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REDUCTION OF VECTOR BOUNDARY VALUE PROBLEMS
ON RIEMANN SURFACES TO ONE-DIMENSIONAL PROBLEMS

E. V. Semenko UDC 517.53/55

Abstract: This article lays foundations for the theory of vector conjugation boundary value problems
on a compact Riemann surface of arbitrary positive genus. The main constructions of the classical
theory of vector boundary value problems on the plane are carried over to Riemann surfaces: reduction
of the problem to a system of integral equations on a contour, the concepts of companion and adjoint
problems, as well as their connection with the original problem, the construction of a meromorphic
matrix solution. We show that each vector conjugation boundary value problem reduces to a problem
with a triangular coefficient matrix, which in fact reduces the problem to a succession of one-dimensional
problems. This reduction to the well-understood one-dimensional problems opens up a path towards
a complete construction of the general solution of vector boundary value problems on Riemann surfaces.
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1. Introduction and Statement of the Problem

The author established in [1] a connection between vector boundary value problems on a Riemann
surface and holomorphic vector bundles. Namely, it was shown that a general method for solving homo-
geneous vector boundary value problems is actually equivalent to a complete classification of holomorphic
vector bundles up to equivalence, while a general method for solving inhomogeneous problems, to descrip-
tion of the first cohomology group with coefficients in the vector bundle. In particular, one manifestation
of this link is the equivalence of the well-known statements for the Riemann surface of genus zero, the
Riemann sphere or the plane: the reduction of a vector problem to a problem with diagonal matrix [2]
and the equivalence of every vector bundle to a direct sum of one-dimensional bundles by Grothendieck’s
Theorem [3].
By a complete classification of bundles (boundary value problems) we understand the introduction

of a system of invariants, meaning the characteristics shared by equivalent bundles and/or equivalent
boundary coefficients which uniquely determine the equivalence class of bundles and respectively the
coefficients in boundary conditions up to equivalence. For instance, for one-dimensional bundles (one-
dimensional boundary value problems) there are two invariants: The first is the index of boundary
coefficients, equal to the degree of the divisor of sections of the bundle, equal to the Chern class of
the bundle; The second is the element of the Jacobi group, uniquely determining the class of equivalent
coefficients of index zero, equal to the element of the Picard group uniquely defining the class of equivalent
divisors of order zero (bundles with vanishing Chern class); see [1]. For vector bundles over the Riemann
sphere these invariants are the Chern classes of one-dimensional bundles, equal to the special indices of
the coefficient matrix [1].
The classification problem for vector bundles over an arbitrary compact Riemann surface is thor-

oughly studied in [4]. Once this problem attracted much attention mainly due to the work of Tyurin,
for instance [5–7]. Essentially, by now it is clear that not all vector bundles on a Riemann surface of
arbitrary genus are equivalent to the direct sums of one-dimensional ones; but no complete system of
invariants classifying holomorphic vector bundles is available yet.
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As for vector boundary value problems, previously they were barely considered on Riemann surfaces
beyond the one-dimensional ones, which are understood quite well; see [8–11] for instance.
This article attempts to lay foundations for the theory of vector boundary value problems on Riemann

surfaces. To this end, we firstly carry over to Riemann surfaces the main constructions of the classical
theory of vector boundary value problems on the plane, in particular, the reduction of a vector problem
to a system of integral equations on a contour, done in Section 2, and the construction of a linearly
independent system of meromorphic solutions in Section 3. This adaptation of results from the plane,
a surface of genus zero, to the surfaces of arbitrary genus is not quite trivial and requires some additional
effort.
Section 4 establishes that each vector boundary value problem reduces to a problem with a triangular

