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1. Introduction

We consider the Cauchy problem for a non-autonomous stochastic linear evolution equa-
tion

dX + A(t)Xdt = F(t)dt + G(t)dW (1), 0<t=<T, (1.1
X(0) =¢ '
in a separable UMD Banach space E of type 2 with norm || - ||. Here, W denotes a

cylindrical Wiener process on a separable Hilbert space H, and is defined on a filtered,
complete probability space (2, F, {F;};>0, P). Operator G is an H-strongly measurable
and adapted process in L2((0,T) x y(H; E)) (see subsection 2.2), whereas F is a
progressively E-valued measurable process on [0, T']. Initial value & is an E-valued Fp-
measurable random variable. And A(r),0 < t < T are densely defined, closed linear
operators in E and satisfy the condition:
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(A1) The spectrum o (A(t)) of A(t) is contained in a sectorial open domain:

0(A(t)) C Xy ={AeC:|argh| < w}, 0<t<T
with some angle 0 < @ < % The resolvent of A(t) satisfies the estimate:
-1 My
(A — A@)) IISW, Mg Ep,0<1<T

with some M, > 0.
Assume further that

(A2) The domain D(A(t)) of A(¢) is allowed to vary with ¢, but there exists 0 < v <1
such that

D(A(s)) C D(A()Y), 0<s,t<T.
(A3) A(-)~!is Holder continuous in 7 in the sense that
A TA®) ™ — A) I < Nt — 9", 0<s<t<T

withsome l —v <pu <land N > 0.

The basic problem on existence and uniqueness of solution to (autonomous) stochastic
evolution equations has been extensively studied since 1970s. The main interest was to
construct unique mild solutions, see [2,3,8,9,11] and references therein. Strict solutions
which have stronger regularity than mild solutions have also been shown in some special
cases, e.g., the case where A is a bounded linear operator [3].

In the meantime, non-autonomous stochastic evolution equations have been studied by
a few researchers. Veraar [12] investigated an equation of the form

dX + At)Xdt = F(t, X)dt + G(t, X)dW (¢)
ina UMD Banach space of type 2. Itis assumed that A(¢), 0 < t < T, satisfy the conditions
given in [1] (see also [4—6]). These conditions highlight that the domain D(A(¢)) of A(¢)
completely varies in time. In other words, there is no relation between D (A (¢)) and D(A(s))
forevery 0 <t # s < T (i.e. v = 0in (A2)). The author also required a very common
condition, say Lipschitz continuity of F and G. The existence of mild solutions has been
then verified.

Mild solutions to the latter equation have also been considered in an earlier work of
Seidler [7], but in Hilbert space setting. The author supposed that the domain D(A(t)) of
A(t) is constant in time, i.e., v = 1 in (A2).

In [10], we considered (1.1) in Banach spaces of M-type 2, where W is a standard
Brownian motion. We constructed unique strict solutions from a ‘solution formula’.

In this paper, we consider (1.1) in UMD Banach spaces of type 2, where W is a Wiener
process depending on both time and space. In other words, W is a cylindrical Wiener
process on a Hilbert space. We show the existence of an unique strict solution and the
maximal regularity of the solutions. Our results are even new in Hilbert space setting.

The paper is organized as follows. Section 2 is preliminary. Section 3 investigates exis-
tence of unique strict solution and the maximal regularity for (1.1). Section 4 gives an
example to illustrate our abstract results.
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2. Preliminary results

2.1 UMD Banach spaces of type 2
DEFINITION 2.1

(1) A Banach space E is called a UMD space if for some (equivalently, forall) 1 < p <
oo there is a constant ¢, (E) such that for any L”-integrable E-valued martingale
difference {M,}, (i.e. {d;_, M;}5° | is a martingale) and any €: {1,2,3,...} —
{—1, 13},

P n P

< cp(E)E ZMj , n=1273,....
j=1

n

Ze(i)Mn

i=1

E

(ii)) A Banach space E is said to be of type 2 if there exists c2(E) > 0 such that for
any Rademacher sequence {¢;}; on a complete probability space (€', 7', ') and any
finite sequence {x};_, of E,

n 2 n
2
D exi| <cE) Y lxl’
i=1

i=1
(Recall that a Rademacher sequence is a sequence of independent symmetric random
variables each one taking on the values {1, —1}.)

E/

Example 2.2. Hilbert spaces are UMD spaces of type 2. The L? spaces are UMD spaces
with 1 < p < oo. They are of type 2 with2 < p < oo.

From now on, we always assume that E is a separable UMD Banach space of type 2
and H is a separable Hilbert space.

2.2 y-Radonifying operators

Let us review the notion of y-radonifying operators. For details on the subject, we refer to

[11].
DEFINITION 2.3

Let {e,},2 | be an orthonormal basis of H. Let {y,}7°, be a sequence of independent
standard Gaussian random variables on a probability space (', 7', P’). A y-radonifying
operator from H to E is an operator, denoted by ¢ for example, in L(H; E) such that the
Gaussian series Y .~ | y,¢e, converges in L*(SY, E).

