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ON DOMINIONS OF THE RATIONALS IN NILPOTENT GROUPS
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Abstract: The dominion of a subgroup H of a group G in a class M is the set of all a € G that
have the same images under every pair of homomorphisms, coinciding on H from G to a group in M.
A group H is n-closed in M if for every group G = gr(H,ay,...,a,) in M that includes H and is
generated modulo H by some n elements, the dominion of H in G (in M) is equal to H. We prove that
the additive group of the rationals is 2-closed in every quasivariety of torsion-free nilpotent groups of
class at most 3.
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Introduction

In this paper, we complete the study that was started in [1,2] of the 2-closedness of the additive
group of the rationals in quasivarieties of torsion-free nilpotent groups of class at most 3.

Let .# be an arbitrary quasivariety of groups. Given a group G in .# and a subgroup H of G, we
define the dominion dom¢ (H) of H in G (in .#) as follows:

domZ (H)={a € G|VM € # Vf,g:G— M, if f|g=g |g, then f(a) = g(a)}.

Here, as usual, f,g : G — M denote homomorphisms from G to M and f |y stands for the restriction
of f to H.

The dominions are of interest primarily because they are closely connected with the free constructions
in quasivarieties of universal algebras and amalgams (see [3] and the references in [4]). It is not difficult
to see that dom? (—) is a closure operator on the subgroup lattice of G. This leads to the study of closed
subgroups of a given group (with respect to .Z).

A group H is said to be n-closed in .4 if dom (H) = H for every group G = gr(H, a1, ...,a,) in A4
that includes H and is generated modulo H by some n elements. It was shown in [5] that the study of
dominions can be reduced to the study of n-closed groups (a more detailed treatment of this connection
is provided in [6]). This explains our interest to the n-closed groups.

Dominions have been studied extensively in the quasivarieties of abelian groups [7-10]. Dominions
in the class of nilpotent groups have also been investigated in an extensive series of papers among
which we mention [11-13]. In recent years, a particular attention was paid to dominions of metabelian
groups [14-18]. The n-closed groups in quasivarieties of nilpotent groups were studied in [5, 6, 13].

Suppose that .# is a quasivariety of torsion-free nilpotent groups of class at most 3. We prove that
the additive group of the rationals is 2-closed in .Z .

Throughout the paper, we use the notation and facts about groups and quasivarieties of groups
from [19,20] and [21] respectively.

§1. Preliminaries

We begin by recalling some notions and definitions.

We write .4; for the variety of all nilpotent groups of class at most ¢, while .4¢ , stands for the class
of torsion-free groups in .A;; and F,.(.4"), for the free group in .4 of rank r. Throughout the paper,
Fy = F»(.43) is the free group of rank 2 in .43 generated by z and y.
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We write gr(S) for the group generated by a set .S, while (a) stands for the cyclic group generated by
an element a; G', for the derived group of a group G; and Z(G), for the center of G. As usual, 11 (G) = G
and v.41(G) = [7.(G),G]. If  and y are some elements of a group G, then [z,y] = 27y 12y, and e
denotes the identity of G. By H < G we mean that H is a subgroup of G. An element gNN of a factor
group G/N is sometimes denoted by g. The additive group of the rationals is denoted by @, and we use
a multiplicative notation for the group operation in Q.

The commutators of the form [z;, x;, x|, with i > j < k, are called basic commutators of weight 3.

As usual, N and Z denote the sets of naturals and integers respectively.

We will need the following well-known commutator identities which are valid in every nilpotent group
of class at most 3

[a,bc] = [a, d][a, b][a,b,c], [b',a]=bla,b)b~?,

[ab, c] = [a, c][a, ¢, b][b,c], [b, a_l] = ala, b}a_l,
[a, b, c][b, c,al[c, a,b] = e,

and which imply that the commutator [z, vy, z] of a nilpotent group of class 3 is linear in each argument.
Using them, we can easily derive the identities that are valid in all groups in A43:

n2

ba, b 7, (1)

5", a¥] = [b, )™ [b, a, a]" T

[zy, ab] = [z, b][z, a][y, ally, ][, a, bl [z, a, y][x;, b, Y] [y, a, B]. (2)

Also, we will use the notation
21 = [x4, 21, 21], 22 = (24,21, 23], 23 = [T4,73,23], 24 = [x3,%2,23], 25 = [T2, 71, T3]

An embedding of a group A into a group B is a homomorphism ¢ : A — B that is an isomorphism
from A onto ¢(A). If there is an embedding of A into B, then we say that A can be embedded into B.

The quasivariety generated by a group G is denoted by ¢G.

We will use the following Dyck Theorem [22].

