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Abstract—This paper focuses on the study of two dimensional
magnetohydrodynamic (MHD) steady incompressible viscous
Williamson nanofluid with exponential internal heat generation
containing gyrotactic microorganism over a stretching sheet. The
governing equations and auxiliary conditions are reduced to a set of
non-linear coupled differential equations with the appropriate
boundary conditions using similarity transformation. The transformed
equations are solved numerically through spectral relaxation method.
The influences of various parameters such as Williamson parameter vy,
power constant A, Prandtl number P;, magnetic field parameter M,
Peclet number Pe, Lewis number Le, Bioconvection Lewis number Lb,
Brownian motion parameter Nb, thermophoresis parameter Nt, and
bioconvection constant ¢ are studied to obtain the momentum, heat,
mass and microorganism distributions. Moment, heat, mass and
gyrotactic microorganism profiles are explored through graphs and
tables. We computed the heat transfer rate, mass flux rate and the
density number of the motile microorganism near the surface. Our
numerical results are in better agreement in comparison with existing
calculations. The Residual error of our obtained solutions is
determined in order to see the convergence rate against iteration. Faster
convergence is achieved when internal heat generation is absent. The
effect of magnetic parameter M decreases the momentum boundary
layer thickness but increases the thermal boundary layer thickness. It
is apparent that bioconvection Lewis number and bioconvection
parameter has a pronounced effect on microorganism boundary.
Increasing brownian motion parameter and Lewis number decreases
the thermal boundary layer. Furthermore, magnetic field parameter and
thermophoresis parameter has an induced effect on concentration
profiles.

Keywords—Convection flow, internal heat generation, similarity,
spectral method, numerical analysis, Williamson nanofluid.

[. INTRODUCTION

UE to enormous application in electronic, magnetic,

optical and thermal properties, wetting and other
engineering applications, nanofluid and fluid-suspension of
nanostructures have become very popular nowadays. The idea
behind its popularity is very simple. As we know that the
common fluids (water, ethylene glycol, engine oil) have low
heat transfer abilities as they have the low thermal conductivity,
therefore for improving heat transfer capabilities nanofluids
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plays a very vital role as they contain metal in it. The
introduction of nanofluid has been introduced by Choi [1].
After these work lots of researchers have made useful
contribution that involved nanoparticles [2], [3].

The interest on non-Newtonian fluid has increased
remarkably due to its diverse application in engineering field.
So, in this process, lots of pseudo plastic models [4], [S] are
proposed to investigate the pseudo plastic properties.
Williamson fluid is one of the most popular pseudo plastic
fluids. It has considerable application in biological engineering
[6]. Nadeem and Hussain [7] used Homotopy analysis method
(HAM) to investigate 2D flow of heat transfer on Williamson
nanofluids. Prasannakumaraet al. [8] investigate slip flow over
a stretching surface comprising porous medium for Williamson
nanofluids in presence of thermal radiation.

Nowadays, nanofluids comprising gyrotactic microorganism
have attracted many authors to investigate their various effects
on fluid flow problem. Microorganisms play a very important
role for reducing greenhouse effect. Microorganisms are more
effective for absorbing carbon dioxide other than plants. Platt
[9] first introduced the word bioconvection which is now a
subdivision of Dbiological fluid dynamics. Different
bioconvection systems were studied on the basis of the
mechanism of directional motion of the different types of
microorganisms by several investigators including [10]-[17].
They discussed that microorganism has a grate rule of
nanoparticles. Buongiorno [18] proposed a new model based on
the mechanism of nanoparticles in the boundary layer
phenomena. After analyzing seven slip mechanisms he found
that if the turbulent effects are absent then the Brownian
diffusion and the thermophoresis parameters play an important
role. A. Aziz and W.A. Khan [19] introduced a general method
to analysis the free convection flow embedded in a porous
medium due to gyrotatic microorganisms. Dinarvand et al. [20]
used Buongiorno’s model to examine the nanofluid stagnation
point flow by considering the different parameters. Dinarvand
[21] applied HAM method to discuss the nanofluid flow over a
vertical surface. In this work, our objective is to march the
concept Williamson nanofluid with gyrotactic microorganism
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to study the 2-D steady, incompressible MHD boundary layer
flow, heat, and mass transfer of an electrically conducting fluid
over a stretching sheet. For the first time, we incorporate heat,
mass and microorganism generations in the energy,
concentration and microorganism equations. We set
fo) =1-e"Fi=e"",0(m) =e" g =€, x(n)=e""as
test function to satisfy the boundary condition for Gauss-Seidal
iterative process during the numerical simulation using SRM
through the use of MATLAB. In the next section we present the
Mathematical model, SRM method, comparison as well as
numerical results to predict the problem physical parameters
inside the fluid flow phenomena.

