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Abstract. Let G be a finite p-group of order pn and M(G) be its Schur multiplier. It

is a well known result by Green that |M(G)| = p
1
2 n(n−1)−t (G) for some t (G) ≥ 0. In

this article, we classify non-abelian p-groups G of order pn for t (G) = logp(|G|) + 1.
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1. Introduction

The Schur multiplier M(G) of a group G was introduced by Schur [21] in 1904 while
studying projective representation of groups. In 1956, Green [7] gave an upper bound

p
1
2 n(n−1) on the order of the Schur multiplier M(G) for p-groups G of order pn . So there

is an integer t (G) ≥ 0 such that |M(G)| = p
1
2 n(n−1)−t (G). This integer t (G) is called

co-rank of G defined in [4]. It is an interesting problem to classify the structure of all
non-abelian p-groups G by the order of the Schur multiplier M(G), i.e., when t (G) is
known. Several authors studied this problem for various values of t (G).

First Berkovich [1] and Zhou [23] classified all groups G for t (G) = 0, 1, 2. Ellis [5]
also classified groups G for t (G) = 0, 1, 2, 3 by a different method. After that, several
authors have classified the groups of order pn for t (G) = 4, 5, 6 in [10,15,20].

Niroomand [19] improved the Green’s bound and showed that for non abelian p-groups

of order pn , |M(G)| = p
1
2 (n−1)(n−2)+1−s(G), for some s(G) ≥ 0. This integer s(G) is

called generalized co-rank of G defined in [18]. The structure of non-abelian p-groups for
s(G) = 0, 1, 2 has been determined in [16,17] which is the same as to classify group G
for t (G) = logp(|G|) − 2, logp(|G|) − 1, logp(|G|) respectively.

In this paper, we take this line of investigation and classify all non-abelian finite p-groups
G for which t (G) = logp(|G|) + 1, which is the same as classifing G for s(G) = 3, i.e.,

|M(G)| = p
1
2 n(n−3)−1.

Before stating our main result, we set some notations. By ESp(p3), we denote the extra-

special p-group of order p3 having exponent p. By Z
(k)
p , we denote Zp × Zp × · · · × Zp

(k times). For a group G, γi (G) denotes the i-th term of the lower central series of group
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G and Gab denotes the quotient group G/γ2(G). We denote γ2(G) by G ′. A group G is
called a capable group if there exists a group H such that G ∼= H/Z(H), where Z(H)

denotes the center of H . We denote the epicenter of a group G by Z∗(G), which is the
smallest central subgroup of G such that G/Z∗(G) is capable.

James [11] classified all the p-groups of order pn for n ≤ 6 up to isoclinism which are
denoted by �k . We use his notation throughout this paper.

Our main theorem is the following:

Theorem 1.1 (Main Theorem). Let G be a finite non-abelian p-group of order pn with
t (G) = logp(|G|) + 1. Then for odd prime p, G is isomorphic to one of the following
groups:

(1) �2(22) = 〈α, α1, α2 | [α1, α] = α p = α2, α
p2

1 = α
p
2 = 1〉,

(2) �3(211)a = 〈α, α1, α2, α3 | [α1, α]=α2, [α2, α]=α p =α3α
(p)
1 = α

p
2 = α

p
3 = 1〉,

(3) �3(211)br = 〈α, α1, α2, α3 | [α1, α] = α2, [α2, α] = α p = α3, α
(p)
1 = α

p
2 =

α
p
3 = 1〉

(4) �2(2111)c = �2(211)c×Zp, where�2(211)c = 〈α, α1, α2 | [α1, α] = α2, α
p2 =

α
p
1 = α

p
2 = 1〉,

(5) �2(2111)d = ESp(p3) × Zp2 ,
(6) �3(15) = �3(14) × Zp, where �3(14) = 〈α, α1, α2, α3 | [αi , α] = αi+1, α

p =
α

(p)
i = α

p
3 = 1(i = 1, 2)〉,

(7) �7(15) = 〈α, α1, α2, α3, β | [αi , α] = αi+1, [α1, β] = α3, α
p = α

(p)
1 = α

p
i+1 =

β p = 1(i = 1, 2)〉,
(8) �11(16) = 〈α1, β1, α2, β2, α3, β3 | [α1, α2] = β3, [α2, α3] = β1, [α3, α1] =

