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of a novel six-degree-of-freedom
serial humanoid torso
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Abstract
This article presents a bioinspired humanoid torso which is supposed to be used as the trunk for humanoid robots. It can
effectively mimic motions of human torso with high degrees of freedom, and it has high stiffness and easy-to-control
features. The main structure of the proposed torso is a six-degree-of-freedom serial mechanism with twist angles that are
not equal to 0, p/2 or p and zero-length links. Forward kinematic and workspace analysis based on Denavit–Hartenberg
and Monte Carlo methods have been formulated to analyze the feasibility of this structure. In addition, a hybrid method
combing the large-scale regularity search capabilities of chaos optimization and the quasi-Newton method with relatively
high-speed convergence has been proposed to analyze inverse kinematics. Simulations are carried out with the aim to
validate the correctness and efficiency of this method for studying the inverse kinematics.
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Introduction

The environment of modern society is designed for man-

kind. For example, the height of staircase, the shape of the

driver’s seat and the position of the handrail are all

designed according to human size and movement. Thus,

when designing service robot, it’s more economical to

develop humanoid robots than to modify the whole envi-

ronment. This is one main reason that humanoid robots

have been widely studied throughout the whole world.

For humanoid robots, legs and arms have been widely

studied to realize walking and various operations. How-

ever, research of robot torso has been neglected for a long

time in the past. Comparing to 1–3 degrees of freedom

(DOFs) torsos of most humanoid robots, human torso is a

complex system with multiple DOFs related to spine, mus-

cles, brain, and skeleton. It plays an important role in

human movements. Most presented humanoid robots1–5 are

weak in aspects of high flexibility and large range of

motions due to their oversimplified torso structures with

1–3 DOFs in waist.
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Recently, some new torso structures of humanoid robots

inspired by human torso have been reported. We investi-

gated them and divided them into three main categories:

serial, parallel, and hybrid structures. The cable-driven

serial torso structures of Kotaro,6 Kojiro,7 Kenshiro,8 and

ECCE-39 with a large number of artificial muscles have

high flexibility and can achieve large-scale bending

motions. However, they have poor controllability and low

load capacity. The parallel torso is based on a parallel

manipulator that consists of a moving platform, a fixed

base, and some identical actuated chains. This kind of

torso can achieve typical movements of a human body,

but the workspace is pretty small compared to serial

robots. The hybrid torso structure combines the serial and

parallel categories. This type has advantages of the above-

mentioned two kinds of structures. However, extra bene-

fits come with extra prices. In addition, kinematics and

dynamics analyses are complex issues due to the compli-

cated hybrid structure.

In this article, a new humanoid torso has been proposed

based on a special 6-DOF serial mechanism with twist

angles that are not equal to 0, p/2 or p and zero-length links

with the inspirations of human bionics. The advantages and

feasibility of this mechanism have been carried out by

kinematics analysis of the proposed torso structure.

The article is organized as follows: “The bioinspired

humanoid torso” section introduces the mechanism of

the proposed bioinspired humanoid torso. The “forward

kinematics and workspace analysis” section clarifies the

forward kinematics and workspace. The “inverse

kinematics” section presents a detailed explanation of

the inverse kinematics process and outlines the hybrid

numerical approach. In addition, numerical examples of

the proposed torso structure are also illustrated. In the

“conclusion” section, the major results of this article are

summarized.

The bioinspired humanoid torso

Human spine features four sagittal curves including cervi-

cal, thoracic, lumbar, and sacral curves, as shown in Figure

1(a). Curvature is qualified for the role of keeping the mass

center of torso close to the longitudinal axis so that humans

can maintain balance. Torsos with curvatures provide more

than 10 times of strength and resilience compared with

straight vertebral column. Human trunk motions are the

result of collaborations between vertebral joints and muscle

groups. Due to the flexibilities of these muscle groups,

human trunk can withstand large loads. Typical movement

patterns of human torso including rotation, flexion (or

extension), and lateral bending are shown in Figure

1(b).10 Motion degrees between adjacent vertebrae are rel-

atively small, but the entire spine with 30 vertebrae in a

series shows large workspace.

In Figure 2, the proposed new torso structure is illu-

strated in a 3-D model in SolidWorks environment and a

prototype of 3-D printing is presented. The system consists

of six revolute units marked as R1–R6 connected together

in series. The six units are divided into two basic modules

as shown in Figure 2(c) and (d). Internal components are

substantially the same including harmonic reducer, motor,

output flange sleeve, input flange cover, actuator, and enco-

der. The difference is the angle between output flange

sleeve and input flange cover, which decides the location

of rotation axes and subsequently decides motion results.

