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Abstract: For constructing an enrichment of a language with restricted quantifiers, we extend the
notion of term by the construction of the terms conditional and recursive with respect to lists. We show
that the so-obtained extension of the language of formulas with restricted quantifiers over structures
with hereditary finite lists is a conservative enrichment and the new terms are A-definable in the
basic language.
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In [1], the notion of conditional term was defined and studied, which substantially increases the ex-
pressiveness of the language of semantic programming (see [2-7]) and, in particular, makes it possible
to construct termal logical programs without increase of computational complexity with respect to the
basic operations of the original computable model. This paper develops the concept of semantic pro-
gramming so as to include, in particular, application to the problem of constructing systems of control of
complex objects in which the control conditions depend on the type of the input data with the possibility
of their representation as the formal constructions on the basis of logical structures.

One of the conceptual foundations of semantic programming is the Y-definability of computability.
Many works are devoted to this important notion. For example, Ershov’s articles [8-10] contain a detailed
study of X-definability for the case of superstructures over a model which consist of hereditary finite sets.
Investigations of computability, based on Y-definability on various abstract structures, are the contents
of [11-15]. In [4, 5, 13], an attempt was made to construct computability theory via 3-definability for the
case of superstructures from hereditary finite lists. Such an approach is more natural from the practical
point of view since it opens ways of specifying execution algorithms for logical programs by an efficiently
controlled exhaustion of the elements of some set represented as a list. Conditional terms were introduced
in [1] for increasing the efficiency of this algorithm in [1]. In the present article, we go on with the research
in this direction and propose a termal construction significantly expanding the expressiveness of the
language of semantic programming and increasing the efficiency of the execution algorithms for semantic
programs. It is based on recursive terms defined by using only Ag-formulas. In the main methods and
definitions, we follow [1,4, 5,10, 14].

Consider a model 9 of signature ¢ and, in line with [4], define the superstructure of hereditary
finite lists HW (9) for M in which extend the signature o to ¢* by adding the list functions of the
language LISP: head(z), cons(z, y), tail(z,y), the constant nil, and the unary predicate % distinguishing
the basic set of the basic structure 91, the relations x € t “x is an element of a list t” and x C ¢t “z is
an initial sublist of a list ¢.”

For constructing Ag- and Y-formulas, semantic programming usually involves the two types of re-
strictions: those with respect to the elements of the lists Vx € t, dx € ¢t and those with respect to the
initial elements of the lists Vo C ¢ and dz C ¢. Add the two more types of restricted quantifiers Vo =t
and Jxr = ¢, which are in the same paradigm of restricted quantifiers and in which the usual equality
of elements is used as partial order.
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These quantifiers correspond to the software construction of attribution. Note that here the main
properties of Ag- and Y-formulas do not change because the corresponding terms can be just inserted
directly into a Ag- or X-formula at which a quantifier with equality acts and then this quantifier can be
eliminated from consideration. However, for extending the notion of quantifier, we will need to use these
quantifiers on applying the extended version of Ag- and ¥-formulas already with recursive terms for con-
struction. Note that the added restricted quantifiers are expressible via the main restricted quantifiers
and so we obtain a conservative extension for Ag- and X-formulas.

For describing the properties of the enrichment HW (91) of a model 9 consider the class of terms
Term(c*, V') with variables in V' and the class of Ag- and ¥-formulas [3].

Extend the notion of term in signature ¢* by adding the class Term(Rec) of recursive terms of
signature o* with variables in V' and defining the classes of Ag(Rec)-formulas and ¥ (Rec)-formulas of
signature ¢* with variables in V' by joint induction together with the new terms.

THE INDUCTION BASE. Each term of signature ¢* with variables in V' is a recursive term, Ag-formulas
are Ag(Rec)-formulas, while ¥-formulas are 3(Rec)-formulas.

