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Abstract

In this article, a robust model-free trajectory tracking control strategy is developed for a quadrotor in the presence of
external disturbances. The proposed strategy has an outer-inner-loop control structure. The outer loop controls the
position with adaptive proportional derivative-sliding mode control and generates the desired attitude angles for the inner
loop corresponding to the given position, velocity, and heading references, while the robust integral of the signum of the
error method is applied to the inner loop to guarantee fast convergence of attitude angles. Asymptotic tracking of the
three-dimensional trajectories is proven by the Lyapunov stability theory. The effectiveness of the proposed controller is
demonstrated with the simulation results by comparing with other model-free quadrotor trajectory tracking controllers.
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Due to vertical take-off/landing capability, flight flexibil-
ity, and hovering stability, quadrotor unmanned aerial vehi-

@ ® Creative Commons CC BY: This article is distributed under the terms of the Creative Commons Attribution 4.0 License

(http://www.creativecommons.org/licenses/by/4.0/) which permits any use, reproduction and distribution of the work without
further permission provided the original work is attributed as specified on the SAGE and Open Access pages (https://us.sagepub.com/en-us/nam/
open-access-at-sage).


http://orcid.org/0000-0003-4402-1957
http://orcid.org/0000-0003-4402-1957
mailto:maxin@sdu.edu.cn
https://doi.org/10.1177/1729881418800885
http://journals.sagepub.com/home/arx
http://www.creativecommons.org/licenses/by/4.0/
https://us.sagepub.com/en-us/nam/open-access-at-sage
https://us.sagepub.com/en-us/nam/open-access-at-sage
http://crossmark.crossref.org/dialog/?doi=10.1177%2F1729881418800885&domain=pdf&date_stamp=2018-10-03

International Journal of Advanced Robotic Systems

variation. Panomrattanarug et al.'® designed an LQR-based
attitude tracking controller in which the state variables are
estimated using a full-order state observer. These linear
controllers can stabilize the quadrotor’s position and atti-
tude only around the operation point, whereas they cannot
achieve the desired stability and tracking trajectories in a
large operation range and have limited capability to alle-
viate the coupling among state variables.

Nonlinear control methods that can overcome the lim-
itations of linear control approaches have been widely used
in controlling quadrotors. Taking into account the input
saturation, An et al.'' designed a backstepping inverse opti-
mal attitude controller that has the maximum convergence
rate Derafa et al."* developed a second-order super twisting
sliding mode controller (STSMC) for the attitude tracking
control of a quadrotor to ensure robustness to modeling
errors and wind perturbations. Their works focus on the
attitude tracking problem while position trajectory tracking
control is also very important in practical applications. In
consideration of quadrotor actuator effectiveness loss, the
trajectory tracking problem is treated using a nonlinear dis-
turbance observer—based resilient backstepping controller.'?
An SMC is designed for autonomous flight control of a
quadrotor to ensure the position and yaw angle reach to the
desired values asymptotically.'* Furthermore, a terminal
SMC is designed to make the quadrotor reach to the state
of equilibrium in finite time in the presence of unexpected
disturbances.'> Considering that the onboard altitude sensors
(barometer, global positioning system, etc.) do not provide
the altitude velocity information, a high-order sliding mode
observer is designed to estimate the altitude velocity. Based
on the estimations, an STSMC is designed to address the
quadrotor altitude tracking problem.'® However, the back-
stepping' "*'? and SMCs'*'¢ need good knowledge of the
system dynamics, while the precise dynamic models of small
quadrotor UAVs are very difficult to be obtained due to high
coupling, uncertainties, and external disturbances.?’

Without the requirement of the dynamic model, the
MFC is a preferred remedy in which only the system input
and output are needed to estimate the local model.'” Com-
bining the MFC with the terminal SMC, a model-free ter-
minal sliding mode controller (MFTSMC) is designed to
control the attitude and the position of a quadrotor UAV.'®
The time-delay-estimation-based MFC ensures bounded
tracking errors, while the terminal SMC eliminates the
bounded error in a finite time. However, the estimated
model of the MFC is valid only in a short period and needs
to be updated in every iteration, and the control gains are
not easy for tuning. Other model independent controllers
have been designed. Adaptive control that is suitable to
solve the parametric uncertainty problem has been utilized
for trajectory tracking of a quadrotor in the presence of
parametric uncertainties.'® However, the classic adaptive
control requires the linear parameterization of nonlinear
dynamics, while nonparametric uncertainties usually lead
to performance degradation.”® Torres et al.** designed a

fuzzy feedback controller in which a distributed compen-
sator is designed to stabilize the quadrotor. In the study by
Gautam and Ha,23 the PID controller is combined with the
fuzzy logic to address the quadrotor attitude and position
control problem. The PID gains are tuned using a self-
tuning fuzzy algorithm, whereas the fuzzy parameters are
achieved based on an extended Kalman filter. In the study
by Kayacan and Maslim,** a type-2 fuzzy neural network
position controller is combined with the traditional PD atti-
tude controller to solve the trajectory tracking problem of a
quadrotor in the presence of disturbance and uncertainties.
Lou and Guo®® used reinforcement learning method for
trajectory tracking of a quadrotor, while policy-searching
algorithm is applied to adjust the model parameters and
compensate for disturbances. Due to the strong learning
abilities, the intelligent controllers have achieved good per-
formance in quadrotor trajectory tracking.*?*® However,
the intelligent controllers usually require high hardware
conditions, which prevent their practical applications in
low-cost quadrotors.

