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Abstract: We consider the direct problems for poroelasticity equations. In the low-frequency approxi-
mation we prove existence and uniqueness theorems for the solution to a certain mixed problem. In the
high-frequency approximation we establish the uniqueness of a weak solution to the mixed problem and
its continuous dependence on the data in the cases of bounded and unbounded temporal intervals and
for however many spatial variables.
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1. Introduction

In the applied questions of analyzing the propagation of elastic waves we often have to account for
the porosity of the medium. In particular, the questions of this type arise in seismology, exploration
geophysics, and studies of the properties of oil and gas fields. As a rule, the two frequency regimes are
distinguished while studying poroelastic phenomena: low-frequency [1] and high-frequency [2]. In order
to describe poroelastic phenomena, the classical Biot model [1] is normally used in the low-frequency
approximation; while in the high-frequency approximation, the generalization of the model of [2] to the
case of dynamic permeability depending on the square root of temporal frequency [3].

2. Low-Frequency Approximation

In this section we prove existence and uniqueness theorems for a solution to a certain mixed problem
for the low-frequency approximation of poroelasticity equations. Our results generalize those obtained
by Santos in the two-dimensional case; see [4].

Statement of the problem. Consider Qr = (0,7") x Q with 7" > 0, where Q is a bounded open
domain in R? associated with some isotropic inhomogeneous porous body with smooth boundary 09.
Consider the vector functions ug, uy : @p — R3 characterizing the absolute displacement of both solid (s)
and fluid (f) phases respectively. In the low-frequency approximation us and uy satisfy in Q7 the classical
Biot equations [1]

p1107u, + pu&fuf + 00 (us —uy) —V-o(u) =1, 2.1)
,0128,52115 + p228t211f — bat(us — I.If) — Vs(u) = ff, .

where in the case of isotropic media
o(u) = AV us+qV -uy) I+ p(Vus +Vul), s(u)=qV-u,+rV-uy. (2.2)

Here u = (u,,uy), while o(u) is the general stress tensor of the spatial material, the scalar s(u) is related
to the pressure p in the fluid phase as s = —¢p, where ¢ stands for the effective porosity; £, f; : Qr — R3
characterize the spatial densities of exterior forces acting in the solid and fluid phases respectively. The
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coefficient p1o : © — R_ amounts to a parameter describing the mass interaction between the fluid and
solid phases, p11, p22: 8 — R, characterize the inertia of the two phases and are related to the densities
Pss Pf Q — R, of the fluid and solid phases as p11 + p12 = ps and pog + p12 = pyf, while b = v¢?/k is the
dissipation coefficient, where v : Q — R, is the viscosity of the fluid, k& : & — R, is the permeability;
and I is the identity matrix of size 3 x 3. The coefficients A,y : Q@ — R and ¢, 7 : Q — R are respectively
the Lamé and Biot parameters [1]. The physical properties of the fluid/solid system enable us to assume
that

0 <my <b(x), A\(x), u(x),r(x) < M; < o0, xE€Q,
0<gn<qx) <qu<oo, x€Q, (2.3)
r(x)(A(x) 4+ u(x) — ¢Z(x) >0, xe.

Assume also that
0 < ma < p11(%x), p22(x) < My < 00, x €,

—00 < pm < p12(x) < pu <0, x€Q,
p11(X)p22(x) — pla(x) >0, x€Q.
Consider the matrices .7 and & defined as
o= (our i) o= (4 )
Define the differential operator
Z =(V-o1(u),V-03(u),V-o3(u), Vs(u)),

where o;(u) = (0i1(u), oi2(u), oi3(u)) for i = 1,2,3. Using the notations, express (2.1) and (2.2) in the
more concise form
A 0Pu+ Edu — L (u) = f,

where f = (f;, ;). Thus, we can state our problem as follows: Find a function u: Qp — RS such that
APu+ Edu— L) =f, (t,x)<€Qr,
u(0,)) =u’, 9u(0,))=v’, xeQ, (2.4)
(o1(u) -n,02(u) -n,o3(u) -n) =7, s(u)=¢ (t,x) el

where I'r = (0,T) x 02 and n = n(x) is the outer normal to 0.
Assume that the coefficients A, p1, ¢, 7, b, p11, p12, poz and f : Q7 — R®, u® v0: Q — R6 o : I'p — R3,
¢ : 't — R are prescribed and possess the required smoothness.

Function spaces, and notation. Denote by {2 € R? a bounded open set with smooth boundary 9.
Given a nonnegative integer index m, denote by H™(2) the ordinary Sobolev space with the norm

ol = ([ 1000 ax) "

la|<m g

The norm of the vector function v = (vy,ve,...,v,) in [H™(Q)]™ with n € N is introduced as

n 1/2
¥l = (Z ||vz-||$n) .
=1
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Denote the inner product and norm of v, w € [L?(Q)]" by

vow) = 3 [wwidx, vl = (w92

i=1¢
The inner product and norm of vector functions v, w € [L?(0Q')]", with Q' C 99, are introduced as

(v, w) —Z/viwida, v]o = (v,v)'/2,
i=1aqy

where do is the surface measure on 0¢Y'.
Denote the dual space of X by X’'. Then [H~™(Q)]" = [H™(2)']™ with the norm

Klm= sup 1)
ozvelam @) 1Vm
where (+,-) is the duality between [H~"(Q)]"™ and [H™(Q2)]™.

Recall that ¢, = v/0Q € [L2(0Q)]" for every v € [HY(Q)]", and |¢ylo < C|[v[|§/?|[v]}/? with some
positive constant C. Then [HY/2(9Q)]" is defined as the image of [H'(€2)]" under ¢; see [5]. The norm
of ¥ € [H'/2(9Q)]" is defined as

[Olip=inf vl
velH! ()],

Denote by [H~1/2(09Q)]™ the dual space of [H/2(9Q)]". Denote the duality between [H~1/2(9Q)]"
and [HY2(0Q)]™ by (-,-). Introduce the norm in [H~Y2(9Q)]" as

_ (v.¢)
|V|—1/2 = sup .
o£ce[H /2 (00)n [Sl1/2

Consider the space H(Q;div) = {v € [L?>(Q)]?: V- v € L?(Q)} equipped with the norm

1/2
VIl uaivy = (V]2 + 11V - v2) 2.