THE INDUCTION STEP. Let to,t1,...,t,+1 be recursive terms and let oo, ¢1,...,pn be Ag(Rec)-
formulas. Consider an expression ¢ of the form

COHd((to,tl, oo 7tn+1)7 (SOO’ PLy-- -, Son))

It defines the term ¢ by the scheme of the conditional definition and also the semantics of ¢ in the model
of hereditary finite lists in the form

(to(@) UM po(v),
t1(v) M E 1(0) & ~po (D),

(4

Ho) = t®) M (D) &po(8) & & i (B),

t,(0) if M = on(v) & o (v) & - - - & ~pp—1(0),

tn+1(0) otherwise.

The term ¢ is recursive.

Consider another construction that extends the possibilities of defining new terms with the preserva-
tion of the possibility of determining their computational complexity and using logically defined construc-
tions in constructing programs of logical type and also the ability for verification with securing boundedly
many exhaustions in a predefined restricted domain.

Give the definition of term recursive with respect to lists. Let g(v) and h(9,y, z,w) be recursive
terms. Define the new recursive term ¢ by recursion Rec(g,h) with respect to lists of recursive terms
by defining the semantics of ¢ as follows:

e (v, nil) = ¢g(v) and t(v, cons(y, z)) = h(v,y, z,t(v,y)),

e for the elements of the basic model, i.e. the elements that are not lists, extend the definition by
setting: if =U(y) then t(v,y) = y.

Moreover, the natural requirement is fulfilled that there are no other ways of constructing recursive
terms.

Consider the construction of the extension of Ag- and ¥-formulas to Ag(Rec)- and ¥(Rec)-formulas
respectively by adding to their definitions not only standard terms but also recursive terms.

If t and q are recursive terms then t = ¢ is a Ag(Rec)-formula. If ¢4, ... ¢, are recursive terms and P is
an n-ary predicate symbol of the signature of our superstructure then P(t1,...,%,) is a Ag(Rec)-formula.

If ¢ and ¢ are Ag(Rec)-formulas and ¢ is a conditional term then the expressions (p&1)), (¢ V ¥),
(o =), ~p, Vz € t)p, (Vz Ct)p, (Ve =1t)p, 3z € t)p, (3x C t)p, (3x =t)p are Ag(Rec)-formulas.
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Clearly, Ag-formulas are Ag(Rec)-formulas. Call them standard, whereas if they contain a conditional
operator or a recursive operator then refer to them as nonstandard.
Similarly, extend the notions of ¥(Rec)-formulas by induction on construction.

THE INDUCTION BASE. If ¢ is a Ag(Rec)-formula then ¢ is a ¥(Rec)-formula.

THE INDUCTION STEP. If ¢ and ® is a ¥(Rec)-formula and ¢ is a recursive term then the expressions
(p&)), (p V), (Vx € t)p, (Vx C t)p, (Vx = t)p, (3x € t)p, (Jx C t)p, and (Jz = t)p and also the
expressions (Jz)p are X(Rec)-formulas.

Note that ¥-formulas are ¥(Rec)-formulas.

By induction define the complexity of recursive terms and Ag(Rec)-formulas. In what follows, the
usual terms in the sense of the definitions of [9] will be called standard; and if, their construction include
the construction of the definition of recursive or conditional term for this term or a subterm of this term;
then such terms will be called nonstandard.

THE INDUCTION BASE. If ¢ is a standard term of signature o then the complexity r(t) of ¢ is equal
to 0. If ¢ is a Ag-formula then the complexity of ¢ is equal to 0.

THE INDUCTION STEP. If a term ¢ contains nonstandard recursive subterms then consider all possible
cases:

Case 1. If t = F(t1,...,t,) and among the terms ¢1,...,t, there is a recursive nonstandard term
then the complexity r(t) of ¢ is equal to

(max{r(ty),...,r(tn)} + 1)(n + 1).
CASE 2. Suppose that t is obtained by the scheme of a conditional term; i.e.,

t= CODd((to,tl, v 7tn+1)7 ((100’ Plyeeey Son))v

where to, ..., t,4+1 are recursive terms and ¢y, ..., ¢, are Aj*-formulas. In this case, put
r(t) = (r(to) +r(t1) + -+ r(tns1) + (n+2))*(max{r(p:) | 1 <@ <n+ 1} + (n +2))*

