
ISSN 0037–4466, Siberian Mathematical Journal, 2019, Vol. 60, No. 3, pp. 497–507. c© Pleiades Publishing, Inc., 2019.
Russian Text c© The Author(s), 2019, published in Sibirskii Matematicheskii Zhurnal, 2019, Vol. 60, No. 3, pp. 640–654.

THE PARTIAL CLONE OF LINEAR TREE LANGUAGES
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Abstract: A term, also called a tree, is said to be linear, if each variable occurs in the term only once.
The linear terms and sets of linear terms, the so-called linear tree languages, play some role in automata
theory and in the theory of formal languages in connection with recognizability. We define a partial
superposition operation on sets of linear trees of a given type τ and study the properties of some many-
sorted partial clones that have sets of linear trees as elements and partial superposition operations as
fundamental operations. The endomorphisms of those algebras correspond to nondeterministic linear
hypersubstitutions.
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1. Preliminaries

Let {fi | i ∈ I} be an indexed set of operation symbols of type τ = (ni)i∈I , where fi is ni-ary for
ni ∈ N+ := N \ {0}. Let Wτ (Xn) be the set of all n-ary terms of type τ , defined inductively by the
following steps:
(i) Each variable xj ∈ Xn is an n-ary term of type τ .
(ii) If t1, . . . , tni are n-ary terms of type τ and fi is an ni-ary operation symbol, then fi(t1, . . . , tni)

is an n-ary term of type τ .
Let (Wτ (Xn))n∈N+ be the many-sorted set of terms of type τ , i.e. the infinite sequence (Wτ (X1),

Wτ (X2), . . . ,Wτ (Xn), . . . ). The sorts are the sets of n-ary terms of type τ for all n ∈ N+.
The linear terms of type τ are defined in a similar way with the difference that instead of (ii) we

define
(ii′) If t1, . . . , tni are n-ary linear terms of type τ and if var(tj) ∩ var(tk) = ∅ for all 1 ≤ j < k ≤ ni,

then fi(t1, . . . , tni) is an n-ary linear term of type τ , where var(tj) denotes the set of variables occurring
in tj .

LetW linτ (Xn) be the set of all n-ary linear terms of type τ and let (W
lin
τ (Xn))n∈N+ be the many-sorted

set of all linear terms of type τ .
(Wτ (Xn))n∈N+ is closed under the superposition operations

Snm :Wτ (Xn)× (Wτ (Xm))n →Wτ (Xm)
that are inductively defined for m,n ∈ N+ as follows:
(i) Snm(xj , t1, . . . , tn) := tj for 1 ≤ j ≤ n and
(ii) Snm(fi(s1, . . . , sni), t1, . . . , tn) = fi

(
Snm(s1, t1, . . . , tn), . . . , S

n
m(sni , t1, . . . , tn)

)
.

The many-sorted algebra

clone τ :=
(
(Wτ (Xn))n∈N+ ; (Snm)m,n∈N+ , (xi)i≤n∈N+

)
,

the clone of all terms of type τ , satisfies the three equalities:

(C1) S̃pm
(
Z̃, S̃nm(Ỹ1, X̃1, . . . , X̃n), . . . , S̃

n
m(Ỹp, X̃1, . . . , X̃n)

)

≈ S̃nm
(
S̃pn(Z̃, Ỹ1, . . . , Ỹp), X̃1, . . . , X̃n

)
(m,n, p ∈ N+),

(C2) S̃nm(λj , X̃1, . . . , X̃n) ≈ X̃j (m = 1, 2, . . . , 1 ≤ j ≤ n, n ∈ N+),
(C3) S̃nn(Ỹ , λ1, . . . , λn) ≈ Ỹ (n ∈ N+).
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where Z̃, Ỹ1, . . . , Ỹp, X̃1, . . . , X̃n are variables for terms, S̃
n
m are operation symbols, and λi, i = 1, . . . ,m,

are nullary operation symbols.
The concept of a clone is one of the basic algebraic concepts. The models of the axioms (C1)–(C3) are

called abstract clones. Each abstract clone is isomorphic to a concrete one, i.e. to a clone of operations
defined on a set. A clone can be regarded as a category. The duals of those categories are the so-called
Lawvere theories (see [1]). In this paper we consider partial clones; i.e. the partial many-sorted algebras
of the type of clones which satisfy (C1)–(C3) as weak identities.
The many-sorted set

(
W linτ (Xn)

)
n∈N+ is not closed under S

n
m. In [2] the second author proved the

following:

Proposition 1.1. If fi(t1, . . . , tni) ∈ W linτ (Xn), s1, . . . , sn ∈ W linτ (Xm), and var(sj) ∩ var(sk) = ∅
for 1 ≤ j < k ≤ n, then Snm(fi(t1, . . . , tni), s1, . . . , sn) ∈W linτ (Xm).
This result leads to the partial many-sorted mapping

S
n
m :W

lin
τ (Xn)×

(
W linτ (Xm)

)n�→W linτ (Xm)
defined by

S
n
m(t, s1, . . . , sn) :=

{
Snm(t, s1, . . . , sn) if var(sj) ∩ var(sk) = ∅ for all 1 ≤ j < k ≤ n,
not defined otherwise

and to the many-sorted partial algebra

clonelin τ :=
((
W linτ (Xn)

)
n∈N+ ;

(
S
n
m

)
m,n∈N+ , (xi)i≤n, n∈N+

)

which satisfies (C1)–(C3) as weak identities [2].

