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§ 1. Introduction

The question about existence of independent quasiequational bases for algebraic structures having
no finite quasiequational bases was raised in the papers of Maltsev [1] and Tarski [2]. Kartashov proved
in [3] that there are continuum many quasivarieties of unars having no independent quasiequational basis.
Gorbunov constructed in [4] an example of a quasivariety with two unary operations in the signature
which has no independent quasiequational basis, but which has an w-independent quasiequational basis.
He also found a finite unary algebra that has neither an independent quasiequational basis nor an w-
independent quasiequational basis [5, Corollary 6.4.2]. The results analogous to those mentioned above
were obtained also for the variety of pointed abelian groups and for the quasivariety of unoriented graphs
containing nonbipartite graphs in the paper by Kravchenko and Yakovlev [6], as well as in the paper of
Yakovlev and the first author [7], for the variety of differential groupoids and for a certain quasivariety
of unary algebras with two operations in the signature—in the paper of Kravchenko, Nurakunov, and
Schwidefsky [8]; cf. also [9]. The results on independent axiomatizability were obtained also for some
quasivarieties of groups in the papers of Budkin [10-12] and for some quasivarieties of graphs in the paper
of Sizyi [13]. In the paper of Kravchenko, Nurakunov, and Schwidefsky [14], a general sufficient condition
was found for existence of continuum many quasivarieties possessing the above properties.

In this paper, we continue the study of independent axiomatizability of quasivarieties. The main
result is the construction of continuum many quasivarieties of Cantor algebras which have no independent
quasiequational basis, have an w-independent quasiequational basis, and whose intersection does have an
independent quasiequational basis; cf. Theorem 1 and Corollary 1. We note that the statement concerning
existence of continuum many quasivarieties of Cantor algebras with no independent quasiequational basis
and with an w-independent quasiequational basis is a corollary of the general result of Kravchenko,
Nurakunov, and Schwidefsky [14] mentioned above. Here, we give a direct proof of this fact which
nonetheless employs some ideas from [8, 14]. Moreover, we present quasiequational bases of the considered
quasivarieties in explicit form. We note also that @-universality of the variety C,,, of Cantor algebras
was established in the paper of Sheremet [15].

§ 2. Definitions and Auxiliaries

In this section, we present necessary information from the theory of quasivarieties. All definitions
that do not appear here can be found in the monograph of Gorbunov [5].
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Let P = {po,p1,---,Pn,--.} denote the set of primes ordered in the natural way and let %, (X) be
the set of finite subsets of a set X. The set of nonnegative integers we denote by w. Given a nonempty
finite set F' C w, we put [F| = [[;cppi. Also, [@] = 1.

DEFINITION 1. A sentence ¢ of type o is a quasi-identity, if ¢ is of the form
VIi...2, Z%:k pi(z1,...,Tn) — p(x1,...,20)

where p;(z1,...,%n), ..., Pk, (@1, ..., 2Zpn), and p(x1,...,x,) are atomic formulas of type o.

In other words, ¢ is a quasi-identity if ¢ is a universal Horn sentence with a nonempty positive
matrix.

DEFINITION 2. Let K be a class of algebraic structures of an arbitrary fixed type o. A class K C Kj
is a Kqg-quasivariety, if there is a set 3 of quasi-identities of type o such that K coincides with the class
of all structures from Ky in which all quasi-identities from ¥ hold; i.e.,

K = Mod(£) NKo = {« € Ko | / £ 5.

In this case, the set of quasi-identities X is a quasiequational basis of K relative to K.

For an arbitrary class K, the set of all K-quasivarieties forms a complete lattice under the set-theoretic
inclusion which is called the lattice of K-quasivarieties and is denoted by Lq(K).

DEFINITION 3. A quasiequational basis X of a class K relative to a class K is independent, if
K # Mod(X\{¢}) N K for every ¢ € X.