The design concept begins with the serial mechanism, but

it’s quite different from presented humanoid torsos. It is

based on a general 6-DOFs mechanism with twist angles

Figure 1. Human spine and typical movements of human body.
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that are not equal to 0, p/2 or p and zero-length links with

the inspirations of human bionics. It’s similar to human

spine both in shape and functions, and we adopt rigid con-

nection method instead of flexible artificial muscles for

considerations of load capacity and controllability as dis-

cussed above.

The motion principle of this humanoid torso using disk

type actuators is quite different from human spine’s skele-

ton–muscles motion methods. Independent motions of six

units controlled by six actuators result in coupling motion

types. Typical motion patterns can be achieved: Figure 3(a)

shows the imitation of physiological curvature of the spine

Figure 2. (a) and (b): The proposed humanoid torso system; (c) to (e): components of the proposed torso structure: (1) harmonic
reducer; (2) input flange cover; (3) disk type motor and encoder; (4) output flange sleeve; (5) motor driver.

Figure 3. Typical motion patterns using humanoid torso.
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and Figure 3(b) and (c) shows the actions of lateral bending

and flexion.

Forward kinematics and workspace
analysis

The configuration of the proposed humanoid torso, as

shown in Figure 4, consists of six units. Four Denavit–

Hartenberg (D–H) parameters associated with a particular

convention for attaching reference frames to the proposed

torso structure are also shown in Figure 4 and Table 1; the

x-axis follows the y-axis and z-axis by choosing it to be a

right-handed coordinate system.

The homogeneous transformation matrix is

Ai ¼

cosyi � sinyi sin�i sinyi sin�i ai� 1 cosyi

sinyi cosyi cos�i � cosyi sin�i ai� 1 siny

0 sin�i cos�i di

0 0 0 1

2
6664

3
7775

(1)

where yi is a joint angle at joint i,�i is a twist angle, ai is a

link length, and di is an offset at joint i

0T 6 ¼ A1A2A3A4A5A6 ¼

nx ox ax px

ny oy ay py

nz oz az pz

0 0 0 1

2
666664

3
777775

¼
n o A p

0 0 0 1

" #
(2)

where n, o, A, and p represent the pose of the end effector.

However, it’s not clear whether the proposed new huma-

noid torso based on a special 6-DOFs mechanism could

achieve continuous typical motion actions in Cartesian

space. As shown in Figure 5, workspace of the proposed

torso mechanism has been analyzed using Monte Carlo

method11,12 based on forward kinematics. Monte Carlo

method has no limits to joint types and ranges of joint

variables; it uses yi ¼ yi
min þ ðyi

max � yi
minÞ � RandðÞ

in [�p, p] to generate values of joints, where RandðÞ is a

uniform pseudo-random number. It can be seen that the

shape of the proposed torso structure’s workspace is part

of a sphere with smooth and uniform surface, so for a

humanoid robot, the end effector (the head) of the torso

mechanism could move along the trajectory from A to B

in Cartesian space to imitate lateral bending or the trajec-

tory from A to C in Cartesian space to imitate flexion. It can

be demonstrated theoretically from above analysis that con-

tinuous trajectory planning in Cartesian space to achieve

typical movements is feasible.

Inverse kinematics

Typical inverse kinematic methods include analytical

method and numerical method. Analytical method is quite

superior when the mechanism satisfies the Piper criterion.

Otherwise, this method becomes complex when it involves

in general 6-DOFs serial manipulators in terms of producing

extraneous roots and ill-conditioned matrices. So, numerical

method becomes the only way to be considered due to the

characteristic of the proposed torso structure. Numerical

methods mainly include iterative methods and

optimization-based methods, and they are consistent in some

aspects. Typical iterative method based on Newton–Raph-

son algorithm is widely used to solve inverse kinematics for

serial robots. However, it’s very sensitive to initial iteration

Figure 4. Configurations of the proposed humanoid torso with
D–H system. D–H: Denavit–Hartenberg.

Table 1. D–H parameters.

# y (�) d (mm) a (mm) �

0–R1 y1 100.6 0 �8.3�

R1–R2 y2 45.9 0 16.6�

R2–R3 y3 91.8 0 �16.6�

R3–R4 y4 91.8 0 16.6�

R4–R5 y5 91.8 0 �16.6�

R5–R6 y6 45.9 0 8.3�

D–H: Denavit–Hartenberg.