Lemma 1. Let a group G has the presentation
G=g({z; | iel} || {rj@j,...,zj,)=€licJ})

in a quasivariety .#". Suppose that H € .#" and H includes aset {g; | i € I} such that r;(g;,,.--,gj,,) =€
in H for all j € J. Then the mapping x; — g; (i € I) can be extended to a homomorphism from G to H.

Also we need the following results.

Lemma 2 [13, Theorem 3]. The additive group @ of the rationals is 3-closed in every quasivariety
of torsion-free nilpotent groups of class < 2.

Lemma 3 [13, Lemma 2|. Suppose that .# is a quasivariety of groups, G € .#, H < G, H is
a complete group, and H NG’ = (e). Then dom (H) = H.

Lemma 4 [1]. Suppose that G is a torsion-free 2-generated nilpotent group of class 3. Then either
G = Fy(A3) or G = A, where A has the presentation in A5 as follows: A = gr(x,y || [y, z,y] = e).

Lemma 5 [2]. Suppose that G is a torsion-free nilpotent group of class 3, .# is a quasivariety of
groups, G = gr(Fy, Q) € #, and Fy N Q = ([x2, x1)°[x2, x1, 21]*[x2, 21, 22]"). Then dom¥ (Q) = Q.

Lemma 6 [2]. Suppose that G is a torsion-free nilpotent group of class 3, .# is a quasivariety of
groups, G = gr(Fy,Q) € 4, and F, N Q = ([xg,21,71]). Then dom& (Q) = Q.
Throughout the paper, A denotes the group that is defined in Lemma 4.
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§2. The Group H

Lemma 7. Suppose that H is the group defined in .43, by the generators x1,x2, 3,4 and the
relations
22, 21)° [, 21, 21]" = [24, 23)° (24, 73, 73]7,  [w2, 71, 72] =€,

(X3, T2, T2) = [X3, T2, T4] = [T3, %1, 1] = [23, 1, T2] = [T3, 21, 23] = [23,21,24] = €,
(T4, 1, T2) = [X4, T1, T4] = [T4, T2, T2] = [X4, T2, T3] = [T4, T2, 4] = (24,23, 24] =€,
where § and v are fixed integers, 6 > 1, and gcd(d,y) = 1. Then H € qA.

PRrROOF. Since the factor group of a torsion-free nilpotent group by the center of the latter is also
torsion-free [19, 16.2.10], it follows that [z2, 71][z4, z3] "1 € Z(H). Clearly, H/ gr([zo, z1][x4, 23], 73 (H))
has the presentation in .45 as follows:

H/ gr([mg,ml][m4,x3]_1,73(H)) = gr(z1, o, w3, 24 || [T2, 1] = [24, 23]).

The nilpotent groups of class 2 with one defining relation (in .4) were studied in [23]. In particular, it is
known [23, Lemma 3] that such a group belongs to ¢F5(.42) and every element of this group is uniquely
written as

o af i ah[ve, 21) (w3, 21)" (24, 21]" (23, B2] 24, 22] 7,

k,m,n,p,r € Z.
We claim that H can be approximated by the groups belonging to gA. To demonstrate this, we take
a nonidentity element g € H and show that there is a homomorphism from H to a suitable group in gA
that sends g to a nonidentity element. By the above, we can assume that g € gr([xa, z1][z4, 23], 73 (H)).
Using commutator identities, we derive the following relations in H:

(22, 21, 21)° = [24, 23, 21)° = [23, 21, 24] 0 [24, 21, 23)° = [24, 21, 73)°,
[$2) Ty, 1,2]5 — [:1747 xs, xQ]J == [:L'?n x2, x4]_6[1’4a x2, x3]6 =6,
(22, 1, 23]° = [24,23,23]°, |29, 21,24)° = [24, 73, 4)° = €.
Since H and H/Z(H) are torsion-free, this yields
(T2, 21, 21] = [24, %1, 23] = 22, [®2, 71, 22] = e, (3)

(€2, 21, k3] = [24, 73, 23] = 23, [w2,21,24] = €. (4)
We have [z2, 71][z4, 73]~ € Z(H), and so g can be written as

4
g= [1‘2, xl]T[x47 LE3]7T H Ziz

Hence ¢° has the form

Define the mapping 7 : {x1, 22, 3,24} — A by setting
T T2 — yl[m’y]glv T — xmv Ty — yp[x,y]QZ, T3 — xqa
where I, m, p, q, g1, and gy are arbitrary integers such that

m—1_ - mly v q—1 ay
Im = =]+ —1 L =1 “p+ =L _pl
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Using (1) and (2), we calculate that

[7(22), 7(21)]° [ (x2), 7(21), 7(21)]"

lm6[ szfmlJfglm(SJrlmQ ([ lm.