In other words, a quasiequational basis 3 of K relative to Kg is independent if, for any ¢ € 3, there
is an algebraic structure o7 € Kg such that &7 = X\{¢} and & = —p.

DEFINITION 4. A quasiequational basis ¥ of K relative to Kq is w-independent if ¥ = |, ., Xn,
where ¥, N X, = @ for any different m, n < w and K # Mod(Z\Zn) N Ky for any n < w.

In other words, a quasiequational basis ¥ of K relative to Ky is w-independent, if for any n < w there
is an algebraic structure <7, € Ky such that <, = 3,, for all m # n and 4, = —¢ for some ¢ € ¥,,.

A sufficient condition for a quasivariety to have no independent quasiequational basis can be obtained
from the statement by Gorbunov in [4]:

Proposition 1 [5, Proposition 6.3.1]. Let K be an arbitrary quasivariety and let Ky be a proper
subquasivariety of K. If Ky has an infinite independent quasiequational basis relative to K, then for
each quasivariety K; € Lq(K) which includes Ko and which is finitely axiomatizable relative to K, the
number of upper covers of Ky in Lq(K;) is infinite.

8 3. Quasivarieties of Cantor Algebras

We recall here some basic definitions that concern Cantor algebras and present the auxiliary state-
ments that we will use in the proof of the main result; cf. Theorem 1.

DEFINITION 5. Let 0 < m < n < w. The variety C,,, of algebraic structures of type onm, =
{A,. ., Am, 01, ..., a,}, consisting of m n-ary function symbols A1, ..., A, and n m-ary function symbols
ai, ... ,an is defined by the identities

Va&i...Tm )\i(al(azl,...wm),...,ozn(a:l,...wm)) =x;, 1<i<m

Voi...2, aj()\l(xl,...xn),...,)\m(xl,...xn)) =zj, 1<j<n

A Cantor algebra is an arbitrary structure from C,,,. (We assume usually that m and n are fixed and
can be easily recovered from the context.)
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We now present a construction from the papers of Smirnov [16,17] which we will need later. We
assume here that m =1 and A = ;.

We put o3, = {ai1,...,a,} and let R denote the quasivariety of algebraic structures of type o7,
which is defined by the quasi-identity

Vey a1(z) =a1(y) & -+ & an(z) =an(y) — z=y.

It is not hard to see that, for every structure ¢ € Cyy, its o7,,-reduct €* belongs to R. Given a structure
o/ € Randa, a, ..., a, € A, we put

AO = 4, ago) =a1, ..., aglo) = Qp;
A (ay,... a,) = aif and only if a1 (a) = ay, ..., an(a) = an.
Let k < w. Suppose that we have already defined the set A%*) and the operations a( ) ey oh(lk), as well

as the partial operation A*) on A*). We put
AR — A G INEFD by b, | by by € AR A® (B, by,) s not defined };
oFT (D (b, by)) = by for all by, ..., b, € A®);
" (1) = P (b) for all b e AR,
AED by b,) = bif and only if TV (B) = by, ..., aFTD(b) = by,
where b, b1, ..., b, € A*HD,

= U Ak)

k<w

by, ... bp) = XD (b, by), where {br,...,b,} € AP

Finally, we put

a;(b) = agk)(b), where 1 <i < nandbe A%,

It is easy to see that for all b, by, ..., b, € A®) the value A(b1, ..., by) is defined; moreover, \(by, ..., by)
e AGHD - Therefore, the algebraic structure .# (o) = (F(</);01,) is defined. It follows from the
construction that .7 (#7) € Cy,.

The next lemma was established in the paper of Belkin [18].

Lemma 1. Let ¢ € Cy, and let a set X generate €. Let </ denote the o7, -substructure in ¢*
generated by X. Then ¢ = .7 ().

