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1. Introduction

Recently, in [2], the authors introduced a new class of graphs in terms of a codominated
vertex, which they call codismantlable and studied some algebraic and combinatorial
properties of these graphs. They proved that a (C4,C5)-free vertex decomposable graph is
codismantlable. In this paper, we extend the concept of codismantlability to hypergraphs
and gain some generalizations of the results for graphs in this context.

Corresponding to each hypergraph H, a simplicial complex, called the independence
complexofH, is assigned. The independence complex ofH, which is denoted by�H, is one
whose faces are the independent sets of vertices of H, i.e. the sets which do not contain
any edge of H. Square-free monomial ideals can be studied using these combinatorial
concepts. Since edge ideal of graphs (as the easiest class of squarefree monomial ideals)
are extensively studied (cf. [9–11,14,17,20]), many researchers have tried to extend the
concepts in graphs to hypergraphs and to find more general results in hypergraphs (cf.
[5,7,8,16,19]). Explaining the algebraic properties of the Stanley–Reisner ring of H (such
as projective dimension) in terms of the graphic invariants of H is the main purpose of
many works [3,4,6,13,18].

The Castelnuovo-Mumford regularity (or simply regularity) and the projective dimen-
sion of an R-module M are respectively defined as

http://crossmark.crossref.org/dialog/?doi=10.1007/s12044-018-0380-9&domain=pdf


7 Page 2 of 10 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:7

reg (M) := max{ j − i | βi, j (M) �= 0}
and

pd (M) := max{i | βi, j (M) �= 0 for some j},
where βi, j is the (i, j)-th Betti number of M .

In this paper, we also study the projective dimension and regularity of the Stanley–
Reisner ring of �H for some families of hypergraphs and relate them to some combinatorial
concepts. Also, we generalize some results, which had been gained for graphs, such as
Propositions 2.6 and 2.7 and Corollary 2.9 in [11].

The paper proceeds as follows. In § 2, we study codismantlable hypergraphs. In fact,
in Definition 2.2, we generalize codominated vertex concept to hypergraphs. We show
that under some circumstances a vertex x of a hypergraph is a codominated vertex if and
only if it is a shedding vertex (see Theorem 2.6). By using this fact, in Corollary 2.9, we
conclude that a C5-free vertex decomposable hypergraph, which all of its 3-cycles have
edges of cardinality just two, is codismantlable. Hence, we generalize Lemma 2.6 in [2]
and Lemma 2.3 in [11].

In § 3, we study the projective dimension of Stanley–Reisner ring of certain hypergraphs.
The aim is, by generalizing the concept of bouquet from graphs to hypergraphs, we intro-
duce some invariants such as dH and d ′

H for a hypergraphH. We show that cH ≤ dH ≤ d ′
H

and for vertex decomposable hypergraph H, d ′
H is an upper bound for projective dimen-

sion of the Stanley–Reisner ring of H. Also, we find special circumstances in Theorem
3.10 under which, d ′

H precisely characterizes big height(I (H)) and projective dimension
of the Stanley–Reisner ring of H. In fact, in this section, we generalize Propositions 2.6,
2.7 and Corollary 2.9 in [11] in some sense.

2. Codominated vertex, shedding vertex and codismantlable hypergraphs

Throughout this paper, we assume that H = (V (H), E(H)) is a simple hypergraph with
vertex set V (H) and edge set E(H) whose elements are a family of subsets of V (H)

such that no element of E(H) contains another. Also, for any vertex x ∈ V (H), H\x is a
hypergraph with vertex set V (H)\{x} and edge set {E ∈ E(H) : x /∈ E}. Moreover H/x
is a hypergraph with vertex set V (H)\{x} whose edges are the minimal elements (with
respect to inclusion) of the set {E\{x} : E ∈ E(H)}. It is clear that H\x and H/x are two
simple hypergraphs. They are called deletion and contraction ofH by x , respectively. Note
that for a vertex x ∈ V (H), del �H(x) = �H\x and lk �H(x) = �H/x . Furthermore, we
assume that R = K [x1, . . . , xn], where K is a field and V (H) = {x1, . . . , xn}. For more
details in the context of hypergraphs, we refer the reader to [1].