matrix. This enables us to reduce the solution of the boundary value problem to the successive solution of
one-dimensional boundary value problems, for which a good theory is available. This is equivalent to the
statement proved in [4, p. 63] that, up to equivalence, each bundle can be defined by triangular transition
matrices. Important here, however, is not the reduction to a problem with a triangular matrix by itself,
but the technique of the article for analyzing boundary value problems with the use of meromorphic
matrices and their divisors, which enables us to construct solutions to boundary value problems by
singular integrals as in the classical theory, and in particular, opening up a path to a complete classification
of boundary coefficients.
Let us emphasize the conclusion that was implied by [1]. It is shown there that boundary value

problems on an arbitrary smooth curve, including even not closed and not simple, reduce to a construction
of sections of holomorphic vector bundles. More exactly, this reduction requires that a Riemann surface
with a cut along this curve split into finitely many connected components (possibly one) with piecewise
smooth boundary. In particular, this means that the general method for solving problems is independent
of the choice of the curve; therefore, to construct a general solution, and to classify bundles, we can
choose a rather arbitrary curve.
Take a Riemann surface D of genus ρ > 0 and a simple smooth contour L splitting D into two

connected parts D±; the orientation of L agrees with D+. Consider the homogeneous boundary value
problem of linear conjugation

g+(t) = G(t)g−(t), t ∈ L, (1)

where g±(t) are the boundary values on L of the required analytic or meromorphic on D± vector g±(z)
of dimension n, and G(t) is a given Hölder matrix of size n×n on L which is nondegenerate meaning that
detG(t) �= 0 for t ∈ L. Refer to G(t) as the coefficient of the boundary value problem. Simultaneously
we consider similar problems for the differentials

w+(t) = GT (t)w−(t), t ∈ L, (2)

where w±(t) are the boundary values on L of the n-dimensional abelian differential w±(z) for z ∈ D±.
Problem (2) for vector differentials reduces to a vector bundle as well, i.e. eventually to a problem for
vector functions of the form (1). We consider the problem for differentials separately only for techni-
cal convenience.

Remark 1. If need be, we may assume that one of the domains D+ and D− is simply-connected,
i.e. conformally equivalent to a part of the plane.

Below, in accordance with generally accepted terminology [2], we call a point of the surface D a pole
vector if it is a pole of at least one of its coordinates, while the order of a pole is assumed to be the maximal
order of poles among all coordinates. Accordingly, the zero of a vector is the zero of all its coordinates
simultaneously, while the order of a zero is the minimal order among all coordinates. This way we define
the divisor of each meromorphic vector. Since the multiplication by an arbitrary meromorphic function
preserves the solution to problems (1) and (2), the divisors of meromorphic solutions are defined up to
principal divisors. Finally, since locally problems (1) and (2) are equivalent to problems on the plane,
their arbitrary zeros and poles, including those on the contour L, are of integer orders.
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2. Reduction of Problems to Systems of Integral
Equations. Companion and Adjoint Problems

Here we carry over to a Riemann surface the basic theory of boundary value problems on the plane [2].
Let us start with the Cauchy kernel K0(p, q) for the one-dimensional boundary value problem [10, 11]:

K0(p, q) is an abelian differential with respect to p which is a multiple of the divisor p1 · · · pρp−10 q−1 with
residues 1 at q and −1 at p0, and a meromorphic function with respect to q which is a multiple of
p−1p0p−11 · · · p−1ρ ; here p1, . . . , pρ is an arbitrary tuple of points of D such that no abelian differential of
genus 1 on D has zeros at all these points. Henceforth we call pj for j = 1, ρ the poles of the Cauchy
kernel, and p0 its zero. We can choose the zero and poles rather arbitrarily; in particular, we can always
choose poles in a neighborhood of an arbitrary given point of D and choose the zero arbitrarily, only
avoiding the poles [10].

Properties of Cauchy kernels. 1. Suppose that g(t) is a Hölder function on L and put

Φ±(z) =
1

2πi

∫

t0∈L
K0(t0, z)g(t0), z ∈ D±.

