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Abstract: Studying the unital simple Jordan superalgebras with associative even part, we describe the
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and every pair of two odd elements induces the zero derivation of the even part. We show that such
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The study of simple Jordan superalgebras with associative even part originates in [1], where the simple
(=1, 1)-superalgebras were described. In [1] it was shown in particular that the even part of such a super-
algebra is an associative commutative algebra, and the odd part is an associative commutative module
over the even part. Following [2], we call a superalgebra with this property abelian.

The Kantor doubling process is one of the main constructions of the Jordan superalgebras from
associative supercommutative superalgebras equipped with a Jordan bracket, for example, a vector type
bracket or a Poisson bracket (see [3,4]). If a Jordan bracket is given on an associative commutative algebra
then the so-obtained Jordan superalgebra is abelian. Note that the Jordan superalgebras of vector type
were constructed starting from a derivation given on an associative supercommutative superalgebra.
Various properties of the superalgebras of vector type and the Jordan brackets were studied in [5-14].

Special unital simple infinite-dimensional Jordan superalgebras with associative even part were stud-
ied in [15,16]. In particular, it was shown that for the even part A and the odd part M the associa-
tors (a,m,b) are zero, where a,b € A and m € Mj i.e., every pair of even elements induces the zero
derivation. Moreover, in [15,16] the special unital simple abelian Jordan superalgebras were described,
which are nonisomorphic to a superalgebra of nondegenerate bilinear form. As it turned out, such a su-
peralgebras are of vector type with respect to several derivations. Moreover, such a superalgebra is
embedded into a simple superalgebra of vector type that is constructed by one derivation. In [16-18],
some examples were constructed of the simple Jordan superalgebras of vector type with respect to two
derivations. These examples answer the Cantarini-Kac question from [19], where the linearly compact
simple Jordan superalgebras over an algebraically closed field of characteristic 0 were described. The
article [20] gives some examples of prime Jordan superalgebras of vector type with respect to arbitrary
number of derivations.

In contrast to the special Jordan superalgebras there exist nonspecial Jordan superalgebras with
associative even part such that (a,m,b) # 0. In [21], the unital simple Jordan superalgebras with
associative nil-semisimple even part such that (a,m,b) # 0 were described. The even part A = Ay + A,
of such a superalgebra is a Zs-graded algebra. The odd part M = My + N is the direct sum of two
projective Ag-modules of rank 1. Furthermore, Ay + My is a unital simple abelian subsuperalgebra.
Moreover, it was shown that such a superalgebra is embedded into a simple superalgebra of the Jordan
bracket.
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In this article, we study the unital simple Jordan superalgebras with associative even part such that
(a,m,b) = 0, where a,b € A and m € M. The two cases are possible. The first is (z,a,y) = 0, where
a € A and x,y € M, i.e., every pair of odd elements induces the zero derivation of the even part. In this
case we show that the initial superalgebra is either a superalgebra of nondegenerate bilinear form with
the even part being a two-dimensional composition algebra or a four-dimensional simple superalgebra of
type J(C,v), where C is a two-dimensional composition algebra (see [22]).

The second case of (z,a,y) # 0 for some a € A and z,y € M remains open.

Note that the unital simple finite-dimensional Jordan superalgebras over an algebraically closed field
were described in [3,22-25]. The article [26] describes the unital infinite-dimensional Jordan Z,,-graded
algebras such that the dimension of every homogeneous n-component has the uniformly bounded growth.

Studying nonassociative superalgebras with associative even part is of great interest, as evidenced
by the series of articles [27-32].

§1. Preliminary Results

Let F be a field of characteristic not 2, and let A = Ag + A; be an arbitrary Zs-graded algebra; i.e.,
A% C Ao, A% C Ay, AgA1 C Ay, and A1Ag C A;. The algebra A is a superalgebra. The vector space
Aop(A1) is an even (odd) part of the Zs-graded algebra A. The elements in Ay U A; are homogeneous. We
let |z|, where z € Ayg U Ay, stand for the parity index of a homogeneous element x:

2] = 0 ifxe Ag(xis even),
7 if x € A; (z is odd).

Let G be the Grassmann algebra over F; ie., G is an associative algebra given by the generators

1, e1,€es,... and the defining relations e =0, e;ej = —eje;. The products 1,¢e;, ...¢;,, where i1 < i <

- < 1y, form a basis for G. Let Gy and (1 be vector subspaces generated by the products of even or
odd length respectively. Then G = Gg + G is a Zo-graded algebra. Let A = Ag + A; be an arbitrary
Zo-graded algebra. Then G(A) = Go® Ag+G1® A is a subalgebra of G® A (the tensor product over F'),
and G(A) is called the Grassmann enveloping of A.

