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Abstract. Forn > 5and2 < g < n—3, consider the tree P,—g, ¢ on n vertices which
is obtained by adding g pendant vertices to one end vertex of the path P,—g. We call
the trees P,—g, ¢ as path-star trees. The subtree core of a tree T is the set of all vertices
v of T for which the number of subtrees of 7' containing v is maximum. We prove that
over all trees on n > 5 vertices, the distance between the center (respectively, centroid)
and the subtree core is maximized by some path-star trees. We also prove that the tree
Pn—gg, g, maximizes both the distances among all path-star trees on n vertices, where
g0 is the smallest positive integer satisfying 280 + go > n — 1.
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1. Introduction

Let T be a tree with vertex set V = V(T) and edge set E = E(T). We denote by d(v)
the degree of a vertex v € V. A vertex of degree one is called a pendant vertex of T. For
u,v € V, the length of the u-v path in 7 is the number of edges in that path, and the
distance between u and v in T, denoted by dr (u, v), is the length of the u-v path. For
subsets U and W of V, the distance dr (U, W) between U and W is defined by
dr(U, W) = ueg’lglewdr(u, w).

For v € V, the eccentricity e(v) of v is defined by e(v) = max{dr(u,v) : u € V}.
The radius rad(T) of T is defined by rad(7) = min{e(v) : v € V} and the diameter
diam(T) of T is defined by diam(7) = max{e(v) : v € V}. It is clear that diam(7") =
max{dr (u,v) : u,v € V}. We say that v is a central vertex of T if e(v) = rad(T). The
center of T, denoted by C = C(T), is the set of all central vertices of T'.

In a tree T, for any vertex v, dr (u, v) is maximum only when u is a pendant vertex.
Using this observation, the following result is proved (see [1, Theorem 4.2]).
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Theorem 1.1. The center of a tree consists of either one vertex or two adjacent vertices.

From the proof of the above result as given in [1, Theorem 4.2], it is clear that, for any
tree T, C(T) is same as the center of any u-v path in T of length diam(7').

For v € V,a branch (rooted) at v is a maximal subtree containing v as a pendant vertex.
Note that the number of branches at v is d(v). The weight of v, denoted by w (v) = wr (v)
is the maximum number of edges contained in a branch at v. We say that v is a centroid
vertex of T if w(v) = mel‘r) w(u). The centroid of T, denoted by Cy = C4(T), is the set

u

of all centroid vertices of T'.
The following result for the centroid of a tree is analogous to Theorem 1.1 (see [1,
Theorem 4.3]).

Theorem 1.2. The centroid of a tree consists of either one vertex or two adjacent vertices.

Let T be a tree on n vertices. If |Cy(T)| = 2 and C;(T) = {u, v}, then n must be even
and w(u) = w() = % Also, among the branches at u (respectively, at v), the branch
containing v (respectively, #) has the maximum number of edges. If n > 3, then observe
that neither the center nor the centroid of 7' contain pendant vertices. In general, there is no
relation between the center and the centroid of a tree with regard to the number of vertices
or to their location.

Like center and centroid, many researchers have defined middle part of a tree in several
other ways. In [5], Zelinka defined the notion ‘median’ and proved that it coincides with
the centroid for a tree. In [2], Mitchell defined the ‘telephone center’ of a tree and proved
that it also coincides with the centroid. In 2005, Szekely and Wang defined in [4] a new
middle part, the so-called ‘subtree core’ of a tree which does not coincide with either the
center or the centroid, in general.

For a given tree T and a vertex v of T, let fr(v) be the number of subtrees of T
containing v. The subtree core of T, denoted by S, = S.(T), is defined as the set of all
vertices v for which fr(v) is maximum.

In the spirit of Theorems 1.1 and 1.2, Szekely and Wang proved the following result in
[4, Theorem 9.1].

Theorem 1.3 [4]. The subtree core of a tree consists of either one vertex or two adjacent
vertices.

While proving the above theorem, the authors used the fact that the function f7 is strictly
concave in the following sense.

Lemma 1.4. If u, v, w are three vertices of a tree T with {u, v}, {v,w} € E(T), then

2fr() — fr@w) — fr(w) > 0.
We shall use the above lemma frequently.

Remark 1.5. Like the center and centroid, for any tree 7 on n > 3 vertices, the subtree
core S.(T) does not contain any pendant vertex.

This remark can be seen as follows. Let v be a pendant vertex of T and let {v, w} € E(T).
Consider the tree 7" = T — v. There is only one subtree of T, namely {v}, containing v
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Figure 1. Tree with different center, centroid and subtree core.

but not w. The number of subtrees of 7' containing both v and w is equal to f7/(w). So
fr(w) =14 fr/(w). A similar argument gives f7(w) = 2 fr/(w). Since n > 3, we have
fr(w) = 2 and hence fr(w) > fr(v).