Recently, some simple MFC methods such as robust
integral of the signum of the error (RISE)*’ and PD-
SMC**>! have been proposed for trajectory tracking. The
RISE controller can compensate for the disturbances and
model uncertainties and ensure semiglobal asymptotic sta-
bility. It is applied for disturbance rejection in the inner
loop of quadrotors.®* In Shin et al.’s study,*® neural net-
work feedforward term is added to the RISE method to
improve the attitude and altitude tracking performance of
a rotorcraft. In the study by Yue et al.,>* the PD-SMC
method that combines the advantages of PD control and
SMC has been applied in the contour tracking control of
robotic manipulators to improve tracking performance.

Motivated by the requirement for the simple controller
which has strong robustness to external disturbances and
can be implemented easily in practical applications, this
article proposes a model-free hierarchical controller
scheme for trajectory tracking of a quadrotor UAV. The
proposed control scheme has an outer-inner-loop structure.
First, a model-free adaptive proportional derivative-sliding
mode control (APD-SMC) law is proposed for the outer
loop to make the quadrotor UAV track the desired position
trajectory in which adaptive laws is used to estimate the
upper bounds of the unknown terms. The APD-SMC
enables the quadrotor to achieve null steady-state error
tracking capability with reasonable control gains so that
the need for large control gains of PD-SMC to compensate
for disturbances is avoided. Second, the boundary layer
method is used to eliminate chattering of the APD-SMC.
A tracking differentiator is utilized to compute the desired
attitude angular velocity which is needed for the inner loop
controller to overcome the infinity problem caused by tak-
ing the derivative of the desired attitude angles. Third, to
meet the requirement for fast response of attitude tracking
control, the RISE method is employed in the inner loop for
disturbance rejection and ensures locally exponentially
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Figure |. Schematic of a quadrotor.

stability of the inner loop. Finally, the asymptotic conver-
gence of 3-D trajectory tracking of the quadrotor UAV is
proved by using the Lyapunov stability theory.

This article is organized as follows. The dynamic model
of a quadrotor UAYV is given in the second section. The
details of the hierarchical MFC design and stability analy-
sis are presented in the third section. The comparison simu-
lation experiments of the proposed controller with other
MFCs are given in the fourth section. The final section
concludes the article.

Dynamic model description

The schematic of a quadrotor UAV is shown in Figure 1.
The quadrotor has four rotors mounted at two orthogonal
directions. Rotors 1 and 3 rotate in the anticlockwise direc-
tion; rotors 2 and 4 rotate in the clockwise direction. The
four thrusts ( f;, i = 1, 2, 3, 4) are generated by the rotation
of the four rotors. The thrust is proportional to the square of
the rotor’s angular speed’>>¢

fi=hkr?, i=1,2,3,4 (1)

where the thrust coefficient k7 depends on the blade rotor
characteristics.

The control inputs u, 71, 7, and 73 can be obtained
through the thrusts

u 11 171/,
nl_ |0 d 0 —d||f 2
rz —d 0 d 0||fs
7 ke ke —ke ke LSy

where u is the total thrust; 7, 7;, and 73 are roll, pitch, and
yaw control torques respectively; d is the distance from
mass center to each rotor; and k. is the force-to-moment
scaling factor. The descriptions and values of the quadrotor
UAV physical parameters are given in Table 1.

As shown in Figure 1, (Op — xpy,25) is the body-frame
coordinates and (O, —x.y,z.) is the earth-frame

Table 1. Description of the quadrotor UAV parameters.®’

Symbol Description Value

m Mass of the quadrotor 0.65 (kg)

| Distance from the mass 0.2 (m)
center to motors

ke Force-to-moment scaling 3.0 x 1077
factor (N m s¥/rad®

g Gravitational acceleration  9.81(m/s?)

Lo )y Inertia moments about x 7.5 x 103 (kg m?)
and y axis

Jz Inertia moments about z 1.3 x 1072 (kg mz)
axis

Kei, Kea, Kez Aerodynamic damping 0.01 (N s/m)
coefficients

UAV: unmanned aerial vehicle.

coordinates. The quadrotor UAV has six degree-of-
freedom (DOF) motion, which includes the translational
motion in three directions (¢ = [x, y, z]") and the rota-
tional motion around three axes (n = [¢, 0, w]T). The
rotation matrix R®~F describes the linear velocity relation-
ship between (Op — xpyyzp) and (O, — x.y,z.). The trans-
formation matrix R¥~* describes the angular velocity
relationship between (Op — xpy2p) and (O, — x.y,2.).
RB~E and RE~F are given as

[cOct)p  spsOcy) — chpsp  cpsOctp + spsip
RE-E — sty spsOsip 4+ copc)  copsOsip — spcy)
| —s0 socl cpclt
1 s¢t  cotd
RfHE =10 co —5¢
|0 sp/cO0 co/ch

(3)
where c-, s-, and - represent cos(-), sin(-), and tan(-),
respectively.

