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ON DOMINIONS OF THE RATIONALS IN NILPOTENT GROUPS
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Abstract: The dominion of a subgroup H of a group G in a class M is the set of all a ∈ G that
have the same images under every pair of homomorphisms, coinciding on H from G to a group in M .
A group H is n-closed in M if for every group G = gr(H, a1, . . . , an) in M that includes H and is
generated modulo H by some n elements, the dominion of H in G (in M) is equal to H. We prove that
the additive group of the rationals is 2-closed in every quasivariety of torsion-free nilpotent groups of
class at most 3.
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Introduction

In this paper, we complete the study that was started in [1, 2] of the 2-closedness of the additive
group of the rationals in quasivarieties of torsion-free nilpotent groups of class at most 3.
Let M be an arbitrary quasivariety of groups. Given a group G in M and a subgroup H of G, we

define the dominion domM
G (H) of H in G (in M ) as follows:

domM
G (H) = {a ∈ G | ∀M ∈M ∀f, g : G→M, if f |H= g |H , then f(a) = g(a)}.

Here, as usual, f, g : G → M denote homomorphisms from G to M and f |H stands for the restriction
of f to H.
The dominions are of interest primarily because they are closely connected with the free constructions

in quasivarieties of universal algebras and amalgams (see [3] and the references in [4]). It is not difficult
to see that domM

G (−) is a closure operator on the subgroup lattice of G. This leads to the study of closed
subgroups of a given group (with respect to M ).
A group H is said to be n-closed inM if domM

G (H) = H for every group G = gr(H, a1, . . . , an) inM
that includes H and is generated modulo H by some n elements. It was shown in [5] that the study of
dominions can be reduced to the study of n-closed groups (a more detailed treatment of this connection
is provided in [6]). This explains our interest to the n-closed groups.
Dominions have been studied extensively in the quasivarieties of abelian groups [7–10]. Dominions

in the class of nilpotent groups have also been investigated in an extensive series of papers among
which we mention [11–13]. In recent years, a particular attention was paid to dominions of metabelian
groups [14–18]. The n-closed groups in quasivarieties of nilpotent groups were studied in [5, 6, 13].
Suppose that M is a quasivariety of torsion-free nilpotent groups of class at most 3. We prove that

the additive group of the rationals is 2-closed in M .
Throughout the paper, we use the notation and facts about groups and quasivarieties of groups

from [19, 20] and [21] respectively.

§ 1. Preliminaries
We begin by recalling some notions and definitions.
We write Nc for the variety of all nilpotent groups of class at most c, while Nc,∞ stands for the class

of torsion-free groups in Nc; and Fr(N ), for the free group in N of rank r. Throughout the paper,
F2 = F2(N3) is the free group of rank 2 in N3 generated by x and y.
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We write gr(S) for the group generated by a set S, while (a) stands for the cyclic group generated by
an element a; G′, for the derived group of a group G; and Z(G), for the center of G. As usual, γ1(G) = G
and γc+1(G) = [γc(G), G]. If x and y are some elements of a group G, then [x, y] = x−1y−1xy, and e
denotes the identity of G. By H ≤ G we mean that H is a subgroup of G. An element gN of a factor
group G/N is sometimes denoted by ḡ. The additive group of the rationals is denoted by Q, and we use
a multiplicative notation for the group operation in Q.
The commutators of the form [xi, xj , xk], with i > j ≤ k, are called basic commutators of weight 3.
As usual, N and Z denote the sets of naturals and integers respectively.
We will need the following well-known commutator identities which are valid in every nilpotent group

of class at most 3
[a, bc] = [a, c][a, b][a, b, c], [b−1, a] = b[a, b]b−1,

[ab, c] = [a, c][a, c, b][b, c], [b, a−1] = a[a, b]a−1,

[a, b, c][b, c, a][c, a, b] = e,

and which imply that the commutator [x, y, z] of a nilpotent group of class 3 is linear in each argument.
Using them, we can easily derive the identities that are valid in all groups in N3:

[bn, ak] = [b, a]nk[b, a, a]n
k2−k
2 [b, a, b]k

n2−n
2 , (1)

[xy, ab] = [x, b][x, a][y, a][y, b][x, a, b][x, a, y][x, b, y][y, a, b]. (2)

Also, we will use the notation

z1 = [x4, x1, x1], z2 = [x4, x1, x3], z3 = [x4, x3, x3], z4 = [x3, x2, x3], z5 = [x2, x1, x3].

An embedding of a group A into a group B is a homomorphism ϕ : A → B that is an isomorphism
from A onto ϕ(A). If there is an embedding of A into B, then we say that A can be embedded into B.
The quasivariety generated by a group G is denoted by qG.
We will use the following Dyck Theorem [22].

Lemma 1. Let a group G has the presentation

G = gr({xi | i ∈ I} ‖ {rj(xj1 , . . . , xjl(j)) = e | j ∈ J})

in a quasivarietyN . Suppose thatH ∈ N andH includes a set {gi | i ∈ I} such that rj(gj1 , . . . , gjl(j)) = e
in H for all j ∈ J . Then the mapping xi → gi (i ∈ I) can be extended to a homomorphism from G to H.

Also we need the following results.

Lemma 2 [13, Theorem 3]. The additive group Q of the rationals is 3-closed in every quasivariety
of torsion-free nilpotent groups of class ≤ 2.
Lemma 3 [13, Lemma 2]. Suppose that M is a quasivariety of groups, G ∈ M , H ≤ G, H is

a complete group, and H ∩G′ = (e). Then domM
G (H) = H.