We denote by P, the path on the n vertices 1, 2, ..., n, where 1 and n are pendant
vertices, and fori = 2,3, ..., n — 1, vertex i is adjacent to verticesi — 1 and i + 1. The
center, centroid and subtree core coincide for a path. More precisely, for n = 2m, we have

C(Poy) = Cy(Pom) = Sc(Pom) = {m,m + 1}
and for n = 2m + 1, we have
C(Punt1) = Ca(Pany1) = Se(Pamt1) = {m + 1},

We denote by K ,—1 the star on the n vertices 1, 2, . . ., n, where n is the only non-pendant
vertex. Then

C(Ky 1) = Ca(K1p—1) = Se(Kyp—1) = {n}.

We now give an example of a tree in which the center, centroid and subtree core are
different.

Example 1.6. Consider the tree T as in figure 1. We have e(w) = 3 and the eccentricity of
any vertex other than w is at least 4. So C(T') = {w}. We have w(v) = 4 and the weight of
any vertex other than v is atleast 5. So C;(T") = {v}. Finally, fr () = 48 and fr(k) < 48
for any vertex k other than u (fr(a) = fr(b) = fr(c) = 25, fr(v) = 45, fr(w) =
40, fr(x) =33, fr(y) =24, fr(z) = 13). So S.(T) = {u}.

For a given tree T, we denote by dr (C, Cy) (respectively, dr(Cy4, S¢), dr(C, S¢)) the
distance between the center and the centroid (respectively, the centroid and the subtree
core, the center and the subtree core) of T. It is clear that the minimum of d7(C, Cy)
(respectively, dr (Cq, S¢),dr (C, S¢)) among all trees 7' on n vertices is zero. The maximum
of d7(C, C4) among all trees T on n vertices has been studied in [3], which we describe
below.

1.1 Path-star trees

Let P, ¢, n > 2, 1 < g <n — 1denote the tree on n vertices which is obtained from
the path P,_, by adding g pendant vertices to the vertex n — g (see figure 2). Such a tree
Pu_g.¢ s called a path-star tree.
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Figure 2. Path-star tree.

Note that P, is a path, and Pj ,—1 and P, ,_ are stars. Any tree on less than or
equal to 4 vertices is a star or a path. The exact location of the center, the centroid and
the subtree core of paths and stars have already been mentioned. Therefore, for a path-star
tree, we assume throughout that

n>5and2 < g <n-3.

We denote by I';, the class of all path-star trees P,_g , with the above restrictions on
n and g. Then |I',| = n — 4. For the tree P3,_3, we have C(P3,—3) = {2,3} and
Ca(P3n—3) = {3} = Sc(P3,n—3). Hence

dpy, 1(C,Cq) = dpy, 4(Ca, Se) = dpy, 5 (C, S2) = 0.

Any tree T5 on 5 vertices is either a path, or a star, or isomorphic to P; 2. Therefore,
drs(C, Cq) = dr(Cq, Se) = dr5(C, S¢) = 0.

In [3, Theorems 2.3, 3.5], the following results are obtained regarding the maximum
distance between the center and the centroid among all trees on n vertices.

Theorem 1.7 [3]. Among all trees in Ty, the distance between the center and the centroid
is maximized when g = L%J If T is atree on n > 5 vertices, then

(D dpnfg,g(C, Cyq) > dr(C,Cy) for some2 < g <n —3.
(2) dr(C,Ca) < | "3 ].

In this paper, we study the problem of maximizing the distances dr(C, S;) and
dr(Cg4, S¢) among all trees T on n vertices, in which path-star trees would also play
an important role. More precisely, we prove the following.

Theorem 1.8. Let T be a tree onn > 5 vertices and let gy be the smallest positive integer
such that 289 + gog > n — 1. Then

(i) dr(C.S;) < ["5%] — 1.
(i) dr(Ca. So) < "53] — go-

Further, these bounds are attained by the path-star tree P,_g, .

2. Center and subtree core

For given vertices vy, v, ..., vr in atree T, we denote by fr (v, v2, ..., vk) the number
of subtrees of T containing vy, va, ..., V.
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Lemma 2.1. Let T be a tree and w,y € V(T), where y is a pendant vertex not adjacent
to w. Let T be the tree obtained by detaching y from T and adding it as a pendant

vertex adjacent to w. Then f5(a) = fr(a) — fr(a,y) + fr(a, w) — fr(a, w, y) for any
ae V(T —y).

Proof. Write T’ = T —y = T — y. Observe that, for any a € V(T’), the number of
subtrees of T containing a but not y is equal to f7/(a), and the number of subtrees of T
containing both a and y is equal to fr/(a, w). So

f7(a) = fri(a) + fri(a, w). (1)

The set of subtrees of T' containing a is a disjoint union of the subtrees of 7' containing a
but not y, and the subtrees of 7' containing both a and y. This gives

fri(a) = fr(a) — fr(a,y), @)

since f7/(a) is equal to the number of subtrees of 7' containing a but not y. Similarly, we
get

fri(a, w) = fr(a, w) — fr(a,w,y). 3)

Then f5(a) = fr(a) — fr(a,y) + fr(a, w) — fr(a, w, y) follows from (1), (2) and (3).
O

The following lemma compares the subtree core of two trees when one is obtained from
the other by some graph perturbation.