= [y, 2™y, z, 2] z)’ly, z,2]")
Similarly, [r(x4), 7(23)]°[7(24), 7(x3), 7(23)]" = ([y, ]°[y, x, z]?)P?. Furthermore,

[7(23), 7(21)] = [7(24),7(22)] = e,
e = [1(x2),7(21), 7(22)] = [7(24), 7(21), 7(22)]
= [r(2a), 7(21), 7(2a)] = [7(24), 7(23), 7 (24)]
= [7(z3), 7(22), (wz)] [7(23), 7(22), 7(24)].

Now, we consider the cases | = 2z, m = 20, p = 23, and ¢ = 22 for every z divisible by 26.
By Dyck’s Theorem, 7 can be extended to a homomorphism ¢, : H — A. Observe that goz(g‘;) =
[y’ T, x]pq2k3+pmqk2+pm2k1 —q2lk4.

If gpz(gé) = e for all z under consideration, then ksz'® + ko2z?! + k1223 — k42! = 0. Since a nonzero
polynomial has only finitely many roots, we conclude that ki = ko = k3 = kg = 0, ie. ¢° = e,

whence g = e. The proof is complete.

Demonstrating Lemma 7, we established the uniqueness of decomposition of the elements of ~3(H).
It is not difficult to see that the more general result holds:

Corollary 1. Every element of H is uniquely written as
4
ok a ayal[we, 21)" (w3, 21]" (24, 1] 3, o] (w4, 02" 24, 23] [ [ 2
i=1

I

where k,m,n,p,r;,k; € Z, 0 < rg < 9.
PRrOOF. It suffices to prove that the identity can be uniquely decomposed as claimed. We noted
above that the decomposition of elements of H/ gr([x2, z1][x4, 3]~ 1, v3(H)) is unique, and so

4
e = [zo, z1])™ (x4, z3]" Hzfi, 0<r<é.
i=1
Considering the homomorphism ¢ : H — A such that ¢(z1) = z, ¥(x2) =y, ¥(z3) = =, and ¥(x4) =y,
we conclude that m = —r. Also, by (3) and (4) €® = 298157 T%k2 7 H0ks .0ks {Jsing the uniqueness of

decomposition for the elements of vy3(H ), we see that k; = 0, k4 = 0, yr + dke = 0, and —r + dk3 = 0.
Since ged(6,7y) = 1, it follows that ¢ divides r. But r < §, and so r = 0, which yields ko = k3 = 0. The
proof is complete.

The following is an easy consequence of Corollary 1:
Corollary 2. gr(zy,z2) Ngr(zs,z4) = ([x2, 1) [x2, 21, 21]7) in the group H.

PROOF. Take g € gr(z1,x2) Ngr(zrs,x4). Since H/H' = (Z1) x (Z2) x (ZT3) X (Z4), it follows that g
can be written as (we use that [zo, z1,21] = 22 by (3)):

g = [w2,21]" 22, 21, 1) = [0, 21] 2, g = [wa, 25]"222,

Le., e = [xg, 1] 20 [24, 23] 225 2. By Corollary 1, we see that § divides 7. Let ry = ds. Then

9= [z4,23]%2% = ([x2, 112323 7) 2% = [22,31]

Again applying Corollary 1, we deduce that r1 = ro, I1 = sy, —sy + I3 = 0. This yields

ro 'ys —sy+l2
Z3 .

g = [z2,21)%%[x2, z1, 21]"° € ([22, 21)° [X2, T1, 21]7),

and the proof is complete.
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Lemma 8. Suppose that H, is defined in .43 o, by the generators x1, x2, x3, x4, t and the relations
of H together with the relation

td = [xg,xl]‘s[xg,xl,xﬂ” = [x4,x3]6[$4,x3,x3]y.
Then the mapping
Tt — [m2,m1]5[x2,x1,x1]7,m2 — xé[ml,m]fl,xl — x, xy — xg[xg,m]h,xg -z
where d, I, m, p, q, f1, and fo are integers such that

—1 l l -1
d:lm:pq>0a lemTl—F%_%a f2:qu+@_]ﬂ,

d is a multiple of §, and ged(d,) = 1, can be extended to an embedding of Hy into H.

PROOF. Asin the proof of Lemma 7, we check that this mapping can be extended to a homomorphism
¢ : Hy — H. Now we calculate ker ¢. To this end, we first prove some properties of H.