4 International Journal of Advanced Robotic Systems



values, which means that robots are easy to fall into the near-

singular state and then lead to wrong values.13

An optimization-based equation for inverse
kinematics

In this article, optimization-based methods become the

ideal way to be considered. Inverse kinematic is analyzed

by the process of solving y1 � y6 with four known D–H

symbols. The basic matrix equation can be transformed into

the new form14–16

A3A4A5 ¼ A2
�1A1

�10T 6A6
�1 (3)

The new matrix reduces the analytical complexity of

equation (2) because the joint angle y6 is excluded in the

third and fourth columns of both sides for the features of

A�1
6 . Equation (3) is expanded as follows

n11ðy3; y4; y5Þ o12ðy3; y4; y5Þ a13ðy3; y4; y5Þ p14ðy3; y4; y5Þ
n21ðy3; y4; y5Þ o22ðy3; y4; y5Þ a23ðy3; y4; y5Þ p24ðy3; y4; y5Þ
n31ðy3; y4; y5Þ o32ðy4; y5Þ a33ðy4; y5Þ p34ðy4; y5Þ

0 0 0 1

2
666664

3
777775

¼

n11
0 ðy1; y2; y6Þ o12

0 ðy1; y2; y6Þ a13
0 ðy1; y2Þ p14

0 ðy1; y2Þ
n21

0 ðy1; y2; y6Þ o22
0 ðy1; y2; y6Þ a23

0 ðy1; y2Þ p24
0 ðy1; y2Þ

n31
0 ðy1; y2; y6Þ o32

0 ðy1; y2; y6Þ a33
0 ðy1; y2Þ p34

0 ðy1; y2Þ
0 0 0 1

2
666664

3
777775

(4)

As the next step, substitution using the trigonometric

relations is done to make a clear expression

x1 ¼ siny1; x2 ¼ cosy1; x3 ¼ siny2; x4 ¼ cosy2

x5 ¼ siny3; x6 ¼ cosy3; x7 ¼ siny4; x8 ¼ cosy4

x9 ¼ siny5; x10 ¼ cosy5; x11 ¼ siny6; x12 ¼ cosy6

(5)

since the values of third and fourth columns in equation

(5) on both sides are not associated with y6. Six

equations extracted from the third and fourth columns

in equation (4) can be obtained after multiplied by the

transformations in equation (6)

f1ðx1; x2; � � � ; x10Þ ¼ a13 � a13
0

f4ðx1; x2; � � � ; x10Þ ¼ p14 � p14
0

f2ðx1; x2; � � � ; x10Þ ¼ a23 � a23
0

f5ðx1; x2; � � � ; x10Þ ¼ p24 � p24
0

f3ðx1; x2; � � � ; x10Þ ¼ a33 � a33
0

f6ðx1; x2; � � � ; x10Þ ¼ p34 � p34
0

8><
>:

(6)

Figure 5. Workspace analysis.
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At this point, trigonometric relation sin2yi þ cos2yi ¼ 1

(i ¼ 1–6) is used to get six new equations considering the

substitutions in equation (5)16,17

f7 ¼ x1
2 þ x2

2 � 1 f10 ¼ x7
2 þ x8

2 � 1

f8 ¼ x3
2 þ x4

2 � 1 f11 ¼ x9
2 þ x10

2 � 1

f9 ¼ x5
2 þ x6

2 � 1 f12 ¼ x11
2 þ x12

2 � 1

8><
>: (7)

The benefit of using trigonometric equation is that the range

of the variables is restricted within (�1, 1) during the iteration

procedure. It can guarantee to obtain meaningful solutions.

Consequently, the inverse kinematic solution of the pro-

posed torso structure is equivalent to solve the minimum

values of a master equation described as follows:

Min : FðxÞ ¼
X11

i¼1

fi
2ðxÞ

x ¼ ðx1; x2; � � � ; x10ÞT; x 2 ½�1; 1�

8><
>: (8)

Hybrid numerical approach of Chaos-BFGS method

In this section, a hybrid method combing the large-scale

regularity search capabilities of chaos optimization and

high-speed convergence of quasi-Newton method has been

proposed to solve inverse kinematics.

The BFGS algorithm. Newton’s method is one of the most

widely used algorithms for optimization. The basic itera-

tive formula is summarized below

xðkþ1Þ ¼ xðkÞ �HðxðkÞÞ�1rf ðxðkÞÞ (9)

where rf ðxð kÞÞ is the gradient and HðxðkÞÞ is the Hessian

matrix.

Newton’s method has its own disadvantages such as

sensibility to the initial iterative value, inability to ill-

conditioned matrix, and time cost for Jacobian matrix.