Assuming that the quadrotor UAV is a rigid body and it
is symmetric around the center of gravity, its dynamic
model can be expressed with Newton—Euler formalism

{mé—i—K{é—i—mge—}—ds =REFey @)

M(n)iy+ Cn,i)p—d, =7

where e =[0,0, l]T. T= [7'1,7'2,7'3]T denotes the
rotational torque input. d; = [d¢1, de, dgﬂr and d, =
[dp1, dip, d7,3]T represent the unknown disturbances.
K, = diag(K¢1,K¢,Ke3) is the aerodynamic damping
matrix. M (n) acts as the inertia matrix for the full rotational
kinetic energy of the rotorcraft expressed in terms of the
generalized coordinates 1. C(n, 7)) is the Coriolis matrix
which contains the gyroscopic and centrifugal terms asso-
ciated with the n dependence of M(n). M(n) and C(n,1)
are defined as follows™®
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mn) = ((RE=)") s (rz=5) !

J. 0 —J 50
= 0 Jy2+J.sp (Jy — J2)cgpsped
—Jus0  (Jy —J)cpspcld  Js20+ Jyspc?0 + .2 pc?0
(5)
and
Cn Cn Cis
Cn,n)=1]Cu Cyun Cy (6)
Cy Cyn C3i

where J = diag(J, Jy, J;) is the inertia moments
matrix. Cj; (i,j = 1,2, 3) are given as follows

Cy =

Cio = (J, — J.)(Bchsd + V52 pel) + (J. — J,)bc bl — J abed
Cis = (J: — J,)hedspcd

Co1 = (J. = J,)(Bchsd + V52 peb) + (I, — J.) e bed + J abed
C = (J: — J,)pcpsep

Coz = —J hs0cl + Jyd)52¢00s0 + J 2 psOc
Cs1 = (J, — S )b bsped — J Och
C3r = (J. — J,)(0ctspst + bs*pch) + (J, — J.)pc2ped
+ Js0c — T hs> psOcl — J e psOct
Cs3 = (J, — J.)pepspc?0 — J,052 st — J .0 pcbsO + J Ochsh

(7)

Remark I. The attitude angles ¢ and # are bounded as
¢€(-5.5 and 0 € (-3,3).

Assumption |. The unknown time-varying disturbances d,
and d, are bounded and the derivative of d,, is also bounded.

Assumption 2. The state variables £(¢) and 7)(¢) and their

derivatives £(¢) and 7)(¢) are measurable.
The desired position and desired attitude are

(1) = [ra(1), y4(0), za()]" and ny(r) = [$4(1), 0alr),
¥,4(1)]", respectively. The tracking errors are defined as

PR

se[)-l) e

The objective of trajectory tracking control is to
design the control input # and 7 such that the tracking
errors £, and E, converge to zero asymptotically. The
six outputs [x, y, z, ¢, 0, w]T are controlled by four
inputs [u, 71, T2, 7'3]T only. In order to deal with the

underactuated part (Cartesian positions) of the system,

three virtual control inputs are introduced with u, ¢, and
0 as follows

Vi (copsOctp + spsib)u
(cpsOsth) — spcp)u

v, cpcbu

(10)

Vy ==

Here, the position £(¢) and yaw angle 1)(¢) are chosen as
the states to be controlled. The desired position £, and the
desired yaw angle 1), are set by the guidance system,
whereas the desired pitch and roll angles ¢, and 6, are
generated by the solution of the virtual control input v.

The total thrust u and ¢,(¢), 64(¢) can be obtained as *°

: ( vy singy — vy, coswd>

u

¢y = sin”

0, — tan-! ( vy COStYy + v, simpd) (11)

Vz
— [y 2 2
u=,/vi +v;+v;

Remark 2. The reference trajectory &,(¢) and 1),(¢) are
designed such that 55,’)(1) €L, @Z}fj) (el fori=1,2
and j = 1, 2, 3 to avoid the sudden change of the quad-
rotor’s dynamic states, where the superscript (i) or (j)
represents the i-th or j-th order time derivative of the
variable.

Controller design

Outer-loop position tracking controller based on
APD-SMC

This section presents the hierarchical model-free tracking
controller design. In order to achieve robust position track-
ing performance without the requirement for the quadrotor
dynamic model, APD-SMC law is proposed in the outer
loop to control the position of the quadrotor UAV. A
continuous robust RISE feedback method is employed in
the inner loop for attitude tracking control to compensate
for the unknown disturbances. The block diagram of the
overall control system is shown in Figure 2.

The objective of this section is to design the virtual
control input v to guarantee the globally asymptotically
stability of the outer loop system and ensure the position
tracking errors converge to zero. From equation (4), the

outer loop subsystem can be described as
mé = —K& +v —mge — d. (12)

The position tracking error e, and its derivatives é; and
é¢ are defined as follows

ee=8;—¢
éﬁzéd—é

(13)
(14)
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Figure 2. Block diagram of the overall control system.

e = éd - f (15)

Substituting equations (13) to (15) into equation (12),

the dynamic model can be rewritten in the form of tracking
errors as

még + Keeg =p —v (16)
where p = [py,py, 03] = mé; + K&y + mge + d. repre-
sents the desired control input. On the basis of assumption
1 and remark 2, the desired control input p is bounded

]T

p1 < |[mia + Kaka + dei|| < [|m¥a + Keikal| + ||der|] = Py

P2 < |lmiy + Keayy + deo|| < [Impy + Keabyl| + ||dea|| = Pr2
P3 < ||mza + Kexza + des + mg|| < ||m2q + Kesza + mg|| + [|des|| = Prs

(17)

where || - || represents the Euclidean norm and Py; is the
boundary of p; (i = 1,2, 3).