Given a prime number p, let %, denote the primary cyclic group of exponent p (with respect to
addition +). Granted a nonempty finite subset F' C w\{0,...,n} and a mapping f : F — w\{0}, we put

G = (Ff n Hp'u ‘%G_@®‘@z

i€l 1€F j< f(3)

If i € F and j < f(i), then we can choose n generators a;jt, 1 < t < n, of the group %), in such a way
that aq, ..., a, are pairwise distinct, where a; = (aijt |ieF, j< f(z)), 1<t<n Forallte{l,...,n}
and an arbitrary b = (b;; | i € F, j < f(i)) € Bg, we put

ar(b) = (bij +aye | i € F, j < f(i)).
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REMARK 1. It is not hard to see that, for every pair G, the structure 7 = (Bg;aq,. .., ap) belongs
to the quasivariety R; moreover, oy oy, (a) = oy, oy, (a) for all tg, t1 € {1,...,n} and a € Ag = Bg.

Furthermore, let o7z denote the trivial structure of type o7, and let ¢ = .# ().
The next statement follows from [15, Lemma 2.6].

Lemma 2. For every pair G = (F, f), the following congruence lattices are isomorphic: Con Bg =
Con é¢. In particular, if the abelian group ¢ is the subdirect product of groups %q, and %Bg,, then
the Cantor algebra 6 is the subdirect product of Cantor algebras ¢, and 6¢,.

Lemma 3. Let G = (F, f) and a € Cg. Ifi € {1,...,n} and k > 0, then a¥(a) = a if and only if
a € Cg)) and n(Q) divides k.

PROOF. Let af(a) = a and a ¢ Cg)); we choose a minimal m with the property that a € C’(Gm).

According to our assumption, m > 0. Therefore, a;(a) € an_l) # a, whence af(a) € Cém_l), but

a € C’gn)\anfl) which is impossible. All other statements are trivial.

§ 4. Quasi-Identities cpﬁ
Given ¢ € {1,...,n}* and a variable z, we define the term &(z) of type o}, by induction on the
length of &:
&(z) ==z, if £ is empty;

€(z) = i (€' (w)), if & =1, wherel<i<n.

Granted i € {1,...,n} and £ € {1,...,n}*, let 55 denote the number of occurrences of 7 in the word &.
We also put

Eo={tef{l,... 0} |&<s, ..., & <s)

for all s < w. For arbitrary finite sets F' and H such that H C F C w, we consider the following
quasi-identity to be denoted by @Z:

Vz & [al[-F} () = x] & & [f(m) = afg .. .aggl (:c)] — [a[lH] (x) = a:]

1<i<n 3= m

Lemma 4. Let finite sets F, H and a structure ¢ € Cy, be such that H C F C w and € [~ gpg.
Then there are a nonempty finite set Fy C w\{0,...,n} and a mapping f : Fy — w\{0} such that the
following hold for the pair G = (Fy, f):

(1) FO QFandFo gH,

(2) 6 <.
PROOF. From the condition ¢ [ ¢k existence of a € C follows such that aEF](a) = q for all
# #
i€ {l,...,n} and &(a) = a? ... (a) for all € € E(p), but a[lH] (a) # a. We consider the substructure

§ 1
o/ < €* generated by a. Since {(a) = afl ...a%"(a), where ¢ € E(p) is an arbitrary word, it is not hard

to see that
A={al. ol (a) | ki, .. ke < [F]).

Moreover, in the structure &/ we have
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We put
0=a;

ol ok (a) + oM o (a) = a§k1+m1)mod[F} .. qlfntma) mod(F] ).

It is straightforward to verify that &79 = (A; 4+, 0) is an abelian group with generators {al(a), e, O (a)}
which satisfies the identity [F|-z = 0 for all z. Hence, 279 is isomorphic to the direct sum of finitely many
primary cyclic groups whose indices belong to {p; | i € F'}. In other words, &/9 = % and &/ = o/ for
some nonempty finite set Fy C w\{0,...,n} and some mapping f : Fy — w\{0} such that G = (Fy, f)
and Fy C F.