Remark 1.2. (i) If we consider an n-ary linear term fi(t1, . . . , tni), then ni ≤ n. Indeed, assume
that fi(t1, . . . , tni) ∈ W linτ (Xn) and ni > n. Hence, some variables in Xn must occur repeatedly in
fi(t1, . . . , tni), which is impossible.
(ii) According to the condition in Proposition 1.1, in Snm we have that n ≤ m. Otherwise, if m < n,

then s1, . . . , sn ∈W linτ (Xm) means that there exist variables occurring more than once.
In [3] the nondeterministic superposition of terms of type τ was introduced as superposition of sets

of terms of type τ (of tree languages) as follows: Let P(Wτ (Xn)) be the powerset (set of subsets)
of Wτ (Xn). Then the operations

Snd,nm :P(Wτ (Xn))×P((Wτ (Xm)))
n →P(Wτ (Xm))

for m,n ∈ N+ can be defined as follows:
(i) if B = {xj}, 1 ≤ j ≤ n, then Snd,nm (B,B1, . . . , Bn) := Bj ;

(ii) if B = {fi(t1, . . . , tni)} and assumed that Snd,nm ({tj}, B1, . . . , Bn) for 1 ≤ j ≤ ni are already
defined, then Snd,nm (B,B1, . . . , Bn) := {fi(r1, . . . , rn) : rj ∈ Snd,nm ({tj}, B1, . . . , Bn), 1 ≤ j ≤ ni};
(iii) if B is an arbitrary nonempty subset of Wτ (Xn), then

Snd,nm (B,B1, . . . , Bn) :=
⋃

b∈B
Snd,nm ({b}, B1, . . . , Bn).

If one of the sets B,B1, . . . , Bn is empty, then S
nd,n
m (B,B1, . . . , Bn) = ∅.

Then we may consider the multi-based algebra

P-clone τ :=
(
(P(Wτ (Xn))n∈N+ ;

(
Snd,nm

)
m,n∈N+ , ({xi})i≤n, n∈N+

)
.

Remark 1.3. For the superposition operations Snd,nm of sets of linear terms we have ni ≤ n ≤ m for
each i ∈ I.
In [3] was proved that the many-sorted algebra P-clone τ satisfies (C1) and (C3). The subalgebra

P+-clone τ having arbitrary nonempty subsets ofWτ (X) as universes is an abstract clone; i.e., it satisfies
(C1)–(C3).
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2. Nondeterministic Superposition of Sets of Linear Terms

It is easy to see that the nondeterministic (for short nd-) superposition of sets of linear terms gives
in general not sets of linear terms.

Example 2.1. Let τ = (2) with a binary operation symbol f and let X2 = {x1, x2}. We consider
the three subsets of W lin(2)(X2); namely, B = {f(x2, x1)}, B1 = {x1, x2}, and B2 = {x1, f(x1, x2)}. Then

S
nd,2
2 (B,B1, B2) = S

nd,2
2 ({f(x2, x1)}, {x1, x2}, {x1, f(x1, x2)})

=
{
f(r1, r2) : r1 ∈ Snd,22 ({x2}, {x1, x2}, {x1, f(x1, x2)}),
r2 ∈ Snd,22 ({x1}, {x1, x2}, {x1, f(x1, x2)})

}

= {f(r1, r2) : r1 ∈ {x1, f(x1, x2)}, r2 ∈ {x1, x2}}
= {f(x1, x1), f(x1, x2), f(f(x1, x2), x1), f(f(x1, x2), x2)} �⊆W lin(2)(X2).

The following theorem gives a condition for the nondeterministic superposition of sets of linear terms
to be a set of linear terms.

Theorem 2.2. If B ⊆W linτ (Xn), B1, . . . , Bn ⊆W linτ (Xm) and if var(Bj) ∩ var(Bk) = ∅ for 1 ≤ j <
k ≤ n or if B = ∅, then Snd,nm (B,B1, . . . , Bn) ⊆W linτ (Xm).
The empty set can be regarded as a set of linear terms and if one of the sets B,B1, . . . , Bn is empty,

then Snd,nm (B,B1, . . . , Bn) = ∅ and therefore the theorem is satisfied in this case. So, for the proof we
may assume that none of the sets B,B1, . . . , Bn is empty. We will use the following lemma.

Lemma 2.3. Let s, t ∈Wτ (Xn) with var(s)∩var(t) = ∅. Let B1, . . . , Bn ⊆Wτ (Xm) with var(Bj)∩
var(Bk) = ∅ for 1 ≤ j < k ≤ n. Then var(Snd,nm ({s}, B1, . . . , Bn)) ∩ var(Snd,nm ({t}, B1, . . . , Bn)) = ∅.
Proof. Proceed by induction on the complexity of s and t. Consider the cases:
1. s = xk and t = xl, xk, xl ∈ Xn,
2. s = xk and t = fi(t1, . . . , tni),
3. s = fi(s1, . . . , sni) and t = xl,
4. s = fj(s1, . . . , snj ) and t = fi(t1, . . . , tni).

1. Since var(s)∩var(t) = ∅, we have xk �= xl and by the nd-superposition, Snd,nm ({xk}, B1, . . . , Bn) =
Bk �= Bl = Snd,nm ({xl}, B1, . . . , Bn) and then var(Bk)∩ var(Bl) = ∅ means var

(
S
nd,n
m ({s}, B1, . . . , Bn)

)∩
var
(
S
nd,n
m ({t}, B1, . . . , Bn)

)
= ∅.

2. Inductively, we assume that

var
(
Snd,nm ({xk}, B1, . . . , Bn)

)
= var(Bk) ∩ var

(
Snd,nm ({tj}, B1, . . . , Bn)

)
= ∅

for 1 ≤ j ≤ n. By the definition of nd-superposition we have
Snd,nm ({fi(t1, . . . , tni)}, B1, . . . , Bn)

=
{
fi(r1, . . . , rni) : rj ∈ Snd,nm ({tj}, B1, . . . , Bn), 1 ≤ j ≤ ni

}
.

Since no rj , 1 ≤ j ≤ ni, contains a variable from Bk, no term fi(r1, . . . , rni) contains a variable from Bk
and so

var
(
Snd,nm ({s}, B1, . . . , Bn)

) ∩ var (Snd,nm ({t}, B1, . . . , Bn)
)
= ∅.