DEFINITION 2.1

Let � be a simplicial complex on the vertex set V = {x1, . . . , xn}. Then � is vertex
decomposable if either:

(1) the only facet of � is {x1, . . . , xn}, or � = ∅;
(2) there exists a vertex x ∈ V such that del �(x) and lk �(x) are vertex decomposable,
and such that every facet of del �(x) is a facet of �.

A vertex x ∈ V for which every facet of del �(x) is a facet of � is called a shedding
vertex of �. Note that this is equivalent to say that no facet of lk �(x) is a facet of del �(x).



Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:7 Page 3 of 10 7

A hypergraph H is called vertex decomposable, if the independence complex �H is
vertex decomposable and a vertex of H is called a shedding vertex if it is a shedding vertex
of �H. It is easily seen that if x is a shedding vertex of H and {E1, . . . , Ek} is the set of
all edges of H containing x , then every facet of H\x contains Ei\{x} for some 1 ≤ i ≤ k.

Also, recall that a vertex x of a graph G is called codominated if there is a vertex y in
G such that NG [y] ⊆ NG[x], where NG[x] is the set of vertices of G consisting x and all
neighbors of x .

Now, we extend the notion of codominated vertex to hypergraphs.

DEFINITION 2.2

Let x, y be two distinct vertices of the hypergraph H. We set

NH(x\y) = {E\{x} : E ∈ E(H), x ∈ E, y /∈ E}.

Also, assume that x ∈ V (H) and {E1, . . . , Ek} is the set of all edges of H containing x .
Then the vertex x is called a codominated vertex if there is an integer 1 ≤ i ≤ k such that
for each vertex y ∈ Ei\{x}, we have

NH(y\x) ⊆ NH(x\y).

Note that this definition is a natural generalization of one in graph theory. Now, we are
going to find relations between two concepts of shedding vertex and codominated vertex.
The following lemma shows that in general every codominated vertex is a shedding vertex.

Lemma 2.3 (Compare [2, Lemma 2.6]). In a hypergraph H, every codominated vertex is
a shedding vertex.

Proof. Assume that x is a codominated vertex and {E1, . . . , Ek} is the set of all edges of
H containing x . Then there is an integer 1 ≤ i ≤ k such that for each vertex y ∈ Ei\{x},
we have

NH(y\x) ⊆ NH(x\y).

Assume that S is a facet of �H/x . Then there is a vertex y ∈ (Ei\{x})\S. Now, if we show
that S ∪ {y} is a face of �H\x , the proof will be done. To this end, suppose on the contrary
that there is an edge E ′ of H such that x /∈ E ′ and E ′ is contained in S ∪ {y}. Since S is a
facet of �H/x , we should have E ′\{y} ∈ NH(y\x). So E ′\{y} ∈ NH(x\y) which means
that (E ′\{y}) ∪ {x} ∈ E(H). Therefore E ′\{y} ∈ E(H/x). But E ′\{y} ⊆ S which is a
contradiction. Hence S ∪ {y} is a face of �H\x as required. �

In the following definition we recall the concept of a cycle hypergraph from [1].

DEFINITION 2.4

A closed chain is called a cycle. More precisely, assume that H is a hypergraph, x1, . . . , xn
are distinct vertices of H and E1, . . . , En are distinct edges of H such that x1, xn ∈ En and
xi , xi+1 ∈ Ei , for each 1 ≤ i ≤ n−1. Then we call x1 −E1 −x2 −E2 −· · ·−xn −En −x1
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or briefly E1 − · · · − En a cycle of length n or an n-cycle and we denote it by Cn . We say
that H is Cn-free if it does not contain any cycle Cn as a subhypergraph.

In [11, Lemma 2.3], it is shown that in a C5-free graph, any shedding vertex is codom-
inated. In the following we generalize this result to hypergraphs.

Lemma 2.5. Assume that H is a C5-free hypergraph where all of its 3-cycles have edges
of cardinality just two. Then every shedding vertex is a codominated vertex.