From equation (16), it can be proved that the tracking
errors could converge to zero if v = p — K.e, — mé¢. How-
ever, the information of p can be got only if the transla-
tional motion dynamic model is known accurately, which is
not available in practice. Aiming at this problem, the APD-
SMC law for the position tracking control of the quadrotor
is proposed as

v = Kye. + Kqée + Py + Hsign(éc + pe) (18)
where P, = [Pbl P, Pb3]T is the estimation of Py; sign(-)
is the sign function; K, = diag(K,i,K2,Kp3) and
K, = diag(K 41, K2, Ky3) are the proportional and deriva-
tive control gain matrices of PD control; and
H = diag(hy, ha, h3) is the SMC control gain matrix. The

adaptive updating law P, is designed as

Py = (¢ + pe) (19)

where p = diag(u,, iy, pt5) is the sliding surface slope
constant matrix.

Remark 3. The control law proposed in equation (18) is a
combination of linear PD control and nonlinear SMC. The
PD control which replaces the equivalent control part of the
standard SMC is used to stabilize the nominal model, while
the SMC and adaptive control are used to compensate for
the unknown terms and improve robustness.

Remark 4. It can be seen that the APD-SMC law in equation
(18) is only related to e, and é¢. Therefore, the control law
is model-free and easy to be implemented in practical
applications. Compared with the PD-SMC law in Ouyang
et al.,’® the proposed APD-SMC utilizes the adaptive
method to estimate P,. By introducing the estimation, the
APD-SMC could achieve null steady-state error tracking
capability with reasonable control gains such that the need
for large control gains of PD-SMC to compensate for the
unknown term p is avoided.

Lemma |. A matrix L is defined as follows
K, mip
(mu)" ml33 ]
If n(Kp) > Zar(mp?), then L = 0. That is, L is positive

definite. 4,,(-) and 4,/(-) represent the smallest and largest
eigenvalues of a positive-definite matrix, respectively.

L= (20)

Proof. As K,,, my1, and mu? are diagonal matrices, therefore,
the matrix L is a symmetric matrix

el ]
mp ml3y;3

If Am(K,) > Apr(mp?), then,

(1)
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K, —mp* =0 (22)
(ml3.) "' = p?K, =0 (23)
As ml33 > 0, therefore
mlz.s —mpPK, mlss - 0 (24)
The Schur complement*® of K, in L is
S =ml3x3 — (mu)TK;I(m,u) =0 (25)

Thus, K, = 0,5 > 0.
Finally, L > 0.

Theorem |. Considering the outer loop subsystem in equa-
tion (12) with the proposed APD-SMC law in equation (18)
and the adaption law in equation (19), the controlled system
is globally asymptotically stable and the tracking error E;
in equation (8) could converge to zero if the control gains
and parameters satisfy the conditions as follows

i >0
hi > Py —p; > 0
Im(Ke + Ka) > Jag(mp)
In(Kp) > Aas(mis)

Remark 5. For most translational robotic systems, their
dynamics can be described as MX + KX +d =v. M,
K:, and d are mass matrix, damping matrix, and distur-
bance, respectively.*® If the assumption that M, K ¢ and d
are all bounded holds and their desired trajectory X, satisfy
that X, € L., X, € L., then the robotic system could sat-
isfy the condition (26) by choosing proper control gains.

For the quadrotor outer loop system described in equa-
tion (12), it is reasonable to assume that the mass m,
aerodynamic damping matrix K, and the disturbance d;
are bounded. By combining with remark 2, it is easy to get
that p; (i = 1,2, 3) is bounded (17). Finally according to
remark 5, the conditions in equation (26) can be easily
satisfied by choosing proper control gains u;, #;,
(i=1,2,3), Ky, and K,,.

Proof. Substituting equation (18) into equation (16), the
dynamic model can be rewritten as
mée + (K¢ + Kg)ée + Kpe, = p — Py — Hsign(ég + pe)
(27)

A positive Lyapunov function is defined as follows

1

V(efvéé) = 2

. e 1 T~
(e ec")L ( éz ) + EeETM(K: + Ka)ec + Py Py
(28)

where P, = P, — Py. The time derivative of the Lyapunov
function is

V(e é) = — e pKpec —é” (Ke + Ka — mp)ég

+ (& + e ) (p — Py — Hsign(ég + pec)) — PLP,
(29)
Substituting equation (19) into equation (29), one
can get
V(e éc) = —e ke — e’ (K + Ka — mp)ég
+ (éc” + e p)(p — Py — Hsign(é + pec))

(30)
If p; > 0 and 4, (K + K4) > Ay (mp), then
—eg,queg <0 (31)
and
—ef (K +Kq—mp)él <0 (32)

If h; > Py — p; > 0, then

(éc” + e" p)Hsign(éc + pe;)
> [(e" + e W 1Py —p)lly > (ec” + e’ 1) (p — Pp)

(33)
where || - ||, denote the 1-norm.
Thus,
(ec” + e ) (p — Py — Hsign(ég + pe)) <0 (34)
Therefore,
Ve, éc) <0 (35)

The Lyapunov function ¥V (e, &¢) is positive and its time
derivative V(eg, é¢) is negative. According to the Lyapunov
method, the outer loop subsystem is globally asymptoti-
cally stable with the APD-SMC in equation (18) and the
tracking error E, could converge to zero.