A superalgebra J = Jy + Jp is a Jordan superalgebra if and only if the Grassmann enveloping G(J)
of J is a Jordan algebra,; i.e., in G(J) we have zy = yx and (z%y)x = z%(yx). Denote by A and M the
even and the odd parts of J, respectively. The following identities for homogeneous elements hold in
every Jordan superalgebra J:

ab = (—1)lellpq, (1)
[(ab)c]d+(_1)|b||0|+|b||d|+|0|ld|[( d)cb+ (1 )Ial |b|+\6\)+(|a|+|b|+|6|)Id\[(db)c]a

= (ab)(cd) + (—1)PI(ac) (bd) + (—1) Pl (ad) (be), (2)
[(ab)d]d + (— 1)|b||c|+|b||d|+|c||d|[( d)clb + (—1 )Ial |b|+\6\)+(|a|+|bl+|0|)Id\[(db)c]a

= la(be)]d + (=1) U [a(bd)]e + (=1) P19+l (a(de)b, (3)
(ab, ¢, d) + (—1)Pllel+lelld+1dlbl g q ¢ p) 4 (—1)lal(blFlel+d)+dled (g ¢ q) = 0, (4)

where (z,y, z) = (zy)z — z(yz) is the associator of z, y, and z. From (1)—(4) it follows that

(a,be,d) = (—=1)1lp(a, ¢, d) + (=1)1l¥(q, b, d)c. (5)

Also,
(a,b,¢) + (=1)lallblHlallel e q) 4 (—1)lallelH®liele o, b) = 0, (6)
(a,b,c) = —(—1)lallblHlallel+bllel (e p 4. (7)
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Note that in every algebra we have
a(b,c,d) — (ab, c,d) — (a,b,cd) + (a,be,d) + (a,b,c)d = 0. (8)

Given a € J, denote by R, the right multiplication by a. Put D, = R2 for x € M. Then D, is
a derivation of J. Indeed, D,(y) = %ﬁl‘y‘(m,y, x) for y € AU M. Therefore, if y,z € AU M then

—1)l=lly=l —1)l=lly=l
Duy2) = T e, ) P CL T (Cayetbly o, 2, ) + (1)1 g, )2

= (= 1) ((—1) W (1) 1=y Dy (2) + (1) 1Fl (=) ¥ Dy (y)) 2 = yDa(2) + Da(y)=-

Hence, R, Ry, + Ry R, is a derivation of J for all z,y € M.
Let us provide some examples of simple Jordan superalgebras.

1. The superalgebra of a bilinear form. Let V = Vy ® V; be a Zs-graded vector space over F
with a supersymmetric bilinear form f(z,y) (i.e., f is symmetric on Vp, f is skew-symmetric on Vi,
and f(Vp, V1) = 0). Consider the direct sum of vector spaces J = F' -1+ V. Define the product on J
by putting 1-1=1,1-v =v-1 =wv, v; -v2 = f(v1,v2) - 1, where v,v1,v2 € V. Then J is a Jordan
superalgebra with the even part A = F -1+ V4 and the odd part M = Vj. If f is nondegenerate then J

is a simple superalgebra, except for the case Vi =0, Vy = F - e, and f(e,e) = o?.
p p g ) p > ) )

2. The superalgebras of type J(C,v). Let A = Fe; + Fes be the direct sum of two fields, and
let M = Fx+ Fy be a two-dimensional vector space over F'. Define a product on the vector space A+ M

putting
1 1
erea =0, € =€, exr=me;= 3% ey=yei=3y, =12

2 =y>=0, xy=—yz=e1+te,
where t € F'. Denote the so-obtained algebra by D;. Then Dy is a Jordan superalgebra. The superalge-
bra Dy is simple if and only if ¢ # 0.
Let A =C = F + Fv be a two-dimensional composition algebra over F, v?> € F, and v? # 0. Define
the product on the vector space A + M by putting

ve=xv=yv=vy=0, xy=-—yr=a+vs,

where a, 8 € F cannot be zero simultaneously. Denote the so-obtained algebra by J(C,v) (see [22]).
A basis for J(C,v) can be chosen in such a way that either « = 1, 8 = 0, or « = 0, 8 = 1, or
a=1,8=1.

Let F' be the algebraical closure of F. Consider the tensor product J(C,v) ® F. Identify v®1, 2 ®1,
and y ® 1 with v, z, and y. Then

CRF =F +vF = Fey + Feo,

v =rs, where y € F, s = e; — ep and e?:ei,izl,z
If « =1 and B = 0 then J(C,v) ® F is isomorphic to D;. If « = 0 and 8 = 1 then J(C,v) ® F is
isomorphic to D_;. It follows from here that J(C,v) is a simple Jordan superalgebra in these two cases.
Ifa = 1and 8 = 1then 2y = 1+vs = (1+7)e1+(1—7)ez in J(C,v)®F. Hence, J(C,v)®F is a simple
Jordan superalgebra when v # £1. Therefore, if v2 # 1 then J(C,v) is a simple Jordan superalgebra.