Proof. Assume that x is a shedding vertex and {E1, . . . , Ek} is the set of all edges con-
taining x . Moreover, assume, on the contrary, that for each 1 ≤ i ≤ k, there is yi ∈ Ei\{x}
and an edge E ′

i of H such that yi ∈ E ′
i , x /∈ E ′

i and E ′
i\{yi } ∈ NH(yi\x)\NH(x\yi ). So,

(E ′
i\{yi }) ∪ {x} is not an edge of H. Note that for two distinct integers 1 ≤ i, j ≤ k,

if yi = y j , we can choose E ′
i = E ′

j . Also, if yi �= y j , then we should have
{yi , y j } � E ′

i and {yi , y j } � E ′
j . Because otherwise, if for instance {yi , y j } ⊆ E ′

i ,
then x − Ei − yi − E ′

i − y j − E j − x is a cycle, where |E ′
i | > 2 or |E j | > 2 which

contradicts with our assumption (note that if |E ′
i | = |E j | = 2, then we should have

E ′
i = {yi , y j } and E j = {x, y j } and hence (E ′

i\{yi }) ∪ {x} = E j , which is an edge of

H and contradicts with the choice of E ′
i ). Set S = ⋃k

i=1(E
′
i\{yi }). Since H is C5-free,

S is an independent set of vertices in H/x . To be more precise, if S is not an indepen-
dent set of vertices in H/x , there is an edge E\{x} of H/x contained in S. So, there are
distinct edges E ′

i and E ′
j with 1 ≤ i, j ≤ k and distinct vertices z, w ∈ E\{x} such

that z ∈ E ∩ (E ′
i\{yi }) and w ∈ E ∩ (E ′

j\{yi }) (otherwise E\{x} ⊆ E ′
i\{yi } for some

1 ≤ i ≤ k. If x /∈ E , then E = E\{x} ⊆ E ′
i\{yi } ⊂ E ′

i , which is impossible. If
x ∈ E , then E = E j for some 1 ≤ j ≤ k and y j ∈ E j\{x} = E\{x} ⊆ E ′

i\{yi }. Thus
i �= j and {yi , y j } ⊆ E ′

i , which is a contradiction). Therefore, one can easily check that
w − E − z − E ′

i − yi − Ei − x − E j − y j − E ′
j − w forms a cycle of length five in H

which is a contradiction. Now, we extend S to a facet F of �H/x . F is a face of �H\x
and so it is contained in a facet G of �H\x . Now, since x is a shedding vertex, G should
contain Ei\{x} for some 1 ≤ i ≤ k. Hence, E ′

i ⊆ G which contradicts to the fact that G
is a facet of �H\x . �

Now, by means of Lemmas 2.3 and 2.5, we have the following result, which is one of
our main results of this paper.

Theorem 2.6. Assume thatH is a C5-free hypergraph where all of its 3-cycles have edges
of cardinality just two. Then a vertex x of H is a shedding vertex if and only if it is a
codominated vertex.

COROLLARY 2.7 (Compare [2, Theorem 2.7] and [11, Lemma 2.3])

In a C5-free graph, a vertex is a shedding vertex if and only if it is a codominated vertex.

In the following, we generalize the concept of codismantlability to hypergraphs.
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DEFINITION 2.8 (Compare [2, Definition 2.2].)

Given two hypergraphs G and H, we say that G is codismantlable to H if there exist
hypergraphs H0,H1, . . . ,Hk+1 satisfying G ∼= H0, H ∼= Hk+1 and Hi+1 = Hi\xi , for
each 0 ≤ i ≤ k, where xi is a codominated vertex of Hi . A hypergraph H is called
codismantlable if either it is an edgeless hypergraph or it is codismantlable to an edgeless
hypergraph.

The next corollary, which is a generalization of Corollary 2.9 in [2], illustrates that
certain vertex decomposable hypergraphs are codismantlable.

COROLLARY 2.9

Assume thatH is a C5-free vertex decomposable hypergraph where all of its 3-cycles have
edges of cardinality just two. Then H is codismantlable.

Proof. The result can be easily gained by an induction and Theorem 2.6. �

So, in graph theory, we have the following remarkable result.

COROLLARY 2.10 (Compare [2, Corollary 2.9])

Every C5-free vertex decomposable graph is codismantlable.