The following hold:
(a) Φ±(z) is analytic on D±, except for pj for j = 1, ρ where Φ±(z) has simple poles.
(b) If ∫

L

g(t)w(t) = 0

for every genus 1 abelian differential w(z) on D then Φ±(z) is analytic on D±.
(c) The boundary values on L are as follows:

Φ±(t) =
1

2πi

∫

t0∈L
K0(t0, t)g(t0)± g(t)

2
, t ∈ L.

2. Suppose that w(t) is a differential on L and

W±(z) =
1

2πi

∫

t0∈L
K0(z, t0)w(t0), z ∈ D±.

The following hold:
(a) The differential W±(z) is analytic on D± outside p0, where it has a simple pole; furthermore,

ResW (z)|z=p0 = −
1

2πi

∫

L

w(t).

(b) The boundary values are

W±(t) =
1

2πi

∫

t0∈L
K0(t, t0)w(t0)∓ w(t)

2
, t ∈ L.

Indeed, it is shown in [10, Chapter 1, § 4] that in the plane of the local parameter t0, the Cauchy
kernel as z → t0 is of the form

K(t0, z) =
dt0

t0 − z + F (t0, z) dt0,

where F (t0, z) is analytic in both variables, and so all presented expressions for the boundary values of
Φ±(t) and W±(t) have the usual meaning of singular integrals in the sense of principal values, while
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all statements concerning these boundary values follow straightforwardly from the properties of the
limit values of the Cauchy-type integral. All remaining properties are either established directly in [10,
Chapter 1, § 4] or follow easily from the results of [10].
Moreover, we borrow from [10, Chapter 2, § 7] the functions ψ±(z) = ψ(p | z) for z ∈ D± which are

analytic on D± for p ∈ D± and have unique simple zeros at p.
We use some standard notation: r[Δ] is the number of linearly independent meromorphic functions

that are multiples of a divisor Δ, and i[Δ] is the number of linearly independent abelian differentials that
are multiples of Δ. The Riemann–Roch Theorem asserts [4, 10, 12] that r[Δ−1] = i[Δ] + degΔ− ρ+ 1.
Let us turn to the conditions for the analytic continuation of functions and differential from a con-

tour L to the domain D±. Below we use the two Cauchy kernels: the kernel K1(p, q) with poles pj1 ∈ D−
for j = 1, ρ and zero p01 ∈ D+, and the kernelK2(p, q) with poles pj2 ∈ D+ for j = 1, ρ and zero p02 ∈ D−.
Theorem 1 (analytic continuation of functions and differentials). Suppose that a function g(t)

of t ∈ L is given.
1. The function g(t) continues analytically into D+, i.e. g(t) = g+(t), if and only if

1

2πi

∫

t0∈L
K1(t0, t)g(t0)− g(t)

2
= C = const .

Furthermore,

g+(z) =
1

2πi

∫

L

K1(t, z)g(t)− C, C = −g+(p01).

2. The function g(t) continues analytically into D−, i.e. g(t) = g−(t), if and only if

1

2πi

∫

t0∈L
K2(t0, t)g(t0) +

g(t)

2
= C = const .

Furthermore,

g−(z) = − 1
2πi

∫

L

K2(t, z)g(t) + C, C = g−(p02).

By analogy, suppose that a differential w(t) is given on L.
1. The differential w(t) continues analytically into D+ if and only if there exist constants C1, . . . , Cρ

such that
1

2πi

∫

t0∈L
K2(t, t0)w(t0) +

w(t)

2
=

ρ∑
k=1

Ckwk(t).

2. The differential w(t) continues analytically into D− if and only if there exist constants C1, . . . , Cρ
such that

1

2πi

∫

t0∈L
K1(t, t0)w(t0)− w(t)

2
=

ρ∑
k=1

Ckwk(t).

Here wk(z) for k = 1, ρ is a basis for genus 1 abelian differentials on D.

