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Abstract. Denote by Cj,, the cyclic group of order m. Let R(Cy) be its real
representation ring, and A(Cy,) its augmentation ideal. In this paper, we give an explicit
Z-basis for the n-th power A" (Cy,) and determine the isomorphism class of the n-th
augmentation quotient A" (Cy,)/ ATl (Cy) for each positive integer n.
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1. Introduction

Let G be a finite group. A real matrix representation (for convenience, we say ‘represen-
tation’ in the sequel) of G is a group homomorphism

0:G — GL;(R), (1)
where GL4(R) is the general linear group of rank d (d € N). We also say that d is the
degree of p. (Here we set GL(IR) to be the trivial group consisting of the empty matrix.)

Two representations p and 7 are said to be similar (denoted by p ~ 1), if there exists an
invertible square matrix P such that

n(g) =P 'p(e)P. VgeG. 2
Itis easy to see that similarity of representations is an equivalence relation. The equivalence
classes are called similarity classes. The similarity class of p is denoted by p. The direct
sum p @ 1 of two similarity classes p and 7 is defined by p & n = p @ n, where

p®n:G — GL4(R) x GLy(R) — GLg1a (R). 3)
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The real representation ring R(G) is the group completion of the monoid (under direct
sum @) of similarity classes of representations of G. Its addition and multiplication are
induced by direct sum and tensor product of matrices, respectively. By [5], R(G) is a
commutative ring with an identity element. Its underlying group is a finitely generated
free abelian group with basis on the similarity classes of irreducible representations.

The notion of degree of a representation induces a ring homomorphism

¢ R(G) — Z. “4)

This homomorphism is called the augmentation map. Its kernel A(G) is called the aug-
mentation ideal of R(G). Let A"(G) and Q,(G) denote the n-th power of A(G) and the
n-th consecutive quotient group A" (G)/A"T1(G), respectively.

It is an interesting problem to determine the structures of A”(G) and Q,,(G) since they
have many connections with other algebraic branches. A related problem of recent interest
has been to settle the same problem for the complex representation ring R(G, C). Chang
and collaborators [1-3] solved it for dihedral groups, point groups and generalized quater-
nion groups respectively. In fact, they proved in [1] that, for any finite abelian group G,

R(G,C) ZZG, Qn(G,C)=1"/1", ®)

where Q,(G, C) and I denote the n-th augmentation quotient for R(G, C) and the aug-
mentation ideal of ZG, respectively. Karpilovsky raised the problem of determining the
isomorphism type of the groups I"/I"*! in [6]. Chang and Tang [4] solved it, thereby
solving the problem for the groups Q, (G, C).

The goal of this article is to give an explicit Z-basis for each A" (C,,) and determine the
isomorphism class of each Q,(C,,), where C,, is the cyclic group of order m.

The result also computes Torzz(c’”) (R(Cp)/ A" (C), R(Cpy)/A(Cyy,)) because for any
finite group G, 0, (G) = Tor " (R(G)/ A™(G), R(G)/A(G)).

2. Preliminaries

In this section, we provide some useful results about Q,(G) and finite generated free
abelian groups. Chang er al. [1] proved similar properties for complex representation
rings. Here we omit their proofs since they are almost identical to the proofs in [1].
Theorem 2.1. For any natural number n, Q,(G) is a finite abelian |G |-torsion group.

COROLLARY 2.2

For each positive integer n, A" (G) has free rank r (G) — 1, where r(G) is the free rank of
R(G).

Theorem 2.3. If Q®7R(G) has trivial Jacobson radical, then there exist positive integers
no and 1 such that

01(G) = Onyn(G) (6)

for any n = ny.
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It is well known that any two representations with the same character are similar. More-
over, there is an injective ring homomorphism

X R(G) — R¢ (7

which sends p to its character y, for each representation p of G.
At last, we recall a classical result about finite generated free abelian groups.

Lemma 2.4. Let H be a finite generated free abelian group of rank N. If the N elements
g1, ..., 8N generate H, then they form a basis of H.

3. Necessary tools

In this section, we construct a basis of A(C,,) and show some of its basic properties. Since
the real and complex representation rings of Cy (and C») are isomorphic, we shall assume
m > 3 in the sequel. Denote by g the generator of Cy,. Then each representation p of Cy,
depends only on its value at g. Therefore, we use p(g) denote p.

The following theorem found in [5] classifies the similarity classes of all irreducible
representations of Cy,.