3. Because of the commutativity of intersection the third case can be settled by analogy to the second
case.
4. Inductively, we assume that

var
(
Snd,nm ({tj}, B1, . . . , Bn)

) ∩ var (Snd,nm ({s}, B1, . . . , Bn)
)
= ∅
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for 1 ≤ j ≤ ni. By the definition of nd-superposition, we have
Snd,nm ({fi(t1, . . . , tni)}, B1, . . . , Bn)

=
{
fi(r1, . . . , rni) : rl ∈ Snd,dm ({tl}, B1, . . . , Bn), 1 ≤ j ≤ ni

}

and by hypothesis no rl contains the variables from S
nd,n
m ({s}, B1, . . . , Bn). It follows that no term

fi(r1, . . . , rni) contains the variables from S
nd,n
m ({s}, B1, . . . , Bn) and so var

(
S
nd,n
m ({s}, B1, . . . , Bn)

) ∩
var
(
S
nd,n
m ({t}, B1, . . . , Bn)

)
= ∅.

In the same way we proceed for a fixed t by induction on the complexity of s. �
Proof of Theorem 2.2. We give a proof on using the inductive definition of nd-superposition.

(i) If B = {xj}, xj ∈ Xn, then Snd,nm ({xj}, B1, . . . , Bn) ⊆W linτ (Xm).
(ii) If B = {fi(t1, . . . , tni)} and we assume that Snd,nm ({tj}, B1, . . . , Bn) ⊆ W linτ (Xm) for 1 ≤ j ≤ n,

then Snd,nm ({fi(t1, . . . , tni)}, B1, . . . , Bn) = {fi(r1, . . . , rni) : rj ∈ Snd,nm ({tj}, B1, . . . , Bn), 1 ≤ j ≤ ni}.
Since by the inductive hypothesis Snd,nm ({tj}, B1, . . . , Bn) ⊆W linτ (Xm), all rj are linear terms. We have to
prove that var(rj)∩var(rk) = ∅ for 1 ≤ j < k ≤ ni. Since fi(t1, . . . , tni) ∈W linτ (Xm), var(tj)∩var(tk) = ∅
for 1 ≤ j < k ≤ ni. Then all assumptions of Lemma 2.3 are satisfied and so var(Snd,nm ({tj}, B1, . . . , Bn))∩
var(Snd,nm ({tk}, B1, . . . , Bn)) = ∅ for all 1 ≤ j < k ≤ ni. But then var(rj) ∩ var(rk) = ∅ for rj ∈
S
nd,n
m ({tj}, B1, . . . , Bn), rk ∈ Snd,nm ({tk}, B1, . . . , Bn) for 1 ≤ j < k ≤ ni by Lemma 2.3. This shows that
all terms fi(r1, . . . , rni) are linear and so S

nd,n
m ({fi(t1, . . . , tni)}, B1, . . . , Bn) ⊆W linτ (Xm).

(iii) If B ⊆ W linτ (Xn) is an arbitrary set of linear terms, then by (iii) of the definition of nd-
superposition we have

Snd,nm (B,B1, . . . , Bn) =
⋃

b∈B
Snd,nm ({b}, B1, . . . , Bn) ⊆W linτ (Xm)

since by (ii) each set of the union consists of linear terms from W linτ (Xm).

Altogether, Snd,nm (B,B1, . . . , Bn) ⊆W linτ (Xm). �
Applying Theorem 2.2 we define the many-sorted partial operations

Ṡnd,nm :P(Wτ (Xn))× (P(Wτ (Xm)))n�→P(Wτ (Xm))

on the many-sorted set (P(Wτ (Xn)))n∈N+ by

Ṡnd,nm (B,B1, . . . , Bn) :=

⎧
⎪⎨

⎪⎩

S
nd,n
m (B,B1, . . . , Bn) if var(Bj) ∩ var(Bk) = ∅,

or B = ∅ for 1 ≤ j < k ≤ n,
not defined otherwise

for all m,n ∈ N+. We note that if one of the sets B1, . . . , Bn is empty, then we have the first case and
Ṡ
nd,n
m (B,B1, . . . , Bn) = S

nd,n
m (B,B1, . . . , Bn) = ∅.

Then we may consider the partial multi-based algebra

P- clonelin τ :=
((

P
(
W linτ (Xn)

)
n∈N+ ;

(
Ṡnd,nm

)
m,n∈N+ , ({xi})i≤n, n∈N+

)
.

We call this algebra the linear power clone of type τ .

The following properties of Snd,nm (see [3]) are also valid for Ṡnd,nm .

Theorem 2.4. Assume that A,A′ ⊆ W linτ (Xn), B1, . . . , Bn, B′1, . . . , B′n ⊆ W linτ (Xm) and var(Bi) ∩
var(Bj) = ∅ for 1 ≤ i < j ≤ n. Then
(i) If A′ ⊆ A, then Ṡnd,nm (A′, B1, . . . , Bn) ⊆ Ṡnd,nm (A,B1, . . . , Bn).

(ii) If B′i ⊆ Bi for all i = 1, . . . , n, then Ṡnd,nm (A,B′1, . . . , B′n) ⊆ Ṡnd,nm (A,B1, . . . , Bn).

(iii) If bi ∈ Bi for all i = 1, . . . , n, then {Snm(b, b1, . . . , bn)} ⊆ Ṡnd,nm (A,B1, . . . , Bn).
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Proof. By assumption Ṡnd,nm (A,B1, . . . , Bn) = S
nd,n
m (A,B1, . . . , Bn) ⊆W linτ (Xm) and Ṡnd,nm (A′, B1,

. . . , Bn) = S
nd,n
m (A′, B1, . . . , Bn) ⊆ W linτ (Xm). Applying the corresponding result from [3] we obtain (i).