Lemma 4 [1]. Suppose that G is a torsion-free 2-generated nilpotent group of class 3. Then either
G ∼= F2(N3) or G ∼= A, where A has the presentation in N3 as follows: A = gr(x, y ‖ [y, x, y] = e).
Lemma 5 [2]. Suppose that G is a torsion-free nilpotent group of class 3, M is a quasivariety of

groups, G = gr(F2, Q) ∈M , and F2 ∩Q = ([x2, x1]δ[x2, x1, x1]s[x2, x1, x2]t). Then domM
G (Q) = Q.

Lemma 6 [2]. Suppose that G is a torsion-free nilpotent group of class 3, M is a quasivariety of
groups, G = gr(F2, Q) ∈M , and F2 ∩Q = ([x2, x1, x1]). Then domM

G (Q) = Q.

Throughout the paper, A denotes the group that is defined in Lemma 4.
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§ 2. The Group H
Lemma 7. Suppose that H is the group defined in N3,∞ by the generators x1, x2, x3, x4 and the

relations
[x2, x1]

δ[x2, x1, x1]
γ = [x4, x3]

δ[x4, x3, x3]
γ , [x2, x1, x2] = e,

[x3, x2, x2] = [x3, x2, x4] = [x3, x1, x1] = [x3, x1, x2] = [x3, x1, x3] = [x3, x1, x4] = e,

[x4, x1, x2] = [x4, x1, x4] = [x4, x2, x2] = [x4, x2, x3] = [x4, x2, x4] = [x4, x3, x4] = e,

where δ and γ are fixed integers, δ ≥ 1, and gcd(δ, γ) = 1. Then H ∈ qA.
Proof. Since the factor group of a torsion-free nilpotent group by the center of the latter is also

torsion-free [19, 16.2.10], it follows that [x2, x1][x4, x3]
−1 ∈ Z(H). Clearly, H/ gr([x2, x1][x4, x3]−1, γ3(H))

has the presentation in N2 as follows:

H/ gr([x2, x1][x4, x3]
−1, γ3(H)) = gr(x1, x2, x3, x4 ‖ [x2, x1] = [x4, x3]).

The nilpotent groups of class 2 with one defining relation (in N2) were studied in [23]. In particular, it is
known [23, Lemma 3] that such a group belongs to qF2(N2) and every element of this group is uniquely
written as

xk1x
m
2 x
n
3x
p
4[x2, x1]

r1 [x3, x1]
r2 [x4, x1]

r3 [x3, x2]
r4 [x4, x2]

r5 ,

k,m, n, p, r ∈ Z.
We claim that H can be approximated by the groups belonging to qA. To demonstrate this, we take

a nonidentity element g ∈ H and show that there is a homomorphism from H to a suitable group in qA
that sends g to a nonidentity element. By the above, we can assume that g ∈ gr([x2, x1][x4, x3]−1, γ3(H)).
Using commutator identities, we derive the following relations in H:

[x2, x1, x1]
δ = [x4, x3, x1]

δ = [x3, x1, x4]
−δ[x4, x1, x3]δ = [x4, x1, x3]δ,

[x2, x1, x2]
δ = [x4, x3, x2]

δ = [x3, x2, x4]
−δ[x4, x2, x3]δ = e,

[x2, x1, x3]
δ = [x4, x3, x3]

δ, [x2, x1, x4]
δ = [x4, x3, x4]

δ = e.

Since H and H/Z(H) are torsion-free, this yields

[x2, x1, x1] = [x4, x1, x3] = z2, [x2, x1, x2] = e, (3)

[x2, x1, x3] = [x4, x3, x3] = z3, [x2, x1, x4] = e. (4)

We have [x2, x1][x4, x3]
−1 ∈ Z(H), and so g can be written as

g = [x2, x1]
r[x4, x3]

−r
4∏

i=1

zlii .

Hence gδ has the form

gδ =
4∏

i=1

zkii .

Define the mapping τ : {x1, x2, x3, x4} → A by setting

τ : x2 → yl[x, y]g1 , x1 → xm, x4 → yp[x, y]g2 , x3 → xq,

where l, m, p, q, g1, and g2 are arbitrary integers such that

lm = pq, g1 =
m− 1
2

l +
mlγ

δ
− l γ

δ
, g2 =

q − 1
2

p+
qpγ

δ
− pγ

δ
.
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Using (1) and (2), we calculate that

[τ(x2), τ(x1)]
δ[τ(x2), τ(x1), τ(x1)]

γ

= [y, x]lmδ[y, x, x]
m2−m
2
lδ−g1mδ+lm2γ = ([y, x]δ[y, x, x]γ)lm.

Similarly, [τ(x4), τ(x3)]
δ[τ(x4), τ(x3), τ(x3)]

γ = ([y, x]δ[y, x, x]γ)pq. Furthermore,

[τ(x3), τ(x1)] = [τ(x4), τ(x2)] = e,

e = [τ(x2), τ(x1), τ(x2)] = [τ(x4), τ(x1), τ(x2)]

= [τ(x4), τ(x1), τ(x4)] = [τ(x4), τ(x3), τ(x4)]

= [τ(x3), τ(x2), τ(x2)] = [τ(x3), τ(x2), τ(x4)].

Now, we consider the cases l = z, m = z10, p = z3, and q = z8 for every z divisible by 2δ.
By Dyck’s Theorem, τ can be extended to a homomorphism ϕz : H → A. Observe that ϕz(g

δ) =

[y, x, x]pq
2k3+pmqk2+pm2k1−q2lk4 .

If ϕz(g
δ) = e for all z under consideration, then k3z

19 + k2z
21 + k1z

23 − k4z17 = 0. Since a nonzero
polynomial has only finitely many roots, we conclude that k1 = k2 = k3 = k4 = 0, i.e. gδ = e,
whence g = e. The proof is complete.

