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Abstract.  For a Dirichlet character modulo an integer ¢ > 3, we use a highly simple
elementary method t.o g:ive an asymptotic. formula for ) 5 #£xo(mod ¢) 1L(1, x)|*, where
xo(mod ¢q) is the principal character. This result seems to be new.
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Let s = o + it be a complex variable, where o, ¢t are real. For an integer ¢ > 1, let
x (modgq) denote a Dirichlet character and let xo (modg) denote the principal character.
Let L (s, x) be the corresponding Dirichlet L-series so that L (s, x) = >, x(m)n™*
for Re s > 1; and its analytic continuation. For 0 < « < 1, let ¢(s, o) be the Hur-
witz zeta function defined by {(s, ) = Y, (n +«)™* for Re s > 1; and its analytic
continuation. For 0 < o < 1, let ¢1(s, @) = Zn>] (n+a)~* for Re s > 1; and its
analytic continuation. Note that ¢1(s, @) = ¢(s, o +1) =¢(s,0) —a* for o # 0. Let
£ (s) denote the Riemann zeta function. Thus ¢(s, 1) = ¢1(s,0) = ¢(s). Also note that
L(s, ) =q 7 Xa_y x(@i (s, ).

In what follows, ¢ (n) denotes the Euler’s totient function, d(n) denotes the divisor
function and p denotes a prime number. Also, y stands for the Euler’s constant. For u real,
[u] stands for its integral part.

In what follows ) a’(or ZZ=1/> shall mean the summation ) 7_, with the restriction
(a,q) = 1. The summation y h/’ > l/ and ) k’ will have similar meanings. In what follows,
the O and << constants will be absolute, unless stated otherwise. In effect, we shall be

using only Euler’s summation formula.
Our object is to prove the following theorem.

Theorem. For an integer ¢ > 3, we have

. dPn) ¢ (q)
4 X y\q1J 4
E L1, 01" = ¢(g) E " +0( NG log (q+3)>,

(mod q) n=1
x#xo(mod ¢ D=1
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where xo(mod q) is the principal character and d(n) is the number of divisors of n.

Remark. Our theorem above for s = 1 seems to be the best result in this direction. Our
method is highly simple and elementary. A corresponding result for » £ xo(mod g) LM ) 2
has been proved in [1].

Incidentally, we make following observations: We know

1
(s+La)==+) yla)s"
s
n>0

for complex s with |s| < 1 and for complex « with |a| < 1 and o = 1. We also know that
Csia+ 1) =8() + Y, s+ Do (s+n—DEs+n) 2 for complex o with
|| < 1. Note that £ (s, + 1) = ¢(s, ) — a~° for @ # 0. Letting s — 1, this gives for
o] <1,

1
vo(e) = lim (;(s o) — —1>

. N 1
= tim e (s - 1)

+Z (=D"'ss+D...(s+n—1)(s +n)a"

n!

n>1

Thus yp(a) = é +y 4+ 2 (D" + D' for || < 1.
Next, we state the following results:

Result 1. Forreals # 1 and for0 < o < 1 and for integraln > I,wehave ¢(s,a+ 1) =
pa g<,3,> s 5k —DEGs+HRak + EX s+ 1) .. (s +n— DE(s +n, O100)

for some 6; with0 < 6] < 1.

Result 2. We have for real s, o with |s| < 1 and || < 1,
§2
£ a4+ 1) =¢(0) + (s¢'(0) — ) + (—C”(O) - V(XS)

3
+<%;”(0) yios +§( ) 2)

AT
-1 Uas T%a ) @

1 0 a\"
+— s—+o— ) ¢, 14+ 6hx)

as Jo

for some 6, with0 < 6, < 1.

Result 1 follows on expanding the real-valued function ¢ (s, « + 1) into Taylor series as
a function of variable « for a fixed s and on noting that

ak B ( )k
Wﬁ&“) =

sGs+1D...(s+k—1DC(s+k,a).
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Result 2 follows on expanding ¢ (s, & + 1) into the Taylor series as a function of two real
variables s and « about the point (0, 1) as
(s +al)
_ ds Ja
((s,a+1) = Z —

1 0 a\"
z(0, 1)—{——' s—4+a— | (05,1 + 6)
P n! \ 0ds oo

for some 0 < 6, < 1.

Result 2 involves values of ¢ (0)for integral » > 0. Actually ¢ (0) can be evaluated
in terms of y; = y,(1) for 0 < £ < r from the functional equation of ¢ (s), namely
£ (s) =2{Q27)* 7' (1 — 5)sin % (1 =)}, by letting s — O.

Here the subscript () denotes r-th order derivative with respect to s. Next, we prove
the above theorem.

