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Abstract

Radiative shock waves standing in disk accretion flows are examined under the equilib-
rium diffusion approximation (1T limit) in the optically thick case, taking into account the
hydrostatic equilibrium in the vertical direction. In contrast to the usual one-dimensional
shock, where the gas density of the post-shock region increases due to the shock com-
pression, if the shock is sufficiently strong, the gas density in the post-shock region
often decreases due to the vertical expansion behind the shock front. However, the sur-
face density behaves like the gas density in the usual shocks, and increases up to 7 in
the radiation pressure dominated shock. Hence, the vertical optical depth in the post-
shock region rises, in spite of the reduction of the gas density. In addition, similar to
the usual radiative shock, there appears a radiative precursor in the pre-shock region
before the shock front, due to the radiative diffusion effect. We derive the overall jump
conditions for the radiative shock in disk accretion flows, and solve the structure of the
radiative precursor for both the gas and radiation pressure dominated cases. The solu-
tions are quite fundamental in disk-accretion shock problems, and should be developed
in various aspects.

Key words: accretion, accretion disks — protoplanetary disks —radiation: dynamics —shock waves — stars:
black holes

1 Introduction Raizer (1957), there have been many publications con-
cerning radiative shocks (e.g., Zel’dovich & Raizer 1966,
2002; Weaver 1976; Mihalas & Mihalas 1984; Lacey 1988;
Bouquet et al. 2000; Drake 2005, 2007; Lowrie et al. 1999;
Lowrie & Rauenzahn 2007; Lowrie & Edwards 2008;
Tolstov et al. 2015; Ferguson et al. 2017).

In radiative shocks, radiation emitted from the shock

In the universe, there are various phenomena associated
with shock waves, such as supernova explosions, standing
shocks in winds and accretion flows, accretion shocks in
the star-forming cores, bow shocks ahead of astrophys-
ical jets, and various other outburst phenomena. Besides

astrophysical phenomena, shock waves are associated with

, . front generally affects both sides of the front. The radia-
various natural phenomena, such as volcano explosions

. . e . i iffusion in th ically thick regime, or the dir
and thunderbolts, or with various artificial origins, such tive diffusio the optically thick regime, or the direct

. . . radiation in th ically thin regime, transports radiation
as supersonic planes, blasting, and nuclear bombs, or with adiatio the optically t egime, transports radiatio

laboratory experiments. If the shock is sufficiently strong, energy into both the upstream medium in the pre-shock

then the radiation energy flux and/or pressure play an region before the shock front and the downstream medium

essential role in the shock flows—radiative shocks. The the post-shock region after the front. In the pre-shock

C . . region ah f the shock front, radiation emi from th
radiative influence on shock waves has been investigated egion ahead of the shock front, radiation emitted from the

in many research fields, and since Zel’dovich (1957) and shock front heats up and/or ionizes the upstream medium to
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make the radiative precursor, whereas far from the shock
there remains the undisturbed upstream medium. Even if
the upstream medium is optically thick, the radiative pre-
cursor can be formed by radiative diffusion. In the post-
shock region after the shock front, the downstream medium
is also heated up by the shock transition, and emits radi-
ation (radiative zone). Even if the downstream medium is
optically thick, the relaxation zone may appear, as a region,
where radiation and matter equilibrate.

The important quantity for the radiative shock behavior
is the optical depth of the upstream and downstream regions
(cf. Drake 20035). If both sides of the shock front are opti-
cally thick, the medium may be in local thermodynamic
equilibrium (LTE) everywhere. If, further, both sides are
sufficiently thick, one may often use the equilibrium dif-
fusion approximation, where radiation and matter equili-
brates with the same temperatures (1T limit).

In the field of astrophysical accretion flows (Kato et al.
1998, 2008; figure 1), the standing shocks in disk accre-
tion with low angular momentum were first investigated
by Fukue (1987). He examined the transonic disk accre-
tion onto a central black hole with a full relativistic treat-
ment, using rigorous equations of state, and found multiple
critical points as well as a transition through standing
shocks.

Fukue (1987) assumed that the disk thickness does not
alter before and after the shock for simplicity (figure 1a).
On the other hand, Chakrabarti (1989) considered the
hydrostatic balance in the vertical direction, and consid-
ered the accretion shock problems (see also Chakrabarti
1996; Lu & Yuan 1997; Das 2002; Chakrabarti & Das
2004; Sukova et al. 2017 and references therein). If the
hydrostatic equilibrium holds in the post-shock region, the
disk usually puffs up in the vertical direction, and the gas
density does not increase, but decreases after the shock
transition (figure 1b).