β2, α
(p)
i = β

p
i = 1(i = 1, 2, 3)〉,

(9) �12(16) = ESp(p3) × ESp(p3),
(10) �13(16) = 〈α1, α2, α3, α4, β1, β2 | [αi , αi+1] = βi , [α2, α4] = β2, α

p
i = α

p
3 =

α
p
4 = β

p
i = 1(i = 1, 2)〉,

(11) �15(16) = 〈α1, α2, α3, α4, β1, β2 | [αi , αi+1] = βi , [α3, α4] = β1, [α2, α4] =
β
g
2 , α

p
i = α

p
3 = α

p
4 = β

p
i = 1(i = 1, 2)〉, where g is the smallest positive integer

which is a primitive root modulo p.
(12) (Z

(4)
p � Zp) × Z

(2)
p . Moreover for p = 2, G is isomorphic to one of the following

groups:
(13) Z

(4)
2 � Z2,

(14) Z2 × ((Z4 × Z2) � Z2),
(15) Z4 � Z4,
(16) D16, the dihedral group of order 16.

2. Preliminaries

In this section, we list the following results which will be used in the proof of our main
theorem.

Theorem 2.1 ([12, Theorem 4.1]). Let G be a finite group and K a central subgroup of
G. Set A = G/K. Then |M(G)||G ′ ∩ K | divides |M(A)||M(K )||Aab ⊗ K |.
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The following result gives M(G) of non-abelian p-groups G of order p4 for |G ′| = p.
This follows from [13] and for |G ′| = p2, it follows from [5, p. 4177].

Theorem 2.2. Let G be a non-abelian p-group of order p4, p odd.

(i) For |G ′| = p, G ∼= �2(211)a, �2(14), �2(31),�2(22), �2(211)b or �2(211)c,
M(G) ∼= Zp × Zp, Z

(4)
p , 1, Zp, Zp × Zp, or Zp × Zp respectively.

(ii) For |G ′| = p2, G ∼= �3(211)a, �3(211)br or �3(14), M(G) ∼= Zp, Zp or Zp × Zp

respectively.

Now we explain a method by Blackburn and Evens [2] for computing Schur multiplier
of p-groups G of class 2 with G/G ′ elementary abelian. We can view G/G ′ and G ′ as
vector spaces over GF(p), which we denote by V,W respectively. Let v1, v2 ∈ V be such
that vi = giG ′, i ∈ {1, 2} and consider a bilinear mapping (, ) of V into W defined by
(v1, v2) = [g1, g2].

Let X1 be the subspace of V ⊗ W spanned by all elements of type

v1 ⊗ (v2, v3) + v2 ⊗ (v3, v1) + v3 ⊗ (v1, v2), for v1, v2, v3 ∈ V .

Consider a map f : V → W given by f (gG ′) = gp, g ∈ G. We denote by X2 the
subspace spanned by all v ⊗ f (v) for v ∈ V . Let X1 + X2 be denoted by X , which will
be used throughout this paper without further reference. Now the following result follows
from [2].

Theorem 2.3. Let G be a p-group of class 2 with G/G ′ elementary abelian. Then
|M(G)|/|N | = |V ∧ V |/|W |, where N ∼= (V ⊗ W )/X.

Let G be a finite p-group of nilpotency class 3 with centre Z(G). Set Ḡ = G/Z(G).
Define a homomorphism ψ2 : Ḡab ⊗ Ḡab ⊗ Ḡab → γ2(G)

γ3(G)
⊗ Ḡab such that ψ2(x̄1 ⊗ x̄2 ⊗

x̄3) = [x1, x2]γ ⊗ x̄3 +[x2, x3]γ ⊗ x̄1 +[x3, x1]γ ⊗ x̄2, where x̄ denotes the image in Ḡ of

the element x ∈ G and [x, y]γ denotes the image in γ2(G)
γ3(G)

of the commutator [x, y] ∈ G.

Define another homomorphism ψ3 : Ḡab ⊗ Ḡab ⊗ Ḡab ⊗ Ḡab → γ3(G) ⊗ Ḡab such that

ψ3(x̄1 ⊗ x̄2 ⊗ x̄3 ⊗ x̄4) = [[x1, x2], x3] ⊗ x̄4 + [x4, [x1, x2]] ⊗ x̄3

+[[x3, x4], x1] ⊗ x̄2 + [x2, [x3, x4]] ⊗ x̄1.