CAsE 3. If ¢ is obtained by the scheme of recursion with respect to lists from recursive terms g and h
then the complexity r(t) of ¢ is equal to r(g) + r(h) + 2.
CaskE 4. If ¢ is a Ag(Rec)-formula but not a Ag-formula, then consider all cases of the definition

of @3 namely, (¢1& p2), (p1V @2), (91 = ¥2), ~1, (Vv € t)p1, (Fv € t)pa, (Vv E t)pr, (Jv S t)¢1, and
define the value r(p):

r((p1&p2)) = (r(p1) +7(p2)) +1, (1 V @2)) = (r(e1) + 7(p2)) + 1,
r((p1 = ¢2)) = (r(p1) +r(p2)) + 1, r(mp1) =r(p1) +1,
(Yo =1t)p1) = ((r(e1) +1) x (r(t) +1)) + 1,
r((Fv=1t)p1) = ((r(e1) +1) x (r(t) +1)) + 1,
r((Vv € t)p1) = ((r(p1) +1) x (r(t) +1)) + 1,
r((Fvet)pr) = ((r(p1) +1) x (r() +1)) + 1,
(Yo Et)p1) = ((r(e1) +1) x (r(t) +1)) + 1,
r((Fv C 1) = ((r(e1) +1) x (r(t) +1)) + 1.

In [1], there was shown that adding conditional terms to the standard terms in defining Ay- and -
formulas does not expand the expressiveness of Ag- and Y-formulas in using only standard terms. How-
ever, the situation is completely different in the case of the construction of recursive terms. Note that the
expressiveness of ¥ does not change as compared to the usual X-formulas after adding recursive terms
to their definition in this case either. In the case of Ag-formulas, adding recursive terms to their definition
increases expressiveness but still they remain at the level of Ag-definable relations, i.e., such formulas
and their negations are equivalent to X-formulas.

1016



Theorem. (1) There is an algorithm constructing from each Ay(Rec)-formula ¢ some X-formulas ¢
and 1 such that

HW (M) |= (vo)(e(v) < ¢1(v)), HW (M) |= (Vo) (-e(0) < 42(0)),

i.e., each Ag(Rec)-formula defines a A-definable relation.
(2) There is an algorithm constructing from each ¥ (Rec)-formula ¢ some X-formula 1) such that

HW (M) = (V0)(¢(v) & $(0)).

PRrROOF. Prove item (1).

THE INDUCTION BASE. If 7(¢) = 0 then ¢ does not contain nonstandard terms and we can take as v
the Agp-formula ¢ itself and for ~¢ we can take the Ag-formula —¢ itself.

THE INDUCTION STEP: n = 7(p) > 0.
Let us first consider the case of atomic formulas.

CASE 1. If an atomic formula does not contain nonstandard recursive terms then it and its negation
are already Ap-formulas, and everything holds. Consider the cases of atomic formulas that contain at least
one nonstandard recursive term.

SUBCASE 1.1. Suppose that ¢ has the form ¢t = g, where at least one of the terms ¢ and ¢ is recursive
and nonstandard.

Without loss of generality, by the symmetry of equality, we may assume that ¢ is recursive and
nonstandard. In this case, there are three possibilities open for ¢, i.e., ¢ = F(q,...,qx), or ¢ is obtained
by the recursive scheme, or by the scheme of list recursion.

SUBCASE 1.2. If ¢ = F(qu,...,q;) then t = q is equivalent to
(321)(322) ... (Fzx) ( & zi=¢q(v)&t=F (z1,22,...,zk)).
1<i<k

Each formula z; = ¢;(v) for 1 < i < k has smaller rank; and, by the induction hypothesis, it is equivalent
to some Y-formula ¢; for 1 < < k. Then, by equivalence, ¢t = ¢ is equivalent to the X-formula

(321)(322) ... (Fz) ( & oi&t=F 21,22,...,zk)).

