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Abstract. Coset diagrams for the action of PSL(2,Z) on real quadratic irrational
numbers are infinite graphs. These graphs are composed of circuits. When modular
group acts on projective line over the finite field Fy, denoted by PL(Fy), vertices of
the circuits in these infinite graphs are contracted and ultimately a finite coset diagram
emerges. Thus the coset diagrams for PL(Fy) is composed of homomorphic images of
the circuits in infinite coset diagrams. In this paper, we consider a circuit in which one
vertex is fixed by (xy)™! (xy~1ym2 thatis, (my, m2). Let a be the homomorphic image
of (m1, my) obtained by contracting a pair of vertices v, u of (m1, my). If we change the
pair of vertices and contract them, it is not necessary that we get a homomorphic image
different from «. In this paper, we answer the question: how many distinct homomorphic
images are obtained, if we contract all the pairs of vertices of (m1, m2)? We also mention
those pairs of vertices, which are ‘important’. There is no need to contract the pairs,
which are not mentioned as ‘important’. Because, if we contract those, we obtain a
homomorphic image, which we have already obtained by contracting ‘important’ pairs.
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1. Introduction

The modular group PSL(2, Z) [1,5] has a finite presentation (x, y : x> = y> = 1), where

xX:1z—> _—1 andy:z — ﬂ are linear fractional transformations The extended modular

group PGL(2 Z) has aﬁmte presentation (x, y,  : x> = y =12=@x0?=un*=1),
where 7 is a linear fractional transformation which maps z to ~.Let g be a power of a prime
p.and PL(F;) denote the projective line over the finite field Fq ,thatis, PL(F,) = F,U{co}.
In 1978, Higman [5] introduced a new type of graph called coset diagram for the action
of PGL(2, Z) on different objects, and in 1983, Mushtagq [8] laid its foundation. The three-
cycles of y are denoted by small triangles whose vertices are permuted counter-clockwise
by y and any two vertices which are interchanged by x are joined by an edge. The fixed
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Figure 1. A segment of infinite coset diagram.

points of x and y are denoted by heavy dots. Since (yt)> = 1 is equivalent to tyt = y~!,

therefore ¢ reverses the orientation of the triangles representing the three-cycles of y. Thus,
there is no need to make the diagram complicated by introducing ¢-edges.

DEFINITION 1 [7]

A coset graph (subgraph) D’ is a homomorphic image of the coset graph (subgraph) D if
and only if

(i) the number of vertices in D’ are less than that in D,

(ii) for each vertex v in D, which is fixed by an element g € PSL(2, Z), there is vertex
v" in D’ such that (v')g = v'.

a++/n

-, where n is

The real quadratic irrational numbers can be expressed in the form

o 2_
a non-square positive integer and a, @ and ¢ do not have any common factor. Coset

diagrams for the action of modular group on real quadratic irrational numbers # are

infinite graphs [9]. A portion of these graphs is shown in figure 1.

The action of the modular group on real quadratic irrational numbers through coset
diagrams is very difficult to study, as the diagrams are infinite. Therefore, the action of the
modular group on PL(F,), where g is the power of some prime p, becomes important, as
its coset diagrams are finite. These coset diagrams are homomorphic images of the coset
diagrams for a+c‘/ﬁ, where n = z2 mod p for some z € N. For instance, consider the action
of PGL(2,7Z) on PL(F19). We can calculate the permutation representations x, y and ¢
by (z2)x = _71 ()y = % and (2)t = % respectively. So

x 1 (0 00)(118)(29)(3 6)(4 14)(5 15)(7 8)(10 17)(11 12)(13 16),
y: (000 1)(210 18)(379)(4 15 6)(5 16 14)(13 17 11)(8)(12),
t:(000)(2 10)(3 13)(4 5)(6 16)(7 11)(8 12)(9 17)(14 15)(1)(18).

Of course, the above coset diagram (figure 2) is a homomorphic image of the coset

diagram for @ as 17 = 6% mod 19.
For more on coset diagrams, we suggest references [2,3,6,10,11].

DEFINITION 2
By a circuit of length k, denoted by (m, ma, ..., my) , we mean the circuit containing

one vertex fixed by (xy)™ (xy~1)™2 ... (xy)™~1(xy~!)y™ e PSL(2, Z). In other words,
it is the circuit in which m triangles have one vertex inside the circuit and m, triangles
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Figure 2. Coset diagram for P L(F19).

have one vertex outside the circuit and so on. Since it is a cycle (m, ma, ..., my), so it
does not make any difference if m triangles have one vertex outside the circuit and m;
triangles have one vertex inside the circuit and so on.

Note that, the length of a circuit is always even. Suppose there is a circuit
(my1,ma, ..., my) of odd length, that is, k is odd. By definition, (m1, ma, ..., my) means
the circuit in which m triangles have one vertex inside the circuit and m» triangles have
one vertex outside the circuit and continuing in this way, my triangles have one vertex
inside the circuit. Since it is a closed path, therefore, the first m and the last my trian-
gles are adjacent and have one vertex inside the circuit. Therefore the circuit is in fact
(my +mg,ma, ..., mg_1), which is of even length.

Remark 1. If v is a fixed point of an element g; = xy 1 xy"2 ... xy*n (k = 1 or —1) of the
modular group, then (v)g is a fixed point of g~ 'g; g.

Let v; and v; be any vertices in the circuit (m1, m2) such that (v;)g; = v; and (v;)g; =
v;. Suppose (v;)gx = vj, then gi_lgk also maps v; to v;. Note that gx and gl._lgk are
the only two paths to reach v; from v;. Now by contraction of vertices v; and v;, we
mean that v; and v; melt together to become one node v = v; = v; in such a way that
v = v; = vj; is fixed by both the elements g; and g, lgk, which are the paths from v;
to v;. This is achieved by creating a circuit (closed path) C so that the vertex v in C is
fixed by g, then by applying g, lgk on v such that that g;- lgk ends at v. As a result of
this type of contraction of pairs of vertices in (m1, m;), we obtain a graph o which is a
homomorphic image of (m1, m5). Note that other than v;, v;, there are so many pairs of
vertices in (m1, my) which form « by contraction. How many such pairs are there? The
following theorem helps us to find that number.