Lemma 1. Given an arbitrary Jordan superalgebra J = A + M, we have
(M, A, A) + AM, A, A)M]M € (M, A, A) + A(M, A, A).
Furthermore, let N be an A-submodule of M such that (NM)M C N. Then I = (A,N,N)+ NN is an
ideal of A, and IM C N.
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ProoOF. Note that (M, A, A) = (4, A, M) by (7), and (A, M,A) C (M,A, A) by (6). Write z = y if
x—ye(M,A A+ AM,AA). Let a,b,c € A and m,n, k € M.

By (5) Dy = R.R, — (—1)1*IWIR, R, is a superderivation of J for all homogeneous = and y. Hence,
for D = D,,; we have

((m,a,b)n)k = ((m,a,b),n, k) = (D p(a),n, k) = (D(a),n, k)
= —(a,D(n),k) + (a,n,D(k)) + D((a,n, k)) C (A, A, M)+ (A, M, A) C (A, A, M).
Assume that m’ = (m,a,b) and ¢ € A. Then
((m'c)n)k = (m'c)(nk) + (m'c,n, k) = m'(c(nk)) + (m', c,nk) + (m'c,n, k) = (m'c,n, k).
By (4), (7), and the above
(m'e,n, k) = (m',n, ke) + (c,n,m'k) = ((m,a,b),n, kc) =0,

whence the first inclusion follows.

Prove the second. Let I = (A, N,N)+ NN. By (5), I is an ideal of A. Also, by (5)

(A,N,N)M C (A, NM,N) + (A, M, N)N C N.

Furthermore, (NN)M C N. Therefore, IM C N.

Corollary 1. Let J = A+ M be a unital simple Jordan superalgebra with associative even part.
Then one of the equalities (M, A, A) =0 and M = (M, A, A) holds in J.

PROOF. Let N = (M, A, A) and I = (NM)A + N. Show that I is an ideal of J. By (8)

(m,a,b)c = —m(a, b, c) + (ma, b, c) + (m,a,bc) — (m,ab,c) € (M, A, A)
for a,b,c € A and m € M. Therefore, AN C N, and AI C I. Clearly, NM C I. By Lemma 1,
[(NM)AJM C (NM, A, M)+ (NM)M C N.
Hence, I is an ideal of J. By the simplicity of J we have either (M, A, A) =0 or M = (M, A, A).

Let J = A4+ M be a unital simple Jordan superalgebra with associative even part such that
(A, A, M) #0. Then M = (A, A, M). Assume that (A, M,A) = 0 as well. Recall that (4, M,A) =0,
when J is a special superalgebra (see [16]). In [21], the unital simple Jordan superalgebras with associative
nil-semisimple even part such that (A, M, A) # 0 were described.

Lemma 2. Let I be an ideal of A such that (IM)M C I. Then either I = A or I = 0. In particular,
A= (A, M,M)+ MM, and A= A(MM).

PROOF. Let K = I+ IM. Since (A, M, A) =0, K is an ideal of J. Therefore, either I = Aor I = 0.

It follows from here that A = (A, M, M)+ M M. Indeed, let I = (A, M, M)+ MM. Then I is an
ideal of A, and (IM)M C I by (5). Hence, I = A. Analogously, A = A(MM).

Lemma 3. We have
(a,y,z)x — (a,z,9)x + (a,z,2)y — (a,z,2)y = (a,y,x)z — (a,z,y)z
in J for alla € A and z,y,z € M.
PROOF. Since (4, M, A) =0,
0=(a,b,x)+ (b,z,a) + (z,a,b) = (a,b,z) + (z, a,b)
for all a,b € A and z € M by (6). Therefore, (a,b,z) = (b,a,z) by (7), whence

) LY

(a” wy? 'z) = (xy7 a7 z xz? a’ y) + (zy’ a? x)

by:(5)

= (a,xz,y) + (a,zy, ) z(a,z,y) — (a,z,9)z + z(a,y,x) — (a, z,z)y.

On the other hand,
(21, 0,2) = (a,2,2) "= w(a,y, 2) — (a,2, 2)y.

Hence,
(a,y,2)x — (a,z,y)z + (a,z,2)y — (a,z,2)y = (a,y,x)z — (a,x,y)z.
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Lemma 4. For the superalgebra J, either A = (A, M, M) or (M,A, M) =0.
PROOF. Let A # (A, M, M). By (6) and (7) (M, A, M) C (4, M, M). By (8)

A(M, A, M) C (AM, A, M) + (A, MA, M) + (A, M, AM) + (A, M, AYM C (A, M, M).

