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Abstract: We prove that a homogeneous space G/H, with G a locally compact group and H a closed
subgroup of G, is amenable in the sense of Eymard—Greenleaf if and only if the quasiregular action mg
of G on the unit sphere of the Orlicz space L®(G/H) for some N-function ® € A, satisfies the Rao—
Reiter condition (Pg).
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1. Introduction

In this article, we assume that all topological groups are separated.

Let G be a locally compact group and let H be a closed subgroup of G. The homogeneous
space G/H is called amenable (in the sense of Eymard-Greenleaf [1,2]) if there exists a G-invariant
mean on L*°(G/H) or, equivalently, the pair (G, H) possesses the fized point property: For every action
of G by continuous affine transformations on a nonempty convex compact subset @) of a locally convex
space W such that there is a fixed point for H in @), there is also a fixed point for G in Q.

It follows from the definition (see [1]) that every homogeneous space of an amenable group is amenable
and if H is an amenable subgroup of G then G/H is amenable if and only if G is amenable. This
means that the most interesting case of the above definition is when G and H < G are nonamenable
but G/ H is amenable. Examples of this situation are given by the homogeneous spaces SL(2,R)/SL(2,Z)
(a homogeneous space with positive invariant measure of finite volume) and SL(2,R)/H, where H is the
second commutant of SL(2,7Z) (a homogeneous space of infinite volume).

Let V be a normed space of functions f : G — R (f : G — C) such that if f € V then

Aa(9)f(z) = fg'z), z€G,

for all g € G lies in V and ||Ag(9)fllv = ||fllv- Then Ag : G — B(V) is called the left regular
representation of G in V.

In [3] (see also [4, Theorem 8.3.2]), Stegeman proved that, for a locally compact group G, the following
conditions (P,) (called Reiter’s conditions) are equivalent for all p > 1:

(Pp) for every compact set F' C G and every ¢ > 0, there exists f € LP(G) with f > 0 and
| fllzr(cy = 1 such that [[Ag(s)f — fll, < e for all s € F.

Here || - ||, stands for the LP-norm and integration is carried out with respect to a left-invariant Haar
measure on G (such a measure is defined up to a constant factor).

If G is a locally compact group, H is a closed subgroup of G, and 7 : G — G/H is the natural
projection, then G acts on G/H continuously by the rule gn(x) = 7w(gz), g € G, x € G. It is well
known that the homogeneous space G/H admits the so-called “quasi-G-invariant measure” connected
with chosen left-invariant Haar measures on G and H.
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In [1], Eymard defined a quasiregular representation , of a locally compact group G on LP(G/H)
and established the equivalence of the amenability of a homogeneous space G/H, where G is a locally
compact group and H is a closed subgroup of G, to all conditions of the form

(Pp) (respectively, (Py)) for every compact (respectively, finite) set F' C G and every ¢ > 0, there
exists f € LP(G/H) with f > 0 and || f||, = 1 such that ||m,(s)f — f||, < e for all s € F.

In [5, Proposition 2, pp. 387-389], Rao proved that a locally compact group G is amenable if and
only if, for an N-function ® € A, and the corresponding Orlicz space L®(G) with the gauge norm

fll(e)y =inf< k>0 : q)@d,ugargl,
(@) L

G
G satisfies the property

(Pg) for every compact set F' C G and every € > 0, there exists f € L®(G) with f > 0 and [ fll@) =1
such that [[Ag(s)f — fll(a) < € for all s € F.

In [6], the author established the equivalence of the amenability of a closed subgroup H of a second-
countable locally compact group G and the fulfillment of condition (Pg) for its left regular representation
on L?(G).

