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Abstract. In this article, we consider the following fractional Hamiltonian systems:
1DE(—ooDfu) + AL(Hu = VW(t,u), t€R,

where o € (1/2, 1), A > 0is a parameter, L € C(R, R"*") and W € Cl(R x R", R).
Unlike most other papers on this problem, we require that L(#) is a positive semi-definite
symmetric matrix forall r € R, thatis, L(¢) = 0is allowed to occur in some finite interval
I of R. Under some mild assumptions on W, we establish the existence of nontrivial weak
solution, which vanish on R \ T as A — oo, and converge to i in H¥(R); here ii € Eg‘
is nontrivial weak solution of the Dirichlet BVP for fractional Hamiltonian systems on
the finite interval . Furthermore, we give the multiplicity results for the above fractional
Hamiltonian systems.
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1. Introduction

In this paper, we investigate the solvability of the following non homogeneous fractional
Hamiltonian system:

DY (_ooD2u) + AL(u = VW (1, 1), 1€ R, (1.1)

whereo € (1/2,1), W € C(R xR", R), the parameter A > 0, _OOD;S and,Do’SQ denote the
left- and right-Liouville—Weyl fractional derivative of order « respectively and are defined
by

. d _
E,ooltau, Z‘Déo al/t = _Etlolo a'
and the matrix L satisfies the following conditions:

,oon}u =

(L) L(t) € C(R, R™") is a symmetric matrix for all # € R; there exists a nonnegative
continuous function / : R — R and a constant & > 0 such that

(LOu(), u) = 1O)|u@)]?,
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and the set {{ < k} = {t e R: I(¢) < k} is nonempty with C§|{l < k}| < 1, where |.| is
the Lebesgue measure and Cy, is the Sobolev constant (see §2).

(Lo) J = int(/~'(0)) is a nonempty finite interval and J = /=1 (0).

(L3) There exists an open interval I C J such that L(¢) =0 forall ¢ € L

Fractional differential equations appear naturally in a number of fields such as physics,
chemistry, biology, economics, control theory, signal and image processing, blood flow
phenomena, etc. During the last few decades, the theory of fractional differential equations
is an area intensively developed, mainly due to the fact that fractional derivatives provide an
excellent tool for the description of memory and hereditary properties of various materials
and processes (see [6,7,9,13,21] and the references therein).

Physical models containing left and right fractional differential operators have recently
renewed attention from scientists which is mainly due to applications as models for phys-
ical phenomena exhibiting anomalous diffusion (see [2-5,10,11,17-20]). A strong moti-
vation for investigating the fractional differential equation (1.1) comes from symmetry
fractional advection—dispersion equation. A fractional advection—dispersion equation is a
generalization of the classical ADE in which the second-order derivative is replaced with a
fractional-order derivative. In contrast to the classical ADE, the fractional ADE has solu-
tions that resemble the highly skewed and heavy-tailed breakthrough curves observed in
field and laboratory studies [2,3], in particular in contaminant transport of ground-water
flow [4]. In [4], the authors have stated that solutes moving through highly heterogeneous
aquifer violations violates the basic assumptions of local second-order theories because
of large deviations from the stochastic process of Brownian motion. Moreover, models
involving a fractional differential oscillator equation, which contains a composition of left
and right fractional derivatives, are proposed for the description of the processes of emp-
tying the silo [10] and the heat flow through a bulkhead filled with granular material [17],
respectively. Their studies show that the proposed models based on fractional calculus are
efficient and describe well the processes.

Very recently, in [18] the author considered (1.1), where L € C(R, R”Z) is a symmetric
matrix-valued function forallr € R, W € C1(R x R", R). Assuming that L and W satisfy
the following hypotheses:

(L) L(¢) is a positive definite symmetric matrix for all # € R, and there exists an
[ € C(R, (0, 00)) such that [(r) - 400 ast — oo and

(L(t)x, x) > [(t)|x|>, forallr € R and x € R". (1.2)
(Wi) W e C'(R x R", R), and there is a constant ;& > 2 such that
0<uW(t, x) <(x,VW(,x)), forallr € R and x € R" \ {0}.