1<i<k

The condition of the theorem is obtained for ¢t = q.
Consider the negation —t = q. Obviously, the negation is equivalent to the formula

(321)(F22) - .. (F2) ( & zi=q®) &t =F(z,2,... ,zk)>.
1<i<k

Like in the case of equality, we infer that the latter is equivalent to the »-formula

(321)(322) E|Zk ( & gbl&—\t (2’1, 22y ,Zk)).

1<i<k

SUBCASE 1.3. Consider the possibility of equality of terms in the case that ¢(v) is obtained by the
scheme of a recursive term,; i.e.,

g= Cond((g()atl’ v 7gn+1)’ (9007 (2 B Spn))

In this case, the semantics of ¢(v) is defined as follows:

if HW (M) = ¢o(0),
it HW (M) = ¢1() & —po(0),

an(0) I HWN) = on(v) & —po(v) & & —pn-1(0),
gn+1(0) it HW (M) |= =p0(0) & —p1(0) & - - - & = (0
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The formula ¢t = g is equivalent to
(t(2) = qo(?) & 0(0)) V (£(D) = q1(?) & ¢1(0) & =0 (T)) V - -+ V (£(D)
= qi(0) & pi(V) & o (0) & -+ - & —pi—1(V)) V -+ V (E(D)
= ¢ (0) & pn(V) & o (V) & - - & —pn—1 (D )) (t(v)
= Gn+1(V) & =40 (0) & 1 (V) & - - - & = (D).

Each conjunctive term in each disjunctive term has complexity less than the complexity of the formula
t = ¢, and so, by the induction hypothesis, they and all their negations are equivalent to the standard
Ag-formulas. Thus, all disjunctive terms are equivalent to the X-formulas g, ¥1, .. ., ¥n, ¥nt1; therefore,
t = q is equivalent to the standard -formula (o V 1 Voo V -+ -V pi1).

Consider the case of the negation of our formula =t = ¢q. By the definition of recursive scheme, this
formula is equivalent to

(=t (v )—qo(ﬁ) @o(0)) V (7t(0) = qu(v) & 1 (V) & ~o(0)) & - - - & (1t (V)
4i(0) & 9i(0) & ~po(0) & - - - & —pi 1 (0)) & - - & (it (v)
= qn(V) & o (v) & 20 (0) & - - - & ~pn 1)) & (=t (0)
= an+1(0) & 20 (0) & =1 (V) & - - - & o (0)).

Each conjunctive term in each conjunctive term has complexity less than the complexity of ¢ = gq.
By the induction hypothesis, they all and their negations are equivalent to standard »-formulas. Thus,
all conjunctive terms are equivalent to -formulas g, 91, ..., ¥n, ¥n+1 respectively; therefore, t = ¢ is
equivalent to the standard Y-formula (Y& &e& - - - & y1).

SUBCASE 1.4. Consider the possibility of equality of terms when ¢(v) is obtained by the scheme of
the list recursive definition, i.e., g = Rec(go, h), the semantics is defined as follows: g(v,nil) = go(v) and
9(v, cons(y, z)) = h(v,y, z,9(v,y)), and for the elements of the basic model, i.e., for the elements that are
not lists, it is extended by the rule: if —U(y) is fulfilled then ¢(v,y) = y.

For alist y, ~U (y) is fulfilled in the model then, for y equal to nil, we take the one-element list v, equal
to ((nil, go(?)), i.e., consisting of the pair of elements nil and go(v). If, for a list y = (x1,...,x,), the list
Q(z,,...,) 18 already defined then, for the value z and the list cons((x1, ..., %n), 2) = (¥1,..., Ty, 2) defining
the list (21, ..., Tn, 2), define the list acong(y,,) composed of pairs of elements cons(a(y, ... 4,)), (cons(y, z),
h(v,y,z,9(0,y))), i.e., the list ay, is defined from w by induction on the length of w. As a result of the
definition, we conclude that the list acopg(y,.) for a list y and an element z is equal to