Lemma 2.2. Let T be atree,v € S.(T) and y be a pendant vertex of T not adjacent to v.
If T is the tree obtained by detaching y from T and adding it as a pendant vertex adjacent
tov, then S.(T) = {v}.

Proof. We show that f7(v) > f7(b) forevery b € V(T) \ {v}.Letuy,up, ..., uf41 =1y
be the vertices adjacent to v in T. As y is a pendant vertex, Remark 1.5 implies that
y ¢ S.(T). Again, by Lemma 1.4, it is enough to show that f7(v) — f7(u;) > 0 for
1 <i < k. Taking a = u; and w = v in Lemma 2.1, we have

Siui) = fr@i) — frui,y) + fr(ui,v) — fru,v,y).
Again, taking @ = w = v in Lemma 2.1, we have

fi) = fr(v) — frv,y) + fr(v) — fr(v, y).
Then, for 1 <i < k, we have

fr) = fiui) = [fr) — frw)l+ fr) —2fr@,y) + frw,y)
= Sr(ui,v) + fr(ui, v, y).
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Since v € S.(T), fr(v) — fr(u;) > 0. Note that here equality may happen for one i if
Sc(T) = {u;, v}. Thus, it is enough to prove that

Jr) =2fr(v,y) + fr(ui,y) — fr(ui,v) + fr(u;,v,y) >0,

fori =1,2,...,k.
Let A; and B; be the components of 7 obtained by deleting the edge {v, u;} € E(T).
We may assume that A; contains v and B; contains ;. Then

Jr () = fa, () + fa; (v) [ (ui), “)
Srui, v) = fa, () f; (u;). )
We shall consider two cases depending on whether y € A; ory € B;.

Case 1.y € A;. Here we have the following:

fT(U’ Y) = fAi(vv )7) + fAl‘(Ua y)fB,-(Mi),
Srui, y) = fa; (v, y) f; (u;),
Srui, v, y) = fa, (v, y) fp ;).

Using the above three equations together with (4) and (5), we get

fr) =2fr(,y) + fr(ui, y) — frui,v) + fr(ui, v,y)
= fA,’(U) _2fAi(vv )’)

Let y" be the (unique) vertex adjacentto y in 7. Then y’ € A; and 2 f4, (v, y) = fa, (v, Y').
Therefore, fa,(v) —2fa, (v, ¥) = fa,(v) — fa,(v,y) > 0asv # y".

Case 2. y € B;. In this case, we have

S, y) = fa, () f; (i, y),
fT(ui’ )’) = fBi(ui’ )’) + fAi(U)fBi(uiv Y),
fr(ui,v,y) = fa, (V) fB; (i, y).

Using the above three equations together with (4) and (5), we get

Sr) =2fr(, y) + fr(ui, y) — fr(ui, v) + fr(ui,v,y)
= fa,(v) + fB;(u;,y) > 0.

This completes the proof. (]

‘We now prove the following result which says that, among all trees on n vertices, the
distance between the center and the subtree core is maximized by a path-star tree.

Theorem 2.3. Let T be any tree on n > 5 vertices. Then there exists a path-star tree
Py_g g, for some g, with dp, (C, S¢) = dr(C, S¢).

n—g.8
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Proof. We may assume that d7(C, S;) > 1. Let C(T) = {w1, wz} and S.(T) = {vy, va},
where w1 = wy if |[C(T)| = 1 and v; = vy if [Sc(T)] = 1. We may also assume that
dr(C, S¢) = dr (w2, v1).

Let By, B>, ..., By be the branches of T at vy. Without loss, we may assume that
C(T), S.(T) € V(By).Fori € {2,3, ..., m},ifthere are pendant vertices y of T contained
in B; but not adjacent to vy, then detach y from 7 and add it as a pendant vertex adjacent
to vp. It may happen that a given non-pendant vertex x in B; becomes a pendant after
deletion of certain pendant vertices. Apply the same procedure to x as well (we shall use
this graph operation more frequently). Continue this process till all the vertices of 7', not
in By, are attached to v, as pendants. We denote by T the new tree obtained from 7 in this
way. By Lemma 2.2, S, (T) = {v2}. If the vertices of T, not in By, are all pendants, then
we take 7 = T and proceed with S, (T) {vi, v2}.

We now study the position of C (T). We know that the center of a tree is the center
of any longest path in it. If there is a longest path in 7 which does not contain v, then
that path is contained in Bj. In that case, diam(7") = diam(f) and hence C(T) = C(7~“).
Otherwise, every longest path in T contains v;. Then diam (7)) > diam(7) and so C(T)
may move away from S,.(7) with respect to a path in 7' containing C (T') and vy. Therefore,
di(C, Sc) = dr(C, S¢).