Observe that we can identify H(£2;div) with the closed subspace of [L?(f2)]* consisting of the elements
(v1,v2,v3,v4), where vy = V - v with v € [L2(Q)]? and vy € L%(Q).

Denote by n = n(x) the outer normal to dQ. It is known that v -n € H~Y/2(9Q) for every
v e H2(0Q) and |v - n|_; /5 < C[|v| g(0;daiv) With a positive constant C'.

Recall the integration-by-parts formula [6]:

(V-v,w) + (v,Vw) = (v-n,w), veHQdiv), weH(Q). (2.5)

. 1/2

Put V = [HY(Q)]?x H(2;div). Define the norm v = (v1,vs) € Vas ||v]|y = (HVlH%—I—HVQH%I(Q;diV)) 2,
Since H (£2;div) can be identified with the closed subspace [L?(€2)]*, we can represent every element of V'
as z = (21,22,...,27), Where 21, z2, 23 € H 1(Q) and z4, 25, 26, 27 € L*(Q).

Take w = (w1, wz) € V with w; = (w;1, wi, w;3) for i = 1,2. Denote by [+, -] the duality between V'
and V; i.e.,

[z, w] = ((21, 22,23), W1) + /((24, 25,26) + Wa + 27V - Wa) dx.
Q
Then
|z, WlI < [I(21, 22, z3) [ -allwalls + [1(z4, 25, 26, 27) ol Wall H(@iaiv) < ll2]lvellwllv.
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For a real Banach space X with the norm ||-|| x, the LP(0,T’; X) space consists of all strictly measurable
functions v : (0,T) — X such that [|v||zro,7;x) < 00, where

T 1/p
[V ™, 1<p<oo;
Ivlizeorx)y = ©
esssup [v(Dllx,  p=oo.
te(0,T)
Finally, recall that 2/(0,T) stands for the space of distributions in (0, 7).

Weak statement of problem (2.4). Given u,v € V, where u = (u,,uy) and v = (v, vy), with
u, = (ug1, k2, uks) and v = (vg1, Ve, vks) for k = s, f, define the bilinear forms

3
M(us,vs) = /[AV cu Vv +2u Z eij(us)eij(vs)} dx,

ij=1
B(u,v) = M(u,,vs)+ (¢V -us, V-vy) 4+ (¢V-us + 7V -uy, V- vy),
where €;;(+) are the components of the standard deformation tensor e. Note that B(u, v) is symmetric and
1B(u,v)| < C(uslly + [V - ugllo) (IIvslls + V- vello) < Cllullv]vilv

with a positive constant C. Furthermore, recall Korn’s inequality [7]

3
3" &w)dx+ [ul} = Cillal?, we [H(Q)P,
o =1
where C1 is some positive constant.
Take the matrix

A+2p A A 0 0 0 ¢

A A+2p A 0 0 0 ¢

A A A4+24 0 0 0 ¢

D= 0 0 0 44 0 0 0
0 0 0 0 4u 0 O

0 0 0 0 0 4up O

q q q O o0 0 r~r

in R7X7 and put z(u) = (611(113), 622(115), 633(113), 612(113), 613(115), 623(113), V- Uf). Then
B(u,u) = /(Dz(u),z(u)) dx,
Q

where (-, -) stands for the ordinary dot product in R”. By (2.3) the matrix D is positive definite. Therefore,

if we denote by Apin the minimal eigenvalue of D and put Cy = min(%, )\min) then, applying Korn’s

inequality, we find that
B(u,u) > Callul} — Auallull}, ue V.

Denote a fixed constant satisfying v > Amin by 7, and define the bilinear form B, (-,-) as
By(u,v) = B(u,v) +y(u,v), u,velV.
Then B, is symmetric and
|By(w,v)| < Cllullv|vlv, By(uu)=Coluly, wveV. (2.6)
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Multiply the first relation in (2.4) by some test function v € V and then integrate over Q. Applying
the integration-by-parts formula (2.5) to (£ (u),v) and using the boundary conditions, arrive at the
equality

(szf@fu,v) + (&0, v) + B(u,v) = (f,v) + (¢, vs) + ( vy -n,§) for almost all ¢ € (0,T).

Thus, we can state the weak form of the mixed problem (2.4) as follows: Given f, u®, v%, 4, and ¢, find
a vector-function u : Qp — RS satisfying

u, 0 € L*°(0,T;V), d2ue L>(0,T;[L*(Q)]%) (2.7)
and

(070, v) + (£9pu,v) + B(u,v) = (£,v) + (¢, vs) + (vf -n,&) forallveVin 2'(0,T), (2.8)
u(0,x) =u’, 9u(0,x)=v’, xecQ. (2.9)

Refer to u as a weak solution to (2.4).

Solution of problem (2.4). Put

G5 = 13+ V017 + [£0)II5 + 1,
NS = Hat%Hioo(o,T;[H—W(aQ)]S)
+HaerlwHi?(O,T;[H—1/2(8Q)]3) + Hafg“QLw(o,T;Hl/Q(BQ))
+HaerlguiQ(O,T;Hl/z(BQ)) + H8fin2(o,T;[L2(an)]6)’ s=0,1.

Theorem 1.1. Given f,4,¢,u°, and v°, if max{%, No, N1} < oo then a weak solution u(t,x) to
problem (2.4) exists and satisfies (2.7).

PRrROOF. Consider some sequence {v;}°,, v; = (vg,vs;) € [H2(Q)]% such that vi,va,..., vy, are
linearly independent for all m and whose span is dense in [H?2(£2)]%. This sequence exists because [H?()]°
is a separable space. Put u,, = (Wsm, Upm) € Sy, and Sy, = span(vi, v, ..., Vy,), where

m
W (%) =D gmi(t)vi(x). (2.10)
i=1
Define u,, as a solution to the finite-dimensional (1 < ¢ < m) problem
(datzumavi) + (@(datum,vi) + B(umuvi) = (fvvi) + <¢7V5i> + <sz : n7§>7 te (07T)a (211)
u,(0,) =ud, Jun(0,)=v, x€Q, (2.12)

where u?,, v0 € S, and

W — uin [H2(Q)]5, v0, —— vOin [H(Q). (2.13)

m
m—0o0 m— o0

Given m € N, there is a unique function u,, of the form (2.10) with smooth g,,; satisfying (2.11)-(2.13)
for almost all ¢ € [0,7]. Observe that

d

£||Um||<2) = 2/um(t,X)5tum(t,X) dx < [|um|§ + [[9pum|3.