Proof. Take g(t) = g+(t) and suppose that g+(z) is analytic on D+. Then for every genus 1 abelian
differential w(z) on D, we obviously have

∫

L=∂D+

g+(t)w(t) = 0,
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which implies that the function

Φ1(z) =
1

2πi

∫

L

K1(t, z)g
+(t)

is an analytic solution in D± of the jump problem Φ+(t)− Φ−(t) = g(t), for t ∈ L. Another solution of
the same problem is

Φ2(z) =

{
g+(z), z ∈ D+,
0, z ∈ D−.

Then Φ1(z)− Φ2(z) is clearly analytic on D, and therefore constant. Thus,
1

2πi

∫

L

K1(t, z)g
+(t)− g+(z) = C, z ∈ D+,

1

2πi

∫

L

K1(t, z)g
+(t) = C, z ∈ D−,

whence
1

2πi

∫

L

K1(t0, t)g(t0)− g(t)

2
= C.

Conversely, suppose that the last equality holds for some constant C. Consider the function

g+(z) =
1

2πi

∫

L

K1(t, z)g(t)− C.

Since K1(t, p01) ≡ 0, it follows that g+(p01) = −C. The function g+(z) is meromorphic on D± and has
poles at pj1 ∈ D−, for j = 1, ρ, i.e., it is analytic on D+ and its boundary value is obviously

g+(t) =
1

2πi

∫

L

K1(t0, t)g(t0) +
g(t)

2
− C = g(t).

The claims of the theorem on continuation into D−, as well as the claims on the continuation of
differentials have similar proofs.

Remark 2. The statements and proofs remain absolutely the same if we replace the function g(t)
by dimension n vector functions g(t) = (g1(t), . . . , gn(t)), or similarly replace the differential w(t) by
a vector composed of differentials; we just have to replace the constants C1, C2, Ck1, and Ck2 for k = 1, ρ
with constant vectors.
Henceforth we tacitly assume that g(t) is a vector function, w(t) is a vector differential, C1, C2, Ck1,

and Ck2 for k = 1, ρ are constant vectors.

Corollary of Theorem 1. 1. Problem (1) for functions is equivalent to the following system of
equations for the vector function g(t) = g−(t),

1

2πi

∫

t0∈L
K1(t0, t)G(t0)g(t0)− G(t)g(t)

2
= C1,

1

2πi

∫

t0∈L
K2(t0, t)g(t0) +

g(t)

2
= C2, (3)

which implies

g(t) +
1

2πi

∫

t0∈L
[K2(t0, t)−K1(t0, t)G−1(t)G(t0)]g(t0)

= C2 −G−1(t), C1, C1, C2 = const . (4)
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2. Problem (2) for differentials is equivalent to the following system of equations for the vector
differential w(t) = w+(t),

1

2πi

∫

t0∈L
K2(t, t0)w(t0) +

w(t)

2
=

ρ∑
k=1

Ck2wk(t),

1

2πi

∫

t0∈L
K1(t, t0)(G

T (t0))
−1w(t0)− (G

T (t))−1w(t)
2

=

ρ∑
k=1

Ck1wk(t),

(5)

which implies

w(t) +
1

2πi

∫

t0∈L
[K2(t, t0)−K1(t, t0)GT (t)(GT (t0))−1]w(t0)

=

ρ∑
k=1

(Ck2 −GT (t)Ck1)wk(t), Ck1, Ck2 = const, k = 1, ρ. (6)

Remark 3. Note that (4) and (5) are systems of Fredholm integral equations of the second kind since
their kernels have singularities of order less than 1; i.e., the integral operators are compact. Furthermore,
these systems are conjugate, i.e., in particular, (4) has a solution if and only if its right-hand side is
orthogonal to every solution of the homogeneous equation (6):∫