In this article, given a locally compact group G and a closed subgroup H of G, we introduce some
“quasiregular” action 7 of G on the unit sphere S;(L®(G/H)) of the Orlicz space L*(G/H), where ®
is an N-function satisfying the Ag-condition, and prove the equivalence of the amenability of G/H and
the Rao—Reiter conditions (Pgp) and (Pg) for homogeneous spaces:

(Pp) ((P3)) for every compact (finite) set F' C G and every € > 0, there exists f € L*(G/H) with
f>0and | fll@) = 1 such that ||[7e(s)f — fll(@) < e forall s € F.

The paper is organized as follows: In Section 2, we recall some basic notions about N-functions and
Orlicz spaces. In Section 3, we provide some necessary information about integration on locally compact
groups and homogeneous spaces and define the quasiregular action 7wg. In Section 4, we prove our main
result on the equivalence of amenability and conditions (Pg) and (Pj).

2. N-Functions and Orlicz Spaces

DEFINITION. A nonnegative function ® : R — R is called an N-function if
(i) @ is even and convex;
(ii) ®(z) =0 <= z = 0;

®(z) ®(z)

(iii) limg 0 =~ = 0;  limg o0 —~ = 00.

An N-function ® has left and right derivatives (which can differ only on an at most countable set; for
instance, see [7, Theorem 1, p. 7]). The left derivative ¢ of ® is left continuous, nondecreasing on (0, co),
and such that 0 < ¢(t) < oo for t > 0, ¢(0) = 0, lim;_,+ ¢(t) = co. The function

P(s) =inf{t >0:¢(t) > s}, s>0,

is called the left inverse of .
The functions ® and ¥ defined by

|| |z|

o) = [e(oit, ¥a) = [ vy
0 0

are called complementary N -functions.
The N-function ¥ complementary to an N-function ® can also be expressed as

¥(y) = sup{zly| — (z) : 2 2 0}, yeR.
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DEFINITION. An N-function & is said to satisfy the As-condition, which is written as ® € Ao, if
there exists a constant K > 2 such that ®(2z) < K®(z) for all > 0.

Henceforth, let ® be an N-function and let (2,%,u) be a measure space. Given a measurable
function f: Q — R, put

polf) = [ @(7)dn
Q
DEFINITION. The vector space

L*(Q) = L*(Q,%, u) = {f : pa(af) < oo for some a > 0}

is called an Orlicz space on (2, %, u).
Let ¥ be the complementary N-function to ®. As usual, we were identify two functions equal outside
a negligible set. The functional || - ||¢ (called the Orlicz norm), defined for f € L®(f) as

I flle = Sup{‘/fgdu‘ tpw(g) < 1},
Q

is a seminorm on L®(Q). It becomes a norm if y possesses the finite subset property (see [7, p. 59]): If
A € ¥ and pu(A) > 0 then there is B € ¥, B C A, such that 0 < u(B) < oc.
The gauge norm (or Luzemburg norm) of f € L®(Q) is defined by the formula

1£1la) =inf{k >0 ,%(i) < 1}.

This is a norm without any constraint on p (see [7, Theorem 3, p. 54]).

Suppose that p possesses the finite subset property. As was shown in [8, Chapter 10|, a left-invariant
Haar measure on a locally compact group has this property.

It is well known that the Orlicz and gauge norms are equivalent; namely (see, for example, [7,

pp. 61-62]): [|fll@) < Iflle < 2(fll(@)-
We will need the following version of Holder’s inequality for Orlicz spaces [7, p. 62]:

Holder’s Inequality. If ® and ¥ are two complementary N-functions, f € L® and g € LY, then
fg e L' and || fglly < [ fll@)llglle (Ifglls < Ifllellgllw))-
3. The Quasiregular Action 73

Recall some basic definitions and facts of the theory of integration on locally compact groups.

Let G be a locally compact group and let H be a closed subgroup of G. Denote by ug and pug
left-invariant Haar measures on G and H respectively and by 7, the projection G — G/H.

The group G acts on the homogeneous space G/H by the rule:

st := 38z, where s€ G, T =zH € G/H.