(W2) [VW (2, x)| = o(|x]) as x — 0 uniformly with respectto 7 € R.
(W3) There exists W € C(R", R) such that

[W(t,x)|+ |VW(, x)| < |W(x)| forevery x € R" and r € R.

The author showed that (1.1) has at least one nontrivial solution via Mountain pass theorem.
By using the genus properties of critical point theory, Zhang and Yuang in [23], generalized
the result of [ 18] and established some new criterion to guarantee the existence of infinitely
many solutions of (1.1) for the case that W (t, u) is sub-quadratic as |u| — +o00.

As is well-known, the condition (L) is the so-called coercive condition and is a little
demanding. In fact, for a simple choice like L (t) = s1d,,, the condition (L) is not satisfied,
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where s > 0 and Id,, is the n x n identity matrix. Considering this in [24], the recent results
of [18,23] are generalized and significantly improved. More precisely, in [24], the authors
considered the case that L(¢) is bounded in the sense that

(L) there are constants 0 < 7] < 7o < 400 such that
tlu)® < (L(Ou, u) < njul>  forall (r,u) € R x R".

By using the genus properties of critical point theory, the authors proved that (1.1) has
infinitely many nontrivial solutions. Xu et al. [22] by using the fountain theorem of critical
point theory, have established the existence of infinitely many solutions of (1.1) for the
case that W (¢, u) is subquadratic as |u| — 0 and superqudratic as |u| — oo.

Motivated by these previous results, we consider problem (1.1) where the symmetric
matrix L is positive semi-definite and we study the existence of nontrivial weak solutions
when W is sub-quadratic. Furthermore, we shall explore the phenomenon of concentrations
of weak solution as A — oo, which seems to be rarely concerned in the previous studies
of solutions for fractional Hamiltonian systems. To reduce our statements, we make the
following assumptions on W:

(W) W e C'(R x R",R) and there exist a constant p € (1, 2) and a function &(¢) €

2
L7 (R, RT) such that

VW (t, u)| < E@)|ulP~", forall (t,u) € R x R". (1.3)

(W3) There exist three constants 1, § > 0 and v € (1, 2) such that
[W(t,u)| > nlu|”, Vteland |u] <3. (1.4)
On the existence of solutions we have the following result.

Theorem 1.1. Assume that the conditions (L), (L), (W) and (W3) hold. Then there
exists A > O such that for every .. > A, problem (1.1) has at least one weak solution u;,.

For technical reasons, we consider that there exists 0 < T < 400 such that I = (0, T),
where [ is given by (L3). On the concentration of solutions, we have the following result.

Theorem 1.2. Assume that the conditions (L1), (L3), (W1) and (W3) hold. Let u) be a
solution of problem (1.1) obtained in Theorem 1.1, then u; — u strongly in H*(R) as
A — 00, where U is a nontrivial weak solution of the equation

i D&oDYu = VW(t,u), te(0,T),
u(0) = u(T) = 0. (1.5)

We recall that, in particular, if « = 1, (1.1) reduces to the standard second order Hamil-
tonian systems

w —Lu+VW(t,u) =0, (1.6)
where W : R x R” — R is a given function and VW (¢, u) is the gradient of W at u.

The existence of homoclinic solution is one of the most important problems in the history
of that kind of equations, and has been studied intensively by many mathematicians. By
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assuming that L(t) and W (t, u) are independent of ¢, or T-periodic in ¢ or L(¢) and
W (t, u) are neither autonomous nor periodic in ¢, many authors have studied the existence
of homoclinic solutions for (1.6) via critical point theory and variational methods (see
[12,14]). Furthermore, recently a second-order Hamiltonian system like (1.6) with positive
semi-definite matrix was considered in [16]. Assuming that W € C'(R x R", R) is an
indefinite potential satisfying asymptotically quadratic condition at infinity on #, Sun and
Wu [16] with a little mistake in their embedding results, have proved the existence of two
homoclinic solutions of (1.6).

