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Abstract: A term, also called a tree, is said to be linear, if each variable occurs in the term only once.
The linear terms and sets of linear terms, the so-called linear tree languages, play some role in automata
theory and in the theory of formal languages in connection with recognizability. We define a partial
superposition operation on sets of linear trees of a given type 7 and study the properties of some many-
sorted partial clones that have sets of linear trees as elements and partial superposition operations as
fundamental operations. The endomorphisms of those algebras correspond to nondeterministic linear
hypersubstitutions.
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1. Preliminaries

Let {fi | i € I} be an indexed set of operation symbols of type 7 = (n;);cr, where f; is n;-ary for
n; € Nt := N\ {0}. Let W,.(X,,) be the set of all n-ary terms of type 7, defined inductively by the
following steps:

(i) Each variable z; € X,, is an n-ary term of type 7.

(ii) If 1, ..., t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol, then f;(t1,...,t,,)
is an n-ary term of type 7.

Let (W-(X,))nen+ be the many-sorted set of terms of type 7, i.e. the infinite sequence (W (X1),
W (X2),...,Wr(Xy),...). The sorts are the sets of n-ary terms of type 7 for all n € N*.

The linear terms of type 7 are defined in a similar way with the difference that instead of (ii) we
define

(ii') If ty,...,tn, are n-ary linear terms of type 7 and if var(¢;) Nvar(ty) = @ for all 1 < j < k < n,,
then fi(t1,...,t,,;) is an n-ary linear term of type 7, where var(t;) denotes the set of variables occurring
in t]'.

Let Wh8(X,,) be the set of all n-ary linear terms of type 7 and let (WX(X,,)),cn+ be the many-sorted
set of all linear terms of type 7.

(Wr(X5n))nen+ is closed under the superposition operations

Sho W (X)) X (W (X)) — We(Xom)
that are inductively defined for m,n € NT as follows:
(i) Sy (zj,t1,...,tp) =1t for 1 < j <n and
(11) S%(f,-(sl, ey Sni),tl, ce ,tn) = fi(S%(Sl,tl, ce ,tn), ey an(sni,tl, ce ,tn)).
The many-sorted algebra
clone := ((WT(XR))nENJF; (S:Ln)m,nENJF? (mi)i§n€N+)7
the clone of all terms of type 7, satisfies the three equalities:
(C1)  SP(Z,S% (Y1, X1, o, Xn)yeooy ST (Y, X1,y ooy X))
~ S (SE(Z, Y1, Yp), X1y, Xn)  (m,n,p € NY),
(C2) SN, X1,..., X))~ X; (m=1,2...,1<j<n, neN¥),

(C3)  S™Y,A1,...,A)RY (neNT).
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where Z, 1~/1, ey 17;,,5(1, . ,)~(n are variables for terms, gﬁz are operation symbols, and A\;, ¢ =1,...,m,
are nullary operation symbols.

The concept of a clone is one of the basic algebraic concepts. The models of the axioms (C1)—(C3) are
called abstract clones. Each abstract clone is isomorphic to a concrete one, i.e. to a clone of operations
defined on a set. A clone can be regarded as a category. The duals of those categories are the so-called
Lawvere theories (see [1]). In this paper we consider partial clones; i.e. the partial many-sorted algebras
of the type of clones which satisfy (C1)—(C3) as weak identities.

The many-sorted set (Wiin(Xn))n + is not closed under S},. In [2] the second author proved the
following:

Proposition 1.1. If fi(t1,...,t,,) € WE(X,,), s1,...,s, € WH(X,,), and var(s;) N var(sg) = @
for 1 < j <k <mn, then S (fi(t1,- .- tn;),81,---,8n) € WI(X,,).
This result leads to the partial many-sorted mapping

S s WER(X,) x (WER(X,,))" —o—s WER(X,,)

eN

defined by

?nm(t,sl,...,sn) = {
and to the many-sorted partial algebra

cloney, 7 1= ((Wiin(Xn))neNJr; (%)m,ner (mi)ign,n€N+)
which satisfies (C1)—(C3) as weak identities [2].

REMARK 1.2. (i) If we consider an n-ary linear term f;(t1,...,t,,), then n; < n. Indeed, assume
that fi(ti,...,tn,) € WH(X,,) and n; > n. Hence, some variables in X,, must occur repeatedly in
fi(t1,...,tn,), which is impossible.

(ii) According to the condition in Proposition 1.1, in S}) we have that n < m. Otherwise, if m < n,
then si,...,s, € WH"(X,,) means that there exist variables occurring more than once.