Consider the substructure 2 < € generated by a. We have by Lemma 1 that

9= F(A) =2 F(Ag) = b6.
Finally, according to Lemma 3, there is a natural k € Fy\ H.

Lemma 5. Let G = (Fy, f), and Iet finite sets F' and H be such that F C H C w. Then 6 | ¢§
if and only if either n(G) divides [H] or n(G) does not divide [F].

PROOF. Assume first that ¢ = @E. By Remark 1 and Lemma 3, this means that, for an arbitrary
element a € Cg)), either a[lH](a) =a or oz[lF}(a) # a. In the first case, n(G) divides [H]| by Lemma 3. In
the second case, n(G) does not divide [F] according to Remark 1 and Lemma 3.

Conversely, choose an arbitrary element a € Cg. If a ¢ Cg) ) or n(G) does not divide [F], then the
premise of the quasi-identity of; fails at a by Lemma 3. If a € C’éo ) and n(G) divides [H], then by
Lemma 3 the conclusion of the quasi-identity gog holds at a, which was our desired conclusion.

§ 5. The Main Result

Theorem 1. For every natural n > 1, there are continuum many subquasivarieties of the quasivari-
ety C1,, of Cantor algebras which have no independent quasiequational basis, which have an w-independ-
ent quasiequational basis, and whose intersection nevertheless has an independent quasiequational basis.

PrROOF. We fix an infinite proper subset I of w\{0,...,n}. Put
Y1 ={¢pnr | F € Pan(w\{0,...,n}), F#2}; Ki= CupnnMod(Z)).

Claim 1. Let a finite set F C w\{0,...,n} be nonempty and let G = (F, f). The containment
%c € Ky holds if and only if F C I.

PROOF. Indeed, if 65 € K; then 65 |= k. ;. Since n(G) = [F], we get by Lemma 5 that n(G)
divides [F' N I]. Therefore, F' = F'N I, whence F' C I.

Conversely, suppose that ' C I. We show that ¢¢ = gogm ; for every nonempty finite set H C
w\{0,...,n}. Suppose that the premise of the quasi-identity gogﬁ ; holds at some a € Cg. In this case,

a[lH] (a) =a. Then a € C’g)) and [F] divides [H] by Lemma 3. It follows that F* C H N 1. In this case, we

get that [F| divides [H N I], whence oz[le](a) = a by Lemma 3; i.e., the conclusion of the quasi-identity

@H _, also holds at a. Thus we have proved that 65 = X7.

Claim 2. The quasivariety Ky consists of structures into which none of the structures ¢, 5y embeds
as a substructure, where F C w\{0,...,n} is finite and F ¢ I.

PRrOOF. It follows from Claim 1 that if € ) < o € K then F' C I. Suppose now that o/ ¢ Kj.

Then there is a nonempty finite set H C w\{0,...,n} such that o [£ ¢ ;. We get by Lemma 4 that
Cpp) < o for some finite set ' C w\{0,...,n} such that F & I.

Claim 3. From K; = K it follows that I = J.
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PrROOF. According to Claim 1, for arbitrary i € w\{0,...,n}, the containment %{yp,},1) € Kr holds
if and only if 4 € I. From here, we get the desired conclusion.

Claim 4. The quasivariety K; has no upper cover in Lq(Chiy,).

PROOF. Assume that the inclusion K; C B is proper in the lattice Lq(K); let ¥ € B \ K;. This
means that there is a nonempty finite set £ C w\{0,...,n} such that ¢ [~ ¢L.;. By Lemma 4, there
is a pair G = (Fy, f) such that Fy C F, Fy € I, and ¢ < €. Let k € Fy\I. Using Lemma 3, we get
that ¢ € B\K;. Since the set I is infinite, there is a positive integer m € I\F. Then ¢, 1) € K;
by Claim 1, whence %, 1y X 6 € B. We put G' = (Fo U {m}, fo), where fo(i) = f(i) for any i € Fy
and fo(m) = 1. According to Lemma 2, 65 <5 6(,,, 1) X ¢, whence 65 € B. Moreover, 6o ¢ Ky by
Claim 1, as Fy ¢ 1.