The rest of the paper is organized as follows: In §2, we describe the Liouville-Weyl
fractional calculus and we introduce the fractional space that we use in our work and some
propositions are proven which will aid in our analysis. In §3, we prove Theorem 1.1. In §4,
we prove Theorem 1.2. Finally, in section §5, we comment about the multiplicity result
for the fractional Hamiltonian systems (1.1).

2. Preliminary results
2.1 Liouville-Weyl fractional calculus

We first introduce some basic definitions of fractional calculus. The Liouville—Wey] frac-
tional integrals of order 0 < o < 1 are defined as

o — L * _ a—1
o l{u) = s /_ G —o @, @2.1)
and
o _ L 00 B ool
Hl5u() = 5o / (& — )% u(E)de. (2.2)

The Liouville-Weyl fractional derivative of order 0 < o < 1 are defined as the left-inverse
operators of the corresponding Liouville—Weyl fractional integrals

d
oo D%u(x) = a_OOIXI—Ofu(x), (2.3)
and
o d l—a
xDgu(x) = _axloo u(x). 2.4)

Furthermore, if u(x) is defined on (—o0, 00), then the Fourier transform of the Liouville—
Weyl integral and differential operator satisfies

oo l%u(r)(w) = (W) A (w), ILu)(w) = (—iw) i(w), 2.5)

oo DEu(x)(w) = (w)*i(w), +DLux)(w) = (—iw)i(w). 2.6)
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2.2 Fractional derivative space

Our aim is to establish a variational structure that enables us to reduce the existence of
solutions of (1.1) to finding critical points of the corresponding functional, and it is nec-
essary to construct appropriate function spaces. We denote by L” (R, R"), p € [2, +0o0],
the Banach space of functions endowed with the norm

1/p
luller = </ Iu(t)lpdt> ,
R

and L*° (R, R") is the Banach space of essentially bounded functions equipped with the
norm

lulloo := esssup{|u(t)| : t € R}.

Let0) <o < land 1 < p < oo. The fractional derivative space Eg P is defined by the
closure of C(‘)X’([O, T1, R") with respect to the norm

T T I/p
llle,p = </ lu(t)|Pdt +/ |0Df‘u(t)|”dt) , Yue Eg’p.
0 0

This space can be characterized by Eg’p ={uel?(0, T],R")/oDyu € LP([0, T],R")
and u(0) = u(T) = 0}. Moreover (Eg’p, l.lle, p) is a reflexive and separable Banach
space (see [8]).

For o > 0, define the semi-norm |u|;e_ = ||—oc Dfull;2, and the norm

1/2

lull e, = (lull2s + lul3a_)'"?, 2.7)
and let

1% (R, R") = CO(R, RY) e,
where C§°(R, R") denotes the space of infinitely differentiable functions from R into R”"
with vanishing property at infinity.

On the other hand, we define the fractional Sobolev space H* (R, R") in terms of the

Fourier transform. Choose 0 < o < 1 and define the semi-norm

lule = [llw]“ill (2.8)

and the norm

e = (el + lul2) "2,
and let

HY(R,R") = W\Hla.
Moreover, we note a function u € L%(R,R") belongs to 7% (R, R") if and only if
|lw|*d € L?(R, R") and we have

lulpe = lw|®all 2. (2.9

Therefore 1% (R, R") and H*(R, R") are equivalent with equivalent semi-norm and
norm.

Let C(R, R") denote the space of continuous functions from R into R"”. Then we obtain
the following Sobolev theorem.
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Theorem 2.1 [18].Ifa > %, then H*(R, R") C C(R, R") and there is a positive constant
Cqy such that

llloo < Collutlle- (2.10)

In what follows, we introduce a new fractional space in which we will construct the
variational framework of (1.1). Let

X = {u e H*(R,R")

f [l-co D u()? + (L(u (@), u()]dr < oo} :
R
then X¢ is a reflexive and separable Hilbert space with the inner product

(u, v)xe = /ﬂé[—oon‘M(l) oo D v(#) + (L(u(t), v(1))]dt
and the corresponding norm

2
lullsa = (e, u)xe.