L

(C2 −G−1(t)C1)w(t) = 0

for every solution to (6) with Ck1 = Ck2 = 0 for k = 1, ρ.
Verify that under certain conditions the solutions to (4) or (6) yield solutions to the boundary value

problems (1) or (2) respectively. Introduce the functions

ψ+0 (z) = ψ(p01 | z), ψ+1 (z) =

ρ∏
j=1

ψ(pj2 | z), z ∈ D+,

ψ−0 (z) = ψ(p02 | z), ψ−1 (z) =
ρ∏
j=1

ψ(pj1 | z), z ∈ D−,

and respectively ψ±j (t) for t ∈ L and j = 0, 1.
Given g(t) for t ∈ L, put

h+(z) = ψ+1 (z)

(
1

2πi

∫

t∈L
K2(t, z)g(t)− C2

)
, z ∈ D+;

h−(z) = ψ−1 (z)
(
1

2πi

∫

t∈L
K1(t, z)G(t)g(t)− C1

)
, z ∈ D−,

where C1, C2 = const. The function h
+(z) is analytic on D+ because the integral has only simple poles

at the points pj2, for j = 1, ρ, which compensate for the zeros of ψ
+
1 , while h

−(z) is analytic on D−. In
turn, we have

h+(t)

ψ+1 (t)
=
1

2πi

∫

t0∈L
K2(t0, t)g(t0) +

g(t)

2
− C2,

h−(t)
ψ−1 (t)

=
1

2πi

∫

t0∈L
K1(t0, t)G(t0)g(t0)− G(t)g(t)

2
− C1.
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But then (4) means that

h+(t)

ψ+1 (t)
−G−1(t)h

−(t)
ψ−1 (t)

= 0

or

h+(t) = G−1(t)
ψ+1 (t)

ψ−1 (t)
h−(t), t ∈ L. (7)

Following the terminology of [2], call this the companion problem to (1). If the companion problem (7)
has only the trivial solution then h±(t) = 0, which implies that (3) are satisfied; i.e., the solution to (4)
yields a solution to (1).
Similarly, for problem (2) for differentials and equation (6) respectively we obtain the companion

problem

w+(t) =
ψ+0 (t)

ψ−0 (t)
(GT (t))−1w−(t), t ∈ L. (8)

Refer to this problem, as in [2], as the adjoint problem to (1).
Observe that the form of companion and adjoint problems for a surface of genus ρ > 0 differs

substantially from the case of the plane [2].

Theorem 2. 1. If (7) has only the trivial solution in the class of analytic functions then every
solution g(t) to (4) yields a solution to (1): g−(t) = g(t) and g+(t) = G(t)g(t) in the class of analytic
functions.
2. If (8) has only the trivial solution in the class of analytic differentials on D± then every solution

w(t) to (6) yields a solution to (2) for differentials: w+(t) = w(t) and w−(t) = (GT (t))−1w(t).
3. If both companion and adjoint problems have only the trivial solutions then the original prob-

lem (1) has an analytic solution.

Proof. Only claim 3 needs a proof. Consider (4) with C1 = 0, i.e., with the right-hand side C2. It
is solvable, see Remark 3, if and only if ∫

L

C2w(t) = 0

for every solution w(t) of the homogeneous equation (6), meaning C1k = C2k = 0 for k = 1, ρ. However,
since (8) has only the trivial solution, every solution to (6), including the homogeneous case, yields
a solution to (2) with w(t) = w+(t), and the solvability condition, which is obviously satisfied, becomes

∫

L=∂D+

C2w
+(t) = 0.

Thus, a solution to (4) with C1 = 0 and arbitrary vector C2 exists. However, since (7) has only the trivial
solution, the solution to (4) yields an analytic solution to (1).

3. Construction of a Meromorphic Matrix Solution

Consider the matrix Φ±(z) =
(
g±1 (z) · · · g±n (z)

)
composed of meromorphic solutions g±j (z), for j =

1, n, to (1), meaning that Φ+(t) = G(t)Φ−(t) for t ∈ L. Assume that detΦ±(z) �≡ 0 for z ∈ D±. Call Φ
the meromorphic matrix solution to (1).
The construction of meromorphic matrix solution, more exactly, the proof of its existence, is the

starting point for classifying the coefficients of a boundary value problem and constructing the general
solution in the classical theory of vector boundary value problems on the plane [2]. In this section we
verify that the matrix solution exists on a Riemann surface as well.
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Theorem 3. The analytic solutions to (1) and (2) constitute a finite-dimensional linear space, and
the order of the divisor of each analytic solution to (1) and (2) is at most the constant m = m(G, ρ).