Q
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Multiplying (2.11) by g/,.;(t), where the prime stands for the usual derivative with respect to ¢, and then
summing over ¢ from 1 to m, we find that

(;zf@tzum, 8tum) + (&0, Opuy,) + B(uy,, Opuy,)
- (f, 8tum) + <1/J7 6tusm> + <8tufm -1, §>7
and so

1d
2 dt ["ﬂl/Zﬁtum|’0 + B (umn um)] + (@ﬁatuma 6tu'm)

< O[II£II5 + [18samllg + [[wm i3] + (3, Brttsm) + (Qpm - 1, €) (2.14)
with a positive constant C' independent of m. Applying the integration-by-parts formula, we find that

t

[0 as

0

t
= ‘<¢7usm>( ) ¢ausm / at";bausm ds
0

t
Sﬂwm%W#ﬁ+wm@%+/mmw@@}

t

'/@WWm@@w
0

(g 16O ~ (g 1,0) = [ a0, 0)() ds
0

t
< ellugmll Qdiv) T C NG + [lugm (0)[[ Qdiv) T [l Qudiv)(8) ds |,
( ) ( ) ( )
0

where € is a positive constant. Integrating (2.14) over the interval (0,¢) and using the above estimates
and (2.6), we arrive at

t
1720 (0) 1§ + Callam (£)[1F + /(éaatumvatum)(s) ds < ellum(t)[I},
0

t
+C N02+!\%1/28tum(0)!\3+Hum(0)|§+/(HatumHﬁ(SH||um(8)||%/) ds|. (2.15)
0

Observe that ||.27/20pu,,(t)||o is equivalent to ||Osu,(t)[o and (2.13) yields
172000, (0) 1§ + luim (0)1F < O

Since & is a nonnegative matrix, putting 2¢ = Cy in (2.15) and applying Gronwall’s lemma, we obtain
the first a priori estimate

[0stm || oo (0,7122()16) + [Um | Lo<(0,75v) < C(%0 + No). (2.16)

Differentiating (2.11) yields

(%af’um,vi) + (é"@fum,vi) + B(0yuy,, v;)
= (0uf,vi) + (O, vsi) + ( v -m,0:€), t€(0,T), 1<i<m.
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Multiplying the last equality by g/ .(¢) and then summing over ¢ from 1 to m, we see that
(0, 0fum) + (607U, 07 u) + B (O, 07uy,)
= (Of, 0 um) + (O, Ofugm) + (O Uy - m,0i8), te (0,7).
Repeating the procedure that led to (2.15), we arrive at

02| + lorm ) < C[Nf L+ ||0Punm(0)]2

+ [ 0Run(@) + 1oran (o)) ds| 217
0

Let us estimate Hafum(o)uf) Using the integration-by-parts formula (2.5), the initial data (2.12), and
the equality
g(um(0)7vi) = _B(um(o)vvi) + <¢?V8i> + <Vfi ’ n7£>7
we find that
(0fum (0),v;) = (£(0),v;) — (£9yu(0),v;) + (L (um(0)), v4). (2.18)

Multiplying (2.18) by g,.(0) and then summing over ¢ from 1 to m, we find that H(?fum(O)Hz < CY.
Finally, using the Grénwall inequality, we arrive at the second a priori estimate
Hat2um||L‘>°(0,T;[L2(Q)]5) F00am|| L0,y < C(%0 + N1). (2.19)
The Dunford—Pettis Theorem implies that
LN, T3V = L2(0,T5 V), [L10, T5 [L*(Q)]°)) = L(0, T3 [LA(Q)])°).
From the sequence {u,, }>°_; we can refine a subsequence, also denoted by {u,,}>°_;, such that

u, —— u #*-weakly in L>(0,T;V),

m—0o0
oy, —— Oy #-weakly in L>®(0,T;V), (2.20)
m—0o0

02w, — 0?u x-weakly in L>(0,T;[L?*(22)]°).
m—r00

From (2.20) we conclude that

m— 00

o g

T
(OFap,, vi)(t)dt —— [ (0fu,v;)(t)dt, k=0,1,2;
0

(szﬁfum,vi) e (szfagu,vi) x-weakly in L*°(0,T); (2.21)

m—r0o0

(&0, v;)) —— (£, v;) *weakly in L>(0,T)
m—0o0

for all v;. Suppose that g(t) € L'(0,T). Using (2.20) once and the integration-by-parts formula (2.5)
twice, we arrive at

T
im [ B(ug, vi)(t)g(t) dt

0

T
= lim [ [—(Z(Vi),up) + (11 (Vi) -0, 72(V3) -1, 73(V3) - 1), W)
’ T
+(ugm -1, s(vi))|(t)g(t) dt = /B(u’ vi)(t)g(t) dt.
0
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Therefore,
B(um,vi) — B(u,v;) sweakly in L>(0,T)

m—o0

for every v;. Passing in (2.11) to the limit with respect to m, then using (2.20) and (2.21), we infer that
(0fu,v;) + (0, v;) + B(u,v;) = (£,v;) + (¥, vai) + (&, v i)
But the span of the collection of v; is dense in [H2(£2)]%. So,
O+ E0u— L(u) =f in [D'(Q)]° for almost all ¢t € (0,T).
As the next step, we verify the fulfillment of the initial and boundary conditions of (2.4). By (2.7) and
Lemma 1.2 of [8, Chapter 1] it follows from
u,(0) —— u® *-weakly in [H}(Q)]®, 0u,,(0) —— vV *-weakly in [L?(2)]6

m— 00 m— 00

that the initial conditions of our problem are fulfilled in the weak sense (as in [8]). The book mainly
considers the first boundary problem, and the fulfillment of boundary conditions follows because the
solution belongs to H (). In our case, integration by parts yields