II. MODEL ANALYSIS

Consider a 2-D MHD steady incompressible viscous
Williamson nanofluid comprising gyrotactic microorganism
over a stretching sheet with internal heat, mass and

microorganism generation. The flow velocity (U,V) acts along
the X and Y axes respectively. The X—direction is along the

sheet surface and Y -direction is normal to it. The transverse
magnetic field By is uniform. Induced magnetic field is omitted

due to small Reynolds number. The velocity Uy(X) at the

continuous stretching surface are considered to be linear
function of X. Under these conditions, the boundary layer
partial differential equations governing the momentum, heat,
concentration, and microorganism are written as [20], [21]:

v
—+—=0 (1)
x oy
2 2 2
ua_“+va—”:ua—;‘+ﬁura—“a—‘2‘—080“ @)
x oy gy yoy  p
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T [“] [‘”] 9z =0 )
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The boundary conditions are:
Aty=0: u=U,(x)=bx,v=0,T=T, =T, +AX,
n=n,=n,+EX,C=C,=C,+BX
Asy »> ©o:u >0, T > T,,C > C,,n—> n, (6)
Here T is the temperature of the fluid , T,, is the wall

temperature and T, is the free stream temperature, D g is

Brownian diffusion coefficient, D¢ is thermophoresis
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coefficient , By is the magnetic field strength, o is the
electrical conductivity, N is the density of the motile
microorganism, Cp is the specific heat at constant pressure, Gy
is the concentration at the surface, C_,is the concentration in the
free stream , [, is the diffusivity of the microorganisms, 7 is
the effective heat capacitance, Wc is the constant maximum
0 is the

is the internal concentration

cell swimming speed, A,B,b,c.E are constants,
internal heat generation, Og

generation, O, is the internal microorganism generation, A is

the power exponent parameter. We consider the following
similarity variable as in [8], [10]:

1

nz[%)gysu=b><f’(77)a v=—vovf(y)
1o = 0 = = ()
The transformed (1)-(5) become:
frl+y )+ ff —f2-Mf' =0 8)
6" +Pr[f +Nb ¢']0'=Pr A f'0+PrNto'? +e™7 =0 )
¢"+Le f g — Le/1f6'+Nb9"+e T=0 (10)

2"+ @Prlb f—Pep)y —(LbPraf'+Peg”)y—Pecg”+e 7 =0(11)

The boundary conditions for the surface and in the distant
regime are given by:

n=0:1f=0,f'=1, =1, ¢=1, y=1

n—oo: f'>0, 850,650, y—>0 (12)

The problem physical parameters are:

2 , 3
parameter, M :[Ubﬂ} Williamson Parameter, » = £Fx;
P v

magnetic field

Prandtl

V.
Pr=—3;
a

number,

Peclet number, Ppe= [ dch ] ;
n

. . (pcp)B(Cy —Cy)
Brownian motion parameter, Nb= ;
VT, (pCt)

(pCp)Dr (Ty —T,)
thermophoresis parameter, Nt= —__ = ; Lewis
VT (pCt)

14 . . . a
number, Le=—/; Bioconvection Lewis number, Lb=—;

Dg D,

. . nOO
bioconvection parameter, O = ———;
n, —n,

The quantities of most interest are the skin friction
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coefficient (C¢), the local Nusselt number (NU), the local
Sherwood number (Shy) and the density number of the motile

microorganism (NI ) . These are:

B 27y, _ XQp

_pUVZV’ X_kAT

7Nu:ﬂ NnX: an

R D, An

Cs (13)

where Ty =—,U(6U/ 5}’)),:0 the surface 1is shear stress,
Ow =—k(5T / @)yzo is the surface heat flux, Gy =-Ds(eC/ Q/)y:O is

the surface mass flux, ch=—D1(6n/ @')yi) is the surface motile

microorganism flux. Using these (13) yields:

C ¢ ,RC « = ( f "(0)) +% f "2 , ReX*l/(nJrl) NUX — _Hv(o) ,

Re, !'? Shy ==¢'(0), Re, ™V Nn =—7(0)
where, Re, = b x? is the local Reynolds number.
v

III. SPECTRAL RELAXATION METHOD

For numerical investigations we used an efficient numerical
technique called Spectral relaxation method for solving our
transformed ordinary differential equations. The key concept of
this technique is the use of trail function and test functions [22],
[23]. For trial function we use Chebychev polynomials and for
test function we used the following assumptions:

fp)=1-e7, Fop=e", 00 =", g(p)=e"" , y(p)=e”"