Remark 6. The sign(-) function in APD-SMC law could cause
the chattering. In order to eliminate chattering, a saturation
function tanh(-) is used to replace the discontinuous sign(-)
function. Then, the control law in equation (18) is modified into

V= Kp€5 + Kdéf —|—Pb + Htanh(ég + ueg) (36)

Inner-loop attitude tracking controller based on RISE

The objective of this section is to design the proper control
inputs 7; (i =1,2,3) to guarantee the locally exponen-
tially stability of the inner loop system and ensure the
tracking error £, in equation (9) converge to zero. A sim-
plified inner-loop dynamic model is used to facilitate the
RISE feedback controller design. The simplified dynamic
model is given as follows*'*?

Jiy=1-Ky+d, (37)
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where K, = diag(K,1, K,p,K,3) is the rotational aerody-
namic damping matrix. The aerodynamic damping coeffi-
cients K, K5, and K, 3 are positive constants.

The attitude tracking error e, and its filtered error sig-
nals e,» and e,3 are defined as follows

ent = Mg — 1 (38)
epn = énl + /16‘7]1 (39)
€n3 = é7]2 + Qenn (40)

where A = diag(41, 42, 43) and o = diag(ay, az, a3) are
positive-definite gain matrices, and /; > %, a; > %,i =1,2,3.

The auxiliary functions N(z), N4(t), and N(z) are
defined as follows

N(t) = J (g + Aéy + aépp) + Kjii—dy +ep (41)
Ny(t) = J iy + K,y — dy (42)
N(t) = N(t) — Na(t) (43)

According to remark 2, N(¢) is continuous differenti-
able. N4(t) and N,(t) are bounded.’ It is easy to prove
that N(¢) is also bounded as

IN(@)[ < pl|TT| (44)

where the error vector I is defined as I" = [e,1, 2, e,]3]T. p
is a positive constant.
The RISE feedback control law is chosen as

t

T = (Ks+I3x3) | ep(t) —epn(0) + Joze,]z(T) dr

0
t

+ Jﬁsign(e,,z (1))dT
0
(45)
where K, = diag(K;1,K»,Ky3), 8 = diag(0,, 85, 33) are

epp(T)a(Na(r) — fsign(e(r)))dr +
0 0 0

= [etmra(Natr) - ot AT

3 3
+Bile(0)] = D _Bileq(0)]
i=1 i=1

t
J degz (1)
dr

= |eha(Ma(Nu(r) = Bsign(e,s(r))dr + (e (r)Na(7))

positive-definite control gain matrices. /343 is the identity
matrix.

Remark 7. The inner loop control input designed in equation

(45) is only related to the filtered tracking error e, and no

dynamic model is needed. Therefore, the control law in
t

equation (45) is model-free. Moreover, J Bsign(ep(T))dT,
0

the integrating of function sign(e,;(7)) makes the pro-

posed control law become continuous and then the chat-

tering problem is avoided. The model-free continuous

RISE control law is physically realizable.

Next, the locally exponentially stable of the inner loop
system is proven while a lemma is stated first.

Lemma 2. An auxiliary function Q(¢) is defined as follows

O(t) = ey (Na(t) — Bsign(ey2))

If the control gain matrix 8 = diag(8,, 3,, 8;) satisfies

(46)

.
Bi > INa@)llo + —lINa(1)l] (47)
then,
1
JQ(T)dT <w (48)
0
where w is a positive constant defined as
w = ||Ben(0)]l, — €5 (0)N4(0) (49)

and || - ||, denotes the infinite-norm.

Proof. Applying equation (40), equation (46) can be rewrit-
ten as

Ny(r)dr — J 7de7T,2 )

0

t
! d(N(T 2
- J AT 17 S o)
0 o i=1

- Bsign(ey))dT

t

0

- ﬁsign(enz(T)))dT ey (N (1) — €Ty (0)N4(0)
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Then, one of its upper bound is obtained as follows
t t

[emar < [|erma ](Mh6ﬂ|+

0

< Zﬂ |e7721

7]2(O)Nd(0)

If B; (i =1, 2,3) is chosen according to equation (47),
then

l dT<§;@Mm )=o)
= [|Gea(O)]]; — eIy (0)N4(0)
Therefore,
ijstW (53)

0

Theorem 2. Given the attitude control system in equation
(37) and provided that the control gains 5; (i = 1,2, 3)
satisfy the conditions in equation (47), the attitude control-
ler in equation (45) could guarantee the locally exponen-
tially stability of the controlled system and the convergence
of the tracking error E, in equation (9).

Proof. Define a Lyapunov function as follows

1 1 1
V(F, t) = Eeglenl + 56526712 + 56,,]31-.]@7/3 + U(t) (54)
where o(t) is defined as
t
olt) =w— JQ(’T)dT (55)

It can be seen that equation (46) in lemma 2 ensures that
o(t) > 0. Thus, the Lyapunov function in equation (54) is
positive.

The time differentiation of V' (I, ) is

V(Fv l) = ez;lé'r]l + 352@}2 + e'r]3TJén3 + U(t) (56)

Substituting equations (41) to (43) and equation (45)
into equation (37), the closed-loop subsystem of e,3 can
be obtained

— Bsgn(ep) + N(t) + Na(1)
(57)

Jéyy = —ep — (K + I3x3)eps

o ‘ %‘ )dr + Z|e772, (Nai(t

+ Zﬁ |e7721

- I]Z(O)Nd(o)

(51)

Substituting equations (38) to (40) and equation (57)
into equation (56)

V(F, t) = 6516172 nlienl —e 2ae,ﬂ e’ Kyeys
—eplen+ep N(t) (58)
+ [es” (Na(r) — Bsign(e,n)) — O(1)]

Equation (46) in lemma 2 ensures the term

leys” (Na(r) — Bsign(e,p)) — O(1)] in equation (58) cancel
out. With equation (44) and the fact that ef e, <
%(951 en + 67];26772), an upper bound on equation (58) is
obtained as follows

V(T,6) < =8| + [legsl ol T| — e Kieys
P2 2
< —|6—— |||
< ( 419)||||

where the positive constants § and ¢ are defined as
6= min{l, a; —3, 4 —1}, 9= min{Ky} (i=1,2,3).
Thus,

(59)

1
27

2
V(I,t) < —f|T|? for 9 > % (60)
where £ is a positive constant. Based on the Lyapunov
method, the inner loop is locally exponentially stable and
the attitude tracking error £, in equation (9) converges

to zero.