3. Projective dimension of edge ideal of certain hypergraphs

In this section, we characterize or even find some bounds for the projective dimension of
edge ideal of special hypergraphs up to our ability. To this end, firstly we generalize some
concepts from graphs to hypergraphs so that we generalize some combinatorial invariants
of hypergraphs as follows:

DEFINITION 3.1

A hypergraph H is called a bouquet if
⋂

E∈E(H) E �= ∅. In this case, if H has at least two
edges, then all elements in

⋂
E∈E(H) E are called the roots of H, all of its edges are called

the stems of H and the elements of
⋃

E∈E(H)(E\ ⋂
E∈E(H) E) are called the flowers of H.

When H has only one edge E , any proper subset of E can be considered as roots and its
complement as flowers of the bouquet. A subhypergraph of a simple hypergraph T which
is a bouquet is called a bouquet of T . Let B = {B1, . . . , Bn} be a set of bouquets of H.
We use the following notations:

F(B) = {w ∈ V (H) | w is a flower of some bouquet in B},
R(B) = {z ∈ V (H) | z is a root of some bouquet in B},
S(B) = {E ∈ E(H) | E is a stem of some bouquet in B}.

Kimura [10] introduced two notions of disjointness of a set of bouquets in graphs. In
the following, we generalize these notions to hypergraphs.
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DEFINITION 3.2 (see [10, Definitions 2.1 and 5.1])

A set of bouquets B = {B1, . . . , Bn} is called strongly disjoint in H if we can choose a
stem Ei from each bouquet Bi ∈ B such that {E1, . . . , En} is an induced matching in H.

A set of bouquets B = {B1, . . . , Bn} is called semi-strongly disjoint in H if R(B) is an
independent set of vertices in H.

Now, set

dH := max{|F(B)| | B is a strongly disjoint set of bouquets of H}
and

d ′
H := max{|F(B)| | B is a semi-strongly disjoint set of bouquets of H}.

Note that when G is a graph, to define dG and d ′
G , the condition (i) in Definitions 2.1

and 5.1 in [10] is redundant. Therefore, the above definitions are suitable generalizations
to hypergraphs and when H is a graph, they coincide to those in graphs defined by Kimura
in [10].

Now, we are going to compare some graphical invariants together. So, firstly we recall
the following definition and theorem.

DEFINITION 3.3 (see [12, Definition 1.1])

A set {E1, . . . , Ek} of edges of a hypergraph H is called a semi-induced matching if the
only edges contained in

⋃k
�=1 E� are E1, . . . , Ek . A semi-induced matching, where all of

its elements are mutually disjoint is called an induced matching. Also, we set

cH := max

{∣
∣
∣
∣
∣

k⋃

�=1

E�

∣
∣
∣
∣
∣
− k : {E1, . . . , Ek} is an induced matching in H

}

,

c′
H := max

{∣
∣
∣
∣
∣

k⋃

�=1

E�

∣
∣
∣
∣
∣
− k : {E1, . . . , Ek} is a semi-induced matching in H

}

,

and we call them induced matching number and semi-induced matching number of H,
respectively.

Theorem 3.4 (see [12, Theorems 1.4 and 2.6])

(i) If G is a simple graph, then we have cG = c′
G.

(ii) Let H be a (C2,C5)-free vertex decomposable hypergraph. Then

reg(R/I�H) ≤ c′
H ≤ dim(�H) + 1.

Now, the following result shows that dH and d ′
H are comparable with cH and c′

H.

PROPOSITION 3.5

(i) For each hypergraph H, we have

cH ≤ dH ≤ d ′
H.
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Especially when G is a graph, we have

cG = c′
G ≤ dG ≤ d ′

G .

(ii) IfH is a C2-free hypergraph, then

cH ≤ c′
H ≤ d ′

H.

Proof.

