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RESIDUAL SEPARABILITY OF SUBGROUPS IN FREE PRODUCTS
WITH AMALGAMATED SUBGROUP OF FINITE INDEX
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Abstract: Let P be the free product of groups A and B with amalgamated subgroup H, where H is
a proper subgroup of finite index in A and B. We assume that the groups A and B satisfy a nontrivial
identity and for each natural n the number of all subgroups of index n in A and B is finite. We
prove that all cyclic subgroups in P are residually separable if and only if P is residually finite and all
cyclic subgroups in H are residually separable; and all finitely generated subgroups in P are residually
separable if and only if P is residually finite and all subgroups that are the intersections ofH with finitely
generated subgroups of P are finitely separable in H.
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1. Introduction

Recall that a group G is called residually finite if for each nonidentity element a of G there exists
a homomorphism of G onto some finite group under which the image of a differs from the identity [1].
It is known that the free product of two residually finite groups is a residually finite group (see [2]). For
generalized free products (i.e., for free products with amalgamated subgroup), this assertion already fails.
The residual finiteness of the free product P of two groups A and B with amalgamated subgroup H is
studied under some additional constrains imposed on the free factors A and B and on the amalgamated
subgroup H. For example, in 1963 Baumslag proved in [3] that if A and B are residually finite and H
is finite then P is residually finite. Another natural constraint is the finiteness of the indices of the
amalgamated subgroup H in A and B. Under this constraint, Azarov established the following criterion
for the residual finiteness of P in [4]:

Theorem 1. Suppose that A and B are residually finite groups with nontrivial identities and for each
natural n the number of all subgroups of A and B of index n is finite. Let P = (A∗B,H) be the free prod-
uct of A and B with amalgamated subgroup H, where H is a proper subgroup of finite index in A and B.
The group P is residually finite if and only if H has a subgroup L of finite index normal in P .

Here we consider the question of the residual separability of subgroups in the free product of Theo-
rem 1. Recall that a subgroup H in a group G is called residually separable if for each element g of G not
belonging to H there exists a homomorphism of G onto some finite group under which the image of g
does not belong to the image of H (see [5]). Note that the group G is residually finite if and only if its
identity subgroup is finitely separable.
The main result of this article is as follows:

Theorem 2. Let P be the free product of groups A and B with amalgamated subgroup H, where H
is a proper subgroup of finite index in A and B. Suppose that A and B satisfy a nontrivial identity and
for each natural n the number of all subgroups of index n in A and B is finite.
(1) All cyclic subgroups in P are residually separable if and only if P is residually finite and all cyclic

subgroups in H are residually separable.
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(2) All finitely generated subgroups in P are residually separable if and only if P is residually finite
and all subgroups that are the intersections of H with finitely generated subgroups of P are finitely
separable in H.

In Theorems 1 and 2, the condition is imposed on the free factors A and B that the number of sub-
groups of finite index in them is finite. This condition is rather general since it is satisfied, for example,
by all finitely generated groups (see [6, Chapter 10, § 38]).
Since, in every polycyclic group, all subgroups are residually separable (see, for example, [7, Subsec-

tion 1.3.10]), Theorem 2 readily implies

Corollary. Let P be the free product of groups A and B with amalgamated subgroup H, where H
is a proper subgroup of finite index in A and B. Then the following are equivalent:
(1) P is residually finite.
(2) All cyclic subgroups in P are residually separable.
(3) All finite subgroups in P are residually separable.

Note that the free products mentioned in the corollary to Theorem 2 need not be a residually finite
group. The corresponding example was constructed in [8].

2. Auxiliary Assertions

Lemma 1. Let G be a group and let H be a subgroup of G. If a subgroup M of H is residually
separable in G then it is also residually separable in H.

Proof. Suppose that h ∈ H but h �∈M . SinceM is a subgroup of G; by hypothesis,M is residually
separable in G. Therefore, there exists a homomorphism ϕ of G onto a finite group such that hϕ �∈Mϕ.
Let ϕ1 be the restriction of ϕ to H. Then ϕ1 is a homomorphism of H onto a finite group and hϕ1 �∈Mϕ1.
Thus, the subgroup M is residually separable in H. The lemma is proved.

Lemma 2. Let Ω be a group class closed under subgroups of finite index and let H be a subgroup
of finite index in G. If all subgroups of class Ω in H are residually separable then also all subgroups
of class Ω in G are residually separable.