Demonstrating Lemma 7, we established the uniqueness of decomposition of the elements of γ3(H).
It is not difficult to see that the more general result holds:

Corollary 1. Every element of H is uniquely written as

xk1x
m
2 x
n
3x
p
4[x2, x1]

r1 [x3, x1]
r2 [x4, x1]

r3 [x3, x2]
r4 [x4, x2]

r5 [x4, x3]
r6

4∏

i=1

zkii ,

where k,m, n, p, ri, kj ∈ Z, 0 ≤ r6 < δ.

Proof. It suffices to prove that the identity can be uniquely decomposed as claimed. We noted
above that the decomposition of elements of H/ gr([x2, x1][x4, x3]

−1, γ3(H)) is unique, and so

e = [x2, x1]
m[x4, x3]

r
4∏

i=1

zkii , 0 ≤ r < δ.

Considering the homomorphism ψ : H → A such that ψ(x1) = x, ψ(x2) = y, ψ(x3) = x, and ψ(x4) = y,

we conclude that m = −r. Also, by (3) and (4) eδ = zδk11 z
γr+δk2
2 z

−γr+δk3
3 zδk44 . Using the uniqueness of

decomposition for the elements of γ3(H), we see that k1 = 0, k4 = 0, γr + δk2 = 0, and −γr + δk3 = 0.
Since gcd(δ, γ) = 1, it follows that δ divides r. But r < δ, and so r = 0, which yields k2 = k3 = 0. The
proof is complete.

The following is an easy consequence of Corollary 1:

Corollary 2. gr(x1, x2) ∩ gr(x3, x4) = ([x2, x1]δ[x2, x1, x1]γ) in the group H.
Proof. Take g ∈ gr(x1, x2) ∩ gr(x3, x4). Since H/H ′ = (x̄1) × (x̄2) × (x̄3) × (x̄4), it follows that g

can be written as (we use that [x2, x1, x1] = z2 by (3)):

g = [x2, x1]
r1 [x2, x1, x1]

l1 = [x2, x1]
r1zl12 , g = [x4, x3]

r2zl23 ,

i.e., e = [x2, x1]
r1zl12 [x4, x3]

−r2z−l23 . By Corollary 1, we see that δ divides r2. Let r2 = δs. Then

g = [x4, x3]
δszl23 =

(
[x2, x1]

δz
γ
2 z
−γ
3

)s
zl23 = [x2, x1]

r2z
γs
2 z
−sγ+l2
3 .

Again applying Corollary 1, we deduce that r1 = r2, l1 = sγ, −sγ + l2 = 0. This yields
g = [x2, x1]

δs[x2, x1, x1]
γs ∈ ([x2, x1]δ[x2, x1, x1]γ),

and the proof is complete.

601



Lemma 8. Suppose that Hd is defined in N3,∞ by the generators x1, x2, x3, x4, t and the relations
of H together with the relation

td = [x2, x1]
δ[x2, x1, x1]

γ = [x4, x3]
δ[x4, x3, x3]

γ .

Then the mapping

τ : t→ [x2, x1]δ[x2, x1, x1]γ , x2 → xl2[x1, x2]
f1 , x1 → xm1 , x4 → x

p
4[x3, x4]

f2 , x3 → x
q
3,

where d, l, m, p, q, f1, and f2 are integers such that

d = lm = pq > 0, f1 =
m− 1
2

l +
mlγ

δ
− lγ

δ
, f2 =

q − 1
2

p+
qpγ

δ
− pγ

δ
,

d is a multiple of δ, and gcd(δ, γ) = 1, can be extended to an embedding of Hd into H.

Proof. As in the proof of Lemma 7, we check that this mapping can be extended to a homomorphism
ϕ : Hd → H. Now we calculate kerϕ. To this end, we first prove some properties of Hd.
The relation td = [x2, x1]

δ[x2, x1, x1]
γ implies that [td, u, v] = [t, u, v]d = e for all u, v ∈ Hd. But Hd

is torsion-free, and so [t, u, v] = e, in particular, [t, x1], [t, x3] ∈ Z(Hd). The relation [x2, x1, x2] =
[x4, x3, x4] = e yields [t

d, x2] = [t, x2]
d = e, i.e., [t, x2] = e. Similarly, [t, x4] = e.

Suppose that e �= g ∈ kerϕ. If g = tkxu1x
r
2x
n
3x
f
4c, c ∈ H ′d, then ϕ(g) = xmu1 xlr2 x

qn
3 x

pf
4 c
′ = e, c′ ∈ H ′,

whence u = r = n = f = 0. Thus g can be written as follows:

g = tk[t, u][x2, x1]
r1 [x3, x1]

r2 [x4, x1]
r3 [x3, x2]

r4 [x4, x2]
r5 [x4, x3]

r6c,

c ∈ γ3(Hd), 0 ≤ k < d, 0 ≤ r6 < δ.
Let σij be the sum of the exponents of [xi, xj ] in the factorization of ϕ(g). Then

σ31 = qmr2, σ41 = pmr3, σ32 = qlr4, σ42 = plr5.

Since ϕ(g) = e, Corollary 1 shows that all these exponents are equal to 0. This yields ri = 0,
2 ≤ i ≤ 5. As [t, xi]w = [tw, xi] for all integer w, td ∈ gr(x1, x2)′ and d is a multiple of δ, it follows that gd
has the form gd = [x2, x1]

vc, c ∈ γ3(Hd). Also e = ϕ(gd) = [x2, x1]
lmvc1 for some suitable c1 ∈ γ3(H),

and so v = 0. Thus we can write gd as

gd =
4∏

i=1

zkii .

