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Abstract: We construct an additive basis of the free algebra of the variety generated by the model
algebra of multiplicity 2 over an infinite field of characteristic not 2 and 3. Using the basis we remove
a restriction on the characteristic in the theorem on identities of the model algebra (previously the
same was proved in the case of characteristic 0). In particular, we prove that the kernel of the relatively
free Lie-nilpotent algebra of index 5 coincides with the ideal of identities of the model algebra of
multiplicity 2.
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Introduction

In this article, we consider associative algebras over an infinite field K of characteristic not 2
and 3. We will use the notation: F' = Fa4[X] is the free associative K-algebra over a countable set
X = {z1,z2,...} of free generators; X,, = {z1,...,2,}; while [z1,...,2,] is the right-normed com-
mutator of degree n > 2, ie. [x1,z2] = zixe — xaz1, and [z1,...,2,] = [[Z1,...,Tn-1],2n]. Also,
LN(n):[x1,...,zn] = 0 is the identity of left-nilpotency of degree n; while T™ and V(™ are the T-ideal
and T-space of the algebra F' which are generated by [z1,...,%,]. If S C F then (S) and (S)" denote
the T-ideal and T-space generated by S; while F(") = F /T (7) is the relatively free algebra of countable
rank with the identity LN(n); and Z*(A) is the kernel of A (the greatest ideal of A lying in Z(A)).

In the 1960s Latyshev [1,2] began to study F®) and F®. In particular, he constructed an additive
basis for F(3) and proved that the variety of associative algebras with LN(4) is Specht over an arbitrary
field of characteristic 0.

Note also that the identities of the Grassmann algebra were studied by Krakowski and Regev [3].
In the article [4] of 1978 Volichenko constructed an additive basis for F(4) over a field of characteristic 0.
To construct the additive basis from [1-4] it suffices to assume that the characteristic differs from 2 and 3.

Many papers are devoted to the study of F®) and F®). Note especially that F'®) was used to the
negative answer to the Specht problem in the case of the finite characteristic of the main field [5-7].

In [8] was introduced the model algebra E™ of multiplicity n. It was proved that E(™ satisfies
LN(2n + 1), and the conjecture was formulated that the variety of algebras with the identity LN(2n + 1)
is generated by E(™. It was assumed that E(™ generated the variety of algebras with LN(2n + 1),
whereupon E(™ was called a model algebra. The connection of model algebras with Clifford algebras,
the correctness justification of an additive basis for E(™ and the refutation of the above conjecture were
given in [9].

In [9,10], under study were the central polynomials of F®) and F©) over a field of characteristic 0.
Moreover, the important role was played by the Hall elements: h(z,y,z) = [[x,y]? 2] and KW (z,y) =
[z, 9], y]. Some description of the kernel Z*(F®)) = T(E®) = (LN(5), )T as a T-ideal was obtained,
and it was proved that Z(F (5)) C T@W. Furthermore, every proper central polynomial of F®) was proved
to lie in the T-space {I’,[z1,...,24]}T 4 (h)V. Analogous results were obtained for F(%).
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In [10], some algebras were pointed out, as well as superalgebras that possess the same identities
as E® over a field of characteristic 0. The restriction on the characteristic is connected with the
application of superalgebras to study the skew-symmetric elements.

Notice also that [11] presents an additive basis for the free algebra Fén) generated by three free
generators. This was obtained from the Poincaré-Birkhoff-Witt basis (in abbreviated form: PBW)
for F3 by T™).

The aim of this paper is to construct an additive basis for the free algebra A of countable rank in the
variety var E(2) generated by the model algebra of multiplicity 2 over an infinite field K of characteristic
not 2 and 3. This result is an important intermediate stage to construct an additive basis for F'5). This
paper is a continuation of [9,10] and consists of four sections.

Notice the main difficulties that arise in construction of bases for A and F®). If we start from the
PBW-basis for a free associative algebra; then, factorizing by T, some identities of different types
appear that are connected with the “concatenation” of variables from the commutators factors of basis
words. The simplest type of concatenation is pointed out in Latyshev’s Lemma: [zyza][at] = 0. The
following type of concatenation is connected with Volichenko’s Lemma implying that [zyzt][ab][bc] = 0.
One more type of concatenation is connected with the centrality of a Hall element h, and it is of the
shape [abzy][ab] = 0. It is proved that these types of concatenation “exhaust” all concatenations on the
commutator words v(4)v§2)v§2) ... (vgm) € V(m)) of type (4,2,2,...).

The concatenations on commutator words of type (3,2,2,...) are more cumbersome, and we will not
avoid their description here.

By [4], in order to construct some additive bases for A and F®) it suffices to construct additive bases
for T, To construct a basis for F(®) we evolve a descending sequence of T-ideals TW > H > H’,
where H and H' are the T-ideals generated by the Hall elements h and A/, respectively. In § 1 we collect
some available results on F(®). In §2 we construct an additive basis for T® modulo the Hall ideal H,
and then in §3 we find an additive basis for H modulo the “weak Hall ideal” H' (i.e., an additive basis
for A, in fact). Note that §3 is most laborious and takes nearly 2/3 of the workload.

Notice also that in the article we additionally constructed an additive basis for the space of proper
central polynomials of A.

In the last § 4 we prove the theorem on identities of E() over an infinite field K of finite characteris-
tic p > 5. This theorem is an application of the constructed basis. We plan to devote a special article on
other applications of the basis where we will present an additive basis for H’, a description of the center
of F®) and the values of the sequence of codimensions of 7).

§ 1. The Main Notions and Available Results

1.1. Proper identities and unitarily closed varieties. Let A# be an algebra obtained from an
algebra A by adjoining a unity externally. A variety 9 is unitarily closed provided that (VA) A € M =
A* € M.

Let F' = Fyp[X] be a relatively free algebra of countable rank of a unitarily closed variety 9t. A set
of free generators X = {z1,...,Zy,...} is assumed ordered by ascending indices.

A multilinear polynomial f € F' is proper if g—i = 0 for every x € X. The notion of proper polynomial
can be generalized to the case of nonmultilinear polynomials as follows: A subalgebra of F' generated by
the Lie monomials (the commutators in generators) of degree > 2 is the subalgebra of proper polynomials.
Denote by I',,(F') the space of multilinear proper polynomials of F' which depend on the variables in
Xp. Use the notation I',, () instead of I'y,(F') as well. Some new results on proper polynomials were
obtained in [12].

Unless otherwise stated, when considering an identity of the relatively free algebra F', we will imply
that the identity depends precisely on n variables in X,,. Notions, that are connected with the identities
and varieties, may be found in [13].
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1.2. Available results.
Latyshev’s Lemma [2]. [z,v, z,d][a,t] = 0 in F®),

Volichenko’s Lemma [4]. (T®))2 C 70).
Denote the Jordan product of x and y by zoy = zy+yz. Recall that (a,b,c)™ = (aob)oc—ao(boc)

denotes the Jordan associator of a, b, and c. In what follows, the well-known identity (a, b, c)™ = [b, [a, c]]
is applied without further explanation.

Lemma 1.1 [9]. The Hall polynomials in F®) are such that h € Z(F®)) and h' € Z*(F®)).

Lemma 1.2 [10]. In F®), we have
(a) [z,a,a,ylla, z] # 0 is skew-symmetric in x, y, and z;
(b) (u,v,t)™ = 0 if two elements among u, v, and t are commutators.

These lemmas will be used frequently without further explanation.