((nil, g(v,nil)), ((z1),9(v, (z1))), ..., {{(z1,. .., Zn),
9(v, (x1, ..., Ty ), (&1, ooy T, 2), B(D, (X1, ...y 20), 2, 9(0, (21, ..., Zn))))),

where y = (21,...,2p).
Note that, for each list y, given the fixed recursive terms go, h and the recursive term g = Rec(go, h),
the list oy, is defined by

YIM(T, o, y) = =U (y) & —U(a) & (Vv € a)(=(v = nil)
& = (tail(v) = nil) & tail(tail(v)) = nil & (y = nil — (tail(a) = nil
& head(head(a) = go(v) & head(tail(head(cx))) = nil))
& ((Vu CE ) (((—u = nil & tail(u) = nil)

— u = cons(nil, cons(cons(nil, nil), go(v)))) & ((—(uw = nil & —(tail(u) = nil))
— ((head(head(u)) = h(v, head(head(tail(u))),
head(head(head(tail(u)))), head(head(u))) & head(tail(u)) C y)

& cons(head(tail(head(tail(u)))), head(tail((head(tail(head(u)))))))
= head(tail(head(u)))) & head(tail(head(c))) = y))).
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Transform
(y = nil — (tail(«) = nil & head(head(a) = go(v) & head(tail(a)) = nil))
to the equivalent X-formula p, equal to
(Fw)(y = nil — (tail(«) = nil & head(head(a) = w
&w = go(v) & head(tail(head(c))) = nil)),
and for its negation, to the formula p*, equal to
(Jw)(y = nil — (tail(«) = nil & head(head(a) = w& ~w = ¢(v) & head(tail(a)) = nil)).
Also, transform
(Vu C a)(((—u = nil & tail(u) = nil) — u = cons(nil, cons(cons(nil, nil), go(v)))
& (=(u = nil & —(tail(u) = nil)) — ((head(head(u))
= h(v, head(head(tail(u))), head(head(head(tail(u)))), head(head(u)))
& head(tail(u)) C y) & cons(head(tail(head(tail(u)))), head(tail
((head(tail(head(u))))))) = head(tail(head(u)))) & head(head(«)) = cons(y, 2))))
to the equivalent formula
™ = (Vu & a)(Jwr)(Fwz)(3ws) (Fws) (Gw2) (((—u = nil & tail(u) = nil)
— u = cons(nil, cons(cons(nil, nil), go(?))) & (—(uw = nil & —~(tail(u) = nil))
— ((head(head(u)) = wy & w1 = h(v, w3, wa, ws) & w3 = head(head(tail(w)))
& w4 = head(head(head(tail(u)))) & ws = head(head(u))) & head(tail(u)) C y)
& cons(head(tail(head(tail(u)))), head(tail((head(tail(head(u)))))))
= head(tail(head(u)))) & head(tail(head(a))) = y).
In this case, ¢t = g is equivalent to
(U(y) =t =) & (~U(y) = (3a)(¥*" (3, @, y) &t = head(head())),
the negation of the formula —t = g is equivalent in our model of hereditary finite lists to
(U(y) = =t = y) & (~U(y) = (3a)(¥*" (3, @, y) & —t = head(head())).
In this case, t = g is equivalent to
U(y) =t =y) & (=U(y) = Cw)(p(v, a,y) &7(v, a, y)& head(head(a)) = w &t = w)),
and —t = g is equivalent to
(Fw)(p(v, o, y) & (v, v, y) & head(head(a)) = w& t = w).
For the negation —t = g of the formula, using the same considerations, define the equivalent formula

(U(y) = —t =y)&(=U(y) = (Fw)(p(v, 0, y) & 7(v, a, y) & head(head(a)) = w & —t = w).