Using the uniqueness of factorization of ϕ
(∏4

i=1 z
ki
i

)
in H, we conclude that all ki are equal to 0, and so

gd = e, i.e., g = e. Thus kerϕ = (e), and the proof is complete.

The proof of the above lemma implies

Corollary 3. Suppose that d = lm = pq > 0, gcd(δ, γ) = 1 and d is a multiple of δ. Then every
element of gr(x1, x2, x3, x4) ≤ Hd can be uniquely written as in Corollary 1.
Corollary 4. In the group Hd defined in Lemma 8, we have gr(x1, x2, t) ∩ gr(x3, x4, t) = (t).
Proof. Take g ∈ gr(x1, x2, t) ∩ gr(x3, x4, t). The embedding ϕ defined in Lemma 8 sends g to

ϕ(g) ∈ gr(x1, x2) ∩ gr(x3, x4). By Corollary 2,

gr(x1, x2) ∩ gr(x3, x4) = ([x2, x1]δ[x2, x1, x1]γ) = (ϕ(t)).
It follows that ϕ(g) = ϕ(t)k for some k. This shows, as ϕ is an embedding, that g = tk which completes
the proof.
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Lemma 9. The mapping τ : xi → xi (i = 1, 2, 3, 4), t → tc, can be extended to an embedding
ϕ : Hd → Hdc, where d = lm = pq > 0, gcd(δ, γ) = 1, and d is a multiple of δ.

Proof. The existence of a homomorphism ϕ follows from Dyck’s Theorem. If g ∈ kerϕ, then
gd ∈ gr(x1, x2, x3, x4). By Corollary 3, the canonical decompositions of gd and ϕ(gd) coincide. Thus
gd = e, i.e., kerϕ = (e), and this completes the proof.

Lemma 10. Suppose that G is a torsion-free nilpotent group of class 3,M is an arbitrary quasiva-
riety of groups, and A has the presentation in N3 as follows:

A = gr(x1, x2 ‖ [x2, x1, x2] = 1), G = gr(A,Q) ∈M , A ∩Q = ([x2, x1]δ[x2, x1, x1]γ).
Then domM

G (Q) = Q.

Proof. Take a generating set S of G to consist of x1, x2 and all elements of Q. Let Σ consist of the
relations

[x2, x1, x2] = e, q = [x2, x1]
δ[x2, x1, x1]

γ ,

and all defining relations of Q, where q is a suitable element of Q. We show first that gr(S ‖ Σ) is some
presentation of G in the class N3,∞.
In the class of torsion-free groups, the relations

[x2, x1, x2] = e, q = [x2, x1]
δ[x2, x1, x1]

γ

yield [q, x2] = e and [q, x1, x1] = e. Let t ∈ Q be a nonidentity element. Since tn = qm for some nonzero
integers n and m, we can deduce in N3,∞ from the above relations that [t, x2] = e and [t, x1, x1] = e.
Furthermore, using commutator identities, we find that [tm, x1] = [t, x1]

m for all t ∈ Q, m ∈ Z.
Now consider an arbitrary defining relation of G. By the above, we can assume that it has the form

t1x
k
1x
n
2 [x2, x1]

l[x2, x1, x1]
p[t2, x1] = e,

where t1, t2 ∈ Q, k, n, l, p ∈ Z, |t1| < |q|, |t2| < |q|. It is clear that Z(G)∩A = ([x2, x1, x1]) and q �∈ Z(G).
Since G/Z(G) is torsion-free, Q ∩ Z(G) = (e). Hence G/Z(G) is a direct product with amalgamation of
its subgroups; i.e.,

G/Z(G) ∼= A/([x2, x1, x1])×Q([x̄1, x̄2] = δ
√
q).

In G/Z(G) the relation under consideration takes the form

t1x̄
k
1x̄
n
2 [x̄2, x̄1]

l = e(|t1| < |q|).
It follows from the structure of the above direct product with amalgamation that t1 = e, k = 0, n = 0,
and l = 0; i.e., the relation has the form

[x2, x1, x1]
p[t2, x1] = e(|t2| < |q|).

Suppose that t2 �= e. Choose nonzero integers r and m (r > 0) such that tr2 = qm. Then the derived
relation is equivalent in the class N3,∞ to the relation [x2, x1, x1]pr[t2, x1]r = e. We have

e = [x2, x1, x1]
pr
[
tr2, x1

]
= [x2, x1, x1]

pr[qm, x1]

= [x2, x1, x1]
pr[q, x1]

m = [x2, x1, x1]
pr+mδ.

Thus our relation is equivalent in N3,∞ to the relation [x2, x1, x1]pr+mδ = e. Since [x2, x1, x1] �= e
in G, it follows that pr +mδ = 0. Hence the last relation is equivalent in N3,∞ to the trivial relation
[x2, x1, x1]

0 = e. This yields t2 = e, and so p = 0. Thus we proved that every relation of G is trivial, i.e.,
it follows in N3,∞ from Σ.
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By Lemma 9, if k is sufficiently large (k > δ + 1), we can assume that

Hk! ⊆ H(k+1)! ⊆ H(k+2)! ⊆ · · · .
Furthermore, we can choose a set Sn! of generators and a set Σn! of relations for Hn! so that

Sk! ⊆ S(k+1)! ⊆ S(k+2)! ⊆ · · · ,Σk! ⊆ Σ(k+1)! ⊆ Σ(k+2)! ⊆ · · · .
Note that Σn! consists of the defining relations of H and the relations

t1 = [x2, x1]
δ[x2, x1, x1]

γ , tii = ti−1, i = 2, 3, . . . , n!.