We put B =BnN Mod(goi:g\{k}). We show first that K; C B’. To this end, it suffices to verify that
K; E goig\ (k) Indeed, let o € Ky, let a € A, and let the premise of the quasi-identity gogg\ (k) hold

—_
-

# §

at a. This means that a[lFO](a) =... = aLFO](a) = a and £(a) = oél ...a%"(a) for any word ¢ € Elry)-
Since &7 = 90580 ; and the premises of the two quasi-identities 9058\ (K} and cpggm ; coincide, the equality
a[lFomﬂ (a) = aholds. As k ¢ I, we conclude that FonI C Fy\{k}. Consequently, [FoNI] divides [Fp\{k}],
whence oz[lFO\{k}] (a) = a; i.e., the conclusion of the quasi-identity 90%\ k) holds at a, which was to prove.
We have therefore that K; C B’ C B.

Further, if m ¢ Fy and p,, divides n(G’), we conclude that n(G’") = pn,[Fo] does not divide [Fp].
Hence ¢ = go?‘;\{k} by Lemma 5; i.e., 65 € B'\K;. We have therefore that K; C B’ C B. Moreover,
n(G) = [Fy|, obviously, does not divide [Fp\{k}|, whence ¢ - ‘P?g\{k} by Lemma 5. Thus % € B\B/;

this means that the following proper inclusions hold: K; € B’ € B. For this reason, B cannot be an
upper cover of the quasivariety K; in the lattice Lq(Cyy,), which proves the claim.

Claim 5. If the set w\I is infinite, then the quasivariety K has an w-independent quasiequational
basis relative to Cyy,.

PROOF. Consider an arbitrary bijection g : w — w\ (I U{0,...,n}). To simplify the notation, given
k < w and a finite set F' C w\{0,...,n}, denote the quasi-identity @?U{g(k)} by 1/}}3 Put

Uk = [} | F € Pgn(w\{0,...,n}), g(k) ¢ F}, k<w;

U, = U\I/k

k<w

We establish first that ¥; is a quasiequational basis of K.

Indeed, let k < w and let F € Pg,(w\{0,...,n}) be such that g(k) ¢ F. Let also & € Ky;
ie., o = ¥1. If the premise of the quasi-identity 1#? holds at some a € A, then the premise of the
quasi-identity go?%g(k)} € 37 holds at a. Since o/ |= ¥, we conclude that oz[lFm] (a) =a. As FNICF,
the integer [F' N I] divides [F], whence oz[lF] (a) = a. This means also that the conclusion of the quasi-
identity w% holds at a. Therefore, o/ = ¥ and thus K; = V7.

Conversely, suppose that &/ |= ¥; and consider an arbitrary set F' € P, (w\{O, .. ,n}) such that

F' ¢ I;let k € F'\I and F = F'\{k}. Consider also an arbitrary mapping f : F’ — w\{0} and the

Cantor algebra €z y). Choose any element a € C((?,), n= B(pr,f). It is not hard to see that the premise

of the quasi-identity zb}‘; holds at a, but its conclusion, however, fails at a. Therefore, (5 ) = g/)é; and
thus ¢ ) % o . According to Claim 2, & € K. So ¥y is a quasiequational basis for K;.