Denote by y (H; E) the set of all y -radonifying operators from H to E. Define a norm
iny(H; E) by

1

2|2
] ; ¢ ey(H E).

oo
1617 = [EH > e
n=1

Itis known that the norm is independent of the orthonormal basis {e, } > ; and the Gaussian
sequence {y;,}°° ;. Furthermore, (y (H; E), | - ||, (#;E)) is complete.



860 Ton Viét Ta et al.

Remark 2.4. When E is a Hilbert space, the space (y(H; E), || - |, (u;E)) is isometrical
to the space Lo(H; E) of Hilbert—Schmidt operators.

Let (S, ¥) be a measurable space. A function ¢: § — E is said to be strongly
measurable if it is the pointwise limit of a sequence of simple functions. A function
¢: S — L(H; E) is said to be H-strongly measurable if ¢(-)h: S — E is strongly
measurable forall 4 € H.

Denote by N?([0, T) the class of all H-strongly measurable and adapted processes
¢:[0,T] x 2 — y(H; E) in L2((0, T)x Q;y(H; E)).

The following result are very often used in this paper.

Lemma 2.5. Let ¢1 € L(E) and ¢ € y(H; E). Then, p1¢2 € y(H; E) and

lp1d20ly a6y < D1l ld2lly (;E)-

2.3 Cvylindrical Wiener process and stochastic integrals
DEFINITION 2.6

A family W = {W(¢)};>0 of bounded linear operators from H to L2() is called a
cylindrical Wiener process on H if

(1) Wh = {W(t)h};>0 is a scalar Wiener process on (2, F, {F;};>0,P) forallh € H
(i) E[W(1)h1W(12)h2] = min{t;, 2}(h1, ha)u, 0 < 11,10 < 00, h1, hy € H

For each ¢ € /\/2([0, T1), the stochastic integral fOT ¢ (t)dW(t) is defined as a limit
of integrals of adapted step processes. By a localization argument stochastic integrals can
be extended to the class A ([0, T']) of all H-strongly measurable and adapted processes
$:10,T] x Q — y(H; E) which are in L2((0, T); y (H; E)) a.s. (see [11]).

Theorem 2.7. There exists c(E) > 0 depending only on E such that
’ 2 2 2
E| /0 pOAW D[ = BN ooy voyirry ¢ €N TD,

T .. .
here ||¢>||iz((0’T)XQ;V(H;E)) = fo E||¢(s)||}2,(H;E)ds.In addition, for any ¢ in N ([0, T'])

(resp. N'(10, T1)), {fot ¢(s)dW(s),0 <t < T} is an E-valued continuous martingale
(resp. local martingale) and a Gaussian process.

For the proof, see, e.g., [11].

PROPOSITION 2.8

Let B be a closed linear operator on E and ¢: [0, T] x Q — y(H; E). If both ¢ and B¢
belong to N**([0, T), then

T T
B/ o )dW (1) =/ Bo(t)dW(t) a.s.
0 0
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The proof of Proposition 2.8 is very similar to the one in [3]. So, we omit it.

Let us finally restate the Kolmogorov continuity theorem. It gives a sufficient condition
for a stochastic process to be Holder continuous. For o > 0 and an interval I C R,
denote by C? (I; E) the space of all E-valued functions which are Holder continuous with
exponent o.

Theorem 2.9. Let ¢ be an E-valued stochastic process on [0, T)]. Assume that for some
c>0,¢>1andey > 0,

Ell¢(t) = ¢! < et —)' T, 0<s<t<T. @.1)

Then, forany0 <y < £

€’

¢ eC’(0,TL; E) a.s.
When ¢ is a Gaussian process, the condition (2.1) can be weakened.

Theorem 2.10. Let ¢ be an E-valued Gaussian process on [0, T] such that E¢ () = 0 for
t > 0. Assume that for some ¢ > 0and (0 < e <1,

EN¢(1) — ¢)I* < et — 5)F, 0<s<t=<T.

€

Then, forany 0 <y < 3,

£ eCr([0,T]; E) a.s.

For the proofs of Theorems 2.9 and 2.10, see, e.g., [3].

2.4 Deterministic linear evolution equations

Consider the Cauchy problem for a deterministic linear evolution equation

itii_)t( LADX = F@), 0<t=<T, (2.2)

X0)=§

in E. Here, A(t),t > 0 are densely defined, closed linear equations in E satisfying the
conditions (A1)-(A3). Meanwhile, F' is an E-valued function on [0, T'] belonging to
FPo((0,T]; E) forsome 0 < B < 1and0 < o < min{B, u + v — 1}.