For A > 0, we also need the following inner product
(u, v); = /R[foon‘u(t) oo DV () + A(L(t)u(t), v(t))]dt,

and the corresponding norm ||u||% = (u, u),. Itis clear that ||u| x« < ||u]|, for A > 1. Set
X = (X 1.

Lemma 2.1. Suppose that (L) and (L) hold. Then, the embedding X* — H*(R, R")
is continuous.

Proof. By (L), (L) and (2.10), we have
/lu(t)|2dt=/ |u(t)|2dt+/ lu(r)|>dr
R {l<k} {I>k}
2 1 2
< Nl < k)] + E/ 1)) de
R
< 1 <) (/(uon‘u(r)F 4 |u(r)|2>dr>
R

+l/(L(t)u(t),u(t))dt.
k Jr

Therefore
2 1
2 Inax{Ca|{l<k}|,E} 2 211
lull2 < =2\ < kl] flull ke (2.11)
Then, by (2.11) we get
C2I{l < K}, 1}
2 [y, MG _: 2, 2.12
ol _< f e ) e 2.12)

which implies that the embedding X¢ < H“(R) is continuous . ]
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Lemma 2.2. Suppose that (L) and (L) hold. Then, there exists A > 0 such that, for all
A > A, the embedding X; — L™ (R, R") is continuous for all2 < r < oo.

Proof. Let A = m Using the same ideas of the proof of Lemma 2.1, forall A > A,
we also obtain ¢
C2|{L < k}| 1
2 - o 2 g2 2.13

llully. < T_CZiL <kl ~ 2L <A flaells, % flulls, (2.13)

_1=C2|{L<k}| .
where 6y = L= Furthermore, using (2.13), for each r € (2, 00) and A > A we
have :

‘/IMﬂth§IWH§2/1WUN%h
R R

r=2

T CEH{l < kY
<cy? / —eo DU + lu@)Pdt) o ———u]);
< (R|oo Pu) + |u ()] g <

< lull.
0y < kYT

Therefore, for all r € (2, 00),

llys < — — . (2.14)

6y HL < k}| =

In order to prove Theorem 1.1, we use the following result by Rabinowitz [15]

Lemma 2.3. Let € be a real Banach space and ® € C L, R) satisfy the (PS)-condition.
If @ is bounded from below, then ¢ = inf ¢ ® is a critical value of .

3. Proof of Theorem 1.1

In this section, we are going to prove our main theorem. For that purpose, we note that
associated to problem (1.1) we have the functional 7 : X;, — R defined by

1
B = 51l = [ W
2 R
Under our assumptions we can prove that the functional I, is of class C! in X;, and
IMM¢=/[ﬂdﬁw_WMW+waﬂmaanmh—/vamuxwm.
R R

Furthermore, critical points of the functional [, are weak solutions of problem (1.1). We
begin our analysis by consider some useful lemmas.

Lemma 3.1. Assume that (L1), (L2), (W1) and (W») hold. Then, for all A > A, I, is
bounded from below in X,.
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Proof. By (W1), (2.13) and Holder inequality, we get

1o, 1
L) = Ellull,\ - —/ EMu(®)|Pde
p Jr

Lo 1 P
z 5 llully = ;”E”Lﬁ”u”LZ

2 p
> Slully — —z 151 2 llully,
2 » peé)/z L2-»p »

which implies that I (u) — +o0 as |ju|[, — 400, since | < p < 2. Thereofore I, is a
functional bounded from below in X; . O

Lemma 3.2. Suppose that L1, Ly, (W) and (W) are satisfied. Then I, satisfies the (PS)-
condition for each A > A.