The relation t¢ = [z, z1][x2, 1, 21]" implies that [t%, u,v] = [t,u,v]? = e for all u,v € Hy. But Hy
is torsion-free, and so [t,u,v] = e, in particular, [t,x1],[t,z3] € Z(Hg). The relation [zo,x1,29] =
(24,23, 74] = e yields [t%, xq] = [t, 23] = e, i.e., [t,z2] = e. Similarly, [t, z4] = e.

Suppose that e # g € kerp. If g = thi‘xga:gxf;c, c € Hlj, then ¢(g) = :c’lnuwl{xg":cifc’ =e, c € H,
whence u =r =n = f = 0. Thus g can be written as follows:

g = t*[t, ul[xa, 1] (23, 1] 2[4, 1] "3 (23, 22| [24, 2] [24, 3],

CEVg(Hd),0§k<d,OST6<5.
Let 035 be the sum of the exponents of [z;, ;] in the factorization of ¢(g). Then

031 = qmry, 041 =pmr3, 032 =qlry, 042 = plrs.

Since ¢(g) = e, Corollary 1 shows that all these exponents are equal to 0. This yields r; = 0,
2 <i<5. As [t,z;]* = [t*, x;] for all integer w, t¢ € gr(x1,22)" and d is a multiple of §, it follows that g¢
has the form ¢g? = [x2,21]%, ¢ € y3(Hy). Also e = p(g%) = [r2,21)"™¢c; for some suitable ¢; € v3(H),
and so v = 0. Thus we can write g¢ as

Using the uniqueness of factorization of <p( H?Zl zf ’) in H, we conclude that all k; are equal to 0, and so

g% =e, ie., g =e. Thus ker ¢ = (e), and the proof is complete.
The proof of the above lemma implies

Corollary 3. Suppose that d = lm = pq > 0, ged(d,y) = 1 and d is a multiple of §. Then every
element of gr(z1, x2,x3,z4) < Hy can be uniquely written as in Corollary 1.

Corollary 4. In the group Hy defined in Lemma 8, we have gr(x1,z2,t) N gr(zs, x4,t) = (t).

PRrROOF. Take g € gr(z1,x2,t) N gr(zs,x4,t). The embedding ¢ defined in Lemma 8 sends g to
©(g) € gr(z1,z2) Ngr(zs,z4). By Corollary 2,

gr(z1, x2) N gr(ws, 24) = ([22,21) [w2, 21, 21]7) = ((1)).

It follows that ((g) = ¢(t)* for some k. This shows, as ¢ is an embedding, that g = t* which completes
the proof.
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Lemma 9. The mapping 7 : z; — xz; (i = 1,2,3,4), t — t°, can be extended to an embedding
¢ : Hy — Hyg., where d = Im = pq > 0, gcd(d,7y) = 1, and d is a multiple of 0.

Proor. The existence of a homomorphism ¢ follows from Dyck’s Theorem. If g € ker¢y, then
g € gr(xy,29,23,24). By Corollary 3, the canonical decompositions of g¢ and ¢(g?) coincide. Thus
g% =e, i.e., kerp = (e), and this completes the proof.

Lemma 10. Suppose that G is a torsion-free nilpotent group of class 3, .# is an arbitrary quasiva-
riety of groups, and A has the presentation in .45 as follows:

A =gr(z1, 22 || [x2,21,22] = 1), G =gr(A,Q) € A, ANQ = ([x2,21)[22, 21, 21]").

Then dom (Q) = Q.
PrOOF. Take a generating set S of G to consist of x1, z2 and all elements of (). Let X consist of the
relations
[I’Q,Il,l‘g] =€, q= [1"27$1]6[w27m17m1]77
and all defining relations of @), where ¢ is a suitable element of Q). We show first that gr(S || X) is some

presentation of G in the class A5 .
In the class of torsion-free groups, the relations

[ZL’Q,fL‘l,IQ] =€, q= [3327m1}6[m2a‘Tla:l"l]’y

yield [q, z2] = e and [q,z1,21] = e. Let t € @ be a nonidentity element. Since " = ¢™ for some nonzero
integers n and m, we can deduce in .45 o from the above relations that [t,z2] = e and [t,z1,21] = e.
Furthermore, using commutator identities, we find that [t™, z1] = [t,z1]™ for all t € Q, m € Z.

Now consider an arbitrary defining relation of G. By the above, we can assume that it has the form

tiahal[za, v1]'[x2, 21, T1]P[ts, T1] = e,

where t1,t3 € Q, k,n,l,p € Z, |t1| < |q|, [t2] < |g|. Tt is clear that Z(G)NA = ([z2,z1,1]) and ¢ € Z(G).
Since G/Z(Q) is torsion-free, Q N Z(G) = (e). Hence G/Z(G) is a direct product with amalgamation of
its subgroups; i.e.,

GI2(G) = A (2, 01,21]) x Q([z1, 73] = 3.
In G/Z(G) the relation under consideration takes the form
112775 (%2, 31]' = e(t1] < |g])-

It follows from the structure of the above direct product with amalgamation that t; = e, k =0, n = 0,
and [ = 0; i.e., the relation has the form

[x2, x1, x1]P[t2, 21] = e(|t2| < |q]).