Although there have been many studies on standing
shocks in disk accretion flows, all of them have consid-
ered hydrodynamical shock waves (adiabatic or isothermal)
in (viscous) accretion flows, and none have yet analyti-
cally examined the radiative shocks in disk-accretion shock
problems (see Okuda et al. 2004 for numerical simula-
tions of wind flows). If, of course, the disk thickness
does not change at the shock front, the radiative shock
in disk accretion is nothing but the usual one-dimensional
radiative shock (figure 1c). For example, a radiative pre-
cursor region appears due to the radiative diffusion effect.
Furthermore, the so-called isothermal shock in the gas pres-
sure dominated case, or the so-called continuous shock in
the radiation pressure dominated case, can be realized.
In addition, the density compression ratio becomes up
to a factor of 7 in radiation pressure dominated shocks,
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Fig. 1. Schematic pictures of disk accretion flows onto a central
object with hydrodynamical (HD) nonradiative shocks or radiation-
hydrodynamical (RHD) radiative shocks at rs (upper panels in each
figure), and the variations of density p or surface density X~ along
the shock transition (lower panels in each figure). (a) HD nonradiative
shocks under constant disk thickness. The gas density can increase up
to a factor of 4 in the gas pressure dominated case. (b) HD nonradia-
tive shocks under vertical hydrostatic balance. The gas density usually
decreases after the shock transition, but the surface density (and optical
depth) increases up to a factor of 4 if the gas pressure is dominant.
(c) RHD radiative shocks under constant disk thickness; a radiative pre-
cursor appears in the pre-shock region. The density compression ratio
becomes up to a factor of 7 in the radiation pressure dominated case.
(d) RHD radiative shocks under vertical hydrostatic balance; a radia-
tive precursor appears in the pre-shock region. The gas density usually
decreases in the radiative precursor region, but the surface density (and
optical depth) increases up to a factor of 7 if the radiation pressure is
dominant. (Color online)

in contrast to 4 for gas pressure dominated shocks. If,
however, we take into account the vertical hydrostatic bal-
ance after the shock front, the situation could drastically
change (figure 1d).

Thus, in this paper we first examine radiative shock
waves standing in disk accretion flows under the equilib-
rium diffusion approximation (1T limit) in the optically
thick case, taking into account the hydrostatic equilibrium
in the vertical direction.
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Since such radiative shocks in accretion flows can relate
to nonrelativistic disk accretion, such as protoplanetary
disks, as well as relativistic disk accretion onto a compact
object, we use nonrelativistic treatments as a starting point
for radiative shocks in disk-accretion shock problems.

In the next section we describe the basic equations for
jump conditions and a radiative precursor, under the equi-
librium diffusion approximation. We derive the overall
jump conditions for the radiative shock in disk accretion
flows, and solve the structure of the radiative precursor
region for the gas pressure dominated case (section 3) and
the radiation pressure domnated case (section 4), respec-
tively. The final section is devoted to concluding remarks.

2 Basic equations

Except for the extremely thick case, radiation from shock
fronts usually diffuses out into the pre-shock and post-
shock regions, and affects the structure of shocked flows.
For example, physical quantities such as temperature
can continuously change in some extents, including the
radiative precursor, shock front, and after-shock region.

In the present study, we consider an equilibrium
diffusion approximation (or 1T limit), where the radia-
tion temperature T,,q is equal to the gas temperature T,
(one temperature approximation): Tig = Ty = T. We
assume the following situations (figure 1): (i) Gas with
low angular momentum accretes in the radial (r) direc-
tion onto the central object with mass M. (ii) The gas flow
is optically thick, and the diffusion approximation holds.
(iii) The Eddington approximation is adopted for radiation
fields. (iv) Hydrostatic equilibrium is assumed in the vertical
direction. (v) Change of the gravitational field or angular
momentum is not considered. (vi) Radiative cooling or mass
loss from the disk surface is not considered. (vii) The vis-
cous force and magnetic fields are also dropped. (viii) The
relativistic effect is also ignored. Under these assumptions,
the basic equations become as follows.

2.1 Equilibrium diffusion approximation

In such a radiative shock, the radiative flux in the total
energy conservation is retained, and the jump conditions
for radiation and matter are derived (e.g., Lowrie &
Rauenzahn 2007).

In the present study, considering the disk thickness b
and hydrostatic equilibrium in the vertical direction, we
can give the mass flux, momentum flux, and energy flux
conservations for the gas density p, gas pressure p, radia-
tion pressure P, and velocity u relative to the shock front

as follows:
hpu = hipu; = j (constant), (1)
h(pu® + p + P) =hi(piuj + p1 + Py), (2)
hpu <7u2 + A + ﬁ) +hF
2 y—1p
1 4P
= hip1m (*u%+LE+7l)’ (3)
2 y—1p P1

where the subscript “1” represents the quantities in the
upstream region far from the shock front, and no subscript
means those in other regions, including the downstream
region far from the shock front (subscript “2”). Under the
Eddington approximation, we have set the radiation energy
density E as E = 3P.

The diffusive flux Fis expressed in terms of the radiation
pressure or temperature as a function of the coordinate
x along the shock flow:

cdP _ 4acT3dl
3kp dx’

—— = 4
kp dx “)
which is the first moment equation (diffusion form). Here,
K is opacity and assumed to be constant.
In addition, the hydrostatic equilibria in the vertical
direction in the post-shock and pre-shock regions are,

respectively,

GM P

Ay (5)
r P

GM P

— /7% — w, (6)
Ty L1

or can be combined into the form:
> P > P (7)

:h s
p+P "p1+ P

where r is the distance from the center, and we assume
r = ry in the present study. Rigorously speaking, the radia-
tive shock is not discontinuous, but has some width as a
radiative precursor, and therefore » # r; and the gravi-
tational field changes during the shock transition in the
present accretion shock problem. As a first step, however,
we ignore the change of the gravitational field (and also the
angular momentum).