Proof of Theorem. For a Dirichlet character x # yo(mod ¢g) and for Re s > 1, we have

Lz(s, X) = Z d(nil# = Z/X(f) : Z dr(f)

n>1 l r=£( mod q)

We shall write Z>(s, ¢,q) = Y i1 dr(—f) for Re s > 1; and its analytic continuation.
r=¢( mod q)
Henceforth in what follows, in any congruence relation, for brevity, we write ¢ in place of

mod q.
Let £ be an integer with 1 < £ < g and (¢, q) = 1. Thus foro > 1,

L.l =y dr(f) =3 )
r=1 mn= t(q)
r=t(g)
_ Z/ Z:/ Z m_s Z n—s
ab =L(q) \m=a(q) n=b(q)
X e g)ee ()
ab =l(g) 1 1

Thus for (¢, g) = 1, x # xo(mod ¢) and for s # 1, we have

L= x®0Y Y ¢ (s, g) 4=t (s, S) .

L ab =l(q)

Next, we need following lemmas:

Lemma 1. We have forreal s > 0,s # 1 and for a with) <o <1,
s 1
(s, ) =a +:+¢)(S,Ol),

where ¢ (s, @) = O(1) with the O-constant absolute.
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Proof of Lemma 1. From the expression ¢ (s, o) = ano (n +a) *for o > 1, on using
Euler’s summation formula, for arbitrary x > 0 and for 0 > 1 and for 0 < o < 1, we
have

1—s
(s, ) = Z (n—i—a)*s—}—x +<x—a—[x—a]—%>x5

-1
0<n<x—a §
o0
1
(u—(x—[u—a]—i)
—s du.
us+1

X

Note that x — o > —1. Here empty sum is treated as zero.
This expression is valid for o > 0 and for s # 1. We choose x = 1. This gives for
Res > 0ands # 1,

1

;(s,a):as+;+<__a) s/ (n—e—lu—al=1)
N
1

—1 us+l

Incidentally, this gives

_1 [ 1
vo(a) im <§(s @) — _1> Y <§ _a)

_/<u—a—[u2—a1—%)du
u
1

In what follows, s is real positive unless stated otherwise. For s > 0,

1 o0

o
u—o—[u—al— du
K Zdu <<s | — << 1,
us+1 ust+1
1

1

where the underlying constant is absolute. Thus for 0 < s # l and for 0 < o < 1, we
have

L(s,a) =a” +;+(l—a>+0(l)=a_s+L+¢(s,a),
1 2 s—1

where ¢ (s, @) = 0(1). U

Lemma 2. We have for 0 < s < 1 and forx # xo(mod q),

Fun=Ex0E £ e (o) (Eo(2)

ab=/((q)

Proof of Lemma 2. We have

L2(s,x)=Z x(@ZZqV( )‘1 ;( 2)

ab= ((q)
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Next,

Q 9

E

S

N—e—r’ —— @

QSRR

Consider

ab= €(q)

which is independent of £. Hence for s = 1 and x # xo(mod ¢g), we have
Yo (XY A (L (s 0
— = s, — =0.
X s—1\a* q
¢ ab =t(q)
Similarly,
/ / / 1 qs b
xS — (S +e(s.=)) =0
s—1\b* q
¢ ab= ((q)
for s # 1 and for x # xo(mod ¢). Similarly, we have

/ / / 1
2 x0 Y =0

£ ab= ((q)

19
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for s # 1 and for x # xo(mod g). Thus for real s # 1 and for ¥ # xo(mod g), we have

L2<s,x)=2 @33 g (s —)-q‘fc (s, g)

ab=t(q)
a $ b
20X 3 o (Gee(g) (e (7))
ab=t(q) i 1
O
Lemma 3. If
q’ b
A=) S g < +¢0s, —)) (E + (s, —)),
ab=t(q) 1
then for 0 < s # 1,
2
/ /
Yo L 0P =¢@) )] A% Lg) - (Z A(s,e,cn) :
x#xo(mod q) ¢ ¢
Proof of Lemma 3. From Lemma 2, we have 0 < s # 1,
L2 (s, ) = ) X(DAGs, €, q).
14
This gives
Y ol =YY At A6 ). Y xEDT(E)
X #xo(mod q) b b x#x0(q)
2
— @Y A2 bq) - (Z/A(s,é,q)) fors # 1.
L £
O

Lemma 4. We have for 0 < s # 1,

2
DA, b g) = (L(s, Xx0) — M)
q*(s =1

12

with

hm<L(s o) — '¢(q) ) #(q) logg +Z gp +y
¢'G=D 4 p/q
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so that
2
/
lim (Z Acs, €, q)) << log*(g + 2) (loglog(g + 10))*.
Nad
4

Proof of Lemma 4. We have

Saeto=S T T (o (n5)) (e (o)

¢ ab =0(q)

. r(q* a ’ r(q* b
=q SZ(g—S+¢><s,—)) > (b_s+¢(s’_
p q 7 b q
Note that for a fixed a, we have

T (Frel) - (Eee(:2)

ab=l(q)