PROPOSITION 1

Let the vertices v; and v in (my, m2) be contracted and a homomorphic image a of
(m1,m2) evolves. Then o is obtainable if the vertices (v;)g and (vj)g in (my, mp) are
contracted.

Proof. Clearly, the vertex v = v; = v; of « is fixed by g and g, lgk. Now let us contract
(vi)g and (v;)g to become one node (v)g so that a homomorphic image B of (my, m»)
evolves. Then (v')g in g is a fixed point of g~ 'gig and g_lgi_lgkg, whereas ((v))g)g ™!
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Figure 3. Graph of the circuit (4, 3).
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Figure 4. A homomorphic image of the circuit (4, 3).
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in B is a fixed point of g(¢g~'grg)g~! = g and g(g’lgi_lgkg)g’ = gl._lgk. Thus 8 and
« are the same graphs. ([

Let E be the set of elements g in PSL(2, Z) so that (v;)g and (v;)g lie in (my, my).
Then by Proposition 1, we have the following result.

COROLLARY 1

If v; and v; are contracted to obtain o, then during this process | E | number of pairs of
vertices are contracted all together.

Note that | £ | is not the total number of pairs of vertices to create «. In next section, a
method to count all the pairs for « is given.

Example 1. Consider a circuit in which there is a vertex v, fixed by (xy)*(xy~")3. Thus,
it is a circuit of length two and is denoted by (4, 3) (figure 3). Let us contract the vertices
v and u of (4, 3) and a homomorphic image of (4, 3) is evolved. (figure 4).

By o* we mean the mirror image of «. If g = xy*1xy*2 ... xy* (k; = l or —1) is a
word, then let g* = xy ™ xy™*2 .. . xy™* _If (v)g = v, then g* fixed v*.
We define a vertical axis of the symmetry of « as follows.
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DEFINITION 3

A homomorphic image « has a vertical axis of symmetry if and only if by contracting v;
and v}, the vertices v;‘ and v;f are also contracted.

Remark 2. In coset diagrams, ¢ reverses the orientation of the triangles representing the
three cycles of y (as reflection does). So corresponding to each vertex v fixed by the pair
gi, &j in a, there is a vertex v* in o® (mirror image of o) such that v* is a fixed point
of gi*, g;*. In other words, it is created by contracting v} and vjf. There are certain o’s
which have a vertical symmetry and so have the same orientations as those of their mirror
images. The homomorphic image « of a circuit (m 1, m;), which has a vertex v fixed by
the pair g;, g;, has the same orientation as that of its mirror image if and only if there is a
vertex v* in o such that (v*)g;* = v*, (v*)g;* = v*.

2. Counting of the number of pairs of vertices for a homomorphic image

Let a homomorphic image « be obtained by contracting v; and v; in (m1, m2). The by
Proposition 1, « has | E | number of pairs of vertices. Note that | E | is not the total number
of pairs of vertices to create «. To find the total number of pairs of vertices, one should
follow the following steps:

Step (i). If by contracting v; and v; to create o, the vertices v} and v;? are not contracted.
Then « has a different orientation from its mirror image «*. So there are | E | number of
more pairs of vertices for the mirror image of «.

But if v;, v; and v;", v;f are contracted all together, then « has a vertical symmetry. So
in this case, o has | E' | number of pairs of vertices.
Step (ii). Now we check whether m| = my. If it is, then in addition to v;, there is another
vertex u; which is fixed by the same word g; in (m1, m3). It means that « is obtainable, if
we contract #; and v;. If by contracting v; and v; to create o, and v]“ and v;‘ to create o™,
the vertices u; and v; are not contracted. Then as many number of pairs of vertices for
are increased as obtained at the end of Step (i).

But if by contracting v; and v; or v} and v3, u; and v; are also contracted, or m # m;.
Then there is no extra pairs for «. Thus we are left with as many pairs of vertices as obtained
at the end of Step (i).

Remark 3. Consider a circuit (m, mo) for convenience. Let m; > my. Let i =
1,2,3,...,3m; and j = 1,2,3,...,3m>. In figure 5, one can see that the vertex

uf = Uz, —i-1y and v;‘f = U3my—(j—1)- S0 in (my, my) corresponding to each vertex

vi fixed by g, there is a vertex v* such that (v*)g* = v*.

The coset diagrams are composed of circuits. The vertices of the circuits in infinite
diagrams are contracted in a certain way, and a finite coset diagram evolves. It is therefore
necessary to ask, how many distinct homomorphic images are obtained if we contract all
the pairs of vertices of a circuit? We not only give the answer to this question for a circuit of
length two (m 1, m>), but also mention those pairs of vertices which are ‘important’. There
is no need to contract the pairs which are not mentioned as ‘important’. If we contract
those, we obtain a homomorphic image, which we have already obtained by contracting
‘important’ pairs.
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Figure 5. Graph of the circuit (m1, my).

Theorem 1. If the vertices uz,, and uz;+1 : i1 =0,1,2,...,my — 1 in (m1, mp) are
contracted (melted together to become one node), then my distinct homomorphic images
of (m1, my) are created. Moreover, the total number of pairs of vertices for contraction to
create o, are 3(m% + 3my — 2).

Proof. Let us contract u3,, and u3; 41 to obtain a family of homomorphic images of
(m1, mz), denoted by «;, . Graphically, o;; can be classified into two families:

(1) o, i1 < my — 1 (figure 6),
(i) o, iy = mo — 1 (figure 7).