Proof. Let {u,} € X, be a sequence such that I, (u,) is bounded and I)/L(u,,) — 0 as
n — oo. By the previous lemma, it is clear that {u,} is bounded in X, . Thus, there exists
a constant € > 0 such that

1
lunllLr < WH%HA =¢ forall A = A, (3.1)
) < 2r

where r € [2, oo]. Then up to a subsequence if necessary, we may assume that u,, — u

2
weakly in X,. For any € > 0, since & € L2-7 (R), we can choose T > 0 such that

2—p

(/ |s<r>|22pdr)2 <e (3.2)
|t|>T

R, R"), we getu,, — u in L? (R, RR™). Hence

Moreover, since u,, — u in L Toc

loc

lim lun (1) — u@)|dt = 0. (3.3)

n—oo |l|§T

Therefore, from (3.3), there exists ng € N such that

f lun(t) —u(@®)|?dt < €>, for n > ny. (3.4)
|t|<T
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Hence, by (Wy), (3.1), (3.4) and the Holder inequality, for any n > ng, we have

/ IVW(t, un()) = VW, u(®))|[un(t) — un(2)]ds
t|=T

1/2 172
S(/ VW (t, uy (1)) —VW(I,M(I))|2> (/ |Mn(t)—u(t)|2df>
lt|<T [t|<T

1/2
<e ( f (VW un())* + VW, u<t>)|2)dt)
[t|<T

172
<2 ( [ 160P (a0 + o) dt)
lt|l<T
2(p—2 2(p—1
< 2efllE] 2 (uall;L™2 + ul29 )12
L2-p

L2

< 2eflE* 5 (@D 4 ul ;YA (3.5)
L

2
2-p
On the other hand, by (3.1), (3.2), (3.4) and (W}), we have
/ IVW (&, uy(t)) — VW (&, u()||luy () — u(r)|ds
|t|>T
< 2/|| I O + a0l
1>
1
< 2€W(Ilunllf + ull)

0

2e
< SR+ ull)). (3.6)
90
Since € is arbitrary, combining (3.5) and (3.6), we have
/ VW (@, un (1)) = VW (@, u(®))||lun(t) —u(®)|dr < e, (3.7)
R
as n — oo. Hence, since (I} (u,) — I, (u), u, —u) — 0 and the following identity hold:

(I (un) = L), uy — ) = [lup — ul} + /R(VW(L n (1))
VW, u()))(un(t) — u(r))de, (3.8)
we get that #,, — u strongly in X, which implies that /, satisfies the (PS)-condition. [
Proof of Theorem 1.1. From Lemmas 2.3, 3.1, 3.2, we know that

C) = inf I)L (u)
X,

is a critical value of functional 7, , namely, there exists a critical point u; € X such that
bL(uy) = c.
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Finally, we show that u; # 0. Letug € (Wol’z(]l) N X;) \ {0} and |lug|lcc < 1. Then by
(W3), we have

1
Iy o) = Slsuoll} - /R Wt, suo(t)di

IA

2
S
ol - / Wt, suo(t))di
I
S2
< T lluol} - nsV/Iuo(t)I”dt, 0<s<s. (3.9)
I

Since 1 < v < 2, it follows from (3.9) that I, (sup) < O for s > 0 small enough. Hence
I (uy) = ¢, < 0, therefore, u; is a nontrivial critical point of I; and so u; is a nontrivial
weak solution of problem (1.1). The proof is complete. (]

4. Concentration of solutions

In the following, we study the concentration of solutions for problem (1.1) as A — oo.
Define

¢ = inf Ii|g«(w),
weEf 0
where I)\|Eg is a restriction of /; on ES‘; that is,
1 (T T
L ge (w) = —/ IoD?w(l)ldt—/ W, w(t))dt,
0 2 Jo 0

forw € H*(R, R"). Following the same way as in the proof of Theorem 1.1, we can show
that ¢ < 0 can be achieved. Since ES‘ C X, forall A > 0, we get

¢y <c<0, forall A > A.