B(u,v;) = —(Z(u),v;) + ((11(u) - n, 7»(u) - n,73(u) - n),vg) + (vp-n,s(u)), €N,
Since the span of the collection of v; is dense in [H?(9)]®, for almost all ¢ € (0,7)
(r1(0) - m,7a(w) 0, 7o) 1), V) = (,v4), Vs € [HEQ)P,
(vi-m,s(u)) = (vy-n,§), vye H(Qdiv).
In the last formula the first equality means the fulfillment of the first boundary condition of (2.4), while
the second means that for every p € H~1/2(9Q) there is ¢ € H(Q;div) with ¢-n = p; i.e., (p, s(u)) = (p, &)

for every p € H1/2(9Q). Consequently, the constructed solution satisfies all boundary conditions of (2.4).
This completes the proof of the existence theorem. [J

Theorem 1.2. Under the assumptions of Theorem 1.1 the solution is unique.

PROOF. Suppose that there are two solutions ug, for &k = 1,2, to (2.4) corresponding to the same
initial and boundary conditions and take u = u; — us. Then

u,0u € L°(0,T;V), 02uc L™(0,T;[L*(Q)]°)

and u satisfies

A 0Pu+ E0u — L (v) =
u(0,-) = 9u(0,-) =
(ri(u) -n,»(u) -n,73(u) -n) =0, s(u)=0, (t,x) € T'r.

, X €,

Therefore, for every vector function v € V() we have
(d@fu, v) + (£0yu,v) + B(u,v) =0 for almost all ¢ € (0,T).
Since v € V(2), put v = d;u in the previous relation to reduce it to
1d

2 dt [H%l/zatu”g + B(ua u)] + ((fatu, Btu) =0.

Applying the inequality
d
77 I1ullG < J[ullg + [[0ull

to the previous formula and integrating from 0 to ¢, we see that
¢
[} + llocullg < C/ (Iha(s, )15 + loeuls, ) I5) ds
0

with some positive constant C. The latter means that ||uly = ||Opullo = 0; i.e., uy = uz almost
everywhere in Q. [
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3. High-Frequency Approximation

Using the results of [3], we can express the high-frequency analog of Biot’s equations as [9]

pdiu, + pfafuf =V-o+f1,,

3.1
profus + puoiuy + H\L@h* [07us + wopuy] = —Vp + f; (3.1)

with the state equations (the case of an isotropic medium)
o= AV us+ BmV -up)l + p(Vu, + VusT), p=-m(BV-us+ V- uy). (3.2)

This model uses the following functions and physical parameters: the relative displacement vector uy
of the fluid phase, the spatial density f; of the exterior force acting in the fluid phase, the density p;
and dynamic viscosity 1 of the fluid; the absolute displacement vector ug of the solid phase, the spatial
density f; of the exterior force acting in solid phase, the density ps; and the shear modulus p of the
elastic skeleton; the porosity 0 < ¢ < 1, the tortuosity a > 1, the absolute permeability x, the Lamé
coefficient Ay, and two Biot’s coefficients 3 and m of a saturated rock; the elastic stress tensor o and the
acoustic pressure p. Moreover, we use the notation

a 27 fe
w — TPfH = 1- S5 = )
pu= 5P P Sy + (1 =0)ps, w=-—73

(3.3)

t
W)= S has(t) = /h(t — 8)2(s,-) ds,
0

where f. is the transition frequency and P > 0 is the Pride number; see [9]. Observe that, in accordance
with the definitions (3.3),

a a(l —¢)
@ ¢

We will deal with the N-dimensional case, where N = 1,2, 3, although the results hold for N > 4; i.e.,
they are independent of the dimension N. We assume also that

ppw = p5 = (pg + (L= @)ps) < ps — pF = (a = 1)p} + psps > 0. (3-4)

Ao+ 20 > 0, (3.5)

where Ao = Ay — mf3? is the Lamé coefficient of a dry rock.

REMARK 3.1. By the definition of i, the convolution term in (3.1) amounts to the order 1/2 fractional
derivative of 02uy + woyuy.

Statement of the problem. Denote by Q C RY an arbitrary bounded open set with the bound-
ary 0 of class C? and put Au, = (Aug 1, Aug 2, Aug3). In the domain Q4 = (0,00) x € consider the
mixed problem

pOius + ppoius — pAug — V[(A\f + p)V - us + mV -uy] = f5, (t,x) € Q4,

02, + pudPuy + —L_h % [O2 )
p1O30s + pudiy + —sh [Ofuy + wopuy] 36)
—-mV(BV - -us+V-uyp) =1, (t,x)€Q4,
113(07 ) = VOa 8tus(07 ) = Vl’ llf((), ) = WO’ 8,511]‘(0, ) = Wla x €14,
u;, =0, n-uy=0, (t,x)ely,
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where n is the outer unit vector orthogonal to 992, and I'y = R4 x 99Q. The differential equations in (3.6)
are obtained by inserting (3.2) into (3.1).

Function spaces, and notation. Consider the following spaces related to some Hilbert space V:
LE(R; V)= {u € L3 .(R;V) : suppu C @+, e Hue L*(R; V)},
H}(R; V) ={ue L*(R;V): e “ou € L*(R; V)},
yg(R; V)={ue 2'(R;V) :suppu C Q,, e %ue .S (R; 1,
where £ € R and .%/(R; V) is the space of temporal distributions with values in V. Define the spaces
depending on a parameter £y € R :
V(&) = {v € HL (R; L2 (V) : v € L (R; Hy()V),
O € L (R L* (M) N C(R; L2 (Q)Y), 0fv € S, (R; V)1,
W (&) ={we Hglo(R; LX) :we LgO(R; L*(;div)), n-w = 0 on 99,
Oyw € L (R; L2 ()N) N C(R; L*(Q)N), 0w € L (R; V) },
where L2(;div) = {u € L2(Q)" : divu € L?(Q)} is equipped with the norm

. 1/2
Il 2 = [al2egoyn + I divul2,q)] 2.

Observe that the choice of {y means some weakening conditions on the behavior of (v, w) as t — +00.