It is known [20, Problem 16, Section 3] that in this situation the groupK =
⋃
n≥kHn! has the presentation

K = gr
(⋃
n≥k Sn! ‖

⋃
n≥k Σn!

)
. By Lemmas 7 and 8, Hn ∈ qA for all n ≥ k. Hence K ∈ qA. By

Corollary 4,
gr(x1, x2, t1, t2, . . . ) ∩ gr(x3, x4, t1, t2, . . . ) = gr(t1, t2, . . . ).

Let q1, q2, q3, . . . be elements of the group Q ≤ G such that
q1 = q, q

2
2 = q1, . . . , q

k+1
k+1 = qk, . . . .

Applying Dyck’s Theorem, we see that the mappings x1 → x1, x2 → x2, qi → ti (i ∈ N) and x1 → x3,
x2 → x4, qi → ti (i ∈ N) can be extended to homomorphisms from G to K, which we denote by λ and ρ
respectively.
Let g be an arbitrary element ofG and suppose that λ(g) = ρ(g). We can write g as (since [qi, x2] = e):

g = qki [qi, x1]
r[x2, x1]

l[x2, x1, x1]
m

for some i. Observing that q = [x2, x1]
δ[x2, x1, x1]

γ , we have that some power of g has the form

e �= gf = [x2, x1]r[x2, x1, x1]p.
Then

λ(gf ) = [x2, x1]
r[x2, x1, x1]

p = ρ(gf ) = [x4, x3]
r[x4, x3, x3]

p.

We can assume that λ(gf ) belongs to some subgroup Hd, and by Corollary 3 gr(x1, x2, x3, x4) is equal
to H. Since λ(gf ) ∈ gr(x1, x2) ∩ gr(x3, x4), Corollary 2 implies that

λ(gf ) = [x2, x1]
r[x2, x1, x1]

p = ([x2, x1]
δ[x2, x1, x1]

γ)w

for some suitable w. This yields r = δw and p = γw. Hence

gf = ([x2, x1]
δ[x2, x1, x1]

γ)w ∈ A ∩Q.
By the uniqueness of root extraction in a torsion-free nilpotent group, we conclude that g ∈ Q.
Thus K ∈ qA, and λ, ρ coincide exactly on Q. By the definition of dominion, domqAG (Q) = Q =

domM
G (Q). This completes the proof.

§ 3. The Group T
Lemma 11. Let T be the group defined in N3 by the generators x1, x2, x3, x4 and the relations

[x2, x1, x1] = [x4, x3, x3], [x2, x1, x2] = [x2, x1, x4] = e,

[x3, x2, x2] = [x3, x2, x4] = [x3, x1, x1] = [x3, x1, x2] = [x3, x1, x3] = [x3, x1, x4] = e,

[x4, x1, x2] = [x4, x1, x4] = [x4, x2, x2] = [x4, x2, x3] = [x4, x2, x4] = [x4, x3, x4] = e.

Then T ∈ qA.
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Proof. It is clear that T/γ3(T ) is a N2-free group, and so it belongs to qF2(N2) ⊆ qA.
We argue that T can be approximated by groups in qA. To this end, suppose that g is a nonidentity

element of T and show that there exists a homomorphism from T to a suitable group in qA which sends g
to a nonidentity element. By the above, we can assume that g ∈ γ3(T ).
Thus g can be written as

g =
5∏

i=1

zkii .

Consider the mapping τ : x2 → yl, x1 → xm, x4 → yp, x3 → xq, where lm2 = pq2. Easy calculation
shows that

[τ(x3), τ(x1)] = [τ(x4), τ(x2)] = e,

[τ(x2), τ(x1), τ(x1)] = [τ(x4), τ(x3), τ(x3)],

[τ(x2), τ(x1), τ(x2)] = [τ(x2), τ(x1), τ(x4)] = [τ(x3), τ(x2), τ(x2)]

= [τ(x3), τ(x2), τ(x4)] = [τ(x4), τ(x1), τ(x2)]

= [τ(x4), τ(x1), τ(x4)] = [τ(x4), τ(x3), τ(x4)] = e.

Now consider the case l = z, m = z10, p = z3, and q = z9 for every integer z. By Dyck’s Theorem, τ can
be extended to a homomorphism ϕz : H → A. We have

ϕz(g) = [y, x, x]
pm2k1+pmqk2+pq2k3−q2lk4+lmqk5 .

If ϕz(g) = e for every z under consideration, then

k1z
23 + k2z

22 + k3z
21 − k4z19 + k5z20 = 0.

Since a nonzero polynomial has only finitely many roots, k1 = k2 = k3 = k4 = k5 = 0. This means that
g = e, as required.

The proof of Lemma 11 yields

Corollary 5. Every element of T is uniquely presented in the form

xk1x
m
2 x
n
3x
p
4

∏

1≤i<j≤4
[xj , xi]

rji

5∏

i=1

zkii ,

where k,m, n, p, rli, kj ∈ Z.
Corollary 6. gr(x1, x2) ∩ gr(x3, x4) = ([x2, x1, x1]) in the group T .
Proof. Given an arbitrary element g ∈ gr(x1, x2) ∩ gr(x3, x4), we can write

g = xk1x
m
2 [x2, x1]

r21 [x2, x1, x1]
l1 = xn3x

p
4[x4, x3]

r43 [x4, x3, x3]
k1 .