Proof. Since (4) is a system of Fredholm equations, the number of its linearly independent solutions
for arbitrary constant vectors C1 and C2 is finite, and so is the number of linearly independent analytic
solutions to (1). Denote this number by s = s(G). Suppose that an analytic solution g±(z) of (1)
has divisor Δ, consisting only of zeros, and that degΔ > 2ρ − 2. Then [10, 12] imply that i[Δ] = 0,
and the Riemann–Roch Theorem yields r = r[Δ−1] = degΔ − ρ + 1. But if fj(z) for j = 1, r are
linearly independent meromorphic functions which are multiples of Δ−1 then the vectors fj(z)g±(z)
are linearly independent analytic solutions to (1), i.e., r ≤ s, whence degΔ ≤ s + ρ − 1, and finally
degΔ ≤ m = max(s(G) + ρ− 1, 2ρ− 2).
The proof of the theorem for problem (2) and the system (6) is similar.

Lemma 1. 1. The vector g±(z) is a meromorphic solution to (1) with poles qj , for j = 1, s, if and
only if g±0 (z) = g±(z)ψ±(z) is an analytic solution to (1) with coefficients G0(t) = G(t)ψ+(t)/ψ−(t),
where

ψ±(z) =
∏
qj∈D±

ψ(qj | z), z ∈ D±.

2. In turn, if g±0 (z) is an analytic solution to (1) with the coefficient G0(t) = G(t)ψ−(t)/ψ+(t) then
g±(z) = g±0 (z)ψ±(z) is an analytic solution to (1) with the zero qj , for j = 1, s.
The claims of Lemma 1 are obvious.

Theorem 4 (existence of meromorphic matrix solution). Introduce the upper bounds for the number
of zeros, m1 = m(G−1ψ+1 /ψ

−
1 , ρ) for the companion problem and m2 = m((GT )−1ψ+0 /ψ

−
0 , ρ) for the

adjoint problem, and take the divisor Δ =
∏
qj with qj ∈ D−. Moreover, degΔ > max(m1,m2).

Then there exist solutions to (1) which are multiples of Δ−1. These solutions constitute a finite-
dimensional space of dimension at least n; furthermore, for each point qj there are n solutions g1, . . . , gn,
whose leading constants at this point are linearly independent. By the leading constants we understand
the constant vectors C in the expansion

g(z) =
C

(z − qj)kj + · · ·

in a neighborhood of qj , where kj is the order of the zero qj in Δ.
These n solutions constitute a meromorphic matrix solution to (1).

Proof. Take
ψ−(z) =

∏
qj

ψ(qj | z), z ∈ D−; ψ+(z) ≡ 1.

Problem (1) in the class of vectors which are multiples of Δ−1 reduces by Lemma 1 to (1) with the
coefficient G0(t) = G(t)/ψ−(t) in the class of analytic functions, whose solutions, and so the solutions
to (1) which are multiples of Δ−1, constitute a finite-dimensional space by Theorem 3.
Let us show that this space is nonempty and contains solutions g1, . . . , gn with linearly indepen-

dent leading constants. The companion and adjoint problems corresponding to the coefficient G0(t)
respectively have the coefficients

G1 = G
−1ψ−ψ+1 /ψ

−
1 ,

G2 = (G
T )−1ψ−(t)ψ+0 /ψ

−
0 .