SUBCASE 1.5. Consider the remaining case when 1 has the form P(¢1(?), ..., tn(?)), including the for-
mulas ¢ € g where at least one term of ¢1(9), . . ., t,,(0) is a nonstandard recursive term. P(t1(?),...,tm (7))
is equivalent to

(321)(322)...(32m)< & zi:ti(ﬁ)&P(zl,...,zi_l,zi,...,zm)>,

1<i<m
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—P(t1(0),...,tm(v)) is equivalent to

(321)(322) ce (Elzm)< & Zi = ti(’(_)) & —|P(Zl, ey Zim1y iy Zig 1y e Zm)) .
1<i<m
Here the conjunctive terms z; = ¢; are equivalent, as was observed in the previous cases, to some standard
Y-formulas, and so both formulas are equivalent to standard X-formulas.
Consider all possibilities for defining (.

CAse 2. If the Ag(Rec)-formula ¢ looks as (¢1& 2), (¥1 V ¢2), (p1 — ¢2), or =i, then the
complexity of the Ag(Rec)-formulas ¢; and @3 is less than the complexity of ¢ and, by the induction
hypothesis, for them there are equivalent »-formulas ¢] and 3 respectively. The formulas —¢; and —¢»
are equivalent to X-formulas ¢7 ; and ¢3 o respectively, but then the conjunction (p1 & p2) is equivalent
to (¢] & 3), and —¢p is equivalent to (¢] o V 3 ,), the disjunction (¢1 V ¢2) is equivalent to (o] V ¢3)
and —¢ is equivalent to (] o & ¢3 (), the implication (o1 — ¢2) is equivalent to (7, V ¢3), and —¢ is
equivalent to (¢7 & ¢ ), and for the negation we have —¢1 = ¢10 and —p = 7. In all cases, we obtain
the desired ¥-formula equivalent to the formula and its negation.

CASE 3. Consider all possibilities of the formulas with a restricted quantifier. Look at (Jv € t). Let
@ = (Jv € t)0. In this case, 7(0) < r(¢) and for 0 there is an equivalent ¥-formula 6* and for =6 there is
an equivalent Y-formula 6;. The three subcases are possible:

SUBCASE 3.1: (Jv € t). If t is a standard term then ¢ = (Jv € t) = (Jv € t)#*, and we obtain
a desired X-formula. Construct an equivalent formula for the negation of (v € t)f. In this case,
—(Jv € t)0 is equivalent to the X-formula (Vv € t)=0 which is equivalent to the ¥-formula (Vv € t)6;,
and the condition is fulfilled.

SUBCASE 3.2: (Jv € t). Let t be a recursive nonstandard term. For ¢ = (Jv € t)f, consider
the equivalent formula (Jw)(w = ¢t & @). For the first conjunctive term w = t, by the above, there is
an equivalent formula.

Note that the variable v does not occur freely in the definition of ¢ and so v does not occur in the defi-
nitions of t1, ..., t, but 7(6) < r(¢). In this case, by the induction hypothesis, for # there is an equivalent
Y-formula 6* already without recursive standard terms, and for =6 there is an equivalent ¥-formula 0
already without nonstandard terms.

In this case, (Fv € F(t1(v),...,t,(0)))8 is equivalent to the Ag(Rec)-formula (321 = t1) ... (Jzp = tn)
(Jv € F(21,...,2,))0, which is in turn equivalent to (321 = t1)... (2, = tn)(Fv € F(z1,...,2,))0%,
where 6* is a X-formula.

Consider the formulas z; = t; for 1 < i < n, which, obviously, have rank less than r(¢). By the
induction hypothesis, they are equivalent to suitable ¥-formulas ; for 1 <+¢ < n. Then

(Fz1=t1)...(Fzn =tn)(Fv € F(21,...,2))0"

is equivalent to the YX-formula

which is a desired formula for ¢.
Consider the negation —(Jv € F(t1(v),...,t,(0)))0. In this case, =(Fv € F(t1(0),...,t,(v)))0 is
equivalent to the Ag*-formula