Since T/γ3(T ) is a free nilpotent group of class 2 and rank 4, it follows that k = m = r21 = 0, and hence
g = [x2, x1, x1]

l1 ∈ ([x2, x1, x1]). This completes the proof.
Lemma 12. Suppose that Td is defined in N3,∞ by the generators x1, x2, x3, x4, t, the defining

relations of the group T , and the relation td = [x2, x1, x1]. Then the mapping

τ : t→ [x2, x1, x1], x2 → xl2, x1 → xm1 , x4 → x
p
4, x3 → x

q
3,

where d = lm2 = pq2 > 0, can be extended to an embedding of Td into T .

Proof. We check that this mapping can be extended to a homomorphism ϕ : Td → T by reasoning
as in the proof of Lemma 11. Now we calculate kerϕ. To this end, observe first that t ∈ Z(Td) because
the factor group of a torsion-free nilpotent group by its center is also torsion-free.
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Let e �= g ∈ kerϕ. If g = xk1xr2xn3xf4c, c ∈ T ′d, then
ϕ(g) = xmk1 xlr2 x

qn
3 x

pf
4 c
′ = e, c′ ∈ T ′,

and so k = r = n = f = 0. Hence we can write g in the form

g = tk[x2, x1]
r1 [x3, x1]

r2 [x4, x1]
r3 [x3, x2]

r4 [x4, x2]
r5 [x4, x3]

r6c1,

c1 ∈ γ3(Td), 0 ≤ k < d. Let σij be the sum of the exponents of the commutator [xi, xj ] in the factorization
of ϕ(g). Then

σ21 = lmr1, σ31 = qmr2, σ41 = pmr3, σ32 = qlr4, σ42 = plr5, σ43 = pqr6.

Since ϕ(g) = e, Corollary 5 shows that all these exponents are equal to 0. This yields ri = 0, i ≥ 5.
Thus

g = tk
5∏

i=1

zkii , 0 ≤ k < d.

Let σiju be the sum of the exponents of the commutator [xi, xj , xu] in the decomposition of ϕ(g).
Noting that [x2, x1, x1] = [x4, x3, x3], we have

σ433 = pq
2k3 + k, σ413 = pmqk2, σ411 = pm

2k1, σ323 = q
2lk4, σ213 = lmqk5.

By the uniqueness of the factorization of elements in T , we conclude that k1 = k2 = k4 = k5 = 0 and
pq2k3 + k = 0, which implies that k is a multiple of pq

2. But pq2 = d, with 0 ≤ k < d, and so k = 0, and
then k3 = 0. Thus g = e, which means that kerϕ = (e), as required.

The proof of this lemma yields

Corollary 7. Every element of Td is uniquely presented as

xl1x
r
2x
n
3x
f
4 t
k[x2, x1]

r1 [x3, x1]
r2 [x4, x1]

r3 [x3, x2]
r4 [x4, x2]

r5 [x4, x3]
r6

5∏

i=1

zkii ,

where 0 ≤ k < d, k, l,m, n, p, ri, kj ∈ Z.
Corollary 8. gr(x1, x2, t) ∩ gr(x3, x4, t) = (t) in the group Td.
Proof. Let g ∈ gr(x1, x2, t) ∩ gr(x3, x4, t). The embedding ϕ of Lemma 12 sends g to ϕ(g) ∈

gr(x1, x2) ∩ gr(x3, x4). Corollary 6 yields gr(x1, x2) ∩ gr(x3, x4) = ([x2, x1, x1]) = (ϕ(t)). It follows that
ϕ(g) = ϕ(t)k for some k. Hence g = tk since ϕ is an embedding, and this completes the proof.

Lemma 13. The mapping τ : xi → xi (i = 1, 2, 3, 4), t → tc can be extended to an embedding
ϕ : Td → Tdc.

Proof. The existence of a homomorphism ϕ is guaranteed by Dyck’s Theorem. It remains to
calculate kerϕ. If a nonidentity element g ∈ Td has the form as in Corollary 7, then ϕ(g) �= e; i.e.,
kerϕ = (e) as required.

Lemma 14. Let G be a torsion-free nilpotent group of class 3 and letM be a quasivariety of groups.
Suppose that A has the presentation in N3 as follows:

A = gr(x1, x2 ‖ [x2, x1, x2] = 1), G = gr(A,Q) ∈M , A ∩Q = ([x2, x1, x1]).
Then domM

G (Q) = Q.

Proof. We take the elements x1, x2 and all elements of Q as a generating set S of G. Let Σ be the
set of relations [x2, x1, x2] = e and q = [x2, x1, x1], and all defining relations of Q, where q is a suitable
element of Q. We show first that gr(S ‖ Σ) is a presentation of G in N3,∞.
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Take a nonzero element t ∈ Q. Since tn = qm for some nonzero integers n and m, the above relations
imply in N3,∞ the relations [t, x2] = e and [t, x1] = e.
Suppose that we have an arbitrary defining relation of G. By the above, we can assume that the

relation has the form
t1x
k
1x
n
2 [x2, x1]

l[x2, x1, x1]
p = e,

where k, n, l, p ∈ N, |t1| < |q|. It is clear that Z(G) ∩ A = ([x2, x1, x1]) and q ∈ Z(G). In G/Z(G), the
relation becomes x̄k1x̄

n
2 [x̄2, x̄1]

l = e. This yields k = 0, n = 0, and l = 0; i.e., the relation has the form
t1[x2, x1, x1]

p = e(|t1| < |q|).
Suppose that t1 �= e. Let r and m be nonzero integers such that tr1 = qm. Since |t1| < |q|, we have

|r| > |m|. Hence
e = tr1[x2, x1, x1]

pr = qm[x2, x1, x1]
pr = [x2, x1, x1]

m+pr.