Suppose that 2 # e. Choose nonzero integers r and m (r > 0) such that ¢;, = ¢"*. Then the derived
relation is equivalent in the class 435 o to the relation [xg, z1,z1]P" [t2, 1]" = e. We have

maxl]

pr+md

e = [z, x1, 21]P" [th, 1] = [0, 1, 21]" [q

= [an Z1, $1]pr[qa ml]m = [IQv T, ml]

Thus our relation is equivalent in .43, to the relation [xg,xl,ml]pr+m6 = e. Since [z2,z1,71] # €
in G, it follows that pr + md = 0. Hence the last relation is equivalent in .43 o, to the trivial relation

[z2,21,71]° = e. This yields t2 = e, and so p = 0. Thus we proved that every relation of G is trivial, i.e.,
it follows in .43 o from X.
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By Lemma 9, if & is sufficiently large (k > § + 1), we can assume that
Hy © Hgq1y © Higyop € -+
Furthermore, we can choose a set S, of generators and a set X, of relations for H,, so that
Skt © Sk1)1 © Stz © -0 Bt © By © Vg 0o
Note that X,,) consists of the defining relations of H and the relations
A= [1'2,1'1]6[1‘2,331,331]7, tﬁ =t_1, 1=2,3,...,n.

It is known [20, Problem 16, Section 3] that in this situation the group K = | J,,~; Hy! has the presentation

K = gr(UnﬂC Sar || Upsg En!). By Lemmas 7 and 8, H,, € ¢A for all n > k. Hence K € gA. By
Corollary 4, -
gr(zy, xa,t1,ta,...) Ngr(zs, g, t1,ta,...) = gr(ty, ta,...).

Let q1,42,¢s3, ... be elements of the group @ < G such that
k
B=0¢ G=0q G =,

Applying Dyck’s Theorem, we see that the mappings 1 — x1, x2 — =2, ¢; — t; (i € N) and x1 — x3,
X9 — T4, ¢ — t; (i € N) can be extended to homomorphisms from G to K, which we denote by A and p
respectively.

Let g be an arbitrary element of G and suppose that A(g) = p(g). We can write g as (since [g;, z2| = €):

9= lgi, 21" [w2, 21)' 22, 21, 21]™
for some i. Observing that g = [zo,21]%[x2, 21, 21]7, we have that some power of g has the form
eF gf = [22, 71]"[2, 21, 21 ]P.

Then
ANg®) = [x2, 21] [x2, 21, 21)P = p(g7) = (24, 23] [24, T3, T5]P.

We can assume that A(g/) belongs to some subgroup Hy, and by Corollary 3 gr(z1,xs,z3,x4) is equal
to H. Since A(gf) € gr(z1,z2) N gr(zx3, 24), Corollary 2 implies that

Ag?) = (2, 21] [w2, 21, 21]P = ([w2, 1)’ [22, 71, 71]")"
for some suitable w. This yields r = dw and p = yw. Hence
gJC = ([x2,$1]6[x2,$1,x1]7)w e ANQ.

By the uniqueness of root extraction in a torsion-free nilpotent group, we conclude that g € Q.
Thus K € gA, and A, p coincide exactly on ). By the definition of dominion, domgA(Q) =@ =
domZ (Q). This completes the proof.

§3. The Group T

Lemma 11. Let T be the group defined in 43 by the generators x1, x2, x3, x4 and the relations

[.’L‘Q,J]l,xl] == [$4,.’L’3,.’L‘3], [.’ICQ,.’L'l,.Q?Q] == [.%'2,.%'1,.7]4] =6,
(X3, T2, T2) = [X3, T2, T4] = [T3, %1, 1] = [23, 21, T2] = [T3, 21, 23] = [23,21,24] =€,
(4, 21, 2] = [T4, Z1, 24| = [T4, T2, T2] = [T4, T2, 3] = [T4, T2, T4] = (T4, T3, 4] = €.

Then T € qA.
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PROOF. It is clear that T'/~v3(T) is a .#5-free group, and so it belongs to ¢Fa(.43) C gA.

We argue that T can be approximated by groups in ¢A. To this end, suppose that ¢ is a nonidentity
element of T" and show that there exists a homomorphism from 7" to a suitable group in gA which sends g
to a nonidentity element. By the above, we can assume that g € v3(T).