If T is a path-star tree, then we are done. Otherwise, let P be a longest path in B;
containing both C(T) and S, (f") We now proceed by detaching pendant vertices of Bj
but not in P, and add them as pendant vertices adjacent to v, one after another, till we
are left with only the path P in B;. Call the new tree obtained in this way from T asT.
By Lemma 2.2, S, (T) = {vn). Clearly, T is a path-star tree. Since diam(T) < diam(7), it
follows that d(C, S;) > dT(C, S¢). Thus, we have a path-star tree T on n vertices with
dj(C, S¢) = dj(C, S¢) = dr(C, Se). U

We next try to find a relation between n and g for which the distance din‘ B (C, S.) is
maximum. We first look for the position of the subtree core in any P, ¢ ,. For1 <i <
n — g, we have

Sl ) =i(n—g—1i)+i(2°%). (6)

Here the first term denotes the number of subtrees of P, ¢ containing the vertex i but
not n — g, while the second term counts the number of subtrees of P, , containing both
iandn — g.Forn — g+ 1 <i <n, we have

FPuee @) =140 —g)25h. (7

Here 1 accounts for the number of subtrees of P, , containing i but not n — g, while the
second term is the number of subtrees of P, 4 , containing both i and n — g.

The subtree core of P,_g ¢ lies in the path from 2 to n — g, as it does not contain
any pendant vertex. We have S.(P,_;,) = {n — g} if and only if fpnig_g n—g —
fpPio,(n —g—1) > 0. Using equation (6), fp, , ., (n —g) — fp,_,,(n —g —1) =
nm—g28)—n—g—H()—n—g—1)28%) =g —n+ 1+ 28. Therefore,

Se(Pr—gg) =1{n—g} ifandonlyif2¥+1>n—g.
Now suppose that 28 4+ 1 < n — g. Then the subtree core of P,_, , intersects the
path connecting the vertex 2ton — g — 1. So, for j € {2,3,...,n — g — 1} with j €

Se(Pyr—gg) and j — 1 ¢ S.(Py—g ), we have fp,_ gg(j) — fpnig,g(j —1) > 0 and
fr G+ 1D = fp,_,,(j) < 0 (with equality if and only if j + 1 € Sc(Py—g.¢)). By
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using equation (6), we have fp, . . (j)) — fp, ,, (G — 1) =n—g—2j+1+2%>0.So,
j< W.AISO,
I UG+ D= fpr ()
=(+Dn—g—j—-D+G+DQ2 —jmn—g—j)—j2%)
=n—g—2j—1+28.
Ifj+ 1 ¢ Se(Pu_gg) thenn —g —2j —1+2% <Oandso j > “=4-142° Then
n—g—1+28 . n—g+1+428
R
ives Se(Py—q o) = {j} = {Z=52"} Tt follows that n — g must be even. Now, if j +
g 2.8 J ) J
1 € Se(Pr—gg),thenn —g—2j —1+428 = 0andso j = w. Therefore,

. o . —g— 8
Se(Pu—g.g) =1{Jj, j+ 1}, where j = %
have the following.

. In this case, n — g must be odd. Thus we

Theorem 2.4. The subtree core of the path-star tree P,_g 4 is given by

# , ifn — giseven .
s 28 +1<n-—g,
Se(Pr—gq) = nfg721+2g’ nfg+21+23 } , ifn—gisodd

{n—gl, if28+1>n—g.

In Example 1.6, the tree T is the path-star tree Pg 3 and the vertex u of T is identified with
the vertex 6 of Pg 3. The number of subtrees of Pg 3 containing the vertex 6 but not the
vertex 5 is 8. For 1 < i < 5, the number of subtrees of Pg 3 containing the vertex 6 and
6 — i butnot 6 — i — 1 is 8. Hence the total number of subtrees of Pg 3 containing 6 is 48.
So fr(u) = fps;(6) = 48 and for any vertex x other than 6, fp, ;(x) < 48. In this case,
22 +1>n-—g.S0,S ={n—g}={u}. Butif 26 + 1 < n — g, then S.(Pe3) moves
away from the vertex n — g. For example, in Pio3, fp;(9) = 81 and fp,,(x) < 80
for any vertex x other than 9. Hence, S.(P19,3) = {9} which is different from the vertex
n—g=10.

The position of the center of P,_, , can also be expressed in terms of n — g. The
following result is straight-forward.