The discretization procedure is very similar to Gauss-Seidel
discretization idea. In the presence of Joule heating and viscous
dissipation Motsa and Makukula [24] investigates the steady
von Karman flow using SRM method of a Reiner-Rivlin fluid.
Over a stretching surface for Maxwell fluid Shateyi [25] used
the SRM to solve the MHD flow and heat transfer. Using the
similar technique Shateyi and Makinde [26] studied stagnation
point flow of an incompressible viscous fluid. In presence of
binary chemical reaction and Arrhenius activation energy
complex nonlinear system of equations of incompressible flow
are solved using SRM technique by Awad et al. [27] over a
stretching surface. Now for our model we discretize the
transformed (8) to (11) using the following SRM algorithm:

1. Reduced the order f(5) from three to two by taking
f'(n) = F () and defined the transformed equation in forms
of F(n), and the functions 6(z), ¢(n), () which are in

second order need not required to reduce the order.
2. Rewrite the transformed equation involving iteration
notation.
3. In equation for F(;)the scheme is developed by
considering that only linear terms in F(5) are evaluated in

current i.c r+1 iteration level and all the other terms (linear
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and non-linear) in f (n),0(n), ¢(17), x(n) are assumed to be

known from previous iteration (noted as r). Non-linear
terms in F(;) are evaluated as previous iteration level.

4. Inequation for #(77) , all the linear term in ¢(;;) and all the
term in f (), F () are calculated in current iteration level
(as the update is available for f (), F(5) ) and other terms

will use the value of previous iteration.
5. In similar manner the value of ¢(7), y(n)will be

evaluated.
Using the above three steps, (8)-(11) become:

f (U y £+ f £l = F2 =M =0 (14)
Oy +Pr[frpy + Nb § 1600 —Pr A £/ 60y + PrNLE> +e77 =0 (15)
¢r"+1 +Le fr+l ¢r’+l —-Led fr’+1 ¢r+] +

(16)
SO e =0
Nb
Z:,H + (PI' Lb fr+1 - Pe¢r,+1)l;+l - 17
(LbPrAf/, +Pedl )y, —Peog, +e" =0
subject to boundary conditions: Fy(0)=L  F(0)=0;

Gn0 =L G,(9)=0; #a0=L  ¢44(09=0;
X0 =L %, =0. Applying the Chebychev spectral
collocation method (14)-(17), we obtain:

AFRy=B
A Fry =B,
AG.=B
A1 =By
A 2 =Bs

where A =diag(l+y f/)D? +diad f,|D-M1; B =F>; A=D; B,=F.;
A, =D? +diagPi{f,,; + Nbgf | )D—diag PrAf/,); By=-PrNt a2 —e;

A, =D? +diag[Le f,,,|D—diag(Lei /., ); By =N e

A; = D* +diag[ (PrLb f,,, — Peg;,,)|D—diag[ (LbPr A /., + Pegi. )] ;

Bs :%9#1 —e7. 1 is an identity matrix and diag[] is a diagonal

matrix , all size (N +1)x (N +1), where N is the number of
grid points, f,F, h,8,4, y respectively, when evaluated at the

grid points and the subscript r denotes the iteration number. In
our present study we take N=80 collocation point. These values
gave accurate result for all the quantities of physical interest.
Starting from the initial approximation the SRM scheme is
repeatedly solve until the following condition is satisfied:

max (Fr+1 = Fo, Ori1 = O0n,0r 11 = b a1 _Zoo)sgr
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where, g is a prescribed error tolerance which in this study is

taken to be 10~° . To validate the accuracy of our computations
we compared the values of —9'(0), with existing results [8],

[10] by setting € 7 =y=1=Nt=Nb=Le=Lb=Pe=M=05=0 and

varying the value of Pr. The results are seen better agreement
as presented in Table 1.