1.3. The model algebra E(™). Following [9], recall the construction of E(™) introduced firstly
in [8] under the names “model algebra” and “extended Grassmann algebra” of multiplicity m. Let E be an
associative algebra with unity 1 over a field K which is given by the generators e,, (m € N), 0;; (¢,j € N,
1 <i < j) and the defining relations e; o e; = 6;; and [0;;, e,,] = 0. The subalgebra Q = K[...,0;,...]
of E generated by 1 and 6;; (i,j € N), is a polynomial algebra in commuting variables, and E is a free
module over {2 with the basis of standard words e; e;, .. .e;,, where 1 <141 <ig < -+ <.

Let © be the ideal of E generated by 6;;. Put E(™) = E/@™. It was proved in [8] that the identity
LN(2m+1) of Lie nilpotence of degree 2m+1 holds in F (M) The initial hypothesis was that this identity
is a defining identity of E(™). It was proved in [10] that each identity of E(?) over a field of characteristic 0
is a corollary of LN(5) and the weak Hall identity h'; in §4 of this article we remove the restriction on
characteristic.

§2. The T-Ideal T® of the Hall Algebra Fy[X]

2.1. Auxiliary lemmas. In this section we use the notations: $ = var(h,LN(5)) is the Hall
variety; and A = F[X] is the free algebra of countable rank in §. For brevity, we omit commas in the
right-normed commutators; for example, [abed] = [a,b, ¢, d]. We agree also that the variables standing
under one or two lines are under symmetrization; i.e., if f is a linear polynomial in the indicated variables
then we put

f(C_L,l_)) = f(a7 b) + f(bv a’)a f(mila@axi?)) = Z f(m107m207m30')7

oeS(3)

where S(3) is the symmetric group of degree 3. Moreover, let us introduce the polynomial that we call
f-Jacobian:

Zf(a, b,c) := f(a,b,c) + f(b,c,a) + f(c,a,b).

a,b,c

Lemma 2.1. We have
[ab]?[zy] = 0, (1)

[ababl[xy] = 0 (2)

in A. Consequently, VWV =0, and [ab][xy][2t] is skew-symmetric in all variables.

PRrOOF. Notice firstly that by Lemma 1.2 the arrangement of parentheses is immaterial in the prod-
ucts of the shape aouowv, uoaowv, where a € A and u,v € V. Now,

[a o [ab] o [ab], y] = [[a?,b] o [ab], y] = 0,
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whence

[[ab]* 0 b, 5] = 0,
2[ab]?[zy] = [[ab]* o z,y] = —[ab] o [az] 0 b,y]
= —[laz] o [ab] o b,y] = ~[[az] o [a,b%], y] = 0,

which proves (1).
To verify (2) we note that if v = [z, b] then by h =0

2|abablry] = —2[abay][xb] = —2[[aba][zb], y| = 2[[zba][ab], y] = [[va] o [ab],y] = O,

which proves (2).
Now, if v € V®) then by the Hall identity » = 0 and the Volichenko Lemma we have

[vbz] o [by] = [[vd] © [by], 2] — [vb] © [[by]2] = 0.
Then [vbz][by] = 0, whence by the Latyshev Lemma and (2)
[bZgblv = [bublv = 0, where u,v € V.
Then by the Jacobi identity
0 = [blzy|bjv = {[bxyb] — [byxb]}v = 2[bxyb]|v.

Hence, [abzy][zt] is skew-symmetric in a, b, y, z, and . Whence by the Jacobi identity it is skew-symmetric
in all variables, and V®V(2) = 0. By (1) [ab][zy][2t] is skew-symmetric in all variables.

Lemma 2.2. VOV@V® =0 in A.
PROOF. Note firstly that if v € V(2 then
[abb][ax]v = —[abz]|[ablv = 0 (3)

by Lemma 2.1 and the identity h = 0.
Now, using Lemma 2.1, the Jacobi identity, and the linearization of (3), we see that

0 = [a[bc]][ax]v = {[abc] — [ach]}ax]v = 2]abc][ax]v.

Therefore, [abc][zy][zt] is skew-symmetric in all variables; in particular, [abb][zy][zt] = 0, and hence
VA V@V =0 by the Jacobi identity and the restriction on the characteristic char(K) # 3.

Lemma 2.3. Each proper polynomial of A contained in the T-ideal T™® is a linear combination of
the elements of the form

(1) [zy=zt], where x,y, z,t € X;

(2) [zyz][ab], where x,y, z,a,b € X.

ProoF. By Lemmas 2.1 and 2.2 we have
[x2,y,z,t] - [[x7y] o $7z’t] - [[x7y7 Z] o x?ﬂ + [[x7y] ° [.’L’,Z],t]
= [[mayaz]at] ox + [l‘ayvz] © [J},t],

and by Lemma 2.1
[2%,y,2] o [ab] = [[ay] o , 2] o [ab] = [wyz] o [ab] o .

Hence, T is generated as an ideal by the elements mentioned in the lemma, whence we get the required
assertion by [12].
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2.2. A basis for T'y(9H) N T®, We show firstly that the commutators [Z4%15%25T35), 0 € S(3),
are linearly independent in A. By the PBW-Theorem [14] it suffices to understand that these elements
are linearly independent in F. This is obvious, since the associative words z4x1,T2,%3, are linearly
independent.

Under construction of an additive basis for F(®), we will especially note the central basis polynomials
having in mind their further application. Moreover, as some remarks we will give the dimensions of
proper components of some T-ideals.

REMARK 1. dimg(4($) NT®) = 6.

2.3. A basis for T'5($) N T™. Construct a basis for I's(£) N T® and prove that dimg (I's($) N
T®) = 10. Consider the space X2 = [X X X][X X] spanned by the commutator words of type (3,2).
We verify firstly that X (32 = span([zay|[az] | z,v,2,a € K - X) is the linear span of the elements of the
form [ray]az]. Indeed, if [zay][az] = 0 then [zay|[bz] is skew-symmetric in a, b, z, and z. Then, using
the Jacobi identity we have

[zaallyz] = —[zyallaz] = {[yaz] + [azy]}|az] = 0,
whence the required result follows. Consider the element [ryz][pq] = [ryz][pq] + [xpz][yq] in variables
from X5. We can assume that y < p and z < ¢, since [abz][ca] = 0. Then we may suppose that either
T =21, 0ry=ux1,o0r z=2x1 in g = [zyz|[pq].
It is easy to verify that B -

[abp][eq] + [bep][ag] + [cap][bg] = O. (4)
Therefore, if x = z; in g then by (4) we may assume that 1 is on the second position; i.e., y = x;. Thus,
we can suppose that either y = x1 or z = x;.

Linearize the Hall identity [abp][ab] = 0: [zpp][zz] + [x2zp][zp] = 0. Applying the Jacobi identity to
the second summand we have

[zpp][zz] + [xpz][zp] — [2pz][zp] = 0.
Hence,
[zppl[z2] + [zp2][Zp] — [2p][Zp] = 0. (5)
The element [zyz|[pg] in the variables from X35 is right if y = 1 and z < gq.

Lemma 2.4. Each element [zyz|[pq] over X35 is a linear combination of right elements.

Proor. We will argue modulo the linear span of right elements, and denote by = the equivalence by
this modulo. Assume that z = z; in g = [zyz][pq]. By the linearized identity (5), we have [zpz1][Zp] = 0
and [zpx1][zp] = 0 which means by the above the required equivalence [zpx;][yt] = 0.

The number of right elements is A2 = 12. Put

a1z = [r3T124)[Taxs], @13 = [w2T1w4][T35),
a14 = [waT1x3)[Taxs], a15 = [w2T123][T524],
bio = [x3T125][Taws], b1z = [xoT1ws][T324],
biy = [w2Z1x5][Taxs], bis = [xoT1a4][T523],
c12 = [waZ123)[Taws], c13 = [z4T122][T325],
cua = [T3T122)[Taws], c15 = [23T122)[T524].