(321 = tl) - (Elzn = tn)(Elv € F(Zl, c. ,Zn)>_'0,
which is in turn equivalent to
(Fz1=t1)...(Fzn =tn)(Fv € F(z1,...,2))0;,

where 6 is a X-formula.
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Once again consider the formulas z; = ¢; for 1 < i < n, which, obviously, have rank less than the
rank of r(p). Like in the first case, they are equivalent by the induction hypothesis to some suitable
Y -formulas v; for 1 < i < n. In this case, the formula

(321 = tl) R (Elzn = tn)(ﬂv S F(Zl, .. 7Zn))96

is equivalent to the YX-formula
(Elzl)...(Elzn)<(E|v e F(zl,...,zn))eg&( & ¢))

which is a desired formula for —¢.

SUBCASE 3.3: (v € t). Consider the subcase that the term ¢ in a formula ¢ of the form (Jv € )0 is
obtained by the scheme of a conditional term. Like in the previous case, the variable v does not occur
freely in the definition of ¢ and so v does not occur freely in the definitions of ¢1,...,t, but () < r(p).
In this case, by the induction hypothesis, for § and —6 there are equivalent ¥-formulas §* and 6 already
without recursive standard terms.

Thus, consider the case when t(7) is obtained by the scheme of a conditional term, i.e.,

to(v)  if @o(D),
tl(’f)) if 1 (17) & ﬁQO()(T)),
t(v) =« ...,
tn(0)  if on(0) &—po(0) & -+ & =pn1(0),
tnt1(0)  if 2po(0) & —p1(0) & - - - & =i (D).

Note that, in defining recursive terms, we have only used the Ag(Rec)-formulas ¢, ¢1,. .., ¢, but
the terms o(v),t1(0),...,tn+1(0) are recursive of complexity less than the complexity of t(v). Again
by the induction hypothesis, for all formulas g, @;, ..., @, of rank less than the entire formula, there are
Y-formulas @, @7, - - -, ¢y, and @ o, @5 g, - - - P o Such that for any 0 <4 < n the formula ¢ is equivalent

to the X-formula ¢} and —yp; is equivalent to the X-formula ¢} .
This implies that for all 0 < i < n the formulas of the form

(Fv e ti(v))(0& pi & —po & -+ - & —pi_1)

are equivalent to
(Fv € t:(0)) (0" & 0} &g & &—pf 1),

and so, by the induction hypothesis, are equivalent to the ¥-formula A;. Similarly, the Ag(Rec)-formula
(Fv € tny1(0))(0 & o & - - - & —pp)

is equivalent to

(Fv € tn1(V))(0" & & - &~ ),

which already has complexity less than the complexity of (Jv € ¢)f and so is equivalent to the X-
formula A\, by the induction hypothesis.

It is obvious from the definition of recursive term ¢ that (Jv € ¢)# is in this case equivalent to the
disjunction of the two formulas

\/ Gveti(®)0&po& - &pii1 9i) V(v € tas1(0))(0 & o & - & o)

0<i<n

which is equivalent to the disjunction of X-formulas Vogign 41 Ai, which is a ¥-formula. The condition is
proved for (Jv € t)6.
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Prove for the negation =(Jv € t)0 of (Jv € t)0 that there exists an equivalent ¥-formula. Since
(Jv € t)0 is equivalent to the disjunction

V @veti@)(0&~po& - &—pi1 i) V(T € tnr1(D)) (0 & ~p0 & - - & ~pp),

0<i<n
—(3v € t)0 is equivalent to
& —(Fwet;(®)(0&—po& - &—pi_1 ))& (v € ty1(D))(0& ~po & - - - & —py,).

0<i<n

This formula is equivalent to

& (VU € ti(’f)))(ﬁe VoogV---Vpi_1V —|g0i) & (VU S tn+1(@))(—|9 VgV V (,on).
0<i<n

Again use the fact that all conjunctive terms in the last formula are Ag(Rec)-formulas of rank less than
the main formula and find for them the equivalent ¥-formulas \; for 0 < i <n + 1. Then =(3v € t)0 is
equivalent to the X-formula &o<i<n+1 Ai-

SUBCASE 3.4: (Jv € t). Consider the subcase that ¢ in a formula ¢ like (Jv € )0 is obtained by the
scheme of list recursion from recursive terms g and h. In the previous case, the variable v does not occur
freely in the definition of ¢ and so v does not occur freely in the definitions of g and h and r(0) < r(p).
In this case, by the induction hypothesis, for § and —6 there are equivalent ¥-formulas §* and 6 already
without recursive nonstandard terms.