Sp(t,s1,...,8n) if var(sj) Nvar(sy) =@ forall1 <j <k <mn,

not defined otherwise

In [3] the nondeterministic superposition of terms of type 7 was introduced as superposition of sets
of terms of type 7 (of tree languages) as follows: Let Z(W,(X,)) be the powerset (set of subsets)
of W,(X,). Then the operations

Spb™ 2 P(Wr (X)) x P(We(Xm)))" = P (Wr (X))
for m,n € N* can be defined as follows:
(i) if B ={z;}, 1 <j <n, then Sp*™(B, By,...,By,) := Bj;
(i) if B = {fi(t1,...,tn;)} and assumed that Sﬁld’"({tj},Bl,...,Bn) for 1 < j < n; are already
defined, then Sj™(B, By, ..., Bn) = {fi(r1,...,mn) : 75 € S ({t;}, B1, ..., Bn), 1 <j <mn;};
(iii) if B is an arbitrary nonempty subset of W,(X,,), then

S (B, Br,..., Bn) = | il ({0}, B ... Bu).
beB

If one of the sets B, By,..., B, is empty, then S%d’"(B,Bl, ..., Bp) =2.
Then we may consider the multi-based algebra

P-clone T := ((@(WT(XH))nGN"’; (ngd’n)m,newa ({Ii})ign,nel\ﬁ')‘
REMARK 1.3. For the superposition operations SPA™ of sets of linear terms we have n; < n < m for
each i € I.

In [3] was proved that the many-sorted algebra Z-clone 7 satisfies (C1) and (C3). The subalgebra
P -clone T having arbitrary nonempty subsets of W, (X) as universes is an abstract clone; i.e., it satisfies

(C1)~(C3).
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2. Nondeterministic Superposition of Sets of Linear Terms
It is easy to see that the nondeterministic (for short nd-) superposition of sets of linear terms gives
in general not sets of linear terms.

EXAMPLE 2.1. Let 7 = (2) with a binary operation symbol f and let Xy = {z1,22}. We consider

the three subsets of W(liQI;(Xg); namely, B = {f(x2,21)}, B1 = {21, 22}, and Bs = {1, f(x1,22)}. Then

S3“*(B, B1, Bs) = S3**({f (w2, 1)}, {1, 22}, {1, f (w1, 22)})
= {f(r1,m2) 1 71 € Sy ({ma}, {mr, w2}, {1, f(z1,2)}),
ry € Sy ({1}, {x1, 22}, {21, flz1,22)}) }
= {f(r1,r2) : 1 € {z1, f(w1,22) }, 72 € {71, 22} }
= {f(z1,21), fz1,22), F(f(21,22),21), F(f (21, 22),22)} £ W (X2).

The following theorem gives a condition for the nondeterministic superposition of sets of linear terms
to be a set of linear terms.

Theorem 2.2. If B C Wi (X,,), By,..., B, C Wi(X,,) and if var(B;) Nvar(By,) = @ for 1 < j <
k <norif B=g, then Sp>"(B, By,...,B,) C Win(X,,).
The empty set can be regarded as a set of linear terms and if one of the sets B, By, ..., B, is empty,

then S,T,Zd’n(B ,B1,...,B,) = @ and therefore the theorem is satisfied in this case. So, for the proof we
may assume that none of the sets B, By, ..., B, is empty. We will use the following lemma.

Lemma 2.3. Let s,t € W,(X,,) with var(s) Nvar(t) = @. Let By,..., B, C W-(X,,) with var(B;)N
var(By) = @ for 1 < j < k < n. Then var(Sp"({s}, By,..., Bn)) Nvar(Sr™({t}, By,...,B,)) = @.

PROOF. Proceed by induction on the complexity of s and ¢. Consider the cases:

1. s=x and t = xj, xp, 2] € X,

2. s=ua and t = fi(t1,...,tn,),

3. s= fi(s1,...,8p,;) and t = zy,

4.5 = fj(s1,...,8n;) and t = fi(t1,...,tn,).

1. Since var(s) Nvar(t) = @, we have zj, # z; and by the nd-superposition, St™ ({4}, B1, . . ., Bn)
By # B, = St ({x;}, By,..., Bn) and then var(By) Nvar(B;) = & means var (S;,le’n({s}, Bi,...,By))N
var (Si"™({t}, B1, ..., Bn)) = @.

2. Inductively, we assume that

var (and’”({xk}, Bq,..., Bn)) = var(By) N var (S’Z?@d’"({tj}, Bq,..., Bn)) =g
for 1 < j < n. By the definition of nd-superposition we have

S::zd’n({f’i(tla"'7tni)}7Bl7""Bn)
= {filr1,-..,rn,) i 75 € SEA™({t;}, B1, ..., Bn), 1< j < my}.

Since no rj, 1 < j < n;, contains a variable from By, no term f;(ry,...,ry,) contains a variable from By,
and so
var (Sﬁld’"({s}, By, ..., By)) Nvar (Sndn({t}, By, ..., By)) = 2.