In figure 5, one can see that (xy)™2 (xy~ 1)1 x and y ! (xy 1)1 =11~ are the two possible
paths between_ U3p, and w3z 4+1. The_:n for each iy, there is a vertex v in o, fixed by
(ey)"2 (xy~Hitx and y~ ' (xy~Hy™ 1=l Now

Ey = {x,xy~ " xy, xyx, xyxy™h ()%, L (o),
)iy~ )t e, y, vl

is the set of elements in PSL(2, Z) so that (13,,,)g and (u3;,+1)g lies in (mq, m2) for all
g € E;.Since | E1 |= 3(i1 +2), by Proposition 1, the number of pairs of vertices to create
a;, by contraction is 3(i1 +2). In figures 6 and 7, one can see that for k # [ , oy and o have
different number of triangles. Therefore, all ;, : i1 = 0, 1,2, ..., my — I are different
and none of them is a mirror image of the other.

Hence | «;, |= m2, so there are 3 27:2:61 (i1 + 2) pairs of vertices to create {o;, : i1 =
0,1,2,...,my—1}. Also from figures 6 and 7, only g has a vertical axis of symmetry, that
is, oo has the same orientation as that of its mirror image and all other 7, — 1 homomorphic
images of (m, my) do not possess a vertical axis of symmetry. Thus there are

mo—1 mo—1
6 (+2D+6=61 > (2+2)+11=30m3+3m~2)

ir=1 ir=1

pairs of vertices for contraction to create {o;, : i1 =0, 1,2,...,mp — 1}. O
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1] triangles
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Figure 6. Graph of the homomorphic image o, : i} <mp — 1.

Theorem 2. If the vertices uz,,, and v, +1 : i1 = 0,1,2,...,my — 1 in (m1, my) are
contracted (melted together to become one node), then my distinct homomorphic images
of (m1, my) are created. Moreover, the total number of pairs of vertices for contraction to
create fB;, are %(m% + 3m»y).

Proof. Let us contract u3,, and v3; 41 to obtain a family of homomorphic images of

(m1, my) denoted by B;,. Suppose r is the remainder of m;‘_il. Graphically, B;; can be
classified into four families:

(1) Bi, : mp — 2i1 > 1 (figure 8),

(ii) Bi, : mp — 2i1 =1 (figure 9),
(iii) Bi, :my —2i1 < land my — iy > r 4 1 (figure 10),
(iv) Bi, :m2 —2iy < landmy — iy =r + 1 (figure 11).

In figure 5, one can see that (xy)"™2~/1 and (xy)! (xy~H™ are the two possible paths
between u3,,, and vs;,11. Then for each iy, f;, has a vertex v fixed by (xy)"”’i1 and
(ey) ey~ Now Ea = {x, xy ™! xy, xyx, xyxy ™! (o)L ()i, (o) ay ™
(xy)““, e,y, y_l} is the set of elements in PSL(2, Z) so that (u3,,,)g and (v3;,+1)g lies
in (my,my) for all g € E,. Since | E»| = 3(i1 + 2), by Proposition 1, the number of
pairs of vertices to create f8;, by contraction is 3(i1 + 2). In figures 8, 9, 10 and 11,
one can see that for k # [, B¢ and B; have different number of triangles. Therefore, all

Biy 1 i1 =0,1,2,...,my — 1 are different and none of them is a mirror image of the
other.

Hence | i, |= m2, so there are 3 Z:'l'z:?)l(il + 2) pairs of vertices to create {f;, : i| =
0,1,2,...,mp — 1}. Also from figures 8-11, all g;, have a vertical axis of symmetry. In

other words, these diagrams have the same orientations as those of their mirror images.

Thus there are 3 Z:TZZBI (i1+2) = %(m% + 3my) pairs of vertices for contraction to create
{Bi, :i1=0,1,2,...,mpy —1}. O



13 Page 8 of 26 Proc. Indian Acad. Sci. (Math. Sci.) (2019) 129:13

i) triangles

my — i1 — 2 triangles
Figure 7. Graph of the homomorphic image o, : 1] =mp — 1.

v m, - 2i triangles

VAV .

iy triangles

Figure 8. Graph of the homomorphic image 8;, : mp — 2i; > 1.

Theorem 3. If the vertices v3p, and uziz+1 @ i3 = 1,2,...,my — 1 in (my, my) are
contracted (melted together to become one node), then my — 1 distinct homomorphic
images of (m1, my) are created. Moreover, the total number of pairs of vertices for con-
traction to create ,31(3 are %(m% +3m; —4).

The above theorem can be proved along the same lines as that of Theorem 2, by inter-
changing my, my, E», i1 and B;, by ma, my, E3, i3 and ﬂi’} respectively. Suppose 7’ is the
i3 .
mj—

remainder of

—. Graphically, B can be classified into four families:
3 i3

6] ,3{3 cmy —2i3 > 1 (figure 12),

(i1) ,8;3 :my — 2i3 = 1 (figure 13),
(iii) ,Bl.’3 :my —2i3 < 0andm| — i3 > ' + 1 (figure 14),
>iv) ,3{3 cmy —2i3 <0andm| — i3 =r’ + 1 (figure 15).

Lete; — 0, if m; +mp = 0mod?2
Y211, ifmy +mp = 1mod?2 -
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v

m, — iy - 1=1; triangles

Figure 9. Graph of the homomorphic image 8;, : mp — 2i1 = 1.

v mj - i - rtriangles

Y%

r triangles

Figure 10. Graph of the homomorphic image 8;, : mp —2i; < 1,mp —iy >r+ 1.

Theorem 4. If the vertices uzy, and u3j+1 : j1 = may+ 1,my +2,..., % in
(m1, my) are contracted (melted together to become one node), then %(ml —my — €1)
distinct homomorphic images of (m1, my) are created. Moreover, the total number of pairs
of vertices for contraction to create yj, are 3(mz +2)(my —mp — 1).

Proof. Let us contract u3,;, and u3j,11 to obtain a family of homomorphic images of
(m1, m2) denoted by y;,. Diagrammatically by y;,, we mean figure 16.