These equations are supplemented by the equation of
state and the opacity expression.

2.2 Overall jump conditions

Far from the shock, radiation and matter equilibrate, and
the diffusive flux can be ignored. Hence, for ideal gases and
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isotropic radiation fields, the overall jump conditions in the

present case are

/92,02142 =h1,01141 =7, (8)
hz(pz”%-f-Pz-FPz) =h1(01M%+P1+P1), 9)
1 4P 1 4P

S UL 2 R S e AR T0)
2 y=1lp po 2 y—1pt  p

hZ

noabth (1)
bt pp1+ P

where the subscripts “1” and “2” represent the quantities in
the upstream and downstream regions far from the shock.

Similar to the hydrodynamical shock, by eliminating
u, the energy and momentum conservations (Rankine—
Hugoniot relations) become, respectively,

4P 4P
y P 0 (J/Pl_i_;)

y=1m;m  m;m \y—1p  p

+1ﬁ,’§<pz+Pz)—(p1+P1)(mm_pzhz>_0 12
Z%,Oz—m P2 by 1 by -

ha

h o
[f(pﬁ&)—(pwﬂ)] T
1 5, P2 — P1

2

=ypiMi, (13)

where M (= u/ay) is the Mach number of the upstream
flow, a; (= +/y P1/p1) being the sound speed in the upstream
region. In addition to these Rankine-Hugoniot relations,
we use the hydrostatic equilibrium relation:

(hz)z_ n (14)

bi) i+ P

In the present radiative shock in disk accretion flows,
there are four unknown variables (p,, p2, P2, b»). Inserting
equations of state, p = (R/u)pT and P = aT*/3, there
remain three unknown variables (p,, T,, b,) for three equa-
tions, and further eliminating p, and b,, they are then
combined into a single ninth-order polynomial equation
on T, (e.g., Bouquet et al. 2000; Lowrie & Rauenzahn
2007). Here, in order to treat the problem semi-analytically,
we consider the simplest two limits, the gas pressure and
radiation pressure dominant cases.

2.3 Radiative precursor region

Using the solutions of the jump conditions as boundary
conditions, the structure of the radiative precursor can be
solved. For ideal gases and isotropic radiation fields, the
energy conservation in equation (3) including the radiative

flux is expressed as

P dP 4acT?* dT

kpdx  3kp dx

_(1u2+L&+ﬂ) by pruy. (15)

Eliminating # [= by p,u1/(hp)], and again introducing the
Mach number M, (= u;/a) in the upstream region, this
equation can be rearranged as

P
+da, (—ﬂ—1), (16)
P p

where 7 (= kp1¢;) is the typical optical depth, ¢; the
relevant scale length, 81 (= u;/c) the normalized rela-
tive speed at the pre-shock region, and % (= x/¢;) the
normalized coordinate.

Similarly, the momentum conservation in equation (2) is
rearranged as

hﬁlP—Pl—i-bﬁlP—Pl:PlallM%(l—%%). (17)

Parameters are 71, ¥, &1 (= P1/p1), B1 (= u1/c), and M3.
From the physical viewpoints, we specify and separate these
individual parameters. However, since t; and 8, are com-
bined into a single parameter (t{81), and furthermore, they
are renormalized into the coordinate, the present radiative
shock is a one-parameter family, such as (y /a;)M3.

As was stated, in the following subsections we shall
examine the two limiting cases.

3 Radiation-radiation shocks

In this section we shall examine radiation—radiation shocks,
where the radiation pressure is dominant on both sides
of the shock. In the usual one-dimensional radiative
shocks, the radiation pressure dominated case is always a
continuous shock.

3.1 Overall jump conditions

In the radiation pressure dominated case we drop the
gas pressure terms, and the Rankine-Hugoniot relation of
equation (12) and the hydrostatic relation of equation (14)
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Fig. 2. Post-shock quantities as a function of P, in the radiation pressure
dominated case. A thick solid curve represents 35, a thin solid one 75,
a thick dashed one hy, and a thin chain-dotted one T5. (Color online)

become, respectively,

4P, 4P, 1PEP—Pifph  phy

2o lon T (22—, (18
P2 pi 2320 —p paby  p1 by

b’ P

2z (19)
/71 , P

or, if the post-shock quantities are normalized by the
pre-shock ones, these equations are re-expressed and
arranged as:

P oo
72 -7+ — —hP, =0, (20)
P2 02172
=2, (21)
P2

where P, = P,/ Py, p» = ps/p1, and by = by / b;.