For instance, if (1) with the coefficientG1 has an analytic solution g
±
1 (z); then, again by Lemma 1, g

±(z) =
ψ±(z)g±1 (z) is an analytic solution to (1) with the coefficient G−1ψ

+
1 /ψ

−
1 . Furthermore, this solution has

zeros at the points of Δ; i.e., it has the order ofm0 ≥ degΔ > m1 = m(G
−1ψ+1 /ψ

−
1 , ρ), which is impossible

by Theorem 3. Similarly, there exists no analytic solution to (2) with the coefficient G2. Therefore,
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for (1) with the coefficient G0(t) neither companion nor adjoint problems have analytic solutions; then
by Theorem 2 this problem has an analytic solution g±0 (z).
Observe that for the solution g0 we can choose an arbitrary vector C2 = g

−
0 (p02); see Theorem 1 and

the proof of Theorem 2. In turn, the validity of Theorem 2 is independent of the choice of Cauchy kernels
K1,2(p, q), i.e., of the choice of their poles pj1 and pj2 for j = 1, ρ, and zeros p01 and p02. In particular, for
every fixed point qj of the divisor Δ we can choose p02 = qj . Then, taking n linearly independent values
of the vector C = g−0 (qj), we obtain n linearly independent solutions to (1) with the coefficient G0(t).
This, again by Lemma 1, yields n linearly independent solutions to (1) with the original coefficients G(t);
furthermore, the correspondence g±(z) = g±0 (z)/ψ±(z) means that the chosen values of C are the leading
constants at qj .
The last claim of Theorem 4 is straightforward from the previous one.
Thus, the meromorphic matrix solution to (1) exists always.

4. Reduction of the Coefficient in the
Boundary Condition to Triangular Form

Recall [1, 2] that the coefficients G1(t) and G2(t) are called equivalent, written G1 ∼ G2, whenever
G1(t) = X

+(t)G2(t)(X
−(t))−1, for t ∈ L, where the matrices X±(z) are analytic on D± and detX±(z) �=

0 for z ∈ D±. Conjugation problems with equivalent coefficients reduce to each other with the zeros and
poles kept in place, and the coefficients in the boundary condition are classified precisely up to this
equivalence.
It is known that on a genus ρ = 0 surface we can assume, up to multiplication by a meromorphic

function, that all zeros and poles of a meromorphic solution lie at one fixed point; on the plane they are
usually placed at infinity; see [2]. This enables us [2] to establish on the plane a representation for the
matrix solution Φ±(z) = X±(z)Γ±(z), where X±(z) are analytic on D± with detX±(z) �= 0 for z ∈ D±,
while Γ± = diag

(
γ±1 , . . . , γ±n

)
is a diagonal matrix. This implies that

G(t) ∼ Γ+(t)(Γ−(t))−1 = Γ(t) = diag(γ1, . . . , γn);
i.e., each coefficient is equivalent to a diagonal matrix, and every boundary value problem reduces to
a solution of independent one-dimensional problems. Passing from the homogeneous problem to a vec-
tor bundle [1], we find that, up to equivalence, the coordinates of the sections of each holomorphic
vector bundle are simply sections of one-dimensional bundles, i.e., recover the well-known Theorem by
Grothendieck [3].
On a Riemann surface of positive genus ρ > 0 placing all zeros/poles of solution at one point is

impossible in general, as it is impossible to reduce every coefficient to a diagonal matrix. In this section
we verify that every coefficient is equivalent to a triangular matrix.
Consider a meromorphic matrix solution Φ± =

(
g±1 · · · g±n

)
and introduce the divisors of its columns

(
g±j
)
= Δ±j =

∏
l

(
s±jl
)k±
jl , s±jl ∈ D±, j = 1, n,

and the functions which are multiples of these divisors:

ψ±j (z) = ψ(Δ
±
j | z) =

∏
l

(
ψ
(
s±jl | z

))k±
jl , z ∈ D±, j = 1, n.