Therefore, the vector subspace (A, M, M) includes the ideal A(M, A, M) of A. If (M, A, M) # 0 then
(A, M, M) includes the greatest ideal I of A. Then

(IM)M C (I, M, M)+ I(MM) C (A, M, M).
We may assume that (IM)M Z I. By (2)
[(IM)M]A C [(TA)M|M + I[(AM)M] + TA(MM) + (IM)(AM) C I+ (IM)M,

whence I+ (IM)M is an ideal of A which lies in (A, M, M). By the choice of I we infer that I+(IM)M =
(A, M, M). Hence, (A, M, M) is an ideal of A. Since

[(A, M, MMM C ((A, M, M), M, M) + (A, M, M)(MM) C (4, M, M),
we have (A, M, M) = A. Consequently, (M, A, M) = 0.
Put (M,A,M)=0inJ=A+ M.
Lemma 5. For alla € A and z,y € M we have
(ax)y = —(ay)r, R> =0, R,R,R,+ R2R,+ R,R2=0.
PROOF. Take a € A. Then (az)z = (z,a,z) = 0, whence (az)y = —(ay)z.
Let y € M. Then yR3 = (yz)R2 = 0, since yx € A. Linearizing RS = 0 by =, we get
R,Ry R, + R2R, + RyR2 = 0.
By Lemmas 3 and 5
(a,y,2)x + (a,2,2)y + (a,z,y)z =0 (9)
for all a € A and x,y,z € M.

Lemma 6. Let I be a nonzero ideal of A. Then A =1+ (IM)M, and M = IM.
ProoOF. By (2)

[(IM)M]A C [(IA)M]M + I[(AM)M] + TA(MM) + (IM)(AM) C I + (IM)M.

Therefore, I 4+ (IM)M is an ideal of A.

Let z,y € M. Then IR,RyR, C IR,R2+1R2R, by Lemma 5. Since R2 is a derivation and IR2 = 0;
therefore, IR, RyR, C IM. Linearizing this inclusion by z, we get I(R,R,R. + R.R,R;) C IM for all
x,y,z € M. By (3)

I(R;RyR. — R.R,R;) C IM.

Therefore, IR, RyR., C IM, whence
I+ (IM)M|M-MC (IM)MCI+ (IM)M.

Hence, A =1+ (IM)M by Lemma 2. Since M = AM, M = IM.
Denote by Z(J) the center of J = Jy + Ji, i.e., Z(J) = Zy + Z1, where

Zi={z€Ji|(2,J,J) =0, zz = (=D)FI*Flzz vz € Jy U J1}.
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Lemma 7. Let
Co={acA|(a,z,y) =0Vz,ye M} and C; ={a€ A|ax=0Vz e M}.
Then Cy # 0, Co C Z(J). In particular, Cy is a field. If C; # 0 then C; = Cyv, v is invertible,
and C = Cy + C; is a two-dimensional composition algebra over Cy with the norm n(a + fv) = o? — 3%v2.
Proor. Take a,b € Cy. Then
(ab, M, M) C (aM,M,b) + (bM,M,a) =0
by (4). Therefore, Cy is a subalgebra. Show that (Co, A, M) = 0. Since (4, M,A) =0, (Cy, A, M)A C
(Co, A, M). By (5)
(Co,A,M)M C (Co, AM, M) +A(C0,M,M) =0.
Hence, (Cy, A, M) is an ideal of J. Consequently, (Cop, A, M) = 0, whence Cyp C Z(J). Since J is a simple
superalgebra, Cy is a field.
Take a,b € C;. Then (ab, M, M) = 0 by (4), i.e., ab € Cy. By the above
(Coa)M C Co(aM) + (Co,a, M) = 0.
Thus, CyC1 C Cq. Since
(aA, M, M) C (aM,M,A) + (AM,M,a) C (MM)a C aA,
aA is an ideal of A and (aA)M - M C aA. Hence, either aA = A or aA = 0. Consequently, if a # 0 then
a is invertible in A.

Let ¢ € Co N Cy and ¢ # 0. Then c is invertible in Cy, cM = 0, and (Cp,c, M) = 0, whence ¢ = 0.
Hence, Co N C; = 0.

Let v € C; and v # 0. As it was shown above, v is invertible in A. Then v? € Cy and v? # 0.
Therefore, a = (v?)~!(av)v € Cov for a € C1. So C; = Cyv, whence C = Cy + Cov is a two-dimensional
composition algebra over Cy with the norm n(a + fv) = a2 — 3202

Let RM(A) be the subalgebra of Endp(M) generated by R, : M + M, a € A. Then RM(A) is an
associative commutative algebra, and M is an associative R (A)-module. Furthermore,
for all x,y € M by (9).

§2. The Odd Part M Is Not a 2-Generated Module over R (A)

In this section we consider the case that the odd part of Jordan superalgebra is not a two-generated
module over RM (A).

Lemma 8. Let z,y,u,v € M. Then either M = xRM(A) + yRM(A) for some z,y € M or
(A, z,y)((A,u,v)M) =0 and (A, M, M)(A, MM, M) = 0.