3. Because of the commutativity of intersection the third case can be settled by analogy to the second
case.
4. Inductively, we assume that

var (S"4m({t;}, B, ..., By)) Nvar (S04 ({s}, B1,...,B,)) = @
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for 1 < j < n;. By the definition of nd-superposition, we have

St ({filtr,-- - tn)} B, Bn)
_ {fi(rl’ o ,Tm) ry e S;’;le’d({tl}’Bl’ . ,Bn)7 1< .7 < nl}

and by hypothesis no r; contains the variables from S%d’"({s},Bl, ..., Bp). Tt follows that no term
fi(r1,...,ry,) contains the variables from Sp*"({s},Bi,...,By,) and so var (and’"({s},Bl,...,Bn)) N
var (Si"™({t}, B1, ..., Bn)) = @.

In the same way we proceed for a fixed ¢ by induction on the complexity of s. [

PROOF OF THEOREM 2.2. We give a proof on using the inductive definition of nd-superposition.

(i) If B = {x;},2; € X, then S ({x;}, By, ..., Bn) C Wi (X,,).

(i) If B = {fi(t1,...,tn;)} and we assume that Sp"({t;}, B,...,Bn) € Win(X,,) for 1 < j <mn,
then Sp™({fi(t1, ... tn)}, B, ..., Bn) = {fi(r1,..., ;) : 7 € Sw™({t;},B1,...,Bn), 1 < j < n}.
Since by the inductive hypothesis Sﬁ@d’n({tj}, Bi,...,B,) C Win(X,,), all r; are linear terms. We have to
prove that var(r;)Nvar(rg) = @ for 1 < j < k < n;. Since f;(t1,...,tn,) € WE(Xy), var(tj)Nvar(ty) = @
for 1 < j < k < n;. Then all assumptions of Lemma 2.3 are satisfied and so Var(SﬁLd’"({tj}, Bi,...,Bp))N
var(Sp™ ({tp}, By, ...,By)) = @ for all 1 < j < k < n;. But then var(rj) Nvar(ry) = @ for r; €
Spdm({t}, B, ..., By),r € SmE™" ({1}, B, ..., By) for 1 < j < k < n; by Lemma 2.3. This shows that
all terms f;(r1,...,mn,) are linear and so Sp™ ({fi(t1, ... tn,)}, B, ..., By) C Win(X,,).

(iii) If B € WIn(X,,) is an arbitrary set of linear terms, then by (iii) of the definition of nd-
superposition we have

Spt™(B, By,..., Bn) = | ) Spt™({b}, By, ..., Bn) € Wi™(Xm)
beB
since by (ii) each set of the union consists of linear terms from WX (X,,).
Altogether, SP™(B, By, ..., B,) C Win(X,,). O
Applying Theorem 2.2 we define the many-sorted partial operations
S s P(Wr(Xn)) x (P (Wr (X)) —o—r P(Wr(Xim))
on the many-sorted set (Z(W:(X,)))nen+ by
SpE™M(B By,...,By) if var(Bj) Nvar(By) = @,
Sndn(B By,...,By) = or B=gforl<j<k<n,
not defined otherwise

for all m,n € N*. We note that if one of the sets By,..., B, is empty, then we have the first case and
SnE™M(B By, ..., By) = Si™(B, By, ..., B,) = @.
Then we may consider the partial multi-based algebra

P-clone™ 1 := ((,@(WTlin(Xn))neN+; (Sgld’n)m,ner ({zi})i<n, néN*)-

We call this algebra the linear power clone of type T.

The following properties of Sp’" (see [3]) are also valid for Sib™.

Theorem 2.4. Assume that A, A’ C Wi*(X,,), By,...,Bn, B},..., B, C Whi"(X,,) and var(B;) N
var(Bj) = @ for 1 <i < j <n. Then

(i) If A’ C A, then Si*™(A' By, ..., By) C Sh™(A, By, ..., By).

(ii) If B, C B; for alli = 1,...,n, then S&™(A, B, ..., B.) C Sh™(A, By, ..., By).

(i) If b; € B; for all i = 1,...,n, then {S™(b,by,...,by)} C Sn™(A, By, ..., By).
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PrROOF. By assumption S’;ﬁld’"(A, By,...,B,) = S;,Zd’n(A, By,...,B,) C Wir(X,,) and S’%d’"(A’, By,

. Bp) = SHM(A By, ..., B,) C Win(X,,). Applying the corresponding result from [3] we obtain (i).