Theorem 2.4 ([4, Proposition 1] and [3]). Let G be a finite p-group of nilpotency class
3. With the above notations, we have

|M(G)||γ2(G)||Image(ψ2)||Image(ψ3)|
≤ ∣

∣M(Gab)
∣
∣

∣
∣
∣
∣

γ2(G)

γ3(G)
⊗ Ḡab

∣
∣
∣
∣

∣
∣γ3(G) ⊗ Ḡab

∣
∣.

3. Proof of the main theorem

In this section, we prove our main theorem. The proof is divided into several parts depending
on the structure of the group. We start with the following lemma which establishes the
result for groups of order pn for n ≤ 5.
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Lemma 3.1. Let G be a non-abelian p-group of order pn (n ≤ 5) with t (G) =
logp(|G|) + 1. Then for odd prime p, G ∼= �2(22),�3(211)a,�3(211)br ,�2(2111)c,

�2(2111)d,�3(15) or�7(15), and for p = 2, G ∼= Z
(4)
2 �Z2, Z2×((Z4×Z2)�Z2), D16

or Z4 � Z4.

Proof. For groups of order p4 the result follows from Theorem 2.2. For groups of order
p5, the result follows from [10] and [9, Main Theorem]. For p = 2, the result follows
from computation in HAP [6] package of GAP [22]. �

The following lemma easily follows from [19, Main Theorem].

Lemma 3.2. There is no non-abelian p-groupG with |G ′| ≥ p4 and t (G) = logp(|G|)+1.

Lemma 3.3. Let G be a non-abelian p-group of order pn (n ≥ 6)with t (G) ≤ logp(|G|)+
1. Then Gab is an elementary abelian p-group.

Proof. Let |G ′| = pk . Suppose that Gab is not elementary abelian and Ḡ := G/Z(G) is

a δ-generator group. Then δ ≤ (n − k − 1) and |M(Gab)| ≤ p
1
2 (n−k−1)(n−k−2) by [19,

Lemma 2.2]. Note that | γ2(G)
γ3(G)

⊗ Ḡab|| γ3(G)
γ4(G)

⊗ Ḡab| · · · |γc(G)⊗ Ḡab| = |( γ2(G)
γ3(G)

⊕ γ3(G)
γ4(G)

⊕
· · · γc(G)) ⊗ Ḡab| ≤ pkδ and |Image(ψ2)| ≥ pδ−2. Now it follows from [4, Proposition
1] that

|M(G)| ≤ p
1
2 (n−k−1)(n−k−2)+(k−1)δ−(k−2),

which gives |M(G)| ≤ p
1
2 n(n−3)− 1

2 (k2−k)−n+4, a contradiction for n ≥ 6. �

Lemma 3.4. Let G be a non-abelian p-group of order pn (n ≥ 6) and |G ′| = p, p2 or p3

with t (G) ≤ logp(|G|) + 1. Then Z(G) is of exponent at most p2, p or p respectively.

Proof. Suppose that |G ′| = p. Let the exponent of Z(G) be pk (k ≥ 3) and K be a cyclic
central subgroup of order pk . Then using Theorem 2.1, we have

|M(G)| ≤ p−1|M(G/K )||(G/K )ab ⊗ K |
≤ p−1 p

1
2 (n−k)(n−k−1) p(n−k) ≤ p

1
2 (n−1)(n−4),

which gives a contradiction. Similarly we can prove the result for |G ′| = p2, p3. �

First we consider the groups G such that |G ′| = p.

Lemma 3.5. There is no non-abelian p-group G of order pn with |G ′| = p and t (G) =
logp(|G|) + 1.

Proof. Note that G ′ is a central subgroup of G. By [12, Theorem 3.1], we have

|M(G)||G ′| ≥ |M(G/G ′)| and by Lemma 3.3, |M(G/G ′)| = p
1
2 (n−1)(n−2). Therefore

|M(G)| ≥ p
1
2 (n−1)(n−2)−1, which is a contradiction. �
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Now we consider groups such that |G ′| = p2.