PrOOF. Let N = (A, z,y)M. Clearlyy NAC N. Put [ = (A, N,N)+ NN. Then [ is an ideal of A
by (5), and

(A,N,N)M C (A,NM,N) + (A,M,N)N C N C zRM(A) + yRM(A)
by (5) as well. Moreover,
(NN)M C (N,N,M)+ N(NM) C (A, z,y)(N, M, M)+ N C 2RM(A) + yRM(A).
Hence, IM C N. If I # 0 then
M =1IM C zRM(A) +yRM(A)
by Lemma 6. Therefore, we may assume that NN = 0. Then by (M, A, M) = 0 we have
(A, z,y) (A, z,y)M) - M C (A, z,y)M - (A, z,y)M C NN = 0.

Since (A, z,y)((A, z )M) is a Jordan A-submodule of M; therefore, (A, z,y)((A,z,y)M) is an ideal of J.
Hence, (4, z,y)((4, ) ) = 0. Linearizing the last equality by z,y and applying (A, M, A) = 0, we
deduce (A, z,y)((A,u,v)M) = 0, ie., (A, M, M)((A, M, M)M) = 0. Then (A, M, M)(A, MM, M) =0
by (5).

Assume that M # 2RM(A) + yRM(A) for all 2,y € M.
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Lemma 9. We have (A, MM,M) = 0, (A,M,M)M = 0, and (MM, M,M) = 0. Furthermore,
(A, M, M) # 0.
PROOF. Let N = (A, MM, M). Then NA C N by (A, M, A) = 0.
Put I = (A,N,M)+ NM. Then [ is an ideal, and
(A,N,M)M C (A,NM, M) + (A, M, M)N C N
by (5). Put D = Dg, for a € A and m € M. By (5) we have

(D(MM), M, M) € (MM, D(M), M) + (MM, M, D(M)) + D((MM, M, M))
C (MM, (A,M,M), M)+ (MM, M, (A, M,M))+ (A, (MM, M, M), M)
C N + (A, MM, M)(MM) C N.
Hence, (N, M, M) C N and (NM)M C (N,M, M)+ N(MM) C N. Therefore, IM C N.

If I # 0 then M = IM C N by Lemma 6. Then (A, M,M)M = 0 by Lemma 8. Therefore,
(A, MM,M) =0 by (5). Hence, we may assume that [ = 0. Thus, N = (A, MM, M) = 0. By (9)

(a,y,2)z + (a,2,2)y + (a,z,y)z = 0.
Therefore,
(a,y,2)x — (a,y,2)z + (a,z,y)z =0
foralla € A, z,y,z € M by (5) and Lemma 5. Hence, (A, M, M)M = 0.
Since M = (A, A, M) and A = (A, M, M) + M M; therefore,
MM = (A, A, M)M = (A, (A, M, M), M)M

P (A, M, M)A M M) + (A, (A, M, M)M, M) = (A, M, M)(A, M, M).

Consequently,
(MM, M, M) = ((A,M,M)2,M,M) C (A, M,M)M,M,(A,M,M))=0
by (4), whence (A, M, M) # 0.
Lemma 10. The algebra A = MM + (A, M, M) is a Zs-graded algebra with even part MM and
odd part (A, M, M).

PROOF. By Lemma 9 (MM)? C MM+ (MM, M, M) = MM. Therefore, M M is a subalgebra of A.
It was shown in Lemma 9 that (4, M, M)? = MM. By (5) and Lemma 9

(MM)(A, M, M) C (A, (MM)M, M)+ (A, MM, M)M C (A, M, M).

Put I = MMnN(A,M,M). Then I(MM) C I and (A, M, M)I C I by the proved above. Hence, I is
an ideal of A. Furthermore, IM = 0 by Lemma 9. Therefore, I is an ideal of J. Thus, I = 0, whence
A=MM + (A, M, M) is a Zy-graded algebra with even part MM and odd part (A, M, M).

Put Ag = MM and A; = (A, M, M). Then A = Ay + A; is a Ze-graded algebra by Lemma 10, and
A1 M =0 by Lemma 9. Clearly, 1 € Ay, whence Jy = Ag + M is a subsuperalgebra of J.

Lemma 11. The superalgebra Jy = Ag + M is a simple Jordan superalgebra of nondegenerate
supersymmetric bilinear form over the field Ay. Furthermore, A is a two-dimensional composition algebra
over Ap.

PROOF. Let I = Iy+ I; be an ideal of Jy. Then I +1A; = I+ IpA;1, and I + IpA; is an ideal of J by
Lemmas 9 and 10. Therefore, either I =0 or J = I + IgA; and A = Iy + IyA;. The last two equalities
imply Iy = Ag and I = Jy. Hence, Jj is simple.
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By Lemma 9
(Ao, Ag, M) = (Ao, M, M) = (M, M, Ay) = (M, Ay, M) = 0.

Therefore, Ay C Z(J). Since Jy is simple, Ag is a field. Hence, Jy is the superalgebra of nondegenerate
supersymmetric bilinear form f(z,y) = xy over the field Ay, where z,y € M. Moreover, A} = {a € A |
aM = 0} # 0. By Lemma 7 every nonzero element in A; is invertible.