Thus we have

2
> At tg) = (Z/q“ (Z— +¢ <s, Z‘;)))
14 a

for real s # 1. This gives

2 4
! _ 9@
(ZK A(s,e,q>> —<L<s,xo> —qs(s_1)> :

Note that

2
> |L<1,x>|“=¢(q)Z/A2<1,e,q>—sng (Z/A(s,e,w) :
¢ Ja

XFX0( mod q)

Next

, : o@ \\*
lim (Zg A(S’M)) - (s”ir% <L (20 = qé‘(sq— 1))) '

Thus we need lim;_, (L (s, x0) —q* - M) . Note that

s—1



19 Page 8 of 11 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:19

1
tim (L 5 0 — 22 ) = tim (e [Ta - p - 22

g s—1 o G-
- (“s) - —> [Ta-»
r/q
+hrr% l_[(l =) d’(Q)

sl p/a 9’
=y [Ta-pH+tm — (TTa-p - 22 ¢(q>

r/q Y
2D im T - 22

I sl plq q*

I,/ (1- p_y)_M

Next, we obtain limy_, | i . Note that as s — 1 through real values, this

§—

I‘I ( pfl) 9(q)
limit is of the form p/"# 8. Thus, using L’Hospital’s rule, we have

tim L (- p)- ‘M)

s—>1lds
r/q

. . 1
:sh_lfll H(l_p ) Z ogp +¢;Q)10g

S_l
rlq p/qp
1 1

_ 1—[<1__> 3 ler NEICIR

rlq p p/qp 1

lo

_¢@ [, sy 2 24

1 p/q

This gives

lim <L(s,XO)— ¢(q) )z ¢(q) logg + 3 log p +y
s—1 g*(s = 1) q Pl

Thus

4

2
, 4
lim (Z A(s,E,q)) _¢ (f) Pt Z
s—1 Z q p/q
<< (log* (g + 2)) (loglog (g + 10))*.
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Next, we continue with the proof of the theorem. We have

S L0t = 6@ Y A2, €.) +0(log* g - (loglog(g + 10))*)
x#xo(mod q) 1

Next we estimate

Seocn -3 (5 F () (e(2)

4 ab =l(q)
Consider
/ 5 (q a q b))
LTro(r2)) (£+0(1.2
Ey e (Gre(rg)) (e
/ r (1 1 a 1 1 b
22 (e (49) e ()
ab =g ¢4 4 b q

1with 1 <u,v <gsothata(n) < d(n), where d(n) is the

uv=n

Here a(n) = ag(n) =

divisor function. Thus )

Z @+0(10g(q+3)>
n q

n<q?
n=~{( mod q)
2

—s@> | X %") +0 @mg(qﬁ). 3 %’”
4

2

@Y AU LL)=@))
¢ Ja

n<q* n<q
n=£(mod q) (n,q)=1

+0(log? (¢ + 3))
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2
/ a(n) 3
=¢@Y | Y. ——| +0dog’ (¢ +3)),
¢ n<q*
n=¢{( mod q)
as
@ << Z ﬂ <<10g (g +3)
n n
n<q? n<q?
Next, we have
2 2
4 a(n) d(ﬁ) a(n)
X =X | T X o
¢ n<q* ¢ q<n<q
n={(mod q) n=L(q)
dz(z) rd) a(n)
=) T 2 X T
¢ q<n=q’
n=~L(q)
2
’ a(n)
2| X
N g<n=q?
n=L(q)
2
Then we estimate >’ > @ . On using Schwarz’s inequality, we have
¢ g<n=q>
n=~{(mod q)
2
a(n) 2<n)
> >y
q<n=q® q<n<q*  q<n<q’
n={(mod q) n=~L(q) n=L(q)
1 a(n)
2 mert 2
I<m=q g<n<q?
n=0(q)
1 2(n)
2 a2
l1=m=q g<n<g*
n={(q)
2
< log(g +3) Z a“(n)
< —q "

q<n§q2
n=L(q)
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Thus

Z, Z @ < <log(q+2))z Z d(n)

t \g<n=q’ t g<n=q®
n=L(q) n=L(q)
log(q +2 d*(n
< < g(g )) ) Z n( )
q q<n§q2

log>(qg + 2
< g(g )

Note >’ djz(f) << log*(¢g + 2). Hence by Schwarz’s inequality,
¢

1

1 d(0) a(n) 3 log’(g +2)\\°
X[: —~ > —<< <(log (q+2) (—q ))

q<n§q2

n=L(q)
10g4(q +2)
L —-.
Va4
Thus
2
! a(n) ' d? (ﬁ) ®(q)
é(q) — | =¢@) (— log (q+2))
q XZ: nngz n Z NG
n=L(q)
Hence

rd* (¢
S La, x)|4—¢<q>2 ()+O(¢¢(@ og4<q+2)).
xX#x0(q) 4

This completes the proof of the theorem.
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