Denote by Ag the modular function of a locally compact group G, i.e. the continuous function such

that )
/f(a:s) dx = AG(S)/f(az) dx
G G

for all f € LY(G) and s € G.

Given f and u € G/H, take an arbitrary representative = of the coset u and consider the function
a:y+— f(zy) on H. If o is integrable over H then the left invariance of pg implies that [ f(zy) dug(y)
is independent of the choice of z with 7(z) = w.
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It is known that the homogeneous space G/H admits a quasi-G-invariant measure pa/r on H
which is unique up to equivalence. Here the “quasi-G-invariance” means that all left translates of pg/ g
by the elements of G are equivalent to ug/g. The measure pg g can be described as follows (see [9,
Chapter VII, 2.5] or [1]):

(a) There exists a positive continuous function p on G such that p(xy) = ig 8; p(x) for all x € G
and y € H.

Put pg/g = (pua)/pm (see [9, Chapter VII, 2.2, Definition 1]).

(b) If f € LY(G, pug) then the set of T = m(z) € G/H for which y — f(zy) is not pug-integrable is
p/m-negligible, the function 7 = () Sy flzy) dpp(y) is pq/m-integrable, and

/ f(@)p(z) duc(z) = / A1y (%) / f () dun (v).
G H

G/H

(c) There exists a nonnegative continuous function h on G with [ h(zy)dy = 1 for all € G such
that a function w on G/ H is pg,p-measurable (u¢,p-integrable) if and only if A(wor) is pug-measurable
(ppc-integrable). If w € LY(G/H) := L*(G/H, /) then

[ 0@ dugyu(@ = [ nwyuw(a()oo) duc(o).

G/H G

(d) Let x be the function on G x G/H well-defined by the formula

Xx(s,z) = plsz) seG, z€G/H, x € 1Z.

p(x)
For f € L'(G/H), we then have
/ £(s7) dpc(z) = / x(s71,2) F(@) dpc (). (1)
G/H G/H

Considering the Orlicz space L*(G/H), put
S1(L*(G/H)) == {f € L*(G/H) | || fll(@) = 1}-
Suppose that ® € A,. By analogy with [1], for f € S1(L*(G/H)) and 7 € G/H, we put
[ra(s)f)(2) = 2 Hx(s ", 2)@(f(s™ 7))}

Here ®~! stands for the preimage with the same sign as f(s™'12).

In the case of ®(t) = %, 7o extends to Eymard’s quasiregular representation m, on LP(G/H).

Unlike mp(s), the mappings 7¢(s) are nonlinear but 7g still defines an action of G on the unit sphere
of L*(G/H). Namely, we have

Lemma. If ® € A, then mg defines a continuous action of G on Sy(L®(G/H)).

PROOF. Since ® € Ay, applying (1) and the remarks of [10, pp. 95-96] to f € S1(L*(G/H)), we
infer that

1= [flle) = / (f(2)) ducsm (z) = / x(s™1 2)B(f(5~18)) dps e (2)

G/H G/H

= / e[~ {x(s, 2)@(f(s'2) N dug/m(@) = 127 {x(s 7", V@(F(s7"))}I(@) = [7e(5)f|(2)-

G/H
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Thus, 7e(s)f € S1(L*(G/H)). Further,
To(s182) f(Z) = @ Hx(s5's7 :E)q)(f(sglsl_la’:))}
= (s 2)[@ 7 (x(s s @) @ (f (52 "1 '2)))] } = e (s1)ma(s2) f1(@)-
Here we used the equality
x(s2's1h2) = x(s3 51 2)x(s1 7)),
which is immediate from the definition of .

Thus, 75(s152) = ma(s2) o Ta(s1), and so T indeed defines an action of G on Sy (L®(G/H)). The
continuity of 7 is clear since ® is continuous and strictly monotone implying that ® ! is continuous. [

Refer to mg as the quasiregular action of G on S1(L®(G/H)).