Finally, recall the definition of Laplace transform used in the special vector subspace of distributions;
see [10, Chapter 10]. Take a distribution z € 2'(R; V) with the following properties:

(i) suppz C [0, +00);

(ii) there is & € R such that the distribution e *°z belongs to the vector subspace .’ (R; V). Under
these assumptions the Laplace transform of z is the holomorphic function z defined as

z(1) = <e*t(7750),e*t5°z), Ret > &.

Moreover, we have

-~ o~

(8/2) (1) = 7'2(r), (hx2)(r) =h(7)a(r), Rer >, jEN,

for every scalar function h : R, — R with e7%°h € L1(R,).

Integrodifferential problem. Consider a more general version of (3.1). Replacing the kernel
of the convolution operator n(k+y/w)~'h by a more general function k, we will deal with the following
generalization of problem (3.6):

plﬁfus + pzafuf —oAug — V[V -us + o3V -uyp] =1, (t,x) € Q4,

p207us + p3diuy + k * [8t2uf + wopuy] (3.7)
—V(a3V-us + a4V -uy) =1f, (t,x) € Q4,
us(0,-) =v°,  Qug(0,)) =v', us(0,) =w’ Guy(0,)) =w', x€Q,
u;, =0, n-uy=0, (t,x)ely,
where p; € R for j =1,2,3 and o; € R for j = 1,2, 3,4 are prescribed constants.
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Make the change of the unknowns functions:
u, = v+ tvi + v, uy =w' +tw! +w.
Using (3.7) and (3.8), we obtain the problem for determining (v, w):
P12V 4 podiW — AV — V(aV -V + a3V -w) =L+ 2, (t,x) € Qy,
P20}V + p3OfW + k x [OfW + wOw] — V(azV - ¥ + asV - W)

+8°, (%) €Qy,
v(0,-) =w(0,-) =0, 9v(0,-)=0w(0,:)=0, x€,

v=0, n-w=0, (t,x)el,,

where _
fl = a; AV + V(agv 0+ agV - WO),

3 = tag Av? + tV(agv vt asV- wl) + f's,
gl =V(V -v'+ V- -w?), g°=—w(l*k)w,
g3 = tV(agv vl + a4V - Wl) + ff,

(3.10)

with f, = f, and f'f = f;. Extend the unknowns (V,w) to R_ x Q by zero and denote this continuation

by (v,w). Do the same with our data and remove the tildes over the extended functions.

Let us state the problem: Find a pair of functions (v,w) € ¥ (&) x # (&) satisfying the equations:

P102v + pa0Pw — a1 AV — V(aV - v+ a3V -w) =L + 3 (t,x) € Q,

P07V + p3Ofw + k x [Ofw + wOow| — V(asV - v+ oV -w) =g' +g° +g°, (t,x) € Q,

v=0, n-w=0, (t,x)eTl,

where Q = R x Q and I’ = R x 99.
We assume that the constants p; for j = 1,2,3 and «; for j = 1,2, 3,4 satisfy

p1 >0, p3 >0, plpg—pg > 0,01 +ag >0, ag >0, (a1+a2)a4—a§ > 0.
Finally, we assume that problem (3.11)—(3.13) satisfies the smoothness conditions
vie B2 QN nHF (N, vie 2N, WO w!'e L)V,
divv®, divw’ € H'(Q), n-w’=0, xe€0Q, £ e Ry;L(QY),
k€ L{,(Ri;R), Re[(r+w)k(r)] >c, Rer=4¢,

(3.14)

(3.15)
(3.16)
(3.17)

where k and ¢ stand respectively for the Laplace transform of the kernel £ and some nonnegative constant.

REMARK 3.2. If k € L{ (R;R) then 1%k € LZ (Ry;R).

Moreover, recall that L (Ri;X) < L(Ry;X) for all p € [1,+00], £ > &, and every Banach

space X.

REMARK 3.3. The expression k(t) = c(y,w)t 1 e ™ with v € (0,1) yields simple examples of
kernels k with weak singularity at ¢ = 0 satisfying (3.17). More general functions k are of the form

+oo
k(t) = Z cit 1T
j=1

(3.18)
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where {7;}; 120 is a sequence in [p, 1] with 79 > 0 and {t,uj}+ ? is a sequence in (0,w]| with w > 0, while

{ej} i /=1 is a nonnegative real sequence such that
+oo
D D)€ +wi) ™ < oo
j=1
This condition ensures that k € L%O (R4;R). Since the Laplace transform of k is given by the formula
+o0o
R(r) =Y e T(a) (T +wj)™
j=1
for ReT = &y > 0, we have

~

Re[(7 + w)k(r)] = Re[(7 + w))k(7)] + (v — wj) Re k(7)
+o00
> Z e;T(v;) (€ +wj) ™ cos[(1 —y0)7/2] =i ¢, Rer =£>&. (3.19)
j=1
Observe that the sequence in (3.19) converges for all 7 = £ + iy, where y € R and £ > &.
Uniqueness and continuous dependence.

Theorem 3.1. Assume that (3.14)—(3.17) are satisfied. Then the solution to (3.11)—(3.13) is unique
in ¥ (&) x # (&) and satisfies the following estimate of continuous dependence for all £ > &y:

+00
/@2§t[|’atV(ta‘)H%2 N+”atw( )HL2 ]dt
0
+00
+/e2§t[\VV( )|’L2(Q)N+HV w(t, )”L2(Q)]d
0

< C{||v0||§{2(9)N + ||V1H%I?(Q)N + HWOHiQ(Q)N + ||w1||%2(Q)N + | divw0||§{1(9)

“+oo

2
+l div w31 + [ / e S |I£s(t, )| 2y + ’ff(tv’)’LQ(Q)N]dt] }7 (320)
0

where N = 1,2,3 and the positive constant C depends only on k, &, w, p1, p2, p3, @1, Q2, asz, and 4.
Theorem 3.1 directly implies the uniqueness and continuous dependence of the solution to prob-
lem (3.6). In this case k(t) = nr~(wnt)~/2e~**; hence, it suffices to put p; = p, py = Pfs P3 = Puw,
a1 = p, ag = Ay +p, az3 = mfB3, and ag = m.
Theorem 3.2. Under conditions (3.5) and (3.15)—(3.17) the solution to problem (3.6) is unique in
V(&) x # (&) and satisfies (3.20).