Theorem 2.5. The center of the path-star tree P,_g ¢ is given by

#], ifn — g is even,

C(Pueyg) =
n—g.8 #’#}’ lfl’l—ngOdd

Theorem 2.6. The distance between the center and the subtree core of the path-star tree
Py _g ¢ is given by

26~V — 1, ifn —giseven
2271 2. ifn—gisodd ’
dP”*gvg(C’ Se) = n—g—2 , .
5—, ifn—giseven

"_5_3, ifn —gisodd ’

if28+1<n-—g

if28+1>n-—g.
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Proof. From Theorems 2.4 and 2.5, we have

ot 28 pto— . .
%’ ifn — g iseven 08 4 1 <
n—g—1428—n+g-3 1 tl=n-g

4 €5 = . ifn—gisodd ~
Froggo 2l = 72"728'72"“72, if n — g is even i£2¢ 41
, i >n—g.
28 nt83 iy — g is odd ¢
From the above, the result follows. O
For a given n > 5, we now try to find a g € {2, ...,n — 3} for which dp (C, S¢)

n—g.g
is maximum among all trees on n vertices. Let go denote the smallest value of g with

respect to n, for which 280 4+ gg > n — 1 (that is, 28° + 1 > n — gg). By Theorem 2.4,
Se(Py—gg,80) = {n — go}. Then by Theorem 2.6, we have

n—go—2 ; i
, ifn—gpiseven
d C.S)=1,2 s
Pu—gy.0 (€ Sc) 203 i — go is odd. ©
PROPOSITION 2.7

Among all trees on n > 5 vertices, the path-star tree P,_g o, maximizes the distance
between the center and the subtree core.

Proof. By Theorem 2.3, we need to prove the following:

AP, 00 (C.S) = dp,_ o 1 (C. Se) fork € {1,2,..., g0 — 2}

and
dP”*S’O’gO (C, Se) = dpn_go_,’gw,(c, Se)forl e {1,2,...,n— go— 3}.
First, assume that n — gg is odd. Then, for k € {1, 2, ..., go — 2}, we have
n—go—3 —k—1
A8,y 50 (€2 S) = iy (€ S0) 2 == = 2907
> —n—go—3 —280~1=1 4
- ©)
n—go—3—2%0"142
N 2
_n—go—l—ZgO_1
= 5 .

By the definition of gg, we have 2801 <5 — (go — 1) — 1 = n — go. Therefore,

n—go—1—2%"1 ]
A,y (€ 80) =y 14 (€. S0) 2 20— S
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Since both dp, %
an integer. Hence

<0 (C,S:)and dp, co+hgo—k (C, S.) are integers, their difference must be

dp, (C,S:) —dp

n—80-80 n

ks (€25 = 0.

Now, for/ € {1,2,...,n — go — 3}, we have

n—go—3 n—go—1-—2
PN (NS S P (ol E LA ( J )

2 2
- n—g0—3_ n—go—1-2
- 2 2
=0.
(10)
For the case n — g even, the above arguments can be used again as "_5'20_2 > "_5'2(’_3
Thus,
dp, g4 (C.Sc) = dp,_, ,(C, Sc)
forall g € {1, 2,...,n — 3}. This completes the proof. (]

As a consequence of Proposition 2.7, we have the following.
COROLLARY 2.8

Let T be tree on n > 5 vertices and let gy be the smallest positive integer such that
280 + g9 >n — 1. Thendr(C, S;) < L%J -1

3. Centroid and subtree core

In this section, we prove results similar to Theorem 2.3 and Proposition 2.7 in the case of
centroid and subtree core. We first prove the following lemma.

Lemma 3.1. Let T be a tree, v € S.(T) and B be a branch at v. Let u be the vertex in
B adjacent to v and x be a pendant vertex of T in B. Suppose that B is not a path. Let
y be the closest vertex to x with d(y) > 3 and let |y, y1, y2, ..., ym = Xx] be the path
connecting y and x. Let 7 # y be a vertex of B such that the path from v to 7 contains y
but not yy. Let T be the tree obtained from T by detaching the path [y1, ya, . .., ym| from
y and attaching it to z. Then f7(v) > f7(u).

Proof. Let T’ be the tree obtained from T by removing the path [y;, y2, ..., ym]. Let
a € V(T'). Then

fi(a) = fri(a) +mfr:(a, ). (11)

Here the first term represents the number of subtrees of T containing a but not y;, and the
second term represents the number of subtrees of 7' containing both a and yj. Similarly,
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we have fr(a) = fr/(a) + mfr/(a,y) and fr(a,y) = (m + 1) fr/(a, y). It follows that

m

Sfri(a) = fr(a) — o

fr(a,y). (12)

Again, fr(a,z) = fr/(a,z) +mfr(a, z,y)and fr(a, z,y) = m+1) fr/(a, z, y) imply

m
m+1

fri(a,z) = fr(a,z) — fria,z,y). 13)

Using equations (12) and (13) in equation (11), we get

m
m+1

m

fi(a) = fr(a) — e

fT(a,)’)—i-m[fT(a,Z)— fT(a,z,Y)] (14

for any a € V(T"'). Considering ¢ = v and a = u in equation (14), we get

m 2

fr) = fru) = fr(v) — po— 1fT(Uv y) +mfr(v,z) — p——

— fr) + —— fr(u.y) — mfru. 2)
m-+1

frv,z,y)

m2

m—+1

B (Fr@u.y) — fr(v,y) +m(fr . 2) — fr(u.2))
m+1

+

fr(u,z,y)

=

m2
+ (fru,z,y) — fr(v,z,y)) (15)
m+1

= (. y) = fr.y) +m(frv.2) — fru. )
m+1
2
m-+1
— m —
=l l(fT(M,y) fr(v,y))

+

(fr(u,2) — fr(v,2))

+ miﬂ(fm ) — fru. 2).