Let a € A; and (a,M,M) = 0. Then a(MM) = 0, whence a = 0. Therefore, A9 = {a € A |
(a, M, M) =0}. Hence, A = Ay + Apv is a two-dimensional composition algebra over Ay by Lemma 7.

Thus, we have

Theorem 1. Let J = A+ M be a unital simple Jordan superalgebra with associative even part.
Assume that (A, M,A) = (M,A,M) = 0 and M is not a two-generated R™(A)-module. Then J is
a superalgebra of nondegenerate supersymmetric bilinear form given on a superspace V = Vy + V1 over
the field Ag. Furthermore, Vy = Agv is a one-dimensional vector space over Ay, and A = Ag + Agv is
a two-dimensional composition algebra over Ay, and M = V;.

§3. The Odd Part M Is a 2-Generated Module over RM (A)
Here we consider the case that the odd part of the Jordan superalgebra M is zRM (A) + yRM (A).

Lemma 12. The following hold:

(1) mRM(A) - mRM(A) = 0 for every m € M. In particular, MM = xRM(A) -y = yRM (A) - z.
(2) xRM(A)nyRM(A) = 0.

(3) If z¢p = 0 for ¢ € RM(A) then y¢ = 0.

(4) If yp = 0 for ¢ € RM(A) then x¢ = 0.

PROOF. Let ¢,v € RM(A) and m € M. Since (A, M, A) = (M, A, M) = 0, we have
m¢ - my = (m@) - m = (mp)d - m = my - me.

On the other hand, m¢ - my = —map - m¢. Thus, mRM(A) - mRM(A) = 0.
Show that zRM (A)NyRM (A) = 0. Put N = 2RM(A)NnyRM(A). Then NA C N, and N-zRM(A) =
N -yRM(A) = 0. Therefore,

NM = N(zRM(A) + yR™(A)) C N - zRM(A) + N - yR™(A) = 0.

Thus, N is an ideal of J, whence N = 0.
Let z¢ = 0 as well. Then

zRM(A) - yRM(A)¢ C zpRM(A) - yRM (A) = 0.

Therefore, yRM (A)¢ is an ideal of J, and M - yRM(A)¢ = 0. Hence, y¢ = 0.
Item (4) may be proved analogously.

Lemma 13. The algebra RM(A) is a field. Moreover, A is nil-semisimple.
PRrOOF. Take ¢,9,7 € RM(A). Then by Item (1) of Lemma 12

5

(a6, y,y7) = (@6 - yo) - y7 = [(& - ybd)ylr = (2, g, y)T "= (2, y)vér.
Analogously, (y¢,z, 1) = (y, z, 2)¢T. Therefore,
(M@, M, MT) C (M, M, M)ipor.
Let ¢ € RM(A), ¢ #0,and N = M¢. Then NA C N, and
(NM)M C (M¢, M, M)+ M¢- (MM)C M¢p = N.
Therefore, I = (A, N,N) + NN is an ideal of A, and IM C N by Lemma 1.
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If I #0then M = IM C N = M¢ by Lemma 6. Since M is a finitely generated R (A)-module,
the mapping m € M +— m¢ € M is an isomorphism of R (A)-modules. Then ¢ is invertible in RM(A).
Indeed, let o : M¢ — M be the inverse mapping to m € M — m¢ € M in Endgu(4)(M). Then

o — (all 0412) 7
Q21 092

where «a;; € RM(A). Since mpa = m for every m € M; therefore, a;; = a9, a1s = as = 0, and
¢ai; = 1 by Lemma 12.

If I =0 then M¢- M¢ = 0, whence M¢? - M = M¢p- M¢p = 0. Since (Mp?)A C Mp?, M¢? is an
ideal of J. Therefore, M¢? = 0.

Put K = (A,N,M)+ NM. Then K is an ideal of A by (5). Given u,w € M, we write 4 =nod N W
provided that u —w € N.

Show that KM C N. Indeed,

(NMYM C (M¢p,M, M)+ N(MM) C (M,M,M)p+ N C N.
Let a € A and u,w,z € M. Then
by (5)

u(a, wp, z) = —u(a, z, weP) At —(a,uz, wp) — (a,u, W)z =moa N 2(a, WP, u)
by Lemma 5. Since (M, A, M) =0, (a,w¢,z) = —(a, z¢, w). Therefore,
u(a,w,u) = —u(a,ug,w) "= —(a,u - up,w) — (a,u, w)(ud) = —((a,u, w)u)é € N

by Lemma 12. Linearizing this relation by u, we get M (A, N, M) C N. Hence, KM C N = M¢. Since
M # M ¢; therefore, N = 0, i.e., M¢ = 0. We arrive at a contradiction with ¢ # 0.
Thus, RM(A) is a field.
Let a € A and a? = 0. Then
2R3 = —R,s + 3R, 2R, = 0

in RM(A). Since RM(A) is a field, R, = 0. Hence,a € C; = {b€ A | bm =0V¥m € M}. By Lemma 7 a
is either invertible or zero. Therefore, A lacks nonzero nilpotent elements.