TABLE I
COMPARISON OF SKIN FRICTION COEFFICIENT —@'(0) WITH PUBLISHED

Pr Present Study Wang [28] Goyal and Bhargava [29]
0.20 0.1691225 0.1691 0.1691
0.70 0.4539241 0.4539 0.4539
2.0 0.91135765 09114 0.9113
7.0 1.89540324 1.8954 1.8954
20.0 3.35390413 3.3539 3.3539

IV. RESULTS AND DISCUSSION

Equations (8)-(11) are solved numerically using SRM
governed by the boundary conditions (12) in order to see the
significance of the problem parameters namely Prandtl number

(Pr}, magnetic field parameter(M), Peclet number (Pe ) ,
Lewis number(Le), Bioconvection Lewis number (Lb ),
Brownian motion parameter (Nb), thermophoresis parameter
(Nt) and bioconvection constant (¢) . The computation of our

study has performed for various values of these parameters. In
SRM technique, we used Gauss-Seidal discretization process
and Chebychev collocation process to grid generation for our
transformed (8) to (11) and use MATLAB to get our required
calculations. The numerical results have been discussed for
various values of non-dimensional parameters:

M =0,0.51 Nt=0.1,0.5,1.2, Nb=0.1,0.5,1.2, Le=1,3,5,
Lb=0.5,0.6,0.7, Pe=0.3,0.5,0.7 c=0,1, 0=0.2,0.4,0.6,
Pr=0.71,3,6.17,A=0,1/3,1,» =0,0.25,0.5,0.05

in the numerical computations. Fig. 1 describes the velocity,
temperature, concentration and microorganism profiles in
presence or absence of internal generations for different values
of Williamson parameter . The profiles are plotted against the

similarity variable7 . For velocity profile no impact is noticed

for internal heat generation, but it starts to decrease as
Williamson parameter increases. On the other side temperature,
concentration and gyrotactic microorganism profiles show
significant impact for internal generations when the value of y

increases. We find these profiles increasing with the increase of
Williamson parameter. It is evident that within the boundary
layer the internal generation takes place with an increase for all
three boundaries on energy, mass and microorganism profiles.
A similar behavior was observed for without internal
generations.
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Fig. 1 Profiles of f'(n) 6(n) ¢(n) x (n) for various values of ¥
M =0.5 Nb=05,Nt=0.1Le=51Lb=0.5,Pe=03,
c=02Pr=0.7,c=01,1=1/3

Fig. 2 illustrates the effect of M on the velocity, temperature,
concentration and gyrotactic microorganism profiles. It is clear
that increase of magnetic field strength leads to decrease the
velocity profile and the fact is that the Lorentz force arising in
this case reduces the flow in the boundary layer. Also, the
temperature, concentration and gyrotactic microorganism thin
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layer increases at different values of the magnetic parameter.
We also observe a large effect on the velocity but a relatively
small influence on the other profiles and this is due to the fact
that the magnetic forces are strongly related with velocity
boundary. It is also clear that an inverse in M leads to increase
in the temperature, concentration, and microorganism of the
fluid.

Fig. 3 describes the velocity, temperature, concentration
microorganism profiles at various values of power exponent
parameter 2 .The value of 2 = 0 correspond to uniform surface
temperature/concentration/microorganism, whereas 1 =1/3
correspond to uniform surface flux and 2 = 1 corresponds to
uniform wall temperature/concentration/microorganism. We
observe that temperature, concentration and gyrotactic
microorganism profile decreases as the power exponent
parameter increases, whereas this effect is seen very significant
for temperature and microorganism boundary with internal heat
and microorganism generations respectively than that of
concentrations boundary layer.
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Fig. 2 Profiles of f'(17) 6(17) ¢(1) y (17) for various values of M
7 =0.05, Nb =0.5,Nt =0.1,Le =5,Lb =0.5,Pe =0.3,
c=02Pr=0.7,c=0,1,2=1/3
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y=0.05, Nb =0.5,Nt =0.1,Le =5,Lb =0.5,Pe =0.3,
c=02Pr=0.7,c=0,1,M =0.5

Fig. 4 describes the temperature, concentration and
gyrotactic microorganism profiles for diverse values of Prandtl
number. It is found that for all the cases i.e temperature,
concentration and volume fraction of gyrotactic microorganism
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boundary layer decreases with the increase of the Prandtl
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Fig. 4 Profiles of f'(n7) O(17) ¢(n7) y () for various values of
y=0.05, Nb=0.5,Nt=0.1,Le=5,Lb=0.5,Pe =0.3,