Theorem 3.1. Let p1 = (1), pp = (—1) and

=( cos(2km /m) sin(2krr/m)> keZ ®)

—sin(2kw /m) cos(2km /m)

Then all distinct similarity classes of irreducible representations of C,, are

e o, Nk, 1 <k < (m—1)/2, when m odd,
e 01, 02, Ik, | <k <m/2—1,when m even.

For later use, we remind that, by Corollary 2.2 and Theorem 3.1, for each natural number
n, A"(C,,) has free rank (m — 1)/2 or m/2 according to m is odd or even, respectively.
Now we construct a basis of A(C,,). For convenience, we fix the following notation:
o F=p1—p2, Yk =1k —Nk—1,k € Z.
e For any subset S C R(C,), denote by ZS the set of all Z-linear combinations of
elements of S.

Lemma 3.2. A(Cy,) is the free abelian group based on B,,, where

B _ {{Y17--~5Y(m1)/2}7 l:medd’ (9)

", Yoo Y-}, if moeven.

Proof. Note that 5, is contained in A(C,,) and it has a free rank |B,,|. So by Lemma 2.4,
we only need to show B, generates A(C,,). When m is an odd number, let

(m=1)/2

o=api+ Y ik € ACp). (10)
k=1
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Then a; + 2 Z,((':Il)ﬂ cx = 0. The short calculations show that 779 = 20;. So

(m—1)/2 (m—1)/2 k
o= Y a@—i)= Y cy YjecLBy.
k=1 k=1 j=1

When m is an even number, let

m/2—1
w=aypy +ap:+ Z cknie € A(Cpy).
k=1
m/2—1
Thenay +a +2) '] ¢ = 0. Hence,
m/2—1 m/2—1  k
w=ap—p+ ) all—i0) = —aF+ Y ) YjeLby
=1 k=1 j=1

Together (11) and (13) finish the proof.

PROPOSITION 3.3

Regarding elements of A(Cy,), we have

(1) Yi depends only on the residue class of k modulo m, and Yy = —Y41—4,
) iYr = Yigr — YVigr—1) — Vi1 — Yi) = le_:l_;ﬂ Yig Y.

In addition, the following identities hold when m even.

(3) F" =2"""F, FYi = Y + Y211k

128:48

(1)

(12)

. (13)

Proof. One can easily verify (1) and (3) by calculating the characters of relative represen-

tations. For (2), a short calculation shows that y,, xn, = Xy + Xy SO
NN = M+t + Nk—1-

Hence,
VY = (ke — me—1) (i — Mi-1)

= Nt + 20— — 2011 — Nk—i+1 — Mk—1—1 + Nieti—2

= Y —Ye—1) — Vi1 — Yip)
-1

Z [(Vegjr1 = Vs ) — Vs — Vi j—1)]

j=—l+1
-1
= Z YivjYi,
j=—l+1

as required.

(14)

15)
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Recall that the first goal of this article is to provide an explicit Z-basis for each A" (Cp,).
By Lemma 2.4, we just need to find a generating set of A" (C,,) whose cardinality equals
(m —1)/2 or m/2 according to m is odd or even, respectively. Due to Lemma 3.2, A" (C,,)
is generated by

n
{ H Yy,
i=1

1 <k g(m—l)/z}, if m odd,
n—j

FI ] Y|0<j<n 1<k <m/2¢, if meven.
i=1

Hence, due to Proposition 3.3, A"(C,,) is generated by

Y1 <k < m, if m odd,
(Fiviy! 770 <j<n—1,1 <k <m)U{F"}, ifm even.

For later use, we fix the following notation and prove two useful identities about them.
Throughout, n and N are natural numbers.

o Spo(N) = {XY! 1 <k <N
° n,j(N)z{F/YkY]"*J*IHgng},miseven,n>2,1gjgn_l,

PROPOSITION 3.4
For any n > 2 and each positive integer N, we have

ZSn0(N) = Z{(Yx — 2k — l)Yl)Yl’l_2|2 <k<N+1) (16)
Moreover, the following identity holds for 0 < j < n — 2 when m even.