PrOOF OF THEOREM 3.1. Take a solution (v,w) € ¥ (&) x # (&) to (3.11)—(3.13). Applying the
Laplace transform to both sides of (3.11)—(3.13), for £ > &, we obtain

T[p1(8ev) (7, %) + p2(8sw) (1,%)] — a1 A (7, %) — sV (V - ¥)(7, %)

—asV(V - W)(r,x) = fi(r,x) + £3(1,x), Rer=¢, x €, (3.21)

T102(8v) (1, %) + p3(Bw) (1, %)] + (7 + W)k(T)(Byw) (1, %) — a3V(V - 9) (7, %)
—auV (VW) (r,x) = g'(1,x) + &°(1,x) + &*(7,x), Rer=¢ x €, (3.22)
Vv(r,x) =0, n-w(r,x)=0, Rer=¢, x€0N. (3.23)
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Observe that the transformed equations involve only ordinary functions. R

Take the inner product of (3.21) and (3.22) with (0;v) (7,x) = 7v(7,x) and (Oyw) (7,%x) = TW(T,X)
respectively, then integrate over x € Q. Adding up termwise and using the boundary conditions (3.23),
we arrive at the following expression (recall that now the inner product is taken in C):

/{Pl (000) (7, %)[* + 2pa Re[(01v) (7,%) - (9pw) (7,%)] + ps|(ew) (7, %) *} dx
—H"/[al]V\?(T, X)|? + 2|V - ¥(7,%) ]2 + au|V - W(7, x)|*] dx
Q
+2a37 [ Re[V - ¥(1,x)V - W(7,x)] dx + (T + w)k \&gw 7,x)|% dx
Q/ of

_ / [(FL+ £3)(7,%) - (Brv) (1, %) + (&' + 82 + &%) (7, %) - (Ow) (7, %)] dx. (3.24)
Q

Observe that
Re[V - v(r,x)V - w(7,x)] > —|V - v(7,%x)||V - W(T,%x)|.

Considering only the real part of (3.24) and using the assumption on k, we arrive at the integral inequality
3 / [01|(0ev) (1, %)% + 2p2 Re[(0pv) (7,x) - (Opw) (7, %)] + p3|(Bew) (7,%)[*] dx

+§/[a1|V\7(T, )2+ |V - (7 %) 2 + |V - (7, %)|2] dx
Q

_2a35/ V)|V - (7, x)] dx

/ (£ + £3) (7, x) (8,5V)A(7', x) + (g' + &%+ &%) (r,x) - (Gtw)/\(T, x)] dx
Q
<2V3 [[IE'(r, )P + (7, x)* + 18" (7, %) + |82 (r, ) > + €% (7, x)[*]"/?
Q

<[10v) (r, ) + [ (@ew) (r, )]/ dx. (3.25)
Using (3.14), we arrive at the inequality
1] (0ev) (1,%)? + 2p2 Re[(9pv) (7,%) - (Bew) (7, %)] + ps|(Bv) (7, %)|?
> M) (1, %) + (Bew) (7, %) ), (3.26)
where )\ is the smallest positive solution to the equation piA\? — 2pa\ + p3 = 0; i.e.,

21>

1
= 5{p+ps = [(p1 = ps)* + 4p3]

Define dy for N = 1,2, 3 in accordance with the following rule (see (3.4)):
61=0, oncE€ (O,min{al,al + a9 — a%a;l}), N =23. (3.27)
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Recalling that
2
IV 22200y + 10t 220y = [92]2, g 020 7€ B, N =23, (3.28)

we see that

/[(al —ON)|VV(T, %) |2 + 2|V - ¥(7, %) |2 + au|V - w(T, x) ] dx
Q

—2043/]V-\7(T,X)]V-W(T,X)]dxz /[(a1+a2—5N)yv.v(T,x)\2
Q
20|V - (i, %)V - ()| + 0|V - (7, %) 2] dx

> Cy / IV - 9(r, %) 2 + |V - %(r, )| dx,
Q

where (v is the smallest positive solution to the equation
¢?—2(e1 + a2+ ag — 6N)C + [(@1 + a2 — dn)au — o] = 0;

see (3.14) and (3.27). Consequently, since 2ab < ea? + e~ 1b? with ¢ = ¢)\/(2v/3) we infer from (3.25)
and (3.26) that

3 / 10 (1, %) + [(@w) (7, %)[?) dx
+¢ [y (2P + [T 57 + G|V - W73
Q
N [IB 0P + 0P +1g 0P + 80P + 18 dx
Q
5 [T 20 + (@) (20 x.
Q
Therefore,
2 / 1009) (7,7 + |(@ew) (7,3)]?] dx
+¢ [ 16819920 + a7 57 + G|V - W73
Q

1/ I8 (r )2 + [E2 (7, ) + g1 (. %) * + |82 (7, x)* + & (7, %) "] dx
Q

=: 6(¢XN) T O(fs, ) (7).
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Integrating the previous inequality along Re7T = £ > £y, we arrive at

£4ioco
)\ —~ ~
2 ][ dr / @) (7, %) 2 + |(Bew) (7, %)[2)] dx
£—ioco Q
E+ioo
+¢ f ‘”/MNvv(r,xﬂz+<N\V-<r(r,x>12+<N\v.vAv<r,x>2]dx
£—ioco Q
E+io0
<o [ (h.gp)r)dr (3.20)
£—ioco

2] ~d
The last step consists in estimating the vector functions f for j = 1,3 and g] for j = 1,2,3 in
L2((& —1i00,& +100); L2(2)Y) in terms of the data. To this end, from (3.15)(3.17) we infer for all 7 with
Re7 = £ that