Thus g can be written as

5
g= H zfl

i=1
Consider the mapping 7 : z2 — ¢!, z1 — =™, x4 — yP, 3 — 2%, where Im? = pg®. Easy calculation
shows that
[7(x3), 7(z1)] = [7(24), 7(22)] = e,
[7(22), (1), 7(21)] = [7(24), 7(x3), 7(23)],
[7(22), (1), 7(22)] = [7(22), 7(21), T(24)] = [7(23), T(22), 7(22)]
= [7(x3), T(22), 7(x4)] = [T(24), 7(71), 7(22)]
= [r(z4), 7(21), 7(24)] = [T (24), T(w3), T(w4)] = €.

Now consider the case | = z, m = 219 p = 23, and ¢ = 2° for every integer z. By Dyck’s Theorem, 7 can
be extended to a homomorphism ¢, : H — A. We have

m2k1 +pmaka+pg2ks—q?lka+Imgk
(pz(g):[%x,ac]p 1TPMQR2TPq~R3—q~ R4 qRs

If v.(g) = e for every z under consideration, then
k1Z23 -+ k‘2222 + k3z21 — k4219 + k5z20 =0.

Since a nonzero polynomial has only finitely many roots, k1 = ko = k3 = k4 = ks = 0. This means that
g = e, as required.
The proof of Lemma 11 yields

Corollary 5. Every element of T' is uniquely presented in the form

k.m_mn_Dp i ki
1Ty T3y H [z}, @i J2H2i17

1<i<j<4 i=1
where k,m,n,p,r;, k; € Z.

Corollary 6. gr(zi,z2) Ngr(xs, z4) = ([x2,z1,21]) in the group T
PROOF. Given an arbitrary element g € gr(z1,x2) Ngr(zs,x4), we can write

g = Vel [z, x1]"2 [0, x1, 21| = 2§z, 3] (x4, 23, 3] 1.

Since T'/~3(T') is a free nilpotent group of class 2 and rank 4, it follows that k = m = r2; = 0, and hence
g = [r2,71,21]" € ([2,21,21]). This completes the proof.

Lemma 12. Suppose that T, is defined in .43 o, by the generators x1, x2, 3, x4, t, the defining
relations of the group T, and the relation t* = [z2,z1,21]. Then the mapping

. 1 m p q
Tt = [T, 21, 21], T2 = Ty, 1 — 2", T4 — Ty, T3 = T3,

where d = Im? = pg® > 0, can be extended to an embedding of T, into T .

PrOOF. We check that this mapping can be extended to a homomorphism ¢ : Ty — T' by reasoning
as in the proof of Lemma 11. Now we calculate ker ¢. To this end, observe first that ¢t € Z(T}) because
the factor group of a torsion-free nilpotent group by its center is also torsion-free.
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Lete#£ g eckeryp. If g= x’f:pgxgxﬁc, c € T}, then

— mk _Ir_qn_pf 1 / !
o(g) ="y zi zy'c =e, €T,

and so k =r =n = f = (0. Hence we can write g in the form
g = t* [z, 21]" [, 21) 2[4, 21]"3 w3, 2] " [w4, 2] "* [w4, 3] Oy,

c1 € 13(Ty), 0 < k < d. Let 0;; be the sum of the exponents of the commutator [z;, ;] in the factorization
of ¢(g). Then

o921 = lmry, o031 =qmry, 041 =pmr3, 032 =qlry, o042 =plrs, 043 = pqre.

Since ¢(g) = e, Corollary 5 shows that all these exponents are equal to 0. This yields r; = 0, i > 5.
Thus

5
g:tkHzfi, 0<k<d.
i=1

Let 0j, be the sum of the exponents of the commutator [z;,z;,z,] in the decomposition of ¢(g).
Noting that [x2,z1, 1] = [24, 3, 3], we have

ou33 = pPks + k, 0413 = pmake, o411 = pm>k1, 0323 = ¢*lks, o213 = Imgks.

By the uniqueness of the factorization of elements in 7', we conclude that k1 = ko = k4 = ks = 0 and
pq®ks + k = 0, which implies that & is a multiple of pg?. But pg? = d, with 0 < k < d, and so k = 0, and
then k3 = 0. Thus g = e, which means that ker ¢ = (e), as required.

The proof of this lemma yields
Corollary 7. Every element of Ty is uniquely presented as
5
mllxgxgxf:tk [x2, 1] [x3, 1] [24, 21| [T3, 2] 24, 2])"® |24, x3]"C H zfi
i=1

I

where 0 < k < d, k,l,m,n,p,r;, k; € Z.