In figure 5, one can see that (xy)™2(xy~")/1x and y~!(xy~")™1—/1=1 are the two pos-
sible paths between u3,,, and u3; 1. Then for each ji, y;, contains a vertex v fixed by
(xy)"2(xy~ )1 x and y~ L (xy~1)y™—1—1 Now

1

E4={x,xy 1

"xy’ 'xy'x’ 'xy'xy_17 ('xy)z’ AR ] (xy)mz’
(xy)™2x, (xy)"xy~!, (xy)y™tl ey, y”
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r triangles

Figure 11. Graph of the homomorphic image 8;, : mp —2i; < 1,mp —ij =r + L.

V my — 2i3 triangles

~

i3 triangles

Figure 12. Graph of the homomorphic image ﬁ;} tmp —2i3 > 1.

is the set of elements in PSL(2, Z) so that (43,,,)g and (u3;,+1)g lies in (m1, my) for all
g € E4. Since | E4 | = 3(m> + 2), therefore by Proposition 1, the number of pairs of
vertices to create y;, by contraction is 3(my + 2).

Consider two homomorphic images yx and y; of (m1, m3). Then yx and y; are cre-
ated by contraction of u3,,, v3k+1 and u3,,, vy respectively. Let y; and y; be
the same homomorphic images of (m,my). Then there is an element g in E4 such
that (u3,,,)& = u3m,; and (v3k+1)§ = v34+1. There is only one element e € E4
which maps u3,,, to uz,,, but (vig+1)e # v34+1. Thus all homomorphic images in
{le cji=my+1,my+2,..., %} are distinct. Thus |y}, | = %(ml —my —€1).

From figure 16, one can see that y; and y; are mirror images of each other if and only if
k—my—1=my—[l—1and! —my — 1 =m; —k — 1. It means that k = w =h,
implying that for k # [, yx and y; are not mirror images of each other and ym;+m, is
the mirror image of itself, that is, it has the same orientation as that of its mirror i%nage.
Now
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my —i3 — 1 =iy triangles
Figure 13. Graph of the homomorphic image /Si’3 tmyp —2i3 = 1.

y myp—i3—r triangles

( \/ )

7' triangles

Figure 14. Graph of the homomorphic image 'Bi/g imyp —2i3 <0,mp —iz >r' +1.

() If my +my = 0 mod 2, then only ptm+m, € {yj } has the same orientation as that
2

of its mirror image, and all other %(ml — my — 2) homomorphic images have different
orientations from their mirror images. Hence there are

mip —mjy — 2
2 | E4] — + [Eq| = 3(my +2)(my —my — 1)
pairs of vertices to create y, .

(ii) If m1 +mp = 1 mod 2, then all y;, have different orientations from their mirror
images. Hence there are

—my — 1
2| Ey| (%) = 3(my +2)(m1 —my — 1)

pairs of vertices to compose ¥, .
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¢ triangles

Figure 15. Graph of the homomorphic image ﬂi’3 imyp —2i3 <0,mp—iz=r"+1.

v 8
%n gﬂ
T T
£ I
| _
ey N
m, triangles
Figure 16. Graph of the homomorphic image v, .
0, if m» = 0mod?2
Letez_{l,ifmgzlmodZ' -
Theorem 5. If the vertices uzj;41 : iz = 1,2,...,m1 — 1 and v3j, : j» =
1,2,..., w in (my1, my) are contracted (melted together to become one node),

then %(ml — 1)(my — (€3 + 2)) distinct homomorphic images of (my,my) are cre-
ated. Moreover, the total number of pairs of vertices for contraction to create Ay, j,)
are 6(my; — 1)(my — (e2 + 2)).

Proof. Let us contract u3j;4+1 and v3j, to obtain a family of homomorphic images of
(m1, m2) denoted by A5, j,). Diagrammatically by A(;, j,), we mean figure 17.

In figure 5, one can see that (xy)3(xy~1)72 and (xy~!)™2=72(xy)™ ~% are the two
possible paths between u3;;41 and v3j,. Then for each i3, j2, A5, j,) contains a vertex v
fixed by (xy)3(xy~1)72 and (xy~1)"™=2(xy)™ 3. Now E5 = {x,xy "', xy,e,y,y~!}
is the set of elements in PSL(2, Z) so that (43;,+1)g and (v3},)g lies in (m1, m3) for all
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<

j2 — 1 triangles
my —i3 — 1 triangles
i3 triangles

my —ja : l triangles

>
>

Figure 17. Graph of the homomorphic image A5, j,)-

g € Es. Since | E5 | = 6, therefore by Proposition 1, the number of pairs of vertices to
create each A, j,) by contraction is 6.

(i) Consider two homomorphic images, A, k)s A(ho,ka) € {AGis, jo)}- Then A, k) and
A(hy, ko) are formed by contraction of u3p, 41, v3k; and u3p, 11, V3k, respectively. Let Ay, k)
and A, k,) be the same homomorphic image of (m1, m). Then there is an element g
in E5 such that (u3,4+1)8 = u3n,+1 and (v3g,)g§ = v3k,. There is only one element
)cy’1 € Es whichmaps u3j,, 1 tousp,+1 (hy = h1+1), but (1)31(1)xy’1 # v3y,. Therefore
A(hi.k1)> A(hy,ky) are distinct.

(ii) From figure 17, one can see that A, k) and A, k,) are mirror images of each other if
andonlyifh1 —1= n —hz—l, n —h2—1 = h] —landmg—kl —1= kz—l, k] —1=
myp — k2 — 1 which means /’l2 =m] — hl, k2 =mjy — kl.

So Ay k) and Agn,—h,,my—k;) are mirror images of each other, but for each k; €
(1,2,..., 22208y k¢ (1,2, ., 22228 D) consequently, Agny—hymo—ki) ¢
{Ais, j»))- Therefore A, k1)s A(ha,ka) € {AGi3, o)} are not mirror images of each other.

(iii) Let A(h.k) € {AGis, j») } be the mirror image of itself, that is, has the same orientation as
that of its mirror image. Then from figure 17,h—1 =m; —h—landk—1 =my —k — 1,

mj

which means & = %, k = "2, But A¢y 1) ¢ {k(m%,%)}.