However, these 12 elements are linearly dependent, since the following are valid in A:
J1=a12 + a3 + b1z + b1z —ayg — a5 — c14 — c15 = 0,
fo=ai2 —ais + b1z + b1y — b5 +c12 —c13 —c14 =0,

whose validity follows from the lemma.
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Lemma 2.5. The identities hold in A:

(a) fi = [yaz|[zq] — [yax][2q] — [zay][zq] + [zaz][yq] +[vaq](yz] + [vaq)[zz] — [zay](gz] — [yaz](gz] = 0;

(b) fo = [yaz][zq] — [zay](gz] + [zaq][yz] + [xaq][zy] —[zaz][qy] + [zay][zq] — [zaz][yq] — [yaz][zq] = 0.

PROOF. (a) The element f; may be written without the symmetrization operator which is denoted
by the line symbol:

f1 = [yazl[zq] + [yz2][aq] — [yaz][2q] — [yzz][aq] — [zay][zq] — [zzy][aq]
+[zaz]lyq] + [zyz]lag] + [zaq][yz] + [zyqllaz] + [yaq][z2] + [yzq][az]
—[zayllgz] — [zqyllaz] — [yaz][gz] — [yqz][az].

Rearrange similar terms:
f1 = [yaz][zq] + [zaz][yq] — [zzyllaq] — [yzz][aq]
+[zaqllyz] + [yaq][z2] — [zqyllaz] — [yqz][az].
Now, redistribute the summands:
f1 = [yaz][zq] + [zaz][yq] + [zzy][ag] + [zyz][aq]
+[zaqllyz] + [yaq][z2] + [qzyllaz] + [qyz][az].
We see that f; is symmetric in « and y. Therefore, it suffices to show that
fu = [zaz][zq] + [z22][ag] + [zag][zz] + [gzz][az]
= [waz][zq] + [zag][zz] + [zzz][aq] + [gra][az]
is equal to 0. Note that fi; is symmetric in z and g. Hence, it suffices to verify that fio = 0; we have
fi2 = [z, a, 2][z, 2] + [2, z, 2][a, 2] = [z, a,2][z, 2] — [z, a, ][z, 2]
={[z,a,z] — [2,a,z]}[x, 2] = {—[a, z, 2] + [a, 2z, 2] }[z, 2] = [a, [z, 2]][z, 2] = 0.

Item (a) is proved. Item (b) can be proved analogously. The lemma is proved.

Furthermore, using the computer program “Malcev” [15], it is easy to verify that fi, f2, and h are
equivalent in F®).

Lemma 2.6. ay;, by;, and c1j, 1 = 2,3,4,5, j = 2,3, are linearly independent in A.

PRrROOF. Assume that in A we have

[ = mz[zsTizy] [Taxs)2 + 13[xeTiza][T32s]2 + Y14[weT123] [Taxs]2
+Y15[z2T123] [Trxa)1 + O12]x3T 125 [T2za]1 + d13]x2Tias5)[T324]1
+o14[zoT1s][Taxs]1 + O15[T2T124][T5xs]1 + Ai2[zaTims][Taxs]3

+A13[z4T122][T375]3 = 0.
Since the linearization of the Hall element [[a, z]?,y] in F®) is proportional to [aZy][bZ]; therefore,

f= Z alazy|[bz], o€ K,

a,b,x,y,ze€X
in £,
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Substitute e; (i = 1,5) for ;. We have [e;g5er][Epeq] = dei(epfjr + ej0pk)e, in E?). By the skew-
symmetry of [e;ejex][€pe,] in €; and e, the elements of the form [aZy][bz] are transformed into zero under
the above substitutions.

Write the polynomial i f as a sum of the three polynomials f1, fo, and f3. The polynomial f; consists
of summands, in which x5 is either under the line or on the third position (these summands with index 1).
The polynomial f> is the sum of elements with index 2. The polynomials f3 are defined analogously.

1°. Decompose fi(e1,...,es) with respect to the basis words of E(?):

(=014 — d15)0ase1€2e3 + (—013 — Y15)035€1€2€4 — J12025€1€3€4

+(—012 + 613 — 614)015e2€3€4 — d15041€2€365 — Y15013€2€4€5.
20, Arrange fa(ei,...,es) by analogy:
Y14013€2e4€5 + (—712 + 13)014€2€305 — V12024010365 + (—Y13 — Y14)034€1€2€5.
3. Do the same with f3(eq,...,es):
—A13bh2ezeqe5 — Ai2013e2eqe5 + (—A12 — Ai13)faszereqes.

The basis element 02e3e4e5 will be written as 61o. Comparing the mentioned decompositions we get

—X13012 + (=15 + v14 — M12)013 + (=615 — Y12 + 713)014
+(—612 + 613 — 614)015 + (—A12 — A\13)023 — V12024
—812025 + (—y13 — Y14)034 + (=613 — 715)035 + (=014 — d15)045 = 0.

Since % are linearly independent; therefore, we obtain a homogeneous system of ten equations in the ten
variables 71, 015, and 1. It is easy to understand that the system has only the trivial solution. Thus,
we have proved that the system of ten right elements is linearly independent. The lemma is proved.

REMARK 2. dimg (I'5($) NT®) = 10. Furthermore, since f1ze3eses5 are not central in E(?)| the ten
“right” elements a4, b1; (i = 2,3,4,5), c12, and c;3 are linearly independent in F®) modulo the center.

§ 3. The Hall T-Ideal H of F[X]

3.1. Linear generators of the Hall ideal. In what follows, & = var(LN(5), k') is the variety
of algebras satisfying the weak Hall identity; A = Fe¢[X]|. Put ¢(a,z,y,b) = [a,Z] o [y,b]. Let & =
©(X, X, X, X) be the set of values of ¢(a,z,y,b) on X* of quadruples over X. Note that o(a,x,y,b) is
symmetric in a,b and x,y, and in the sets (a,b) and (z,y) as well. Moreover,

o(x,a,b,y) = ¢(b,z,y,a) = p(a,z,y,b). (6)

Since ¢(a,a,a,z) = 0; therefore, by the symmetry of ¢(a,z,y,b) in  and y we have the “Jacobi
identity” with respect to a, b, and c:

Z p(a,b,c,z) =0. (7)

a,b,c

DEFINITION. The proper H-polynomials are the elements of the sets:

(1) [®, X][XX]™ (m > 0), (2) ®[XX]™ (m > 1),

(3) [XXX][XX]™ (m > 2), (4) [XXXX|[XX]™ (m >1).

Note that the elements of types (1) and (4) are central. Later we prove that the remaining elements
“are not” central. More precisely, we will find a basis for the space of proper central polynomials consisting
of the elements of types (1) and (4) and extend the basis by the elements of types (2) and (3) to a basis
of the space of proper polynomials of A.
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Lemma 3.1. The Hall T-ideal H is spanned by the elements of the shape h;y1ys . ..y;, where h; are
proper H-polynomials, y; € X, and y1 <y2 < --- < y;.