IE (7, Ml 2@y < I IE 2@y 1B (7, )l gy
< 7122 2oy + IEs(T )2y

21 1~
g (7, )l z2yy < 71718 I p2)~

2

~

g™ (7 2@y < wlrl~HEEIW ]2 @

g (7, ')HL2(Q)N < ’T’_2HW2HL2(Q)N + H?f(ﬂ ')HL?(Q)M

where
vZ = a1 Av + V(agV - v+ a3V - Wl), w? = V(asV - v+ auV- wl).
Consequently,
E+ioco 5_1
F ot dr < S (1 By + N3]
£—ioco
&+io0
212 207 (2 AT 22
W[ W |72 TP RF dr + 2= [Vl 2 @)n + W72 0]
£—ioo
£+io0
+ [IEs(7, )17 +[IE (7, )17 2(0yv] d7-
s\ L2(Q)N AR L2(Q)N
E—ioco
Apply Parseval’s equality,
+00 +oo
[ e attnlat=em [ jateo + v du
0 —00
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The assumption f, f'f € Lgo (Ry; L2(Q)N) implies that f, t~"f € LE(RJF; L2(Q)N) for all £ > &. The same
holds for the extended vector functions fs; and f;. Therefore, for all { > &£ we have
E+ioco
F BBy + 15 ) Bagyn] dr

£—ioo

“+o00

< [ Uy + 1870, ]
0
“+o0o

< / e 20 (|1 (t, ) 2y + 15t )22y w] . (3.30)
0

In particular, we conclude from (3.29) and (3.30) that

~ —~

(0v), (Oew) € LE((€ — oo, € +i00); LA()Y)
for all £ > &. By Parseval’s equality, (3.29) and (3.30) yield

—+o00

/ e 2 o (t, ')H%z(Q)N + [[Oew (t, ')H%Z(Q)N] di
0

3
2

+o0
e / e—%tdt/[(sNWv(t,x)F+cN|v-v(t,x)|2+gN|v-w(t,x)|2] dx
0 Q
<3¢t [HfIHQLz(Q)N + HgIHiZ(Q)N]
+oo
- 3

62N W ey [ L RO a4 SE N [V oy + 19 gy

0

+o0

+6(¢X) ! / e P8, M F2yn + €7 (E ) T2y ] dt. (3.31)
0
Passing to the limit as & — &+ in (3.31), we conclude that this estimate holds with & replaced by &p.

Consequently, (3.30) holds for all £ > &. Now it is easy to obtain (3.20), which implies the uniqueness
and continuous dependence of the solution on the data of the problem. [J

Uniqueness and continuous dependence in a bounded temporal interval. In this subsection
we need stronger restrictions on the kernel k. Assume that k is a totally monotone function on R, and
belongs to some LP-space, namely

ke C®Ry)NLYR)NLP0,T) for some p € (1,400,

(3.32)
(-)"k™ @) >0, teR,, neN.
Then the function .
i(t) = / k(s)ds, té€R., (3.33)

t
belongs to C*°(R;) N L*(R;) and is totally monotone.

444



REMARK 3.4. The kernels defined in (3.11) are totally monotone. Moreover, suppose that {cj}+°°

is a nonnegative sequence defining the entire function ¢(z) = ;rog c; 2J and that k is a totally monotone

function. Then ¢ o k is also totally monotone; see [11, Theorem 3.
For more general functions k defined in (3.12), we need the following assumption on the nonnegative
constants c; valid for all t € Ry and n € N:

g ¢ [wn + g(l =) - (=) (7) t_lw”_l} < fo0.

This condition is satisfied when either ¢; = 0 for all j > jo or

+oo
ZCj(l—’yj)...(l—’)’j)<+OO, leN.
j=1

Let us give a weak statement of problem (3.17)—(3.19): Find a pair of vector functions (v, w) satisfying
for all (¢,%) € HF(Q)N x L3(Q;div) the equality

p1(O7v(t, ), ®)oo T P2 (07w(t,-), ) oot P2 (87 (t, ), %) 0.
+p3(82w(t s 1,b) + [k = (82w—|—w8tw ¢) ](t) + a1 (Vv(t,-), V)
+as(V -v(t,-), V- ¢>)02+043(V w(t,-),V - ¢)02+a3(v v(t,),V-4)o2
+au(V-w(t,), V-l = (£1(t,-) + £2(4,-), d)o2
+(g(t, ) +g(t,) +g*(t,-), ) for almost all t € (0,T), (3.34)

where (-, ~)0’2 = (', ')L2(Q)N.
Make the following assumptions:

1Bl 210,y < Py prlps — Ikl Liory) — p3 >0, (01 + a)ay — a3 > 0. (3.35)

REMARK 3.5. The first two inequalities in (3.35) presume that k has to be small in the norm
of L1(0,T).

Theorem 3.3. Under conditions (3.8)—(3.11) and (3.35), the solution to problem (3.34) in the space
[H2(0, 5 L2 (™) N L*(0, T5 Ho ()™) ] > [H2(0,T5 LA(@)™) 1 L*(0, T3 L (% div) )|
is unique and satisfies the estimate
[96v(E, ) 22y + 100wt )2y + V(8 Bagayn + IV - () ey

< C{HVOH?{z(Q)N + ||V1H§{2(Q)N + HWOH%Z(Q)N + HWlH%?(Q)N + [ div w21 g

T
2
v By + | IRz + 16 x| | (3.36)
0

for all t € [0,T], where the positive constant C' depends only on T, k, w, p1, p2, p3, a1, a2, as, and ay.
Suppose that

9
U min{p, pp“’pf}. (3.37)
Kw p
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Theorem 3.4. Under conditions (3.8)—(3.11), (3.5), and (3.37), the solution to problem (3.6) in the
space

[E2(0, 75 LA(@)™) 1 L2(0,T: HY(@)V)] x [H2(0, T LA(@)N) N 12 (0, T3 L(2: div))

is unique and satisfies the estimate (3.36) for all t € [0,T].

PROOF OF THEOREM 3.4. By hypothesis k(t) = nx~! (mwt)~/2e=“* which implies that (3.32) holds
for every p € (1,2). Moreover, since p1 = p, p2 = py, p3 = pw, 01 = [i, @2 = Ap+p, a3 = mfB, and ay = m,
it follows that k satisfies (3.35) by (3.37), while the third inequality in (3.35) amounts to (3.5). O

In order to prove Theorem 3.3, we need several easy propositions.