In the above, the first inequality holds as fr(v) — fr(u) > 0 and the second last equality
holds since any subtree containing « and z must contain y. Now, let X be the component
of T containing u after deleting the edge {u, v}. Then it can be seen that

frw, y) = fx@,y)+ fr(v,y)and fr(u,z) = fxu,z2) + fr(v,2).

Putting these values of fr(u, y) and fr(u, z) in equation (15), we get

m

Jr@) = fpu) = — 1

(fx(u,y) = fx(u,2)).

Since y # z, we have fx(u,y) > fx(u, z) and so f5(v) — f7 () > 0. O
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Next, we prove a result analogous to Theorem 2.3. It says that, among all trees on n
vertices, the distance between the centroid and the subtree core is maximized by a path-star
tree.

Theorem 3.2. Let T be any tree on n > 5 vertices. Then there exists a path-star tree
Py—g. g for some g, withdp, , ,(Ca, S¢) = dr(Ca, Sc).

Proof. Wemay assume thatdr (Cyq, S¢) > 1.LetCy(T) = {w1, wa}and S.(T) = {v1, v2},
where w; = wy if |Cy(T)| = 1 and v; = vy if |S.(T)| = 1. We may also assume that
dr(Cq, S¢) = dr(wz, v1).

Let By, B, ..., By, be the branches at v,. We assume that the branch B contains Cy(T')
and S. (7). Using the same graph operations recursively as in the proof of Theorem 2.3,
construct a new tree T from T by attaching each vertex of B;, i € {2,3,...,m}, non-
adjacent with v> in T as a pendant vertex adjacent to v. By Lemma 2.2, SC(T) = {v}.
If th~e vertices of T, not in By, are all pendants, then we take T = T and proceed with
Sc(T) = {v1, v2}.

We now study the position of Cd(T) Note that B; remains a branch in T at v>. For
any v € V(T) \ By, v is a pendant vertex in 7 and so w;(v) =n—12> wr(v). Also
w5 (x) = ot (x) forevery x € By \ {v2}, in particular, we have

w5 (w)) = or(w)) = or(w2) = o7 (w2).

The weight of v in T corresponds to the branch By at vy. If the weight of vy in T
corresponds to the branch By, then w7 (v2) = wr(v2) > wr(w2) = @z (w2). If the weight
of vz in T corresponds to a branch Bj, j # 1, then wr (w2) must correspond to a branch at
wy which does not contain v and it follows that w; (v2) > @z (w2). So Cy(T) = Cd(f)
and

d7(Ca, Se) =z dr(Ca, Sc).

Now consider the path P = [wy, ay, ..., ak, v2] from wi to vy in T, where a1 = w» if
wi # wy and ax = vy if v; # vy. Suppose that d;(a;) > 3 for some i and B is a branch
at @; which contains neither w| nor v,. Applying the graph operation as before (starting
with the pendant vertices), attach the vertices of B \ {a;} as pendants to v,. Do this for
all branches at aj, 1 <i <k, with d(a;) > 3. Name the new tree thus obtained as T. By
Lemma 2.2, S.(T) = {v2}. If d(a;) = 2 forall 1 <i <k, then take 7 = T and continue
with S, (T) = S.(T).

We now study the position of Cy(T). Any pendant vertex in T has weight n — 1.
Also, w7 (x) = wj(x) for any vertex x in a branch at w; in T which does not contain
v2. In particular, wz(w;) = wj(wy). It remains to consider the vertices ay, ..., a; and
Aj+1 = V2.

Case I. The weight of wq in T corresponds to a branch B at w; not containing v, (in this
case, observe that we must have w; = wj). The branch in T at g; containing w; contains
B. So

wi(a;) > |[E(B)| = 0 (w1) = oz (w),

foralll <i <k+1.
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Case II. The weight of w in T corresponds to the branch B at w; containing v,. Since
w5 (w)) < wi(a;), the weight of a; in T must correspond to the branch at a; containing
wi. Let 1§1 denote the branch in T at aj containing wi. Note that Bl is also a branch at a;
in T containing wi. Now, fori =1,

w;(a1) = |E(BD)| = wj(a1) > op(w)) = wj(w)).
Then, for2 <i <k + 1, we have
wz(a;) > |E(B)| > of(w).

Thus Cd(f’) = Cd(f“) and hence d;(Cy, S¢) > d7(Cq, Sc).

IfTisa path-star tree, then we are done. Otherwise, let Cy, C», ..., C; be the branches
at wy in T, where C) is the branch containing v. Note that, by applying continuously
the process of detaching a path from a vertex of degree at least three and attaching it at a
pendant vertex, we may convert any given tree into a path.