Introducing the surface density ¥, (= b, p,) instead of
the density p, in the post-shock region, these equations are
further rewritten as

b, . 1 . .
7—=h,— 7+ =——hP, =0, 22
22 2 22 242 ( )

Soby =Py, (23)

and finally solved as

zzzﬁ[l—ﬁf+\/<1—ﬁf)2+196ﬁg]. (24)
Other post-shock quantities are given as, e.g., b, = P,/ %,
pr = %2/hy, i1y = 1/%,,and T, = P,/

In figure 2 several of these post-shock quantities are
depicted as a function of P,: a thick solid curve represents

M,

Fig. 3. Post-shock quantities as a function of M1 in the radiation pressure
dominated case. A thick solid curve represents 5, a thin solid one j,, a
thick dashed one hy, a thin chain-dotted one T, and a thin two-dot chain
one P,. The parameters are y = 5/3 and «q = 10. (Color online)

the surface density 3,, a thin solid one the density 5,, a thick
dashed one the disk thickness 5., and a thin chain-dotted
one the radiation temperature 5.

As is seen in figure 2, the gas density decreases for large
P, due to the vertical expansion after the shock transition,
although it increases for not so large P,. Instead of the
gas density, the surface density increases after the shock
transition, and approaches 7 in the limit of large P,.

On the other hand, another Rankine-Hugoniot relation,
equation (13), becomes, in nondimensional form:
;o= b p> Y .2
(hoPy — 1) ——— = —Mj, (25)
happ —1
where &y = P1/p;.

Introducing the surface density ¥, (= b, 0,), this relation
is further rewritten as
L N Rayves (26)

¥ —1 251

Now, using equations (22), (26), and (23), we can
express the post-shock quantities as a function of the
pre-shock Mach number as

& _ Tlv/e)
2= T o o
(Jan) M} + 8

2 _ L6ly/a)Mi = 1(y ) M}
: (y /o) M3+ 8 ’

here, b, = P,/%,, p» = $,/b,, and so on.

In figure 3, several of the post-shock quantities are
depicted as a function of M;: a thick solid curve repre-
sents the surface density %,, a thin solid one the density
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52, a thick dashed one the disk thickness 55, a thin chain-
dotted one the radiation temperature T3, and a thin two-
dot chain one the radiation pressure P,. The parameters are
y = 5/3 and oy = 10. It should be stressed that the part
for My < 2.9 is not realized, since P, and b, must be larger
than unity. It should be further emphasized that a change of
the parameter values is equivalent to a change of the Mach
number, since they are combined into a single parameter
(¥ /a1)M? in this radiation pressure dominated case; i.e., a
single parameter family.

As is seen in figure 3, when the Mach number is not
so large, the vertical expansion is not so effective, and
the gas density slightly increases. When the Mach number
becomes sufficiently large, due to the vertical expansion
after the shock transition, the gas density decreases with
Mach number as g, o« M7, Instead of the gas density,
the surface density increases after the shock transition, and
approaches 7 in the limit of large M. The radiation pres-
sure and thickness also increase after the shock transition,
and both are proportional to the Mach number in the limit
of large M;: P,, b, & M. In addition, T5 M}M.

In addition, the disk relative thickness b, (= b, /by) of
the post-shock region becomes quite large, up to the order
of 10? in the present case. The validity of the disk scale
height is discussed in section 3.

3.2 Radiative precursor structure

The structure equations for the radiative precursor in the
radiation pressure dominated case can be expressed in terms
of the variables P (= P/P1), § (= p/p1), and b (= b/b)
without T as

Tpi pdx 2o h2p? 0
/;P_1=1M3(1_é , (30)
o1 bp
=L (31)
o

Again, introducing the surface density ¥ (= hp), and
eliminating b, we can obtain the following equations:

1 P2dP 1y (1 p?
—_——— =—= ——1)+4(=-1), (32
T p o3 di 2a1M1<22 >+ <22 ) 52)

P2+ (y Ja)M;

5= iy
U+ (y fan) MG

(33)
Using the overall jump relations of equations (27) and (28)
as boundary conditions, we can easily solve equations (32)
and (33) to obtain the radiative precursor structure.
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Fig. 4. Typical solutions for disk accretion radiative shocks in the radi-
ation pressure dominated case as a function of the normalized coor-
dinate. Thick solid curves represent the surface density £, thin solid
ones j, thick dashed ones h, and thin two-dot chain ones P. The param-
eters are y = 5/3, r1 = 100, g1 = 0.01, @1 = 100, and (a) M4 =10,
(b) Mq =102, and (c) Mq = 103. The (surface) density distribution is
continuous. (Color online)

Typical solutions for disk accretion radiative shocks in
the radiation pressure dominated case are shown in figure 4
as a function of the normalized coordinate. Thick solid
curves represent the surface density %, thin solid ones the
gas density 5, thick dashed ones the disk thickness 5, and
thin two-dot chain ones the radiation pressure P. The
parametersare y = 5/3, 7, =100, 8; =0.01, ¢y = 100, and
(a) My =10, (b) M; =102, and (c) M; = 103. As already
mentioned, although we treat these individual parameters
separately from the physical viewpoints, these solutions are
a one-parameter family, e.g., (y /o) M3, since 7, and B,
are renormalized into the coordinate. Hence, we fix all the
parameters except for My, and examine the dependence of
solutions on the Mach number.

As is seen in figure 4, similar to the usual one-
dimensional radiative shocks, the radiative energy from the
hot post-shock region diffuses into the pre-shock region to
make the radiative precursor. Furthermore, in contrast to
hydrodynamical shocks, in radiation pressure dominated
radiative shocks both the density and pressure distributions
are continuous; i.e., so-called continuous shocks.