380



We will demonstrate now that the quasiequational basis W1 = [ J, ., \IIII“ of the quasivariety K; is w-
independent. Indeed, fix k¥ < w and consider the Cantor algebra €(4x)},1)- Since g(k) ¢ 1U{0,...,n}, we

conclude by Claim 2 that €({4)1,1) € K1. It is not hard to see that the premise of the quasi-identity vk

holds at a € Cg?;(k)}yl) = B({g(k)},1)- However, its conclusion fails at a. Therefore, €((4(1)},1) b k.
For any natural m # k, we show that the Cantor algebra % 4s)),1) satisfies any quasi-identity
from ¥''. Indeed, consider an arbitrary set F' € Pg, (w\{() n}) and suppose that the premise of the

quasi-identity 7 holds at some a € Cy(x)},1)- This means by Lemma 3 that a € C(({)( K1) and the

prime pyx) = n({g(k)},1) divides pyy) - [F]. As m # k and the mapping g is one-to-one, we conclude
that py) divides [F]. Since o"® (a) = a, we get that a[lF}(a) = a; i.e., also the conclusion of the
quasi-identity ¥ holds at a. Therefore, € (4)1,1) F T\ Uk and Clig(k)}1) = Yk € Uk which was the

desired conclusion.

Let K denote the intersection of the quasivarieties Ky, where I ranges over the set of all infinite
proper subsets of w\{0,...,n}. The next statement follows from Claim 2.

Claim 6. The quasivariety K consists of the structure in which none of the structures ¢ 5y embeds
as a substructure, where the finite set F' C w\{0,...,n} is nonempty.

Claim 7. K has an independent quasiequational basis relative to Cy,,.

PrROOF. Put F,,, = {k € w | n <k <n+m} for all m € w. Show that & = {@Fm+1|m€w} is an

independent quasiequational basis for K relative to Cy,. Indeed, let &7 = ¢} Pmtt for some m < w. By
Lemma 4, there are a nonempty finite set ' C w\{0,...,n} and a mapping f : F'— w\{0} such that
F C Fpt1, F ¢ F,, and Cryf < <. By Claim 6 &/ ¢ K. Conversely, if & ¢ K then, by Claim 6,
C(r,y) < @/ for some nonempty finite set F' C w\{0,...,n} and some mapping f : F' — w\{0}. Let m
denote the number of the biggest prime belonging to F'. According to our choice of F', m > n. In this
case, F' C F,,_,. Choose an arbitrary a € C((?w)f) = B(F,).- It is not hard to see that the premise of the
Fr—n

n

quasi-identity @?ZZ _ holds at a; however, its conclusion fails at a. Therefore, &7 [~ ©p
have shown that & is a quasiequational basis of K.
We show that this basis is independent. Indeed, let ¥ € w. We note that the premise of the

k+1 (0)
quasi- 1dent1ty o holds at every a € C'( Fri1,1)

C(Fpr 1 N <p F . To complete the proof it suffices to show in view of Claim 6 that the Cantor algebra

. Thus we

= B(p,,,,1), whereas its conclusion fails. Therefore,

C(Fy,,,1) satisfies the quasi-identity <pF "+ for all m # k. If m < k, then by Lemma 3, the premise
of the quasi-identity ¢p" Fmt1 fails at each element of CFany- Em > k then Fiiy C Fp,. Let the

m+1

premise of the quasi- 1dent1ty ¢ hold at some a € C(p, ., 1) This means in view of Lemma 3 that

a € C((Fl ) = = B(F,,,,1)- Since Fk+1 C F,,, also the conclusion of the quasi-identity cpll:::“ holds at a.

Therefore, €5, ., 1) F ¥r.

Fm+l

for all m # k, which was to be proved.

Referring to Propos1t10n 1 and recalling that there are continuum many infinite subsets of the set
w\{0,...,n}, whose complements are also infinite, complete the proof of the theorem.

Corollary 1. For all m and n such that 0 < m < n < w, there are continuum many subquasiva-
rieties of the variety C,,, of Cantor algebras which do not have an independent quasiequational basis,
but possess an w-independent quasiequational basis, and whose intersection does have an independent
quasiequational basis.

PROOF. Put k = n—m+1. According to [15, Lemma 3.1], the variety C,,,, contains a subvariety D,
which has a finite equational basis relative to C,,, and which is term-equivalent to the variety Cig.
Since k > 1, the claim follows from Theorem 1 and Proposition 1.
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