Proof. Suppose that a subgroup H of G has finite index in G and all subgroups of class Ω are
residually separable in H. Then H has a normal subgroup H1 of G with finite index in G, where each
Ω-subgroup of H1 is residually separable in H by hypothesis and hence residually separable in H1 (see
Lemma 1). Therefore, we will assume without loss of generality that the subgroup H is normal in G.
Suppose that A is an arbitrary subgroup of G of class Ω and an element g of G does not belong

to A. Using this fact that all subgroups of class Ω in H are residually separable, show that A is residually
separable in G, i.e., G has a normal subgroup N having finite index in G and such that g does not
belong to AN .
If g �∈ AH then the subgroup H itself acts as N .
Suppose that g ∈ AH, i.e., g = ah for some a ∈ A and h ∈ H. Putting A1 = A∩H, we obtain a sub-

group A1 in H that obviously does not contain the element h of H. Since the intersection of a subgroup
of finite index of a group with any subgroup of this group is a subgroup of finite index, the index of the
subgroup A1 in A is finite. Since A ∈ Ω and Ω is closed under subgroups of finite index, A1 also belongs
to Ω. Thus, A1 is residually separable in H. Therefore, there exists a normal subgroup K of finite index
in H such that h �∈ A1K. Since the index of H in G is finite, K is a subgroup of finite index in G
and hence contains a subgroup N normal in G and having finite index in G. Since h �∈ A1K and N is
a subgroup in K, we have h /∈ A1N .
Show that g �∈ AN ; i.e., the subgroup N is a desired one. Suppose on the contrary that g ∈ AN , i.e.,

g = a1n for some a1 ∈ A, n ∈ N . Since also g = ah, we have the equality ah = a1n, i.e., a
−1a1 = hn−1.

Since a−1a1 ∈ A, hn−1 ∈ H, we obtain the membership a−1a1 ∈ A1. Hence, h = (a−1a1)n ∈ A1N , which
is impossible. Thus, the lemma is proved.
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Lemma 3. Let G be a group and let A and H be subgroups of G. If H is residually separable in G
then A ∩H is residually separable in A.
Proof. Suppose that H is residually separable in G. Prove that A∩H is residually separable in A.

Take an element g in A such that g �∈ A∩H. Then g �∈ H. The subgroup H is residually separable in G;
therefore, there exists a homomorphism ϕ of G onto a finite group such that gϕ �∈ Hϕ. Consequently,
gϕ �∈ (A ∩ H)ϕ. Let ϕ1 be the restriction of ϕ to A. Then ϕ1 is a homomorphism of A onto a finite
group and gϕ1 �∈ (A ∩H)ϕ1. Thus, we conclude that A ∩H is residually separable in A.
Lemma 4. Suppose that H is a subgroup in a group G and the index of H in G is finite and equal

to n. The number of all subgroups of index n in G is finite. Then there is a characteristic subgroup N
of finite index in G such that N ⊆ H.
Proof. Since the number of all subgroups of index n in G is finite, we may write down all subgroups

of index n in G, say, H1, H2, . . . , Hs. Take ϕ ∈ Aut G. Since an automorphism of G maps a subgroup
of index n to a subgroup of index n, ϕ permutes the subgroups H1, H2, . . . , Hs. Therefore,

{H1, H2, . . . , Hs} = {H1ϕ,H2ϕ, . . . ,Hsϕ} ,

and so ( s⋂
i=1

Hi

)
ϕ =

s⋂
i=1

Hiϕ =

s⋂
i=1

Hi;

i.e., if we put N =
⋂s
i=1Hi then Nϕ = N . Therefore, N is a characteristic subgroup in G. Since,

by Poincaré’s theorem, the intersection of finitely many subgroups of finite index in G is a subgroup
of finite index in G (see, for example, [6, Chapter 3, § 8]), N is a subgroup of finite index in G. Since
one of the subgroups Hi coincides with H, we have N ⊆ H. Consequently, N is a desired subgroup. The
lemma is proved.

3. On Split Extensions

Let us formulate and prove several auxiliary assertions for split extensions. We will need them
in proving Theorem 2.
Recall that a group G is called a split extension of a group A by a group B if A is a normal subgroup

of G and B is a subgroup of G, while G = AB and A ∩B = 1.
Lemma 5. Let G be a split extension of a finite group A by a group B and let Ω be a group class

closed under subgroups of finite index. If all subgroups of class Ω in B are residually separable then also
all subgroups of class Ω in G are residually separable.

Proof. Obviously, B is a subgroup of finite index in G and the index [G : B] coincides with the
order of A. Therefore, the lemma is straightforward from Lemma 2.