Here, 77 ((0, T; E) denotes a weighted Holder continuous function space introduced
in [14] which consists of all E-valued continuous functions f on (0, T'] (resp. [0, T]) when
0 < B < 1 (resp. B = 1) with the properties:

(i) When B < 1, t'=# £ () has a limit as r — 0;
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(ii) f is Holder continuous with exponent o and weight s' =A% i.e.

s F() — F
sup

0<s<t<T (t—s)°

sIZBEON £ () — FO)l
= sup sup p < 00
0<t<T 0<s<t (t—s)

9

(iii)
li -0,
hmwy ()

1=B+o || F(py— £
where w7 (1) = supg,_, W

It is clear that 59 ((0, T]; E) is a Banach space with norm

1-B+o _
I Fo ey = OSUPTtl_ﬁIIf(t)II + sup - 170 = JOI

<t< 0<s<t<T (t—s)°

(For simplicity, we denote the norm by || - || zp.0)
In addition, for f € FF((0, T1; E),
IFOI < I fllpsotP™t, 0<t<T,
£ @) = FOI <wp@)(t —s)sPo7!
I £llpp0 (t — 5)7 5P 1, 0<s<rt<T. (2.3)

IA

According to [13,14], the following results are known.

Theorem 2.11. Let (A1), (A2) and (A3) be satisfied. Then, there exists a unique evolution
operator U (t,s),0 <s <t < T, having the following properties:

(i) U(t,s) is a bounded linear operator on E with

Ut,ry=U(,5)U(s,r), 0<r<s=<t=T,
U(s,s)=1, 0<s<T

(i) For0 <6 < u+v, R(U(t,s)) C D(A®)?) and there exists 1y > 0 such that

||A(t)9U(t,s)|| < 1g(t — 577, O0<s<t<T. 2.4)
When0 <6 <1,
IA@® ™) < o, 0<r<T. 2.5)

(iii) For0 <6y <1land 0y < 6, < u + v, there exists kg, > 0 such that

IAD%2U (2, s)A) %) < kg, (1 — 5)7, 0<s<t<T. (2.6)
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(iv) There exists ¢, > 0 such that

AUt S)A(s)_1 _ o t=9AW) I

< cpnp(t — sy 0<s<t<T, 2.7

where (e T4}~ is the semigroup generated by A(s).

Theorem 2.12. Let (Al), (A2), (A3) be satisfied. Let
F e FPO((0.T1 E), & € D(A0)F)

forsome (O < B < 1and0 < o < min{fB, u+ v — 1}. Then, there exists a unique solution
X to (2.2) having the regularity:

APX €C(0,T); E),

dx
T AX € FPo (0, T); E)

together with the estimate
dX 8 P
55| + 147 Xlle + 14X N 50 < CUAQP €N+ 1F 1 5,

where C > 0 is some constant. Furthermore, X is necessarily given by the formula

t
X()=U(t,0)& +/ U(t,s)F(s)ds, 0<t<T.
0

3. Maximal regularity

In this section, we construct unique strict solutions and show the maximal regularity for
(1.1). Let us introduce a definition of strict solutions to (1.1).

DEFINITION 3.1

An E-valued continuous process X on [0, T'] is called a strict solution of (1.1) if
X(t) e D(A(1)) as. 0<r<T,
/OT JA(S)X (s)||ds < o0 a.s.

and

t t t
X(t)=¢& —/ A(s)X (s)ds +/ F(s)ds +/ G(s)dW(s) as. 0<tr<T.
0 0 0
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A strict solution X on [0, 7] is said to be unique if any other strict solution X on [0, T is
indistinguishable from it, which means that

P{X (1) = X(r) forevery0 <t < T} = 1.

3.1 Case where) <v < 1

Consider the case where 0 < v < 1 (v is the exponent in (A2)). Assume that

(F) F e FPo((0,T]; E) as.,
where 0 < 8 <land0 <o <min{B, u +v — 1},

and
(G) there exist 6 > % and a square integrable random variable ¢ such that
G(1) € D(A(1)®) as, 0<r<T
and
IAD’G(t) = A’ G lypy ¢t —9)°  as,0<s<i1<T.
.. (S 2
In addition, E||A(0) G(O)||V(H;E) < Q.

Theorem 3.2. Let (A1), (A2), (A3), (F) and (G) be satisfied. Assume that € € D(A(0)P)
a.s. and E||A(0)P&||> < oo. Then, there exists a unique strict solution of (1.1) possessing
the regularities:

APX eC(0,T; E), X eC"(0,T]; E) a.s.,
and
AX e C”([e, T]; E) a.s.

forany 0 < y; < min{B, 1}, y1 # 4,0 <y, <min{§ — .0} and0 < € < T.In
addition,

(1) when B > §,

EIA®PX )|
< CIEIAOPE|* + [ Fll%p, +EIAOY GO 1, pyt' 2F
+ E||¢ |2 2020 0<t<T, (3.1)

(i) when B < 4,

ElA®PX @)
< CIE[AO)PE|* + E| F| 550 + EIAOY GO . 1t
+Ellg |21, 0<r<T. (3.2)

Here, C is some constant depending on the exponents. Furthermore, if G(0) = 0, then for
any 0 < y1 <min{13%.5, B}, y1 ¢ {132, 5).
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X eC"([0,T]; E) a.s.
Proof. Since the proof of uniqueness of strict solutions is very similar to [10, Theorem
3.2], we omit that proof. We prove the existence and the regularity of solutions by using
the solution formula and the Kolmogorov continuity theorem.