Now, Ṡnd,nm (A′, B′1, . . . , B′n) = S
nd,n
m (A′, B′1, . . . , B′n) since var(Bi) ∩ var(Bj) = ∅ and B′i ⊆ Bi, B′j ⊆ Bj

implies var(B′i) ∩ var(B′j) = ∅ for 1 ≤ i < j ≤ n. Using the corresponding properties of Snd,nm (see [3])

we get (ii). From var(Bi) ∩ var(Bj) = ∅ for 1 ≤ i < j ≤ n we obtain Ṡnd,nm ({a}, {b1}, . . . , {bn}) =
S
nd,n
m ({a}, {b1}, . . . , {bn}) = {S(a, b1, . . . , bn)}. By (i), we have Ṡnd,nm ({a}, B1, . . . , Bn) ⊆ Ṡnd,nm (A,B1,
. . . , Bn) and by (ii)

Ṡnd,nm ({a}, {b1}, . . . , {bn}) ⊆ Ṡnd,nm ({a}, B1, . . . , Bn).
Altogether, this gives {

Snm(b, b1, . . . , bn)
} ⊆ Ṡnd,nm (A,B1, . . . , Bn). �

There are several ways of defining homomorphisms, subalgebras, and identities for partial algebras.
Let A and B be partial algebras of the same type with indexed sets {fA

i : i ∈ I} and {fB
i : i ∈ I} of

partial fundamental operations on A and B, respectively. A mapping h : A → B is said to be a weak
homomorphism provided that for all fundamental operations we have: If (a1, . . . , ani) ∈ dom fA

i , then
(h(a1), . . . , h(ani)) ∈ dom fB

i and for all i ∈ I,
h(fA
i (a1, . . . , ani)) = f

B
i (h(a1), . . . , h(ani))

where dom fA
i and dom f

B
i are the domains of f

A
i and of f

B
i , respectively.

Given n ≥ 1, put Fnτ := {fi(x1, . . . , xni) : i ∈ I, n = ni}.
In [2], the author proved that (F

n
τ )n∈N+ is a generating system of clonelin τ .

Lemma 2.5 [2]. The many-sorted partial algebra clonelin τ is free with respect to itself, freely

generated by (F
n
τ )n∈N+ .

To obtain a similar result for the many-sorted partial algebraP-clonelin τ we consider for each i ∈ I,
F̃nτ :=

⋃

i∈I, 1≤ni≤n
{{fi(x1, . . . , xni)}}.

Lemma 2.6. (F̃nτ )n∈N+ is a generating system of P-clone
lin τ .

Proof. Let m,n ∈ N+ and {xi} ⊆ Xn. Since the singletons of variables belong to the type of
P-clonelin τ , these sets are generated. Now, we let B = {fi(t1, . . . , tni)} ⊆ W linτ (Xm) and assume that
{t1}, . . . , {tni} ⊆ W linτ (Xm) are generated. Since fi(t1, . . . , tni) ∈ W linτ (Xm), var(tj) ∩ var(tk) = ∅ for
1 ≤ j < k ≤ ni, this implies var({tj}) ∩ var({tk}) = ∅ for 1 ≤ j < k ≤ ni. Thus,

B = {fi(t1, . . . , tni)} = Ṡnd,nim ({fi(x1, . . . , xni)}, {t1}, . . . , {tni})
= Snd,nim ({fi(x1, . . . , xni)}, {t1}, . . . , {tni}).

Therefore, B = {fi(t1, . . . , tni)} is generated. Each set B ⊆ W linτ (Xm) can be written as B =
⋃
b∈B{b},

moreover, {b} ⊆ W linτ (Xm). By the definition of Ṡnd,nim , B is generated. If B is empty, then B can be
regarded as the empty union of elements of the generating set. �
By Lemma 2.6 the many-sorted partial algebra P-clonelin τ is generated by (F̃nτ )n∈N+ .
Now, for any many-sorted mapping

(ϕn)n∈N+ : (F̃nτ )n∈N+ → (P(W linτ (Xn))n∈N+
we define the extension (ϕn)n∈N+ of (ϕn)n∈N+ inductively as

(ϕn)n∈N+ : (F̃
n
τ )n∈N+ → (P(W linτ (Xn)))n∈N+
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with
(i) ϕn({xj}) := {xj} for xj ∈ Xn, n ∈ N+,
(ii) ϕm({fi(t1, . . . , tni)}) := Ṡnd,nim (ϕni({fi(x1, . . . , xni)}), ϕm({t1}), . . . , ϕm({tni})) for m,ni ∈ N+,

i ∈ I, assumed that ϕm({tj}) are already defined for 1 ≤ j ≤ ni,
(iii) ϕm(B) =

⋃
b∈B ϕm({b}) if B ⊆W linτ (Xm) is an arbitrary set.

For m,ni ∈ N+, i ∈ I, we have
ϕm({fi(x1, . . . , xni)}) = Ṡnd,nim (ϕni({fi(x1, . . . , xni)}), ϕm({x1}), . . . , ϕm({xni}))

= Ṡnd,nim (ϕni({fi(x1, . . . , xni)}), {x1}, . . . , {xni})
= Snd,nim (ϕni({fi(x1, . . . , xni)}), {x1}, . . . , {xni})

= ϕm({fi(x1, . . . , xni)}).
This shows that ϕn extends ϕn. Moreover, we have

Lemma 2.7. If B ⊆W linτ (Xn), then var(ϕn(B)) ⊆ var(B).
Proof. We may assume that B �= ∅. If B is a singleton, then we give a proof by induction on the

complexity of the linear term which forms the only element of the singleton B. If B = {xj}, xj ∈ Xn,
1 ≤ j ≤ n, then

var(ϕn(B)) = var(ϕn({xj})) = var({xj}) = var(B).
If B = {fi(t1, . . . , tni)} and if var(ϕn({tj})) ⊆ var({tj}) for all 1 ≤ j ≤ ni ≤ n, n ∈ N+, then

var(ϕn(B)) = var(ϕn({fi(t1, . . . , tni)}))
= var

(
Ṡnd,nim (ϕni({fi(x1, . . . , xni)}), ϕm({t1}), . . . , ϕm({tni}))

)

(since var(ϕm({tj})) ∩ var(ϕm({tk})) = ∅ for 1 ≤ j < k ≤ ni)

⊆
ni⋃

j=1

var(ϕm({tj})) ⊆
ni⋃

j=1

var({tj}) = var({fi(t1, . . . , tni)}) = var(B).