PROOF. In linearized form the Hall element h is of the shape [¢(a,z,y,b),t]. Putting a = v € [X X]
by the Volichenko Lemma we get
[QO(U,.’IJ, yvb)?t] = [[U‘rz.] © [Qb]?t] = [Ui't] o [:L_/b]
Now, by Lemma 1.2(b)

(10(&27 z,Y, b) = [G’Z? i.] o [ga b] =ao [(l, :Z'] © [3?7 b] =ao QO((I, z,Y, b)
Similarly,

[p(a®,2,y,b),t] = [a o p(a,z,y,b),t] = [p(a,z,y,b),t] 0 a+ ¢(a,z,y,b) o [at],

[0®,2,9] = a o [azy] - 39(z,a,a,y),
[a®, 2,y ov = a o [azy] ov — ¢(,a,a,y)v,
0%, 2,y, 2] = a o [axyz] + [axy] o [az] — [p(2, a,a,y), 2],
whence we obtain the required result by (6) and induction on the polynomial degree.

3.2. An additive basis for I's(¢) N H;. Denote by H; the liner spaces that are spanned by the
elements of type i; for example,

H =) K-[®X]|[XX]"

m>0

Firstly, consider I's(€&) N H;. Put

Y(a,z,y,b,q) = [p(a,z,y,b),q].

By the centrality of the Hall element h, v(a, x,y, b,q) € Z(F®)). Note also that 1 (a, x,y, b, q) is symmet-
ric in a and b, in z and y, and in (a,b) and (x,y) as well. Furthermore, by the identity A’ if ¥(a, z,y, b, q)
is of degree 3 with respect to one of the variables then it is zero. Therefore,

> 4(a,z,y,b,9) =0,
a,b,q

whence ¥(a,z,y,b,q) is linearly expressed over X5 via the elements of the shape ¥(z1,x,y,b,q), and,
analogously, every such element is linearly expressed via ¥ (x1,x2,y,b,q). Now, x3 occupies one of the
three remaining positions. Since

Z ¢(331, T2, a, 67 C) = 07

a,b,c

Y(a,b,z,y,q) is linearly expressed over X5 via the following five elements of the form
Y12(23,9,9), Y12(y,23,9), Y12(w4, x5, 23), (8)
where 12(x,y, z) = ¥(z1, 22, 2,9, 2), y,q € X5. Prove their linear independence. Assume that
a12(23, T4, T5) + Bib12(w3, x5, Ta) + YP12(24, T3, T5)
+0v12(xs5, 23, T4) + M12(24, T5,23) =0

for some scalars a, 3,7, 0, A € K. Note that (..., V®) = Y(...,a)[at] = 0 by the Latyshev Lemma and
the centrality of the Hall element [¢,t]. Hence, putting x5 = v € V(@) and multiplying the sides of the
equality by [z4t], we get

0 = Mp12(x4, v, 23)[24t] = A@(21, 2, T4, ), 3] [T41],
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whence

0 = [p(21, 22, 4,v), 24] = [[T1, 2] © [T4, V] + [21, T4] O [T2, V], 4]

= [[w1, 22] 0 [24,v], 24] = 2[21, T2][24,V, 4]

in E® if X\ # 0.
Recall that the property holds in E®): if f # 0, while 2 and y do not enter into f; then flz,y] # 0.
Hence, [v,a,a] = 0; a contradiction. Thus, A = 0, and

arpr2(x3, T4, T5) + Bh12(x3, 5, 4) + YP12(T4, T3, 25) + 6P12(25, 23, 24) = 0.
Letting again 5 = v € V()| we obtain
0 = Be12(x3,v, 24) + 09P12(v, 23, 24) = Blp(21, T2, 73, v), 24] + §[0(21, T2, v, 23), 4].

Put x3 = x4 = a. Then

0 = Blp(x1, z2,a,v),a] + d[p(z1, x2,v,a),al
= Bllz1, 73] o [a,v], a] + 6[[z1,72] © [V, ], a]
= 2ﬁ[x17@][[aa v]7a] + 25[x1,@][[®,a], a]
= 20[x1, x2][[a,v], a] + 2d[z1, z2][[v, a], al,

whence 8 = §. Analogously, a = v, and so

af12(zs, T4, T5) + Y12(24, T3, 75) } + B{th12(z3, T5, 4) + th12(5, 73, 74)} = 0.
Putting x3 = x5 = a, we have

a{ia(a, x4, a) + Y12(x4,a,a)} + 26¢12(a, a, 24) = 0.
By the linearization of 112(a,a,a) = 0 we get
—aia(a,a,xq) + 26¢12(a,a,x4) = 0.

Since (1, x2,a,a) ¢ Z(E®), we get a = 26. If § # 0 then

2{12(23, T4, T5) + Y12(T4, 3, 75) } + {¥h12(x3, T5, T4) + Y12(75, T3, 24) } = 0.
Multiplying the sides of this equality by [z4,t], by ©¥12(a,a,z)]a,y] = 0 we get

0 = {Y12(73, T4, T5) + V12(74, T3, T5) } 24, 1] = —th12(74, T4, T5)[23, 1].

Hence, ¢(z1,z2,a,a) € Z (E(Q)); a contradiction. Thus, the linear independence of the elements of the
shape (8) is proved.

REMARK 3. dimg(I's(€¢) N Hp) = 5.

3.3. An additive basis for Ha. By (6) and (7) the linear span K - ® of the elements of the shape
¢(a, b, c,d) over X, possesses a basis ¢(z1,x2, z;, z;), where {i,j} = {3,4}. So we have

REMARK 4. dimg(I'4(E)NK - @) =2.

A product of commutators v/ = [y121] ... [Ymzm] is right provided that y1 < 21 < -+ < Y < 2m; We
write yo < v if yo < y1.

Put

ot (a,b,2,y) = p(a,b,z,y) + ¢(a, b, y, ),
Soi(aa baxuy) = <p<a7 b7x7y) - QO(CL, b7y7:1:)'
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Lemma 3.2. The H-elements of type (2) are linearly expressed via the elements that we call right
p-words:

(23‘) QO(.’L'h x2,T3, xi)vl and SD(:Ul? T2, T, 1'3)1)/,

(2b) o (xly Z2, T, IL'[)U”,
where 1 > 4; 4 < k < I, and v',v" are some right products of commutators.

ProoF. By [10, Lemma 5]
So(a’ a? a7 b) = Sp(b7 a7 a7 a) = 0’ (p(a7 a’.? y7 a) [az} = 90(:67 a’ a’ y)[az] = 0.

Then we can assume that the Hall element of type (2) is linearly expressed via the elements of the shape
o(x1, 2, x;, xj)v. Since
2(P(a7 b7 x? y) = (er(a/? b? $7 y) —"_ 907 (a7 b7 a:7 y);

every such element is linearly expressed via the elements of types (2a), (2b), and @™ (z1,x2, T, 7)V"
(4 < k < 1). Finally, since ¢(x,y,a,a)laz] = 0; thought ¢*(x1,z2, T, 7;)v"” (4 < k < 1) is linearly
expressed via the elements of type (2a). The lemma is proved.

Lemma 3.3. ¢ (a,b,x,y)[x,y] is not a central element in E®).
PrOOF. This is immediate from [10, Lemma 10].

Lemma 3.4. The elements of types (2a), (2b), and (4) are linearly independent. Moreover, the
elements of types (2a) and (2b) are linearly independent modulo the center Z.