Lemma 3.6. Let G be a p-group of order pn (n ≥ 6) with |G ′| = p2 and t (G) ≤
logp(|G|) + 1. If K is a cyclic central subgroup of order p in G ′ ∩ Z(G), then G/K

is isomorphic to one of the following groups: ES(p3) × Z
(n−4)
p , E(2) × Z

(n−2m−3)
p ,

ES(p2m+1)×Z
(n−2m−2)
p , D8 ×Z

(n−4)
2 , Q8 ×Z

(n−4)
2 , where ES(p3), ES(p2m+1) denotes

extra special p-group of order p3 and p2m+1 (m ≥ 2) respectively, and E(2) denotes cen-
tral product of an extra special p-group of order p2m+1 and a cyclic group of order p2.

Proof. Suppose thatG is a p-group with |G ′| = p2. Now consider a cyclic central subgroup
K of order p in G ′ ∩ Z(G). Then by Theorem 2.1 and [19, Main Theorem] we have

|M(G)| ≤ |M(G/K )|p(n−3) ≤ p
1
2 (n−2)(n−3)+1 pn−3 = p

1
2 n(n−3)+1

Now using [16, Theorem 21 and Corollary 23] and [17, Theorem 11] for group G/K ,
we get our result. �

PROPOSITION 3.7

There is no non-abelian p-group G of order pn (n ≥ 6) with |G ′| = p2, |Z(G)| = p and
t (G) ≤ logp(|G|) + 1.

Proof. By Lemma 3.3, G/G ′ is an elementary abelian group of order pn−2 . Thus G is a
(n − 2)-generator group. We can choose generators x, y, β1, β2, . . . , βn−4 of G such that
[x, y] = z /∈ Z(G). Now we claim that |Image(ψ3)| ≥ pn−4.

If [z, x] is non-trivial in Z(G), thenψ3(x⊗y⊗x⊗βi ) i = 1, . . . , n−4 givesn−4 linearly
independent elements of γ3(G) ⊗ Ḡab. By symmetry, if [z, y] is non-trivial in Z(G), then
we have a similar conclusion. On the other hand, if both are trivial, i.e., [z, x] = [z, y] = 1,
then [z, βk] is non-trivial in Z(G) for some βk and ψ3(x ⊗ y⊗βk ⊗βi )(i �= k) give n− 5
linearly independent elements of γ3(G) ⊗ Ḡab. Hence |Image(ψ3)| ≥ pn−5. Note that
|Image(ψ2)| ≥ pn−4. So by Theorem 2.4, we have

p2|M(G)||Image(ψ2)||Image(ψ3)| ≤ p
1
2 (n−2)(n−3) p2(n−2).

It follows that |M(G)| ≤ p
1
2 n(n−3)−n+6, which is a contradiction for n ≥ 8.

Now if either ψ3(x⊗y⊗βk⊗x) or ψ3(x⊗y⊗y⊗βk) is non-trivial, then |Image(ψ3)| ≥
pn−4 and

p2|M(G)||Image(ψ2)||Image(ψ3)| ≤ p
1
2 (n−2)(n−3) p2(n−2).

It follows that |M(G)| ≤ p
1
2 n(n−3)−n+5, which is a contradiction for n ≥ 7. Otherwise,

suppose ψ3(x ⊗ y ⊗ βk ⊗ x) = ψ3(x ⊗ y ⊗ y ⊗ βk) = 1. Then [x, y, βk] = [βk, x, y] =
[y, βk, x] and p = 3. By HAP [6] of GAP [22], there is no group G of order 37 with
|G ′| = 32, |Z(G)| = 3 and |M(G)| = 313.

For |G| = p6 (p �= 2), by [11] it follows that G belongs to the isoclinism class �22. In
this case, |Image(ψ2)| ≥ p2 and |Image(ψ3)| ≥ p3. Hence it follows from Theorem 2.4
that |M(G)| ≤ p7, which is not our case.
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For p = 2, there is no group G of order 26 which satisfies the given hypothesis, and it
follows from computation with HAP [6] of GAP [22]. �

Lemma 3.8. Let G be a non-abelian p-group of order pn (n ≥ 6)with t (G) = logp(|G|)+
1 and |G ′| = p2. If there exists a central subgroup K of order p such that K ∩ G ′ = 1,
then G/K is isomorphic to either Z

(4)
p � Zp or (Z

(4)
p � Zp) × Zp and p is odd.