Corollary 8. gr(zy,zo,t) Ngr(xs,z4,t) = (t) in the group Tj.

PROOF. Let g € gr(z1,z2,t) N gr(zs,z4,t). The embedding ¢ of Lemma 12 sends g to ¢(g) €
gr(zy,z2) Ngr(xs, z4). Corollary 6 yields gr(zi,x2) Ngr(zs,z4) = ([z2, 21, 21]) = (p(t)). It follows that
©(g) = @(t)* for some k. Hence g = t* since ¢ is an embedding, and this completes the proof.

Lemma 13. The mapping 7 : z; — =z; (i = 1,2,3,4), t — t° can be extended to an embedding
@ : Td — Tdc'

PrOOF. The existence of a homomorphism ¢ is guaranteed by Dyck’s Theorem. It remains to
calculate ker . If a nonidentity element g € T,; has the form as in Corollary 7, then ¢(g) # e; i.e.,
ker ¢ = (e) as required.

Lemma 14. Let G be a torsion-free nilpotent group of class 3 and let .# be a quasivariety of groups.
Suppose that A has the presentation in .43 as follows:

A=gr(zv1, 22 || [z2,71,72) = 1), G=gr(4,Q) €A, ANQ = ([x2,71,71]).

Then dom (Q) = Q.

PROOF. We take the elements x1,zs and all elements of ) as a generating set S of G. Let 3 be the
set of relations [z9,z1,22] = e and ¢ = [z2, z1,x1], and all defining relations of @), where ¢ is a suitable
element of Q). We show first that gr(S || ¥) is a presentation of G in A5 .
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Take a nonzero element ¢t € (). Since t" = ¢"" for some nonzero integers n and m, the above relations
imply in .45 o the relations [t, z3] = e and [t, z1] = e.
Suppose that we have an arbitrary defining relation of G. By the above, we can assume that the
relation has the form
t1afal [z, 21 [@e, 1, 21]P = e,

where k,n,l,p € N, |t1| < |g|. It is clear that Z(G) N A = ([x2,z1,21]) and ¢ € Z(G). In G/Z(G), the
relation becomes .i‘lfi'g[i’g,i'l]l = e. This yields k = 0, n = 0, and [ = 0; i.e., the relation has the form
tilze, z1, 21 )P = e(|ta] < ql).

Suppose that t; # e. Let r and m be nonzero integers such that ¢] = ¢™. Since |t1] < |g|, we have
|r| > |m|. Hence

e = ti[z2, x1, 1] = ¢ [zg, 21, 217" = [, 21, 2]

It follows that m + pr = 0, and so r divides m. This yields |7*| > 1, which is not the case. Hence
t; = e, and therefore p = 0. Thus we proved that any relation of G is trivial, i.e., it follows from ¥ in
the class A3 .

By Lemma 13, we can assume that T C T5 C T3 C Ty C - -- . Moreover, a generating set S, and
a set X, of defining relations of the group 7}, can be chosen so that

SpC 8 C8 CSyC---, EnCXgCly CEyC---.

Observe that X, consists of the defining relations of T and the relations t; = [x2,71,21], t! = t;_1,
i=2,3,...,n. It is well known that in this situation the group K = (J,,cy Tn! has the presentation

K=g(|J Sl U2a)

neN neN

By Lemmas 11 and 12, T}, € ¢A for all n. Hence K € ¢A. By Corollary 8,
gr(zy, xa,t1,ta,...) Ngr(zs, xq,t1,ta,...) = gr(ty, ta,...).

We take some elements g1, q2,q3,q4, ... of the group Q@ < G such that ¢ = ¢, ¢3 = ql,...,q,]f: =
Qk—1,---- Applying Dyck’s Theorem, we conclude that the mappings 1 — x1, x2 — z2, ¢; — t; (i € N)
and x1 — x3, T2 — x4, ¢ — t; (1 € N) can be extended to homomorphisms respectively A and p from G
to K.

Let g be an arbitrary element of G and suppose that A(g) € gr(t1,t2,...). We can write g as g =
qF[z2, z1]™ for some i. Then A(g) = t¥[zg, 21]™ € gr(ty, ta,...), i.e., thze, z1]" = ¢ for suitable j and m.
We can assume that all elements in this equality belong to some subgroup 7y. Applying Corollary 8 to
this subgroup, we have r; = 0, which means that g € gr(qi,q,...). Similarly, if p(g) € gr(t1,to,...),
then g € gr(qi,q2,--.)-

Thus K € gA, while A and p coincide exactly on ). By the definition of dominion, doquA(Q) =Q=
dom# (Q). The proof is complete.