Now transform each of the branches C;, 2 < i < s into paths at w; by continuously
using the graph operation as in Lemma 3.1 (taking suitable pendant vertices for z) to obtain
a new tree T. The weight of w; j»J €{1,2}in T is equal to that in T. Applying similar
arguments as before, it can be seen that the weight of any other vertex in T is greater than
w7 (w). So Cy4(T) = C4(T). Also, Lemma 3.1 implies that vy € S.(T). Therefore,

d7(Ca, S¢) = dj(Ca, Sc)-

Let Cy, Ca, ..., C, be the branches at w; in T, where C; contains v,. Each C;, i #lisa
path attached to wy. If s = 2, then T is a path-star tree and we are done. Otherwise, again
apply Lemma 3.1 continuously (taking y = w; and z the pendant vertices in C;, i # 1) to
transform 7 to a new tree T’ such that there are exactly two branches in 77 at w1, one is
C; containing v> and the other one is a path. Then 7" is a path-star tree and v, € S.(T")
by Lemma 3.1. Note that C;(T’) remains the same or moves away from S.(T). Therefore,
dr(Cq, S¢) = d7(Cq, Sc). This completes the proof. O

The position of the centroid of a path-star tree P,_¢ ¢ can be expressed in terms of g.
The following result is straight-forward.

Theorem 3.3. The centroid of the path-star tree P,_g 4 is given by

{w} ifg <5t
2 5 g_ 2 . .
n—g) ifg > nel if n is odd,
’ 2
Ca’(Pn—g,g) = non 1 . n
(3.5+1}). fs<3 ifn is even
. n ) .

In Example 1.6, the tree T is the path-star tree Pg 3 and the vertex v of T is identified
with the vertex 5 of Pg 3. In thiscase,3 = g < % = %. Hence C4(Pe3) = {5}. When
g increases while comparing to n — g, the centroid Cy(P,—g,¢) moves towards the vertex
n — g. For example, in Pg 5, C4(Pg 3) = {6}, which is the vertex n — g.

Using Theorems 2.4 and 3.3, we prove the following.
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Theorem 3.4. The distance between the centroid and the subtree core of the path-star tree
Py _g ¢ is given by the following: If n is odd, then

%—Tg—l’ ifn—giseven |
2g7g72 . . b l‘fzg_’_lfn_g
=, ifn—gisodd
dPn—g,g (Cd9 Sc) = n—1 f < n—1
5 9 l — T .
2 & .g nzl, if28+1>n-—g.
0, ifg >
If n is even, then
28 —g—2 . .
=== ifn—giseven .
iy IR e i<y
=——, ifn—gisodd
dPn—g,g (Cd9 Sc) = n 1 f < n
5 - 9 l J— 5 .
2 & 'g i , 28 +1>n—g.
0, l_fg > i —
Proof. First, assume that 28 +1 <n — g. Then2g <28 +g <n—1landsog < %
This gives g < 5 — L if nis even. Thus, if n is odd, then
n—g+2® _ (ntl if n — g is even
dpy .y (CaiS) = 1 o yans 2,111 cres
T_(T)’ lf}’l—ngOdd.
and if n is even, then
n,g+2g n . .
— = — (5 +1), if n — g is even
dPn—‘gyg (Cd9 SC) = n_;_1+2g (2 n ) . 8 .
T_(E""l)’ if n — g is odd.
Now assume that 28 + 1 > n — g. In this case, if n is odd, then
1 : n—1
n—g—(45). ifg=’z
d Ciq,S;) =
P,l—g,g( ds Se) {0’ ifg - %
and if n is even, then
n—g—(5+1), ifg<i-1
dp, ,,(Ca, So) = o
0, ifg>35— 1.
Now the theorem follows from the above. O
For a given n, we now try to find a go € {2,3,...,n — 3} for which P,_g; o, will

maximize the distance between the centroid and the subtree core among all trees on n
vertices.

PROPOSITION 3.5

For a givenn > 5, let gg be the smallest integer in {2, 3, ..., n — 3} satisfying 28° 4+ go >
n — 1. Then the path-star tree P, _g, o maximizes the distance between the centroid and
the subtree core among all trees on n vertices.
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Proof. By Theorem 3.2, we need to show the following two inequalities:

dp (Cq, Sc) = dp,

n=80,80 n—go+k.go—k

(C4, Se) fork € {1,2,...,g0—2}
and
dpn_gwo (Cy4, Se) > dpnfgofl,gw (C4, S¢) forl € {1,2,...,n— go — 3}.