PROOF. Assume that
Z{ai@(xb x2,T3, mz) + Bi@(l'l, €2, Tq, {L'3)}'U,
i>4

+ Z Vi~ (w1, T2, Ty 27)v” =0 (mod Z).
4<k<l

Let (k,l) be some fixed pair of indices. Then zj and z; stand under the function symbol ¢ only for
one summand. Hence, multiplying the sides of the equivalence by [zxx;], we get

Yk~ (w1, T2, Tk, 7)) [TR2] =0 (mod Z),
whence v, = 0 by Lemma 3.3. Therefore,
Z(aigo(xl,xg,xg,:ci) + Bip(x1, T2, i, x3))0' =0 (mod Z).
i>4

Assume that ¢ is fixed. Put 22 = 23 = a,2; = u € [XX]. Then

0 = {aip(z1,a,a,u) + Bip(x1,a,u,a)}v’ = {2q;[r1a] o [au] + Bi[r1a] o [ua]}v’
= (20 — Bi)([z1a] o [au])?,
whence 3; = 2y, since [raa)[ay] ¢ Z(E?). Thus,
Zai(go(:vl,xg,xg,xi) + 2¢(z1, 2, i, x3))v' =0 (mod Z).
i>4
Note that if 1 = z3 =z, 9 = y, and x; = a, then
o(x1, T2, 3, ;) + 20(21, T2, Ty x3) = @(2,Y, T, a) + 2¢(x,y,a, )
= [z7] o [Za] + 2[xy] o [az]
= [zy] o [za] + 2[xy] o [az] + 2[za] o [yz] = —3[zy] o [za].
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Hence,
Zai([:vy] o[zx;])v' =0 (mod Z).
i>4
Putting x; = u in this equivalence, we have ;([zy]o[zu])v’ = 0, whence a; = 0 by [zaa][ay] ¢ Z(E?).
Thus, the lemma is proved.

Noting that the Hall elements of types (1) and (3) are of odd degree and the elements of types (2)
and (4) are of even degree, we get

Proposition 3.1 (on the additive structure of H). If H; is the span of the elements of the shape
hiyi ...ys, where y; € X, y1 < --- < ys, h; € H;, then H = (H; + H3) ® (Ha + Hy).

Since the number of elements of types (2a) and (2b) in the variables of Xy, is equal to 2C3,, 5+
C3,,_3 = (2m — 3)m, we have

REMARK 5. dimg (o, N Ha) = (2m — 3)m with m > 3.

3.4. A basis for ¥. In what follows, ¥ = Hj, and the degrees of all proper polynomials in ¥ are
at least 7. Note that ¥ is spanned by the elements of the shape

[p(a,2,y,b), v,
where a,b,x,y,q,yi,2; € X and v' = [y121] . .. [Ym2Zm]-
DEFINITION. The right 1-words are the elements of the shape (1) [pi, volv', (2) [¢},yolv", and
(3) [Q0($1,£U275Ek,l‘l),I3]’UH, where Y = SO(.’E]_,(EQ,(E?,,ZL’Z'), 90; - QO(CUl,fEQ,fEi,JJg), TiyYi S X7 k < l7
v' = [y121] ... [Ymzm], and v” are the right products of commutators and yo < v'.

Lemma 3.5. The right ¢-words form a basis for W.

PROOF. Verify firstly that the right ¢-words span W. Note that [abx]v’ is skew-symmetric in
Y1y 21y« -y Ym, Zm- 1f w = [ab] then
[w?,z] o [z,y] = [w?,x o [z,y]] = [w? [2°,4]] = O
by the centrality of the Hall element. So, ¥ = [¢(a,z,y,b), q]v" is skew-symmetric in q,y1, 21, - - -, Ym, Zm.
By the weak Hall identity [[aZ] o [ya],a] = 0, whence

S lp(a,z,,b),¢] = 0. (9)

a,b,c

By (6), (7), and (9) we may assume that a = z; in 1. The same argument gives z = z9. If x3
coincides with one of the variables y or b then ¢(a,z,y,b) coincides either with ¢; or ¢}. If ¢ = 3
then in view of [¢p(x1,z2,a,a),a] = 0 we can assume that k < [ in [p(z1, 22, Tk, 21), 3], since otherwise
[o(z1, x2, Tk, T7), 3] is a linear combination of the right ¢-words of types (1) and (2). Hence, ¥ is spanned
by the right y-words.

Prove that the right ¢-words are linearly independent. Assume that

Z )\’L {(;07,7 yO]U/ + Z )\; {(10;7 yO]U/ + Z Mkl [()0(1"15 2, Tk, l’l), CE?JU” =0. (]-0)
7 i 4<k<l

Show firstly that uxy; = 0. Fix &k < [. Since k > 4; therefore, all remaining summands, which are
different from pg[p (21, T2, Tk, x7), £3]v", contain either zj or x; in yoUv' or v”. Hence, after multiplication
of the sides of (10) on [zgz;] we get uki[p(z1, T2, Tk, 1), x3|0" [2K2;] = 0, Whence py; = 0 by the Volichenko
Lemma and Lemma 3.3. Then (10) turns into

D Xilps yolv' + > X[, yolv' = 0. (11)
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Prove that \; = A, = 0 when ¢ > 5. Assuming i fixed and multiplying the sides of (11) by [z;t], we
obtain

0 = [Nigi + Nigi, yol[witlv = —[Xipi + Xy, il [yot]v”,
Hence, without loss of generality we can assume that
Nip(z1, T2, T3, ;) + Nip(21, T2, T4, 73), 23] = 0.
Changing the variables, we see that [A;p(z,y, z,a) + N;p(z,y, a, 2),a] = 0, whence
[Ai[zy] o [za] + Xj[zy] o [az],a] = 0.
With z = y we have
0 = [2Xi[zy] o [ya] + Ni[zy] o lay], a] = (2 — A})[[zy] o [ya], al,

whence A, = 2);.

If \; # 0 then [p(z,y, 2,a) + 2¢0(z,y, a, 2),a] = 0. Take v € V?). Then

0= [p(z,y,2,v) + 2¢(2, y,v, 2), a] = [[zy] o [2v] + 2[z7] o [v2], a]
= [zy] o [zva] + [z2] o [yva] + 2[zy] o [vza] + 2[zva] o [y2]
= [zz] o [yva] + [zy] o [vza] + 2[zva] o [yz],

and with z = a we get 0 = [xy] o [vaa] = 2[vaa][zy] # 0 in E?); a contradiction.
The lemma is proved. This lemma immediately implies

REMARK 6. dimg (Tomi3N¥) =2C3, +C2% = 2m? + 3m with m > 2.

3.5. Auxiliary relations for n and 1. Introduce the elements that describe the “concatenations”
of a certain type:

n(a, z,4,y,b) = azq][yb],
n(a,z,b,b,b) = [azb][bb] = [abb][xd] & Z,
n (a,b,2,y,c) = n(a,b,z,y,c) —n(a, by, z,c),
nt(a,b,z,y,c) = n(a,b,z,y,c) +n(a,b,y, z,c).

The element n(a,x,q,y,b) is skew-symmetric in a and b modulo ¥. Notice also that Hj is spanned by
nlaibi] ... [ambm] by Subsection 2.3.
We need some relations between 7 and ¢ that will be established in the following four lemmas:

Lemma 3.6. Ifp € K - X then n(xs3,x2,z1,p,p) =n (z2,21,23,p,p) modulo V.
PrOOF. Assuming that a,b,c € X we have

n(c,b,a,p,p) =0~ (b,a,c,p,p),
n(e, b, a,p,p) +n(b, a,p, c,p) —n(b,a,c,p,p) =0,
[cpa)[bp] + [bap][cp] + [bep][ap] — [bpc][ap] = 0,

[cpa][bp] + [cpb][ap] — [cpa][bp] — [cpb][ap] = 0.

Since the last equivalence is an obvious equality, the lemma is proved.
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Lemma 3.7. If w = [ab] then 20~ (z,y, a,b,t)w = [w?, x][yt] # 0.
Proor. We have

0~ (@, y,a,b,t)w = {faga)[bt] — [agb][at] }w = {[zba]lyt] — [zab][yt]}w
= {[wba] ~ [ad]}ythw = ~[ewlwlyt] = [walwlyt],

whence the required equality follows. The relation [w?, x][yt] # 0 was proved in [9, Lemma 4].