4. Amenability of Homogeneous Spaces and the Rao—Reiter Conditions
The main result of the article is as follows:

Theorem. Assume that ® is an N-function satisfying the As-condition. Let G be a locally compact
group and let H be a closed subgroup in G. Then the homogeneous space G/H is amenable if and only
if G/H satisfies the Rao—Reiter condition (Pg) or (Pf):

(Pg) ((Pg)) for every compact (finite) set F' C G and every ¢ > 0, there exists a function f €
S1(L*(G/H)) with f > 0 such that ||7g(s)f — fli@) <€ forallseF.

PRrROOF. It is well known (see [1]) that G/H is amenable if and only if G/H satisfies Reiter’s condi-
tion (P;). We will prove that
(Po) <= (P1), (2)

by modifying the arguments of Eymard in the proof of the equivalence (P,) <= (P;) and the ideas
that were involved by Rao in [5] in his proof of (2) for locally compact groups G. The equivalence
(P3) <= (PY) is proved in absolutely the same manner; now, the familiar equivalence (P;) <= (Py)
(see [1]) gives (Pp) <= (Pj).

Let ¢ be the left derivative of ® and let ¥ be the complementary N-function to .

(P1) = (Pg) Take arbitrary ¢ > 0 and a compact set F' C G. Since & € Ay, by [11, Theo-
rem 7, p. 16],

lim =0
i fll

and hence there is 6 > 0 such that if pg(f) < & then || f|l3) <e.
Choose g € L*(G/H) such that g > 0, g1 = 1, ||71(s)g—g|li < forall s € F. Put f = ® log.
Then f > 0 and

[ 2@ dugu@ = [ ©@g(a) dicyn(@) = gl = 1
G/H G/H
whence || f[[(3) = 1 (see [10, pp. 95-96]). Since
P(a—b) <|®(a) — @), a>0,b>0
(see, for example, [5, p. 388]), we infer

[ 2 {mo@ - f@ dugu@ = [ 227 x(s™ DB} - F@)duicyn (@)

G/H G/H

< [ T 2)g(s71) ~ @) dugyn(@) = [ma(s)g — gl <
GIH
Therefore, ||7e(s)f — fl(s) < € and so G/H satisfies condition (Pg).
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(Pg) = (P1) Since ® € Ay, by [7, p. 79, Proposition 8|, we conclude that
$ = sup{pu(p o [o]) : v € LYG/H), olliay < 1} < oo. 3)

Fix arbitrary ¢ > 0 and a compact set F' C G. Then g € S1(L*(G/H)) such that ||7s(s)g — gl (a) <
ﬁ for all s € F', where S is as in (3). Put f = ® o g. Then, since ® € Ay, we have

£l = [ ®(o@)dnayn(@) = lgle) = 1.

G/H
Applying Hélder’s inequality and the inequality
[®(a) — @(b)| < |a —bl(p(a) + (b)), a,b=0
(cf. [5, p. 388]), we get

Im(s)f = fll = / (5L, 2)@(g(s717)) — ®(9(2))] dpice/ ()

G/H

< / 2 H{x(s 1, 2)@(g(s'2))} — 9(@)| (@ {x(s™", 2)P(g(s ' 2)}) + ¢(9())| dpc/u (Z)
G/H

< [Ima(s)g — gll@)lle(@Hx(s ™, 2)@(g(s 7 2)}) + @(9(2)) v
< [Ima(s)g — gll(@)llle o 7o (s)gllw + ll¢ © gllw]. (4)

Using the Lemma, we see that |[7e(s)gll(s) = llgll@) = 1. Applying (4), (3), and the familiar inequality
|lv|le < pw(v) + 1, we obtain

lm1(s)f = Flln < llme(s)g — gll@)ll (v © 72 (s)gllw + [l¢ o gllw]

< lma () ~ gllw lpw (0 0 ma ()9) + pulp 0 9) +2) < o™ 525 +1) =<

Thus, [mi(s)f — flh <e. O
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