For0 < 6 < 1, denote by (A?U) oG (t) the stochastic convolution between A(1)? U (¢, -)
and G, i.e.

t
(A’U) o G(1) = / ANOU(t, 5)G(s)dW (s), 0<r<T.
0

Let us divide the proof into several steps. Throughout the proof, denote by C* some
universal constant.

Step 1. Let us verify that (APU) ¢ G is well-defined on [0, 7] and satisfies
(A’U) o G(t) = AU © G11).
From (G), it follows that
IAO GOy ;) < 1A’ GO)ly ;) + £1°, O0<t=<T. (33
Therefore,
/Ot EIA® U@, )G )54 pyds
= /(;tE||A(t)9U(t,s)A(s)_‘SA(s)‘sG(s)||)2/(H;E)ds
< fo A0 UG, AS) P IPEIAG)’ G$) 13 1. 1 ds
<2 /0 A, HAE) P IPENA©) GO, 4. ) + B 1ds.

If 6 > &, then (2.6) gives

t
/O EIA® U, )G 4. pyds

t
<2 / IAO U@, ) A U IP[EIAO GO 4. gy + EL57 1ds
0

1
< 2} [0 (t =) PCIEIAOY GO . ) + E¢ s> ds

2QGEIA0Y GO,

1-2(6—6
)t (G

1—-2(00—235)
+ 2B 2 B(1 + 20, 1 — 2(0 — §))r! 20 -9+20
<C*, 0<r<T, (3.4)
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where B(-, -) is the beta function. Meanwhile, if 6 < §, then (2.5) and (2.6) give

t
/OIE||A(t)9U(t,s)G(s)||)2,(H;E)ds
t
<2 / 1A U1, )A(s) |2
0
X A6 12 [ENAO GO 4., + 5™ | ds

t
<23, [ [EIAO GO ., + B ] ds

1+ 20 :|
<C*, 0<t<T. (3.5)

=2u2i? , [EHA(O)‘SG(O)IIf,(H;E)t +

Hence, (A?U) ¢ G is well-defined on [0, T']. Since A(¢)? is closed, Proposition 2.8 yields
AUy o G(t) = A1)’ [U © G1(1), 0<t<T.
Step 2. Fix 0 < y» < min{6 — % o}. Let us verify that
(AU)o G € C™([0,T]; E) a.s.
Let0 < y» < 3 < min{§ — %, o'}. We prove that

E|(AU) ¢ G(t) — (AU) o G(s)||*> <C*(t — )73, 0<s<t<T.

Indeed, noting the expression
t

(AU) ¢ G(1) :/ ADOU @, AP A GrdW (r),
0

we have
(AU) o G(t) — (AU) o G(s)
= / AU AR AP GAW ()
+‘ /0 AU DAG P ACY GEAW ()
- /0 AU, AR AP GAW ()

t
= / AU, NAE AP Gr) — A’ G(t) + A1)’ G(1)1dW (r)

+ /S[A(t)U(t, 5) — AU s, NAF) AP Gr)dW (r)
0
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= / CAOUGE DAR AR G — ADPGOIW ()
+ /l AU (1, )AF) A0 G(H)dW (r)
+ / AWMU, 5) — AU, DAE DA GRdW ()
=J10+J2~|—13, 0<s=<t=<T.

Thereby,

3
Ell(AU) o G(1) — (AU) o G(9)II> <3 Y EIIJi |, 0O<s=<t<T.

i=1

The terms E||J;|> ( = 1,2,3) are estimated as follows. For E|J;|12, E|J>]|* and
E|J3]1%, (2.4) and (G) give
t

EllJi]* < c(E) / EIIAMU (1, ) AGF) LAY G(r) — AW GO . ) dr

N
t

< c(E) / IAOU @, VA PIPEIAGCY G () — AO° GO, 4. pydr
N

t
< c(E)x}EL? / (t — r)?0to=Dgy
s

- c(E)FES? (1 — )20 F0) =1
20+0)—1

t
Ell Al < c(E) [ EIIANOU @, NAF) T AD° GO, . pydr

0<s=<tr<T.

t
< c(E) / IAOU @, NAE) P IPEIAD GO, 4. pydr

t
< 2c(E)x} / = r)*"DENAO GO . ) + B> 1dr
N

_ 2(E)FIENAO GO gy, py + B2 )1 — )2
N 26 — 1 '

0<s<r<T.