7S, j(N) = Z{F! (Y — (2k — 1)Y1)Yf‘f‘2|2 <k N+1L (17)
Proof. Due to Proposition 3.2, we get

Y1 = Yer — Yi) — (Y — Yi—). (18)

Recall that Yy = —Y]. So for each natural number N € N,

iy Y, - 3Y;
oY Y; — 57
i I : , (19)
YnYi Yn+1 — QN+ 1Y
where
1 0 0
1 1 --- 0
ov=|. . . € GLy(2). (20)

NxN
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Therefore,
ZS2,0(N) = Z{Yy — 2k — DY1 2 <k <N+ 1}. 21

From this, the proposition follows. (]

4. Structure of Q,(C,,)

This section is divided into three subsections according to when m is odd or m is even and
m = 0(mod 4) or m = 2(mod 4).

4.1 m is an odd number

We first give a basis of A"(C,,) as a free abelian group. Recall that we have assumed
m > 3,s0 (m — 1)/2 is a positive integer.

Theorem 4.1. A"(Cy,) is the free abelian group based on S, o((m — 1)/2).

Proof. Note that S, o((m — 1)/2) has cardinality (m — 1)/2. So by Lemma 2.4, we only
need to show that it generates A" (C,,). Recall that we have already proved that A"(C,,)

is generated by Sy, o(m). Note that Yy = —Y,,, 11, in particular, Y(,,+1)/2 = 0. Then
m—1
Si0(m) € ZSu0("5—). (22)
as required. (|

Now we come to the main result of this subsection.
Theorem 4.2. When m is an odd number,
O0n(Cn) = Cpy (23)
for each positive integer n.

Proof. By Theorem 4.1 and its proof, we get, for any natural number 7,

-

N C) = 28010("5 )

3

=7 {(Yk — k= DYPYI2 <k <

[\

n—1 m—1 n
=Z Y — Ck=DYDY; ' 12<k < 5 +mZY{. (24)
Meanwhile, it is easy to see that A" (C,,) has the basis
n—1 m—1 n
Yo = Ck=DYDY 12<k < ufryl (25)
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Therefore,

On(Cp) = zri =C (26)

n m) — mZYI” —_ m-
|

4.2 m is a multiple of 4
We study this case using the same method as in the above subsection.
Lemma 4.3. Foranyn > 2,

F" € 28y n_1(m). 27)
Proof. Brief calculations show that 7,2 = 2. Hence,

m/4 m/2

D FYi =) Yi=iimp—io=—2F = —F~. (28)

k=1 k=1
Then the lemma follows. U
Lemma 4.4. Foranyn >3 and2 < j <n—1,

Sp,j(m) C LS, j—1(m). (29)

Proof. 1t is easy to see that we only need to show S32(m) C ZS3 1(m). By Proposition
3.4, we get

F(Yy— 2k —1Y1) € Z531(m), 2<k<m/2+1. (30)
Note that F'Yy, /441 = F Yy 4 in this case. So

F2Y) = F (Yo - (% —1)1) = F (Yo - (% +1)n) 31)
lies in ZS3,1(m/2). Hence F 2¥, does since it equals

2F(Yy — 2k — DY) + 2k — ) F?Yy. (32)
Recalling the definition of Sz 2(m/2), we are done. 0

Theorem 4.5. Foranyn > 2, A"(Cy,) is the free abelian group based on

S(3) 5 ()
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Proof. We just need to show that (33) generates A"(C,,) since it has cardinality m /2.

Recall that, for any n > 2, A"(C,,) is generated by
{F"YU S, 0m)US, 1(m)U---US, n—1(m).
Hence, due to Lemma 4.3 and Lemma 4.4, A" (C,,) is generated by

Sn,O(m) U Sn,l(m)

Note that Yy = —Y;,+1—k. So (35) can be replaced by
m
$"°<2) Y S ‘(2)
To finish the proof, recall that Yy = —Y};,/241-« + FYi. This implies

S"‘)(z) CZS’1°(4)+ZS"+”(’Z)

In addition, it is easy to verify that

S (2) €350 (2) =25 (2.

It follows that A" (C,,) is generated by (33).
Theorem 4.6. When m is a multiple of 4,
0n(Cp) =C20Cpy
for each natural number n.
Proof. Due to Proposition 3.4, we get
ZSumo(F) =2{ — @k -y <k < T +1).

Note that

(Ym/4 — (% — 1)Y1> + (Ym/4+1 — (g — 1)Y1> = FYy 4 —mY).