Proof of Theorem 1.2. We follow the arguments in [1]. For any sequence A,, — o0, let
u, = u;, be the critical point of I, obtained in Theorem 1.1. Thus

L,(u,) <c<0 “4.1)

and

1
Ly (un) = S lunlly, = fR W (2, un (£))dt

2 p
lunlly, — —7z 160 2 llull
2 7= An’
2 ! p%’/ L2 "

v

which implies that

lunlln, = C, (4.2)
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where the constant C > 0 is independent of A,. Therefore, we may assume that u,, — u

in X, and u, — u in L{:)C(R) for 2 < p < oo. By Fatou’s lemma, we have

/ 1()|a(t)|>dr < liminf f I(t)u?(1)de
R n—oo R

< lim inff (L(O)uy (1), u, (t))dt
n—oo R

2
lluen |
< liminf ——%n
n—oo

=0,

n

thus # = O ae.in R\ J, & € Ej by (L2). Now for any ¢ € C3°((0, T), R"), since
(I}, (un), @) = 0, it is easy to check that

T T
/ oD% - oD pdr — / (VW (t, u(t)), p(t))dt =0,
0 0

that is, i is a weak solution of (1.5) by the density of C3°((0, T), R") in E.
Next, we show thatu, (r) — u(t)in L (R) for2 < p < 00. Otherwise, by the vanishing
lemma (see Lemma 2.1 in [19]), there exists § > 0, Ry > 0 and 7, € R such that

th+Ro
f (uy — i)>dr > 6.
ln*RO

Moreover, t, — 00, hence |(#, — Ro, t, + Ro) N {l < k}| — 0. By the Holder inequality,
we have

/ lun — i|>ds
(tnfROytn+R())ﬂ{l<k}
< |(tn — Ro, tn + Ro) N {I < k}|luy — ii]| 3 — 0.

Therefore

lual, > Ak / (1) 2t
(fn*ROytn+R0)m{le}
— ok / e (1) — ()P
(tn_RO»tn“"RO)ﬂ{le}

=k ( / (1) — GO Pt
(tn_RO»tn“!‘RO)

—/ lun (1) — zl(t)|2dt) +o(1)
(ln—Ro.,ln+Ro)ﬂ{l<k}

— 00,

which contradicts (4.2). By virtue of <1/{,1 (Un), up) = (I/{” (u,), 1) = 0 and the fact that
u, — u strongly in L?(R) for 2 < p < oo, we have

. 2 i~p2
Tim 13, = ),

Hence, u,, — u strongly in X, . Moreover, from (4.1), we have & # 0. This completes the
proof. ]
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5. Remark about the multiplicity of weak solutions

In this section, we comment about the multiplicity result of weak solutions for (1.1). Our
main result in this section is

Theorem 5.1. Let conditions (L), (L3), (Wy) and (W3) hold, and W satisfies the fol-
lowing condition:

(W3) W(t,u) =—W(t, —u) forall (t,u) € R x R".
Then problem (1.1) possesses infinitely many nontrivial solutions.

In order to find infinitely many solutions of (1.1) under the assumptions of Theorem
5.1, we shall use the ‘genus’ properties. Therefore, we recall the following definition and

result (see [15]).
Let B be a Banach space, I € cl(s, R) and ¢ € R. We set

Y ={AcCB\{0}: A isclosedin B and symmetric with respect to 0},
Ke={ueB: Iw)=c,I'(u) =0}, I‘={ueB: I(u) <c).

DEFINITION 5.1

For A € X, we say genus of A is j (denote by y(A) = ) if there is an odd map
Y € C(A, R/ \ {0}), and j is the smallest integer with this property.

Lemma 5.1. Let I be an even C' functional on B and it satisfies the (PS) condition. For
any j € N, set

Yj={AeX: y(A) =]} Cj=Aiélf sup I ().

XjueA

(M) IfZ; #¢and cj € R, then c; is a critical value of I.
(2) If there exists r € N such that

Cj =Cj4l =--‘=Cj+r=C€R
and ¢ # 1(0), then y (K.) > r + 1.