E| 532 < c(E) /0 CEIAOU ) — AU, DA A GOIR gy, pydr

< ¢(E) f ' IA@OU (1, 5)A(s) ™" — TTAS)U (s, 1) A(r) 78|
0
x E|A GO, . pydr
< c(E) / A IA@NU (1, 5)A(s) " — e DA U (s, 1) AGr) ||
0

x B[IA©’ GOl . ) + ¢r°Vdr
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+c(E) / e 940 — NAG) O IPIAG) U s, 1) AE) 78|
0
x E[IA0)’GO)lly k) + ¢ro1%dr, 0<s<r<T.

The terms on the right-hand side of the latter inequality can be evaluated by using (2.6)
and (2.7). Thereby, forany 0 < 6 < min{u +v — 1,8 — %},

N
E||J3||2 S C(E)Ci’vlclz/\ (t _S)Z(Mﬁ)fl)(s _ r)2(571)
0
x E[A©)°GO)ly k) + ¢ro1dr
)
+ c(E)igKi1o / (t —5)* (s —r)*®=071
0
x E[A©)°GO)ly k) + ¢rOVdr
S
<2c(E)c}, VKIZ/ (t — 5)* =D (s — 20D
’ 0
x [EIA©’ GO . ) + B> r>71dr
S
+2e(Edgg [ (=57 =200
0

x [E[A©Y GO 7. ) + E?r?1dr
EIIAOY GO, 4. )2
26 — 1

= 2c(E)c;, ki [

+EZ2B(1 + 20,28 — 1)s2(5+0)_1:|

x (t — S)Z(IH-V—I)

8 2 2(6—0)—1
EIAO GO, . s>
26 —6) —1

+2¢(E)igK11o [

+E?B(1+20,2(8 — 0) — 1)s2(5_0+0)_1j| (t — )%,

Since 4 +v — 1 > o, we obtain
Ell )% < C*(t — )7, 0<s<t=<T.
In this way, we conclude that
E|(AU) ¢ G(t) — (AU) o G(s)|> < C*(t — 5)*73, 0<s<t<T.

On the other hand, thanks to Step 1, it is possible to see that (AU) ¢ G is a Gaussian
process on [0, T']. By (3.6), Theorem 2.10 applied to (AU) ¢ G yields

(AU)o G €C”([0,T); E) a.s.
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Step 3. Let

1
11(I)=U(t,0)§+/ U(t,s)F(s)ds, 0<r=T,
0

and

X)) =L@ +UoG@), 0<r<T.
Let us verify that X is a strict solution of (1.1) possessing the regularity:

AX €C(0,T]; E) a.s.

Indeed, due to Theorem 2.12,
AL € FP°(0,T); E) a.s.

In particular,
Al € C((0,T]; E) a.s.

In addition, by (2.3),

t t
/ [A()11(s)llds = / 1AL || oo 5P ds
0 0

AL || £p.01P
_ ANzt

, O0<t<T.
B
Since ‘2—1[‘ = —A()]1(t) + F(¢), we then have
t t
Ii(t)=¢& —/ A(s) I (s)ds +/ F(s)ds, 0<t=<T.
0 0
On the other hand, by Step 2,
AU G]=(AU)o G €C([0,T]; E) a.s.
Hence, it suffices to prove that
t t
UoG(t) +/ (AU) o G(s)ds = / G(s)dW(s), 0<t<T. @37
0 0

To prove (3.7), we use the Fubini theorem. Before that, however, we observe from (2.5)
and (3.3) that
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t
fo EIGO)I} 41: pds
t
< /0 IA®) P IPEIAS) GO . ds

t
<2 [ BIEIAO GO .5y + Ee71ds

2E{2L§l1+26

= 23E[ A0 GO 1.t + e

Thereby, the stochastic integral fé G(s)dW(s) is well-defined for0 <r < T.

On the other hand, with 8 = 1, (3.4) gives

t
/OIE||A(t)U(t,s)G(s)||}2,(H;E)ds

_ 2K12E||A(O)5G(0)||)2/(H;E)t25_1
- 26 — 1
<C*, 0<t<T.

Theorem 2.7 and (3.8) then yield

' 2
E([ I(AU) © G(s)]lds )
0
t
sz/ E|(AU) o G(s)|%ds
0
t s
=z/ IEH/ A(s)U(s,u)G(u)dW(u)szs
0 0

t s
< c(E)t/ / E|AG)U (s, u)G(u)HJZ/(H;E)dudS
0 JO

2¢(E)KPEA0YGO0)]? t fo s s
<

y(H:E)
= 26 — 1
t
+ 2c¢(E)EC2 i B(1 + 20, 28 — 1);/ s20Fo=lgg
0
2 ) 2 26+1
_ 2¢(E)EIA0Y GO gy, 7"
26028 — 1)
2¢(E)E¢2k?B(1 4 20,28 — 1)¢2@0+o)+1
+
2(8 +0)

<C*, 0<t<T.