When the Mach number M, in the pre-shock region is
not so large and the shock is weak, as in figure 4a, the
vertical expansion is small, and the gas density as well
as the surface density increase, similar to the usual one-
dimensional radiative shocks. When the Mach number M
is large, as in figure 4b, due to the energy transport via
radiative diffusion, the disk thickness quickly expands in the
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radiative precursor region, and slightly decreases to settle
down to the post-shock level. As a result, the gas density
decreases at first, and then increases up to the post-shock
level. However, the surface density monotonically increases
to the post-shock level, similar to the gas density in the
radiative precursor region of the simple one-dimensional
radiative shocks under the radiation pressure dominated
regime. When the Mach number M, is sufficiently large, as
in figure 4c, due to the vertical expansion the gas density in
the post-shock region becomes smaller than that in the pre-
shock region. Furthermore, the surface density compres-
sion approaches the maximum value of 7 in the radiation
pressure dominated case.

4 Gas-gas shocks

In this section we shall examine gas—gas shocks, where the
gas pressure is dominant on both sides of the shock. In
the usual one-dimensional radiative shocks, the gas pres-
sure dominated case is often an isothermal shock with
discontinous density structure.

4.1 Overall jump conditions

In the gas pressure dominated case we drop the radia-
tion pressure terms, and the Rankine-Hugoniot relation of
equation (12) and the hydrostatic relation of equation (14)
become, respectively,

y+1p y+1 1 .

— + = —bh =0, 34

y=1p v-=1 bhp 2 (34

R= (35)
P2

where B, = 02/ 1, fr = p2/p1, and by = by / by.

Introducing the surface density ¥, (= h,p,) instead of
the density p, in the post-shock region, these equations are
further rewritten as

7..7/92_ +§ _hZPZ =07 (36)

by = o, (37)

and finally solved as

« v—1 a2 o y+1 2~2
22_72()/_'_1) 1 p2+\/(1 py)* +4 1 P

Fig. 5. Post-shock quantities as a function of p, in the gas pressure
dominated case. A thick solid curve represents ¥, a thin solid one jo,
a thick dashed one Ay, and a thin chain-dotted one T,. The parameter is
y =5/3. (Color online)

Other post-shock quantities are given as, e.g., b, = §,/%,
pr = %a/hry ity = 1/%5,and T, = P2/ po.

In figure 5, several of these post-shock quantities are
depicted as a function of p,: a thick solid curve represents
the surface density ¥,, a thin solid one the density f,, a
thick dashed one the disk thickness /,, and a thin chain-
dotted one the radiation temperature T,. The parameter
isy =35/3.

As is seen in figure 5, similar to the radiation domi-
nated case, the gas density decreases for large $, due to
the vertical expansion after the shock transition, although
it increases for not so large p,. Instead of the gas density,
the surface density increases after the shock transition, and
approaches 4 in the limit of large p, in the gas pressure
dominated case (y = 5/3). In this case, furthermore, the
post-shock temperature T steeply increases compared with
that of the radiation pressure dominated case in figure 2. In
addition, if the gas is relativistic and y = 4/3, except for
the temperature, the behavior of these quantities is same as
those in the radiation pressure dominated case.

On the other hand, another Rankine-Hugoniot relation,
equation (13), becomes, in nondimensional form:

i’) ~
22 _ M (39)

bypr — 1) —22— =
(22 )hzﬁz—l

Introducing the surface density ¥, (= b, p,), this relation
is further rewritten as

D=2 M (40)

Now, using equations (36), (40), and (37), we can
express the post-shock quantities as a function of the
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Fig. 6. Post-shock quantities as a function of M4 in the gas pressure
dominated case. A thick solid curve represents X, a thin solid one j,, a
thick dashed one fy, a thin chain-dotted one T, and a thin two-dot chain
one p. The parameter is y = 5/3. (Color online)

pre-shock Mach number as

2
5, -+ UM (41)
(y = OM2 42
ﬁz _ (2)//\/1% +1-— y)./\/l% (42)
’ (y—1)Mi+2

where b, = §,/55, o = $2/b>, T = 2/, and so on. It
should be noted that the surface density expression of
equation (41) is quite similar to the gas density expres-
sion in the usual hydrodynamical shock, although other
expressions are not.

In figure 6, several of the post-shock quantities are
depicted as a function of M;: a thick solid curve repre-
sents the surface density 3, a thin solid one the density 5,
a thick dashed one the disk thickness 5,, a thin chain-dotted
one the radiation temperature T;, and a thin two-dot chain
one the radiation pressure p,. The parameter is y = 5/3.

As is seen in figure 6, similar to the radiation pressure
dominated case, when the Mach number is not so large the
vertical expansion is not so effective, and the gas density
slightly increases. When the Mach number becomes suffi-
ciently large, due to the vertical expansion after the shock
transition, the gas density decreases with Mach number as
P2 o M. Instead of the gas density, the surface density
increases after the shock transition, and approaches 4 in
the limit of large M. The gas pressure and thickness also
increase after the shock transition, and both are propor-
tional to the Mach number in the limit of large M:p»,
by oc M. In contrast to the radiation pressure dominated
case, the gas temperature steeply increases, and it depends
on the Mach number as T, M? in the limit of large M.