If B is an arbitrary nonempty subset of W linτ (Xn), then

var(ϕn(B)) = var
( ⋃

b∈B
ϕn({b})

)
=
⋃

b∈B
var(ϕn({b})) ⊆

⋃

b∈B
var({b}) = var(B). �

From the previous lemma we observe that for any distinct sets of linear terms {tj} and {tk},
var({tj})∩ var({tk}) = ∅ implies var(ϕn({tj}))∩ var(ϕn({tk})) = ∅. Summarizing the above, we obtain
the following:

Proposition 2.8. The many-sorted partial algebra P-clonelin τ is free with respect to itself, freely
generated by (F̃nτ )n∈N+ .
Proof. By Lemmas 2.6 and 2.7, P-clonelin τ has a generating system and ϕn extends ϕn. For sin-

gletons {fi(t1, . . . , tni)} ⊆W linτ (Xm) var({tj})∩var({tk}) = ∅ implies var(ϕn({tj}))∩var(ϕn({tk})) = ∅
for 1 ≤ j < k ≤ ni. That is, (ϕni({fi(x1, . . . , xni)}), ϕm({t1}), . . . , ϕm({tni})) belongs to the domain
of Ṡnd,nim . Thus,

ϕm
(
Ṡnd,nim ({fi(x1, . . . , xni)}, {t1}, . . . , {tni})

)
= ϕm({fi(t1, . . . , tni)})

= Ṡnd,nim (ϕni({fi(x1, . . . , xni)}), ϕm({t1}), . . . , ϕm({tni}))
= Ṡnd,nim (ϕni({fi(x1, . . . , xni)}), ϕm({t1}), . . . , ϕm({tni})).

In the case that B is an arbitrary subset of W linτ (Xn), we have ϕn(B) =
⋃
b∈B ϕn({b}), and therefore,

(ϕn)n∈N+ is a weak endomorphism extending (ϕn)n∈N+ . �
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3. Properties of the Linear Power Clone

Our main question is whether the clone identities (C1)–(C3) are satisfied in the linear power clone

P-clonelin τ . But this is a partial many-sorted algebra; and in partial algebras there are various concepts
of identities. An equation s ≈ t of terms over the many-sorted partial algebra A is said to be a weak
identity in A if after evaluation, i.e. after all replacements of variables occurring in s and t by elements
of A and operation symbols in s and t by the corresponding fundamental operations of A , the one side
and the other side are defined and equal.

Theorem 3.1. The partial many-sorted algebra P-clonelin τ satisfies (C1) and (C3) as weak iden-
tities.

Proof. We check the satisfaction of (C1)–(C3) as weak identities.
In (C1), i.e. in

S̃pm
(
Z̃, S̃nm(Ỹ1, X̃1, . . . , X̃n), . . . , S̃

n
m(Ỹp, X̃1, . . . , X̃n)

)

≈ S̃nm
(
S̃pn(Z̃, Ỹ1, . . . , Ỹp), X̃1, . . . , X̃n

)
(m,n, p ∈ N+),

we replace S̃pm by Ṡ
nd,p
m , S̃nm by Ṡ

nd,n
m , S̃pn by Ṡ

nd,p
n , Z̃ by B ⊆ W linτ (Xm), Ỹ1, . . . , Ỹp by B1, . . . , Bp ∈

W linτ (Xn) and X̃1, . . . , X̃n by A1, . . . , An ∈W linτ (Xm) and obtain
Ṡnd,pm

(
B, Ṡnd,nm (B1, A1, . . . , An), . . . , Ṡ

nd,n
m (Bp, A1, . . . , An)

)

≈ Ṡnd,nm

(
Ṡnd,pn (B,B1, . . . , Bp), A1, . . . , An

)
.

We assume that none of the sets B1, . . . , Bp, A1, . . . , An is empty. If var(Bj) ∩ var(Bk) = ∅ for
1 ≤ j < k ≤ p and var(Al) ∩ var(Aq) = ∅ for 1 ≤ l < q ≤ n, then the right-hand side of this equation
is defined. Then also Ṡnd,nm (Bj , A1, . . . , An), j = 1, . . . , p, are defined and equal to S

nd,n
m (Bj , A1, . . . , An).

It is left to show that var
(
S
nd,n
m (Bj , A1, . . . , An)

) ∩ var (Snd,nm (Bk, A1, . . . , An)
)
= ∅ for 1 ≤ j < k ≤ p.

If both Bj and Bk consist of only one term, then by Lemma 2.3

var
(
Snd,nm (Bj , A1, . . . , An)

) ∩ var (Snd,nm (Bk, A1, . . . , An)
)
= ∅.

By (iii) of the definition of nd-superposition we have

Snd,nm (Bj , A1, . . . , An) =
⋃

b∈Bj
Snd,nm ({b}, A1, . . . , An)

and Snd,nm ({b′}, Bk, A1, . . . , An) =
⋃
b′∈Bk(A1, . . . , An) and so

var
(
Snd,nm (Bj , A1, . . . , An)

) ∩ var (Snd,nm (Bk, A1, . . . , An)
)

= var
( ⋃

b∈Bj
Snd,nm ({b}, A1, . . . , An)

)
∩ var

( ⋃

b′∈Bk
Snd,nm ({b′}, A1, . . . , An)

)

=
⋃

b∈Bj
var
(
Snd,nm ({b}, A1, . . . , An)

) ∩
⋃

b′∈Bk
var
(
Snd,nm ({b′}, A1, . . . , An)

)

=
⋃

b∈Bj , b′∈Bk

(
var
(
Snd,nm ({b}, A1, . . . , An

)) ∩ var (Snd,nm ({b′}, A1, . . . , An)
))
= ∅.

Therefore, the left-hand side is defined and equal to

Snd,pm (B,Snd,nm (B1, A1, . . . , An), . . . , S
nd,n
m (Bp, A1, . . . , An)).