Now, S (A', By,...,Bl) = Sp*™ (A, By, ..., B}) since var(B;) N var(B;) = @ and B} C B;, B} C B;

implies var(B]) Nvar(B}) = @ for 1 <14 < j < n. Using the corresponding properties of SR (see [3])

we get (ii). From var(B;) Nvar(B;) = @ for 1 < i < j < n we obtain Sp"({a},{b1},...,{bn}) =

Sw™({a}, {1}, ..., {bu}) = {S(a,b1,...,b)}. By (i), we have Si"({a}, B1,..., Bn) C Si*™(A, By,
.., By) and by (ii)

Spdn({a}, {br},...,{bn}) C St ({a}, By, ..., By).

Altogether, this gives _
{S(b,b1,...,b,)} C SEE(A, By,...,B,). O

There are several ways of defining homomorphisms, subalgebras, and identities for partial algebras.
Let o and # be partial algebras of the same type with indexed sets {f* :i € I} and {f” : i € I} of
partial fundamental operations on A and B, respectively. A mapping h : A — B is said to be a weak
homomorphism provided that for all fundamental operations we have: If (ay,...,a,;) € dom f{7, then
(h(a1),...,h(ay,)) € dom f and for all i € I,

h(fid(alv AR am)) = fi@(h(al)v AR h(am))

where dom f” and dom f;” are the domains of f/ and of f, respectively.
Given n > 1, put F: ={filx1,...,zpn,) i €I, n=n;}.
In [2], the author proved that (F.),en+ is a generating system of cloney, 7.

Lemma 2.5 [2]. The many-sorted partial algebra cloney, T is free with respect to itself, freely
generated by (F') e+ -

To obtain a similar result for the many-sorted partial algebra Z-clone"™ 7 we consider for each i € I,

ﬁ‘:} = U {{fl(xlvvxnz)}}

i€l, 1<n;<n

Lemma 2.6. (F"),cy+ is a generating system of Z-clone™ r.
PRrROOF. Let m,n € N* and {z;} € X,. Since the singletons of variables belong to the type of

P-clone™ 7, these sets are generated. Now, we let B = {fi(t1,...,tn,)} € WE*(X,,) and assume that
{t1}, ..., {tn,} € WHr(X,,) are generated. Since fi(t1,...,t,;) € WI(X,,), var(t;) N var(ty) = @ for
1 < j <k < ny, this implies var({¢;}) Nvar({tx}) = @ for 1 < j < k < n;. Thus,
B ={fi(t1,... 7tm)} = ngd’ni({fi(xlv SRR xm‘)}v {ti}s-o o, {tm‘})
= S;Lmd’ni({fi(ml? AR xm)}7 {tl}’ ) {tm})
Therefore, B = {fi(t1,...,tn,)} is generated. Each set B C W!(X,,) can be written as B = J,.5{b},

moreover, {b} C Wi2(X,,). By the definition of Si*™ B is generated. If B is empty, then B can be
regarded as the empty union of elements of the generating set. [

By Lemma 2.6 the many-sorted partial algebra Z-clone'™ 7 is generated by (F™), cx+.
Now, for any many-sorted mapping

(Pdnent : (B )nervt = (P (W™ ( X)) nen+

we define the extension (@,,),en+ Of (¢n)nen+ inductively as

(Pr)nen+ : (ﬁf)nEI\H - (@(W‘lin(Xn)))neNJr
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with

(i) p,({z;}) = {=;} for z; € X,,, n € NT,

(1) B ({filtr - tn)}) = S™ (on, ({fi(@1, - 20 D), Bn({t1})s -+ B ({tni})) for m,m; € N,
i € I, assumed that ©,,({t;}) are already defined for 1 < j < n,,

(iif) B (B) = Upe @m({b}) if B C WIB(X,,) is an arbitrary set.

For m,n; € N* i € I, we have

Cm{filzr, - 20)}) = S (on, ({ i@,y 20) 1) B{1})s - B ({20, }))
= S?nd’ni(Som({fi(xlv R xm)})v {x1}7 R {xm})
= Srrgd’ni(soni({fi(ajl? AR xm)})v {1‘1}, R {mm})
= em({fi(z1, -, 2n)})-
This shows that p,, extends ¢,. Moreover, we have

Lemma 2.7. If B C Wi*(X,,), then var(®,(B)) C var(B).

PROOF. We may assume that B # &. If B is a singleton, then we give a proof by induction on the
complexity of the linear term which forms the only element of the singleton B. If B = {z;},z; € X,
1 <j <n, then

var(@,(B)) = var(@, ({z;})) = var({z;}) = var(B).
If B={fi(t1,...,tn;)} and if var(p,({t;})) C var({t;}) for all 1 < j <n; <n,n € N*, then
var(,(B)) = var(@,({ fi(t1, ..., tn;)}))

= var (S:Lnd’m(@ni({fi(xh AR "Em)})aam({tl})v s 7¢m({tm})))
(since var(g,,({t;})) Nvar(p,,{tx})) =@ for 1 <j <k <ny)