It follows that m + pr = 0, and so r divides m. This yields |mr | ≥ 1, which is not the case. Hence
t1 = e, and therefore p = 0. Thus we proved that any relation of G is trivial, i.e., it follows from Σ in
the class N3,∞.
By Lemma 13, we can assume that T1! ⊆ T2! ⊆ T3! ⊆ T4! ⊆ · · · . Moreover, a generating set Sn! and

a set Σn! of defining relations of the group Tn! can be chosen so that

S1! ⊆ S2! ⊆ S3! ⊆ S4! ⊆ · · · , Σ1! ⊆ Σ2! ⊆ Σ3! ⊆ Σ4! ⊆ · · · .
Observe that Σn! consists of the defining relations of T and the relations t1 = [x2, x1, x1], t

i
i = ti−1,

i = 2, 3, . . . , n. It is well known that in this situation the group K =
⋃
n∈N Tn! has the presentation

K = gr
(⋃

n∈N
Sn! ‖

⋃

n∈N
Σn!

)
.

By Lemmas 11 and 12, Tn ∈ qA for all n. Hence K ∈ qA. By Corollary 8,
gr(x1, x2, t1, t2, . . . ) ∩ gr(x3, x4, t1, t2, . . . ) = gr(t1, t2, . . . ).

We take some elements q1, q2, q3, q4, . . . of the group Q ≤ G such that q1 = q, q22 = q1, . . . , q
k
k =

qk−1, . . . . Applying Dyck’s Theorem, we conclude that the mappings x1 → x1, x2 → x2, qi → ti (i ∈ N)
and x1 → x3, x2 → x4, qi → ti (i ∈ N) can be extended to homomorphisms respectively λ and ρ from G
to K.
Let g be an arbitrary element of G and suppose that λ(g) ∈ gr(t1, t2, . . . ). We can write g as g =

qki [x2, x1]
r1 for some i. Then λ(g) = tki [x2, x1]

r1 ∈ gr(t1, t2, . . . ), i.e., tki [x2, x1]r1 = tmj for suitable j andm.
We can assume that all elements in this equality belong to some subgroup Td. Applying Corollary 8 to
this subgroup, we have r1 = 0, which means that g ∈ gr(q1, q2, . . . ). Similarly, if ρ(g) ∈ gr(t1, t2, . . . ),
then g ∈ gr(q1, q2, . . . ).
Thus K ∈ qA, while λ and ρ coincide exactly on Q. By the definition of dominion, domqAG (Q) = Q =

domM
G (Q). The proof is complete.

§ 4. The Main Result
Theorem 1. LetM be an arbitrary quasivariety of torsion-free nilpotent groups of class at most 3

and let Q be the additive group of the rationals. Then Q is 2-closed in M .

Proof. Suppose that G = gr(x1, x2, Q) and let H = gr(x1, x2).

Case 1. H is a nilpotent group of class 3 and Q ∩G′ �= (e).
By Lemma 4, H ∼= F2 or H ∼= A. Fix some nonidentity element q ∈ Q ∩ G′. We claim that

[Q,G′] = (e). Indeed, let q1 ∈ Q, q1 �= e, and let g ∈ G′. Since Q is a locally cyclic group, qm1 = qn

for suitable integers m and n. But
[
qm1 , g

]
= [qn, g] = e. It is known [19, 16.2.9] that the elements of
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a torsion-free nilpotent group commute whenever some nonidentity powers of these elements commute.
Thus [q1, g] = e, which means that [Q,G

′] = (e).
We argue now that [Q,G] ≤ Z(G). Take arbitrary elements q1 ∈ Q, g, f ∈ G and nonzero integers m

and n such that qm1 = qn. Then [qn, f ] ∈ Z(G) since q ∈ G′. This yields [q1, f, g]m =
[
qm1 , f, g

]
=

[qn, f, g] = e. Hence [q1, f, g] = e, and thus [Q,G] ≤ Z(G).
By the above, since q ∈ G′, q is a product of basic commutators, and so q can be written as

q = [x2, x1]
k[x2, x1, x1]

l1 [x2, x1, x2]
l2 [x1, q1]

l[x2, q2]
s

for suitable integers k, l1, l2, l, and s and nonidentity elements q1, q2 ∈ Q (possibly with l = 0 or s = 0).
Let r, p, and t be nonzero integers such that qr1 = q

p and qr2 = q
t. Observing that

[
x1, q

r
1

]
= [x1, q1]

r

and
[
x2, q

r
2

]
= [x2, q2]

r, we have

e �= qr = [x2, x1]kr[x2, x1, x1]l1r[x2, x1, x2]l2r
[
x1, q

r
1

]l[
x2, q

r
2

]s

= [x2, x1]
kr[x2, x1, x1]

l1r[x2, x1, x2]
l2r[x1, q

p]l[x2, q
t]s

= [x2, x1]
kr[x2, x1, x1]

l1r[x2, x1, x2]
l2r[x1, [x2, x1]]

pkl[x2, [x2, x1]]
tks ∈ H ′.

Thus H ′ ∩ Q �= (e). Since Q is a locally cyclic group, H ∩ Q = (w). Then wm ∈ H ′ for a suitable
nonzero integer m, and so w ∈ H ′.
If w �∈ γ3(H), then w has the form

w = ([x2, x1]
δ[x2, x1, x1]

s[x2, x1, x2]
t)r (δ �= 0).

Let w ∈ γ3(H). We can write w as w = [x2, x1, x2]
k[x2, x1, x1]

m for some integers k and m with
gcd(k,m) = 1. Now we choose new generators of H as in the proof of Lemma 1 in [1]. Namely, let u
and v be integers such that mv + ku = 1. Then

[
xv2x

−u
1 , xk2x

m
1 , x

k
2x
m
1

]
= [x2, x1, x2]

k(mv+uk)[x2, x1, x1]
m(mv+uk) = [x2, x1, x2]

k[x2, x1, x1]
m = w.