So by Theorem 4.5,

A"Y(C,, )—Z{(Yk—(zk—l)yl)y" 2<k<

vz (1),

4>|§

}+mZY1

(34)

(35)

(36)

(37

(38)

(39)

(40)

(41)

(42)
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We compute Q1(Cy,) first. Thanks to (28), we have
AX(Cp) = {Yk - @k- DY <k<g }  mZY + 7S5, 1(4)
=7 {(Yk —@k—-DYDR2<k< ﬂ} +mZY,

+Z{FYk|2 <7 } 4 2ZF. 43)

Meanwhile, it is easy to verify that A(C,,) has the basis

m m
{Yk—(2k—1)Y1|2<k<Z}U{Yl}U{FYk|2<k<Z}U{F}. (44)
Thus
oCmz g ZF ~ac,, (45)
Weml = wzy, ~ 2zF = 2

Secondly, by Proposition 3.4 and (31), we get, for any n > 2,

3

ZSi(F) = 2{Fo— @k —vroy PR <k < T +1f

4>|§4>

— Z[F(Yk — @k — DYDY <k < }+2ZFY" ! (46)
Hence,

A (e 2] (= @k = DYDY 2 <k < 4}+mZYl

+7Z {F(Yk — @k — DYDY <k < : ] +2ZFY! . (47)
Moreover, it is easy to see that A" (C,,) has the basis

[ —ee-nryyi-p<k< THumnu

{F(Yk—(2k— DYDY 22 <k < %}U{FYI’“]}. (48)
Therefore,
Yy ZFYP
On(Cn) = mzy] © 2z Eyr =C @ Cn. (49)
Together (45) and (49) finish the proof. (Il

43 m = 2(mod 4)

This case is much more complex than the others.



48 Page 10 of 15

Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:48

Lemma 4.7. When m = 2(mod 4), we have

Yimt2)/a € A*(Cr), Sa1(m) C A¥(Cpy). (50)

Proof. Recall that 1,2 = 205. So

(m—2)/4 m/2
Yoo+ Y. FYi=)» Yi=-2F=—F~ (51)
k=1 k=1
Then
(m=2)/4
Yint2)/4 = —F? — Z FYy € A*(Cp) (52)
k=1

Hence, by the fact FY(,42)/4 = 2Y(n42)/4, We get

FYr =Yk + Yipor1—k — 2Yon42)/4 + FYn12)/4

= (Mm+2)/4—k — 10)Y(m+2)/4 + FY(n12)/4

(m—2)/4
= —(Nm+2)/4—k — Mo + F) F* 4 Z FYy
k=1
€ —F> +78:1(m/2) + 7832(m/2), (53)
as required. (]
Lemma 4.8. Foranyn > 2, A"(Cy,) is generated by
_ m—2 m+2
(F"2Y n12)ab U S0 (T ) U S (5 (54)

as an abelian group.

Proof. Note that (34) still generates A" (C,,). Due to (52), the generator F" can be replaced
by F"—2 Y(m+2)/4- Moreover, thanks to (53), we get

n—1

n

U Snjm) c ZF™ + Z | | ) Sura.j(m)

j=1

=ZF""

Hence

n—1

U Su.jm) c ZF"~

j=1

j=1
n
YWonta+Z | | Sarrim) | - (55)
j=1
2n—3
YWonsya + 2 U Son—2,j(m) | . (56)
j=1
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It is easy to see that
Sop—2,j(m) C LS, 1(m), 1< j<n—1
Forn < j < 2n — 3, we have
San2,j(m) = 2"728, j_p42(m) C LS,,1(m),
since 25, «+1(m) C Sy «(m) in this case (like Lemma 4.4). So
n—1
U Snim) € 2" Y )4 + 28,1 (m).
j=1
Therefore, A" (C,,) is generated by
(F" 2 (n42)/4} U S0 (m) U .1 (m)
Note that

m+2

m
S,,,o(m) C ZS"'O(E) C ZS,,,0<
In addition, brief calculations show that

Ynt2)/4Y1 = FYn-2)/4 — FY(mi2)/4 € ZS5,1(m).

Then the lemma follows from the fact that

Sp1(m) C ZS,,J(%) = 25,1(" I 2).

COROLLARY 4.9

Foranyn > 2, A"tY(C,,) is generated by

3 m—2 m+2
{F"”%HWMU&Hw( , )U&JQTTO'

as an abelian group.
Proof. It is easy to see that

Sn+1.1 (mTH) C ZSn 1 (

m+2>

) + 28,1 (m).