§4. The Main Result
Theorem 1. Let .# be an arbitrary quasivariety of torsion-free nilpotent groups of class at most 3
and let () be the additive group of the rationals. Then @ is 2-closed in . .
PROOF. Suppose that G = gr(x1,z2,Q) and let H = gr(z1, x2).

CAsSE 1. H is a nilpotent group of class 3 and Q@ NG’ # (e).

By Lemma 4, H = F, or H = A. Fix some nonidentity element ¢ € Q N G’. We claim that
[Q,G'] = (e). Indeed, let ¢1 € Q, ¢1 # e, and let g € G'. Since Q is a locally cyclic group, ¢]* = ¢"
for suitable integers m and n. But [¢]",g] = [¢", g] = e. It is known [19, 16.2.9] that the elements of
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a torsion-free nilpotent group commute whenever some nonidentity powers of these elements commute.
Thus [q1, g] = e, which means that [Q, G'] = (e).

We argue now that [Q, G] < Z(G). Take arbitrary elements ¢; € Q, g, f € G and nonzero integers m
and n such that ¢f* = ¢". Then [¢", f] € Z(G) since ¢ € G’. This yields [q1, f,g]™ = [¢]", f,9] =
[qn’ f’ g] = e. Hence [qla f: g} =6, and thus [Q7 G] < Z(G)

By the above, since g € G’, ¢ is a product of basic commutators, and so g can be written as

q= [9527xl]k[@,wl,wl]ll[x2,$1,$2]l2 [$1’Q1]l[$27Q2]5

for suitable integers k, l1, l2, [, and s and nonidentity elements ¢;,¢2 € @ (possibly with [ =0 or s = 0).
Let r, p, and ¢ be nonzero integers such that ¢/ = ¢ and ¢5 = ¢*. Observing that [ccl, q{] = [z1,q1]"
and [xg,qg} = [x2,¢2]", we have

l
e # q" = [z, 1] [12, v1, 21]" [0, 21, 22) 2" [21, ¢} ][22, ¢5]°

= 22, 21)*" [29, 1, 2] [0, 21, 2] 2" [21, ) [22, ¢]°

= [$279€1]kr[9€2,$1,wl]llr[w2,$17$2]l2r[$1, [xz,wl]]pkl[@, [3727371]]tk8 € H'.

Thus H' N Q # (e). Since Q is a locally cyclic group, H N Q = (w). Then w™ € H' for a suitable
nonzero integer m, and so w € H'.
If w ¢ v3(H), then w has the form

w = ([@g, 21]°[x2, 1, 21)%[@2, 21, 22]")" (6 # 0).

Let w € 43(H). We can write w as w = [r2,x1,22]"[22, 21, 21]™ for some integers k and m with
ged(k,m) = 1. Now we choose new generators of H as in the proof of Lemma 1 in [1]. Namely, let u
and v be integers such that mv 4+ ku = 1. Then

k(mv+uk) [ m(mv+uk)

_ k k k

(w5, 52", a5a| = [22, 21, 2o 2,21, T1] = [z, 21, xo] " [0, 1, 1] = w.
We take yp = x5z, " and y; = xéx{” as the required generators of H. With respect to these generators,
we have w = [y2,y1,y1]. Since a torsion-free nilpotent group is a group with unique root extraction,

r = +1. Lemmas 5, 6, 10, and 14 imply that dom (Q) = Q.
CaSE 2. Q NG’ = (e). The result is immediate from Lemma 3.

CASE 3. QNG # (e) and H is a nilpotent group of class at most 2. Reasoning as in Case 1, we have
[@Q,G'] = (e) and (@, G] < Z(G). We claim that all commutators of the form [u, v, w], u,v,w € QU{z1,x2}
are equal to the identity.

Given ¢1,¢2 € Q, we have [u,q1,¢] = [q1,92,u] " [g2,u, 1] " = e since [g2,u] € Z(G). This shows
that [q1,u, g2] = [u,q1,q2] L = e for ¢1 € Q, u,v € {w1, 22}, [u,v,q1] = e, [u,q1,v] = e, and [q1,v,u] = e
because [Q,G'] = (e) and [¢q1,u] € Z(G).

Thus G is a nilpotent group of class at most 2. By Lemma 2, the group @ is closed in G in any
quasivariety of nilpotent groups of class at most 2 (for example, in ¢G). By the definition of dominion,
Q is closed in each quasivariety that includes ¢G, and in particular in .#. We considered all possibilities,
and so the proof is complete.

In fact, we proved the following

Corollary 9. Let .# be an arbitrary quasivariety of groups and let G = gr(z1,z2,Q) be a torsion-
free nilpotent group of class 3 in .# generated modulo Q by two elements. Then dom (Q) = Q.
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