From (i), (i) and (iii), we have all homomorphic images in

: : my — (€2 +2)
{)»(,-3&):13:1,2,...,m1—1,]221,2,...,—

2

which are distinct and none of them is a mirror image of the other oritself. Thus, [ A5, j») | =
%(ml —1)(my —(e2+2)),and thereare 2 x | E5s| X |A(y, j) | = 6(m1 —1)(m2 — (e2+2))

pairs of vertices to compose A, j»)- O
0, if mp = 0mod?2
Recall ¢ = { 1. if s = 1 mod2 and let

L [L2mEe ifmy=0mod2 __ [0 ifm; =0mod2
ST L2 m =1 ifmy=1mod2’ T |1 ifm; =1mod2 °

9~y
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—< P
> <t b <

> < D>
e

Figure 18. Graph of the homomorphic image A ( my—ey )
2

]

triangles
iy triangles
triangles

2

my —i; — 1 triangles
2

my;—-2-¢€z

my;—2+€

Theorem 6. If the vertices us;j,+1 and Uy ma) in (my,my) are contracted (melted
2

2SS ifmy =0mod 2
mp — 1, ifmy=1mod 2
images of (m1, my) are created. Moreover, the total number of pairs of vertices for con-
traction to create A . my—e, . are {6(’"1 — D, ifmy=0mod2

(ia,=252) 12(my; — 1), ifmp =1mod 2"

together to become one node), then { distinct homomorphic

Proof. Let us contract u3;,+1 and Uym-a, to obtain a family of homomorphic images of
2

(m1, my) denoted by A (14,7272 Diagrammatically by A 0, 2552 ), we mean figure 18.
’ 2

In figure 5, one can see that ()C)z)"“()cy_l)m227€2 and (xy l) ()cy)’"l 4 are the
two possible paths between u3;,41 and 03(,112752). Then for each iy, A (i4 mg) con-

tains a vertex v fixed by (xy)™ ey~ H™ 77 and (xy~ . Now E¢ =
{x, xy’l,xy, e,y, y’l} is the set of elements in PSL(2, Z) so that (u3,4+1)g and
(v3(m27;2))g lies in (m, m»y) for all g € E¢. Since | E¢ | = 6, therefore, by Proposition 1,
the number of pairs of vertices to create each A (2, "2572) by contraction is 6.

We prove in Theorem 5, that all fragments in {A;, j,)} are distinct, and that the mirror
image of A, k) € {AGs, o)} 1S Ani—hy,mo—ky)- Similarly, we have that all the frag-
ments in {\ (s mzfez)} are different, and the mirror image of A (.22 € {r 4 mzfez)} is

, = T )

)\.(ml_hl,mzz—ez ) Now

(i) If my = 1 mod 2, then )L(ml_hl matl ¢ {A m2—])}. This shows that none of the
2

fragments in {)‘(u mz—l)} is the mirror i 1mage of the other. Hence |{)»(l_4 mz—l)}| =m; — 1,
> 2 > 2

and so there are 2 x | E¢ | X |{)L(l.4 m)ﬂ = 12(m — 1) pairs of vertices to compose
)

)\(i4, mzz—ez )

(i) If my» = 0 mod 2 and m; = 1 mod 2, then for all h; € {1,2, ..., ml*l} we have

m; —hy > m74 implying that )‘(mlfhl,m%) ¢ {)L(m’mTz)}. So none of the fragments in
{A 2 )} is the mirror image of the other, which implies that |{A ™ )}| = = Hence
the total number of pairs of vertices for A( ) are 2 x |Eg| x |{A(l mz)}| = 6(m —1).
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Ja—Jj3—2 tr1angles

Jj3— 1 triangles my—ja— | triangles

N

m, triangles

Figure 19. Graph of the homomorphic image x(j;, j,)-

(iii) If m| and m are both even, then forall by € {1,2,..., }\"; ,wehavem| —h; >
% implying that )L(mlfh]’mziz) ¢ {)‘(14 )} and for h1 = we have Ami—hy. my =

)L(mTl my € {)‘(u mTz)}. This shows that for i < mT none of the fragments in {A (ia %)}
is the mirror image of the other and A (L is the mirror image of itself, which implies

that |{)L(l4 mz)}| = ”” . Hence there are2 X | Eg| X (m1 2)—i— | Eg| = 6(m; — 1) pairs
of vertices fork my 0
(ia, 2)
0, ifm; =0mod2
Recall €3 = { 1. ifmy = 1 mod2 and let
mp —2+e3

j3=1,2,3,..., ja=j3+1,j3+2,...,m — j3.

2 9
Theorem 7. Ifthe vertices usj;+1 and uzj, in (my, my) are contracted (melted together to
become one node), then ‘l‘(m% — 2m1 + €3) distinct homomorphic images of (m1, my) are
created. Moreover, the total number of pairs of vertices for contraction to create X(js, i)
are 3(m% —3m; + 2).

Proof. Let us contract u3j,+1 and u3j, to obtain a family of homomorphic images of
(m1, my) denoted by xj3, j,)- Diagrammatically by (s, j,), we mean figure 19.

In figure 5, one can see that y “xy=1a=iB=1and (xy) (xy=1)"2 (xy)™1~Jax are the
two possible paths between u3;,41 and u3;,. Then for each j3, j4, there is a vertex v in
X3, ja) such that

@)y ey HA AT =0 = ) ()P ey T2 ()™

Now E7 = {x, xy_l,xy, e,y, y_l} is the set of elements in PSL(2, Z) so that (u3;11)g

and (u3;,)g lies in (m1, my) for all g € E7. Since | E7| = 6, therefore, by Proposition 1,
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the number of pairs of vertices to create each x(j,, j,) by contraction is 6. Consider two
homomorphic images X(u,k1)» X(ha k) € (X(ja.ja)}- Then xuy ky) and x(ay ky) are formed
by contraction of uzp, 41, 3k, and u3p, 1, Usk, respectively. Let x4 k) and X, k,) be
the same homomorphic images of (m1, m2). Then there is an element g in E7 such that
(U3h,+1)8 = U3h,+1 and (u3g,)g = usi,. There is only two elements xy, )cy_1 e E;
such that xy maps w3, 41 to u3zp,41 (hy = hy — 1) and xy’1 maps usp, to uzp, (hy =
h1+1), butin both the cases neither (13, ))cy’1 = U3k, NOr (Ltg/q)x)F1 = U3, . Therefore
X(hik1)> X(ha,kp) Ar€ distinct.