Similar to the radiation—-radiation shock, the disk relative
thickness 5, of the post-shock region becomes quite large,
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Fig. 7. Typical solutions for disk accretion radiative shocks in the gas
pressure dominated case as a function of the normalized coordinate.
Thick solid curves represent the surface density £, thin solid ones p,
thick dashed ones A, thin chain-dotted ones T, and thin two-dot chain
ones p. The parameters are y =5/3, 71 =100, 81 = 0.0001, «1 = 0.00001,
and (a) M1 =5, (b) My =10. The (surface) density distribution is
discontinuous, while the temperature one is continuous. (Color online)

up to the order of 107, in the present case. This point is also
discussed in section 5.

4.2 Radiative precursor structure

The structure equations for the radiative precursor in the
gas pressure dominated case can be expressed in terms of

variables T (= T/T1), § (= p/p1), and b (= b/by) as

4oy PT3dT 1 (1 -
w5 = () S )
(43)

- ) 1

hpT—1=yM(1-—), (44)
hp

p=L-1 (45)

0

where 1 = kp141, B1 = u1/c, and ay = Py /p;.

Again, introducing the surface density ¥ (= bp) and
eliminating b, we can obtain the following equations:
4oy THdT 1

1 y -
- = — 2 - _ - —
S E 2)/./\/11<22 1)+y_1(T 1), (46)

T = % [1 +yM; — \/(1 +yMi)? — 4yM%T] . (47)
Using the overall jump relations as boundary conditions,
we can solve equations (46) and (47) to obtain the radiative
precursor structure.

Typical solutions for disk accretion radiative shocks in
the gas pressure dominated case are shown in figure 7 as a
function of the normalized coordinate. Thick solid curves
represent the surface density %, thin solid ones the gas den-
sity 5, thick dashed ones the disk thickness b, thin chain-
dotted ones the gas temperature T, and thin two-dot chain
ones the radiation pressure p. The parameters are y = 5/3,
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7, = 100, By = 0.0001, ; = 0.00001, and (a) M; =35,
(b) M; =10. As already mentioned, although we treat
these individual parameters separately from the physical
viewpoints, these solutions are a one-parameter family, e.g.,
y M3, since t1, B1, and «; are renormalized into the coor-
dinate. Hence, we fix all the parameters except for M, and
examine the dependence of solutions on the Mach number.

As is seen in figure 7, similar to the usual one-
dimensional radiative shocks, the radiative energy from the
hot post-shock region diffuses into the pre-shock region to
make the radiative precursor. Furthermore, in contrast to
the radiation pressure dominated case, the (surface) density
distribution is discontinuous, although the temperature dis-
tribution is continuous; i.e., the so-called isothermal shocks.
Namely, in contrast to the radiation pressure dominated
case, in this gas pressure dominated case the surface density
of equation (47) in the radiative precursor just before the
shock front is usually smaller than the surface density of
equation (41) in the post-shock region.

Furthermore, in the gas pressure dominated case, due
to the quick heating and quick expansion in the radiative
precursor region, the gas density decreases while the surface
density increases.

5 Discussion

In this section we shall discuss the validity of several
assumptions in the present study.

5.1 Disk scale height

As was stated, due to the shock heating, in the post-shock
region the disk relative thickness b, (= b, /b1) becomes quite
large, up to the order of 102 in the present parameter range.
We then briefly check the post-shock scale height.

The scale height b, /7 to radius 7 in the post-shock region
is expressed as
b _p b (48)

r r

Hence, the post-shock scale height /,/r would not exceed
unity, as long as the condition for the pre-shock scale

height of

b gy (49)
,

is satisfied. For b ~ 102, this condition means b, /r < 0.01,
which is easily satisfied for disk accretion flow of cold gas.

We further estimate this condition using the solutions
of the standard accretion disk (e.g., Kato et al. 2008),
although the present situation assumes accretion flow with

low angular momentum. For example, in the radiation
pressure dominated inner region of the standard accre-
tion disk, the scale height is roughly H/r ~ 0.2si 7!,
where 77 is the mass accretion rate normalized by the
critical rate, and 7 =r/rs, rs being the Schwarzschild
radius of the central object. Thus, for #2 < 0.1, the above
condition is satisfied.

In the gas pressure dominated middle region of the
standard accretion disk, the scale height is roughly
H/r ~ 0.010 Y107 1/10551/57-1/20 " \yhere o is the alpha
parameter, and m = M/Mcg. Thus, the above condition
is easily satisfied when b, < 102.

If, however, the mass accretion rate is large, or the shock
becomes much stronger beyond the present range, the post-
shock relative scale height would exceed unity. In such a
case, the shocked gas would no longer be gravitationally
bound, and would puff up to blow off from the shocked
disk (see, e.g., Kim et al. 2019 for hydrodynamical shocks).