Lemma 3.8. n(a,z,b,y,q) +n (z,b,y,a,q) belongs to V.
PrROOF. Transform the inspected element

[azb][q] + [zby][aq] — [xba][yq] + [ybx][aq] — [yba][Zq]
= [axb][yq]1 + [ayb][zq]2 + [zby][aq]s + [ray][bgls — [zba][yq]s
—[wya][bg] + [ybz][ag]s + [yaz][bg]7 — [yba][xq]s—[yza][bg]

(the similar terms are underlined), and regrouping the summands we get

= [ylaz]][bgla + [z[ay]][bg]7 — [yab][zq]2 — [yba][zq]s
—[zab][ygl1 — [zba][yq]s — [byz][agls — [bzy][ag]s
= —[azy][bg] — [ayz][bg] — [yab][zq] — [yba][zq]
—[zab][yq] — [zba][yq] — [byz][ag] — [bzy][aq].

Put
C = [azy][bg] + [ay=][bq] + [yabl[zq] + [yba][zq]
+zab][yq] + [zballyg] + [byz][aq] + [bay][aq]
= {lazy][bg] + [ayx][bg] + [byx][aq] + [bry][aq]}
+H{[zabl[yq] + [wballyg] + [yab[zq] + [yba][zq]}.
Note that this expression is a linearization of D = [azz][ag] + [zraa][zq]. It remains to notice that

modulo ¥ we have

D = —[lag], z][ax] — [[zq], a][xa] = {~[lg, a], z] + [lg, =], a] }[za] = [g, [xa]][za] = 0.

3.6. Linear generators of Hy 3 = H; + Hjs.
DEFINITION. The right n-words of the first type are the elements of type

m = n(x3, T2, 01, T4, T5)v, M2 = 1(24, T1, T2, T3, T5)0,
N3 = (x4, T2, T1, 23, T5)v, T = 1(24, T1, T3, T2, T5)0,
where v = [zgx7][T8x9] ... is a right commutator word.

Lemma 3.9. Let HY) be spanned by the right n-words of the first type. Then Hy3= HO 4+ H+ v,

where H is spanned by the elements having the shape

77($3a3317$2;xiab)7)/; 77($3a$17$i»$2ab)7)/;

777(:17273717:17’57%]‘71))7}/7 77+($‘2,{1:‘1,.’17i,5€j,b)'vl,

with 3 <i<j,b<v =[y121]...[Ymzm| (i.e., b is less than every variable in v').
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Proor. We will proceed modulo V.

Take a,b,z,y,q € X. Firstly, we show that n = n(a,z,q,y,b)v" = [aZq|[yb]v is linearly expressed
(modulo V) via the elements of the five types:

(1) 77(6% Z2, X1, Li, b)UI,

(2) 77(@7 T1, T3, T2, b)vla

(3) n(a, 1, 2, x;, b)v', where a,b,z; € X and a < b < v/,

(4) 77(137 L1, Tiy L2, b)vla

(5) n(z2, z1, i, xj, b)v, with b, z;,2; € X and b < v'.

The elements of types (1)—(4) are prebasis words.

The element 7(a, x,q,y,b)v" (modulo V) is skew-symmetric in the variables a,b,y1,21, - -, Ym, 2m; We
say that it is skew-symmetric in the set a, b, {v'}.

Notice also that [abp][eq] + [bep][ag] + [cap][bg] = 0; i.e.,

Z n(a,x,q,y,b) = 0. (12)

a/7w7y

19, If ¢ = 21 then n = n(a,z,21,y,b)v’ and x5 € {a,,y} by the skew-symmetry in a, b, and {v'}.
Then we may assume that z = z5 by (12); i.e., n = n(a, z2, z1, x;,b)v" is a prebasis word of type (1).

20, If ¢ # x; then we can assume that z; € {a,z,y}, and by (12) we can suppose that n =
n(a,x1,q,y,b)v'. Then by the skew-symmetry of 7 in a, b, and {v'} one of the possibilities for zo takes
place: (a) ¢ =z, (b) y = x2, and (c) a = z2.

(a) If ¢ = zo (i.e., n = n(a,z1,22,y,b)v'); then we may assume that n = n(a,x1, z2,z;,b)v" and
a <b<ie. nisa prebasis word of type (3).

(b) If y = z9, ie., n = n(a,z1,q,x2,b)v’, then we may assume that 7 coincides with one of the
elements n(a, x1, z3, x2,b)v’, where a < b < v’ or n(z3,x1,x;, x2,b)v’, with b < v/, and, consequently, it is
a prebasis word of type (2) or (4).

(c) If a = x5 then n = n(z2, z1,2;, 2, b)v is a prebasis word of type (5).

30. Prove that a prebasis word lies in H(®) 4 H+ 0.

1. Let n = n(a,z2,x1,x;,b)v". If a = z3 then by Lemma 3.6 7 is linearly expressed via n; = n(zs,
X2, 1, %4, 25)v" and the words of type (5). If z; = x3 then 7 is proportional to n3 = n(x4, 2, x1, 3, 25)v .

2. n(a, x1,x3,z2,b)v" is proportional to ny = (x4, x1, T3, T2, T5)0 .

3. Let n = n(a,x1,z2,2;,b)v". If a = x3 then n = n(xs3,z1, 22,2, 0)0" € H. If #; = 3 then n is
proportional to 1y = n(z4, 21, 2, x3,25)V .

4. n(xs, 1, i, x2,b)v’ belongs to H.

5. Given a prebasis word n(x2, 1, xi, z;,b)v’ of type (5), we have

2n(z2, 1, 24, 5, b =n"(z2, 1,2, zj, by + n+(x2,m1,xi,mj, b)v'.

Hence, 7 belongs to HY) + H+ 0.

Lemma 3.10. H;3 = H® + H® 4+ ¥, where H? is spanned by the regular n-words of type
N~ (2,1, 24, 5, 23)0, 1 (23,21, T2, 25, 0)0, 1 (2, 71, 23, T4, )V,
nt(xs, x1,T9, 2, )V, 0T (22,21, 73,74, 0)0, T (32, 1, T4, TR, T3)V;
here b < v',i>4,4 < j <k, and v,v',v" are the right commutator words.
PROOF. Since
2n(x3, o1, 22,5, b) = 0~ (3,21, T2, 2, b) + 07 (T3, 21, T2, T4, b),
by Lemma 3.9 H®) is spanned by

/

(z3, 31, T2, 24, U)V,

n~ (z3, 1,2, 24, b)V, 1
-

(wg,xl,xi,xj,b)v’, n+($2,:c1,xi,xj,b)v'.
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Consider 1~ (z2, 1, ;, ;j,b)v'. Assume that ¢,j > 4. Without loss of generality, we may assume
that one of the indices i and j is 4 or 5. Let ¢ = 4 and j = 6. Then 1 (a,b,z,y,c)[z,y] € ¥ for
a,b,c,z,y € K- X by Lemma 3.7. Hence,

N~ (w2, 71,24, T6, ¢)[T3, T5] = —n" (T2, T1, T4, T35, ) [T3, Tg]

—n" (22, %1, 3, ¢, €)[24, T5] — N (22,71, 3, 25, C)[T4, Te).
This means that n~ (z2, 21, 24, Tg, ¢)[x3, 5] is a linear combination of n~ (xq, z1, z3, x4, b)v" and n~ (z2, 1,
x4, x5, x3)v modulo V.