Proposition 1. Suppose that G is a split extension of a group A by a group B and for each natural n
the number of all subgroups of index n in A is finite. Let Ω be a group class closed under factorization
and subgroups of finite index. Then the following are equivalent:
(1) All Ω-subgroups in G are residually separable.
(2) All Ω-subgroups in A and B are residually separable and, moreover, all subgroups in A that are

intersections of A and Ω-subgroups of G are residually separable in A.

An obvious example of a group class closed under factorization and subgroups of finite index is the
class of finitely generated groups.
Let us formulate one more assertion obtained from Proposition 1 under stronger constraints on Ω.

We strengthen the requirement of the closedness of Ω under subgroups of finite index, imposed in Propo-
sition 1, to the requirement of the closedness of Ω under arbitrary subgroups.
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Proposition 2. Let G be a split extension of a group A by a group B and for each natural n the
number of all subgroups of index n in A is finite. Let Ω be a class of groups closed under factorization
and subgroups. Then the following are equivalent:
(1) All Ω-subgroups in G are residually separable.
(2) All Ω-subgroups in A and B are residually separable.

Note that Proposition 2 can be easily proved with the use of Proposition 1. Indeed, if Ω is a group
class closed under subgroups then Proposition 1(2) is equivalent to Proposition 2(2).
Obvious examples of group classes closed under subgroups and factorization are given by the classes

of all groups, all cyclic groups, all polycyclic groups, and any variety of groups.
Turn to proving Proposition 1. Let us first prove sufficiency. Let G be a split extension of a group A

by a group B and for each natural n the number of all subgroups of index n in A is finite. Let Ω
be a group class closed under factorization and subgroups of finite index. Suppose that all subgroups
of class Ω are residually separable in A and B and all subgroups that are intersections of A with all
subgroups of class Ω in G are residually separable in A.
Take an arbitrary subgroup H of class Ω in G and an element g belonging to G but not lying in H.
Let us first consider the case when g �∈ HA. In this case gA �∈ HA/A. The quotient group HA/A

is a subgroup in G/A. Since G/A = BA/A ∼= B/B ∩ A ∼= B and all subgroups of class Ω are residually
separable in B, we conclude that in G/A also all subgroups of class Ω are residually separable. Moreover,
the subgroupHA/A of G/A belongs to Ω since Ω is closed under factorization. The last two circumstances
imply that the subgroup HA/A is residually separable in G/A. Consequently, there is a homomorphism ϕ
from the quotient group G/A onto a finite group such that (gA)ϕ �∈ (HA/A)ϕ. Let ψ be a natural
homomorphism of G onto the quotient group G/A; then Hψ = HA/A. We infer that gψϕ �∈ Hψϕ.
Then ψϕ is a desired homomorphism.
Consider the case when g ∈ HA, i.e., g = ha, where h ∈ H and a ∈ A. Note that the element a

does not belong to the subgroup H1 = H ∩A. By hypothesis, H1 is residually separable in A. Therefore,
there exists a normal subgroup N of finite index in A such that a �∈ H1N . Since for each natural n the
number of all subgroups of index n in A is finite, by Lemma 4 any subgroup of finite index in A contains
a characteristic subgroup of finite index of A. Thus, without loss of generality, we may assume that N is
characteristic in A. Since the subgroup A is normal in G, N is also normal in G. Show that g �∈ HN .
If, on the contrary, an element g belongs to the subgroup HN then g is representable as g = h1x,

where h1 ∈ H and x ∈ N . On the other hand, g = ha, where h ∈ H and a ∈ A. Then ha = h1x. So, we
obtain the equality h−1h1 = ax−1, where h−1h1 ∈ H and ax−1 ∈ A. Hence, h−1h1 ∈ H1. Therefore, the
element a = h−1h1x belongs to H1N , which contradicts the choice of the subgroup N . Thus, g �∈ HN .
Consider the quotient group G/N and the natural homomorphism ϕ of G onto G/N . Since g does

not belong to HN , we have gN �∈ HN/N , i.e., gϕ �∈ Hϕ.
Since G is a split extension of A by B and N is contained in A, it is easy to see that G/N is a split

extension of A/N by BN/N ; moreover, A/N is finite since N has finite index in A. Since the group BN/N
is isomorphic to B, by hypothesis, all subgroups of class Ω in BN/N are residually separable. Therefore,
by Lemma 5, all subgroups of class Ω in G/N are residually separable.
Since H ∈ Ω, HN/N belongs to Ω. This and the fact that all subgroups of class Ω in G/N are

residually separable imply that HN/N is residually separable in G/N , i.e., Hϕ is residually separable
in G/N . Since gϕ �∈ Hϕ, there exists a homomorphism ψ of G/N onto a finite group such that (gϕ)ψ �∈
(Hϕ)ψ. Thus, H is residually separable in G. Thus, sufficiency in Proposition 1 is proved.
Necessity in Proposition 1 is guaranteed by Lemmas 1 and 3. Proposition 1 is proved.