We take y2 = xv2x
−u
1 and y1 = xk2x

m
1 as the required generators of H. With respect to these generators,

we have w = [y2, y1, y1]. Since a torsion-free nilpotent group is a group with unique root extraction,
r = ±1. Lemmas 5, 6, 10, and 14 imply that domM

G (Q) = Q.

Case 2. Q ∩G′ = (e). The result is immediate from Lemma 3.
Case 3. Q∩G′ �= (e) and H is a nilpotent group of class at most 2. Reasoning as in Case 1, we have

[Q,G′] = (e) and [Q,G] ≤ Z(G). We claim that all commutators of the form [u, v, w], u, v, w ∈ Q∪{x1, x2}
are equal to the identity.

Given q1, q2 ∈ Q, we have [u, q1, q2] = [q1, q2, u]−1[q2, u, q1]−1 = e since [q2, u] ∈ Z(G). This shows
that [q1, u, q2] = [u, q1, q2]

−1 = e for q1 ∈ Q, u, v ∈ {x1, x2}, [u, v, q1] = e, [u, q1, v] = e, and [q1, v, u] = e
because [Q,G′] = (e) and [q1, u] ∈ Z(G).
Thus G is a nilpotent group of class at most 2. By Lemma 2, the group Q is closed in G in any

quasivariety of nilpotent groups of class at most 2 (for example, in qG). By the definition of dominion,
Q is closed in each quasivariety that includes qG, and in particular inM . We considered all possibilities,
and so the proof is complete.

In fact, we proved the following

Corollary 9. Let M be an arbitrary quasivariety of groups and let G = gr(x1, x2, Q) be a torsion-
free nilpotent group of class 3 in M generated modulo Q by two elements. Then domM

G (Q) = Q.

608



References

1. Budkin A. I., “On quasivarieties of axiomatic rank 3 of torsion-free nilpotent groups,” Sib. Math. J., vol. 58, no. 1,
43–48 (2017).

2. Budkin A. I., “On 2-closedness of the rational numbers in quasivarieties of nilpotent groups,” Sib. Math. J., vol. 58,
no. 6, 971–982 (2017).

3. Budkin A. I., “Lattices of dominions of universal algebras,” Algebra and Logic, vol. 46, no. 1, 16–27 (2007).
4. Budkin A. I., “Dominions in quasivarieties of universal algebras,” Stud. Log., vol. 78, no. 1/2, 107–127 (2004).
5. Budkin A. I., “Dominions of universal algebras and projective properties,” Algebra and Logic, vol. 47, no. 5, 304–313
(2008).

6. Budkin A. I., “Dominions in solvable groups,” Algebra and Logic, vol. 54, no. 5, 370–379 (2015).
7. Shakhova S. A., “Lattices of dominions in quasivarieties of abelian groups,” Algebra and Logic, vol. 44, no. 2, 132–139
(2005).

8. Shakhova S. A., “Distributivity conditions for lattices of dominions in quasivarieties of Abelian groups,” Algebra and
Logic, vol. 45, no. 4, 277–285 (2006).

9. Shakhova S. A., “A property of the intersection operation in lattices of dominions in quasivarieties of Abelian groups,”
Izv. Altai Gos. Univ., vol. 65, no. 1, 41–43 (2010).

10. Shakhova S. A., “The existence of a dominion lattice in quasivarieties of Abelian groups,” Izv. Altai Gos. Univ., vol. 69,
no. 1, 31–33 (2011).

11. Magidin A., “Dominions in varieties of nilpotent groups,” Comm. Algebra, vol. 28, 1241–1270 (2000).
12. Magidin A., “Absolutely closed nil-2 groups,” Algebra Universalis, vol. 42, no. 1–2, 61–77 (1999).
13. Shakhova S. A., “Absolutely closed groups in the class of 2-step nilpotent torsion-free groups,” Math. Notes, vol. 97,
no. 6, 946–950 (2015).

14. Budkin A. I., “Dominions in quasivarieties of metabelian groups,” Sib. Math. J., vol. 51, no. 3, 396–401 (2010).
15. Budkin A. I., “The dominion of a divisible subgroup of a metabelian group,” Izv. Altai Gos. Univ., vol. 65, no. 2, 15–19
(2010).

16. Budkin A. I., “Dominions in Abelian subgroups of metabelian groups,” Algebra and Logic, vol. 51, no. 5, 404–414
(2012).

17. Budkin A. I., “Absolute closedness of torsion-free Abelian groups in the class of metabelian groups,” Algebra and Logic,
vol. 53, no. 1, 9–16 (2014).

18. Budkin A. I., “On the closedness of a locally cyclic subgroup in a metabelian group,” Sib. Math. J., vol. 55, no. 6,
1009–1016 (2014).

19. Kargapolov M. I. and Merzlyakov Yu. I., Fundamentals of the Theory of Groups, Springer-Verlag, New York, Heidelberg,
and Berlin (1979).

20. Magnus W., Karrass A., and Solitar D., Combinatorial Group Theory, Dover Publications, Mineola (2004).
21. Gorbunov V. A., Algebraic Theory of Quasivarieties, Plenum, New York (1998).
22. Malcev A. I., Algebraic Systems, Springer-Verlag and Akademie-Verlag, Berlin, Heidelberg, and New York (1973).
23. Fedorov A. N., “Quasi-identities of a free 2-nilpotent group,” Math. Notes, vol. 40, no. 5, 837–841 (1986).

A. I. Budkin
Altai State University, Barnaul, Russia
E-mail address: budkin@math.asu.ru

609



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