Lemma 3.11. n (a,z,a,b,b) = 0.
ProoOF. We have

n~ (a,z,a,b,b) =n(a,,a,b,b) —n(a,z,b,a,b) = [aZa][bb] — [azb][ad]
= [aba][zb] — [axb][ab] = —[zba][ab] + [xab][ab] = [x[ab]][ab] = 0,

which was required. ~
Since n~ (x3, z1, %2, T;, b) + N~ (z2, 1, x3,T;,b) = 0, Lemma 3.10 can be clarified.

Lemma 3.12. H;3 = H® + H® 4+ ¥, where H? is spanned by the elements of the shape

77_(352»9U1a$47$5;373)% 77_(333;371;33273347905)”; 77_('7:27:1;1"7;37'7;2'7())7)/7

2

+ / + / + .
n (l’g,if)l,ﬂfg,.’ﬁi,b)’v, n ($2,1}1,£U3,$i,b)1}7 n (l’Q,CL’l,LIZ’j,CUk,.’Eg)’U,

here b < v',1>4,4<j <k, and v',v" are some right commutator words.
3.7. An additive basis for H; 3.

Lemma 3.13. In F® we have
(a) [alyply][gr] is skew-symmetric in p, q, and T;
(b) [alzy]y] - [be] + [alyblz] - [yc] = 0.
ProOOF. By the Latyshev Lemma and Lemma 1.1
lalyz]y][zc] = —[alyz]c][zy] = —[[zylac][zy] =0,

whence [a[yp]y][gr] is skew-symmetric in p, ¢, and 7. Then
[alzy]y][bc] = —[alyz]y][be] = [alybly][xc] = —[a[yb]z][yc],
which finishes the proof.
Lemma 3.14. n(a,z,y,a,2) =n (z,y,a,z,a). In particular,
7](%3, L2, T1,I4, 'T5) + 77(l'47 T2,T1,I3, $5)
_77_ (332, 1,3, 5, "E4) - 77_ (xZa T1,T4,T5, iEg) =0.

PrOOF. We start with noting that the second equivalence is a linearization of the first. Demonstrate
the first equivalence. Notice that

n(a,x,y,a,q,z) = [azy|[az] = [azy][az],
n (z,y,a,z,a) =n(x,y,a,z,a) —n(x,y, 2, a,a)
= [zya][za] — [zyz][aa] = [zya][za] + [vza]lya] — [zaz][yal.
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Hence, by Lemma 3.13 we get

[n(a,z,y,a,2) =1~ (2,9, a,z2 a),b] = lazyb]|az] — [zyab][za]
—[zzab][ya] + [zazb][ya] = {—[zayd] + [zyab]}|az]
+{[zazb] — [zzabl}[ya] = —[z[ay]b][az] + [z[az]b][ya]
= [z]ayla][bz] — [x[az]al[yb] = [z[ya]a][2b] + [z[2a]a][yb] = 0.

DEFINITION. The right n-words of type (2) are the elements having the shape

N (z2, 21, 23,25, 0)0', 0t (x3, 21, T2, 5, BV,

4 ’ + "
n ($2,$1,$3,$i,b)v, n (-'132,.731,.Tj,.7]k,373)’0,

where b < v',i >4, 4 < j <k, and v,v’,v” are some right commutator words.

Proposition 3.2. The right n-words of type (1) n1,m2,ns, the right n-words of type (2), and the
right v-words form a basis for Hy 3.
Furthermore, Hy 3 = HO ¢ H® ¢ 0.

ProOF. By Lemmas 3.14 and 3.8 modulo ¥ the equivalences hold
N (z2, 21,24, T5,23) =m + 03 — 0 (T2, 21, T3, T5, T4),

N~ (x3, 21,02, T4,25) = —n3 — 1 (T2, 21, X3, T4, Ts5).

Hence, by Lemma 3.12 H; 3 is spanned modulo ¥ by the right n-words of type (1) or (2). Now, by
Lemma 3.8 we have
n(xs, T4, T1,T2,T5) + 1 (Tq, 1,72, 23, 25) = 0.

Since n(x3, x2, x1, x4, x5) = N(T3, T4, 21, T2, T5); therefore,
77(953»352, Z1,24, 1"5) + n_(ﬂa T1,Z2, 1"37‘/175) = 07

n(xs, x2, 21, T4, 25) + 1 (24, T1, T2, 23, T5) + 0 (T2, 21,24, 23,25) = 0,

m (w3, T2, T1, T4, T5) + N2(T4, T1, T2, T3, T5)
—Na(T4, 71, T3, T2, 5) — 1 (2,21, T3, T4, T5) = 0.
Consequently, 74 is linearly expressed modulo ¥ via the right n-words 7; and 72 of type (1) and the right
n-word 0~ (z2, 1, 3, T4, x5) of type (2). Hence, Hj 3 is spanned modulo ¥ by the above-mentioned right
n-words of types (1) and (2).
Prove that the right n-words specified in the lemma are linearly independent modulo ¥. Assume
that z < v’ and

ST a4 Y Gt (@, mnag,as)” + > {Bint (w3, w1, w2, 24 2)

1<i<3 4<i<y i>4
— + ’_
+,YZ77 (.TQ, T1,T3, Ly, Z) + 5177 (.TQ, T1,X3, Ly, Z)}U =0.
Prove that all scalars in this equivalence are zero. Present the argument as a sequence of cases. As
before, we assume that the equivalences are considered modulo V.

19. Prove firstly that Gij = 0. Assuming that the pair of indices is fixed, multiply the sides of the
last equivalence by [z;z;]; then
Gignt (w2, 1, a,b, x3)[ablv” =0
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up to notation of the variables. If ¢;; # 0 then n*(x,y,a,a,2)[ab] € Z(E?) and [zaa][ad] € Z(E®?);
a contradiction. Thus,

Z Qin; + Z{ﬁin+($3, 1, T2, Ti, 2) + N (T2, %1, T3, T4, 2) }
1<i<3 i>4

+ Z 5i77+($2, x1,x3,Z;, z)v’ =0.
i>4

20, Show that §; = 0 and 3; = 0 if 4 > 5. Multiply the sides of the equivalence by [z3x;], which yields
St (z2, w1, T3, 4, 2)0 [T37;] = 0 by Lemma 3.7. Hence, §; = 0, and

Z ain; + Z{ﬁiﬂ+($3, 1,22, T3, 2) + YN (T2, 21, 23, T4, 2) JV
1<i<3 i>4

+5471+($2; XL1,x3, T4, -'135)’1) = (.

Analogously, multiplying by [zox;] we have 3™ (z3, z1, z2, 7, 2)v'[z22;] = 0. Therefore, 3; = 0, and

Z ;1) + Z’Yi’r/_(m% L1, X3, Li, Z)U,

1<i<3 i>4
+{Ban™ (w3, 21, T2, T4, T5) + dan™ (T2, 71, T3, T4, T5) J = 0.

3°. Prove that 6, = 0 and B4 = 0. Multiply the sides of the equivalence by [r3z4]. Then
dant (w2, 1, 3, T4, T5)V[T374] = 0, Whence d4 = 0 and

Z ;15 + Z 77477_ ($2a X1,T3, T4, Z)U, + /6477+(l‘3, T1,T2, T4, 13'5)11 =0.
1<i<3 i>4
Multiply the sides of the equivalence by [xoz4]. Then
{oan(zs, x2, 21, T4, x5) + Ban™ (w3, 21, T2, T4, T5) Hwow4] = 0.