Forg e {2,3,...,n—3},if 28 + g <n — 1, then 2g < 28 + g implies g < %,that
is, g < |5]. Thusif g > [ 5], then 2¢ 4+ ¢ > n — 1. So go < | 5] by the definition of go.
Suppose that go = |5 ]. If n even, then go = 5 and so

2%—1+g—1=2go—1+g0—15n—1,

which gives 23 < n. This is possible only when 7 is 2 or 4. But our assumption is that
n—1

n > 5.If nis odd, then ggp = =, and so
n—3

27
2

=281y gp—1<n—1

which gives 27 < ”—erl This is possible only when 7 is 5 or 7. For these two values of

n, it can be verified that dpn_govgo (Cyq,S8;) > dpn_g’g (Cyq, S¢) for all possible values of g.
So assume that gg < I_%J. Note that fork € {1,2,..., g0 — 2},

287K — (g — k) — [207F 1 — (gg —k — D] =207 — 1> 0.
This implies that
28071 _ oo 41> 280K _ g0 4k, (16)

forallk € {1,2,..., g0 — 2}. If n is odd, then using (16), we get

n—1
AP, _gy.00(Cd> Sc) = AP,y iy g9k (Cd Se) = 5 T8

2
n—1
> 5 — 80
B 20071 _ oo 411
2

n—1—gg—28"1
2
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Similarly, if n is even, then

AP, _g.00(Cds Sc) = AP,y g g9-1(Cd Se) >

v
|
I
—_
|
oo
S

v

Thus, in both the cases,

n—1—gg— 28!

AP0 (Cads Se) = dp,_y s oo (Cds Se) = >
=1 —[2807 g — 1 41]
N 2
>n—1—(n—1+1)
- 2
-1
=

Since the left-hand side is an integer, we must have

dp (Cq, Sc) —dp,

n—80-80 n

—g0+k,go—k (Cds Sc) > 0.

‘We now show that dpn_gO’gO (Cyq, Sc) > dp”fgof,’goﬂ (Cyq, Se)forl e {1,2,...,n—go—
3}. If n is odd, then

n—1 n—1
APy _gy.00(Cads Sc) = dp,_y 1 o011/ (Cas Se) = 5 T80T 5 +g +I1=1

Similar argument holds if n is even. This completes the proof. ]
As a consequence of Proposition 3.5, we have the following.

Theorem 3.6. Let T be atree onn > 5 vertices and let gy be the smallest positive integer
such that 280 + go > n — 1. Then d7(Cq, S;) < L”T_lj — g0

4. Position of the centroid

In this section, we study the position of the centroid with respect to the center and the
subtree core of a tree. We prove that the centroid always lies in the path connecting the
center and the subtree core in any path-star tree. However, this statement need not be true
for a general tree.
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18 19 222324

1 23 45 6 78 10 11 12 13 14 15 17

20 21 259627

Figure 3. Centroid outside the path connecting the center and the subtree core.

PROPOSITION 4.1

In any path-star tree P,_g o, the centroid lies in the path connecting the center and the
subtree core.

Proof. By Theorem 2.5, the vertex (#1 € C(Py—g,)- Again, by Theorem 3.3,
Cy(Py—g,¢) = {n — g} or the vertex [%1 € Cy(Pn—g.¢). First, assume that Cy(Py_g ) =
{n — g}. This happens only when g > L%J. Then

YT R IC B SOk D
2

So, by Theorem 2.4, Sc(Py—g.¢) = {n — g}. Asn — g > ["_g;HL the statement follows.
Now assume that [5] € C4(Py—g¢). This happens only when ¢ < [5]. Since

[#] <151 forge{2,3,..., 5]}, the center C(P,_g ) is contained in the branch
at [5] which contains the vertex [5] — 1. If 28 +1 > n — g, then S.(Py—4.¢) = {n — g}

and the statement follows. If 26 + 1 < n — g, then (%1 € Sc(Pn—g,g). Since

[#] > [51, Sc(Pu—g.¢) is contained in the branch at [5] which contains the vertex
n — g and the statement follows. O

We now give an example of a tree in which the centroid does not lie in the path connecting
the center and the subtree core.

Example 4.2. Consider the tree T in figure 3. Observe that C(T') = {9} and Cy4(T) = {10}.
We will show that S.(T") = {9}. Let By, B> be the two components of T — {8, 9} (deleting
the edge {8, 9} from T') containing vertices 8 and 9, respectively. Then

Jr) = fr®) = [, 9 + [, (9 [, (8) — [, (8) — fB,(9) [, (8)

17
= f8,9) — f5,(8) > 0. (17

The last inequality holds since B; contains a copy of Bj (by identifying the vertex 8 of B
with 9 of B;) and B> has more vertices than By. So fr(9) > fr(8). Let M and N be the
two components of 7 — {9, 10} containing vertices 9 and 10, respectively. Then
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Jr(9) — fr(10) = fm (9 + fu9) fn(10) — fy(10) — fa(9) fn (10)
= fm(9) — fn(10)
=©Ox2H—(6+2"
— 144 — 134 > 0. (18)

So fr(9) > fr(10) and hence S.(T) = {9}. Thus C4(T) does not lie on the path connect-
ing C(T) and S.(T).
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