Pr 09 [ N Without internal
0=02,2=1/3,c=0,,M =0.5 osf ) N e
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Fig. 5 illustrates the temperature and concentration profile =%
for different values of thermophoresis parameter Nt. The value 5 Zj |
of Nt can be positive or negative. Positive values correspond 0:3.
to hot surface and negative values corresponds to cool surface. 02t
The nanofluid velocity and motile microorganism profile are ot _
not affected with Nt. As the value of Nt increases the o . . . —
temperature and concentration profile increases. 1 n
Fig. 6 describes the temperature and concentration profiles v o
for different values of Brownian motion parameter ND . The 08 ___Egbi:f;
nanofluid velocity and motile microorganism profile is not 221 — — s
affected with ND . From Fig. 6, it is clear that as the raising _oer|  memal
value of ND leads to increase the temperature boundary layer =S W Wt el
but decreases the concentration boundary thickness. Z: Lo
Fig. 7 describes the concentration and the gyrotactic ol
microorganism profile for different values of Lewis number Le oal
. The surface shear stress and Nusselt number are not influenced 0 ——Te=mm—mSmmsea
by any change of L€, so the nanofluid velocity and temperature n ) '

are not affected too. From the figure, we can see that increase ) .
Fig. 6 Profiles of (77) and ¢(77) for various values of \[o

y=0.05,Nt=0.1,Le=5,Lb=0.5,Pe =03 ,0 =0.2,
A=1/3,c=0,1,M =0.5,Pr =0.71

of Le€ results in decreasing concentration profile whereas Le
leads to increase in the microorganism boundary layers.
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7 =0.05,Nt =0.1, Nb =0.5,Lb=0.5,Pe =03 ,0 =0.2,
A=1/3,c=01,M =0.5,Pr =0.71

From Fig. 8 we observed reduction in the boundary layer
thickness of the motile microorganism for increasing values of

the bioconvection Lewis number LD and bioconvection

parameter O but for increasing Peclet number P€ the boundary
layer thickness of microorganism induces.

Fig. 9 shows the residual error of (8)-(11) in presence or
absence of internal generations against iterations for different
values power exponent parameter. The residual error of

0m), (), y(n) take linear shapes and are iteration

dependent. The increasing value of A leads to decrease the
residual error and accelerate the convergence. Faster
convergence is achieved when internal heat generation is
absent.

Fig. 10 illustrates skin friction, Nusselt number, Sherwood
number and the density number of the motile microorganism
respectively for different values of Williamson parameter. The
value is plotted against the power law parameter 4. As the
value of magnetic parameter increases shear stress decreases.
On the other hand, temperature, concentration and
microorganism gradient profiles are increasing function of the
Williamson parameter.

Fig. 11 illustrates the density number of the motile
microorganism for different values of Bioconvection Lewis
number and Bioconvection parameter. The microorganism
gradient profiles are increasing function of Pe and Lb .

V.CONCLUSION

In the present study, we consider two dimensional MHD
steady incompressible flow, heat and mass transfer of

International Scholarly and Scientific Research & Innovation 12(2) 2018

Williamson nanofluid comprising gyrotactic microorganism
over stretching sheet in presence of internal heat generation.
The effect of magnetic field, Brownian diffusion and
Thermophoresis are taking into account.
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Fig. 8 y (n) profiles, for different values of o, Pe,Lb
7 =0.05,Nt=0.1,Nb=0.5,Lb =0.5,0.6,0.7,Pe = 0.3 ,0.5,0.7,
0=0.2,04,0.6,4=1/3,c=0,1,M =0.5,Pr=0.71

By using non-dimensional form of similarity transformation
for velocity, temperature, concentration and microorganism,
the basic PDE’s governing the flow and heat transfer were
transformed into a set of ordinary differential equations and
have been solved numerically using SRM method.

Effects of Willianson parameter ), Prandtl number Pr,

magnetic field parameter M, Peclet number P€, Lewis number
Le, Bioconvection Lewis number Lb, Brownian motion
NE, Nt
bioconvection constant O , power parameter A, residual error,

heat transfer rate, mass flux rate and the density number of the
motile microorganism have been examined.

parameter thermophoresis  parameter and
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e The concentration decreases
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Fig. 9 Residual error of €(77) ¢(17) y (17) against iterations for

different values of A
y=0.05,Nt =0.1,Nb =0.5,Lb =0.5,Pe =0.3 ,0 =0.2,
A=1/3,M =0.5,Pr =0.71

We found that:

e M, Nt, Nb, Pr enhance the temperature field & for both

stretching and shirking sheet.

e The flow is more significant with internal generations and

this induce the mechanical strength in the fluid boundary
layer.

e Mis a decreasing function of f'(77).

e The density of the motile microorganism J} is a

decreasing function of Pe, o, Lb
with the
NbPr,Le while the profiles are found to be more

increase of

International Scholarly and Scientific Research & Innovation 12(2) 2018

pronounced with the increase of Nt,M .

e The residual error of,8(7n) ., y(17),¢(n) are iteration

dependent.

e Convergence is faster when internal generations are absent

in all flows.

A

Fig. 10 Nusselt number and Sherwood number for different values of
Nt and Nb
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