¢ Uvar@n({t;) € | var({t;}) = var({fi(ts, .., ta,)}) = var(B).
j=1 j=1
If B is an arbitrary nonempty subset of W1"(X,,), then

var(,(B)) = var (| 2.({6})) = | var(@, ({o}) € | var({p}) = vax(B). O

beB beB beB

From the previous lemma we observe that for any distinct sets of linear terms {¢;} and {t},
var({t;}) Nvar({tx}) = @ implies var(g, ({t;})) Nvar(®, ({tx})) = @. Summarizing the above, we obtain
the following:

Proposition 2.8. The many-sorted partial algebra P-clone™ 7 is free with respect to itself, freely
generated by (F™),cn+-

PROOF. By Lemmas 2.6 and 2.7, P-clone™ 1 has a generating system and ©,, extends ¢,,. For sin-
gletons {fi(t1, ..., tn,)} € WE(X,,) var({t;}) Nvar({tx}) = @ implies var(@, ({t;})) Nvar(@,({tr})) = @
for 1 < j <k <mn;. That is, (pn, {fi(z1,...,2n,)}), &m{{t1}), -+, @m({tn;})) belongs to the domain
of Gndni, Thus,

@m(szzd,m({fl(xh s 7wm‘)}’ {t1}7 SRR {tm})) = @m({fi(tla s 7tni)})
= Sy (on, (i@, 20) 1), B ({t1}), -, B ({20, }))
= Sy (@, ({fil1s - 20) ), Bm{t1}), - B ({tn: 1))
In the case that B is an arbitrary subset of Wi*(X,,), we have ©,(B) = Ucp @n({b}), and therefore,

(Bn)nen+ is a weak endomorphism extending (¢p)pen+. O
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3. Properties of the Linear Power Clone

Our main question is whether the clone identities (C1)—(C3) are satisfied in the linear power clone
P-clone"™ 7. But this is a partial many-sorted algebra; and in partial algebras there are various concepts
of identities. An equation s ~ t of terms over the many-sorted partial algebra o/ is said to be a weak
identity in o7 if after evaluation, i.e. after all replacements of variables occurring in s and ¢ by elements
of A and operation symbols in s and ¢ by the corresponding fundamental operations of .o/, the one side
and the other side are defined and equal.

Theorem 3.1. The partial many-sorted algebra Z-clone'™ 7 satisfies (C1) and (C3) as weak iden-
tities.
PROOF. We check the satisfaction of (C1)—(C3) as weak identities.
n (Cl), i.e. in
SPA(Z, 8% (Y1, X1y s Xn)y e oo s ST (Y Xy ooy X))

~ gﬁl(gﬁ(zﬁ, . ,Yp) X1,---,Xn) (m,n,p € NT),
we replace S, by Su', Sn by Sit", Sh by $p'P, Z by B € WN(X,,), Vi,...,Y, by Bi,..., B, €
Whn(X,) and Xi,...,X, by Aj,..., A4, € Wi"(X,,) and obtain
Spdp(B, Sp™(By, Aty ...y An), ..., SEE( By, Ax,. .., Ap))
~ SR (SR (B, By, ..., By), A1, ..., Ay).

We assume that none of the sets By,...,Bp, A1,..., A, is empty. If var(B;) N var(By) = @ for
1 <j <k <pand var(4;) Nvar(4,) = @ for 1 <[ < g < n, then the right-hand side of this equation

is defined. Then also S”d’n(B]7 Ay, ..., Ay), 7=1,...,p, are defined and equal to Sﬁld’”(Bj,Al, e Ap).

It is left to show that var (Snd”(B Ay, ..., Ap)) Nvar (Sndn(Bk,Al,...,An)) =gforl1<j<k<p.
If both B; and Bj, consist of only one term, then by Lemma 2.3

var (Sn4™(By, A1, . .., Ap)) Nvar (SE4™(By, Ay, ..., Ay)) = @.
By (iii) of the definition of nd-superposition we have

Spi(Bj, Ar,- -, An) = St ({0}, Ar, - An)

beB;
and Sy ({0}, By, At ..., An) = Uyep, (A1, - -, An) and so
var (Sp(Bj, Ay, . .., Ayp)) Nvar (Sp™(By, Ay, ..., A))
:var< U Spim({b}, Av, ..., An) )mvar< U spén({}, Ar,..., ))

beB; b E€By,
= | var (Spin ({0}, Ar, ., An)) 0 | var (SpEM({Y), Ad, L An))
bGBj b EB;,
= U (var (Sﬁ@d’”({b}, Ay, ..., Ay)) Nvar (S%d’"({b’},Al, L A)) =2
bEBj,b/EBk

Therefore, the left-hand side is defined and equal to
Sndp(B S (B Ay ... Ay),.. .,Sﬁzd’”(Bp,Al, L A).