(If one of the sets Ai or Bj is empty, then both sides are empty and (C1) is satisfied.) Since the total

many-sorted algebra P-clonelin τ satisfies (C1) in any case both sides are equal and (C1) is a weak
identity in P-clonelin τ .
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In (C2) S̃nm(λj , X̃1, . . . , X̃n) ≈ X̃i, m,n ∈ N+, 1 ≤ i ≤ n, we replace λj by {xj}, S̃nm by Ṡnd,nm and

X̃1, . . . , X̃n by A1, . . . , An ⊆W linτ (Xm) and obtain Ṡnd,nm ({xj}, A1, . . . , An) = Snd,nm ({xj}, A1, . . . , An) = ∅
if var(Ai) ∩ var(Ak) = ∅ for 1 ≤ i < k ≤ n, i.e., if Ṡnd,nm ({xj}, A1, . . . , An) is defined. But the right-hand
side can be a nonempty set; i.e., (C2) is not satisfied. We remark that by the definition of linear terms
the empty set is linear.

In (C3) S̃nn(Ỹ , λ1, . . . , λn) ≈ Ỹ we replace Ỹ by B ⊆ W linτ (Xn), S̃nn by Ṡnd,nn and λ1, . . . , λn by

{x1}, . . . , {xn} and obtain on the left-hand side Ṡnd,nn (B, {x1}, . . . , {xn}). If B = {xj}, then Ṡnd,nn ({xj},
{x1}, . . . , {xn}) = Snd,nn ({xj}, {x1}, . . . , {xn}) = {xj}. Therefore, (C3) is satisfied. Now, put B =
{fi(t1, . . . , tni)}. Then

Ṡnd,nn ({fi(t1, . . . , tni)}, {x1}, . . . , {xn}) = Snd,nn ({fi(t1, . . . , tni)}, {x1}, . . . , {xn})
=
{
fi(r1, . . . , rni) : rj ∈ Snd,nn ({tj}, {x1}, . . . , {xn})

}
= {fi(t1, . . . , tni)}

and (C3) is satisfied. If B contains more than one element, then

Ṡnd,nn (B, {x1}, . . . , {xn}) = Snd,nn (B, {x1}, . . . , {xn})
=
⋃

b∈B
Snd,nn ({b}, {x1}, . . . , {xn}) =

⋃

b∈B
{b} = B.

If B is empty, then both sides are empty and (C3) is satisfied. �
If we exclude the empty sequence (∅)n∈N+ , then we get the following

Corollary 3.2. The partial many-sorted algebraP+- clonelin τ := ((P(W linτ (Xn)))n∈N+\{(∅)n∈N+};(
Ṡ
nd,n
m

)
m,n∈N+ , ({xi})i≤n, n∈N+

)
satisfies (C1)–(C3) as weak identities.

4. Linear Nondeterministic Hypersubstitutions

A hypersubstitution of type τ is a mapping σ : {fi : i ∈ I} → Wτ (X) taking each ni-ary operation
symbol of type τ to an ni-ary term of the same type. Hypersubstitutions may be considered as many-
sorted mappings. Let In ⊆ I with n ∈ N+ be the set of all indices such that fj with j ∈ In is n-ary and
let Fnτ := {fj : j ∈ In}. Then σn with σn(Fnτ ) ⊆ Wτ (Xn) is defined as a mapping that sends operation
symbols of arity n to n-ary terms. So, each hypersubstitution of type τ can be regarded as a many-
sorted set of functions σ := (σn)n∈N+ . Nondeterministic hypersubstitutions were introduced in [3] as the
mappings

σnd : {fi : i ∈ I} →P(Wτ (X))

that sends σ(fi) ⊆ Wτ (Xni) for i ∈ I. The linear nondeterministic hypersubstitutions were introduced
in [4] as the mappings

σnd : {fi : i ∈ I} →P(W linτ (X))

that send operation symbols to sets of linear terms and preserve arities.
In this section we consider nondeterministic hypersubstitutions as many-sorted mappings. In the

linear case we define σlinnd := (σ
lin
nd,n)n∈N+ with σ

lin
nd,n : F

n
τ →P(W linτ (Xn)). For arbitrary nondeterministic

hypersubstitutions σnd an extension σ̂nd can be defined in steps as follows:

Definition 4.1. Let n ∈ N+.
(i) σ̂nd,n[∅] := ∅.
(ii) σ̂nd,n[{xi}] := {xi} for i = 1, . . . , n.
(iii) σ̂nd,n[{fi(t1, . . . , tni}] := Snd,nn (σnd,n(fi), σ̂nd,n[{t1}], . . . , σ̂nd,n[{tn}]) if we inductively assume

that σ̂nd,n[{tj}], 1 ≤ j ≤ n, are already known.
(iv) σ̂nd,n[B] :=

⋃{σ̂nd,n[{t}] | t ∈ B} for any ∅ �= B ⊆Wτ (Xn).
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We put σ̂nd := (σ̂nd,n)n∈N+ . Our question is whether the extension of a linear nondeterministic hyper-
substitution sends sets of linear terms to sets of linear terms. This question was positively answered in [4].
This answer has the consequence that the product of every two linear nondeterministic hypersubstitu-
tions is a linear nondeterministic hypersubstitution and therefore the set of all linear nondeterministic
hypersubstitutions of type τ forms a monoid. We want now to derive this result from the following
theorem which stems from our approach. We introduced already the concept of a weak homomorphism
for partial algebras. For many-sorted partial algebras we may define a corresponding concept where weak
homomorphisms are now sequences of mappings. If there is no risk of misunderstanding instead of σlinnd
we will write σnd.

Theorem 4.2. For every linear nondeterministic hypersubstitution σnd its extension σ̂nd is a weak
endomorphism of the partial many-sorted linear power clone

P- clonelin τ =
(
(P(Wτ (Xn)))n∈N+ ;

(
Ṡnd,nm

)
m,n∈N+ , ({xi})i≤n, n∈N+

)
.

Proof. We have to prove that given arbitrary setsA ∈P(W linτ (Xn)) andB1, . . . , Bn ∈P(W linτ (Xm))

we have: If (A,B1, . . . , Bn) ∈ dom Ṡnd,nm (A,B1, . . . , Bn), then (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]) ∈
dom Ṡnd,nm and

σ̂nd,m
[
Ṡnd,nm (A,B1, . . . , Bn)

]
= Ṡnd,nm (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]).