The integral fot [[(AU) ¢ G(s)|lds is hence well-defined a.s. for0 <t < T.

Now we will use the Fubini theorem. We have

+ 2E§2K123(1 + 20,28 — 1)f2@+o)-1

(3.8)
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/O (AU © G(s)ds = /0 t /O AU, 0)G@dW w)ds
— /Ot/tA(s)U(s,u)G(u)dde(u)
= /OI[G(M) — U, u)Gu))dW (u)
_ /Ot G (0)d W () — /O’ U, 0)Gw)dW (u)
:/OtG(u)dW(u)—UoG(l), 0<r=<T.

Thus, (3.7) has been verified.

Step 4. Let us verify that APX € C([0, T]; E) a.s. and that X satisfies (3.1) and (3.2).
For the first statement, it is seen that

ADOPX ) = AOPTANX (1), 0<t<T.

Since A(-)#~! e C([0, T1; L(E)), the continuity of AP X on (0, T] follows Step 3. In
addition, thanks to Theorem 2.12 and Step 2, AR 1 and APU o G are continuous at 7 = 0.
Therefore, APX € C([0, T]; E) a.s.

For the second statement, due to (3.4) and (3.5), when 8 > &,

t
/0 E|ADOPUW. GO} 1;)ds

2B A0 GO 13y gyt 2P

<
B 1-2(8—9)
+2E¢3GB(1 + 20, 1 — 2(8 — 8))1! 72F=+20
<C*, 0<t<T. (3.9)

Meanwhile, when 8 < §,

t
/OIE||A(t)'3U(t,s)G(s)||)2,(H;E)ds

1+20 ]
< C*, 0<t<T. (3.10)

< 255 g |:E||A(O)5G(O)||)2/(H;E)t +

On the other hand, since X = I} + U ¢ G,
E[AGPXOI° < 2EIAGP1L(1)|* + 2B AP U © G101
Using Theorem 2.12, it is easily seen that

EIA®P L0 < CIEAO)PE* + B[ F| 5.1,
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where C is some constant depending on the exponents. In the meantime, using Theorem
2.7,

E|A@PIU o GIOI < c(E) /O "Bla0fua, GO g1,y ds-
Thus,
E[A@®PX (1)) < c[ﬂ«:inA((»ﬂaw2 +E|Fl .0
+ lEnA(t)ﬁU(z,s)G(s)Hfi(H;E)ds]. G.11)

Using (3.9), (3.10) and (3.11), we arrive at (3.1) and (3.2).

Step 5. Let us show that for any 0 < y; < min{g, %} and y; # %,
X eC"([0,T]; E) a.s.,

and that if G(0) = 0, then for any 0 < y; < min{HT“, 8,8}, v1 ¢ {HTU, 8},
X eC"([0,T]; E) a.s.

First, we prove that I is B -Holder continuous a.s. on [0, T]. According to Theorem
2.12 ‘”1 e FPo((0, T1; E) a.s. Then, (2.3) gives that

> dr
tdl dl
| 1(u)a, H— 1(u)Hd
</ dIlH ﬁfldu<Hd11H tﬁ—sﬂ
s Fbo Fbo
dI —5)P
H 1H @ S), 0<s<t<T.
Fbo

This means that I, € CA([0, T]; E) a.s.
Next, we verify that forany 0 < p < %,

UosGeCP(0,T]; E) a.s.
LetO <s <t <T.Then
UoG@t)—U<oG(s)

t N
=/ Ui, r)G@r)dW(r) -I-/ (U, r)—U(s,r)]Gr)dW(r).
K 0

Since the integrals in the right-hand side are independent stochastic functions which have
zero expectation, we have
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E|U o G(t) — U o G(s)|?

2
= |

t Ky
f Ut )G r)dW (r) ‘2+EHf [U(t.r) — Us, P)IGrdW ()
s 0

t
< c(E) / EIU (2, YA A’ G 7.y dr
L e(E) /O BNV ) — UGs, DIGOI gy
t
< c(E) f EIlU @ DIPIAO T IPIAE GO, 4. gy dr

+c(E) /0 U@, r) = Uls, MA@ IPEIAC G 1. 1

By using (2.4), (2.5) and (3.3),

E|U ¢ G(t) — U o G(s)|?

t
<c(E)§y f E[ A0 GOy k) + ¢r01Pdr

N

+ ¢(E) /O U ) — U, DIAG)  IPEL AP GOl a2 ) + £r71Pdr.