Remark 8. The attitude control law in equation (45)
requires not only the desired attitude angle 7, but also the
desired angular velocity 7,. The desired pitch and roll
angles, ¢, and 6, are generated by the solutions of the
virtual control inputs v; (i = 1, 2, 3). Taking the derivative
with respect to the desired attitude angles may cause infi-
nity problem. In order to solve this problem, a tracking
differentiator®’ is used.
The tracking differentiator is designed as follows

X1¢ = X20

x2@|x2@|) (61)

X2 = —FpSi — P(t
X2 reSign (x@ (1) + T
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where &(t) is the input signal needed to be differentiated.
x14 tracks @(¢) and x,4 tracks (¢). r¢ is a positive constant
which determines the tracking speed.

Let ¢,(¢) or 6,(¢) be the input of the tracking differen-
tiator, respectively, that is, §(¢) = ¢,(¢) or P(¢) = 0,4(¢).
Then, ¢,(¢) and 04(¢) can be obtained

t

éd(t) ~ J—wsign (x@ — ¢g(m) + M) dr (62)
0

2]’45

t
éd(t) ~ J—wsign (x@ —04(7) + %) dr (63)

re
0
Remark 9. It can be seen in equations (62) and (63)

t t
that, J —rgSign (x@ — ¢q(1) + %) dr, J —rgSign
@
0 0

(Xlgs —O4(7) + %;”‘) dr, the integrating of sign(x1o—

(7)) + LZ‘X@I) and sign (xw —04(7) + 7’(2‘;‘:“”') make the

[3

¢4(1) and B4(¢) become continuous and the chattering
problem caused by the sign(-) function is avoided.

Simulation results

Extensive simulation experiments have been done to
demonstrate the effectiveness and robustness of the pro-
posed control strategy for trajectory tracking of a quad-
rotor. The quadrotor model parameters and their values
are listed in Table 1, which are chosen from the test
used in the study of Khatoon et al..*” The simulation
experiments compare the tracking performances of the
proposed control strategy with those achieved by
the PD+PD, PID+PID, MFTSMC,'® adaptive''® and
PD-SMCHRISE controllers. The control gains of these
controllers which are adjusted with trial and error are
listed in Table 2. All the simulation experiments are
conducted in Matlab R2016a on a PC with Intel (R)
Core 17-4790 @ 3.6 GHz CPU, 8 GB RAM, and 1000
GB solid state disk drive.

Remark 10. PD+PD, PID+PID, and PD-SMC+RISE mean
that the outer loop controllers of these control scheme are
PD controller, PID controller, and PD-SMC, respectively,
and the inner loop controllers are PD controller, PID con-
troller, and RISE controller, respectively.

Case |: Chattering eliminating

In this section, the trajectory tracking performances of the
APD-SMC using sign(-) function (18) and that using
tani(-) function (36) are given.

Table 2. Control gains.

Controllers Outer loop gains Inner loop gains
PD+PD K, = diag(30,30,50) K, = diag(15, I5,20)
Kg = diag(10,5,30) K, = diag(10, 10, 10)
PID+PID K, = diag(20,20,30) K, = diag(50, 50, 50)
K; = diag(10,10,10)  K; = diag(20, 20, 20)
K4 = diag(5,5, 10) Kq4 = diag(10, 10, 10)
Adaptive K, = diag(8,5,5) K; = diag(5,5, 10)
A = diag(5,2,5) A = diag(5,5,5)
MFTSMC E = diag(0.3,2.5,0.8,0.1,0.1,0.1), p=12,
). = diag(0.1,0.1,0.4,0.6,0.5,0.5), q=0.8,
= diag(0.5,0.2,2,0.5,0.5,0.1),
g
o = diag(40, 100, 60, 100, 40, 150)
PD-SMC+RISE

a = diag(50, 50, 20)
/. = diag(50, 50, 15)
K, = diag(10,5, 10)
£ = diag(4,5, 10)

K, = diag(30, 20, 20)
Kq = diag(10, 10, 10)
H = diag(30, 20, 30)
1= diag(10, 10, 10)

APD-SMC+HRISE . — diag(17, 15, I5)
Kq = diag(10,7, 10)
H = diag(5,5,5)

= diag(10, 10,5)

a = diag(50, 50, 20)
). = diag(50, 50, 15)
K, = diag(10,5, 10)
£ = diag(4,5, 10)

PD: proportional derivative; MFTSMC: model-free terminal sliding mode
controller; SMC: sliding mode control; RISE: robust integral of the signum
of the error; APD: adaptive proportional derivative.