Proof. By Theorem 2.1 and [19, Main Theorem], we have

|M(G)| ≤ |M(G/K )|p(n−3) ≤ p
1
2 (n−1)(n−4)+1+n−3 = p

1
2 n(n−3).

Note that |G/K | ≥ p5 with (G/K )′ = p2. Now we have |M(G/K )| = p
1
2 (n−1)(n−4)+1

if and only if G/K ∼= Z
(4)
p � Zp (p �= 2) by [16, Theorem 21] and |M(G/K )| =

p
1
2 (n−1)(n−4) if and only if G/K ∼= (Z

(4)
p � Zp) × Zp (p �= 2) by [17, Theorem 11]. �

PROPOSITION 3.9

There is no non-abelian p-group of order p7 with G ′ = Z(G) ∼= Zp × Zp and t (G) =
logp(|G|) + 1.

Proof. Note that if Z∗(G) contains any central subgroup of G, then |M(G)| < p13 by
[14, Theorem 2.5.10], which is not our case. So we have Z∗(G) = 1, i.e, G is capable.

First, we consider groups G of order p7 of exponent p2, for odd p. Note that G/G ′
is elementary abelian of order p5 by Lemma 3.3. So we can take a generating set
{β1, β2, β3, β4, β5} of G and {η, γ } of G ′. Here either |Gp| = p or Gp = G ′. We
claim that |X | ≥ p8.

Let |Gp| = p. Without loss of generality, assume that η is the p-th power of some
βk , say β1, [βi , β j ] /∈ 〈η〉 and all βk’s (k > 1) are of order p. Then 〈βi ⊗ β

p
1 , i ∈

{1, 2, 3, 4, 5}〉 is a subspace of X2 and 〈ψ2(βk ⊗ βi ⊗ β j ), k ∈ {1, 2, 3, 4, 5}, k �= i, j〉 is
a subspace of X1. For Gp = G ′, without loss of generality, assume that both η, γ are p-th
power of some βk1 , βk2 , say β1 and β2 respectively and all other βi ’s are of order p, then
〈βi ⊗ β

p
1 , β j ⊗ β

p
2 , i ∈ {1, 3, 4, 5}, j ∈ {2, 3, 4, 5}〉 is a subspace of X2.

Hence we observe that for non-abelian group G of order p7 of exponent p2, |X | ≥ p8

and by Theorem 2.3, |M(G)| < p13, a contradiction.
Now consider groups of order p7 of exponent p. By [8], it follows that there is only one

capable group

G = 〈x1, · · · , x5, c1, c2 | [x2, x1] = [x5, x3] = c1, [x3, x1] = [x5, x4] = c2〉
up to isomorphism. By Theorem 2.3 we have |M(G)| = p9 as |X | = |X1| = p9 which is
not our case. �

The following result weaves the next thread in the proof of the main theorem.

Theorem 3.10. Let G be a non-abelian p-group of order pn (n ≥ 6) with |G ′| =
p2,|Z(G)| ≥ p2 and t (G) = logp(|G|) + 1. Then G is isomorphic to �12(16),�13(16),

�15(16) or (Z
(4)
p � Zp) × Z

(2)
p . Moreover, p is always odd.
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Proof. By Lemma 3.4, Z(G) is of exponent p. We consider two cases here.

Case 1. Let G ′ = Z(G) ∼= Zp × Zp ∼= 〈z〉 × 〈w〉. The isomorphism type of G/K is as in
Lemma 3.6. It follows from these structures that there are n − 2 generators {x, y, αi , i ∈
{1, 2, · · · n − 4}} of G such that [x, y] ∈ 〈z〉 and [αk, x] ∈ 〈w〉, for some k. Hence
ψ2(x ⊗ y ⊗ αi , i ∈ {1, 2, · · · n − 4}) and ψ2(αk ⊗ x ⊗ αi , i ∈ {1, 2, · · · n − 4}, i �= k)
gives (2n − 9) linearly independent elements in G ′ ⊗ G/G ′. Now by Theorem 2.3, we

have |M(G)| ≤ p
1
2 n(n−3)−n+6, which is possible only when n ≤ 7. Now it only remains

to consider groups of order p6 and p7.
For groups of order p7 result follows from Proposition 3.9.
Now consider groups of order p6 for odd p. Then G belongs to the isoclinism classes

�12,�13 or �15 of [11]. If G is of exponent p2, then it is easy to see that |X | ≥ p5

and |M(G)| ≤ p7 by Theorem 2.3. Now for �12(16),�13(16),�15(16) we have |X | =
|X1| = p4 and using Theorem 2.3 we see that all of theses groups have Schur multiplier
of order p8.