The first term on the right-hand side of the latter inequality can be estimated as

t
c(E)§i3 / E[IA©’ GOy ) + ¢ Pdr

N
t
< ZC(E)L%L§/ [EIIA©)’ GO, . ) + BLr?1dr
N

2e(EYEL222(1 0 — 51+20)
1+ 20
2e(E)E¢?3i3(t — 5)11%0
1+ 20 '

= 2c(E)GGEEIAOY GO, 1. 1y (t — 5) +

< 2c(E)GBEIAO GO 13 4.yt — 5) +

In the meantime, since

U, r) — U(s, HIAG@) )2

2 ! 1 2 K2 )
< ki [/ u—r)°" du} = 8—;[(t—r>5—(s—r)8]

¢ 2
/ A)S(u, r)A(r)*‘SduH

2
K
1 26
S 52(t_S) ’

the second term is evaluated as
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c(E) /O U (t, ) — U(s, NIAGT) P IIPEIAQ)’ GOl a1y + ¢rO1Pdr

2¢(E)i?
=T 0
20(ENTENAO GO . p)S  2¢(E)EL2k2s1H20 2
= 3 + 5 (t — S) .
) (14+20)8

5)% fo [EIAO©Y GO, . ) + B> r* 1dr

Thus,

E|U ¢ G(t) — U o G(s)|?
2e(E)E¢?33(t — 5)1 1%

< 2e(E)GEEIAO GO)2 (. (t —5) +

1420
2(EYGEIAO GO 4y pys  20(E)Eg k251120 s
+ 62 (1+20’)62 (l—S) s

O0<s<t<T.

On the other hand, by the definition of stochastic integrals, U ¢ G is a Gaussian process
on [0, T]. We then apply Theorem 2.10 to U ¢ G to obtain that for any 0 < p < %,

UoGeCP(0,T]; E) a.s.
In addition, if G(0) = 0, then for any 0 < p < min{HT“, 8},
UoGeCP(0,T]; E) a.s.
In this way, we conclude that for any 0 < y; < min{g, %}, Y1 #~ %,
X=L+U+GeC"(0,T]; E) a.s.
Furthermore, when G(0) = 0, forany 0 < y; < min{HTa, 8, B}, y1 £ {HT“, 8},
X eC"([0,T]; E) a.s.
Step 6. Fix 0 < y» < min{§ — %, o}and 0 < € < T. Let us prove that
AX € C"([e,T); E) a.s.
Theorem 2.12 and Step 2 provide that
Al € FP2((0, T); E) € C°(le, T1; E)
and
(AU) o G € C™*([0, T]; E) a.s.

Therefore, AX = AL + (AU) o G € C?([¢, T]; E) as.
By Steps 1-6, the proof of the theorem is now complete. ]
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3.2 Case wherev =1

Consider the favorable case where v = 1. In other words, the domain D(A(¢)) does not
depend on time ¢. We show that the condition (G) can be naturally replaced by the condition:

(G’) There exist §; > % and a square integrable random variable ¢ such that
G (1) € D(A0)®") as,0<t<T
and
1A G @) = G)]lly by < Clt =51 as,0<s<r=<T.
In addition,

8 2
E[AOT GO g, g) < 00
PROPOSITION 3.3

Let (A1), (A2) and (A3) with v = 1 be satisfied. If (G') takes place, then so does (G).

For the proof, we notice the following lemma.
Lemma 3.4. Forany 0 < 0) < 0, < 1, there exists ag, g, > 0 such that
ITA@" — A TAE) ™2 < agy 6,11 — 1%, 0<s<t=<T.

For the proof of Lemma 3.4, see [14, (3.92)] with t = 0.
Proof of Proposition 3.3. Let % <8<8 <8.For0<s<t<T,

A G () — A’ Gy s1:)

= [[AM°[G (1) — G()] + [A1)° — A’ 1IGO) lym: )

< IA@®° = A©0)° + A0’ TAO) ' IIIAO) [G (1) — G )]l (s1:)
+IAD® — A TAG ™ IITAG)Y — A0 + A0 140) 1|
x 1A' G($)lly k)

< ILA@®)° — AO)°TAO) A [G() — GOl (11 E)
+ 1AO A0 [GE) — Gy ;)
FIAD — AP TAG A — A0 140) 71|
x A" G ()l : k)
FIAD® — A®PTAG ™ IIAO P IAO GOy ()

By using Lemma 3.4 and (G), it is easily seen that

A G(t) — A’ Gy k)
< [as.s, 1" (t — )7 + JAO) 21218 (1 — 5)°
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+asplay g™+ 1AO) P AO G @)y gy (1 — )P,

0<s<t<T.
Note that 0 < o0 < u and

ElA0)° G (s)]I

S e < ELAO GOy .5y + I 1

< 2E[ A" GO} 11,5y + 2B 757

Thus, it is easily seen that (G) holds true. O

4. An example
Consider a stochastic partial differential equation

n

X ) 9
- 000 =”X_jl o [a,;,(x, ’)a_x,.X} —b(x, DX + 91 (x) £ (1)
aw
+ (/)2()()80)?()@ t) in O X (Ov T)7
X=0 ondO x (0,7),
X(x,0) = Xo(x) inO 4.1)

in a bounded domain O C R" (n =1, 2, ...) with c? boundary 00. Here, a;;(-,-), 1 <
i, j < nand b(, -) are real-valued functions in O x [0, T']; ¢; (i = 1, 2) are non-random
real-valued functions in O; f is a real-valued stochastic process on [0, 7'] and is defined on
a complete filtered probability space (€2, F, {F;};>0, P). The term da—‘?/ (-, -) is a space-time
white noise with intensity ¢, (x)g(¢) at (x, t).