(A,B1, . . . , Bn) ∈ dom Ṡnd,nm (A,B1, . . . , Bn) means that var(Bi)∩var(Bj) = ∅ for 1 ≤ i < j ≤ n and that
Ṡ
nd,n
m (A,B1, . . . , Bn) = S

nd,n
m (A,B1, . . . , Bn). Now we apply Lemma 3 of [4] which means, formulated in

terms of our language, that for any nondeterministic linear hypersubstitution σnd = (σnd,n)n∈N+ , for any
set B ⊆W linτ (Xn) and for all n ∈ N+ we have

var(B) ⊇ var(σ̂n,nd[B]). (∗)
(We notice that this is even true for arbitrary nondeterministic hypersubstitutions and arbitrary sets of
terms from Wτ (Xn).)
Then from var(Bi) ∩ var(Bj) = ∅ and var(Bi) ⊇ var(σ̂n[Bi]) we infer that

∅ = var(Bi) ∩ var(Bj) ⊇ var(σ̂nd,n[Bi]) ∩ var(σ̂nd,n[Bj ]), 1 ≤ i < j ≤ n.
If A ∈P(W linτ (Xn)), then A consists only of linear terms t and

σ̂nd,n[A] =
⋃{
σ̂nd,n[{t}] | t ∈ A ⊆W linτ (Xn)

}
.

If σ̂nd,n[{t}] ⊆ W linτ (Xn) for all t ∈ A, then σ̂nd,n[A] ⊆ W linτ (Xn). So, we have only to show that
t ∈W linτ (Xn) implies σ̂nd,n[{t}] ⊆W linτ (Xn).
If t = xi ∈ Xn, then σ̂nd,n[{xi}] = {xi} ⊆W linτ (Xn).
Assume that t = fi(t1, . . . , tni) ∈W linτ (Xn) and that ti ∈W linτ (Xn) implies σ̂nd,n[{ti}] ⊆W linτ (Xn).
By Definition 4.1, (iii) we have

σ̂nd,n[fi(t1, . . . , tni)] = S
nd,n
n (σnd,n(fi), σ̂nd,n[{t1}], . . . , σ̂nd,n[{tn}]).

Here σnd,n(fi) ⊆W linτ (Xn) since σnd,n is a linear nondeterministic hypersubstitution. Since var({ti}) = ∅
implies var(σ̂nd,n[{ti}]) ∩ var(σ̂nd,n[{tj}]) = ∅ for 1 ≤ i < j ≤ n by (*), there follows σ̂nd,n[{t}] ⊆
W linτ (Xn).

Altogether, (A,B1, . . . , Bn) ∈ dom Ṡnd,nm (A,B1, . . . , Bn), i.e. A ⊆ W linτ (Xn), B1, . . . , Bn ⊆ W linτ (Xn),
var(Bi) ∩ var(Bj) = ∅ for 1 ≤ i < j ≤ n implies (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]) ∈ dom Ṡnd,nm and

Ṡnd,nm (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]) = S
nd,n
m (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]).

From this and the endomorphism property of arbitrary nondeterministic hypersubstitutions (see Theo-
rem 3.1.4 in [5]), i.e.

σ̂nd,m
[
Snd,nm (A,B1, . . . , Bn)

]
= Snd,nm (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]),

we obtain

σ̂nd,m
[
Ṡnd,nm (A,B1, . . . , Bn)

]
= Ṡnd,nm (σ̂nd,n[A], σ̂nd,m[B1], . . . , σ̂nd,m[Bn]). �

As a corollary of Theorem 4.2 we get Proposition 2.5 from [4]:
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Corollary 4.3. The extension of a nondeterministic linear hypersubstitution sends the sets of linear
terms to sets of linear terms.

In [4] the authors defined a product ◦nd on the set Hypndlin(τ) of all nondeterministic linear hyper-
substitutions by σnd,1 ◦nd σnd,2 := σ̂nd,1 ◦ σnd,2 := σ̂nd,1 ◦ σnd,2. Since the nondeterministic identity
hypersubstitution σnd,id, sending each operation symbol fi, i ∈ I, to the singleton {fi(x1, . . . , xni)} is
linear, the further consequence is the following theorem which was also proved in [4]:

Theorem 4.4. The set of all nondeterministic linear hypersubstitutions forms a many-sorted sub-
monoid of the many-sorted monoid of all nondeterministic hypersubstitutions.

5. Deterministic and Nondeterministic Linear Hypersubstitutions

An important result in automata theory says that each finite nondeterministic automaton is equiv-
alent to a deterministic one, i.e. it recognizes the same formal language [6]. In this section we will
study the interconnection between deterministic and nondeterministic linear hypersubstitutions. Here
let (Hypndlin(τ); ◦nd, σid,nd) be the one-sorted monoid of linear hypersubstitutions. By definition, for each
i ∈ I, σnd(fi) is a set of ni-ary linear terms. Therefore, for every σnd ∈ Hypndlin we may consider the
following set:

σ∗nd := {ρ : ρ ∈ Hyplin(τ) and ρ(fi) ∈ σnd(fi) for all i ∈ I}.
Here Hyplin(τ) denotes the set of all linear hypersubstitutions of type τ , i.e. the set of all mappings
sending the operation symbols fi to single linear terms preserving the arity. Let (Hyp

nd
lin(τ))

∗ be the set
of all σ∗nd with σnd ∈ Hypndlin(τ).
Then we have

Proposition 5.1.
(
Hypndlin(τ)

)∗
= Hyplin(τ).

Proof. (Hypndlin(τ))
∗ ⊆ Hyplin(τ) is clear. Let ρ ∈ Hyplin(τ) be a linear hypersubstitution of type τ .