5.2 Hydrostatic balance

We have assumed hydrostatic balance in the vertical direc-
tion in the precursor region as well as on both sides of the
shocks. If the timescale that the flow goes across the tran-
sition layers 87 with velocity u, 8r7/u, is shorter than the
sound crossing time in the vertical direction h/a (a being
the sound speed), this assumption would be violated.

If we evaluate these quantities by those after the shock,
and replace 87 by 7, for the hydrostatic balance to be quickly
established we need

Mz% -1, (50)

where M, = u,/a, < 1. Hence, as long as the relative thick-
ness h,/r after the shock front is less than unity, the
hydrostatic balance would hold in the present case.

5.3 Equilibrium diffusion approximation

In this paper we adopt the equilibrium diffusion approx-
imation in the optically thick regime (1T limit). Since the
gas temperature rapidly increases at the shock, the radi-
ation temperature cannot immediately equilibrate the gas
temperature at the post-shock region in some situations
(nonequilibrium diffusion regime; 2T limit).

In order to equilibrate radiation and matter, the energy
exchange timescale between radiation and matter should be
shorter than the dynamical timescale. Of these, the dynam-
ical timescale t4y, is roughly

£
fayn ~ —, (51)
uy
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where ¢ is the typical scale length, and #, the flow speed
before the shock front, which is larger than u,.

The variation timescale of the radiation energy density
E can be estimated using the zeroth moment equation of
the radiation field:
JoE

E—G—V -F =kp(4n B — cE), (52)

where LTE is assumed, and B is the blackbody intensity.
Using the gas temperature T,,, and radiation tempera-
ture T..q, B = O'SBT;;S and E =aT?, (ac/4 = o). Hence,

the variation timescale #,,4 of the radiation energy density
roughly becomes

E 1 T 1¢T*
brad ™~ ~ d o rad (53)
kp4r B kper T T T

where © = kpl is the typical optical depth. Thus, for
tad < tgyn, the condition
m1 T

4
¢t T;ad

(54)

must be satisfied. Since the gas temperature is larger than the
radiation temperature after the shock front, this condition
is usually satisfied for nonrelativistic, optically thick flows.

On the other hand, the variation timescale of the gas
internal energy U [(y — 1)U = p/p for ideal gas] can be
estimated using the energy equation for matter:

1 (dp pdp\
ﬁ (E_VEE) = —p(4nk B — ckE), (59)

where we again assume LTE. Hence, the variation timescale
Ly of the gas internal energy is roughly expressed as

1 1¢
7LN77£7 (56)
y—1pckE 1P

tgz\s ~
where we adopt the Eddington approximation: E = 3P.
Thus, the condition for t,,, < t4,, becomes

ml P (57)
ct P

For a radiation pressure dominated shock this condition
is usually satisfied. Even for the gas pressure dominated
case this condition can be satisfied if the flow is suffi-
ciently slow and/or sufficiently optically thick. Otherwise,
the present 1T approximation would be violated and we
should treat the radiative shock under the nonequilibrium
diffusion regime.

6 Concluding remarks

In this paper we first examined radiative shocks in disk
accretion flows under the condition of hydrostatic balance
in the vertical direction, and using the equilibrium diffu-
sion and Eddington approximations in the optically thick
regime. We derived the overall jump conditions for such
disk accretion shocks, and solved the structure of the radia-
tive precursor region for both the gas and radiation pressure
dominated cases. In contrast to the usual one-dimensional
radiative shocks, where the gas density of the post-shock
region increases due to the shock compression, if the shock
is sufficiently strong, the gas density in the post-shock region
often decreases due to the vertical expansion behind the
shock front. However, the surface density behaves like the
gas density in usual shocks, and increases up to 7 in the radi-
ation pressure dominated case. Hence, the vertical optical
depth in the post-shock region rises, in spite of the reduc-
tion of the gas density. In addition, similar to the usual
radiative shocks, a radiative precursor appears in the pre-
shock region before the shock front, due to the radiative
diffusion effect.

The solutions are quite fundamental in disk accre-
tion shock problems, and should be developed in various
aspects. We shall enumerate some of them:

Diffusion approximation: In this paper we adopt the equi-
librium diffusion approximation in the optically thick
regime, and consider the gas pressure and radiation
pressure dominant cases, in order to treat the problem
semi-analytically. If we consider both the gas and radi-
ation pressures simultaneously, the resultant equations
may be combined into a single ninth-order polyno-
mial equation on T, similar to the one-dimensional
radiative shock (e.g., Bouquet et al. 2000; Lowrie &
Rauenzahn 2007). Furthermore, in the nonequilibrium
diffusion regime (2T limit), at the post-shock region
some type of relaxation zone appears, as well as the gas
temperature peak called the Zel’dovich spike. In addi-
tion, we adopt the Eddington approximation to close
the radiative moment equations. In order to treat the
radiative shock more accurately, we should solve the
radiative transfer equation numerically, although such
work is rare at the moment (e.g., Tolstov et al. 20135).

Optical depth: We assume that the disk material is optically
thick in both the pre-shock and post-shock regions; that
is, we examine a thick-thick shock (cf. Drake 2005).
If the gas in the pre-shock region is optically thin, as
in advection dominated accretion flows (ADAFs), then
thin—thick and thin-thin shocks may appear, although
the thick—thin shock is difficult to realize in nature.