Let x (1, k) and x(x,,k,) be mirror images of each other, that is, x, k) = X(*hz,kz)' Then
by Remark 2, x, k) can be obtained by contracting ”?hz 41 and u_’{kz. In other words,
U3y, <> U3y, is one of the 6 pairs of vertices which create x(n, ;) by contraction.
So there is an element g in E7 such that (u35,4+1)g = ”§h2+1 and (u3k,)g = u}‘kz. There
is only one element x € E7 which maps uzj,+1 to uz,, = u&mhhl)ﬂ and u3zg, to
Ul +1 = uz(ml—kl)' This implies that for /’l2 = mj — h] and kz = nmji — k], X(hi,ky)

and X(n, k) are mirror images of each other. But for each /1 € {1, 2,3,..., m‘fTM },

clearly hp = my — h; > m‘*TM, which means that X, k) = X(ni—h1,mi—k;) ¢

{X(j3’4/4) :j3 = 1,2,3,..., mliTM and

Ja=jp+1Lj3+2,...,m — 3
not mirror images of each other. Hence,

}. Therefore, X(n k1)s X(haka) € {X(j3,ju)} are

Xz, )l =M1 —=2)+(m —4) +(my —6) +---+ 4 —€3) + (2 —€3)

15
= Z(ml —2m1 + €3).
Let »n.x) € {X(js,js)} be the mirror image of itself, that is, has the same orientation as

that of its mirror image. Then from figure 19,7 —1 = m| —k — 1 whichmeans k = m| —h.
Now forallh € {1, 2,3, ..., ’mez*Q},wehavek =my—hel{h+1,h+2,...,m —h}

implying thatforall h € {1,2,3,..., %}, H(h,my—h) € {X(js,js)} Whichis the mirror
image of itself.
So out of }‘(m% — 2m1 + €3) homomorphic images in {x(j;, s} m‘_22+63 are the mirror

images of itself, and hence there are

1 mi—2+e¢
2% | E7| x <Z(m%—2m1 T e el 3)

2

mp—2+e€
+ | E7] x<lT3>:3(m%—3m1+2)

pairs of vertices to compose X(js, js)- g
0, if mr, = O0mod?2
Recall ¢ = { 1 ifmy = 1 mod2 and let
my —24¢€

js=1,2,3,..., Jo=Jjs+1,js+2,...,my— js.

2 )

Theorem 8. If the vertices v3js11 and v3 jg in (my1, my) are contracted (melted together to
become one node), then %(m% — 2mo + €3) distinct homomorphic images of (m1, my) are
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J6 —Jjs5 — 2 triangles

js — 1 triangles my—je— 1 triangles

N

m triangles

Figure 20. Graph of the homomorphic image x Ejs io)

created. Moreover, the total number of pairs of vertices for contraction to create X(//'s io)
are 3(m% —3my + 2).

The above theorem can be proved along the same lines as those of Theorem 7, by inter-
changing m1, my, E7, j3, ja and x(j, j,) by m2, my, Eg, js, je and X(/js,je) respectively.
Diagrammatically by Xf js.jg)» We mean figure 20.

0, ifm; =0mod?2

. mip—e3
1. ifm; = 1 mod2 and let j; = {1,2,3,...,—2 }

Recall, €3 = {

Theorem 9. If the vertices u3j,+1 and u3j, in (m1, my) are contracted (melted together
to become one node), then %(ml — €3) distinct homomorphic images of (m1, my) are
created. Moreover, the total number of pairs of vertices for contraction to create x(j;, j;)
are3(m; — 1).

Proof. Let us contract u3j,+1 and u3j, to obtain a family of homomorphic images of
(m1, m2) denoted by x(j;, j,)- Diagrammatically by x(j,, j;),» we mean figure 21.

In figure 5, one can see that x and y(xy)/7~!(xy~1)"2(xy)™1~/7 are the two possible
paths between u3j, 1 and u3j;. Then for each j7, x(j,j;) contains a vertex v fixed by
x and y(xy)77 "Ny~ 1™ (xy)™ =77, Now Eg = {x,xy,xy ', e, y, y~'} is the set of
elements in PSL(2, Z) so that (u3,+1)g and (u3j,)g lies in (m1, my) for all g € Eg. But
one can see that “(u3j,+1)x, (u3j;)x and (u3j;)e, (u3j,+1)e’, ‘(u3j,+1)xy, (uzj,)xy and
(u3j;)y, (u3j,+1)y” and ‘(uzj+D)xy ™", (u3j)xy~" and (uzj)y~!, (u3j+1)y~" are the
same pairs of vertices. Therefore, the number of pairs of vertices to create each xj,, j;) by
contraction is 3.