The desired trajectory is given as

xg =0 (m)

Ya=0 (m) (t < 155)

zg = 5sin(27/60)¢t (m)

xa =0 (m)

Ya=0 (m) (155 << 205) o
z =5 (m)

x4 = 1= cos(025(1 = 20)) (m)

vy =sin(05(-20)) (m) (12209

Z=5 (m)

The initial position and attitude of the quadrotor are set as
[x(0),(0),2(0)] = [0 0 0](m) and [¢(0),0(0), ¥(0)] =
[0 0 0](rad), respectively. The control gains of the
APD-SMC law using sign(-) function (18) are K, =
diag(15, 15, 15), K; = diag(8, 10,5), H = diag(5,5,5),
= diag(10, 10, 5). The control gains of the APD-SMC
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Figure 3. Trajectories in 3-D space. 3-D: three-dimensional.
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Figure 4. Position tracking error.

law using tan/(-) (36) are listed in Table 2. The external
disturbances are introduced as

dei = 0.5(N)at; t > 455

dy = 0.6sin(r+20) 40 .6cos(r +20) (N m).

The trajectory tracking results are shown in Figure 3.
Position tracking errors are depicted in Figure 4. The vir-
tual control inputs v; (i = 1, 2, 3) are depicted in Figure 4.
As shown in Figures 3 and 4, both the APD-SMC using the
sign(-) function (18) and that using the tank(-) function
(36) can drive the quadrotor to track the desired trajectory
in the presence of disturbances. However, the discontinu-
ous sign(-) function induces serious chattering as shown in
Figure 5. The undesirable control signals may cause dam-
age and tear and wear in the quadrotor system and even
lead to the system breakdown. In contrast, by replacing the
discontinuous sign(-) function with the tanh(-) function,
the chattering can be eliminated and the continuous control

0 20 40 80 80 100

===-= APD-SMC using sign() function

0 20 A0 an an 100
20 —— APD-SMC using tanh()funclioni

0 20 40 60 80

t(s)

100

Figure 5. Virtual control inputs.

——— Reference

- = =-PD+PD

s Adaptive

——— APD-SMC+RISE

Figure 6. Reference trajectory and the tracking trajectories of
different controllers in 3-D space. 3-D: three-dimensional.

signals make it easier to apply the APD-SMC law in equa-
tion (36) in practical applications.

Case 2: Comparison of trajectory tracking
performances of different controllers

In this case, trajectory tracking performances of PD+PD
controller, adaptive controller'® and APD-SMC+RISE
controller are given. The reference trajectory, quadrotor
initial states, and external disturbances are the same with
those in case 1.

The tracking performance of the proposed control strat-
egy is compared with those achieved with PD+PD control-
ler and adaptive controller. The reference trajectory and the
tracking trajectories are shown in Figure 6. The position
tracking errors along three axes in the earth-frame coordi-
nates are shown in Figures 7 to 9.

As shown in Figures 6 to 9, it can be seen that the
quadrotor cannot obtain the null steady-state error with the
PD+PD controller. When the time-invariant persistent dis-
turbances dg; = 0.5(N) are introduced at ¢ = 455, the
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Figure 7. Position tracking error in x-axis.

Figure 10. Roll angle tracking error.
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Figure 9. Position tracking error in z-axis.

quadrotor with PD+PD controller leaves its predetermined
trajectory and never reach the desired trajectory again. The
reason is that the PD+PD controller lacks of the integral
term for compensating the time-invariant persistent distur-
bances. As shown in Figure 9, PD+PD controller also can-
not compensate for the steady-state error in z-axis induced
by the gravity effect.

As is shown in Figure 9, significant error occurs at
t = 0 — 155 under the adaptive controller. The reason is
that in the altitude control subsystem, the unknown term to
be estimated is large and it takes time for the updating law
to compensate for it. When the quadrotor is in hovering at
t > 155, the dynamic of the altitude control subsystem is
slow such that the adaptive controller achieves good track-
ing performance. However, as shown in Figures 7 and 8,
when the dynamics are fast time-varying, the performances

Figure 12. Yaw angle tracking error.

of the adaptive controller along x and y axes are not as good
as that of altitude tracking.

Compared with PD+PD controller and adaptive control-
ler, the proposed APD-SMC+RISE controller could
quickly response to the disturbance and drive the quadrotor
UAV to the desired positions without steady-state error. In
addition, as is shown in Figure 8, the aggressive upward
desired linear speed command y, at t = 20s causes the
significant tracking errors. Due to the strong robustness,
the significant error under the APD-SMC+RISE controller
is the smallest among the three ones.

The attitude controlling errors are shown in Figures 10
to 12. It can be seen that under the APD-SMC+RISE con-
troller, the attitude trajectories are tracked with the highest
accuracy. We can also see in Figures 10 and 11, because of
the state changing, significant errors occur at t = 20 s and
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Figure 13. Control inputs.

t = 45, respectively. The APD-SMC+HRISE controller
could quickly response to the tracking errors and enables
the attitude angles converge to their desired values in short
time. The control inputs are depicted in Figure 13. It can be
seen that the control inputs are continuous and the control
signals are physically realizable.

Case 3: Trajectory tracking performances in case
of wind gust

The trajectory tracking results of MFTSMC'® and APD-
SMC+RISE controller in the presence of wind gust are
given. The desired trajectory is the same as that in case 1.
The wind gust d¢; is simulated by a Gaussian function with
standard deviation of 0.1. The disturbances are given as

1(r—10)2
dgiZIOeXp —E(OT)

dy = 2sin( 10z +50)(N m).