(i) It is easy to see that if {E1, . . . , Ek} is an induced matching in H, then one can consider
it as a set of bouquets with only one stem and one vertex as their roots. So, the number of
its flowers equals to cH. Also, one may see that every strongly disjoint set of bouquets in
H is semi-strongly disjoint. Hence, we have cH ≤ dH ≤ d ′

H as desired. The last assertion
immediately follows from Theorem 3.4(i).
(ii) Since every induced matching of H is a semi-induced matching, it is enough to prove
the second inequality. In this regard, assume that {E1, . . . , Ek} is a semi-induced matching
in H such that c′

H = | ⋃k
�=1 E�| − k. At first, remove all edges E j which is contained

in
⋃k

�=1,� �= j E�. Then set s = 0 and assume that B0 is a bouquet in H with E(B0) = ∅.
Then for i = 1, . . . , k, if Ei ∩ (

⋂
E�∈E(Bj )

E�) �= ∅ for some j < s + 1, then set
E(Bj ) := E(Bj ) ∪ {Ei } (note that if there exist more than one j < s + 1 such that
Ei ∩ (

⋂
E�∈E(Bj )

E�) �= ∅, then we add Ei to edges of just one of these Bj s); else consider
Bs+1 as a bouquet with E(Bs+1) = {Ei } and set s := s + 1. Now, since {E1, . . . , Ek} is a
semi-induced matching inH,B = {B1, . . . , Bs} is a semi-strongly disjoint set of bouquets
in H. Also, we have

|F(B)| ≥
∣
∣
∣
∣
∣

(
k⋃

�=1

E�

)
∖
R(B)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

k⋃

�=1

E�

∣
∣
∣
∣
∣
− |R(B)|.

Now, since H is C2-free, by considering only one vertex as the root of bouquets with one
stem, we have |R(B)| ≤ k. Hence,

|F(B)| ≥
∣
∣
∣
∣
∣

k⋃

�=1

E�

∣
∣
∣
∣
∣
− k = c′

H,

which implies that c′
H ≤ d ′

H as required.

The following corollary is an immediate consequence of part (ii) of Theorem 3.4 and
part (ii) of Proposition 3.5.

COROLLARY 3.6

Assume that H is a (C2,C5)-free vertex decomposable hypergraph. Then

cH ≤ reg(R/I�H) ≤ c′
H ≤ d ′

H.

So, if cH = d ′
H, then

reg(R/I�H) = cH = d ′
H.

For our main result, we need the following two lemmas.
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Lemma 3.7. Assume thatH is a hypergraph and x is a shedding vertex ofH. Then d ′
H/x ≤

d ′
H.

Proof. Suppose that B = {B1, . . . , Bn} is a semi-strongly disjoint set of bouquets of H/x
such that d ′

H/x = |F(B)| and for each 1 ≤ i ≤ n, S(Bi ) = {Ei,1\{x}, . . . , Ei,mi \{x}}.
Then if for each 1 ≤ i ≤ n we set B ′

i as a bouquet in H with S(B ′
i ) = {Ei,1, . . . , Ei,mi },

then clearly B′ = {B ′
1, . . . , B

′
n} is a semi-strongly disjoint set of bouquets of H with

|F(B′)| ≥ d ′
H/x . Hence, d ′

H/x ≤ d ′
H as required. �

Lemma 3.8. Assume thatH is a hypergraph and x is a shedding vertex ofH. Then d ′
H\x +

1 ≤ d ′
H.

Proof. Suppose that B = {B1, . . . , Bn} is a semi-strongly disjoint set of bouquets of
H\x such that d ′

H\x = |F(B)|. Also, suppose that {E1, . . . , Ek} is the set of all edges
of H containing x . Now, we are going to prove that there is an integer 1 ≤ i ≤ k such
that for each yi ∈ Ei\{x}, R(B) ∪ {yi } is an independent set of vertices in H. If we
prove this claim, then by choosing this Ei as a bouquet of H with one stem Ei and some
yi ∈ Ei\{x} as its root, B′ = B∪ {Ei } forms a semi-strongly disjoint set of bouquets of H
with |F(B′)| ≥ d ′

H\x + 1, since x ∈ F(Ei )\V (B). This completes the proof. To prove the
claim, suppose on the contrary that for each 1 ≤ i ≤ k, there is a vertex yi ∈ Ei\{x} and an
edge E ′

i of H containing yi such that E ′
i\{yi } ⊆ R(B). Note that if for two distinct integers