Lemma 3.1. Ifz € H'(0,T; L?(Q)") and z(0,x) = O then

T

¢
/ [/kt—s@tzsx)ds]d
0
1 , 1 f )
2 — 51(0)“‘5 |z(7, x)| _ZEHkHLl(O,T) k(1 — s)|z(s, x)[" ds
0

for all T € (0,T], all ¢ € R, and almost all x € §, where - stands for the inner product in RY.

Lemma 3.2. If k; € LP(0,T) with p € (1,+o00] and ¢ € L*(0,T) then every nonnegative function
Y € L>=(0,T) satisfying the integral inequality

T

¢W§h*wﬂ+/wwwmﬁ,T€Mﬂ, (3.38)

0

also satisfies

AA\P—‘

P(r) < Z[L+ 1AllLrom)] [/Tq(S)d8r7 Te[0,T],
0

with b = Y750 (k%) k1.

PROOF OF THEOREM 3.3. Putting in (3.34) ¢ = 0,v(t,-) and ¢ = Oyw(t,-) for t € [0,T], we arrive
at the identity valid for almost all ¢ € (0,7T):

01 (afv(t, ), Opv (¢, -))0,2 + p2 (afw(t, ), Opv(t, -))072
+p2 (afv(t, )), Oyw (t, -))072 + p3 ((9t2w(t, )), Oyw (t, -))072
+ [k: * (8t2w + woyw, Oy w (t, -))0,2] (t) + a1(Vv(t,-),0:Vv(t, ‘))072
+aa(V - v(t, "), 0V - v(t, )2+ az(Vw(t,-), 0V - v(t,-))o2
Fa3(V - v(t,-), 0V - w(t,))o2 + as(V - w(t,), 0V - w(t,-))o.

= (fl( ") =+ fs( 7')?6tv( v'))O,Q
Jr(gl (ta ) + gQ(tv ) + g3(t7 ')a atw(tv '))0,2- (3'39)
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Integrate both sides of (3.39) over (0,7), with 7 € (0,7]. Standard calculations lead us to the identity

valid for all 7 € [0, T7:

1 1
3P0 (7, ) [5,2 + p2(0ev (7, ), Oew (T, Doz + 5 psllOw (T, )52

/dx/atw (t,x) /k(t— $)02w(s,x) ds

—Hu/dx/(?tw (t,x) dt/k(t—s)@tw(s,x) dS—i—%OélHVV(T,-) z

Q 0

1
SoulV - w(r,)llG 5

1
+§O‘2Hv : V(Ta )Hg,Q + Ozg(v : V(Ta ')7 V- W(Ta '))072 + 2

- [|@a+eeo.om, 02+§j ), ewit, V)os dt.
0
where || oz = Il 2y

(3.40)

Using (3.28), (3.33), (3.40), and Lemma 3.1 with z = 9,w, we obtain the integral inequality valid for

all 7 € (0,T7:
1
3P0V (7, ) 5,2 = pallOrv (7, )

1
503 = Ikl o,y = 20) 106w (7, )5, + € Vv (7, )G

2[[0w (7, )]|o,2

1

5 (a1 + a2 = 20)[[V - v(7, )52 + 0s(V - v(7,), V- w(T,))os
1 T

+50ul V- w(r o < o HkHLlOT)/k(T_S)WtW(SvX)’zdS

0

T

+f [(fl(t,-)+f3( )., 02+z ), Bewi(t, ))o2| dt.

0
Choose ¢ so that

1 .
0 <e<gmin{ps — [kl om), 01 +azh,  prlps = llkllLror) — 2¢) — P > 0;

see (3.35). Denote by A and ¢ the smallest positive solutions to the equations
A = (p1+ ps — |kl — 26)A + p1(ps — |kl 1oy — 26) — p3 =0,
¢ — (a1 + s+ ag — 26)C+ (a1 + az — 2e)ay — a2 = 0.
Therefore, we infer from (3.41)—(3.43) the integral inequality

A
5 [100v(7, ) 15,2 + 100w (7 ) [5.2] + g[IIV V()2 + 1V - w(r, )3 ]

1
HelOV(r s < 5 Welsio) [ K= 5)ioiw(s, P ds

T

+ [ pOlIov(e, )15, + ot 18] dt, 7€ 0,7)
0

(3.41)

(3.42)

(3.43)

(3.44)
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where

p(t) = V3|IIF'(t, )32 + I, )

3 ' 1/2
2,43 gt ) o} . te(0,T). (3.45)
j=1

Introduce the auxiliary function

N | >

W(1) = {100 (7, )32 + 10w (7, )5 2], 7€ (0,T).

Then (3.44) implies the integral inequality

T T
1

v(r) < oo [l [ br = 9pts)ds+ 5 [ o2 a 7€ o,7)

0 0

Lemma 3.2 shows that
1 T
92 < S+ helo) [p(s)ds, e 0.7,
0

where h, is a solution to the convolution equation (3.38) with ki = k(2eX)~L.
Consequently, from (3.44) we obtain the final estimate

A
5 (16 (T, ')H%,Q + [|Orw (T, ‘)H(Q),z]
¢
+elVv(r )35 + STV - v lEe + 19 - wir. ) 3a)
1 T S 2
< Salbluon(t+Induon? [#-9)| [srar) ds
0 0
1 [ 2
Faxll Il [rod] . reo1 (3.46)

0

Moreover, (3.10) yields

1002 < leal|AVOlo.2 + |2l V(V - vO)llo.2 + |asl||V(V - wP)
122, o2 < tleal|[AvH o2 + ool [V(V - v o2
+t|as||[V(V - w02 + [Ifs(t, ) o2,
18" (£, o2 < las|[V(V - vO)llo2 + [ V(V - w°) o2,
I182(¢, o2 < w(k* 1)(®)[[w' (o2,
18%(t, Vo2 < tlas|[V(V - vY)|lo2 + taul|V(V - wh)[lo2 + |E¢ (L, ) [lo,2-

0,25

(3.47)

Using (3.45)—(3.47), we arrive at (3.36). O

REMARK 3.6. Presenting the results for the high-frequency approximation, we were largely guided
by the article [12].
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