To show that ρ ∈ (Hypndlin(τ))∗ we need a linear nd-hypersubstitution σnd such that ρ(fi) ∈ σnd(fi) for
all i ∈ I. We choose σnd with σnd(fi) = {ρ(fi)} for all i ∈ I. Then ρ(fi) ∈ σnd(fi) is satisfied. �
For the extension of a single linear hypersubstitution ρ we use the same notation ρ̂ as we used for

the extension of a nondeterministic linear hypersubstitution. It is inductively in steps:
(i) ρ̂[xj ] = xj , j ∈ {1, . . . , n, . . . },
(ii) ρ̂[fi(t1, . . . , tni)] = S

n
m(ρ(fi), ρ̂[t1], . . . , ρ̂[tni ]), i ∈ I.

This extension sends the linear terms to linear terms. The connection between arbitrary deter-
ministic and nondeterministic hypersubstitutions was considered in [7]. We will apply these results to
nondeterministic linear hypersubstitutions. At first we recall the following definition from [5].

Definition 5.2. Each nondeterministic hypersubstitution σnd induces an extension mapping σ̄nd by
(i) σ̄nd[{t}] = {ρ̂[t] | ρ ∈ σ∗nd} (for t = xj the right-hand side consists only of xj).
(ii) σ̄nd[B] =

⋃
b∈B σ̄nd[{b}], σ̄[∅] = ∅.

As a consequence, if B is a set of linear terms, then σ̄[B] is a set of linear terms.
Using the new extension we define the binary operation

�nd : Hypndlin(τ)×Hypndlin(τ)→ Hypndlin(τ)
by σnd,1�ndσnd,2 := σ̄nd,1 ◦ σnd,2.
The operation �nd has the following properties (see [7]):
Proposition 5.3. Let σ1,nd, σ2,nd ∈ Hypnd(τ) and B ⊆Wτ (X). Then
(i) (σ1,nd �nd σ2,nd)(fi) = {(ρ1 ◦h ρ2)(fi) | ρ1 ∈ σ∗1,nd, ρ2 ∈ σ∗2,nd, i ∈ I}.
(ii) (σ1,nd �nd σ2,nd)[B] = (σ̄1,nd ◦ σ̄2,nd)[B].
Proposition 5.1 holds also for submonoids.
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Proposition 5.4. Let M be a submonoid of
(
Hyplin(τ); �nd, σid,nd

)
or of

(
Hyplin(τ); ◦nd, σid,nd

)
.

Then M∗ forms a submonoid of
(
Hyplin(τ); ◦h, σid

)
.

Proof. Since σid(fi) = fi(x1, . . . , xni) ∈ {fi(x1, . . . , xni)} = σid,nd(fi), we get σid ∈M∗.
Let ρ ∈ M∗. Then there exists σnd ∈ M ⊆ Hypndlin(τ) such that ρ(fi) ∈ σ(fi) for all i ∈ I, i.e.

ρ ∈ Hyplin(τ) and thus M∗ ⊆ Hyplin(τ).
Let now ρ1, ρ2 ∈M∗. Then there exist σ1,nd, σ2,nd ∈M such that ρ1(fi) ∈ σ1,nd(fi), ρ2(fi) ∈ σ2,nd(fi)

for all i ∈ I. By Proposition 5.3(i), (ρ1 ◦h ρ2)(fi) ∈ (σ1,nd �nd σ2,nd) for all i ∈ I. Since M is a submonoid
of
(
Hypndlin(τ); �nd, σid,nd

)
, we get σ1,nd �nd σ2,nd ∈M and so ρ1 ◦h ρ2 ∈M∗.

In the second case we use that for every term t ∈ Wτ (X) from ρ(fi) ∈ σnd(fi) for all i ∈ I and
σ ∈ Hypndlin(τ), ρ ∈ Hyplin(τ) there follows ρ̂[t] ∈ σ̂[{t}]. Indeed, by Definition 5.2(i) ρ̂[t] ∈ σ̄[{t}] and
then by (iv) of Definition 4.1, ρ̂[t] ∈ σ̄[{t}] ⊆ σ̂[{t}].
Let ρ1, ρ2 ∈ M∗. Then there exist σ1,nd, σ2,nd ∈ M with ρ1(fi) ∈ σ1,nd(fi), ρ2(fi) ∈ σ2,nd(fi) for

all i ∈ I. Then
(ρ1 ◦ ρ2)(fi) = ρ̂1[ρ2(fi)] ∈ σ̂1,nd[{ρ2(fi)}] ⊆ σ̂1,nd[σ2,nd(fi)] = (σ1,nd ◦nd σ2,nd)(fi)

since {ρ2(fi)} ⊆ σ2,nd(fi) for all i ∈ I. Since M is a submonoid of
(
Hypndlin(τ); ◦nd, σid

)
, the product

σ1,nd ◦nd σ2,nd belongs to M and thus ρ1 ◦ ρ2 ∈M∗. �
We remark that this proof differs only slightly from the proof of Proposition 5.2 in [7].

References

1. Lawvere F. W., Functorial Semantics of Algebraic Theories, Thes. Doct. Philosophy, Columbia Univ., New York (1963).
2. Denecke K., “The partial clone of linear terms,” Sib. Math. J., vol. 57, no. 4, 589–598 (2016).
3. Denecke K., Glubudom P., and Koppitz J., “Power clones and non-deterministic hypersubstitutions,” Asian-Eur. J.
Math., vol. 1, no. 2, 177–188 (2008).

4. Lekkoksung N. and Jampachon P., “Non-deterministic linear hypersubstitutions,” Discuss. Math. Gen. Algebra Appl.,
vol. 35, 97–103 (2015).

5. Glubudom P., Clones of Tree Languages and Non-Deterministic Hypersubstitutions, Thesis for Doctoral, Univ. Potsdam
(2008).

6. Rabin M. O. and Scott D., “Finite automata and their decision problems,” IBM J. Res. Develop., vol. 3, no. 2, 114–125
(1959).

7. Sarasit N., Algebraic Properties of Sets of Terms, Thesis for Doctoral, Univ. Potsdam (2011).

N. Lekkoksung; K. Denecke

University of Potsdam, Institute of Mathematics, Potsdam, Germany

KhonKaen University, Department of Mathematics, KhonKaen, Thailand

E-mail address: klausdenecke@hotmail.com

507



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