Lemma 14. Let Ry = {ZZ Ry, | ui,w; € M} and C; = {a € A|aM = 0}. Then
(1) RywRs = Ryqy for all u,w € M and a € A.
(2) Rarar = 0 or Ry = RM(A).
(3) A# MM.
(4) If Ryspr = RM(A) then A= MM +Cy and C; # 0.
(5) Ci ={ac€ A|aM =0} #0.

PROOF. Let a € A and ¢ € RM(A). Then

by (5)
xR(a:q&y)Ra = _(‘T, z9, y)a = —((E, roa, y) = "BR(z¢>a~y)

by Lemma 12. Analogously, yR¢.y)Ra = YR(z¢ay)- Therefore, R(z¢.,)Ra = R
holds.

Since MM = zRM(A)y, Ry is an ideal of RM(A) as well. Then by Lemma 13 either Ry = 0
or RM(A) = Ry, i-e., Item (2) holds.

Assume that A = MM. Then 1 = z¢ -y, where ¢ € RM(A). By Lemma 12 we may assume that
xy = 1. Therefore,

zpa-y)- Hence, Item (1)

0= (zy,a,u) = (vu,a,y) + (uy, a, )
for all @ € A and u € M by (4). Hence, (zu,a,y) € zRM(A) NnyRM(A), and (zu,a,y) = 0 for all
a € Aand u € M by Lemma 12. Since MM = z - yRM(A), (A, A,yRM(A)) = 0. Analogously,
(A, A, zRM(A)) = 0. Therefore, (A, A, M) = 0; a contradiction. Hence, A # MM, i.e., Item (3) holds.
Let RM(A) = Ryrp. Then A C MM + Cy. Since MM # A, C; # 0.
If Rysar = 0 then MM C Cq, whence C1 # 0.
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Lemma 15. In the notations of Lemma 7 if MM NCy # 0 or MM NCy # 0 then A = Cy + C; is
a two-dimensional composition algebra over Cy. In the first case C; = MM and Cy = (MM)?. In the
second case MM = Cy.

PROOF. Let MM NCy # 0. Then z¢ -y € C; and z¢ -y # 0, where ¢ € RM(A). We may assume
that xy € C1. Since Ryq.y = RyyRo = 0 in RM(A), we have Ry = 0.

Thus, (MM)M = 0, i.e., MM € C;. By Lemma 7 Cy C Z(J), C; = Cyv, where v is invertible and
v? € Cy. Therefore, vM? C Cy and (M M)? C Cy. By (4)

(A, M, M) = (v(v™"A), M, M) C ((v"*A)M, M,v) + (vM, M, A)
C (M, M,v) = vM? C Co.

Since A = (A, M, M) + M M; therefore, A = Cy+ C; and MM = C1, (MM)? = Cy.

Let CoNn MM # 0 and C, " MM = 0. Then ¢ -y = b, where ¢ € RM(A), b € Cy, and b # 0.
By Lemma 7 z¢ - yb~! = 1. We may assume that xzy = 1. Repeating the argument of Item (3)
of Lemma 14, we get (MM,A,M) = 0. Hence, (MM,C;,M) = 0. By Lemma 7 C; = Cyv. Then
0 = (MM,v,M) = (MM)v - M. Therefore, (MM)v C C; and MM C Cy. Since Cy N MM = 0,
Ry = RM(A). Then A= MM +C; = Cy+ C; by Lemma 14, whence MM = Cy.

Assume that MM NCy =0 and MM NCy = 0. Then 1 = ¢ - y + va by Lemmas 14 and 7, where
¢ € RM(A), a € Cy, a # 0, v is invertible in A, and vM = 0. Without loss of generality we may assume
that zy =1+ v.

Lemma 16. Let Ag = (1 —v)M?. Then

(1) Ap is a subalgebra of A;

(2) v?2 #£1, A= Ag +vAy is a Zo-graded algebra, and Cy C Ag;
(3) Ap = Co.

PROOF. Proceed in steps:

1. Prove firstly that (MM)? C (1 4+ v)M?2. Let 2¢ -y, -y € MM, where ¢,vp € RM(A). Since
TPy = x-yp, we have
by (4)

(26 - y) (@t - y) = (w,yd, 0 - y) + 2 -yl - y) "= (20, yo, ay) + ¢(yé, yib, )
L (a,yb, ) + 2 (ybyy, @) = (0 D)o + @ ydw = (1+0) (29 - ).
Consequently, (MM)? C (1 + v)M?, whence
A3 =(1—-v)M?* (1 —v)M?>C (1 —-0v)?)(1+v)M? C (1 —v)(1—v*)M2.
By Lemma 7, 1 —v? € Cy C Z(J). Hence,
A2 C(1—v)(1—vH M2 C (1 —v)M? = Ay.

2. By Lemma 7 v is invertible in A. Therefore,

by (4)
(A, M, M) = (v(v™"A), M, M) C ((v"YA)M, M,v) C (v, M, M) = vM>.