1 (¢t — 60)*
+ 10exp ——u

2 0.12 (N),

Figure 14 shows the position tracking results of
MFTSMC and APD-SMCHRISE in the presence of wind
gust. Figures 15 to 17 present the position tracking errors.

It can be seen in Figures 15 to 17 that the two controllers
could achieve satisfactory tracking performances. How-
ever, as is shown in Figure 17, it takes a long time for the
MFTSMC to estimate the initial model of the altitude sub-
system. In addition, when the wind gust is imposed on the
quadrotor at t = 10s, 60s, there is a dramatic difference
between the current model and the previous estimated
model such that significant tracking error occurs under the
MFTSMC. As is shown in Figures 18 and 19, the wind gust

4
E
N 2
Reference
------------ MFTSMC
0. — APD-SMC+RISE
~_ id
M ™ —
T S 2
)
-1 0 x(m)

Figure 14. Tracking trajectories in case of wind gust in 3D space.
3-D: three-dimensional.
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Figure 15. Position tracking error in x-axis.
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Figure 16. Position tracking error in y-axis.
0.2 T T
s MFTSMC
—— APD-SMC+RISE
— 01}
= |
L_N 0
e -~
@ 0af
-0.2 !
0 20 40 60 80 100
t(s)

Figure 17. Position tracking error in z-axis.
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Figure 19. Pitch angle tracking error.
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Figure 20. Yaw angle tracking error.

also has effect on the roll and pitch control subsystems such
that significant tracking errors appear.

In contrast, as is shown in Figures 15 to 17, because there
is no need to estimate the quadrotor dynamic model, the
convergence time under the APD-SMC+HRISE controller
is much shorter than that of the MFTSMC. When the wind
gust is introduced, the proposed controller could drive the
quadrotor to the desired trajectory in short time. Attitude
tracking errors are shown in Figures 18 to 20. It can be seen
that the desired attitude trajectories are well tracked without
significant errors under the APD-SMC+RISE controller.

Case 4: Space circle trajectory tracking in case
of parametric variation

This section gives the tracking results of the PID+PID con-
troller, PD-SMC+RISE controller, and APD-SMC+RISE

6~ [—Reference
PID+PID
e PD-SMC+RISE
h4 { |—— APD-SMC+RISE
E
Niad
0L
2 %
2
y(m) S e
2 2 x(m)

Figure 21. Space circle tracking performance of different
controllers.

04

error_(m)

PID+PID
02  |___. PD-SMC+RISE
—— APD-SMC+RISE

-04

0 20 40 60 80 100
t(s)

Figure 22. Position tracking error in x-axis.

controller in the presence of parametric variation. The
desired trajectory is given as

xq = sin(0.25¢) (m)

vy = c0s(0.25t) (m)

zg =3 —2c0s(0.25¢) (m)

(65)

The initial position and attitude of the quadrotor are set as

x(0), »(0),2(0)] = [0, 0.8, 0.8](m), [¢(0),0(0),¢(0)] =
[0 0 O0](rad). The disturbances are given as

d¢ =dy+d.+d,(N),
dy = 2sin( 10¢4+50)( N m) .

where d; =5 at t =45s represents the parametric
variation.

d. = 0.8(sin(0.5¢ + 50) + cos(0.5¢ + 50)),

12 a2
dy = 10<exp (—;001120)> + exp <—;(t()1620)>>

Space circle trajectory tracking results are shown in
Figure 21. Position tracking errors are shown in Figures 22
to 24. As shown in Figures 21 to 24, the PID+PID con-
troller achieves good tracking performance. However, the
overshoot and the settling time of the PID controller are much
larger and longer than those of the APD-SMC~+RISE con-
troller. It also can be seen that, before d; is introduced, the
tracking performance of PD-SMC+RISE controller is



14 International Journal of Advanced Robotic Systems
strong robustness to various external disturbances. Its

______ b i effectiveness has been validated by extensive simulation

£ L | —— APD-SMC+RISE experiments. Further work will focus on validating the pro-
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Figure 23. Position tracking error in y-axis.
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Figure 24. Position tracking error in z-axis.

almost as good as that of the APD-SMC+RISE. However,
when d; is introduced at ¢ = 45 s, the PD-SMC+RISE con-
troller cannot compensate for it without changing the con-
trol gains such that obvious steady-state error appears.

Compared with the PID+PID and PD-SMC+RISE con-
trollers, the APD-SMC+RISE controller has the best track-
ing performance. As shown in Figures 22 to 24, the
overshoot and settling time under the APD-SMC+RISE
controller are smaller and shorter than those under the
PID+PID controller. Above all, by introducing the adap-
tive estimations, the APD-SMC+RISE controller achieves
adaptive tracking capability and the disturbances have been
well compensated with reasonable control gains.

Summing up, the above simulation results have vali-
dated that the proposed control strategy could not only
track complex trajectories with high accuracy but also have
strong robustness against various disturbances.

Conclusions

This article studies the trajectory tracking of a nonlinear
underactuated quadrotor UAV and proposes a robust
model-free hierarchical controller. On one hand, a robust
APD-SMC law is designed for the outer loop to drive the
quadrotor track the desired position trajectory with null
steady-state errors and the requirement for accurate
dynamic model is also avoided. On the other hand, RISE
feedback control method is employed in the inner loop for
attitude tracking control and disturbance rejection. The pro-
posed controller not only has simple structure but also has

posed control strategy in practical applications.
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