In Theorem 7, we prove that all homomorphic images of (my,m2) in {x(j;,j,} are
distinct, and that the mirror image of X, k) € {X(j5,j0)} 1S X(ni—hy,m1—ky)- Similarly,
we have that all homomorphic images of (m1, m2) in x(j,, j;) are different, and the mirror
image of X(hy.hy) € Xy, jn) 1S X(mi—hymy—hy)- Now forall by € {1,2,3,... =S\ 1L,
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v
Jj7— 1 triangles A my — j;—1 triangles

m, triangles

<

Figure 21. Graph of the homomorphic image x(j;, j;)-

we have m| — h is greater than all the members in{1,2,3,..., 72\ 4L, implying
that X, —hy.mi—h1) & {X(jy, )} Butfor iy = 5L, we have my — h1 =3 so xm is the
mirror image of itself. Thus all homomorphic i 1mages of (my, ma) in{xj,, ]7)} are dlfferent
none of them is a mirror image of the other, implying that | x(j,, j;)| = %(ml — €3). Now

we have two cases:

(i) If m; = 0 mod 2, then none of the homomorphic image (m1, m2) in {x(j;, )} is the
mirror image of itself. Hence, there are 2 x | Eg | X %(ml — 1) = 3(m; — 1) pairs of
vertices to compose X(j;, j;)-

(ii) If m; = 0 mod 2, then only x m € {X(j7, )} 1s the mirror image of itself. Hence, there

are2 x | Eg| x %(ml —2)+ | Eg| = 3(m — 1) pairs of vertices to compose x(j,, j;)-

0, if my = O0mod?2

. mo—en
1 ifmy = 1 mod2 andlet]g—l,2,3,...,—2 .

Recall ¢ = {

Theorem 10. If the vertices v3j,+1 and v3jg in (my, ma) are contracted (melted together
to become one node), then %(mz — €) distinct homomorphic images of (m1, my) are
created. Moreover, the total number of pairs of vertices for contraction to create X(jq, js)
are 3(my — 1).

The above theorem can be proved along the same lines as those of Theorem 9, by inter-
changing m1, ma, Eg, j7 and x(j;, j;) by ma,my, Ejo, jg and X(/js i respectively. Dia-
grammatically by X(/js jo)» We mean figure 22.

Theorem 11. Let n be the homomorphic image of (m1, ma) composed by contracting the
vertices U3y, and v3p, in (my, my). Then there are

6(ma + 1), ifmy > mo
3my, ifmy =my "’

pairs of vertices to compose 1 and their mirror images.

Proof. Let us contract the vertices u3,,, and v3,,, and a homomorphic image of (my, m>)
denoted by 7 is created. Diagrammatically by 1, we mean
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\%

Jjs— 1 triangles m,—js— 1 triangles

VYo VY

m triangles

T

Figure 22. Graph of the homomorphic image x(jq, js)-

n:m—-m-1>0

my —my — 1 triangles

my — 1 triangles

~ Y

Figure 23. Graph of the homomorphic image n : m; —my — 1 > 0.

In figure 5, we have x and y(xy)”2~! (xy~!)™1 are the two possible paths between u3,, )
and v3,,,,. Then n contains a vertex v fixed by x and y(xy)™ = xy=hym Nowifm > mo,
then

By = X,y ey, v, xyxy T G e e e
)™ ey Loy = (xp)™2, (ey)2x, (xy)M2xy L (o)t

and for m| = my,

x, xy 7l xy, xyx, xyxy™L (en)?, x, xy T ()3

Eyy = ] G o™ ey T o), o), (o)™ ey ey
(xy)mzxy_lx, (xy)mzxy_lxy, (xy)m2 (xy_l)z, e
(o)™ ey~ Hymi=lx, (eyym2 ey =M=y, (xy)ym2 (ey=hym

is the set of elements in PSL(2, Z) so that (u3,,,)g and (v3;,)g lies in (my, m2) for all
g € Eji. One can see that if m| = my, then for each g € Ej; there is a word g’
in Eq; such that (u3,,)g, (V3m,)g and (uzy,)g’, (V3m,)g  are the same pairs of vertices.
Therefore by Proposition 1, the number of pairs of vertices to create each n, by contraction,
o {3(m2+ 1) ifm; > my

3, iy = my From figures 23 and 24, one can see that n : m| > m» has
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n:m-m-—-1=0

— 1 triangles

~ NV

Figure 24. Graph of the homomorphic image n : m; —my — 1 = 0.

n:.mp=m

— 2 triangles

AVAA VAV v

Figure 25. Graph of the homomorphic image n : m| = m».

distinct orientation from its mirror image, whereas figure 25 shows that n : m; = my is
6(mr + 1), if my > mp
3my, ifm; =my

compose 1. ]

the mirror image of itself. Thus there are { pairs of vertices to

Remark 4. Now we show that if m| 7 my, all the sets of homomorphic images
i ABin o ABis "} Avinds rtis, s (g, mazea b G b DG XG0 b g i)
and {n} are mutually disjoint.

Since each «;, contain a vertex, fixed by (xy)" (xy~Hitx and y~(xy~Hym—i-1
it is clear from figures 8 to 25 that none of the diagrams contains a vertex fixed by
(xy)"2(xy~ it x and y~ 1 (xy=1y™1=1=1 This implies that

{ai ) N (B} = {ei } 0 {BLY = {aiy ) N ()} = {eiy ) 0 {Ais )
={o;} N {)‘(i4 me )} {ai ) N {x s, o}

= {oi,} N {X(js. oy} = T} N X, )
={a; 1N {X(/jg,jg)} ={ay N int =¢. (2.1)
Since each B;, has a vertex, fixed by (xy)™2~' and (xy)" (xy~!)™!, from figures 12 to
25, one can see that none of the homomorphic images contains a vertex fixed by (x y)mh
and (xy)’! (xy~!)"!. This implies that
By N {BLY = (B} N {vin} = (B} N (A i)}
={Bi}N {k<i4 m22€2)} = {Bi} O {XGs. g}

= (B} N (i) = (B} 0 Ui i)
= (B1) N {x{jy ) = (B} O () = ¢ 2.2)
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Similarly, it is easy to show that

B0 v} = {BL) 0 s} = {BLI N {)‘(M’mzz—éz)}

= {/3{3} N{Xa,jn) = {ﬂ,-/3} N {X(/js’j())}
= {BLY N X}
S BN Kt = BN =0, 23)

Wi 0 {ra b = i) 0 {X@ mzez)} = Wik O X}

= i) O X5 o} = i) D X Grin)}
= {le} N {X(/jg,jg)} = {Vj1} N{n} =9, 2.4)