4. Proof of Theorem 2

Let P be the free product of groups A and B with amalgamated subgroup H, where H is a proper
subgroup of finite index in A and B. Suppose that A and B satisfy a nontrivial identity and for each
natural n the number of all subgroups of index n in A and B is finite.
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(1): Show that all cyclic subgroups in P are residually separable if and only if P is residually finite
and all cyclic subgroups in H are residually separable.

Necessity: Suppose that all cyclic subgroups in P are residually separable. In particular, the
identity subgroup of P is residually separable. Therefore, P is residually finite.
Since all cyclic subgroups in P are residually separable and H is a subgroup of P , all cyclic subgroups

in H are residually separable (see Lemma 1).

Sufficiency: Suppose that P is residually finite and all cyclic subgroups in H are residually separa-
ble. Show that all cyclic subgroups in P are residually separable. Since P is residually finite and A and B
are subgroups in P , the groups A and B are residually finite. Then, by Theorem 1, H has a subgroup L
of finite index normal in P .
Obviously, the quotient group P/L is the free product of the finite groups A/L and B/L with

amalgamated subgroup H/L. Therefore, the group P/L has a free subgroup G/L of finite index. Prove
that all cyclic subgroups in G are residually separable. The group G is an extension of L by a free group.
It is known that such an extension is split, i.e., G is a split extension of L by a free group. It is known that
all cyclic subgroups in a free group are residually separable (see [9]). By the hypothesis of the theorem,
all cyclic subgroups in H are residually separable. Since L is a subgroup in H, all cyclic subgroups in H
are residually separable. Since L is a subgroup of finite index in H and H is a subgroup of finite index
in A and B, it follows that L is a subgroup of finite index in A and B. Since the groups A and B enjoy the
condition that for each natural n the number of all subgroups of index n in A and B is finite, L satisfies
this condition. Note also that the class Ω of all cyclic groups is closed under factorization and subgroups.
Thus, the group G of class Ω satisfies all requirements of Proposition 2. Therefore, by Proposition 2, all
cyclic subgroups in G are residually separable.
Since G is a subgroup of finite index in P , by Lemma 2, all cyclic subgroups in P are residually

separable. Thus, item 1 is proved.
(2): Show that all finitely generated subgroups in P are residually separable if and only if P is

residually finite and all subgroups that are intersections of finitely generated subgroups of P with H are
residually separable in H.

Necessity: Suppose that all finitely generated subgroups in P are residually separable. In particular,
the identity subgroup of P is residually separable. Therefore, P is residually finite.
Consider an arbitrary finitely generated subgroup F in P . Since all finitely generated subgroups in P

are residually separable, F is residually separable in P . Then, by Lemma 3, F ∩H is residually separable
in H, i.e., all subgroups that are intersections of finitely generated subgroups of P with H are residually
separable in H. Thus, necessity is proved.

Sufficiency: Suppose that P is residually finite and all subgroups that are intersections of finitely
generated subgroups of P withH are residually separable inH. Show that all finitely generated subgroups
in P are residually separable. As in the proof of item 1, it is readily checked that P has a subgroup G
of finite index that is the split extension of a group L by a free group, where L is a subgroup of finite
index in H normal in P . In accordance with Lemma 2, for proving the residual separability of all
finitely generated subgroups in P , it suffices to demonstrate that all finitely generated subgroups in G
are residually separable.
Since A and B have finitely many subgroups of each finite index and L is a subgroup of finite index

in A and B, the number of subgroups in L of each finite index is also finite. Obviously, the class of all
finitely generated subgroups is closed under subgroups of finite index and factorization. Observe also that
all finitely generated subgroups in a free group are residually separable (see [9]). In view of Definition 1,
it remains to prove that all subgroups that are intersections of finitely generated subgroups of G with L
are residually separable in L (in particular, all finitely generated subgroups in L are residually separable).
Consider an arbitrary finitely generated subgroup F in G. By hypothesis, the subgroup F1 = F ∩H

is residually separable in H. Then, by Lemma 3, the subgroup F2 = F1 ∩ L is residually separable in L.
Since F2 = F ∩ H ∩ L = F ∩ L, the subgroup F ∩ L is residually separable in L. In other words, all

323



subgroups that are intersections of finitely generated subgroups of G with L are residually separable in L.
Thus, item 2 of the theorem is proved, and the theorem is completely proved.

The author is grateful to D. N. Azarov for help in writing this article.
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