BFGS quasi-Newton method revised the disadvantages

by using an approximation matrix Bk to replace

HðxðkÞÞ�1
and determines the value of the iterative step size

by �k ¼ arg minf xðkÞ �H xðkÞ
� ��1rf xðkÞ

� �� �
.18 Hence,

the modified formula is

xðkþ1Þ ¼ xðkÞ � �kBkrf ðxðkÞÞ (10)

Bkþ1 ¼ Bk þ 1þ
Dg ðk Þ
� �T

BkDg ðk Þ

Dg ðk Þð ÞTDxðkÞ

 !
DxðkÞðDxðkÞÞT

ðDxðkÞÞTDg ðk Þ

� BkDg ðk ÞðDxðkÞÞT þ ðBkDg ðk ÞðDxðkÞÞTÞT

ðDg ðk ÞÞTDxðkÞ

(11)

where

g ðk Þ ¼ rf ðxðkÞÞ
Dg ðk Þ ¼ rf ðxðkþ1ÞÞ � rf ðxðkÞÞ
DxðkÞ ¼ xðkþ1Þ � xðkÞ

8><
>: (12)

Quasi-Newton methods can achieve superlinear conver-

gence if the initial iteration point is close to the solution.

However, it’s not always effective in solving the minimum

of multidimensional nonlinear equations for getting local

extremum if the initial guess is not sufficiently close to the

solution, or if singular points are encountered.19 In other

words, these methods are locally convergent and provide

no guarantee for obtaining solutions. Some methods have

been tried to overcome the disadvantages, but the extra

benefits come with extra prices,20,21 effects are not good.

Chaos optimization method. Chaos is a highly unstable

motion of deterministic systems in finite phase space.22

Logistic chaotic equations are used to generate chaotic

variables for optimal searching23

xnþ1 ¼ �xnð1� xnÞ (13)

where � is a control parameter and n ¼ 0, 1, 2 . . . .

Suppose 0 � x0 � 1, when � 2 ½3:56; 4�, the logistic

system becomes chaotic. The logistic system is based

on the properties of ergodicity, stochastic, and ‘regular-

ity’ of chaos. When n variables are optimized, n differ-

ent values belong to (0, 1) are set for the initial values

and ensure that these values are not equal to fixed points

0, 0.25, 0.75, 1. So, n chaotic variables with different

trajectories can be obtained.24 Chaos optimization

method can search global extremum on regularity of

chaotic motion quickly; however, it lacks local conver-

gence ability.

Chaos-BFGS method. In combination with the advantages of

two algorithms, theoretically, the hybrid approach of

chaos-BFGS method can effectively avoid the local extre-

mum traps when the BFGS method is used to calculate the

extreme value of the high-dimensional sub-nonlinear equa-

tion. The main steps are summarized below:

� Step 1: Set the solution error ", run the chaos opti-

mization algorithm to solve the systems of nonlinear

equations described in equation (8).

� Step 2: Make the current solutions x	 obtained by the

chaos optimization algorithm as the initial vector to

the BFGS method, then solve the high-dimensional

sub-nonlinear equation and get the solution x		, set

x	 ¼ x		.
� Step 3: If Fðx	Þ<", the hybrid algorithm is termi-

nated; else, make x	 as the initial vector of chaotic

search, go back to step 1.

In the chaos-BFGS method, chaos optimization algo-

rithm is used to explore the solution space and locate the

global initial solution of the system of nonlinear equation

for the BFGS algorithm to avoid the local minimum. While

the BFGS method is used to obtain the exact solution of the

high-dimensional sub-nonlinear equation, the chaos-BFGS

method includes the global search capabilities of the chaos

6 International Journal of Advanced Robotic Systems



optimization and the high local convergence rate of the

BFGS quasi-Newton method, so the hybrid approach has

excellent performance in theory compared to other

methods.

Numerical examples and discussions

A 4 � 4 homogeneous matrix of the proposed torso struc-

ture’s pose derived from forward kinematics using an arbi-

trarily selected joint angles is as follows

T ¼

0 :996576403552939 0 :079360147236245 � 0 :023182728746453 0 :047841138261263

� 0 :079360147236245 0 :839595602678195 � 0 :537383653448893 � 0 :149366870349598

� 0 :023182728746452 0 :537383653448893 0 :843019199125256 0 :560221681406954

0 0 0 1

2
6664

3
7775 (14)

Figure 6. Flowchart of chaos-BFGS method; BFGS: Broyden-Fletcher-Goldfarb-Shanno.
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At first, the chaos optimization is used to find the initial

vector for the BFGS algorithm. Consider that y 2 ½�p; p�,
so xi 2 ½�1; 1�. Set the allowable error " ¼10�6. Set the

first chaotic iterative steps as 1000 and the second carrier

chaotic iterative steps as 5000. The values of variables

x1 � x10 and the main equation FðxÞ during the iterative

process are shown in Figures 7 and 8.