Mz} 0 {)\<,-4 '"22—62)} = Az} N {XGs g} = R} N X Gs, o))

s

= s} N G} = s i} 0 X i)
= {Ais, NN} =9, (2.5)

{A(i4’m262)}ﬁ{)((j3,j4>}= M1y, 1252 N X}

2

- A(M’mzz;ﬂ N X))

= A(M,mzzj) m{X(/jg,jx)}

= Hmzga) N =9 (2.6)

XG0 OV s, i} = X G} O G}
= XG0 {X(,jg,jg)} =Xzt NNt = ¢,

2.7)

X(js. i) DV XGr i} = (s jod N X jo)) = X (s i} N MY = @,
(2.8)
K} N i) = Urm) N = &, 2.9)
K i) O ) = 6. (2.10)

From equations (2.1) to (2.10), it is clear that if m; # m2, {a;}, (B}, {51(3}, {virhs

P b i, maay b Gsin b s joy s X in b IX(jg jy)} and {n} are mutually dis-
joint.

Remark 5. Let m; = my. Then from figures 8 to 15, one can see that 8;, and ,3[.’1 are
the same sets of homomorphic images of (m1, m>). Similarly, figures 19 to 22 show that
X(js,js) and X(/js,jﬁ)’ X(j7,j7) and X(’j&jg) are pair-wise the same sets of homomorphic images
of (m, my).
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Let

0 ifm; and m, are odd
I o= 4 if my and m; are even r—
U= 1 =1 ifmy is even and m5 is odd ° 2=

—1 if m; is odd and m is even

5 if my is odd
8 if m; iseven ’

Now we are in a position to prove our main results.

1y +m2)? +4m +m2)+T1} if my > mo

%{3m%+4m1+f‘2} if my=my
morphic images of (m1, mo) obtained by contracting all the pairs of vertices in (my, my).

Theorem 12. There are distinct homo-

Proof. Let us contract the following pairs vertices:

(1) uzm, and uz; 41.
(i1) u3p, and v3;41.
(iii) v3m, and u3i,11.
(iV) u3m1 and u3j1+1.
(V) u3i3+1 and v3j2.
(vi) usi,+1 and v3(@)'
(vii) u3jy41 and u3zj,.

(viil) v3j541 and v3j.
(iX) Uz j;+1 and Uusj;.

(X) u3js4+1 and u3jq.

(x1) u3p, and v3,,.

Then by Theorems 1 to 11 and Remarks 4 and 5, we obtain the set

/
iy Birs By Vins Mis o) A(u, mazer): X(s.io),
if my > myp

1 L. /
X(js,jo) XGnin» X(js, js)» 1

{ail’IBiH)‘(i3’j2)’)“(i4,m22*€2)’ X(jsoja)s XG> b ifmy = mo
of homomorphic images of (m1, m,), and there are

3 3
S =3(m3+3my —2) + 5(’"% +3my) + E(m% +3m; —4)

+3(ma +2)(my —my — 1) +6(my — 1)(m2 — (€2 +2))
6(m; —1) ifmy =0mod2

+ , +3(m3 —3m; +2)
12(m; — 1) if my = 1 mod?2

+3(m3 — 3my +2) +3(m; — 1) +3(ma — 1)
6(my+1) ifm; > mo

3m1 ifm1 =my
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u us Uy Ug
( v v )
up Us
\_ vy V3 Vg4 Ve )
\ %) Vs

Figure 26. Graph of the circuit (2, 2).

oo

Us = U]

Figure 27. Graph of the homomorphic image «.

®

<

u6=u4‘

Figure 28. Graph of the homomorphic image «;.

pairs of vertices to compose homomorphic images in F. Since § = (3('" 1; mz)) is the total
number of pairs of vertices in (m1, my), it implies that F' contains all the homomorphic
images of (my, mj). Also,

e {1 +m2)? +4(my +ma) + Ty} ifmy > mo
13m3 4 4my + T2 ifmy =my
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U =V

Figure 29. Graph of the homomorphic image .

U = V4

B —

Figure 30. Graph of the homomorphic image f;.

Figure 31. Graph of the homomorphic image A1, 1.

Ugs = U3

AN

VAR

%

Figure 32. Graph of the homomorphic image x(1, 1)

Thus, there are

{((my +m2)? 4+ 4(m; +m2) + Ty} if my > my
{3m? +4my + 'y} ifmy =ms

e,
ISR,

distinct homomorphic images of (11, m;) obtained by contracting all the pairs of vertices
in (my, my). O
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n

Ue = Vg

Figure 33. Graph of the homomorphic image 7.

3. Conclusion

There are (3("’ ‘; m 2)) pairs of vertices in (m 1, m»), in order to compose all the homomorphic

images of (m1, my). Out of those only

Hmy +m2)? +4(my +my) + Ty} if my > m
13m3 +4my +I2) it my=my

pairs of vertices are important. There is no need to contract the pairs which are not men-
tioned in Theorem 12. Because, if we contract those, we obtain a homomorphic image,
which we have already obtained by contracting ‘important’ pairs.

Example 2. Consider a circuit (2, 2) (figure 26).

By Theorem 12, the set of homomorphic images of (2, 2), evolved by contracting all
the pairs of vertices in (2, 2), is {ag, a1, Bo, B1, A1,1), X(1,1), )+

The homomorphic images oo, @1, Bo, B1, A1,1), x(1,1) and n of (2, 2) are obtained by
contracting ug and u (figure 27), ue and uy (figure 28), ug and vy (figure 29), ug and
v4 (figure 30), ug and vz (figure 31), u4 and u3 (figure 32), and, ug and ve (figure 33)
respectively.

The total number of vertices in (2, 2) are 12, implying that there are 66 pairs of vertices
in (2, 2). Theorem 12 assures us that, in order to create all homomorphic images of (2, 2),
we just have to contract 7 pairs (mentioned in Theorem 12). There is no need to contract
the remaining 59 pairs.
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