Radiative cooling: The radiative cooling from the disk sur-
face in the optically thick case, and from the entire
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shocked flow in the optically thin case, is also impor-
tant, especially in the post-shock region.

Spectral properties: Chakrabarti and Titarchuk (1995)

studied the spectral properties of an optically thick disk
with a hot inner post-shock region with optical depth on
the order of unity. However, as was already mentioned,
the surface density, and therefore the optical depth,
in the post-shock region must further increase com-
pared with the outer pre-shock disk in both nonradia-
tive and radiative shocks under hydrostatic equilibrium.
Hence, the spectral properties of radiative shocks in disk
accretion should also be re-examined.

Radiative winds: In the present optically thick shock, the

surface density increases after shock transition, and
therefore the optical depth also becomes large. Hence,
in the post-shock region the optically thick wind would
be launched by the strong radiation pressure (see, e.g.,
Chattopadhyay & Chakrabarti 2002 for the hydrody-
namical shock case). If the optically thick wind blows
off the post-shock region, the naked surface is obscured
and the spectral properties should be drastically changed.

Transonic flows: As in hydrodynamical shocks, radiative

shocks can be incorporated into transonic accretion
flows onto the central gravitating object (e.g., Fukue
1987). In contrast to hydrodynamical shocks, which can
be treated as a discontinuity with no width, radiative
shocks generally have a radiative precursor with a finite
width. Hence, radiative shocks in transonic accretion
flows onto the central object should be examined care-
fully, since, e.g., the gravitational field would change
during shock transition.

Magnetohydrodynamic radiative shocks: Toroidal mag-

netic fields are easily incorporated into a viscous accre-
tion flow around a central object. For example, Akizuki
and Fukue (2006) found self-similar solutions for
ADAFs with toroidal magnetic fields. Radiative shocks in
magnetized disk accretion are also important problems.

Propagating radiative shocks: In the present study, we

bear in mind the standing radiative shocks in the disk
accretion flows. Due to the strong explosion at the
center of accretion disks, e.g., novae and X-ray bursts,
shock waves are caused and propagate in the disk (e.g.,
Fukue 1982). With the help of the Galilean transforma-
tion, standing radiative shocks are easily applied to the
propagating radiative shocks.

Supercritical accretion flows: If the mass accretion rate is

sufficiently large, the accretion disk is no longer geomet-
rically thin but puffs up to make a geometrically thick
supercritical accretion flow (e.g., Kato et al. 1998,2008).
In general, radiative shocks in such two-dimensional
flows are treated by numerical simulations. However,
in self-similar supercritical accretion flows (e.g., Watarai

& Fukue 1999; Fukue 2004 and references therein), the
radiative shocks could be examined semi-analytically.

Numerical simulations: Okuda et al. (2004) performed one-

and two-dimensional numerical simulations of radia-
tive shocks in rotating accretion flows around black
holes. In their results, the radiative precursor and maybe
the Zel’dovich spike are seen, but they did not men-
tion these properties from the viewpoints of radiative
shocks. Recently, Marleau et al. (2017) carried out
one-dimensional and one-temperature (1T) radiation-
hydrodynamical simulations of the planetary accretion
shock at the surface of a planet. They found that the
shock is isothermal and supercritical for a range of
the relevant parameters. The present study on radia-
tive shocks in disk accretion may be quite useful to
analyze and understand radiative shocks in numerical
simulations.

Relativity: Since radiative shocks in accretion flows may

be associated with nonrelativistic disk accretion, such as
protoplanetary disks, we first examined nonrelativistic
radiative shocks. In the case of relativistic disk accretion
onto a compact object, however, both flow speed and
temperature become relativistic, and we should consider
relativistic radiative shocks (e.g., Taub 1948; Thorne
1973; Gao & Law 2012; Fukue 2019a), as in the rela-
tivistic hydrodynamical shock in disk accretion by Fukue
(1987). Hence, special relativistic treatment with the rel-
ativistic equation of state should first be necessary (Fukue
2019b). When the gas temperature changes from the
nonrelativistic one before the shock to the relativistic one
after the shock, the rigorous equation of state should be
applied. When the flow speed is relativistic the radia-
tion field becomes anisotropic, and the relativistic radia-
tive transfer should be solved (cf. Tolstov et al. 2015
for the one-dimensional special relativistic case). Finally,
when the radiative shock is not discontinuous, but has
a radiative precursor and thermalization region with
some width, the general relativistic gravitational effect is
also important.

Stability: Stability of the shock front is also an important

problem. It is well known that accretion shock is unstable
to non-axisymmetric perturbations (e.g., Nagakura &
Yamada 2008). In addition to non-axisymmetric pertur-
bations, the shock structure would be unstable in the
multi-dimensional model (e.g., Kim et al. 2019). The
stability and oscillations of the radiative shocks in disk
accretion should be examined in the future.

Anyway, as was stated in the introduction, the present

work is only a starting point for radiative shocks in disk
accretion and more general flows around the central object.
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Many unresolved issues remain to be reexamined and
developed in the future.
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