. Since X/, j = 1,...,¢*
are disjoint, we have X’} N X, = @. Since A is invertible by assumption, we have AX N
AX), = @, and therefore (Bug) + AX) N (Bugey + AX)) = @. If i' # 4°, by the

preceding paragraph, we see that lel C X, for some 1 < [ < ¢, and therefore
(Bugry + AX}) C (Bugy + AX) C X

Similarly, we see that (Bu(iz) + A/'leg) C Xp. Since A}, ..., /'f’q are disjoint, we have
X N X2 = @, and therefore (Buy + AX}Y) N (Bugz) + AX)) = @. We conclude that
the sets Bu(; + AX},i=1,...,¢q,j =1,...,¢* are disjoint.

Repeating this argument 7 times, we conclude that the ¢"*! sets X, k = 1,...,¢"!
(254) are disjoint.

. . +1
Next, we define an equivalence relation ~ on U?_| X}, as
v~y < xe€ X,andy € X forsome 1 < k §q77+1.

We claim that ~ is a finite uniform bisimulation. Indeed, for any 1 < k < ¢"*!, by
(251), write Xy as Xy = Bu; + ABuy + -+ + A" ' Bu,, + A"X,. Then for any u € U,
AXy + Bu = Bu+ ABuy + A*Buy + -+ + A" 'Bu, | + A"(AX, + Bu,). Since

(AX; + Bu,) C X, for some 1 < j < ¢, we have

(AX) + Bu) C (Bu+ ABuy + A*Bug + -+ + A" 'Bu,_; + A"X;) = X
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for some 1 < k’ < ¢""!. Therefore (217) is satisfied. Since ¢! is finite, (218) is also
satisfied. This completes the proof of Theorem 14 and Corollary 2.
Lastly, we comment on the fact that the diameter of the equivalence classes X can be

made arbitrarily small. For any 1 < k < ¢"*!, we have
diam () < | A" diam(C® + 8) < | A" (diam(A,) + diam(S))

Since A is Schur-stable, diam(.Ay) is finite, and ||A”||; can be made arbitrarily small
by choosing 7 large enough. diam(S) is finite by construction, and we conclude that

diam(X}) can be made arbitrarily small by choosing 7 sufficiently large. [

7.5 Illustrative Examples

In this section, we present a set of illustrative examples: In Example 6, we illustrate
the difference between the notion of finite uniform bisimulation and the notion of finite
bisimulation stated in [34]; in Example 7, we show that additional assumptions, besides
the conditions in Theorem 13, are needed to guarantee the existence of arbitrarily many
equivalence classes; in Example 8, we show that the condition “[0] is bounded" in Theorem
15 cannot be dropped; in Example 9, we illustrate the analytical result in Theorem 13,
discuss how to construct a DFM approximation of the original system, and apply Algorithm

2 to construct many equivalence classes.

Example 6. (Example 2.14, [34]) Consider system (221) with parameters

2 0 -1 1 2
A= -1 -7 11 |, B=|11
0 4 6 11
According to [34], a finite bisimulation with eight equivalence classes {q1, ..., qs} is

constructed. If we choose z = [1 —2 — 3] € ¢y, 2’ = [8,—18, —24] € ¢, and let input

u=[060]T, then Az + Bu = [125 40 34]” € qo, and Az’ + Bu = [160 — 86 — 156] €
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q1. Therefore this finite bisimulation is not a “finite uniform bisimulation" as defined in

Definition 6.

Example 7. Consider system (221) with parameters

05 0 10
A= , B= (255)
0 0 0 1
and
1 0 0 0
Z/{ = ) ) b
0 1 —1 0

We calculate, and plot cl(.A;):

(As) ={(z,y) e R’z =0, -2 <y <2} U{(x,y) e R’z =1, -1 <y < 1} (256)

(0,2)

(0,0) (1,0) T

Figure 7: 2 and only 2 equivalence classes.

In the above figure, VW and V represents a disconnection of cl(As). We see that both
cl(Ag) MW and cl(As) NV are connected. Therefore, we cannot apply the analytical result
in Theorem 13 to generate more than two equivalence classes, because such result relies on

the disconnectedness of an invariant set.