Since n(x3, x2, 1, T4, x5)[x224] = 0, we have G4 = 0.
Thus,

—_ [
D ami+ Y vin (wa, w1, w3, 24, 2)0 = 0.
1<i<3 i>4

49, Show that v; = 0 (i > 5). Note that
N~ (€m, €n, €i, €5, €1) = 4em(€ejbn; — eibnj)e
in E@). Indeed,
[emenei][€jer] = dem(ej0ni + enbji)er,
N(€m, €ns €is €5, €1) = 4em(ejlni + enbj;)e,
N (em, en, €, €, €1) = 4em(€ejbni + enbji)e; — 4em(eibnj + enbji)e
= 4€m(@j9m' — e,ﬂnj)el.

In particular, substituting e; for x;, we infer that

(a) the summands from the first sum ) ;; 3 a;n; are of the shape wfpy (p,q < 4);

(b) the summands from the second sum 2224 vin~ (x2,x1, T3, x4, 2)v" are of the form why3 and why;
(i > 4).
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Hence, v, =0 (i > 6), and
Z ;i + yam (T2, 21,23, T4, T5) + 150 (T2, T1, T3, T, T4) = 0.
1<i<3

Analogously, the last summand

7577_(€m, €n, €, €4, 65) = 462(65913 - 63915)64

contains the element —4~ysese3e46015 which do not appear in other summands. Therefore, v5 = 0. Then

ain(zs, x2, T1, T4, T5) + aon(ze, x1, T2, 3, T5) + a3n(x4, T2, 1, X3, T5)
+’Y77_(x27$1,1’3,1’4,$5) =0.

50. Finally, prove that all scalars in this equivalence are zero.
Substituting e; for z; and commuting the result with eg, we have in F(2)

(a1 — ag — az)esesesesbia + (—ag + v)ezeseseshis

+(—0oq — 7)ezesesesbia — azeresesesbaz = 0,
whence a; = ags = ag = v = 0. The lemma is proved.

A basis for Iy, 3 N Hy g consists of the three right n-words of type (1), 3Ci, + CZ  right n-words
of type (2), and 2C3_ + C3,, right ¢-words. Hence, dim(Tap13 N Hy3) = 4m? + 8m + 3 with m > 2; i.e.,
we have

REMARK 7. dim(Dayi1 N Hyg) = 4m? — 1 with m > 3.

3.8. An additive basis for H4. Construct a basis for Iy, 14 N Hy.
Let M = 2m + 4, m > 1. Introduce some proper polynomials that we call right V& -words of

type (1)—(4):

(1) ur = [Trzpm@yol[y121] - - - [Ym2zml,

(2) v = [z1[zmzr]yol[yrz1] - - - [Ym2zml,
(3) wij = [1ZiT5yol[y121] - - - [Ym2m],

(4) wo = [x1[zoms|xa]T526] - . - [TA—12 M),

where 2 <k <zpy_ 1,2<i<j<zy,and yg <y <z1 < <Yn < 2Zm.

Lemma 3.15. H, is spanned by the right V% -words.

PrOOF. Counsider p = [zyzt][a1bi]... [ambn] € Hy over Xopmi4. By the Latyshev Lemma and the
Jacobi identity this element is linearly expressed via the elements with the first letter x1. Hence, we can
assume that £ = x1 in p. We can suppose now that the greatest letter ¢ = x; occupies one of the three
positions y, z, and t.

(a) If y=¢q then p € Hil) which is a linear span of the right V®)-words of type (1).
(b) If z = q then by the Jacobi identity modulo H il) we can assume that p is of the shape p’ =

[z[qy]t]v, where v = [a1b1] ... [amby,]. Clearly, p’ € H 52) which is the linear span of the right V(*)-words
of type (2).
(c) If t = g then by Lemma 3.13(b) we have

[z[yblq][zc] + [z[2b]q][yc] = —[z[qy]2][bc] — [z[g2]y][bc].

Hence, p” = [z[yz]q]v is skew-symmetric modulo H, f) with respect to all variables but « and ¢. Thus,
p" € Kwg + Hf). Since 2p = [zyzq|v + p”, we finally obtain the claim.

Lemma 3.16. The right VY-words of types (1), ..., (4) are linearly independent.
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PROOF. Assume that
Z apug + Zﬂkvk + Z’yijwij + dwy =0 (13)
k k i<j
for some scalars ag, B, vij, and 6.

Let (4,) be a fixed pair of indices, and ¢ < j. Note that w;; is the unique right V®_-word in which
the set of variables yo,y1,21,...,Ym,2m does not contain z; and x;. Hence, if we multiply the sides
of (13) by [zsz;] then v;jw;; = 0; whence 7;;[zaby][a,b] = 0 in E?) after renaming the variables. Then
either ;; = 0 or [zaby][ab] = 0. If the last identity holds then [zaay][ab] = 0 and 0 = [zaaa][yb] # 0;
a contradiction.

Hence, v;; = 0 and

Z apug + Z Brvk + dwy = 0. (14)
k k

Let k be a fixed number in the segment [2; M — 1]. Multiplying the sides of (14) by [zxx /], we get
a = 0, and

> Brvg + 6wp = 0. (15)
k

If k is a fixed number in the segment [4; M — 1] then multiplying the sides of (15) by [z1x] we obtain
By, = 0, whence (Bav9 + (B3v3 + dwy = 0.

Then the identities hold in E®):

Bolz1[zezo]ws|[vaws] + Bslw1[zexs]mo][ams5] + O[21 [T223]74][T576] = O,
Belzi[zewa]zs] + Bslz1[wews]wa] + 6]z [zaws]ze] = O,
B2[z]ablc] + Bs[z[ac]b] + d[z[bcla] = 0.

Subsequently putting ¢ = b and a = ¢, we get 3 = —9 and B3 = §. Hence, either §o = B3 =0 =0 or
[z[ab]c] — [x[ac]b] + [z]bc]a] = 0. If the last identity holds; then, putting a = z, we obtain 2[[zb][xc]|] = 0.
We arrive at a contradiction, since there are no identities of degree 4 in E®) (see [9, Lemma 10]). The
lemma is proved.

Finally, calculate the number of right V(9-words. There are 2(M — 2) words of types (1) and (2),
C2%, ,-words of type (3), and one word of type (4). Hence, the number of right V@_words of degree
M=2m+4is2(M —2)+C3, ,+1=2m2+7Tm+6; ie., dim(ToptaN Hy) = 2m? + Tm+6 with m > 1;
i.e., dim(I'g, N Hy) = 2m? — m when m > 3, whence by Remark 5 we have

REMARK 8. dim(Tg,, N Hao4) = 4m? — 4m with m > 3.

§ 4. The Identities of E(?

Theorem. The ideal of identities of the model algebra E® of multiplicity 2 over an infinite field K
of characteristic not 2 and 3 is generated as a T-ideal by LN(5) and h'.

PROOF. Let A be the free algebra of countable rank of the variety given by the identities LN(5)
and h'. Since E) possesses the unity, by the infiniteness of K we can assume that E® is defined by
a system S C A of homogeneous proper identities.

Prove that if f € S then f = 0in A. A product of commutators is a commutator word. An element f
is a linear combination of commutator words. Since (T®)% C T®) by the Volichenko Lemma; therefore,
a commutator word contains at most one long commutator (of degree 3 or 4), and if a long commutator
enters into a commutator word then the order of commutators is unimportant.

Now, if deg, f > 4 then f = 0 (see [10]). By the restriction char(K) # 2,3 we may assume that f
is multilinear. Furthermore, it is easy to understand that the proper polynomial f belongs to T™.
Decomposing f by the constructed additive basis we note that f should belong to H’. Thus, the theorem
is proved.

Corollary. The kernel of F® coincides with the ideal of identities of E(?).
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