Let us precisely say what we mean by %(x, t). Since the process W (x, t) depends on
both position x and time ¢, it is often chosen of the form

o
Wx, 1) =Y ej(x)B;(1),
j=1
where {e; C]?‘;l is an orthonormal and complete basis of some Hilbert space, say Hy,
and {B j}j?ozl is a family of independent real-valued standard Wiener processes on
(@, F AFi}iz0, P).

Itis known that (see, e.g., [3]) the series Zj’; 1 € B (t) converges to a cylindrical Wiener
process on a separable Hilbert space H 2 Hy. (The embedding of Hy into H is a Hilbert—
Schmidt operator.) We still denote the cylindrical Wiener process by {W(z),t € [0, T']}.
The noise term g(t)%—‘?/(x, t) in (4.1) is hence considered as g(t)%(t), where W is the
cylindrical Wiener process on H and g(¢),0 <t < T are real-valued linear operators on
H.

Let us next assume that
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(i) There exists a constant ag > 0 such that

n
2
E ajj(x,1)zizj = aollzllgn
ij=1

forz=1(z1,...,z0) € R", ae.x e Oand0 <t <T.
(ii) There exists a constant by > 0 such that b(x, t) > bgforae.x € Oand0 <t < T.
(iii) aij, b € C*([0, T]; Log(O)) for some 1 < p < 1.

We formulate (4.1) as a problem of the form (1.1). Set the underlying space £ =
H=1(0) = [H'(0)]', where

HY(0) = {u € H(O); ulyo = 0},

and H'(0O) is the space of all L?(O) functions u whose first derivatives in the distribution

sense belong to L?(©). The norm in E is denoted by || - ||. Since E is the dual space of

the Hilbert space H'(0), E is a Hilbert space. So, E is a UMD Banach space of type 2.
Let A(¢) be a realization of the differential operator

9 B]
= Y — |y D— | +bx, D)
o 3x]' Bx,-
i,j=1
in E under the Dirichlet boundary conditions. According to [14], it is known that

e D(A(t)) = 1-011(0) fort > 0,1.e. {A(¢),0 <t < T} fulfills (A2) withv = 1;
e {A(1),0 <t < T} satisfies (A1) and (A3).

We further assume the conditions:
(iv) Forsome 0 < f <1and 0 < o < min{B, u},
feFPo0, T R) a.s.

(v) g(t) € Lo(H; R),the space of Hilbert—Schmidt operators from H to R. Furthermore,
E|llg(0) ||%2 (H:R) < 09 and for the o as above, there exists a square integrable real-

valued random variable ¢ such that

lg(t) — g(s) llL,cmiry < C(t —5)° as,0<s<t<T.

(vi) ¢1 € E and there exists % < 81 < 1 suchthat g € D(A0)).
(vii) X takes values in D(A(0)?) a.s. and satisfies

EJA0)’ Xo|? < co.
Let

F@) = fOe1(x), G@) =g)e2(x), § = Xo.

By using A(f), F and G, (4.1) has been formulated as a problem of the form (1.1).
Furthermore, it is obvious that (F) and (G') hold true.

Let % < § < &1, then Proposition 3.3 implies (G) with some square integrable real-
valued random variable ¢.

Since all the structural assumptions (A1), (A2), (A3), (F) and (G) are fulfilled, Theorem
3.2 is available to (4.1).
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Theorem 4.1. Under (1)—(vii), there exists a unique strict solution of (4.1) in H='(O)
possessing the regularities

and

X eC" ([0, T; H'(©0)), APXx ecC(0,T]; H ' (0)) a.s.

AX € C”([e, T]; H~Y(0)) a.s.

forany 0 < y; < min{g, %}, 0 <y <min{§ — L o} and 0 < € < T. Furthermore,

(a) when B > 6,

EIIAPX (0)?
< CIEIA©)’ Xol* + Bl f 350 gz, o1 I
+ A0V @2 IPElI O, gyt P~ + Elg |7 2P =0+29],
0<tr<T;

(b) when g < 6,

E[IAPX (0)]?
B 2 2 2
< CIEIAO XoII* + Bl £ 1550 ) Il 1 |
+EJAO0 @2l P 8O, )t + Ell¢ 11721421, 0<r<T.

Here, C is some constant depending on the exponents.
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