It is obvious that g±j (z) = ψ
±
j (z)ϕ

±
j (z) for j = 1, n, where the vectors ϕ

±
j (z) lack zeros and poles. Hence,

Φ± =
(
ϕ±1 · · ·ϕ±n

) · diag(ψ±1 , . . . , ψ±n ) = Φ±0 Γ±0 ,
the matrices Φ±0 are analytic on D±, and their columns lack zeros. But detΦ

±
0 can have zeros. Consider

for definiteness Φ+0 (z) = Φ0(z) = (ϕ1(z) · · ·ϕn(z)) for z ∈ D+ and suppose that (detΦ0) = Δ = s1 · · · sl,
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where sj ∈ D+ for j = 1, l are the zeros of detΦ0. Since detΦ0(s1) = 0, there exist some coefficients αj
for j = 1, n, not all vanishing, such that

∑
αjϕj(s1) = 0 or

ϕm(s1) =
∑
j<m

αjϕj(s1),

where m is the maximal index of a nonzero coefficient. Then

Φ0 = (ϕ1 · · ·ϕm · · ·ϕn) =
(
ϕ1 · · ·ϕ0m · · ·ϕn

)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0 α1 0 · · · 0
0 1 · · · 0 α2 0 · · · 0
...
...
. . .

...
...

...
...
...

0 0 · · · 1 αm−1 0 · · · 0
0 0 · · · 0 1 0 · · · 0
0 0 · · · 0 0 1 · · · 0
...
...
...
...

...
...
. . .

...
0 0 · · · 0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where
ϕ0m(z) = ϕm(z)−

∑
j<m

αjϕj(z).

But then ϕ0m(s1) = 0, and so ϕ
0
m(z) = ψ1(z)ϕ

1
m(z), where ψ1(z) = ψ(s1 | z), and furthermore ϕ1m(s1) �= 0;

more exactly, it has a smaller order of zero in s1. Therefore,

Φ0 =
(
ϕ1 · · ·ϕ1m · · ·ϕn

)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0 α1 0 · · · 0
0 1 · · · 0 α2 0 · · · 0
...
...
. . .

...
...

...
...
...

0 0 · · · 1 αm−1 0 · · · 0
0 0 · · · 0 ψ1(z) 0 · · · 0
0 0 · · · 0 0 1 · · · 0
...
...
...
...

...
...
. . .

...
0 0 · · · 0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= Φ1(z)Γ1(z),

where Γ1(z) is an upper triangular matrix, Φ1(z) is analytic and has the divisor of the determinant
(detΦ1) = Δ/s1 = s2 · · · sl. Repeating this process, we arrive at the representation

Φ+(z) = X+(z)Γ+(z), z ∈ D+,
where X+(z) is analytic on D+ and detX+(z) �= 0, while Γ+ = Γl · · ·Γ1Γ0 is an upper triangular matrix.
A rather similar representation results for Φ−(z), whence

X+(t)Γ+(t) = Φ+(t) = G(t)Φ−(t) = G(t)X−(t)Γ−(t),
i.e.,

G(t) = X+(t)Γ(t)(X−(t))−1, Γ(t) = Γ+(t)(Γ−(t))−1.
Theorem 5. Each coefficient G(t) is equivalent to an upper triangular matrix Γ(t); furthermore,

the diagonal elements of Γ(t) are

γj(t) = ψ
+(Δ+ | t)/ψ−(Δ− | t),

where Δ± ⊂ D±.
Remark 4. It is easy to show that, up to the multiplication of meromorphic solutions by meromor-

phic functions on D, we may always assume that the points of the divisors Δ± avoid L, and even lie only
in D+ (if ψ− ≡ 1) or, conversely, only in D− (if ψ+ ≡ 1).
Theorem 5 reduces the solution of (1) to a problem with a triangular matrix, which we can solve

successively, finding one coordinate at each stage. These triangular matrices themselves can be expressed
as products of triangular or diagonal matrices of quite simple form. Basing on this and using the well-
known method for solving one-dimensional problems, we expect to construct a general solution to the
vector problem and a system of invariants classifying the coefficients G(t) up to equivalence.
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