It can be seen that the values of x1 � x10 effectively

traversed the value range after the second carrier iteration.

The initial point of the BFGS algorithm, which is the clo-

sest to the global optimal point, is obtained: [0.9994,

0.1547, 0.9350, 0.3262, 0.2020, 0.9576, 0.6368, 0.7712,

0.9666, 0.1772].

Take this point as the initial vector, the BFGS algorithm

finds one of the exact solutions with 32 steps, as shown in

Figure 9(a): [�0.1498, 0.0734, �0.1142, �0.0848, 0.0380,

�0.4037,�0.0274,�0.1315, 0.0033, 0.0020]. The value of

FðxÞ is 3 :9829� 10�9 when the value of gð32Þ reaches the

stopping criterion. Corresponding joint angles y1 � y6 can

be calculated: [�1.6968, 1.5938, �0.1911, 0.5347, 1.7548,

�2.1197] rad by using yi ¼ arctanðxm=xmþ1Þ (i ¼ 1–6,

m ¼ 1–11).

In Figure 9(b), the BFGS method with an arbitrarily

selected initial vector0,0,0,0,0,0,0,0,0,0 gets the solution

5:5495� 10�6 of FðxÞ taking over 350 iterative steps. In

Figure 9(c), the iterative error of the Jacobian method with

an initial value0,0,0,0,0,0 in Robotics Toolbox reaches about

0.064, warning occurs that initial joint configuration results

a near-singular configuration and this may slow conver-

gence when the algorithm is running. It can be calculated

that the rank of the Jacobian matrix is six in this case, which

is not in the singular state. In fact, other arbitrary initial

values could also result in this warning after many numer-

ical experiments.

The concept of manipulability can be used to explain this

problem. Consider the set of joint velocities with a unit norm

q
� T q
� ¼ 1 (15)

where q� are joint velocities, which lie on the surface of

a hypersphere in the six-dimensional joint velocity

space. Substituting equation (16), it can be written as

equation (17)

q
� ¼ JðqÞ�1

v (16)

v TðJðqÞJðqÞTÞ�1
v ¼ 1 (17)

Figure 7. The logistic map chaotic generator spectrum of x1 � x10.

Figure 8. The logistic map chaotic generator spectrum of FðxÞ.
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where v represents velocities of end effector and JðqÞ is the

Jacobian matrix. Equation (17) is the equation of points on

the surface of a six-dimensional ellipsoid in the end-

effector velocity space. If this ellipsoid is close to spherical,

that is, its radii are of the same order of magnitude, then all

is well—the end effector can achieve arbitrary Cartesian

velocity. However, if one or more radii are very small, this

indicates that the end effector can’t achieve velocity in the

directions corresponding to those small radii.25 It can be

seen from the rotational velocity ellipsoid of the numerical

examples, as shown in Figure 9(d), that the end effector can

achieve much higher velocity in the z-direction than in the

x- and y-directions, which indicates that the arbitrary cho-

sen pose and orientation are in the near-singular state.

Conclusions

The characteristics of the proposed bioinspired humanoid

torso based on a general 6-DOF serial mechanism with

twist angles that are not equal to 0, p/2 or p and zero-

length links have been investigated. Forward kinematic

based on D–H method and workspace analysis based on

Monte Carlo method are implemented to demonstrate

that continuous trajectory planning in Cartesian space

to achieve typical movements is feasible, which means

the new humanoid torso has the ability to achieve typical

human postures. As the hybrid chaos-BFGS method has

global search ability, the numerical simulations prove

that chaos-BFGS method is more effective to solve

inverse kinematics in terms of accuracy and speed com-

pared with Newton-type methods under the circumstance

that the nonlinear equation is non-smooth and sensitive

to the value of initial guess caused by the structural

characteristics. The proposed method also can be applied

to inverse kinematics of general 6-DOFs serial robots,

especially when there are many (near-)singular points

caused by special structures. Experimental analyses are

to be further investigated to show the feasibility of

achieving typical postures by accelerating the construc-

tion of experimental platform.

Figure 9. Error of three iterative methods: (a) chaos-BFGS method; (b) BFGS method with an initial value [0,0,0,0,0,0,0,0,0,0]; (c) Jacobian
method with an initial value [0,0,0,0,0,0] in MATLAB Robotics Toolbox; (d) rotational velocity ellipsoid of the numerical case.
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