Remark 5.1. From Remark 7.3 of [15], we know that if K. € ¥ and y(K.) > 1, then
K. contains infinitely many distinct points, that is, I has infinitely many distinct critical
points in 5.

Proof of Theorem 5.1. FromLemma3.1and 3.2, we know that I, € Cl(X,, R)isbounded
from below and satisfies the (PS)-condition. Furthermore, from (W3), I, is even and
1, (0) = 0. In order to apply Lemma 5.1, we prove that

forany j € N, thereexists € > 0 suchthat y (I, ) > j. 5D
Let {e;}52 | be the standard orthogonal basis of X, that is,

J

llejll, =1 and (ej,ex)n =0, 1 <i#k. (5.2)
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For any j € N, define

X] = span{er, ez, ..., ej}, S;j={ueX]: |ul,=1}.
Then, for any u € X{, there exists k; € R,i = 1,2, ..., j, such that
J
u(t) = inei(t) for 1 € R, (5.3)

i=1
which implies that

1/6

1/6 J v
||u||Le=<fR|u(t>|9) = /R?"e"(” dr (5.4)

and
flull3 =/R[I—oon‘u(t)|2+(L(t)u(t),u(t))]dt

J
= ZK? /R [l—co D ei ()|* + (L(1)ei (1), e (1)) ]dt

~.

Z leill; = Z" (5.5)

On the other hand, in view of (L3) and (W,), for any bounded open set I, there exists
n > 0 (dependent on II) such that

Wt u) = a®ul” = nlul®, (¢ u) e IxR" (5.6)
As aresult, for any u € S;, we can take some Iy C R such that

0

J J
/ W(t,u(t))dtz/ w I,ZKiei(t) dr > n/ inei(t) dt =0 > 0.
R R i=1

lo izt

(5.7)

Indeed, if not, for any bounded open set I C R, there exists {u,},en € S; such that

0

/|un(t)| dr = / mee,(r) dt — 0, as n — 0,
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where u, = Y!_| kine; such that }°/_, k? = 1. Because ) /_ k7 = 1, we have

lim iy =t ko €[0.1] and Y kg =1.

n——+00

Hence, for any bounded open set I C R,

0

j
f inoei(z) dr = 0.
I

i=1
The fact that I is arbitrary yields that ug = Z{: 1 kioei (1) = O a.e. on R which contradicts
the fact that ||ug||; = 1. Hence, (5.7) holds true.

In addition, since all norms of a finite dimensional norm space are equivalent, there is
a constant ¢ > 0 such that

Elluells, < Nl o, Vu € XJ. (5.8)
Consequently, according to (W3) and (5.3)—(5.8), we have

S2 /
I (su) = Enuni—/RW(r,sZK,»e,-a))dt
i=1

0

2 J
N
< St} =" [ 0| wiew)| o
2 R i=1
. 0
st 6 ’
< Sl = ns / Y kiei(t)| dt
To |i=1
2 2
s 2 6 _ 9 6
< —|ully —o0s" == —o0s", uesj,
= Sluli—e 7 e j

which implies that there exists € > 0 and § > 0 such that
I, (bu) < —e for u € §;. (5.9)

Let

J
S?:{(Su/ uesj}, Q=1Kik2,....,kj): ZKi2<32
i=1

Then it follows from (5.9) that
Lu) < —e, Yues;,
which, together with the fact that I, € C 1 (X%, R) and is even, yields that

ShcL“ex.
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On the other hand, it follows from (5.3) and (5.5) that there exists an odd homeomorphism
mapping ¢ € C(S%, 3K2). By some properties of the genus, we obtain

y(I;€) = y($) = j, (5.10)

so (5.1) follows. Set

cj = inf sup/(u),
A€Z; yeA

then, from (5.10) and the fact that I, is bounded from below on X, we have

-0 <cj <—e<0,

that is, for any j € N, ¢; is a real negative number. By Lemma 5.1 and Remark 5.1, I,
has infinitely many nontrivial critical points, and consequently, (1.1) possesses infinitely
many solutions. ]
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