By HAP [6] of GAP [22] we see that there is no such group for p = 2.
Case 2. Consider the complement of Case 1. In these cases, the hypothesis of Lemma 3.8
holds. We can choose a central subgroup K of order p such that K ∩ G ′ = 1 and G/K ∼=
Z

(4)
p � Zp or (Z

(4)
p � Zp) × Zp. Here |Z(G)/K | = |Z(G/K )|. Also note that G is of

exponent p. Then it follows easily that G ∼= (Z
(4)
p � Zp) × Z

(2)
p (p �= 2). �

Finally we consider groups G such that |G ′| = p3.

Lemma 3.11. Let G be a non-abelian p-group of order pn with t (G) = logp(|G|) + 1

and |G ′| = p3. Then for any subgroup K ⊆ Z(G) ∩ G ′ of order p, G/K ∼= Z
(4)
p � Zp

(p �= 2). In particular, |G| = p6.

Proof. For p odd, by Theorem 2.1 we have |M(G)|p ≤ |M(G/K )||G/G ′ ⊗ K |. Since
G/G ′ is elementary abelian by Lemma 3.3, we have |M(G)| ≤ |M(G/K )|p(n−4) and by

[19, Main Theorem], |M(G/K )| ≤ p
1
2 (n−1)(n−4)+1. Hence |M(G)| ≤ p

1
2 n(n−3)−1. Using

[16, Theorem 21], we get G/K ∼= Z
(4)
p � Zp. For p = 2, |M(G)| < p

1
2 n(n−3)−1, which

is not our case. �

Lemma 3.12. There is no non-abelian p-group G with |G ′| = p3, |Z(G)| = p and
t (G) = logp(|G|) + 1.

Proof. By the preceding lemma, we have G/Z(G) ∼= Z
(4)
p � Zp ∼= �4(15) and |G| = p6.

From [11], we see that G belongs to one of the isoclinism classes �31,�32,�33. Observe
that for these groups |Image(ψ2)| ≥ p and |Image(ψ3)| ≥ p. Now using Theorem 2.4,
we get |M(G)| ≤ p7, which is not our case. �

The following theorem now completes the proof of the main theorem.

Theorem 3.13. Let G be a non-abelian p-group of order pn with |G ′| = p3 and t (G) =
logp(|G|) + 1. Then G ∼= �11(16).
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Proof. We claim that Z(G) ⊆ G ′. Assume that Z(G) � G ′. Then there is a central
subgroup K of order p such that G ′ ∩ K = 1. Now by Theorem 2.1 and [19, Main
Theorem], we have

|M(G)| ≤ |M(G/K )||G/G ′K | ≤ p
1
2 n(n−5)+1+(n−4) = p

1
2 n(n−3)−3,

which is a contradiction. Hence Z(G) ⊆ G ′.
Note that |Z(G)| ≥ p2 by the preceding lemma. We can now choose two distinct

central subgroups Ki (i = 1, 2) of order p. Then by Lemma 3.11, we have G/Ki ∼=
Z

(4)
p � Zp (i = 1, 2), which are of exponent p. So G is of exponent p. Hence from

[11], it follows that G ∼= �6(16),�9(16),�10(16),�11(16),�16(16),�17(16),�18(16),

�19(16),�20(16),�21(16)groups are of order p6 of exponent pwith |Z(G)| ≥ p2, |G ′| =
p3.

First, consider groups G ∼= �6(16),�9(16),�10(16). Then by a routine check we can
show that |M(G)| ≤ p6 using [14, Theorem 2.2.10].

Now consider the group G = �11(16). Then G is of class two with G/G ′ elementary
abelian. Hence by Theorem 2.3, it follows that �11(16) has Schur multiplier of order p8

as |X | = |X1| = p.
For other groups G, observe that |Image(ψ2)| ≥ p, |Image(ψ3)| ≥ p and hence it

follows from Theorem 2.4 that |M(G)| ≤ p7. �
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