(If one of the sets A; or Bj is empty, then both sides are empty and (C1) is satisfied.) Since the total
many-sorted algebra Z7-clone!™ 7 satisfies (C1) in any case both sides are equal and (C1) is a weak
identity in Z-clone™ 7.
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In (C2) 3”,’?1(/\3-,5(1, ... ,)an) ~ X;, m,n € Nt, 1 < i < n, we replace Aj by {z;}, S’;}I by Srdm and
X1,...,Xnby A1,..., A, C WIn(X,,) and obtain Spt"({z;}, A1, ..., An) = St ({;}, Ay, ..., Ay) = @
if var(A;) Nvar(Ag) = @ for 1 <i <k <n, ie., if Sﬁld’n({:cj}, Ay, ..., Ay) is defined. But the right-hand
side can be a nonempty set; i.e., (C2) is not satisfied. We remark that by the definition of linear terms
the empty set is linear.

In (C3) S*(Y,A1,...,An) & Y we replace Y by B C Win(X,), 8" by Si%" and Ay,...,An by
{z1},...,{z,} and obtain on the left-hand side Sp"(B,{z1},...,{z,}). If B = {z;}, then Sp*"({z;},
{21}, ... {zn}) = SE*"({z;}, {z1},...,{xa}) = {x;}. Therefore, (C3) is satisfied. Now, put B =
{fi(t1,...,tn;)}. Then

Sr?dm({fi(tl’ s 7tni)}? {$1}, SRR {l‘n}) = Szdm({fi(tl’ s 7tni)}? {‘7"1}7 SRR {l’n})
= {fi(T‘l, . ,Tnz.) : T‘j c Sgd’n({tj}, {a:l}, ey {xn})} = {fi(tl, . 7tni)}

and (C3) is satisfied. If B contains more than one element, then

S (B {x1}, .. {zn}) = SEPM (B {za}, - {zn})
= U S:lld,n({b}, {z1},.. . {zn}) = U {b} = B.

beB beB

If B is empty, then both sides are empty and (C3) is satisfied. O

If we exclude the empty sequence (&), cn+, then we get the following

Corollary 3.2. The partial many-sorted algebra 2+ -clone™ 7 := ((Z2(W (X)) nen+ \{ (@) nen+ };
(S?nd’")m neN+? ({i})i<n, nen+ ) satisties (C1)~(C3) as weak identities.

4. Linear Nondeterministic Hypersubstitutions

A hypersubstitution of type 7 is a mapping o : {f; : i € I} — W,-(X) taking each n;-ary operation
symbol of type 7 to an n;-ary term of the same type. Hypersubstitutions may be considered as many-
sorted mappings. Let I, C I with n € N* be the set of all indices such that f; with j € I, is n-ary and
let ' :={f; : j € I,}. Then o, with o,(F}') C W-(X,,) is defined as a mapping that sends operation
symbols of arity n to n-ary terms. So, each hypersubstitution of type 7 can be regarded as a many-
sorted set of functions o := (0y,),en+. Nondeterministic hypersubstitutions were introduced in [3] as the
mappings

Ond {fi:iel} - P(W, (X))

that sends o(f;) C W-(X,,) for ¢ € I. The linear nondeterministic hypersubstitutions were introduced
in [4] as the mappings
Ona: {fi i€} - 2(WH(X))

that send operation symbols to sets of linear terms and preserve arities.
In this section we consider nondeterministic hypersubstitutions as many-sorted mappings. In the
lin .__

linear case we define ol := (o1t ) i with ol . FP — 92(Whn(X,,)). For arbitrary nondeterministic

hypersubstitutions 0,4 an extension &,4 can be defined in steps as follows:

DEFINITION 4.1. Let n € NT.

(i) &nd,n[g] = 4.

(ii) opan{zi}] == {xi} fori=1,...,n.

(i) Gnagn[{Fi(t1s - tn,}] = SE™(0pan(fi)sOnanl{t1}]; - Onanl{tn}]) if we inductively assume
that p4,[{t;}], 1 < j < n, are already known.

(iv) Gnan[B] == U{Gnan[{t}] | t € B} for any @ # B C W.(X,).
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We put G4 := (Gndn)nen+. Our question is whether the extension of a linear nondeterministic hyper-
substitution sends sets of linear terms to sets of linear terms. This question was positively answered in [4].
This answer has the consequence that the product of every two linear nondeterministic hypersubstitu-
tions is a linear nondeterministic hypersubstitution and therefore the set of all linear nondeterministic
hypersubstitutions of type 7 forms a monoid. We want now to derive this result from the following
theorem which stems from our approach. We introduced already the concept of a weak homomorphism
for partial algebras. For many-sorted partial algebras we may define a corresponding concept where weak
homomorphisms are now sequences of mappings. If there is no risk of misunderstanding instead of 053
we will write o,,4.