Example 8. Given system (221) with parameters: A = diag({2,0.5}) (a diagonal matrix
with diagonal entries 2 and 0.5), B is the identity matrix, and A = {[0 0]”}. Let X; =
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{(z,y) € R? : 1 < |y| < 2}, and X, = {(z,y) € R? : |y| < 1}, then we see that
Xy, &, afford a regular finite uniform bisimulation on X; U &%, which is an invariant set,

and B,.(0) C [0] forr = 0.5, and p(A) =2 > 1.

Example 9. Consider system (221) with parameters:

0.25 —0.15 10
A= B = (257)

0 0.1 01

and

1 -1 0 0 0
Z/{ = Y ) Y Y
0 0 1 -1 0

Since A is diagonalizable, we have

e | apor =]

0 (1/10)"
and we can show that cl(.A;) is a subset of:
4 4 11
+1,+£1 : — = S
UJtE0,20),0,0} + {0 s 0 € (5.5 e -5, 5]}

Therefore cl(.As) is not connected.

By the derivation of Theorem 13, we find a finite uniform bisimulation ~ on an invariant

set of this system:
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Figure 8: 2-d finite uniform bisimulation example.

X1, ..., X5 shown in Figure 8 afford a finite uniform bisimulation ~ on an invariant set

S = U_, X, of system (221). The points a, b, ¢, d are given by:

and Figure 8 is symmetric with respect to the origin. Particularly, the set S is the convex
hull of points: {a, b, —a, —b}.

Given ~, we can construct a DFM that is uniformly bisimilar to the original system.
Particularly, we associate each equivalence class X; to a discrete state ¢; of the DFM, ¢ =
1,...,5. The state transitions of the DFM can be determined based on (220): For instance,
if the current state of the DFM is ¢;, and the current input is [0 1]T, then the next state of
the DFM is g3.

Since this example also satisfies the conditions in Theorem 14, we can also use Al-
gorithm 2 to generate a finite uniform bisimulation with an arbitrarily large number of
equivalence classes. In particular, we generate two finite uniform bisimulations with 5

equivalence classes, and 25 equivalence classes respectively.
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7

(a) 5 classes. (b) Zoom in on 1 class.

0895

(c) 25 classes. (d) Zoom in on 1 class.

Figure 9: Finite uniform bisimulations with many equivalence classes.

In the above, Figure 9a shows the 5 equivalence classes generated by Algorithm 2, and
Figure 9b shows one particular equivalence class (the boxed rectangular area in Figure 9a).
Similarly Figure 9c shows the 25 equivalence classes, and Figure 9d shows one particular
equivalence class. As shown in Figure 9b and Figure 9d, an equivalence class computed
by Algorithm 2 is the union of all the polytopes (in this case parallelograms). This is in

accordance with the construction of the equivalence classes.

7.6 Summary

In this section we propose notions of finite uniform bisimulation and regular finite uni-
form bisimulation. We then present a sufficient condition for the existence of finite uniform
bisimulations: If the forced response of a Schur stable system is not connected, then the
system admits a finite uniform bisimulation. In this case, we construct an algorithm to com-
pute finite uniform bisimulations. Furthermore, we discuss the existence and construction
of an arbitrarily large number of equivalence classes. We also present a necessary condi-

tion for the existence of regular finite uniform bisimulation. Future works include closing
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the gap between necessary conditions and sufficient conditions, and extending the current

result to systems with more general dynamics.
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8 Conclusions and Future Work

8.1 Conclusions

In this dissertation, we motivate the need for and formulate a notion of observability of
systems over finite alphabets in the sense of how well the output of the system can be es-
timated based on past input and output information. We characterize this proposed notion
by deriving both necessary and sufficient conditions of observability in terms of system
parameters. For system (2), such conditions involve both the dynamics of the underlying
LTI system and the discontinuous points of the quantizer. Based on this notion of observ-
ability, we propose a control design problem which has the flavor of predictive control and
reachability analysis for systems (2) with constraints on the system state. We also discuss
a new construction of DFM observers, their connections to existing results on DFM ap-
proximations, and we study conditions under which an existing construct for finite state
approximation can be simplified. Finally, we apply our results to address a relevantly open

problem in the theory of bisimulation, bringing in a topological approach.

8.2 Directions for Future Work

An immediate direction is to continue charactering the proposed notions of observabil-
ity with an eye on systems with more general dynamics. A more interesting direction would
be further developing the observability analysis in order to address applications in control

design and compare our approach with that of contemporary researchers.
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