The cases of the formulas beginning with restricted quantifiers (Vv € t;(v)), (v C t;(v)), (Vv C ¢;(v)),
(Fv = t;(v)), and (Vv = t;(v)) are examined by complete analogy to the case of a restricted quantifier
(@ € ti(0)).

The theorem is proved.

It is not hard to observe that, in the recursive definition of term, in defining the conditions, we can
use Ag(Rec)-relations, and the corollary remains valid.

Let 91 be a model with binary relations <j,..., <.

A model 91 is Y-restricted with respect to <y, ..., <, if 9 satisfies the conditions:

1. Each relation <; is transitive and directed with respect to the relation <y, i.e., for all elements a, b,
and c of M, the conditions a <; b and b <; ¢ imply that a <; ¢, and for all elements a and b there exists
an element e such that for every element k if £ <; a and k <; b then k£ <; e.

2. Each X-formula ¢(z1,...,z,,y, z) satisfies the condition of restrictedness for a given spectrum
of binary relations

(Vy <; w)(F2)(x1, ... 20, Yy, 2) = (Fu)(Vy <; w)(Fz <1 w)p(z1, ..., Tn, Y, 2).

We obtain a generalization of the Reflection Theorem of [10] applicable in the case of a list super-
structure with several restrictions on the quantifiers.

Reflection Theorem. If 9 is Y-restricted with respect to <i,...,<, and ¢(x1,...,z,) of a X-
formula then there exists a Ag-formula ¥ (x1,...,Ty,y) such that o(z1,...,z,) = (Jy)Y(z1,...,Tn,Yy)
in every model MM Y-restricted with respect to <1, ..., <,. The formula(x1,...,Tn,y) is found efficiently
from p(x1,...,2p).

Corollary. Each X(Rec)-relation on HW (9N) is a X-relation on HW (9).

For constructing a good computability theory, we need a generalization of the Reflection Theorem
to all binary relations: €, C, and =.

If the basic operations and relations of our model are computable then all recursive terms will
be computable. Moreover, if the basic terms and relations of the superstructure are of polynomially
computable complexity then all conditional terms will be of polynomial complexity that can be efficiently
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estimated starting from the definition of the conditional term and the formulas occurring in its definition
whereas for the terms with recursion this cannot be proved. But if we choose from these terms those
that are computable in polynomial time and use only such terms in defining Ag-formulas then for each
constructed Ag(Rec)-formula, the check of its truth on the elements of the model elements will have
polynomial complexity. Owing to this fact, we can add functions defined by recursive terms to the basic
operations of the model, and this will not change the expressiveness of our language while preserving all
definable properties in our structure.

For all new recursive terms, the theorem on the polynomiality of the algorithm for checking the truth
of Ag(Rec)-formulas fails but, following the proof of the theorem of polynomiality in [16], we can however
obtain a theorem on the complexity of checking truth and calculating terms in this case, which is uniform
for all recursive terms and Ag(Rec)-formulas, by replacing polynomiality with primitive recursivity.

Theorem. (1) If a basic model MM admits a primitively recursive representation then the model
HW (9) also admits a primitively recursive representation.
(2) If HW (9) admits a primitively recursive representation then there exists a primitive recursive

algorithm computing from any recursive term t(vy, ..., vg) and the indicesny, . .. ,ny of elements ay, ..., ay
of HW () the index of the element equal to the value of the term t(ai,...,ax) and the truth check of
each Ag(Rec)-formula p(vy,...,v;) at the elements ay,...,ar with indices ny,...,ng in HW(9MN).
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