1 ≤ i, j ≤ k, yi = y j , then one can choose E ′
i = E ′

j . Also, if yi �= y j , then we should
have {yi , y j } � E ′

i and {yi , y j } � E ′
j . Because otherwise, if for instance {yi , y j } ⊆ E ′

i ,
then y j ∈ E ′

i\{yi } ⊆ R(B). Hence E ′
j\{y j } ⊆ R(B) ensures that E ′

j ⊆ R(B) which

contradicts to independence of R(B) in H\x . Now, if we set S = ⋃k
i=1(E

′
i\{yi }), then S

is an independent set of vertices in H/x . To be more precise, if S is not an independent set
of vertices in H/x , there is an edge E\{x} of H/x contained in S. If x ∈ E , then E = E j

for some 1 ≤ j ≤ k. Hence, y j ∈ E\{x} ⊆ S, which implies that {yi , y j } ⊆ E ′
i for some

integer 1 ≤ i ≤ k with i �= j which is a contradiction. So, E is an edge of H\x which is
impossible, because E ⊆ S ⊆ R(B) and R(B) is independent in H\x . Now, we extend
S to a facet F of �H/x . F is a face of �H\x and so it is contained in a facet G of �H\x .
Now, since x is a shedding vertex, G should contain Ei\{x} for some 1 ≤ i ≤ k. Hence,
E ′
i ⊆ G which contradicts the fact that G is a facet of �H\x . This proves our claim and

hence the proof is complete �

Now, we are ready to state our main result which is a generalization of Proposition 2.6
in [11].

Theorem 3.9 (Compare [11, Proposition 2.6]). Assume thatH is a vertex decomposable
hypergraph. Then

pd(R/I�H) ≤ d ′
H.

Proof. We proceed by induction on |V (H)|. If |V (H)| = 2, the result is clear. Suppose,
inductively, that the result has been proved for smaller values of |V (H)|. Assume that x is
a shedding vertex of H. Let � = �H, �1 = �H\x and �2 = �H/x . Then H\x and H/x
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are vertex decomposable hypergraphs and no facet of �2 is a facet of �1. By inductive
hypothesis, we have

pd(R/I�1) ≤ d ′
H\x and pd(R/I�2) ≤ d ′

H/x .

On the other hand, by Corollary 2.10 in [15], we have the equality

pd(R/I�) = max{pd(R/I�1) + 1, pd(R/I�2)}.

Hence

pd(R/I�) ≤ max{d ′
H\x + 1, d ′

H/x }.

Now, the result immediately follows from Lemmas 3.7 and 3.8. �

We end this paper by the following result, which is a generalization of Proposition
2.7 and Corollary 2.9 in [11] and can characterize the projective dimension of certain
hypergraphs in special circumstances.

Theorem 3.10 (Compare [11, Proposition 2.7 and Corollary 2.9]). Assume that B =
{B1, . . . , Bn} is a semi-strongly disjoint set of bouquets ofH such that d ′

H = |F(B)|. Then
(i) there exists a minimal vertex cover ofH contained in F(B);

(ii) if moreover all edges of S(B) has cardinality two (specially if H is a graph), then
F(B) is a minimal vertex cover ofH and so

cH ≤ dH ≤ d ′
H ≤ bigheight(I (H)) ≤ pd(R/I (H)).

(iii) if H is a vertex decomposable hypergraph and all edges of S(B) has cardinality two
(specially ifH is a graph), then

bigheight(I (H)) = pd(R/I (H)) = d ′
H.

Proof.

(i) Suppose that E(H)\S(B) = {E1, . . . , Ek}. Then for each 1 ≤ i ≤ k, Ei ∩ F(B) �= ∅.
Because otherwise, if Ei ∩ F(B) = ∅, then by adding the edge Ei to B (as a stem or
a bouquet with one stem), one can get to a semi-strongly disjoint set of bouquets of H
with more flowers than d ′

H which is impossible. Now, let S(B) = {Ek+1, . . . , Et } and set
S0 = ∅. For each 1 ≤ i ≤ t , if Ei ∩ Si−1 �= ∅, then set Si := Si−1, else choose a vertex
xi ∈ Ei ∩ F(B) and set Si := Si−1 ∪ {xi }. It can be easily seen that St is a minimal vertex
cover of H contained in F(B) as desired.
(ii) The first statement can be easily seen by (i). The inequalities can be gained by Propo-
sition 3.5, the first statement and [16, Corollary 3.33].
(iii) It follows from (ii) and Theorem 3.9. �
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