Page 11 of 15 48

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)



48 Page 12 of 15 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:48

So by Lemma 4.8, we just need to show

2
Sui(P57) € AT, (66)
which is a direct corollary of Lemma 4.7. |

Theorem 4.10. Foranyn > 2, there exist three integers ay, by, d, with2"~'b,+a,d, = 1
such that A" (Cy,) is the free abelian group based on

_Z)US,M(’"_Z), (67)

(Xab U Sp0(= y

where X, = a, Fn_2Y(m+2)/4 + b, FY(m+2)/4Y1n_2.

Proof. Note that (67) is contained in A" (C,,) and has cardinality m /2. So we just need
to show it generates A" (C,,). Moreover, we only need to show it generates F" Y, (m+2)/4
and FY(,42)/4Y] -2 by comparing it with (54). The theorem is trivial for n = 2 by setting
b =0anday = dy = 1. Forn > 3, by (19), we get

FY; FYY|
FY, FY> Y,
Q0 |FMoel | (68)
FYni2 FYn2 YV
4 7
where
(2 :;) : ifm =6,
0---0 1 0 -1
M= 0 0 0---0 3 0 =3 (69)
<4I/11—2 O) + : . . . . 5 lfm 2 10
0 0 % 0 —%
From this it follows that
F"2Y) Fy Y2
Fr Y, n—2 FY, Y1’172
¥ = (o) : (70)

F'2Y i FYnia Y2
i 7
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Hence
FY, Y2
n—1 pn—2 2 \'2 FYzY{“2
2 Y = (0,0 ,0,1) (MOLH) . . 1)
4 .
FYnp Y2
%
Short calculations show that
0 0 1
5 0 e 0 1
MO,,,IZ =1. o (mod Musz (2Z)). (72)
0 0 1
Hence
0O --- 0
n—2 0 e 0 1
(Mo,%,j) = c | med Mun 2. (73)
4 : : :
0 e 0 1

n—2
Denote by d, the integer in the lower right hand corner of (M 0%, ) . Then there exist
N

two integers a,, b, such that 27=1p. + a,d, = 1 since d, is an odd number. Therefore,
either

F" Y (uy2)74 = dnXn + buZy (74)
or
FY(uioa¥f 2 =2"""X, — a, 2, (75)

is generated by (67), where

_ _ _ m—2
Z, =2" Lpn 2Y(m+2)/4—anY(m+2)/4Yln 2€ZSn’1( 1 ), (76)

as required. (]
Theorem 4.11. When m = 2(mod 4), we have
00 (Cin) =Cr® Cpyya = Cip. (77)

Proof. We compute Q1(C,,) first. By Theorem 4.10, we get
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AX(C,) = ZY (my2)/4 + ZSLO(m ; 2) + ZSz,l(m ; 2)
m—+2

=ZYmy2ya + L Y — 2k — 1D)Y12 <k <

m—2
+ZS2,1( )
m—2
=ZYm+2))4 +Z Y — 2k — DY12 <k < 1
m—2
+ (n/DZY) + 28 (7). (78)

Hence, (51) implies

2
AZ(C,,,)=2ZF+Z{Yk—(2k—1)Yl|2<k< m4 }

-2
+ (n/DZY) + 28 (7). (79)

Meanwhile, it is easy to verify that A(C,,) has the basis

{F}U{Yk—<2k—1m|2<k<m_ }U{Yl}usz,l(m_z). (80)
So
Coy = ZF 7Y,
QulCn) = 77 @ (m/2)ZY,
= Cr® Cpp. (81)

Suppose n > 2. Due to Corollary 4.9, (62), (74), (75) and the fact that d,, is an odd number,
we get

-2
A"NCp) = ZF" Yy a+7Z {(Yk — k- Dypy <kt : }

m—2

+ (m/Z)ZYI" + ZSn 1 ( ) + ZFY(m+2)/4Y1n_2

n—1 m—2
= 2, ZXy + 74 (Ve = @k = DYDY T2 <k < =

m —

2
+On/ZY] + ZSu (T ) + 272X,
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n—1 m—2
= 22X, + Z) (Y = @k = DYDY T2 <k < =

ronzry + 28, ("), (82)

Like (80), A"(C,,) has the basis

. —2 . —2
{Xn}u{m—(zk—lm)yl <k T }U{Yl}usn,l(’"4 )

(83)
Hence,
- X, VAN
On(Cn) = 27X, ® mDLYT C2 @ Cy2. (84)
Together (81) and (84) finish the proof. O
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