Since A = MM + (A, M, M); therefore, A= M? + vM?, whence
A= (1-v)M?+ (14 v)M2

By the above, ((1 —v)M?)? C (1 — v)(1 —v?)M?2. If v = 1 then (1 — v)M? = 0 by Lemma 13. Then
A = (1 +v)M?, whence 1+ v is invertible in A. Hence, v = 1, and A = M M. By Lemma 14 A # M M.
Therefore, v2 # 1. Then 1 — v? is invertible in A, and

A+0)1-vH) =1 —-v) "tz -y M2
Consequently, 1 € Agy, whence Cy C Ayp.
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Since A = M? +vM? and 1 — v is invertible in A; therefore,
A=(1-v)A=(1-v)M*+v(l —v)M? = Ag + vAo.
Let I = AgNwvAg. Then I is an ideal of A. If I # 0 then A = I + M M by Lemma 6, whence
A=(1-v)A=1-v)I+(1—-v)M* =1+ A.
Hence, A = Ay. Then
A=(1+v)A=14+v)Ag=1+v)(1—-v)M? = (1 -v*)M? C M?,
which contradicts Item (3) of Lemma 14. It follows from here that I = 0. Therefore, A = Ay + vAy is

a Zs-graded algebra.

3. Firstly, we prove that Ag is a field. Let I be a nonzero ideal of Ag. Then I 4 vI is a nonzero ideal
of A. By Lemma 6 A=1+4 vl + MM. Then

A=1-v)A=1—-v)I+vI+MM)=1I+vl+ Ay = A+ vl,

whence vI = vAy by Item (2). Hence, I = Ay. Thus, Ay is a field.
Show that Ag = Co. Since Ag NvAg =0, M2NvM? = 0. Let Ay \ Cy # @ and a,b € Ag \ Cy. Then
by Item (4) of Lemma 14 we get

v(za-y) =z¢-y+va, v(zb-y) =z y+vp,
where ¢, € RM(A), and «, 8 € Cy, whence
v(z(af —ba) - y) =v(za y)B —v(zb-y)a= (z¢-y)B — (z¢ - y)a € MM.
Since M2 NvM? =0, v(z(aB — ba) - y) = 0. Hence, z(aB — ba) -y = 0. By Item (1) of Lemma 14
0= Re(ap-ba)y = RayR(as-ba) = R(ap-ba)

in RM(A). Therefore, a8 —ba € C; = Cyv C vAg by Lemma 7. Since a8 —ba € Ay, a8 = ba. If xa-y =0
then by analogy a € Cov € vAg, whence a = 0. Therefore, za-y # 0 and zb-y # 0. Since M2NvM? =0,
a#0and 3#0. Then b = a~!fa.

If a®> ¢ Cy then a?> = ~ya for some v € Cy by the proved above. Since Ay is a field, a € Cy. Hence,
a? € Cp for every a € Ag \ Co.

Let a € Ag\ Co. Then 1 +a € Ag\ Co. Thus, a? € Cy, and (1 + a)? € Cy, whence a € Cg. Therefore,
Ao = C().

Theorem 2. Let J = A+ M be a unital simple Jordan superalgebra with associative even part.
Assume that (A, M, A)=(M, A, M)=0 and M is a two-generated R™ (A)-module. Then J is the super-
algebra J(C,v). More precisely, A = C = Cy + Cov is a two-dimensional composition algebra over the
field Cy, while Cy is the center of J, v is invertible, and vM = 0. The odd part M is a vector space of
dimension 2 over Cy. Moreover, one of the following holds:

(1) M has a basis x,y such that zy = 1;

(2) M has a basis x,y such that zy = v;

(3) M has a basis x,y such that zy = 1 + v and v is not a solution to t*> — 1.

PrROOF. Let Co ={a € A| (a,M,M) =0} and C; = {a € A | aM = 0}. By Lemma 14 C; # 0. Then
Co C Z(J) by Lemma 7, C; = Cyv, and Cy + Copv is a composition algebra over Cy.

IfCoN MM # 0 then A = Cy + Cov and Cp = MM by Lemma 15. Since M is a two-generated
RM(A)-module, M = Coz + Coy where z,y € M. Hence, za -y = 1 for some o € Cy. By Lemma 12
za,y is a basis for M. Then we may assume that zy = 1, and Item (1) is proved.

fCiNMM # 0 then A = Cy + Cyv and C; = MM by Lemma 15. Since M is a two-generated
RM(A)-module, M = Coz + Coy where z,y € M. Hence, za -y = v for some o € Cy. By Lemma 12
za,y is a basis for M. Then we may assume that zy = v, and Item (2) is proved.

Let CoNMM =0 and C;NMM = 0. By Lemma 16 A = Cy+Cov and v? # 1. Hence, M = Coz + Coy,
where z,y € M. Moreover, a basis x,y may be chosen such that zy = 1 + v. Thus, Item (3) is proved.
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