Theorem 4.2. For every linear nondeterministic hypersubstitution o,q its extension &,4 is a weak
endomorphism of the partial many-sorted linear power clone

P-cloney 7 = (P (Wr(Xn)newts (Si™) 1y menvs» {2} isn, nent ) -

PROOF. We have to prove that given arbitrary sets A € 2(Wh*(X,,)) and By, ..., B, € 2(Wi(X,,))
we have: If (A,By,...,B,) € domSi"™(A, By, ..., By), then (Gnan[Al,Gnaml[Bil,---;0ndmBn]) €
dom S’?nd’n and

Gndn [SE™(A, B1,. .., By)| = St (6n4n[A], Gnam[Bil, - - - s Gndm|Bn))-
(A, By,...,B,) € dom Sﬁld’"(A, Bi, ..., By) means that var(B;) Nvar(B;) = @ for 1 <i < j < n and that
Sﬁld’n(A, By,...,B,) = Sﬁld’n(A, Bi,...,B,). Now we apply Lemma 3 of [4] which means, formulated in
terms of our language, that for any nondeterministic linear hypersubstitution o,q = (Jnd,n)nEN""v for any

set B C Win(X,,) and for all n € N we have
var(B) D var(6p, na[B]). (%)

(We notice that this is even true for arbitrary nondeterministic hypersubstitutions and arbitrary sets of
terms from W (X,).)

Then from var(B;) Nvar(B;) = @ and var(B;) D var(6,[B;]) we infer that

@ = var(B;) Nvar(Bj) D var(6ndn|[Bi]) Nvar(Gnin(Bjl), 1<i<j<n.
If Aec 2(Wh(X,)), then A consists only of linear terms ¢ and
SuinlA] = | {nanl{t}] |t € A C WIN(X,)).

If Gpan[{t}] € WEN(X,) for all t € A, then Gp4,[A] € WH(X,). So, we have only to show that
t € Whn(X,,) implies 6,4, [{t}] € WE(X,,).

If t = z; € X, then Gpq,[{z;}] = {x:} C WH(X,,).

Assume that t = f;(t1,...,t,,) € WH(X,,) and that t; € WH(X,,) implies Gpq,[{t:}] € WEr(X,,).

By Definition 4.1, (iii) we have

&nd,n[fi(th s 7tni)] = Ssd’n(and,n(fi)a 6nd,n[{t1}]v T 7&nd,n[{tn}])-

Here g (fi) € WH(X,,) since opq,, is a linear nondeterministic hypersubstitution. Since var({t;}) = @
implies var(Gnqn[{ti}]) N var(pan[{t;}]) = @ for 1 < i < j < n by (*), there follows 6pq,[{t}] C
win(X,).

Altogether, (4, By, ..., By,) € dom Sp™(A, By,..., By), i.e. AC Wi (X,), By, ..., B, C Win(X,),

var(B;) Nvar(B;) = @ for 1 <1i < j < n implies (GpanlA], Gndm[Bi];- - 0ndm[Bn]) € dom Sndn and
S;%d’n (a-nd,n [A]7 a-nd,m[Bl]a s ,&nd7m[Bn]) = S;L@d’n(a-nd,n [A], a-’n,d,m [31]7 B a-nd,m[Bn])-

From this and the endomorphism property of arbitrary nondeterministic hypersubstitutions (see Theo-
rem 3.1.4 in [5]), i.e.

6-nd,m [S;le,n(A’ Bla R Bn)} = S;Z'—Ld’n(a'nd,n[A]a é-ncl,m [Bﬂ, R 7&nd,m [Bn])7
we obtain
ndn [SE™(A, Bi, ..., By)| = St (6n4.n[A], 6pam[Bil, - - s Gndm[Bn)). O
As a corollary of Theorem 4.2 we get Proposition 2.5 from [4]:
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Corollary 4.3. The extension of a nondeterministic linear hypersubstitution sends the sets of linear
terms to sets of linear terms.

In [4] the authors defined a product o,g on the set Hypltd(7) of all nondeterministic linear hyper-
substitutions by on41 %nd Ond2 = Ond1 © Ond2 = Ond1 © Opdz2. Since the nondeterministic identity
hypersubstitution 0,44, sending each operation symbol f;, i € I, to the singleton {f;(z1,...,2n,)} is
linear, the further consequence is the following theorem which was also proved in [4]:

Theorem 4.4. The set of all nondeterministic linear hypersubstitutions forms a many-sorted sub-
monoid of the many-sorted monoid of all nondeterministic hypersubstitutions.

5. Deterministic and Nondeterministic Linear Hypersubstitutions

An important result in automata theory says that each finite nondeterministic automaton is equiv-
alent to a deterministic one, i.e. it recognizes the same formal language [6]. In this section we will
study the interconnection between deterministic and nondeterministic linear hypersubstitutions. Here
let (Hyphn( ); Ond, Tidnd) be the one-sorted monoid of linear hypersubstitutions. By definition, for each
i € I, ona(fi) is a set of n;-ary linear terms. Therefore, for every o,y € Hypl¢ we may consider the
following set:

ohg = {p: p € Hyp™(7) and p(f;) € opa(f;) for all i € I}.

Here Hyplin( ) denotes the set of all linear hypersubstitutions of type 7, i.e. the set of all mappings
sending the operation symbols f; to single linear terms preserving the arity. Let (Hyphn( ))* be the set
of all 0%, with 0,4 € Hyp[td(7).

Then we have

Proposition 5.1. (Hyplm( )) = Hyp"™ (7).

PrOOF. (Hypd(7))* C Hyp"®(7) is clear. Let p € Hyp™(7) be a linear hypersubstitution of type 7.
To show that p € (Hypld(7))* we need a linear nd-hypersubstitution o,,q such that p(f;) € ona(f;) for
all i € I. We choose 0,4 with 0,,4(f;) = {p(fi)} for all i € I. Then p(f;) € on4(f;) is satisfied. O

For the extension of a single linear hypersubstitution p we use the same notation p as we used for
the extension of a nondeterministic linear hypersubstitution. It is inductively in steps:

()p[mj]_mjvje{l a' }a
() Pt tu)) = SE (U Pl pltn]), i € 1.

This extension sends the linear terms to linear terms. The connection between arbitrary deter-
ministic and nondeterministic hypersubstitutions was considered in [7]. We will apply these results to
nondeterministic linear hypersubstitutions. At first we recall the following definition from [5].

DEFINITION 5.2. Each nondeterministic hypersubstitution ¢,,4 induces an extension mapping ,4 by
(i) anal{t}] = {p[t] | p € 0} } (for t = z; the right-hand side consists only of ;).

(i) ona[B] = Uye p onal{b}], (2] = &

As a consequence, if B is a set of linear terms, then ¢[B] is a set of linear terms.

Using the new extension we define the binary operation

Ond - Hypﬁn( ) X Hyphn( ) — Hyphn( )

by 01d,19nd0nd,2 = Tnd,1 © Ond,2-
The operation ¢,4 has the following properties (see [7]):
Proposition 5.3. Let 01 n4,02nd € Hyp”d(T) and B C W (X). Then
() (01,nd Ond 02,na)(fi) = {(p1 on p2)(fi) | p1 € 0T 11 P2 € 05 g, G € I}
(ii) (Ul,nd Ond UQ,nd)[B] = (51,nd o 5'2,nd)[B]'
Proposition 5.1 holds also for submonoids.
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Proposition 5.4. Let .# be a submonoid of (Hypli“(r);ond,aid,nd) or of (Hyphn(T);ond,aid,nd).
Then M* forms a submonoid of (Hypy, (7); on, 0iq)-

PRrROOF. Since Uid(fi) = fi(ml, ... ,(Eni) € {fi(xl, .. ,mnz)} = O'id,nd(fi), we get 0,9 € M*.

Let p € M*. Then there exists 0,y € M C Hypld(r) such that p(f;) € o(f;) for all i € I, i.e.
p € Hypyn(7) and thus M* C Hypy, (7).

Let now p1, p2 € M*. Then there exist 01 pg, 02na € M such that p1(fi) € 014(fi), p2(fi) € 02n4(fi)
for all ¢ € I. By Proposition 5.3(i), (p1 on p2)(fi) € (01,nd ©nd 02,nd) for all ¢ € I. Since M is a submonoid
of (Hypl(7); ond, Tidna), We get 01,nd Ond 02,na € M and so py op, p2 € M*.

In the second case we use that for every term ¢t € W.(X) from p(f;) € ona(fi) for all ¢ € I and

o € Hyp(r), p € Hypy,(7) there follows p[t] € ¢[{t}]. Indeed, by Definition 5.2(i) p[t] € 7[{t}] and

then by (iv) of Definition 4.1, p[t] € a[{t}] C &[{t}].
Let p1,p2 € M*. Then there exist O1nds 02nd € M with pl(fz') € Ul,nd(fi)y pg(fi) € U2,nd(fi) for
all 7 € I. Then

(p1 0 p2)(fi) = p1lp2(fi)] € 61,nal{p2(fi)}] C 61ndlo2na(fi)] = (01,nd Ond 02,na)(fi)

since {p2(fi)} € o2n4(fi) for all i € I. Since M is a submonoid of (Hypﬁg(r);ond,aid), the product
O1,nd Ond 02,nd belongs to M and thus py o pp € M*. [

We remark that this proof differs only slightly from the proof of Proposition 5.2 in [7].
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